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Abstract 

The Microwave Electrothermal Thruster (MET) is an emerging technology for space propulsion that uses microwave 

power to heat a gas inside a cylindrical resonant cavity, before accelerating it through a converging-diverging nozzle 

to supersonic velocities, producing thrust. The nature of the gasdynamic expansion is crucial in determining the nozzle 

exit conditions and the propulsive performances of the thruster. Chemical reactions in MET nozzles may be favored 

by the high nozzle-inlet temperatures generated in the resonant cavity, but the high gas velocities and the small size of 

the nozzles themselves reduce the time available for chemical reactions to occur. Moreover, heat transfer to the nozzle 

walls and temperature limits of nozzle materials can impose severe constraints on the working conditions and 

maximum achievable thruster performance. 

Different models are applied and compared to describe the gasdynamic expansion of N2, N2O and H2O for various 

nozzle inlet conditions: a frozen chemistry model, a chemical equilibrium model, and a hybrid model employing the 

Bray freezing criterion to identify a transition point from chemical equilibrium to frozen flow conditions. The latter is 

validated using the quasi-1D inviscid Euler equations with chemical reactions for the case of N2. Convective heat 

transfer from the expanding gas to a radiatively cooled nozzle is modelled and simulated for the Bray expansion of 

H2O, considering a stagnation temperature and pressure of 6000 K and 1 atm, respectively. 

The Bray model predicts a freezing point close to the nozzle throat and shifted towards the converging section for all 

the propellants and most chamber conditions, indicating an almost entirely frozen expansion. The heat transfer model 

predicts large power losses to the nozzle walls, suggesting the need to include them in the gasdynamic expansion 

modeling and to investigate regenerative nozzle cooling systems for future high performance METs. 
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1. Introduction 

Within the last decade, an increased interest to bridge 

the gap between electric propulsive (EP) subsystems, 

which can provide high specific impulse values and low 

thrusts, and chemical propulsive (CP) subsystems, which 

provide the opposite, has been registered. CP 

technologies for satellite applications have been 

demonstrated to deliver theoretical performances in 

vacuum which exceed specific impulses of 300 s and 

thrust values in the order of hundreds of newtons for short 

timespans (minutes) [1]. This enables satellites to 

perform rapid maneuvers in space, when needed, with 

limited impact on the overall satellite power budget. On 

the other hand, EP engines can achieve much higher 

specific impulses (>1000 s), thanks to the propellant and 

power source decoupling. However, significant power 

demands are needed, in the order of kW, to achieve thrust 

values in the range of tens of mN [2]. Moreover, 

traditional EP technologies have often also been hindered 

by the presence of performance- and/or life-limiting 

elements, such as heaters, electrodes, grids, etc., and by 

their architectural complexity [3].  

Among the new EP technologies which are being 

developed and are theoretically capable of covering this 

performance gap, the MET represents an interesting 

choice because of its design simplicity (also due to the 

use of a traditional solid nozzle to accelerate the 

propellant), the ability to work at different frequencies 

and on multiple propellants [4, 5], and most importantly, 

no theoretical performance limitation thanks to the 

absence of electrodes and heating elements [5]. 

The MET (Fig.1) is composed by a cylindrical 

resonant cavity made of a conductive material, closed by 

two circular endplates, and divided in half by another 

plate made of dielectric material. An antenna is placed on 

the central axis at one cavity end and introduces 

microwave power in the cavity. The propellant is 

introduced with a tangential velocity in the other cavity 

half, where a plasma is ignited and sustained by the 

electromagnetic field generated by the antenna [5]. The 

propellant swirls around the plasma and is heated to high 

temperatures, right before reaching the nozzle inlet, 

located on the cavity axis at the endplate opposite to the 
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antenna. The propellant is then accelerated and expelled 

at high velocities through the nozzle, producing thrust. 

 
Figure 1 – MET scheme 

 

Preliminary results from literature studies show that 

the technology is theoretically capable of achieving 

specific impulses larger than 800 s and thrust in the order 

of hundreds of millinewtons [4, 5, 6]. Furthermore, the 

implementation of propellants which are already used by 

CP subsystems, could ease the integration of MET units 

on existing propulsive systems, with minimal impacts at 

system level. The potential integration of METs with 

specific impulse of 600-700 s or larger on existing 

satellites becomes interesting when considering the new-

space market, which is significantly driven by the need 

of rapid service delivery and cost reductions. The MET 

technology could allow satellite companies to 

significantly improve the time-to-market due to the 

increased thruster performances, both in terms of specific 

impulse and thrust, and lower the cost of satellite 

manufacturing, as the overall mass and volume to 

perform a specific mission would be reduced. 

Among the several propellants that have been 

proposed for MET, we focus here on water vapour (H2O), 

nitrous oxide (N2O) and nitrogen (N2). Examples of 

METs with specific impulse above 800 s have been 

reported in the literature using H2O [6] which is a 

candidate to be the ideal MET propellant, not only for the 

expected high performance, but also for its low cost, high 

density at ambient conditions and consequent ease of 

storage, non-toxicity, and abundance in the solar system, 

which could enable the possibility of in-situ resource 

utilization (ISRU). On the other hand, N2O is a non-toxic 

fluid with interesting properties in terms of self-

pressurization: it is increasingly being implemented in 

new CP units as an oxidizer alternative to harmful 

substances in both monopropellant and bipropellant 

applications [7]. Furthermore, N2O has already been 

tested and studied in METs, as reported by literature 

sources [4]. The possibility of implementing nitrous 

oxide among different technologies on a same satellite 

platform is pivotal for space missions and applications, 

as it allows to expand the multi-mode framework 

associated to nitrous-based propulsive subsystems. 

Beneficial effects of multimode propulsive systems on 

orbit raising, cislunar and interplanetary missions are 

already present in literature reviews [8]. Finally, nitrogen 

has mostly been used to develop and test the models 

presented in this work, because it is much simpler to treat 

than water and nitrous oxide yet shares with them the 

common features of a molecular gas, i.e., the possibility 

to undergo dissociation and recombination processes. 

Most theoretical studies on MET have focused on 

modeling and simulation of the resonant cavity, often 

using very simple descriptions of the nozzle expansion. 

Some recent, remarkable efforts have been carried out to 

study the coupled system of fluid dynamics and plasma 

behavior in the entire MET domain, providing insight on 

the flow properties both in the resonant cavity and in the 

nozzle [9,10]. So far, these works have been limited to 

monoatomic gases, because of their simplicity and 

reduced number of reactions (i.e., ionization and 

excitation processes). However, the analysis of the gas 

dynamic expansion in the nozzle is crucial and needed 

also for molecular gases to determine the flow exit 

conditions and the propulsive performance of METs. 

