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Chapter 1

Introduction

An automotive company produces and commercialises trucks. In order to stay
competitive within its market, the research and development engineering team
has been requested to implement a cruise control functionality to maintain
constant the speed of the vehicle during long trips.

- y
/ S
%

| |

Figure 1.1: A motivating example: cruise control for a truck.

One of the research engineers had the idea to perform experiments to char-
acterise the behaviour of the vehicle in terms on how the steady-state velocity
y depends on the position of the throttle valve u. Then, the data scientist of
the research team provided an optimal model to fit the data in the form of a
function f (-) such that

y=1r(u)
minimises the prediction error evaluated on the dataset (see Fig. 1.2). With no
further ideas, the team decided to use the tool provided by the data scientist
to implement the following simple law

u=f""(y°)

which computes and then actuates the aperture of the throttle valve u based
on the desired speed y° which, in turn, is set by the driver. Sure regarding the
effectiveness of this simple strategy and confident the approach will surely work
since

y=f=f(")) =9

1
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u

Figure 1.2: Collected experimental data (red dots) and corresponding curve
fitting (blue).

the team immediately started the implementation phase and the subsequent
deployment for the first tests.

Immediately after the first verification on the field, the team suddenly realised
their confidence was premature. The test engineers, in fact, reported the fol-
lowing issues to be solved

e the presence of load on the truck significantly changes the time needed by
the truck to reach the steady-state velocity;

e the cruise control system significantly lacks precision on slopes, in par-
ticular it reaches values lower than %° in uphill conditions, and higher
downhill.

With a reasonable disappointment, the research and development team
started a month of overnight work to solve the issues. They performed many
experiments, in different driving conditions (wheather, slope of the road, load
of the truck), to finally propose a solution still, following the same approach
of the previous one, requiring the driver to select the driving modality before
activating the cruise control.

The management team was reported on the availability of a working solution
but also on its complexity. For this reason, the managers decided to setup a
second team to develop an alternative solution. In few weeks, the second
team presented a very simple algorithm that worked as follows

e if the actual speed of the vehicle y is lower than the desired one 3°, i.e.
y < 3°, the aperture of the throttle valve u is increased;

e in turn, if the actual speed is higher than the one specified by the driver,
i.e. y > y° , the aperture of the throttle valve u is decreased.

What is the main difference between the two approaches?
This book is for those who are eager to find the answer and join the
second team.



Part 1

Systems theory






Chapter 2

Dynamical systems in
state-space

2.1 Why dynamics?

Dynamical systems are mathematical models describing the behaviour of a phe-
nomenon or a process characterised by quantities changing over time. These
time-varying quantities are the tangible effects of some causes, thought the
complete knowledge of these causes is typically not sufficient to univocally de-
termine how the observed quantities are changing over time. As an example,
consider a mass sliding upon a friction-less inclined plane as the one reported
in Fig. 2.1.

-
P \

mgsin (0) 4 .

"\mg cos 6)

mg

Figure 2.1: A mass sliding on a friction-less inclined surface.

Applying the Newton’s second law along the inclined surface, we obtain

d
m— (t) —mgsin(f) =0
which simplifies in

a7 (t) = gsin (0) (2.1)
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Then, the time-varying quantity is clearly the velocity v () of the mass along
the inclined surface, while the cause can be clearly identified in the (projection
of the) gravitational force mg along the plane. Notice, that the full knowledge
about the cause is not sufficient to calculate the velocity of the mass along the
plane in an arbitrarily given time instant ¢. In fact, (2.1) has infinitely many
solution which can be written as follows

v (t) :/tgsin(ﬁ)dT:gsin(O)t+k

Mechanical systems are definitely not the sole characterised by the impos-
sibility to characterise time-varying quantity just from the complete knowledge
of the causes making them changing over time. Consider, as an alternative ex-
ample, the volume V (¢) of water within a tank fed with constant flow ¢. Also
in this case

t
V(t):/ qdr = qt+k
0

In the two given examples, the actual value at time ¢ of the two corre-
sponding time-varying quantities, the velocity v (¢) and the volume V (¢), was
impossible to be determined just knowing the cause letting them to change over
the time. On the other hand, the knowledge of them at a certain time instant
to, i.e. v (tg) = vo and V (to) = Vj, allows one to easily determine both v (¥)
and V (¢) at any time instant ¢. In fact

v (to) =vo = gsin () to +k = k = vy — gsin () to
hence, from the sliding mass
v (t) = gsin(0) (t — to) + vo (2.2)
while, equivalently, for the tank
Vit =Vo=qto+k=k=Vy—qty

and
V(t) =q(t—to)+ Vo (2.3)

Beside the impressive similarity between the two equations (2.2) and (2.3),
notice that in both cases the knowledge of the time-varying quantity in just
one specific time instant ¢ = tg, allows one to compute the values of the same
quantities in all the others, i.e. Vt # tg. Concluding, we can state that in any
dynamical system the values of the time-varying quantities (that we are going
to refer to as states or state variables) at any time instant ¢ can be possibly
calculated knowing the causes (gravity and the intake flow, respectively) as well
as their values corresponding to a particular time instant #g.
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2.2 Dynamical system

Let € € X C R",u € U C R™ be the (column) vector representing the
state of a dynamical system and the (column) vector representing the n, €
Z>( exogenous causes (or inputs), respectively. Integer n € Zs( (i.e. the
number of state variables) is called order of the system. Then, the following
system of differential equations represents the mathematical model of a (generic)
dynamical system:

x1 (1) 1(z1 () @2 (t), ..o ymn (8),ur (8),uz (t) ,up, (t),1)
d|z2(t) fa(@r (), 22(t), o n (8) ,ur (2) ,u2 (t) , un, ().t
T (t) fn (1’1 (t) , L2 (t) yeresLn (t) , U1 (t) , U2 (t) s Un, (t) 7t)

For the sake of compactness, we will make reference to the following (vectorial)
form

d
=0 = (@), ut),1) (2.5)

with obvious meaning of symbols.

Example 1. [Mass-spring-damper]/ Consider a mass m hanged through a spring having
stiffness k and a damper with coefficient r which is forced along the vertical direction by an
exogenous force f (e.g. gravity) as the one reported in Fig. 2.2.

Z

Figure 2.2: A mass-spring-damper system.

Let 1 € R its vertical position and xzo its vertical velocity, the equations characterising
the system are the following ones:

d,. —_—
Cor () =2 () .
d k T 1

P (t) = 7%331(15) s () + af (t)
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A mass-spring-damper assembly can be then represented by a second order system (n = 2),
with n, = 1 input. Notice that the equations characterising this system are linear and there
is not explicit dependency on time.

Example 2. [RL circuit] Consider an electrical circuit consisting in the series of a supplier
of voltage v, a resistor with resistance R and an inductor with inductance L. Define x as
the current flowing in the circuit, as shown in Figure 2.3.

R

4D L

Figure 2.3: A RL electrical circuit.

Applying the Kirchhoff’s voltage law, we obtain
d
Lax (t) + Rx (t) = v (t) (2.7)
can be simply rewritten as

1 R
—x(t) = —v(t) — —x(t 2.8
Sa®)= () - o) (2:8)
The model of the RL circuit contains only n = 1 equation and is characterised by n, = 1
inputs. Furthermore, there is no explicit dependency on time t.

Example 3. [Simple pendulum] Consider a point mass m anchored at the end of a pivoted
rod of length L. Let x1 € R its angular displacement with respect to the vertical line and
zo € R its angular velocity as reported in the Figure 2.4.

