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Abstract – We investigate the dynamic behavior of spin reversal events in the dilute Ising model,
focusing on the influence of static disorder introduced by pinned spins. Our Monte Carlo simula-
tions reveal that in a homogeneous, defect-free system, the inter-event time (IET) between local
spin flips follows an exponential distribution, characteristic of Poissonian processes. However, in
heterogeneous systems where defects are present, we observe a significant departure from this
behavior. At high temperatures, the IET exhibits a power-law distribution resulting from the in-
terplay of spins located in varying potential environments, where defect density influences reversal
probabilities. At low temperatures, all site classes converge to a unique power-law distribution, re-
gardless of their potential, leading to distinct critical exponents for the high- and low-temperature
regimes. This transition from exponential to power-law behavior underscores the critical response
features of magnetic systems with defects, suggesting analogies to glassy dynamics. Our findings
highlight the complex mechanisms governing spin dynamics in disordered systems, with implica-
tions for understanding the universal aspects of relaxation in glassy materials.
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The concepts of relaxation time τ and relaxation length ξ
are ubiquitous in physical systems. Intuitively, a system
“forgets” fluctuations on a time scale τ and length scale ξ,
and the analogous correlation functions follow exponential
decaying laws ∼ e−t/τ and e−r/ξ in time and space, respec-
tively. In the spatial case, this exponential decay follows
very generally, e.g., from the Landau square gradient term
in a free energy (see, e.g., [1,2]), while the exponential time
decay follows from the first-order relaxation equations as
expressed long ago, e.g., by Langevin [3] and Onsager [4].

However, despite the widespread applicability of the
“exponential decay” paradigm, it lacks complete univer-
sality. Anomalous temporal decay can either be of the

so-called “stretched exponential” form (∼ e−(t/τ)β , with
0 < β < 1) (e.g., [5]), or more dramatically, algebraic (or

power law), taking the form (τ/t)
λ
(e.g., [6]). Anomalous

spatial decay is analogous, although in any given system,
the relationship between anomalous spatial and temporal
behavior is possible but not obligate.

(a)E-mail: federico.ettori@polimi.it (corresponding author)

In fact, power-law behavior seems to emerge when an-
alyzing more complex systems, often including significant
spatial heterogeneity. It may characterize not only cor-
relation and attenuation, but also the frequency distribu-
tion of distinct “events”. Contexts in which power-law
distributions are observed include earthquake magnitudes
—the so-called Gutenberg-Richter law (see, e.g., [7,8]),
avalanches in martensitic solids and sand piles (e.g., [9–
11]), Barkhausen noise associated with magnetic switch-
ing [12–14], glasses [5], fragmentation [15,16], and disloca-
tion propagation [17,18].

Given the rather varied contexts in which they occur,
power-law distributions have been the subject of extensive
study. The question as to the common factors in differ-
ent physical systems exhibiting similar power-law distribu-
tions and correlation remains tantalizingly open. However,
among mechanisms which have been identified as poten-
tial sources of such behavior are percolation, fragmenta-
tion, frozen disorder, random walks, criticality, and self-
organized criticality. We remark, however, that power-law
distributions are found both in the real world (e.g., [5]) as
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well as in simulated simplified models (e.g., [6]), where
we cite only literature from studies of glassy systems with
frozen disorder. This letter reports work in the latter class.
A crucial concept in the analysis of complex systems is

the study of the waiting time between consecutive events,
also known as inter-event time (IET). This idea was bor-
rowed from applied probability, and specifically queuing
theory [19], and is now widely used with applications rang-
ing from telecommunications to healthcare systems. The
key events in the queue are the individual arrivals at the
end of the queue. Informally, the mathematics lies in the
processing of the queue, and the willingness of the client
to engage in queuing given the nature of the queue and
the most recent arrival.
If the occurrence of events is Poissonian, i.e., indepen-

dent of the occurrence of any previous event, then the IET
pdf is exponential, corresponding to exponential decay of
time correlations. When, for whatever reason, the proba-
bility of an event occurring is affected by the proximity of
a recent event, then the probabilities that two neighbor-
ing events take place a time t apart are no longer inde-
pendent. The resulting so-called “fat-tailed” distributions
decay more slowly than exponentially.
There are numerous practical examples from the hu-

man sciences in which event occurrence is no longer
Poissonian [20–23]. Earthquake frequencies [7,8] exhibit
similar fat-tailed behavior. However, at first sight, geo-
physical and anthropological systems seem to offer few
obvious analogies, other than the large number of inter-
acting degrees of freedom and the heterogeneity of the
interactions.
The capacity of surprisingly simple models to illumi-