Furthermore, based on previous studies [4], we can 

expect that the flow temperatures required to obtain high 

specific impulses can reach thousands of K. Combined 

with the reduced size of MET nozzles, necessary to 

obtain very small flowrates typical of MET operation [4], 

we must also consider that some performance limitations 

may arise due to nozzle material constraints and heat 

dissipation through the nozzle walls. In this work we 

develop models and tools to describe the nozzle 

expansion and the fluid-wall thermal interaction using 

water, nitrogen, and nitrous oxide, with the goal to 

provide some insight on the behavior of these propellants 

and identify potential performance limitations due to 

thermal constraints. The same procedures can be applied 

in general to any propellant in MET nozzles and other 

micronozzles for high-enthalpy flows. 

 

2. Material and methods  

2.1 Figures of merit 

There are different parameters which can be used to 

assess the performance of space propulsion units [11]: in 

this work we mostly use the specific impulse, which we 

can define after having introduced the definition of 

thrust. 

The thrust (𝜏) is the additional force experienced by 

the spacecraft when the propellant is accelerated and 
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ejected through the nozzle and is composed of a static 

component and a momentum component. The former is 

going to be neglected in this work because the considered 

pressure at the nozzle outlet is very low. Thrust is thereby 

computed as: 

 
𝜏 = 𝑚̇𝑣𝑒𝑥  (1) 

 

where  𝑚̇ is the propellant mass flow rate and 𝑣𝑒𝑥  is the 

propellant velocity at the nozzle outlet. The thrust is 

measured in Newtons. 

The specific impulse (𝐼𝑠𝑝 ), is defined as the ratio 

between the thrust and the weight of propellant mass flow 

rate evaluated on the Earth at sea level. Again, neglecting 

the thrust static contribution, the specific impulse is 

obtained as: 

 

𝐼𝑠𝑝 =
𝜏

𝑚̇𝑔0
=

𝑣𝑒𝑥

𝑔0
 (2) 

 

where 𝑔0 is the standard acceleration due to gravity on 

Earth at sea level. The 𝐼𝑠𝑝 is measured in seconds. 

The specific power or specific energy (𝑃𝑖𝑛/𝑚̇ ) is 

defined as the ratio between the input electromagnetic 

power ( 𝑃𝑖𝑛 ) transferred to the propellant and the 

propellant mass flow rate, and is a useful quantity often 

found in studies on the MET. 

 

2.2 Methods 

In this work, the MET has been analysed by 

decoupling the resonant chamber and the nozzle. The 

resonant cavity modelling has first been used to 

determine the conditions at the nozzle inlet and the 

specific power required to obtain those conditions. The 

propellant expansion in the nozzle has then been studied 

with different models and, finally, a preliminary study on 

heat transfer and thermal analysis in the nozzle walls has 

been conducted. 

2.2.1 Resonant cavity modelling 

The resonant cavity has been treated as a simple heat 

exchanger, where the microwave power is transferred to 

the propellant and heats it from a reference state to the 

chamber conditions, changing not only the temperature 

and pressure, but also the composition. As in other 

studies on MET [12], it is assumed that the residence time 

of the propellant inside the resonant cavity is much 

higher than the time required by the propellant mixture to 

reach chemical equilibrium. Thus, for a given propellant 

and a certain value of chamber temperature 𝑇𝑐  and 

pressure 𝑝𝑐, the composition and mixture properties are 

determined by applying the laws of chemical equilibrium 

(see section 3.1). This thermodynamic state also provides 

the nozzle inlet conditions. A simple power balance 

equation is used to determine the specific power required 

to heat the propellant from the reference conditions to the 

chamber conditions: 

 
𝑃𝑖𝑛

𝑚̇
= ℎ𝑐 − ℎ𝑟𝑒𝑓   (3) 

 

where ℎ𝑐 and ℎ𝑟𝑒𝑓  are the specific enthalpy per unit mass 

of reactants at the chamber and reference conditions, 

respectively, with respect to the standard state (i.e., 𝑇 =
298.15 𝐾 and 𝑝 = 1 𝑎𝑡𝑚). Equation (3) assumes that all 

the microwave input energy is transferred to the 

propellant in the form of heat and is used solely to raise 

its enthalpy, with negligible velocity variation between 

the resonant cavity inlet and outlet and no power loss to 

the cavity walls. Table 1 summarizes the reference 

conditions used for the propellants of interest and the 

corresponding specific enthalpy: note that these 

correspond to the standard state for N2 and N2O [13] and 

to a given condition computed using the chemical 

equilibrium model (see section 3.1) for H2O at higher 

temperature, so to reproduce the fact that water should 

already be in the gaseous state when entering the resonant 

cavity. 

 

Table 1. Reference conditions for the used propellants 

 𝑝𝑟𝑒𝑓  [𝑎𝑡𝑚] 𝑇𝑟𝑒𝑓  [𝐾] ℎ𝑟𝑒𝑓[𝑘𝐽/𝑘𝑔] 

N2 1 298.15 0 

N2O 1 298.15 1876.5 

H2O 1 398.15 -13235.3  

 

2.2.2 Nozzle expansion analysis 

We have developed and applied different quasi-one-

dimensional, axisymmetric models (described in detail in 

section 3.2), to study the nozzle expansion. All models 

assume that the propellant can be described as an ideal 

gas or as a mixture of ideal gases. The first two models 

share the hypothesis of isentropic expansion: one 

considers a frozen chemical composition throughout the 

entire expansion (frozen model), while the other assumes 

that chemical reactions are fast enough to maintain 

chemical equilibrium in every point of the expansion 

(shifting equilibrium model).  A third, hybrid-model is 

then developed, in which the expansion is treated as the 

one in chemical equilibrium in the first section of the 

nozzle, and as the frozen one in the second section: the 

transition point from one regime to the other is 

determined using a Bray sudden freezing criterion [14] 
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(Bray model). Finally, a more precise model using the 

inviscid Euler equations with chemical reactions has 

been developed for the case of N2 only (Euler model). 

The Bray model has initially been validated by 

applying it to a representative case of a N2 expansion and 

comparing its solution to the more precise one obtained 

using the Euler model. It has then been applied to N2, 

N2O and H2O for a wide range of nozzle inlet conditions, 

to estimate the specific impulse as a function of the 

chamber conditions and evaluate if the expansion is 

closer to the frozen or the shifting equilibrium one. 