/.

Figure 2.4: A simple pendulum system.

Then, the equations characterising the dynamics of the system are written as follows

%ml (t) = x2 ()

%12 (t) = f%sin (21 (1))

(2.9)
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The n = 2 equations characterising the simple pendulum are non-linear, there is no explicit
dependency on time and there are no inputs n, = 0.

2.2.1 State trajectories and their stability

As we have seen, a dynamical system is characterised by differential equations
describing how its state variables are evolving with respect to time. Given some
knowledge regarding their values at a particular time instant, e.g. x (t9) = @y,
we know want to better characterised the evolution of the state variables, i.e.
T (t) ,Vt > tg.

Definition 1 (Trajectory of the state). Consider the generic dynamical system
in (2.5) and assume that state x (t) at time t = to, i.e. x(to) € X, is known.
If the following initial value problem (IVP)

d
(1) = f (@ (1), u(t),1) (2.10)
z (to) € X

admits a unique solution for t > to, then this solution x (t) is called (state)
trajectory associated to initial state x (to) and input uw (t),t > to (if any).

Given the trajectory x (t),t > to associated to initial state x (tp) and input
u (t),t > tog, one important aspect to analyse the behaviour of a dynamical
system, is to understand how much a perturbation on the initial condition
@ (to) will change the corresponding trajectory with respect to @ (¢). In other
words, provided that for initial state x (tp) and input w (¢),¢ > to the system
(2.5) produces trajectory @ (t), what kind of trajectory do we expect for a
perturbed initial state x (to) = & (t9) € X and for the (same) input w (¢) ,t > to?

Definition 2 (Stability of a trajectory). A trajectory x (t),t > to generated
from initial state x (tg) and input w (t),t > to is called stable if Ve > 0 that
is ”small enough”, there exists 6 > 0 such that if ||z (to) — Z (to)|| < 6, then
VE>to: |z (t) —Z ()] <e.

According to the definition, a trajectory « (¢) corresponding to initial state
x (to) and input w (t) ,t > g is stable when, for the same input, a slightly mod-
ified initial condition, i.e. || (t9) — & (to)|| < 0, causes a bounded perturbation
of the newly generated trajectory, i.e. Vt > tg : ||z (t) — & (t)]| < € (see Fig.
2.5).

As opposed to stability, we introduce the following complementary defini-
tion.

Definition 3 (Instability of a trajectory). A trajectory x (t),t > to generated
from initial state x (tg) and input w (t),t > to is called unstable if it is not
stable.
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Figure 2.5: Graphical representation of the stability condition.

Finally, in the case of a stable trajectory, it is convenient to further identify
the asymptotic (¢t — +00) behaviour of || (t) — & (¢)]|.

Definition 4 (Asymptotic stability of a trajectory). A trajectory x (t),t > to
that has been already proved stable, is called asymptotically stable if

lim Jlz(¢) — 2 (¢)|| = 0

t——+o0

Example 4. [RL circuit] Consider the state trajectory of the RL circuit when a harmonic
input voltage v (t) = sin (t),t > to = 0 is applied from a certain initial state x (0). As the
equation governing the behaviour of the system is linear and relatively simple, one can easily
recognise the corresponding state trajectory being

Le—(B/L)t _ [, cos (t) + Rsin (t)

2 (1) = e—(R/L)t,
x(t) = e~ B/ D g (0) + TR

>0 (2.11)

A perturbation on the initial condition will then produce a perturbation on the trajectory
which can be evaluated as

z(t) — 7 (t) = e T/ B (2(0) — & (0))

showing that the state trajectory x (t) is asymptotically stable.

The notion of asymptotic stability, which further classifies a stable trajec-
tory @ (t), simply indicates that the effect of the perturbation on the initial
condition x (t9) — & (to) will eventually vanish and, after sufficiently long times,
the perturbed trajectory & (t) will look identical to x (t).

It is now convenient to emphasise that the boundedness requirement appear-
ing in the definition of stability is related to the difference between trajectory
x (t) and the perturbed trajectory & (¢), and not to the boundedness of either
x (t) or & (t), themselves.
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Example 5. [Unbounded yet stable trajectory] Consider a first-order (n = 1) dynamical
system that produces, for a certain input w (t),t > to and a certain initial condition x1 (0),
the following state trajectory

x(t) = e M0sin (t —tg) + et tx (tg),t > 0

Despite being diverging, trajectory x (t) is (asymptotically) stable. For the same input, a
perturbed initial condition T (tg) will produce the following (perturbed) trajectory:

Z(t) = e gin (t — tg) + e (to) ,t > to
The difference between the two can be easily computed as
z(t)—z(t) =e""sin(t —to) + etz (to) — (!0 sin (t —to) + €0 F1 (to))

= eto—t (z1 (to) — T (to)),t > to

Hence, in order to make ||z (t) — & (t)|| < e, one has to just take 0 < 6 < €. In fact, if
|z (to) — @ (to)|| < 6, then

2 () =2 ()] = [|e ™" (z (to) — Z (o))

Moreover, it is straightforward to verify its asymptotic stability, in fact

| =0t fla (to) — & (to)l| < 5 < <

i —F = i to—t — 7 =
Jim e () =2 (@)l = lim_e'0~" |z (t0) — & (to)]| = 0

2.2.2 Equilibria

Dynamical systems typically have particular state trajectories @ (t) ,t > to that
are constant with respect to time, i.e. x (t) = &,Vt > tg. More formally

Definition 5 (Equilibrium (constant trajectory)). State trajectory x (t) =
Z,Vt > tg is called equilibrium if 3u : f (Z,a,t) = 0,Vt > to.

In other words, for constant inputs, i.e. w(t) = @,Vt > tg, equilibria are
particular (initial) states & such that

(2.12)

Example 6. [FEquilibria of the simple pendulum] The simple pendulum in (2.9) has the
following equilibria

xr1 (t) =1 = km,x2 (t) =T3=0,k€EZ
which are typically referred to as upward equilibrium (k odd) and downward equilibrium (k
even).

Equilibria of a given dynamical system are just special trajectories. Hence,
they might be characterised in terms of their stability as shown in Fig. 2.6.
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(a) Unstable equilibrium (b) Stable equilibrium

Figure 2.6: Unstable (left) and stable (right) equilibria.

2.2.3 Systems with outputs

As anticipated in the previous Chapter, dynamical systems are typically char-
acterised by of one or more measured variables. To explicitly represent these
variables, which are not necessarily state variables, we introduce the output
y € Y CR™ of a dynamical system as the (column) vector which is related to
the state vector, the input vector, and time as follows

y1 (t) hi(z1 (t),xa (t) ..., xn (t),u1 (t),uz (), un, (t),1)
Y2 (t) ho (z1 () ,xa (t) ..., xn (t),u1 (t),ua (), up, (t),1)
= : (2.13)
yny. (t) P, (1 (t) ;200 (8) 5oy (E) s ur (F) ,u2 (F) , un, (t),1)
or, in short:
y(t)=h(z(t), u(l),t) (2.14)

Example 7. [RL circuit with output] In the RL electrical circuit of Fig. 2.3, one may want
to measure the voltage drop on the resistance R. In this case:

y(t) = R (t)

In this case, the system has ny = 1 outputs.

Example 8. [Simple pendulum with output] If the mass of the pendulum of Fig. 2.4 is
equipped with a laser pointer that is guaranteed to point to the ceiling, one may measure the
displacement of its projection with respect to the vertical line. In this case:

y (t) = Lsin (x1 (t))

Also in this case, the system has only one output ny = 1.