nate complex behavior has been much noted by histori-
ans of science. In the context of magnetism, the Ising
model, involving interactions between nearest-neighbor
classical spins in a d-dimensional lattice, will celebrate
its 100th birthday in 2025, but remains remarkably vig-
orous. The Edwards-Anderson spin glass [24], involving
random bond interactions on a lattice of spins, is only
approaching its 50th birthday, but is likewise the subject
of continuing attention. The related random field spin
model [25–28] is of similar vintage, and also seems to ex-
hibit glassy behavior. Variants of this have proved fruitful
and challenging to mathematicians and physicists alike,
as in random anisotropy magnets where numerical sim-
ulations of the dynamic behavior revealed commonalities
with glassy-like systems (e.g., [29,30]). In this letter, we
study the dilute Ising model with pinned spins, some of
whose static and dynamic properties we have previously
investigated [31,32].
As discussed in [31], certain large-scale properties of

the present model are analogous to those of the random
field Ising model (RFIM). Specifically, the model with de-
fects can be interpreted as a specific case of the RFIM,
where fixing spins corresponds to introducing strong local
fields with random orientations at the random defect sites.
Both models exhibit similar equilibrium properties, in-

cluding cluster formation in the thermodynamic limit and
spontaneous magnetization in finite-sized systems. These
cluster phases are a particularly compelling research topic,
as they possess equilibrium properties that are intermedi-
ate between paramagnetic phases (characterized by zero
net magnetization and the existence of a unique free en-
ergy basin) and the spin-glass phases (defined by the ab-
sence of long-range order, nonzero local average magneti-
zation). While a more detailed characterization of these
equilibrium properties remains an active area of research,
this study focuses on their out-of-equilibrium dynamics.

The key prerequisite is the existence of a dynamic phase
transition in spin models. The static ferromagnetic tran-
sition involves the development of spontaneous order, and
hence the inability of the system to follow all external or-
dering fields. Suppose that, instead of imposing a static
external field, one imposes an ordering field periodic in
time, i.e., the ordering field is dynamic.

In a pure Ising system, under suitable phase conditions
(usually high temperatures) the spins follow the ordering
field, with the same frequency as the ordering field. This
is the dynamic disordered phase (DDP). However, for low
enough temperatures, and low-amplitude fields, a dynamic
ordered phase (DOP) emerges. In this phase the spins
have preferred one or the other of the directions of a local
molecular field. The spins no longer, on average, follow
the imposed external field. The dynamic phase transition
(DPT) marks the boundary between the two types of be-
havior [32–35]. We refer to ref. [36] for an extensive review
of the topic. Although the spins no longer follow the oscil-
lating field completely, local spin flips do still occur. The
distribution of spin flip events can be investigated.

We find here that in a pure Ising system these spin flips
seem to occur in Poissonian fashion and hence that the life-
time distribution is exponential. We also investigate the
analogous problem in the dilute Ising model with pinned
spins. As in the case of the static phase transition, the
character of the dynamic phase transition changes discon-
tinuously with the addition of the pinned sites. There is
still a disordered phase. But now the system is hetero-
geneous; different sites behave in different ways. In the
ordered phase, some sites are able to follow the oscillating
field, and some are not. Of those that are not, some point
preferentially in a + direction and some in a − direction.
The spin flip events still occur, from directions which are
locally “favored” into regions which are locally disfavored,
although they are increasingly unlikely. The pdf of the
inter-event times acquires a fat tail, and changes from ex-
ponential to algebraic. This is our principal result.

Model. – The system under investigation is the 2D
nearest-neighbor Ising model, in which a fraction of ran-
domly chosen spins (defects) are held fixed in both ori-
entation and position throughout the entire simulation.
To maintain neutrality, half of the defects are positive
(si = +1) and the other half are negative (si = −1). We
investigate the dynamic response of this system to a si-
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nusoidal, time-dependent magnetic field, h(t) = h0 cosωt.
At a critical temperature Θc or, alternatively, a critical
frequency ωc or field amplitude h0,c, the manner in which
the system responds changes.