The nozzle used for the simulations on all 

propellants is a converging-diverging conical nozzle, 

with a cone half-angle 𝜃 = 15° and a nozzle throat 

diameter 𝐷∗ = 1 𝑚𝑚, a dimension comparable to that 

of other MET nozzles [4]. The nozzle expansion ratio, 

defined as the ratio between the cross section at a given 

point (𝐴) and that at the throat (𝐴∗ = 𝜋𝐷∗2/4) can be 

related to the axial coordinate 𝑥 through: 

 
𝐴

𝐴∗
= 1 + 4 (

𝜃𝑥

𝐷∗
)
2

 (4) 

 

where 𝑥 = 0 corresponds to the throat section. The 𝑥 

coordinate corresponding to a given expansion ratio is 

obtained by inverting relation (4) and taking the 

negative or positive value of 𝑥 if the point is in the 

converging or diverging section of the nozzle, 

respectively. The nozzle diameter at each point (𝐷) is 

simply 𝐷 = √4𝜋𝐴. 

In all simulations the chamber pressure has been set 

to 1 atm, which is a typical value for MET operation 

[4,5], and the exit pressure to 1 Pa, which to a first 

approximation represents an expansion towards vacuum 

but is high enough to guarantee that the models work, 

and the continuum hypothesis remains verified. 

2.2.3 Thermal analysis 

A heat transfer model (section 3.3) has been 

developed and applied to perform a preliminary, steady-

state thermal analysis of the solid nozzle walls in the 

case of a radiatively cooled nozzle. The goal of this 

analysis is to determine the convective heat flux 

delivered from the gas to the nozzle walls and estimate 

the inner and outer nozzle wall temperatures along the 

entire nozzle axis. Two tungsten nozzles with constant 

wall thicknesses of 1 mm and 5 mm have been used for 

the simulations. Tungsten has been selected as it is a 

material that can withstand extreme temperatures and is 

a candidate to be used in future MET nozzles. Among 

the previously studied expansions, the one using the 

shifting equilibrium model with H2O, and a chamber 

temperature 𝑇𝑐 = 6000 𝐾 has been selected as a 

representative case study. 

 

3. Theory and calculation 

3.1 Chemical equilibrium in the resonant cavity 

As mentioned previously, we assume that the 

propellant residence time in the MET resonant cavity is 

much higher than that required for chemical reactions to 

occur. This condition is referred to as chemical 

equilibrium [15]. To fully characterize the propellant 

state at the chamber conditions (i.e., assigned 𝑝𝑐 and 𝑇𝑐), 
we must solve the composition problem, which means 

determining the molar fraction of each product species at 

those given thermodynamic conditions. For a mixture 

with 𝑁𝑆  possible product species, we can define the 

molar fraction 𝑋𝑗  of each component 𝑗  as the ratio 

between the number of moles 𝑛𝑗 of that component and 

the total number of moles 𝑛: 

 

𝑋𝑗 =
𝑛𝑗

𝑛
=

𝑛𝑗

∑ 𝑛𝑖
𝑁𝑆
𝑖=1

  (5) 

 

Methods based on free-energy-minimization allow to 

solve the composition problem without the need to define 

a set of possible chemical reactions a priori. In this work, 

we employ the assigned temperature and pressure 

package of the CEA code by Gordon & McBride [16], 

which uses the minimization of Gibbs-free-energy, to 

determine the mixture composition, including ions as 

possible reaction products.  

Among other relevant thermodynamic quantities, the 

CEA code also provides the specific enthalpy per unit 

mass of reactants (ℎ𝑐) with respect to the standard state, 

computed as a molar-averaged quantity [16], which can 

be used with equation (3) to obtain the specific power. 

 

3.2 Gas dynamic nozzle expansion models 

3.2.1 Frozen model 

It is the simplest and most used model to provide a 

first approximation of nozzle flows. This model assumes 

that the expansion is isentropic, and the chemical 

composition remains fixed and equal to that at the nozzle 

inlet (i.e., the time required for chemical reactions to 

occur is much larger than the flow characteristic time 

[15]). Assuming a null initial velocity (𝑣𝑐 = 0), it can be 

shown [11] that the velocity 𝑣  at a point with given 

pressure 𝑝 is: 

𝑣 = √
2𝛾

𝛾−1

ℜ𝑇𝑐

ℳ
[1 − (

𝑝

𝑝𝑐
)
(𝛾−1)/𝛾

]  (6) 
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where ℜ is the universal gas constant (for calculations in 

this work ℜ = 8.3145 𝐽 𝑚𝑜𝑙−1𝐾−1 ), and 𝛾  and ℳ  are 

the mixture specific heat ratio and molar mass, 

respectively. The latter are also assumed to remain 

constant throughout the expansion and are computed 

through a molar weighted average of the individual 

species quantities 𝛾𝑗 and ℳ𝑗, namely: 

 

𝛾 = ∑ 𝑋𝑗𝛾𝑗
𝑁𝑆
𝑗=1  (7) 

 

ℳ = ∑ 𝑋𝑗ℳ𝑗
𝑁𝑆
𝑗=1  (8) 

 

The values of specific heat ratio and molar mass for the 

individual species used in this work are shown in Table 

2. 

 

Table 2. Specific heat ratio and molar mass for the 

individual species of interest 

Species 𝛾 [−] ℳ [𝑔/𝑚𝑜𝑙]  

N, N+ 

N2, N2
+ 

5/3 

7/5 

14 

28 

N2O 

NO, NO+ 

O, O+ 

O2 

OH 

1.31 

7/5 

5/3 

7/5 

1.384 

44 

30 

16 

32 

17 

H, H+ 

H2 

HO2 

H2O2 

H2O 

5/3 

7/5 

1.31 

1.267 

1.31 

1 

2 

33 

34 

18 

 

 

The nozzle exit velocity can be obtained using equation 

(6) with pressure equal to the exit pressure 𝑝𝑒𝑥. 

 

3.2.2 Shifting equilibrium model 

This model shares the isentropic hypothesis with the 

previous one, but it assumes that the characteristic time 

of chemical reactions throughout the expansion is much 

lower than that of the flow [15], and thereby chemical 

equilibrium is maintained at every location along the 

nozzle. The composition changes during the expansion 

and the decreasing temperature generally favours 

recombination processes, which allow to recover sensible 

enthalpy, contributing to higher temperatures and exit 

velocities than those predicted by the frozen model. The 

shifting equilibrium model is implemented using the 

assigned entropy and pressure package of the CEA code, 

which can compute the chemical equilibrium 

composition and thermodynamic state of a mixture at a 

given pressure and entropy [16]. The propellant 

conditions are retrieved on a grid of points with 

progressively decreasing pressure from 1 atm to 1 Pa, and 

fixed entropy equal to that at the nozzle inlet. The 

velocity 𝑣 at all points on this grid is computed using the 

conservation of the total enthalpy and assuming a null 

velocity at the nozzle inlet: 

