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Abstract—We present a novel approach to Near-field Acous-
tic Holography (NAH) with the introduction of the Complex-
Valued Kirchhoff-Helmholtz Convolutional Neural Network (CV-
KHCNN). Our study focuses on analyzing Complex-Valued
Neural Networks (CVNNs) in the application of NAH scenario.
We compare the performance between CV-KHCNN and its
equivalent Real-Valued Neural Networks (RVNNs). Moreover,
different complex activation functions are evaluated for CV-
KHCNN. The results emphasize the effectiveness of CVNNs in
tackling NAH challenges and highlight the suitability of Cardioid
as the activation function for CVNNs. This discovery underscores
the promising contributions of CVNNs to the field of NAH. T-
distributed Stochastic Neighbor Embedding (t-SNE) is further
adopted to visualize the features of the embedding layer. The
results show that even without prior knowledge of the vibrations,
CV-KHCNN demonstrates the capability to distinguish between
different boundary conditions (BCs) and mode shapes.

Index Terms—near-field acoustic holography, complex-valued
neural networks, physics-informed neural network

I. INTRODUCTION

Near-field Acoustic Holography (NAH) is a non-contact
method used to analyze vibrating structures [1]. It aims at
reconstructing surface velocity fields by measuring nearby
microphone array data, allowing the identification of vibrating
regions. This technique is especially beneficial for delicate or
lightweight objects like musical instruments, as it avoids the
potential damage caused by accelerometers and the impact of
increasing the mass of the vibrating surface. The challenge
with NAH lies in the inversion of Kirchhoff-Helmholtz (KH)
integral, which is highly ill-conditioned [2], [3].

Recently, following the success of Deep Neural Networks
(DNNs) in solving several acoustic problems [4]–[7], DNNs
have been employed for NAH. A UNet-based [8] Convolu-
tional Neural Network (CNN) for planar NAH solver has
been proposed in [9], [10]. Later, inspired by the paradigm
of physics-informed neural networks [11], the authors pro-
posed to incorporate prior knowledge of the KH integral
into the DNN model leading to a physics-informed CNN
[12] known as Kirchhoff-Helmholtz Convolutional Neural
Network (KHCNN). While previous CNNs [9], [10] estimate
the magnitude of the velocity field, KHCNN provides an
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estimate of the real and imaginary part of the vibrational field
using a two-channel Real-Valued (RV) CNN. Exploiting the
KH integral, the output of the network is thus propagated
to the microphones reconstructing the measured sound field.
The KHCNN has been analyzed in [13] employing a Grad-
CAM-inspired approach for visual explanation of the network.
The results aid in understanding the decision-making process
of KHCNN by examining mode shapes symmetry and edge
behavior. A 3D CNN based Stacked Autoencoder approach
for NAH (CSA-NAH) has been proposed for planar [14], [15]
and cylindrical [16] NAH. A physics-constrained approach
is instead employed in [17], where the coefficients of the
equivalent sources [18] are estimated using machine learning.

Complex-Valued Neural Networks (CVNNs) is expressly
designed for processing complex numbers [19], [20]. CVNNs
appear to be the natural choice for describing data that are
inherently Complex-Valued (CV), rather than resorting to
two inputs (real and imaginary parts) or concatenating the
real and imaginary parts into a longer input vector. They
offer advantages due to the unique arithmetic of complex
numbers compared to their RV counterparts, such as complex
multiplication and Wirtinger calculus [21]. Therefore, CVNNs
provide a more constrained system for processing CV data.
CVNNs have found successful application in different fields,
including sound field estimation [22]. However the complex
arithmetic operations involved in CVNNs results in a higher
number of trainable parameters. Achieving the comparison be-
tween CVNNs and RVNNs requires constructing an equivalent
RVNN architecture that aligns with the trainable parameters
of the CVNN [23], [24]. This approach eliminates bias stem-
ming from the amount of trainable parameters discrepancies,
facilitating a fair performance assessment.

In this paper, we transform RV KHCNN (RV-KHCNN)
[12] into its CV counterpart, thus defining the Complex-
Valued Kirchhoff-Helmholtz Convolutional Neural Network
(CV-KHCNN). Our main goal is to implement CVNNs into
the physics-inspired model KHCNN for NAH scenario and
compare the performance of CV-KHCNN with its RV-KHCNN
version. Moreover, different complex activation functions are
evaluated for CV-KHCNN. Subsequently, in order to gain
deeper insights into the hidden behaviors of the network,
we utilize t-distributed Stochastic Neighbor Embedding (t-
SNE) to visualize the features of the embedding layer. The



analysis on the learned features highlights that CV-KHCNN
has the ability to discern different BCs and mode shapes
even without prior knowledge. In general, the results show
an improved performance of the CV-KHCNN with respect to
its RV counterpart underlying the effectiveness of CV models
for solving NAH.