2.3 LTI dynamical systems

Linear and time-invariant (LTI) systems constitute a particular class of dy-
namical systems characterised by linear functions f and h with no explicit
dependency on time ¢.
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Definition 6 (LTI system). A LTI system is a particular dynamical system
which can be written in the following form

g (t) = Az (t) + Bu (1)
y(t) = Cx (t) + Du (t)

(2.15)

where A € R"*" B € R"*"« C € R™*" D € R™*"™ are matrices with
real coefficients.

Example 9. [Mass-spring-damper system in matriz form] Consider (again) the mass-spring-
damper system and assume its position x1 to be the output of interest, then its model

d o1 0
—x (t) = k rix)+ | 1| f(t)

(2.16)

y(t)y=1[1 0]=z(t)

is a linear and time-invariant (LTI) dynamical system with

0 1 0
A= k r|,B=1|1
m  om m.

m m.
C=[ 0],D=0

m.

2.3.1 Change of variables

Given a generic LTI system as the one in (2.15), it is sometime convenient to
change the set of state variables to better highlight some of its properties (we
will be more pragmatic on this, later on).

Proposition 1 (Change of variables). Let T' a non-singular constant square
matriz of dimension n, then letting z (t) = Tx (t), the LTI in (2.15) can be
equivalently represented in the following form

d 1
== (t) = TAT "2 (t) + TBu (1)

y(t)=CT 'z (t)+ Du(t)

(2.17)

Proof. Straightforward by substitution of x () with T~z (t) in (2.15). O

Example 10. [Change of variables for the mass-spring-damper system] Consider (once
again) the mass-spring-damper system and assume the force acting on the ceiling y = kx1
to be the output of interest, then its model is

d 0 1 0
ce=| k _rlem+ 170 o1s)

y(®)=1[k 0]z()
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Further assume that the pair x1,xz2 (position and velocity of the mass) has to be substituted
with kx1,x2 (force acting on the ceiling and velocity of the mass). Therefore, one can perform
the following change of variables

_|kxzi(®)] |k O
Hence, according to the new set of state variables, we have z1 (t) = kx1 (t) and z2 (t) = 22 ().

The corresponding equations can be written from (2.6) by computing

d d

ﬁzl (t) = kﬁxl (T) = kxo (t) = kzo (t)
S )= Sr ) =~ ()~ a2 () (1) = o

1 r !
=——a ()= —m )+ 1)

y (t) = kx1 (b) = 21 (8)
It is then left to the reader to prove that

0 1 0 k
T| k r| Tt = 1 r
m m. m m.

and the other identities.

2.3.2 State trajectories for LTI systems and some insights
on their stability

The case of LTI systems in the form (2.15) constitutes one of the rare possibil-
ities in which the IVP in (2.10) can be solved in closed-form. In other words,
there is a formula to explicitly compute the state trajectories of a given LTI
system.

Theorem 1 (Lagrange’s formula). The following IVP

d
aw

is solved by the following trajectory

(t)=Az(t)+ Bu(t),z(0) € X

t
x (t) = e (0) + / AT Bu (1) dr,t > 0 (2.20)
0

Proof. Left to the reader. O

Example 11. [State trajectories of the RL circuit] The state trajectory (2.11) of the RL
circuit in (2.8) fed with input voltage v (t) = sin (t) ,t > 0 could have been obtained using the
Lagrange’s formula in (2.20). With A= —R/L,B = 1/L,u(7) = sin (1) one obtains:

t 1
2(t) =" M/D ()4 [ e WD) Lsin () dr =
0
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t
= e~ (R/D)ty (0) + %67<R/L)t / BIDIT gin (1) dr =
0

e(R/I)7 (L2 cos (1) — RLsin (7)) !
R2+ L2

— e~ (R/Dtg () 4 %efm/mt {
0

1 (R/L)t (L2 cos (t) — RLsin (¢ L?
(R/L)t (( ( cos (t) sm())+ _

_ —(R/L)t P
=e 1:(0)+Le R 1P L2

Le=(B/L)t _ [, cos (t) + Rsin (t)

= (B/Dtg (0
€ z (0) + 1 L2

,t >0

Along with the obvious benefits of computing closed-form state trajectories
for a LTI system, the Lagrange’s formula in (2.20) highlights some fundamen-
tal properties of state trajectories generated by LTI systems.

Property 1. The state trajectory of a LTI always comprises two terms, i.e.
eAtx (0) and fot eAU=7) Bu (1) dr, where

1. the former (which is call free response) depends on the initial state x (0)
only;

2. the latter (forced response) depends on the input u (t) only.

The free response represents the state trajectory when w (t) = 0,Vt > 0, while
the forced response represent the state trajectory when the initial state is the
origin of the state space, i.e.  (0) = 0.

Property 2 (Superposition principle). For the linearity of the integral opera-
tor, whenever u (t) = u (t) + up (t), the corresponding forced response can be
evaluated separately as

t ¢ t
/ eAt=7) By (r)dr = / A7) Buy (r)dr + / A7) Byp (r)dr
0 0 0

Recalling that stability essentially relates to what happens in case of a per-
turbation on the initial condition @ (0) we can further observe that

Property 3 (Stability of trajectories of LTI systems). Given the state trajectory
x (t),t >0 of a LTI system, its stability can be determined by the free response,
only.

The given trajectory x (t),t > 0 is originated by applying input w (¢) from
the initial state x (0). If the same input is applied from a perturbed initial
condition & (0), the perturbed state trajectory can be now evaluated using the
Lagrange’s formula:

t
Z(t)=e™Z(0) + / A" Bu (1) dr,t >0
0
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As stability of « (t) depends on the possibility to obtain a bounded perturbation
on the state trajectory, i.e. ||& (t) — & (t)|| < € provided that the perturbation
on the initial condition is bounded, i.e. |z (0) — & (0)|| < J, one is actually
requiring
~ A ~
lz (t) — 2 (t)]| = [|e** (z (0) — & (0))]| <€

We have just seen that, for LTT systems, stability of a state trajectory does
not depend on the input w (¢) but only on the free response. We can now recall
another important

Property 4 (Stability of LTI systems). Given a LTI system, if one state trajec-
tory is (asymptotically) stable, then all the other trajectories are (asymptotically)
stable. If one trajectory is unstable, then all the others are unstable.

In short, for LTI systems stability is a property that is shared among all
possible state trajectories generated by arbitrary inputs w (¢) from arbitrary
initial conditions @ (0). For this reason, thought stability has been introduced
as property of a state trajectory, in case of LTI systems we can safely introduce
the concept of system stability.

2.3.3 Stability of LTI systems

We have seen that stability of state trajectories of a LTI, and stability of the
system as a whole, can be addressed by analysing whether ||e#* (x (0) — & (0))||
can be made bounded by requiring a proper bound on the perturbation on the
initial condition. It should be clear that stability should be strongly related
with term e* and therefore with matrix A which characterises the system.

Stability and eigenvalues

Theorem 2 (Stability analysis of LTI systems). Depending on matriz A, system
(2.15) is

o asymptotically stable if and only if all the eigenvalues of A have strictly
negative real parts;

o stable (but not asymptotically) if and only if all the eigenvalues of A have
non-positive real parts, and those with null real parts are simple roots;

o unstable if and only if either at least one of the eigenvalues of A has strictly
positive real part, or all the eigenvalues of A have non-positive real parts,
and those with null real parts are not simple roots.