 

𝑣 = √2(ℎ𝑐 − ℎ) (9) 

 

where ℎ  is the specific enthalpy obtained at a given 

pressure 𝑝. The nozzle exit velocity can be found using 

equation (9) with the value of specific enthalpy ℎ𝑒𝑥 

found for the exit pressure 𝑝𝑒𝑥. To link every point on the 

grid to the corresponding area expansion ratio 𝐴/𝐴∗, the 

following procedure is applied. First, the sound velocity 

(𝑎) at all points is retrieved from the CEA code and the 

Mach number is computed as: 

 

𝑀𝑎𝑐ℎ =
𝑣

𝑎
 (10) 

 

The grid is then refined where the Mach number is closer 

to unity until the last subsonic point (𝑀𝑎𝑐ℎ < 1) and the 

first supersonic point (𝑀𝑎𝑐ℎ > 1) have a sufficiently 

small pressure difference ( |Δ𝑝| = 100 𝑃𝑎 ): a linear 

interpolation between the properties of these two points 

is then performed to obtain the throat conditions 

(corresponding to 𝑀𝑎𝑐ℎ = 1 ). Finally, the expansion 

ratio is obtained using a rearrangement of the mass 

conservation equation (𝑚̇ = 𝜌𝑣𝐴 = 𝑐𝑜𝑛𝑠𝑡): 
 

𝐴

𝐴∗
=

𝜌∗𝑣∗

𝜌𝑣
 (11) 

 

where 𝜌 is the density at the considered point, and 𝜌∗ and 

𝑣∗ are the density and velocity at the throat, respectively. 

 

3.2.3 Bray model 

It is known [15] that the frozen model and the shifting 

equilibrium model represent the lower and upper 

performance limits of the isentropic theory, and that the 

exact, non-isentropic solution with a finite chemistry rate 

must lie somewhere in between them. It was first 

hypothesized by Bray [14] that we can assume the flow 

to be in chemical equilibrium in the first part of the 

nozzle, where the velocity is low, and chemically frozen 

in the second part, where the velocity is much higher. We 

can identify a sudden freezing point, where the flow 

transitions instantly from the first kind to the second. This 

procedure does not allow to precisely represent the flow 

behavior in the transition region, but can more accurately 
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predict the nozzle exit conditions, as it keeps into account 

that at least a part of the reaction enthalpy is recovered in 

the initial phase of the expansion. The expansion with 

this model is obtained by first repeating the steps of the 

previous section and obtaining the shifting equilibrium 

flow; a freezing point (FP) is then identified somewhere 

along the shifting equilibrium expansion using a freezing 

criterion; the remaining part of the expansion after the 

freezing point is obtained using the frozen flow 

assumption and the isentropic relations [11] referring to 

the FP as the starting point. Note that the velocity at 

points in the frozen section (including the exit velocity) 

can therefore be computed as a function of the pressure 

𝑝: 

 

𝑣 = √
2𝛾𝐹𝑃

𝛾𝐹𝑃−1

ℜ𝑇𝐹𝑃

ℳ𝐹𝑃
[1 − (

𝑝

𝑝𝐹𝑃
)

𝛾𝐹𝑃−1

𝛾𝐹𝑃 ] + 𝑣𝐹𝑃
2   (12) 

 

where quantities with the subscript FP are evaluated at 

the freezing point. 

The freezing criterion generally requires identifying 

one or more dominant chemical reactions (either from an 

energetic point of view or based on relative abundance of 

the present species) and find where the rate of such 

reactions becomes lower than the rate required to 

maintain chemical equilibrium [15]. The dominant 

reactions are typically the recombination reactions of the 

kind: 𝐴 + 𝐵 +𝑀 ⇌ 𝐶 +𝑀 , where two species (𝐴  and 

𝐵) react with a third body (𝑀) to produce the recombined 

species (𝐶). Denoting by 𝑘𝑓,𝑀 and 𝑘𝑏,𝑀 the forward and 

backward reaction coefficients with a specific third body 

𝑀, respectively, it is known that for a mixture in chemical 

equilibrium the following relation holds: 

 

𝑘𝑓,𝑀[𝐴]𝑒𝑞[𝐵]𝑒𝑞[𝑀]𝑒𝑞 = 𝑘𝑏,𝑀[𝐶]𝑒𝑞[𝑀]𝑒𝑞  (13) 

 

where [… ]𝑒𝑞  indicates the instantaneous molar 

concentration value of a certain species under the 

condition of chemical equilibrium [15]. For a generic 

species J: 

 

[𝐽]𝑒𝑞 = {
𝜌

ℳ
𝑋𝐽}

𝑒𝑞
 (14) 

 

where again, the expression {… }𝑒𝑞  indicates that all 

quantities within brackets are evaluated in chemical 

equilibrium conditions (i.e., with the shifting equilibrium 

model in our case). In this work we have considered three 

reactions for the different propellants (each of which can 

happen with a certain set of third bodies, visible in Table 

3): 

• recombination of H and OH radicals into H2O 

• recombination of atomic nitrogen into N2 

• recombination of atomic oxygen into O2 

The first and the second have been used for H2O and N2 

propellants, respectively. For N2O propellant, based on 

relative abundance of the reacting species, the second and 

the third reactions have been used at high temperature 

( 𝑇𝑐 ≥ 7000 𝐾)  and low temperature ( 𝑇𝑐 < 7000𝐾 ), 

respectively. The freezing criterion has been applied by 

taking as the FP the first point in the flow to satisfy the 

condition: 

 

∑ 𝑘𝑏,𝑀[𝐶]𝑒𝑞[𝑀]𝑒𝑞𝑀∈𝑇𝐵 ≤ {𝜌𝑣
𝜕(𝑋𝐶/ℳ)

𝜕𝑥
}
𝑒𝑞

 (15) 

 

where 𝑇𝐵 denotes the set of all third bodies considered 

for a certain reaction. The backward rate coefficients 

used in this work have the Arrhenius form: 

 

𝑘𝑏,𝑀 = 𝐶𝑏,𝑀𝑇
𝜂𝑘 exp (−

𝜃𝑘

𝑇
) (16) 

  

for which the values of the coefficients 𝐶𝑏,𝑀, 𝜂𝑘 and 𝜃𝑘 

can be found in Table 3. The differential term 

𝜕(𝑋𝐶/ℳ)/𝜕𝑥  has been approximated using a centred 

finite-difference scheme, and it has been verified for all 

studied cases that the pressure difference between that at 

Reaction Third body 𝑀 𝐶𝑏,𝑀 [𝑚
3𝑚𝑜𝑙−1𝑠−1] 𝜂𝑘 [−] 𝜃𝑘[𝐾] 