For T > Θc (or ω < ωc, or h0 > h0,c), the system enters
in the DDP, in which the time-dependent magnetization
follows the external field, possibly with a time delay. Con-
versely, for T < Θc (or ω > ωc, or h0 < h0,c), the system
enters in the DOP, in which the magnetization remains
trapped in a low-energy state and reversal events become
rarer. The order parameter of the DPT is the average
magnetization per cycle Q = ω/2π

∮
m(t) dt. As for the

equilibrium phase transition, the critical temperature is
associated with a peak in the susceptibility of the order
parameter: χQ = L2(〈Q2〉−〈Q〉2). In a previous work [32],
we discussed how the introduction of defects generally de-
creases Θc. In this work, we focus on the reaction time
of individual spins in both the homogeneous (defect-free)
case and the heterogeneous (with defects) case.

To identify true reversals among numerous fluctuation
events, we track the time-averaged value of each individual
spin si(t) over a half-cycle of the external field, expressed
as

si(t) =
2

P

∫ (n+1)P/2

nP/2

si(t)dt, (1)

where P is the period of the external field. A reversal is
considered to occur in a specific half-cycle when the time
average changes sign. The local reversal time ni is defined
as the number of external field half-cycles between two
consecutive reversals. This metric captures the system’s
temporal response. Short average local reversal times cor-
respond to systems which follow the external field more
easily, while longer reversal times are observed when the
spins tend to retain their orientation over time, despite
the oscillations of the field.

We define the reversal time probability distribution
Prev(n) by calculating the local reversal times for all
free spins in the lattice. Additionally, we determine the
avalanche probability distribution Paval(S), which repre-
sents the likelihood of observing a connected cluster of
S sites undergoing simultaneous reversal events, where by
simultaneous we mean occurring during the same external
field half-period.

The system is analyzed using Monte Carlo simulations
with the N -Fold way algorithm [37] and Glauber dy-
namics [38]. This study focuses on low temperatures,
where the N -Fold way algorithm is more computational
efficient than the more common traditional Metropolis
algorithm [37,39]. The Glauber dynamics is preferred
for dynamic studies, as it more accurately represents a
true dynamical process than the Metropolis algorithm [40],
which was invented to converge in the equilibrium limit to
a Boltzmann distribution. For all simulations, a lattice
size of L = 200 and a period P = 2π/ω = 258 were
used. Henceforth, the time unit is set equal to the charac-
teristic time associated with the Glauber transition prob-
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Fig. 1: IET probability distribution for the reversal time in
a homogeneous system. Panel (a): probability distribution
Prev(n) in a double logarithmic plot for h0 = 0.3 at different
temperatures. Solid lines represent the fit to the most likely
exponential distribution, while dots correspond to simulation
data. Panel (b): average reversal time as a function of temper-
ature for different field intensities. The error bars derived con-
sidering 10 independent simulations are of the same size as the
markers and are not shown for clarity. In the low-temperature
phase, a single linear fit (dashed line) is applied across all field
intensities. In the high-temperature phase, separate fits are
performed and shown for each field intensity.

ability rates, while temperature and magnetic fields are
expressed in units of J/kB and J , respectively, where kB
is the Boltzmann constant and J is the Ising exchange
interaction constant.

Homogeneous systems. – We begin by analyzing
the dynamic response of the defect-free Ising model.
Figure 1(a) shows the IET probability density function
Prev(n) for several temperatures, spanning both the dy-
namical ordered and disordered regimes. The solid lines
in the plot display the best fit to a discrete exponential
distribution Prev(n) ∼ e−λn, where the characteristic pa-
rameter λ is determined through the maximum likelihood
(ML) method for each temperature and field amplitude.
The close match obtained at all temperatures confirms
that the local spin flip process is basically Poissonian.

31001-p3



F. Ettori et al.

Figure 1(b) shows the dependence of the average re-
versal time, 〈n〉 = λ−1, on both temperature and exter-
nal field amplitude. The curves corresponding to differ-
ent field amplitudes nearly collapse onto a single curve
when the average reversal time is plotted as a function
of the temperature deviation from the (field-dependent)
critical point. This collapse is most prominent in the low-
temperature phase. Furthermore, in a semi-logarithmic
plot, the relationship appears almost linear, indicating
that 〈n〉 depends exponentially on temperature, with two
distinct slopes in the ordered and disordered phases, and
a crossover at the critical point, where 〈n〉 ≈ 1.