Example 12. [Stability analysis of a simple mass system] A mass m has position x1 and
velocity x2 and is pulled by an external force f (see Fig. 2.7). The equations representing
the dynamics of this system are as follows

%m (t) = {8 (ﬂ x (t) + L/Om} £ (2.21)
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X1

f

7

Figure 2.7: A simple mass system.

The eigenvalues of the corresponding matriz A are (complexr) solutions of the associated
characteristic equation
0=det (N —A)

and specifically

A _1 2 I
Ofdet[0 )\}7)\,/\70
Hence, matriz A has a zero eigenvalues with algebraic multiplicity 2 and in order to check
for stability, eigenvectors have to be computed as well, by solving for v the following equation

Av = v

FEigenvectors of A associated to X = 0 are of the form v = k [1 O}T .k # 0, hence the
geometric multiplicity is 1. Being different from the algebraic multiplicity, we can conclude
that X = 0 is not a simple Toot and the system is unstable. If this conclusion seems counter-
intuitive, consider the (unpacked) equations of the system

R —

%Il = x5

; 1 (2.22)
Gar ()= 211

From an arbitrary initial state x (0), the free response of the system (f (t) = 0,VYt > 0) can
be written as follows

2 (t) = 22 (0)

x1 (t) = 22 (0)t + 1 (0) (2.23)

from which it should now result evident that the effect of a perturbation on x2 (0) cannot be
made bounded.

Finally, consider the LTT system in (2.15) and the same system (2.17) written
in terms of a new vector of state variables z (¢t) = Tx (t),det T # 0. Notice
that the two systems are characterised by matrices A and TAT ! which are
similar to each other and hence have the same eigenvalues.

Property 5 (Invariance of stability). The LTI system in (2.15) is (asymptoti-
cally) stable/unstable if and only if the LTI system is (2.17) is also (asymptot-
ically) stable/unstable. That is: a change of variable z (t) = Tx (t),detT # 0
does not effect the stability property of a LTI system.
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The Routh-Hurwitz criterion

Despite the availability of numerical tools, sometimes it is not possible to evalu-
ate the eigenvalues of matrix A either because of numerical problems, or simply
because the matrix is not numerical as it depends on one or more parameters.
In this case, an alternative way to evaluate the asymptotic stability of an LTI
system is represented by the Routh-Hurwitz criterion.

Definition 7 (Routh-Hurwitz table). Given the characteristic polynomial as-
sociated to a square matriz A of size n, written in the following form

det A\ — A) = A" + N - a1 A Fay

the Routh-Hurwitz table contains n + 1 rows and looks like the following one

Qp Q9o ... 0
a1 Qa3 ... 0
hi  he
kv ko
L b

where the first two rows contain the coefficients of the characteristic polynomial
(filled one column at a time starting from the coefficient of the highest degree),
while the others are computed recursively as

1 hi h;
l; = ——det o
k1 ¢ [lﬁ ki+1:|

Theorem 3 (Routh-Hurwitz criterion). All the eigenvalues of matric A have
strictly negative real parts if and only if all the elements within the first column
of the Routh-Hurwitz table are either positive or negative.

The Routh-Hurwitz criterion allows one to address the asymptotic stability
property of a given LTI system without explicitly computing the eigenvalues,
being just based on the coefficients of the characteristic polynomial.

Example 13. [Parametric third order system] Consider the following matriz

0 1 0
A=1|0 0 1
—1 —ﬂ —Q

its characteristic polynomial can be computed as
A =1 0

det (AT — A) =det [0 X 1 | =X +aX2+81+1
1 I53 A+«
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and the corresponding Routh- Hurwitz table is

1 5 0
a 1 0
af —1
p 0
«
1

For the asymptotic stability of the corresponding LTI we need all elements of the first column
to be strictly positive, hence the system is asymptotically stable if and only if

a>0
af >1

The corresponding region in the af-plane is reported in Fig. 2.8.

Figure 2.8: Region of the af-plane for which the LTI system in this example
results asymptotically stable.

2.3.4 Asymptotically stable LTI systems with inputs

The asymptotic stability property also affects the characteristics of the overall
response of a LTI system. In particular
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Property 6. Consider the LTI system in (2.15) and assume it is asymptotically
stable. Then, the following properties hold:

1. for a constant input u(t) = @,Vt > 0, the equilibrium is unique and
characterised by

z=-A"'Ba

2. after a sufficiently long time, the trajectory of the state will depend only
on the input, as the free response eventually vanishes;

3. if the input w (t) tends to a constant value @, then the trajectory of the
state tends to the corresponding equilibrium & = — A~ Ba.

The aforementioned properties allow one to study the asymptotic behaviour
the the state trajectory, i.e. lim;_, @ () without explicitly applying the La-
grange’s formula.

Example 14. [Asymptotic behaviour of the RL circuit] The state trajectory (2.11) of the

RL circuit in (2.8) fed with a constant input voltage v (t) = ©,Vt > 0 could be obuviously

obtained using the Lagrange’s formula in (2.20). With A = —R/L,B = 1/L,u (1) = v,V1
one obtains: .

z(t) = e~ /D)ty (0) +El/ e” (R/)E=T)gr —

Lo

t
= e~ (B/Dy (0) 4 g—e (/D) / B/ g —
J0

=e (/D (0) + &

B ]

o~ (R/L)t (e(R/L)r, a 1) -

1
_ —(R/L)t - _ —(R/L)t
e z (0) + I (1 e )

It is straightforward to verify that

2.4 Reachability and observability of LTI sys-
tems

Having in mind the problem of designing a feedback controller to govern the
behaviour of the LTI system in (2.15), there are two fundamental questions to
address:

1. how much can we modify the evolution of its state  (¢) (and consequently
the one of the output, y (t)) by designing a proper input w (t)?

2. how much information can we infer about the evolution of its state @ (t)
from the evolution of the output y (¢) that we measure?
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2.4.1 Reachability
The first question can be addressed by introducing the following

Definition 8 (Reachability). The LTI system in (2.15) is reachable if, for
any initial state x (0), there exists an input function u (-) able to steer the state
to the origin in finite time, that is

Ve (0): Ju(-),T:2(T)=0

We have now formalized the concept of reachability as the possibility to
change the state of the system (actually the possibility to bring the state to the
origin for any arbitrary initial condition). This is very important for control
purposes as it guarantees we can change the state of a system acting on its in-
puts (which is indeed the final aim of a control system). On the other hand, the
definition itself cannot be used in practice for the verification of such a property.

We then introduce the following

Theorem 4 (Kalman’s reachability test). The LTI system (2.15) is reachable
if and only if the following matriz (reachability matriz)

Kr=[B AB ... A" 'B]

18 full rank.

which constitutes an easy way to check for the reachability property of
(2.15).

Example 15. [RLL circuit/] Consider an electrical circuit consisting in the parallel of a
supplier of current i, a resistor with resistance R and two inductors both with inductance L.
The voltage drop v on the resistor is assumed as output. Define x1 as the current flowing in
the first inductor and x2 the one flowing in the second, as shown in Figure 2.9.

T €2

v R L L

Figure 2.9: A RLL electrical circuit.