𝑁 + 𝑁 +𝑀 ⇌ 𝑁2 +𝑀 
𝑁2, 𝑂2, 𝑁𝑂 7 × 1015 -1.6 113200 

𝑁, 𝑂 3 × 1016 -1.6 113200 

𝑂 + 𝑂 +𝑀 ⇌ 𝑂2 +𝑀 
𝑁2, 𝑂2, 𝑁𝑂 2 × 1021 -1.5 59500 

𝑁, 𝑂 1 × 1016 -1.5 59500 

𝐻 + 𝑂𝐻 +𝑀 ⇌ 𝐻2𝑂 +𝑀 
𝐻, 𝐻𝑂2, 𝐻2, 𝐻2𝑂, 𝐻2𝑂2, 𝑂, 𝑂𝐻, 

𝑂2, 𝐻+, 𝑂+ 
2 × 1016 -1.5 57417 

  

Table 3. Reactions and corresponding coefficients [17,18] 
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the FP and that at both the point preceding it and the one 

following it is |Δ𝑝| < 1000 𝑃𝑎. 

 

3.2.4 Euler model 

This model starts from the steady-state form of the 

quasi-1D Euler equations with chemical reactions [19]: 

 

{
  
 

  
 
𝑑(𝜌𝑣𝐴)

𝑑𝑥
= 0

𝜌𝑣
𝑑𝑣

𝑑𝑥
= −

𝑑𝑝

𝑑𝑥

𝜌𝑣
𝑑𝑒

𝑑𝑥
= −𝑝

𝑑𝑣

𝑑𝑥
− 𝑝𝑣

𝑑(𝑙𝑛𝐴)

𝑑𝑥
𝑑(𝜌𝑖𝑣𝐴)

𝑑𝑥
= 𝜔̇𝑖𝐴

 (17) 

 

where 𝑒 is the internal energy, 𝜌𝑖 is the partial density of 

species 𝑖  (𝜌𝑖 = 𝜌𝑌𝑖 , with 𝑌𝑖  mass fraction of species 𝑖) 
and 𝜔𝑖̇   is the production rate of species 𝑖 (which can be 

determined once the set of reactions involving that 

species is chosen and the corresponding reaction rates are 

known [15]). In this work we consider the simple case of 

an ideal nitrogen gas which can undergo dissociation and 

recombination; thus, the present species are N and N2. 

We denote by 𝑌 the mass fraction of N (the mass fraction 

of N2 is simply 1 − 𝑌) and model the internal energy as: 

 

𝑒 = 𝑌 (
3

2
𝑅𝑁𝑇 +

Δ𝑓𝐻𝑁
0

ℳ𝑁
) +

5

2
𝑅𝑁2𝑇(1 − 𝑌) (18) 

 

where 𝑅𝑗 = ℜ/ℳ𝑗 is the specific gas constant for species 

𝑗  (note that 𝑅𝑁 = 2𝑅𝑁2 ) and Δ𝑓𝐻𝑁
0 = 472.445 𝑘𝐽/𝑚𝑜𝑙 

is the standard enthalpy of formation of N [13]. Note that 

the mass fraction 𝑌 can be related to the molar fraction of 

atomic nitrogen through 𝑌 = 𝑋𝑁ℳ𝑁/ℳ .  We only 

consider the reactions of the kind 2𝑁 +𝑀 ⇌ 𝑁2 +𝑀 

with third bodies 𝑀 = 𝑁,𝑁2. It can then be shown that 

the production rate of atomic nitrogen is: 

 

𝜔̇𝑁 = 2ℳ𝑁(𝑘𝑏,𝑁2[𝑁2] + 𝑘𝑏,𝑁[𝑁])([𝑁2] − 𝐾𝑐[𝑁]
2) (19) 

 

where again 𝑘𝑏,𝑀 is the backward rate coefficient for the 

reaction happening with the third body 𝑀, the expression 

[… ] now denotes the instantaneous mass concentration 

([𝐽] = 𝜌𝑌𝐽/ℳ𝐽), and 𝐾𝑐 is the equilibrium constant of the 

recombination reaction (𝐾𝑐 = 𝑘𝑓,𝑀/𝑘𝑏,𝑀). The backward  

 rate coefficients 𝑘𝑏,𝑀 are computed as in equation (16) 

and with the coefficients 𝐶𝑏,𝑀, 𝜂𝑘 and 𝜃𝑘 from Table 3. 

We use a Lighthill model [20] for the equilibrium 

constant, which is only function of the temperature: 

 

𝐾𝑐(𝑇) =
2𝜌𝐷

ℳ𝑁
exp (

𝜃𝑘

𝑇
) (20) 

 

where 𝜌𝐷 = 1.3 × 10
5 𝑘𝑔/𝑚3. 

Under these assumptions, the system of equations (17) 

can be conveniently recast as a system of ordinary 

differential equations (ODE) in the variables 𝑌, 𝑣, 𝜌, 𝑇 

(see Appendix A). 
 The Euler model has only been applied to the case of an 

expansion starting from equilibrium chamber conditions 

of 𝑇𝑐 = 8000 𝐾  and 𝑝𝑐 = 1 𝑎𝑡𝑚 , and the system of 

equations has been solved using MATLAB and the 

ode23s solver. Direct integration from the chamber 

conditions is not possible because setting the initial 

velocity to zero would create singularities in the ODE 

system. Therefore, the initial conditions were obtained 

using the first point at non-zero velocity computed using 

the shifting equilibrium model, at a pressure 𝑝0 =
101320 𝑃𝑎. The corresponding initial values of the state 

vector are 𝑌0 = 0.82229 , 𝑣0 = 40 𝑚/𝑠 , 𝜌0 =
 2.3338 × 10−2 𝑘𝑔/𝑚3, and 𝑇0 = 7999.98 𝐾. 