II. BACKGROUND ON NAH

A. Kirchhoff-Helmholtz Integral

The exterior pressure field radiated from a vibrating struc-
ture can be characterized by the well-known KH integral [25].
Let S denote the vibrating surface with points s, and r denote
the exterior measured point. The pressure at r can be solved
using the KH integral as [25]

p(r, ω) =

∫
S
p(s, ω)

∂

∂n
gω(r, s)ds

− jωρ0

∫
S
vn(s, ω)gω(r, s)ds,

(1)

where n is the outward normal direction unit vector, p(·, ω)
and vn(·, ω) are the pressure and the normal velocity field, re-
spectively, ω is the angular frequency and ρ0 ≈ 1.225 kgm−3

is the air mass density at 20 ◦C. gω(r, s) is the free-field
Green’s function from s to r, written as [1]

gω(r, s) =
1

4π

e−j ω
c ||r−s||

||r− s||
, (2)

with c the sound speed in air and j the imaginary unit.

B. NAH Problem Formulation

Using the KH integral, we can calculate the pressure emitted
by a vibrating source based on the pressure and normal
velocity fields at the surface of the object. However, NAH
aims at solving the inverse problem, i.e. computing vn(s, ω)
starting from p(r, ω) acquired by a microphone array, which
is a highly ill-posed problem [1].

In this study, we specifically focus on planar NAH. In close
proximity of the vibrating surface, we designate the positions
rm, m ∈ [1,M ] of M measurement points on a plane H,
which we refer to as the hologram plane. Additionally, we
consider a sampled normal velocity field evaluated at points
sn, n ∈ [1, N ] lying on the surface plane S. The normal
distance between plane H and S is denoted as zH. The inverse
problem can be represented by

v̂n(s, ω)
∣∣∣
s∈S

≈ Γ−1 [p(r, ω)]
∣∣∣
r∈H

, (3)

where Γ is a discrete estimator that approximates the pressure
field on the hologram plane given the normal velocity field on
the surface plane.

III. KIRCHHOFF-HELMHOLTZ-BASED CNN FOR NAH

A. CV-KHCNN Architecture

An RV physics-inspired UNet-based model, RV-KHCNN,
has already been introduced for addressing the reconstruction

challenges in NAH [12]. Building upon the framework of RV-
KHCNN, we incorporate the state-of-the-art CVNNs architec-
ture, resulting in the enhanced model, CV-KHCNN.

The backbone of the model is the modified UNet [8].
CV-KHCNN adopts a Multi-Task Learning (MTL) approach,
featuring a shared trunk encoder and bottleneck, as well
as two separate decoders, followed by the KH propagation
model, which has been demonstrated in Sec. II. Note that the
frequencies f , NAH configurations (sampled points positions
rm, sn, and normal distances between planes zH) are all
known in the KH propagation model. The main architecture of
CV-KHCNN remains aligned with that of RV-KHCNN, while
using complex activation functions, convolution, transposed
convolution, max pooling, and batch normalization [20]. Refer
to Fig. 1 for an illustration of the architecture.

We adopt the technique in [24] to ensure competitive
number of trainable parameters for CVNN and RVNN. The
transformation ratio for RV-KHCNN is computed to be r =
1.4162, with the channel transformation as: 4 to 6, 8 to 11,
16 to 23, 32 to 45, 48 to 68, and 64 to 90. In such case,
the trainable parameters for CV-KHCNN and RV-KHCNN are
362,220 and 359,747, respectively.

B. Input/Output data

The network input is the pressure field acquired at the
hologram plane PH(ω) with a resolution of M = 8 × 8,
corresponding to the samples on the hologram plane. On the
other hand, the two outputs of the backbone coming from two
decoders are the higher resolution pressure P̂S(ω) and velocity
V̂(ω) on the surface plane in N = 16× 64, respectively.

The proposed approach is evaluated using the open dataset
of simulated aluminum rectangular plates for NAH [12]. This
dataset includes different boundary conditions (BCs), such
as simply supported, clamped, and free edges. Note that the
surface plane is located zH = 3 cm away from the hologram
plane, and the eigenfrequencies of the plates are in the range
f ∈ [0, 2] kHz. Moreover, the dataset pre-processing procedure
keeps the same as [12].

C. Activation functions

Various activation functions have been proposed in the liter-
ature for CVNNs. The most renowned ones are the variations
of ReLU, such as CReLU, zReLU [26] and modReLU [27].
Virtue et. al. [28] propose the Cardioid activation function.
Later, the adaptive Cardioid function (denoted as A-Cardioid)
was proposed by introducing a trainable bias [29]. The mathe-
matical expression of the activation functions are summarized
in Table I.