The equations characterising the behaviour of this electrical system can be written as
follows

() =—Tr () - %’L’z (t) + —i(t)
d '
a’ 2 ( ) = *%Il (t) — %T? (t) + Ei (t) (2 24)

v (t) = —Rx1 (t) — Rxa (t) + Ri (t)
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which corresponds to the following matrices

RT1 1 R 1
A:*EL 1}7322{1}’02*3[1 1],D=R

The corresponding reachability matriz

R
RI|1 —2—

Kr=[B AB]= T sz
1 —2=

L

cannot be full rank as it possesses two linearly dependent (actually identical) rows. Hence
the system is non-reachable.

Consider the LTT system in (2.15) and the same system (2.17) written in
terms of a new vector of state variables z (t) = Tx (t),detT # 0. Notice
that the two systems are characterised by matrices A, B and TAT !, T B, the
corresponding reachability matrices are Kp and

[TB TAT 'TB ... TA" 'B]=TKkg
respectively. Hence, since T' is non-singular, their rank is the same.

Property 7 (Invariance of reachability). The LTI system in (2.15) is reachable
if and only if the LTI system is (2.17) is also reachable. That is: a change of
variable z (t) = Tx (t) ,det T # 0 does not effect the reachability property of a
LTI system.

Example 16. [RLL circuit - continued] Back to the example of the RLL circuit, it might
be interesting to better understand the reason of the mon-reachability, that is why it is not
possible to find a suitable supply current i(-) to bring the two currents x1 and xa to zero in
finite time.
The previous result on the invariance of the reachability property with respect to a change
of variable z (t) = Tx (t),det T # 0 is surely helpful. Then, apply the following change of
variable

21 (t) = 21 (t) + w2 (1), 22 (t) = 21 (t) — 22 (V)
which corresponds to

T— [1 jJ et T £ 0

The same system, written with respect to the newly defined state variable z (t) corresponds
to the following equations

d R R
le (t) =—2 T4 (t) + QZz (t) 25)
azz (t) =0

which show that the supplied current is surely able to modify state z1, while z2 evolves re-
gardless the input current i. It should be clear that for all initial conditions with z2 (0) # 0,
it 1s not possible to steer the state of the system to the origin in finite time through a suitable
nput.

The second state variable is actually not influenced by the input current i neither directly (in
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the corresponding equation), nor indirectly through z1.
On the other hand, no matter what i (t) is, state variable z1 will asymptotically reach the
origin, though not in finite time. In fact, applying the Lagrange’s formula to the second
equation, one obtains

w2 (t) = e taa (0),t >0 (2.26)

Example 17. [A three-mass system] Consider a system with three masses connected by
springs as the one reported in Fig. 2.10.

7
f%k
M

N

700
HH
&i

T2,T3

.

Figure 2.10: A three-mass system.

The differential equations characterising the behaviour of this system can be simply writ-
ten as follows

Lo (1) = o () = 2o () — a2 () — 2 ()
Con (1) =~ (@2 (1) 21 (1) (2.27)
d
L (1) = (2 (1) — 21 (1)
together with
d

The matrices characterising the LTI systems are given in the following:

o 10 0 0 0]
3k k E 0
-—— 0 — 0 — 0 1
M M M -
0 0o 0 1 0 0 M
A= k k ,B=1| 0
— 0 —— 0 0 0 0
m m
0 0 0 0 0 1 0
k k 0
— 0 0 0 —— 0
L m m A

For any value of the parameters M, m and k the system is non-reachable, in fact

det (KR) =0
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The reason of the lack of reachability can be simply verified by considering

d
p(t) =22 (t) —a3(t),v(t) = —p(t) =v2 (t) —vs ()

Its time-derivative, in fact, results
St = Sun (1) — s () = — w2 (O F oy () = —p (1)
Therefore, a part of the system can be equivalently characterised by equations
d
“p(t) = v ()
d k
So)=——p()
which are not influenced by the input force f(t).

(2.28)

2.4.2 Observability

The second question was about the possibility to infer something about the
evolution of the state x (t) of (2.15) looking at the outputs y (¢). This question
can be addressed by introducing the following

Definition 9 (Observability). The LTI system in (2.15) is observable if, for
any non null initial condition, the free response of the output differs, within any
time horizon, from the zero output, that is

Y (0) # 0,V [t1,ta] 1o > t1 > 0: Vit € [t1, 1] CeAlx (0) # 0

Beside control problems, observability is a nice-to-have property, e.g. in
fault detection, as a null output will surely imply a null state, i.e. no alarms
(outputs are all mute) would surely imply no faulty states (zero state). As done
for reachability, we introduce the

Theorem 5 (Kalman’s observability test). The LTI system (2.15) is observable
if and only if the following matriz (observability matriz)

Ko =|cT ATcT ... (AT)"lcT]

is full rank.

which constitutes an easy way to check for the observability property of
(2.15). Moreover, as for the stability and reachability properties, invariance
also holds for observability:

Property 8 (Invariance of observability). The LTI system in (2.15) is obseru-
able if and only if the LTI system is (2.17) is also observable. That is: a change
of variable z (t) = Tx (t) ,det T # 0 does not effect the observability property of
a LTI system.
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Example 18. [RLL circuit - continued] In the example of the RLL circuit, the observability
matrix results

R

—1 2—

_ T THT] L
Ko =[CT ATCT]=R B
—1 2—

L

cannot be full rank as it possesses two linearly dependent (actually identical) rows. Hence
the system is non-observable. Including the output equation, the same system, written with
respect to the state variable z (t) corresponds to the following equations

%Zl (t) = —2%7;1 (t) + Q%i (t)
%22 (t) =0 (2.29)

v (t) = —Rz1 (t) + Ri(t)
If we consider i (t) = 0, it should be noted that
v (t) = —Re 2/ L)t5 (0)

Hence for all initial conditions with z1 (0) = 0,22 (0) # 0, the output voltage v (t) would be
zero, despite the non-zero initial condition.

It should be noted that the behaviour of the output voltage v (t) is not influenced by the
behaviour of the second state variable z2 (t) neither directly (in the output equation), nor
indirectly, through the behaviour of z1 (t).

2.4.3 Kalman’s decomposition

Given a generic LTI system like the one in (2.15), it is always possible to
find a change of variables z (t) = Tz (t),det T # 0 that allows the equations
of the system to be clustered in four (possibly empty) blocks: reachable and
non-reachable, observable and non-observable. This situation, which is called
Kalman’s decomposition, is shown in Fig. 2.11 which also reports the pos-
sible influences between blocks.

RO

—| RO [— RO |

u(t) —L— [ RO | Ju y(t)

Figure 2.11: Kalman’s decomposition of a generic LTI system.
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Example 19. [Kalman’s decomposition] Consider the following LTI dynamical system of
order n = 4, with ny =1 inputs and ny = 1 outputs:

izl (t) =u(t)

dt

d

T (t) =21 (t) +23(¢)

%Zg (t) = z3 (t) (2:30)

iz;; (t) =23 (t) — 24 (¢)

dt
y(t) =z () + 23 (1)

State variable z1 (t) is directly influenced by the input and influences the output. Variable

2o (t) 1s influenced by the input through z1 (t).

Variable z3 (t) is not influenced by the input

neither directly nor indirectly, but influences the output. Finally, variable z4 (t) is not influ-
enced by the input nor influences the output variable. Corresponding clusters are reported in

Fig. 2.12.
%24 (t) = 23 (t) — 24 ()
23 (1)
23 (t)
%22 (t) = 21 (t) + 23 (1) - %23 (t) = 23 (1)
a(®) 23 (1)
21 (t
u(t) %zl (t) = u(t) a0 O y(t)

Figure 2.12: Kalman’s decomposition of the system in (2.30).