 
3.3 Heat transfer model 

This model considers only heat transfer in the radial 

direction and more specifically a convective heat transfer 

between the fluid and the nozzle walls, a conductive heat 

transfer within the nozzle solid material, and a radiative 

heat transfer from the outer nozzle walls towards deep 

space. Each section of the nozzle is treated as a hollow 

cylinder, and the heat rate per unit length transferred 

through the nozzle walls (𝑞̇′) is computed as: 

 

𝑞̇′ =
𝑇𝑔𝑎𝑠−𝑇𝑤,𝑖𝑛

1

2𝜋𝑅𝑖𝑛ℎ𝑔

=
𝑇𝑤,𝑖𝑛−𝑇𝑤,𝑜𝑢𝑡
ln(𝑅𝑜𝑢𝑡/𝑅𝑖𝑛)

2𝜋𝜆𝑤
 
=

𝜀𝑤𝜎𝑇𝑤,𝑜𝑢𝑡
4

1

2𝜋𝑅𝑜𝑢𝑡

 (21) 

 

where 𝑇𝑔𝑎𝑠  is the gas temperature on the nozzle axis, 

𝑇𝑤,𝑖𝑛 and 𝑇𝑤.𝑜𝑢𝑡  indicate the temperature on the inner and 

outer surfaces of the nozzle, respectively, 𝑅𝑖𝑛 = 𝐷/2 and 

𝑅𝑜𝑢𝑡 = 𝑅𝑖𝑛 + 𝑡𝑤  are the inner and outer nozzle radii, 

respectively, and 𝑡𝑤 is the nozzle thickness. The 

quantities 𝜆𝑤 = 175 𝑊𝑚
−1𝐾−1  and 𝜀𝑤 = 0.45  are the 

values assumed for the nozzle thermal conductivity and 

emissivity, respectively, and 𝜎 ≈ 5.67 ×
10−8 𝑊𝑚−2𝐾−4 is the Stefan-Boltzmann constant. The 

term ℎ𝑔 is the convective heat transfer coefficient, which 

has been modelled using the Sieder-Tate laminar 

correlation [21]: 

 

ℎ𝑔 =
𝜆

𝐷
1.86 (𝑅𝑒𝑃𝑟

𝐷

𝐿
)

1

3
(
𝜇

𝜇𝑤
)
0.14

 (22) 
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where 𝜆  is the thermal conductivity of the propellant, 

𝑅𝑒 = 𝜌𝑣𝐷/𝜇  and 𝑃𝑟 = 𝑐𝑝𝜇/𝜆  are the Reynolds and 

Prandtl numbers ( 𝑐𝑝  is the specific heat at constant 

pressure), respectively, 𝐿 is the distance from the nozzle 

inlet, and 𝜇 and 𝜇𝑤 are the gas viscosity at the nozzle axis 

and at the inner wall surface. A laminar heat transfer 

correlation has been selected after having checked that 

for the selected case study the Reynolds number 

throughout the entire expansion remains low enough to 

guarantee that the flow is laminar. The properties 𝜆, 𝜇, 

and 𝑐𝑝 of the mixture are obtained directly from the CEA 

code in the shifting equilibrium section of the expansion 

using the values with equilibrium reactions provided by 

the code [16]. In the frozen section, they are again 

computed as explained in [16], i.e., through a molar 

average and using a mixing rule on the same quantities 

obtained for the individual species (𝐶𝑝,𝑖
° , 𝜇𝑖, 𝜆𝑖), but only 

considering the frozen term contribution for specific heat 

and thermal conductivity [16]: 

 

{
 
 

 
 𝑐𝑝 =

∑ 𝑋𝑖𝐶𝑝,𝑖
°𝑁𝑆

𝑖=1

ℳ
 

𝜇 = ∑
𝑋𝑖𝜇𝑖

𝑋𝑖+∑ 𝑋𝑗𝜙𝑖𝑗
𝑁𝑆
𝑗=1,𝑗≠𝑖

𝑁𝑆
𝑖=1

𝜆 = ∑
𝑋𝑖𝜆𝑖

𝑋𝑖+∑ 𝑋𝑗𝜓𝑖𝑗
𝑁𝑆
𝑗=1,𝑗≠𝑖

𝑁𝑆
𝑖=1

  (23) 

 

where the expressions for 𝐶𝑝,𝑖
° , 𝜇𝑖, 𝜆𝑖, 𝜙𝑖𝑗 and 𝜓𝑖𝑗  can be 

found in [16] and the corresponding coefficients in [22, 

23]. The viscosity at the inner wall along the entire 

expansion is computed in the same way as the viscosity 

on the nozzle axis in equation (23) but using the 

temperature 𝑇𝑤,𝑖𝑛  in place of 𝑇𝑔𝑎𝑠  in the corresponding 

correlations of the 𝜇𝑖for the individual species. Equation 

(21) has been rewritten as a system of two non-linear 

algebraic equations in the unknowns 𝑇𝑤,𝑖𝑛  and 𝑇𝑤,𝑜𝑢𝑡 , 

and has been solved using the fzero solver in MATLAB. 

Finally, the total power dissipated through the nozzle 

(𝑃𝑑𝑖𝑠𝑠) can be obtained by integrating the heat rate per 

unit length on the nozzle length: 

 

𝑃𝑑𝑖𝑠𝑠 = ∫ 𝑞̇′𝑑𝑥
𝐿𝑛𝑜𝑧𝑧𝑙𝑒
0

 (24) 

 

where 𝐿𝑛𝑜𝑧𝑧𝑙𝑒  is the total nozzle length, while the heat 

flux across the inner nozzle surface is computed as: 

 

𝑞̇𝑤,𝑖𝑛
′′ = 𝑞̇′/(2𝜋𝑅𝑖𝑛)  (25) 

 

 

4. Results and Discussion 

4.1 Chamber chemical composition 

The chemical composition of N2, N2O and H2O is 

shown as a function of chamber temperature in Fig. 2-4, 

for temperatures ranging from 500 K to 10000 K. It can 

be seen for all propellants that, as temperature increases, 

the composition shifts towards a more and more 

dissociated one, favouring the presence of atomic species 

over molecules. A very small number of ions begins to 

be present for all propellants above 9000 K. 

Figure 2 – Molar composition as a function of chamber 

temperature (N2 propellant, 𝑝𝑐 = 1 𝑎𝑡𝑚)  

Figure 3 – Molar composition as a function of chamber 

temperature (N2O propellant, 𝑝𝑐 = 1 𝑎𝑡𝑚) 
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Figure 4 – molar composition as a function of chamber 

temperature (H2O propellant, 𝑝𝑐 = 1 𝑎𝑡𝑚) 

 

The specific power required to bring the propellant to the 

desired chamber temperatures, computed by means of 

equation (3), is shown for the three propellants in Fig. 5. 

N2 and N2O require a similar amount of specific power 

for a given 𝑇𝑐 . On the other hand, H2O requires much 

more specific power to obtain the same chamber 

temperature. Note that the curve for N2O starts from 

negative values of specific power: this is due to the fact 

that the predicted equilibrium composition has a null 

concentration of N2O even at low temperatures, and thus 

all the formation enthalpy stored in the N2O molecule 

(about 2 𝑀𝐽/𝑘𝑔 ) is released in its exothermic 

dissociation (𝑁2𝑂 → 𝑁2 +
1

2
𝑂2). In Fig. 5, regions with 

different slope are present for each propellant: the steeper 

regions correspond to those temperature intervals where 

a big part of the input power is being used for an 

important dissociation reaction: the dissociation of O2 

( 2500 𝐾 < 𝑇𝑐 < 5000 𝐾 , N2O propellant), the 

dissociation of N2 (5000 𝐾 < 𝑇𝑐 < 9000 𝐾, N2 and N2O 

propellants), and the dissociation of H2O (2000 𝐾 <
𝑇𝑐 < 5000 𝐾, H2O propellant). 