The encoding of phase information has varying performance
among different complex activation functions. Both zReLU
and modReLU divide the complex plane only into two regions.
For zReLU, phase is preserved only in the first quadrant, while
modReLU preserves phase only outside the circle centered at
the origin [20]. CReLU retains the phase of the first quadrant,
maps the phase of the second quadrant to π/2, projects the
phase of the fourth quadrant to 0, and neglects the phase of
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Fig. 1: The architecture of CV-KHCNN. PH is fed in the encoder (in blue), through a bottleneck (in light gray), followed
by two decoders with output P̂S (in yellow) and V̂ (in green), respectively. The network outputs then are fed into the KH
propagation model to get the reconstruction P̂H, with known frequency and NAH configuration.

modReLU f(z) = ReLU(|z|+ b)eiθz

zReLU f(z) =

{
z if θz ∈ [0, π/2]

0 otherwise

CReLU f(z) = ReLU(ℜ(z)) + iReLU(ℑ(z))

Cardioid f(z) = 1
2
z(1 + cos(θz))

A-Cardioid f(z) = 1
2
z(1 + cos(θz + θb))

∗ z = |z| eiθz and b is the trainable bias.

TABLE I: Mathematical expressions of complex activation
functions in CVNN.

the third quadrant [20]. On the other hand, for the Cardioid
activation function, the phase projection follows a cardioid
shape with a fixed orientation toward the real axis [28]. The
A-Cardioid can rotate the orientation through the bias term,
which may be adapted for the data phase characteristic.
D. Training Procedure

We use complexPyTorch [30] to implement CVNNs in this
study. The network is trained using the Adam optimizer with
an initial learning rate of 0.01. We decrease the learning rate
by a factor of 0.1 with a patience of 5 until it reached a
minimum of 0.0009 through learning plateau. Moreover, we
adopt the early stopping regularization technique to prevent
over-fitting. The training stops after 20 epochs during which
no improvement in the validation loss was observed. Moreover,
the dataset is splitted in 80% for the training set, 10% for the
validation set and 10% for the test set.

Several models are adopted with different complex activa-
tion functions: CReLU, zReLU, modReLU, Cardioid, and A-
Cardioid. The same configuration is used for all the models
to ensure the reproducibility.

IV. RESULTSA. Metrics Description

The performance of the proposed network is assessed by
two metrics: the Normalized Mean Square Error (NMSE)
(defined in dB) and the Normalized Cross Correlation (NCC).
They are expressed by

NMSE(x̂,x) = 10log10

(
eH · e
xH · x

)
, (4)

V̂ P̂H

NMSE NCC NMSE NCC

RV-KHCNN -17.46 99.23% -23.72 99.83%

modReLU -13.55 98.28% -24.27 99.87%

CReLU -17.92 99.32% -23.46 99.83%

Cardioid -18.99 99.48% -26.30 99.91%

A-Cardioid -18.89 99.47% -25.99 99.90%
∗Values marked in bold are the best performances.

TABLE II: The mean value of NMSE and NCC of V̂ and P̂H
for different models. The first row represents RV-KHCNN,
while the subsequent rows correspond to CV-KHCNN with
different activation functions.

and

NCC(x̂,x) =

∣∣x̂H · x
∣∣

||x̂||2 · ||x||2
, (5)

where x are the ground truth data, x̂ are the predicted data,
and e = x̂− x denote the error. Additionally, the metrics are
computed with a column-vector representation of the data, and
NCC reaches 1 when the two quantities match perfectly. Note
that both the metrics are for complex numbers and H is the
Hermitian transpose operator.
B. Results and Comparisons

For the sake of simplicity, CV-KHCNN with different
activation functions are denoted by their activation function
names. By applying the early stopping strategy, RV-KHCNN,
modReLU, CReLU, Cardioid and A-Cardioid get no fur-
ther improvements after 22, 79, 30, 131 and 58 epochs,
respectively. Instead, zReLU fails during training after several
epochs.