Chapter 3

Transfer function of LTI
systems

The analysis of the behaviour of a LTI system is not necessarily limited to its
description on a time basis. In all engineering applications, it is often convenient
to address the characterisation of a dynamical system in the frequency domain.
The reader should be familiar with the concept of (unilateral) Laplace transform
of a signal v (¢),¢ > 0 which is the quantity defined as follows

+oo
L@ =V (s) = /O e~ (t)dt, s € C

In the following, we will understand how the concept of the Laplace transform
can be applied to signals that are typically characterising LTI systems, i.e. its
inputs w (), its state « (t), and its outputs y ().

3.1 Transfer function

Consider a generic LTI system as the one in (2.15) and apply the Laplace
transform to w (t), « (¢), and y ()

Lu@)]=U(s), Llzt)]=X(s),Lyt)]=Y (s)
and

aw

d
L [ (t)] =s5X (s) —x(0)
By substituting in the equation of the system, one obtains
sX (s) —x(0) = AX (s) + BU (s)

Y (s) =CX (s) + DU (s)

27
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Rearranging the two previous equations, one obtains
Y (s) = [C (sI—A)"'B+ D} U(s)+C(sI—A) " z(0)

From the Lagrange’s formula we already know that
t
y (t) = CeAlz (0)+C / A" Bu (1) dr + Du (t),t > 0
0

hence
L[Ce?z(0)] = C (sI - A) "z (0)

L {C/Ot e Bu (1) dr + Du (t)] = {C (sI— A 'B+D|U s)

the two terms represent the Laplace transforms of the free and the forced re-
sponses of the output y (¢), respectively.

Definition 10 (Transfer function). The quantity
G (s) = [C (sI—A)‘lB+D} (3.1)

is called transfer function of system (2.15) and represents the relationship
between the Laplace transform of the input U (s) and the Laplace transform of
the forced response of the output Y¥ (s), so that

Y¥(5)=G(s)U (s) (3.2)

Example 20. [Transfer function of the RL circuit] The RL circuit in Fig. 2.3 having
y (t) = Rz (t) as outpul equation has the following transfer function

R\ '1  R/L N
(,(s)zR(.s+L> TR s (3.3)

To wverify the property of the transfer function being the relationship between the Laplace
transform of the input and the Laplace transform of the forced response of the output, consider
a step signal as input voltage for the circuit, i.e. v(t) = 1,t > 0. Using the Lagrange’s
formula (for x (0) = 0) one obtains

R rt R ot
o (1) = f/ o~ (R/L)(t=7) gr — f6—<R/L>t/ e~ (B/DT e 1 _ o=(R/L)E >
L Jo L 0
On the other hand
R/L 1 1

F(s) =G (s S) =TT TN . T b
Y7 (s)=G(s)V(s) (s+R/L)s s s+ R/L

which indeed confirms that L [y (t)] =Y (s) = G (s) V (s).
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3.2 Transfer function of SISO systems

In the following, we will confine our analyses to a subset of LTI systems which
are characterised by exactly one input and one output, i.e.

Definition 11 (SISO system). A single-input single-output (SISO) LTI system
is a LTI with exactly n, =1 input and evactly ny, =1 output, i.e. a LTI of the
kind

(3.4)

The transfer function of a SISO system is therefore the scalar quantity
G(s)=C(sI-A) " 'B+D (3.5)
and can be rewritten as follows

~ Cadj(sI-A)B

Cadj(sI — A)B +det(sI —A)D
o) o Codi(sT = 4) B+ det (I - A)

det (sI — A) det (sI — A)

Apart from cancellation between terms appearing both in the numerator and
in the denominator, the denominator of the transfer function of a SISO system
det (sI — A) is the characteristic polynomial of matrix A, while the numera-
tor is the sum of the characteristic polynomial scaled by D and polynomial
Cadj(sI — A) B. Since the adjugate matrix is obtained by computing minors
of sI — A (determinant of matrices obtained by removing one row and one col-
umn), the numerator is a polynomial with degree at most equal to the degree
of the denominator. The degree of denominator is the order n of the system.
More in general:

Property 9. The transfer function G (s) of a SISO LTI system is the ratio
between two polynomials with real coefficients. The degree of the denominator is
at most equal to the order n of the system, the degree of the numerator cannot
exceed the one of the denominator.

A generic transfer function associated to a SISO LTI system can be then
written in the following form

b S™ 4 b1 8™ -+ b b
G(s) = md Pommas Fr T Ot 0 (3.6)

s+ ap_18" 1+ +ais+ag
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Definition 12. Given a SISO LTI system and its transfer function G (s) in
(3.6):

1. a root of the numerator is called zero;
2. a root of the denominator is called pole;

3. the difference between the degree of the denmominator and the degree of the
numerator v =n —m > 0 is called relative degree;

4. if the relative degree is positive (v > 0, i.e. n > m), which happens
whenever D = 0, the transfer function is called strictly proper, otherwise
(n = m) proper;

5. the number g € Z of poles (g > 0) or zeroes (g < 0) in the origin is called
type;

6. quantity p = limg_,0 s9G (s) is called generalised gain.

3.2.1 Stability, reachability, observability

In the following, we will try to understand the relationship between the trans-
fer function, its poles, the eigenvalues of matrix A, and the reachability and
observability properties.

Example 21. [Transfer function of the RLL circuit] Consider the transfer function of the
RLL electrical circuit in Fig. 2.9:

4R? + LRs
G(s)= ———
2R+ Ls
The transfer function is a first-order one, with a pole in s = —2R/L and one real zero.

Since poles are roots of the denominator of the transfer function, they are necessarily also
eigenvalues. In fact:

det (AN — A) = s® + (2R/L) s
which nullifies for A\ = —2R/L and X\ = 0.
The reason why the denominator of the transfer function G (s) has not the same order of the
system n = 2 is to be further investigated. As of now we might argue this fact to be somehow
related to the lack of reachability and/or observability of the system.

Property 10 (Poles are eigenvalues). Given a LTI SISO system, poles of its
transfer function G (s) are also eigenvalues. It is not necessarily true that eigen-
values are also poles.

Being the transfer function G (s) an operator that relates the input with
the forced response of the output, going back to the Kalman’s decomposition
in Fig. 2.11, it should be clear that the transfer function must contains only
the part of the system which is simultaneously reachable and observable.
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Property 11. Given a LTI SISO system, eigenvalues which are not poles, if
any, are necessarily related to the parts of the system which are non-reachable
or non-observable (or both). In turn, eigenvalues being also poles are those of
the reachable and observable part of the system.

Based on this property, the reader should pay particular attention in dis-
cussing the stability property of system (11.3) by looking at the corresponding
transfer function (3.5) as the latter does not necessarily contains all the eigen-
values of matrix A as poles. If, in turn, this happens, the corresponding system
is surely both reachable and observable.

3.2.2 Representations of a transfer function

The generic form of a SISO transfer function in (3.6) is not suitable for a quick
evaluation of the position of poles, zeros, the evaluation of its generalised gain,
etc. As an alternative representation, we can introduced the following one

Hiniz1 (s+2)
H;nzpl (s +pj)

where the m,, poles and the m, zeros are immediate from p;’s and z;’s. How-
ever, since poles and zeros are solution of polynomial equations, they might
be complex and conjugate, a better way to represent a transfer function is the
following one

G(s) =

Hi (s +2;) Hz (52 + 28, w208 + wg,z‘)

G (s) =
) = IL G4 m) T (2 + 26 yopys £ 2,

(3.7)

where p;’s and z;’s are used to identify real poles and zeros, respectively. The
second part has been added to represent complex and conjugate poles and ze-
ros, where w’s and £’s stand for their magnitudes (or natural frequencies) and
dampings, respectively.