Heterogeneous systems. – We now analyze the
inter-event times (IETs) in an Ising model with defects,
subject to an oscillating external field. Our primary find-
ing is that, away from criticality, a collective behavior
emerges, where Prev(n) follows a power-law distribution
over several orders of magnitude (up to 6). We will ex-
amine this distribution, focusing on the power-law expo-
nents and their dependence on temperature and defect
fraction. Figure 2(a) shows Prev(n) for a defect fraction
of f = 0.025 and field amplitude h0 = 0.3. At both high
and low temperatures, Prev(n) can be approximated by
a discrete power-law distribution. The power-law expo-
nents are estimated using the ML method, we validate
the power-law hypothesis using a goodness-of-fit (GoF)
test [41] over an intermediate range of values for n (ex-
cluding the eventual exponential cutoff), and accept the
hypothesis when the p-value exceeds 0.1. We slightly re-
lax the test and require, for a positive outcome, that the
Kolmogorov-Smirnov distance of the data is at maximum
10 times larger than the one from synthetic data. The in-
set of fig. 2(a) shows the power-law exponents, which are
approximately 2 in the ordered (low-temperature) phase
and 3 in the disordered (high-temperature) phase.

The intermediate distribution shown in fig. 2(a), cor-
responding to the critical temperature, does not meet the
criterion for a power-law distribution according to the GoF
test, so no exponent is reported in the inset for this and
similar temperatures. Additionally, the inset highlights
that the power-law exponents do not show a significant
dependence on defect fraction f , at least within the 1–3%
range of defects. Similarly, no significant variation in the
critical exponents is observed with changes in system size.
The color coding in this plot will be discussed below when
we analyze the defect potential.

In fig. 2(b), we analyze the avalanche size probability
distribution, Paval(S). For each half-cycle, we identify
the sites that have undergone reversal events and group
them into connected clusters of simultaneously reversing
sites. We then study the cluster size probability distri-
bution across different temperatures and defect fractions.
Near the critical temperature (red squares), we observe
that avalanche sizes follow a power-law distribution span-
ning over 4 orders of magnitude. In the low-temperature
phase (yellow downward triangles), a similar power-law
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Fig. 2: Probability distribution of (a) the IET, and
(b) avalanche size, for heterogeneous systems with h0 = 0.3,
f = 0.025, and T = 2.5, 1.6, 1 (markers: logarithmic binning of
data points; dotted lines: best power-law fit). The color scale
represents the average potential absolute value associated with
each measurement bin. Panel (a): Prev(n) exhibits power-
law behavior in both the low- and high-temperature regimes,
with distinct exponents (αhigh and αlow). The inset shows
the ML estimation of the power-law exponent as a function
of temperature for different defect fractions. Data points are
shown where the GoF test returns a p-value greater than 0.1.
Panel (b): Paval(S) is dominated by large clusters in the high-
temperature regime, while it follows a power-law distribution
for T = Θc. In the low-temperature regime, exponential damp-
ing is observed. The inset presents the ML estimation of the
critical exponent as a function of the defect fraction.

emerges, but with a notable cutoff that prevents the for-
mation of very large avalanches. In contrast, in the high-
temperature (blue upward triangles), disordered phase, a
power law is not observed. In this case, most events in-
volve large, connected sets of spins reversing in response
to the external field oscillations.

The inset of fig. 2(b) shows the ML estimate of the
power-law exponent at the dynamic critical temperature,
Θc(f). Within the error bars, the critical exponent shows
no significant dependence on defect fraction. Notably,
before the exponential cutoff, the low-temperature clus-
ter size distribution follows a power law with the same
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Fig. 3: Decomposition of the probability distributions Prev
plotted in fig. 2(a) by considering separately sites having
similar values of the defect potential. Panel (a): the low-
temperature decomposition shows that all sites obey one
and the same power-law distribution. Panel (b): the high-
temperature decomposition shows that different sites behave
differently, with the high-potential sites exhibiting distribu-
tions with fatter tails.

critical exponent measured at the critical temperature —a
phenomenon similar to the high-temperature Barkhausen
noise cutoff reported in [14].

Defect potential. The defect-induced spatial-sym-
metry breaking strongly influences the spin reversal pro-
cess. It is the aim of the present analysis to understand
whether it is possible to predict and quantify how differ-
ent local sites are expected to behave when an oscillating
field is applied on the system, with particular attention
focused on the IET probability distributions discussed in
the above section.
We use the defect potential introduced in [32]

φi =
∑
j

qj
d(i, j)

, (2)

where qj is the defect’s charge (i.e., spin value) at po-
sition j, and d(i, j) is the Manhattan distance consis-
tent with periodic boundary conditions) between the
free site i and defect j. As demonstrated in [32], the

defect potential provides a useful tool for determining
and quantifying which sites are more/less affected by
the quenched defects. In the Supplementary Material
Supplementarymaterial.pdf (SM) we show that this is
confirmed also when we study the DPT, as several quan-
tities are strongly correlated with the defect potential, in-
cluding the average magnetization, the local magnetiza-
tion per cycle, the local reversal probability, and the local
average inter-event time.