 

 

 
Figure 5 – Specific power as a function of chamber 

temperature for different propellants (𝑝𝑐 = 1 𝑎𝑡𝑚) 

 

4.2 Validation of the Bray model  

As mentioned previously, the expansion of a N2 

propellant from chamber conditions of 𝑇𝑐 = 8000 𝐾 and 

𝑝𝑐 = 1 𝑎𝑡𝑚, has been used to validate the Bray model 

against the Euler model, and compare the results to the 

limit solutions provided by the frozen and the shifting 

equilibrium model. The application of the freezing 

criterion (equation (15)) to identify the freezing point is 

shown in Fig. 6. The third body which mostly contributes 

to the recombination reactions is atomic nitrogen, and the 

freezing point is estimated to be very close to the throat 

section and slightly shifted towards the convergent side 

of the nozzle. The flow velocity predicted from the four 

models is shown as a function of the axial coordinate in 

Fig 7. It can clearly be seen that the velocity estimated by 

the Bray model is very close to that predicted with the 

Euler model, and that both are much closer to the frozen 

expansion than to the shifting equilibrium one: this is in 

line with the early freezing point upstream of the throat 

section seen in Fig. 6. While the length of the converging 

section is similar for all models, the length of the 

diverging section to reach the same exit pressure (here 

fixed to 1 Pa) predicted by the shifting equilibrium model 

is much larger than the one predicted by the other models. 
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Figure 6 – Bray freezing criterion applied to the 

expansion of an N2 propellant (𝑇𝑐 = 8000 𝐾, 𝑝𝑐 =
1 𝑎𝑡𝑚). Note the position of the freezing point (FP). 

 

 
Figure 7 – Velocity as a function of the axial coordinate 

with different expansion models (N2 propellant,  𝑇𝑐 =
8000 𝐾, 𝑝𝑐 = 1 𝑎𝑡𝑚, 𝑝𝑜𝑢𝑡 = 1 𝑃𝑎) 

 

The chemical composition predicted by the Bray model 

is also very similar to that computed with the Euler 

model, as seen in Fig. 8: excluding the region close to the 

freezing point, where the representation is less accurate, 

the Bray model captures the fact that recombination 

processes are much slower than the flow speed and 

become irrelevant quite early in the expansion. This leads 

to an almost frozen-like expansion, with atomic nitrogen 

remaining the most present species all the way down to 

the exit conditions. 

This analysis shows that the Bray model can be used, at 

least as a first approximation, to estimate the nozzle exit 

velocity and understand if the expansion is closer to the 

frozen or the shifting equilibrium one. 

 
Figure 8 – Atomic nitrogen molar fraction as a function 

of the axial coordinate with different expansion models 

(N2 propellant,  𝑇𝑐 = 8000 𝐾, 𝑝𝑐 = 1 𝑎𝑡𝑚, 𝑝𝑜𝑢𝑡 =
1 𝑃𝑎). Note the position of the freezing point FP. 

 

4.3 Nozzle expansion for the three propellants 

The exit velocity corresponding to an exit pressure of 

1 Pa has been estimated using the frozen, the shifting 

equilibrium and the Bray expansion models for N2, N2O 

and H2O propellants, using the procedures described in 

section 3. This has been repeated for a wide range of 

specific power values, for which the corresponding 

chamber temperatures are found in Fig. 5. The specific 

impulse has then been computed by means of equation 

(2) and is shown in Fig. 9-11 as a function of the specific 

power. Note that the lines for the Bray model are only 

used for visual aid, while the computed points are those 

displayed as the asterisks. 

A wide performance gap is seen for all propellants 

between the frozen flow and the chemical equilibrium 

model, with the latter predicting higher exit velocities 

and corresponding specific impulse. This difference is 

larger for higher specific power levels (i.e., higher 

chamber temperatures) which correspond to higher 

nozzle-inlet dissociation degrees, and thus more 

available enthalpy to be recovered during the expansion. 

It is evident that for all the propellants the Bray model 

predicts nozzle expansions close to the frozen case, with 

just a marginal departure and performance increase at the 

high specific powers (corresponding to chamber 

temperatures above 8000 K), more visible in the case of 

H2O. As we are considering high enthalpy flows with 

high velocities, happening across nozzles of very reduced 

dimensions (just a few centimetres), the recombination 
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reactions do not have enough time to happen during the 

expansion. This analysis suggests that when studying the 

nozzle expansion of METs the frozen flow assumption 

may be used instead of the shifting equilibrium one to 

provide a better approximation.  

It is true on one side that this study does not keep into 

account the presence of the plasma in the resonant cavity, 

which might alter the nozzle inlet composition 

significantly with many more ions and excited species, 

and that it might be necessary to identify other chemical 

reactions that could shift the position of the freezing point 

further down the nozzle. However, as this study strongly 

suggests, we cannot expect to benefit much from 

enthalpy recovery in MET nozzles, and frozen flow 

losses are likely to be inevitable. 

 
Figure 9 – Specific impulse as a function of the specific 

power with different expansion models (N2 propellant, 

𝑝𝑐 = 1 𝑎𝑡𝑚, 𝑝𝑜𝑢𝑡 = 1 𝑃𝑎) 

 
Figure 10 – Specific impulse as a function of the 

specific power with different expansion models (N2O 

propellant, 𝑝𝑐 = 1 𝑎𝑡𝑚, 𝑝𝑜𝑢𝑡 = 1 𝑃𝑎) 

Figure 11 – Specific impulse as a function of the 

specific power with different expansion models (H2O 

propellant, 𝑝𝑐 = 1 𝑎𝑡𝑚, 𝑝𝑜𝑢𝑡 = 1 𝑃𝑎) 

 

4.4 Heat transfer analysis 

The heat transfer model described in section 3.3 has 

been applied to estimate the wall temperatures and heat 

flux in the nozzle during the expansion of a H2O 

propellant from chamber conditions of 𝑇𝑐 = 6000 𝐾 and 

𝑝𝑐 = 1 𝑎𝑡𝑚 , to an exit pressure 𝑝𝑜𝑢𝑡 = 1 𝑃𝑎 . The 

specific impulse corresponding to such conditions 

predicted with the Bray model is about 656 s, with a 

required specific power of about 71 MJ/kg. As seen in 

Fig. 12, the estimated Reynolds number remains low 

throughout the entire expansion and we can therefore 

assume that the flow is laminar [21], justifying the choice 

of the laminar correlation for the convective heat transfer 

coefficient in equation (22).  