Another useful representation is the one reported in the following

28,4 52
IL |1+ Raiyy =
1% Hi (1 + ST’L') Wz,i wz,i

G(s)zsg , T S
ma+mmo+%d s)

(3.8)

5+ —5—
. w2 .
p,J D,J

where g and p are the generalised gain and type, respectively, 7;’s (1, = 1/%;)
and T;’s (T; = 1/p;) are time constants associated to zeros and poles, respec-
tively, and the remaining part is still representing complex and conjugate poles
and zeros.
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3.3 LTI systems with delayed inputs or outputs

Some LTT systems are characterised by delayed actuations (inputs) and/or a
delayed measurements (outputs). Consider, for example, a tank a certain solu-
tion has to be processed (see Fig. 3.1). Define u () the flow rate of the solution
which is governed by another process, not represented. Modelling the quantity

w(t) —————=

Figure 3.1: Example of a LTI system with a delayed input.

of solution in the tank is straightforward if we define its volume V (¢) as state
variables. However, the evaluation of its time derivative deserves further dis-
cussions. At time ¢, the flow rate of the solution feeding the tank is not w (¢) but
rather u (t — 7) where 7 > 0 represents the delay in traversing the pipe-way
and has been assumed to be independent from w (t). As a consequence, the
time derivative of the volume V (¢) of the solution should be written as

d
ﬁV(t):u(t—T)

Overall, the dynamics of the system in Fig. 3.1 can be written as follows

d
V(6 =u(t—7)

y(@) =V ()

(3.9)

For null initial conditions, transforming these equations according to Laplace
yields to

where

Lut—7)]=e"Lu(t)]=e"°"U/(s)

Note that for the first time, the transfer function G (s) representing the rela-
tionship between input and output of a LTI SISO system is no longer a rational
function.

Consider the following generic LTT SISO system characterised by a delayed
input (similar arguments apply whenever the output is delayed, i.e. y (t — 7) in
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place of y (¢))

d
& (1) = Az () + Bu(t - 7) (3.10)

y(t) = Cx(t)+ Du(t—1)
the corresponding transfer function G (s) can be written as

G(s)=|C(sI—A) 'B+D|e"

3.4 Step response of first- and second-order LTI
SISO systems

Understanding how the parameters of a SISO transfer function will influence
the corresponding forced response is crucial for the design problem that will
be introduced in the following Chapters. Moreover, the relation between the
parameters of the transfer function and the response of a system is also in-
teresting to quickly derive models of physical systems by just running simple
experiments. In the following, we will consider a generic LTI SISO system char-
acterised by transfer function G (s) and we will address how the parameters of
such transfer function (e.g. the position of poles and zeros, its generalised gain,
etc.) will influence the behaviour of its forced response yf (t) for a step input
u(t)=1,t>0.

Figure 3.2 reports a generic response yf (t) for a step input applied at ¢t = 0.
Based on the behaviour of y/ (¢), we can define the following quantities

e initial delay 74 > 0;

e steady-state value y/_, i.e. y/ =lim;, 9/ (¢), if any;

e rise time 7., the time interval T, = Ty.9 —Ty.1 such that y/ (Tp.1) = 0.1yf,
and y¥ (To.e) = 0.9y ;

e overshoot S, the difference between the maximum value and the steady-
state value, i.e. S = sup,y’ (t) —yL,, or equivalently its normalised value

sup,y” (t) — yL,

vl

Sy, = 100

o c%-settling-time T, the time instant when the response y/ (¢) enters and
never leaves the bandwidth y/ + e%;

e the initial slope of the response, i.e. 9/ (74).

In the following, we will analyse how the aforementioned quantities are
related to the parameters of transfer function G (s) which will be assumed to
be asymptotically stable.
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y! (t)
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Figure 3.2: Generic forced step response y7 (¢) of a LTI SISO system.

3.4.1 Step response of first-order systems
One pole and no zeros

A generic first-order asymptotically stable transfer function G (s) with no zeroes
assumes the following form

I

Gs) =17

T>0

The forced step response of G (s) results as follows

1 1% —pI %
YF(s)=G(s) == - C_r_
() () s (1+sT)s 1+3T+ s s s+1/T

which corresponds, in time domain, to the following
y! (1) = p (1 - e_t/T) >0 (3.11)
By analysing the behaviour of (3.11), we can easily state that

o its steady-state value is yl, = p, no matter what 7' is, in fact

vl = lim_yf (t) = lim sY7 (s) = s

t—+oo
e the rise time is T}. = Ty.9 — Tp.1 = 2.1972T, no matter what p is, in fact

0.1064T x=0.1

=p(1—eT/T) =T, = -Tlog, (1 —xz) =
T “( ¢ ) 08 (1=2) =00 30067 2 — 0.9
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e the response has no overshoot, i.e. S =0, in fact sup,y’ (t) = yL, = u;
o the e%-settling time is Ts. = T1—. = —T'log, (), and depends on T only.

Additionally, the initial value is zero, i.e. y/ (0) = 0, no matter the values of p
and 7T in fact
y! (0) = p (1-¢€") = lim sY7 (s) = lim sY7(s)=0

s——+oo s——+o00

in turn, the initial slope is ¢/ (0) = /T, in fact

g7 (0) = lim s (sz (s) —y” (0)) = lim s2Y 7 (s) :%

s——+oo s——+o0o

To summarise, Fig. 3.3 reports the generic forced step response of G (s) in
(3.11). Tt is worth recalling that the response asymptotically approaches the
generalised gain p of the transfer function without overshoot, and the timings
only depend on the time constant T', hence on the position of the pole —1/T.
In particular, the smaller 7' > 0 is (or equivalently, the higher the frequency of

the pole 1/|T), the faster the response.

1 , ——
09[ |

0.8 |

Response, normalised to Yoo
© o ©o o o o
N w B (6] o)) ~

T T T T T T

o
=
-
I

Il Il Il
0 2 4 6 8 10
Time, normalised to T

Figure 3.3: Forced step response y/ (t) of a generic asymptotically stable first-
order LTT SISO system with no zeros, axes are normalised to the time constant

T and to the steady-state value y/_, respectively.
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One pole and a zero in the origin
A transfer function of this kind can be written generically as

s

=—T>0
1+ sT

G (s)

The forced step response of G (s) results as follows

gl_ o _ W
s 1+sT s+1/T

which corresponds, in time domain, to the following
! (1) = f%e*t/T,t >0 (3.12)

Looking at the response in (3.12), we can easily notice that

e the response has a null steady-state value regardless p and T, in fact

yl = lim y/ (t) = limsY/ (s) =0
s—0

t——+o0

e the ¢%-settling time is again Tye = —T log, (¢);
e the initial value depends on both p and T and results y/ (0) = /T

e the initial slope also depends on both y and T and can be evaluated as

s—+o0 s——+o0o

gyl (0) = lim s (SYf (s) — y! (0)) = lim s <5Yf (s) — ;) =

pTs> —p(l+sT)s  p 5/ (0)

spp

— 1. —_ = = 1' - -
s—%I-'Poo 5 (1 + sT T) S—}inm T(1+4sT) T2 T

To summarise, Fig. 3.4 reports the generic forced step response of G (s) in
(3.12). It is worth to remind that the response monotonically approaches zero,
and timings only depends on the time constant 7', hence on the position of the
pole —1/T. In particular, the smaller T' > 0 is (or equivalently, the higher the
frequency of the pole 1/|T|), the faster the response.