Our goal is to determine whether sites with high and
low values of the defect potential contribute similarly to
or differently from the IET probability distribution shown
in fig. 2(a). To this end, we first analyzed how the distri-
bution of defect potentials depends on the system size and
defect fraction. Overall defect neutrality implies the dis-
tribution be symmetric, with potential values φ and −φ
having the same probability of occurrence. Further de-
tails on this distribution are provided in the SM. For our
present purposes, it is sufficient to note that we computed
the standard deviation σ of the defect potential distri-
bution and classified the sites into categories: low (sites
having |φ| within σ), intermediate (larger, but within 2σ),
high (even larger, but within 3σ), and very high (above
3σ) defect potential. Clearly, each class was less populated
than the preceding one.

Figure 3 shows how the four different classes contribute
to the high- and low-temperature IETs in fig. 2(a). The
most notable result is that in the low-temperature regime
(panel (a)) all classes follow the same power law, which
clearly coincides with the overall probability distribution
shown in fig. 2(a). This indicates a remarkable universality
that applies to all sites, regardless of their position relative
to the quenched defects. Since the number of sites in the
first class (|φ| < σ) is significantly larger than that in
the other classes, the average defect potential |φ(n)| for
all sites undergoing reversals after n cycles is dominated
by the low-potential sites. This explains why the high-
temperature curve in fig. 2(a) is consistently blue, which is
the color representing low potential in the displayed color
scheme.

The situation changes in the high-temperature regime,
as shown in fig. 3(b). The IETs of the low-potential sites
(blue circles) still obey a power-law distribution, but sites
with higher potential values exhibit distributions with sig-
nificantly fatter tails. The remarkable result here is that
the combination of non-power-law distributions from dif-
ferent site classes adds up to produce the overall high-
temperature power-law distribution seen in fig. 2(a). The
fact that low-potential sites are much less likely to exhibit
long reversal times explains the interesting color pattern
in the high-temperature distribution of fig. 2(a). Specif-
ically, sites associated with longer reversal times are also
associated with high defect potentials. Consequently, the
distribution exhibits a pronounced color shift.

Discussion. – We have performed Monte Carlo sim-
ulations of the Ising model under both homogeneous
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(defect-free) and heterogeneous (with defects) conditions.
Our results reveal notable features in the system’s dy-
namic response. Specifically, the inter-event time (IET)
between local reversal events follows an exponential dis-
tribution in the homogeneous system, while two differ-
ent power-law distributions emerge in the high- and low-
temperature phases of the heterogeneous system, where
defects introduce quenched randomness.

Interestingly, in the heterogeneous system, the high-
and low-temperature regimes reveal distinct mechanisms
that give rise to power-law distributions. At high
temperatures, Prev(n) results from the combined contri-
butions of sites at different potential levels. Generally,
spins located far from defects or in regions with bal-
anced opposing defects (low-potential sites) follow the
external field more readily, resulting in shorter reversal
times. In contrast, spins in defect-dense areas (high-
potential sites) are more resistant to switching, contribut-
ing to the tail of the probability density function. At
low temperatures, all site classes exhibit a similar power-
law distribution of IETs, regardless of the potential value.
These two distinct mechanisms lead to the formation of
power-law distributions with different critical exponents,
αhigh and αlow, in the high- and low-temperature regimes,
respectively.

Our analysis supports the suggestion that magnetic sys-
tems with defects exhibit critical response features pe-
culiar of glassy systems [42,43]. More precisely, in pure
(non-defected) systems the spin magnetization reversal
follows a classical Poissonian waiting-time process lead-
ing to exponential inter-event distributions. On the con-
trary, in the presence of defects, the reversal process in-
duced by an external field is characterized by a critical
power-law distribution. Moreover, significant differences
appear between the dynamically ordered and the dynam-
ically disordered phase, the latter being characterized by
a peculiar universal power law for all sites (evidenced in
fig. 3(a)).

∗ ∗ ∗

Data availability statement : The data that support the
findings of this study are available upon reasonable request
from the authors.
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