 
Figure 12 – Reynolds number as a function of the axial 

coordinate (H2O propellant, 𝑇𝑐 = 6000 𝐾, 𝑝𝑐 =
1 𝑎𝑡𝑚, 𝑝𝑜𝑢𝑡 = 1 𝑃𝑎) 
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The results of this study applied to the two nozzles (𝑡𝑤 of 

1 and 5 mm) are shown in Fig. 13 (temperature profiles) 

and Fig.14 (inner wall heat flux). For the nozzle with 𝑡𝑤 

of 1 mm, the inner and outer wall temperatures are almost 

overlapping because of the small nozzle thickness: they 

slowly increase from about 3000 K at the nozzle inlet to 

a peak of about 3300 K close to the nozzle throat, and 

then rapidly drop and become close to the gas 

temperature in the diverging section of the nozzle. A 

similar increasing-decreasing trend can be observed for 

the heat flux, which peaks at 816 W/cm2 before becoming 

negligible in the divergent section. The total dissipated 

power is estimated to be about 792 W. 

 
Figure 13 – Temperature profiles as a function of the 

axial coordinate for different nozzle thicknesses (H2O 

propellant, 𝑇𝑐 = 6000 𝐾, 𝑝𝑐 = 1 𝑎𝑡𝑚, 𝑝𝑜𝑢𝑡 = 1 𝑃𝑎) 

 

 
Figure 14 – Inner wall heat flux as a function of the 

axial coordinate for different nozzle thicknesses (H2O 
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The nozzle throat is the most critical section in terms of 

temperatures and heat flux because of the small diameter. 

In fact, the predicted wall temperatures at the throat 

section are not very far from the melting point of tungsten 

(3687 K [24]), meaning that under these steady state 

operating conditions the nozzle could undergo plastic 

deformation processes leading it to thermo-mechanical 

failure. The situation in terms of temperatures can be 

improved using the nozzle with 𝑡𝑤 of 5 mm, for which 

the inner wall temperatures remain roughly constant at 

2650 K in the entire converging section and then again 

drop and become close to the gas temperature in the 

diverging section. The drawback of the nozzle with 

thicker walls is a larger heat flux (peak of 1087 W/cm2) 

due to the larger gas-wall temperature drop, which results 

in a higher dissipated power (928 W). 

An important observation comes from the dissipated 

power itself. The mass flow rate for this expansion is 

𝑚̇ ≈ 19.3 𝑚𝑔/𝑠, which combined with the 71 MJ/kg of 

specific power yields a required input power of about 

1370 W. This means that roughly 58-68% of the 

microwave power added to the propellant in the resonant 

cavity would be lost immediately through heat 

dissipation in the nozzle walls (for nozzle thicknesses of 

1-5 mm, respectively). Even though a thinner nozzle can 

reduce the fraction of lost power, this cannot be reduced 

indefinitely because, as seen from Fig. 13, wall 

temperatures will increase, and they are already critical 

with a nozzle thickness of 1 mm. These numbers suggest 

that it might be worth investigating the feasibility and 

convenience of regenerative nozzle cooling methods to 

recycle the waste power and pre-heat the propellant 

before injecting it into the resonant cavity. Furthermore, 

and most importantly, since the power lost per unit mass 

flow rate is of the same order of magnitude of the flow 

specific enthalpy, the effects of such a large power loss 

to the nozzle walls cannot be neglected when modeling 

the gas dynamic expansion, and they may result in a 

significant performance drop. Therefore, future accurate 

descriptions of nozzle expansions for METs working at 

high chamber temperatures should include modeling of 

heat losses to the nozzle walls. 

Al h ugh  h                  g        f     MET    ’  

necessarily need to be the same used in this study, the 

order of magnitude of the dimensions is likely to remain 

the same, with throat diameters not larger than a few 

millimeters. Thus, at the conditions required for Isp of 

about 650 s with H2O, the nozzle wall temperatures and 

heat fluxes are going to be significant and similar to those 

shown here. The situation is potentially even worse with 

the other propellants, because the required chamber 
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temperatures to obtain the same specific impulse with N2 

and N2O would need to be larger than 10000 K (see Fig. 

5, 9 and 10). 

 

5. Conclusions  

The nozzle expansion of different propellants (N2, 

N2O and H2O) for a MET has been studied using a Bray 

expansion model to estimate the specific impulse. The 

nozzle inlet conditions for all models and propellants 

have been obtained assuming chemical equilibrium in 

the resonant cavity. 

The Bray model has first been validated using the 

Euler model with chemical reactions for the case of a N2 

expansion, with a good agreement on both the velocity 

field and the composition, indicating that it can be used 

as a reasonable approximation of the exact model. Then, 

it has been compared to the frozen and the shifting 

equilibrium solutions for different chamber 

temperatures. For all propellants and most chamber 

temperatures, the Bray model predicts nozzle exit 

velocities and corresponding specific impulses very 

close to the one given by the frozen flow model, with 

just a small relative increase at the high temperatures, 

implying that frozen flow losses are likely to be present 

and very marginal enthalpy recovery is possible in the 

nozzle. 

Finally, a heat transfer analysis has been carried out 

on a representative case study of the H2O propellant 

expansion through a passively cooled nozzle. 

Considerable temperatures and heat fluxes have been 

estimated at the internal nozzle walls, suggesting the 

possible need of active and regenerative cooling 

methods to obtain specific impulses larger than 650 s. 

The estimated power per unit mass flow rate dissipated 

through the nozzle walls amounts to about two thirds of 

the flow’  specific enthalpy, indicating that a more 

accurate description of the expansion requires modeling 

of the wall heat losses. The development of quasi-1D 

models which include this term is foreseen in the near 

future, in order to evaluate its impact on the flow 

properties and, ultimately, the propulsive performance. 

 

Appendix A (ODE system for Euler model) 

 

Using equations (18), (19) and (20), combined with 

the Arrhenius form for the reaction coefficients (16), the 

system of equations (17) can be rewritten more 

conveniently as a system of four ordinary differential 

equations, in the variables 𝑌, 𝑣, 𝜌 and 𝑇: 

 

{
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]

 

 

where the differential terms in the brackets (… )𝑇  and 

(… )𝑌 are evaluated at constant temperature and mass 

fraction, respectively, and the expression for the area 

and its derivatives can be obtained starting from 

equation (4). This system of equations is fully coupled, 

because the derivative of each state variable depends on 

one or more of the other variables, and the four 

equations must thereby be solved simultaneously. 
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