Both the reconstructed V̂ and P̂H are evaluated by NMSE
and NCC. Table II presents the mean value of NMSE and
NCC for V̂ and P̂H across the different models. Both Cardioid
and A-Cardioid show better results than RV-KHCNN in terms
of NMSE and NCC for both P̂H and V̂, while CReLU only
predicts better V̂ than RV-KHCNN. On the other hand, mod-
ReLU performs worse in predicting V̂. Intuitively, these results
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Fig. 2: An example of rectangular plate for free BC at
734.92 Hz. The upper and lower collection corresponds to
PH and V, respectively. In each collection, the first two rows
represent the module and the phase, respectively. The last
two rows represent the squared difference between the ground
truth and the reconstruction. The first column (a) represents
the ground truth, followed by (b) RV-KHCNN and (c) CV-
KHCNN respectively.

aligns with our expectations in the terms of the way different
complex activation functions handles phase information, as
discussed in Sec. II. The outstanding performance of Cardioid
is particularly noteworthy. Once again, the experimental results
reinforce the belief that Cardioid is a strong choice for CVNNs
activation functions [28]. Cardioid places more emphasis on
the phase information, which is suitable for dealing with
complex numbers. Regarding the A-Cardioid, introducing a
trainable bias does not enhance the performance in our test.
However, the difference is minimal, with the NMSE and NCC
results being nearly identical.

A visualization example is shown in Fig. 2. Based on
the metric results, we only compare the best-performing CV-
KHCNN model, which uses the Cardioid activation function,
with RV-KHCNN and ground truth. The reconstructions P̂H

and V̂, including their magnitude, phase, and errors, are
displayed. The squared difference error e = (x̂ − x)2 is
visualized in the last two rows. Note that to emphasize the
differences, a consistent normalized range for the colorbar
of the same type of data is carefully selected to facilitate
comparison. By directly comparing the magnitude and phase
images, it is evident that CV-KHCNN reconstructs V̂ more
accurately, especially the phase. The patterns reconstructed by
CV-KHCNN closely resemble the ground truth. Observing the
error images can provide a more intuitive understanding of the
differences.

C. t-SNE Visualization of the bottleneck

Understanding the behavior of the network is a topic worthy
of attention. Previously, an analysis of KHCNN has been done
in [13]. Observing CV-KHCNN’s ability to reconstruct fields
with different BCs, we anticipate discovering informative fea-
tures encoded within the network’s representations. Therefore,
we adopt the t-distributed Stochastic Neighbor Embedding (t-
SNE) to visualize the underlying behavior of the CV-KHCNN.

T-SNE is a statistical method for visualizing high-
dimensional data by reducing the tendency for data-points
to cluster densely in a 2D or 3D map [31]. We utilize t-
SNE technique on the output features of the CV-KHCNN
embedding layer, i.e., the bottleneck. The dataset is labeled
with both BCs and mode shapes. This allows us to assess
whether the shared trunk has encoded information pertaining
to the classification of distinct BCs and mode shapes without
informing the network about the boundary conditions.

Figure 3 shows the 2D t-SNE results of CV-KHCNN
embedding layer. The dataset is labeled by different BCs
in Fig. 3a. Free and clamped BCs features are placed all
together in a partition of the space since their mode shapes
are completely different. Conversely, simply supported BC
features are mixed with clamped BC features, which is reason-
able since their mode shapes are similar. It is worth noticing
that the data is accumulated into numerous small clusters.
To further examine whether each small cluster is related to
the mode shape, the t-SNE in Fig. 3b is labeled by different
mode numbers with respect to the BCs. To distinguish the
mode number for different BCs, three different colorbars are
utilized according to the BCs. The visualization reveals that
most small clusters correspond to the same mode number for
identical BCs. Larger mode numbers cluster more tightly in
one region, whereas smaller mode shapes tend to be relatively
mixed together. This may be due to the fact that higher
mode shapes have more unique patterns. In practice, lower
frequencies tend to exhibit greater similarity to each other,
with their representations concentrated towards the center of
t-SNE space. As frequencies increase, mode shapes become
more “complex” and different each other, causing them to
spread towards the edges of t-SNE space.

Visualization of the embedding layer using t-SNE reveals
that a 64-dimensional CV layer is capable of effectively
encoding and distinguishing between different BCs and mode
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Fig. 3: T-SNE Visualization of the embedding layer features.
The dataset is labeled by BCs in (a) (red for free, green for
simply supported, and blue for clamped BCs), and different
mode numbers with respect to the BCs in (b).

shapes. It also indicates that CV-KHCNN can infer different
BCs and mode shapes without prior knowledge.

V. CONCLUSIONS

In this paper, the previous RV data-driven physics-inspired
approach RV-KHCNN in NAH is transformed into its CV
counterpart, i.e. CV-KHCNN. The performances of CV-
KHCNN with various CV activation functions are compared
with RV-KHCNN, revealing that CV-KHCNN with Cardioid
activation function yields the best results. This result validates
the effectiveness of CVNNs in solving the NAH problem,
while also highlighting the suitability of Cardioid as the
activation function for CVNNs. Furthermore, t-SNE analysis
is conducted to visualize the features of the embedding layer.
The results suggest that CV-KHCNN possesses the ability to
differentiate between BCs and mode shapes, even without prior
knowledge.
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