3.4.2 Step response of second-order systems

The analysis of second-order system is slightly more involved, as many options
have to be addressed. In particular, we will focus on three possible cases for
transfer function G (s): two real poles and no zeros, two real poles and a zero
(possibly in the origin), and complex and conjugate poles and no zeroes.
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Figure 3.4: Forced step response y/ (t) of a generic asymptotically stable first-
order LTI SISO system with a zero in the origin, axes are normalised to the
time constant 7" and to the initial value u/T, respectively.

Real poles and no zeroes

An asymptotically stable transfer function G (s) of this kind can be generally
written as

1
G(s) (1+sTy)(L+sTp) =72 >0

In the case T1 > T > 0, the forced step response of G (s) results as follows

wly wlo

1 % BTy —Ty T)—T
VIi(s) =G (s) = = _H 1 2 1 2
() =GO = AT T s ixs/n 1+

which corresponds, in time domain, to the following

Ty Ty
Fy=pl1- L et/ 72 —t/To) 4> 1
y' () u( T —1° T -T° ) >0 (3.13)

from which we can observe that
e its steady-state value is yg; = p, no matter what 73,75 are, in fact

ylo = lim_y! (t) = lim sY7 (s) = s

t——+oo
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e the response has no overshoot, no matter what u, 77,75 are, i.e. S = 0;

e the initial value is null, no matter what u and Ty, T are, in fact

y' (0)= lim sY7(s)= lim G(s)=0

s——+oo s——+oo
e the initial slope is also null, no matter what p and Ty, 75 are, in fact

g7 (0) = lim s (sz (s) —y” (0)) = lim sG(s)=0

s——+oo s——+oo

In the case T7 > Ty > 0, the response (3.13) simplifies to
V0 =n(imem) a0

Hence, whenever the frequency of the two poles —1/77 and —1/T5 are very well
separated, the high-frequency one can be safely neglected and the corresponding
forced step response resembles the one of a first-order system with time constant
T="T.

Example 22. [Settling time with a dominant pole (or time constant)] Consider the following
transfer function
7

(1+3s) (1 + 60s)

and assume that one wants to evaluate the e%-settling time of the corresponding step response
with €% = 1%. Then substituting T1 = 60,72 = 3 and p =T in (3.13), we obtain

yf(t)=7(1

Since Th = 60 > Th = 3, we can also consider the following approxzimation

G(s) =

60 ) 3 .
Zemt/60 _ Zo=t/3) 4>
57 57 -

gl (4) ~ 7 (1 - e*t/ﬁo) >0
The forced step response of the system and its first-order approximation are shown in Fig.

3.5. Given the validity of the approximation, we can conclude that Ts1 ~ log, (100)T1 ~
4.67T1 = 276 s.

Finally, the case T = T5 = T has to be addressed separately. The forced
response can be computed as follows

1
Yi(s)=G(s)-= —
s s(14sT)
which corresponds to
t
y () =p (1 —e T _ Te—t/T> >0 (3.14)

Observe that:
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Figure 3.5: Forced step response y7 (t) of a generic asymptotically stable second-
order LTT SISO system with a dominant time constant (blue) and its approx-
imating first-order response (red), axes are normalised to the dominant time
constant T} and to the finale value u, respectively.

its steady-state value is y/, = y, no matter what T is;

e the response has no overshoot, i.e. § = 0, no matter what p and T are;

the initial value is null, i.e. y/ (0) = 0, regardless the values of x and T

the initial slope is also always null, i.e. ¥/ (0) = 0, in fact

g7 (0)= lim s(sY'(s)—y/(0)) = lim sG(s)=0

s——+00 s——+00

Figure 3.5 reports the generic forced step response for the case T, =171 =T
compared to the one obtained from a first-order system having the same time
constant T'. As one can see, the second order response is slightly slower than
the first-order one having the same time constant.

Real poles and one zero

A second-order asymptotically stable transfer function G (s) with two real poles
and one zero can be written as
p (14 s7)

G(s) = Ty >T, >0
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Figure 3.6: Forced step response y7 (t) of a generic asymptotically stable second-
order LTI SISO system with 73 = T5 = T (blue) as compared with the first-
order response (red), axes are normalised to the time constant T and to the
steady-state value y/_, respectively.

The Laplace transform of its forced step response results as follows

I (14 s7)
s s(1+sTy) (14 sTy)

from which we can observe that

o its steady-state value is yl, = p, no matter what 73,75 and 7 are, in fact

ylo= lim ¢/ (t) =limsY/ (s) = p

t—+o0 s—0

e its initial slope has the same of p if 7 > 0, opposite otherwise, in fact

- f . . f L f _ . _ HT
i (0) = lim s (s (5) =3/ (0) = lim_sG(s) = 7o

e in case of cancellations, i.e. when either 7 = T} or 7 = Ty, the response
is the one of the resulting first-order system.

When T3 > T5, from the responses reported in Fig. 3.7, we can further observe
that
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Figure 3.7: Forced step response y7 (t) of a generic asymptotically stable second-
order LTI SISO system with 7o = 73/10, in the cases of a dominant zero
7 > Ty (blue), a zero with time constant T < 7 < T (red), the cancellation
7 = Ty (purple), and zero with negative time constant 7 < 0 (yellow), axes
are normalised to the dominant time constant 77 and to the final value p,
respectively.

e an overshoot is present whenever 7 > Ty > T5 > 0;

e the negative time constant of the zero 7 < 0 is responsible for the under-
shoot;

e whenever e% = 1%, the e%-settling time depends on T only, and can be
computed as Ty = log, (100)7; ~ 4.677.
Complex and conjugate poles and no zeros
We now consider the following transfer function

2
pieys

M p<e<t
§2 4 28wps + w2 ¢

G(s) =

The Laplace transform of its forced step response results as follows

1 pw?
s 5(82 4 28wns + w?)
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The corresponding analytical response results
1
v () =p <1 - ﬁe’gw"t sin (wn\/l — &2t + arccos f)) ,t>0 (3.15)
We can observe that

e its steady-state value is y/, = y, no matter what w,, and u are, in fact
f — 1 f = 1i ! =
Yoo = dim y7 (t) = lim sY (s) =

e the initial value is null, i.e. ¥/ (0) = 0, regardless the values of y and T,

in fact
y' (0)= lim sY/(s)= lim G(s)=0

s——+o00 s—+o0o

e the initial slope is also always null, i.e. ¢ (0) =0, in fact

- f BT f . f _ _
§(0) = tim s (Y7 (5) —y! (0)) = lim_sG () =0
2
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Figure 3.8: Forced step response y7 (t) of a generic asymptotically stable second-
order LTI SISO with complex and conjugate poles, axes are normalised to 1/w,,
and to the finale value p, respectively.

Moreover, from (3.15) we can observe that, since |sin (z)| < 1,Vz, we have
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which represent lower and upper bound of the curve, respectively (see Fig. 3.8).
Based on the approximated bounds, the 1%-settling time T,; can be estimated
imposing

1 1

100 ,/1_526

which results, at least for small values of £ (i.e. £ < 1), s

—EwnTs1

log, 100

T e

Finally, we just mention, without proving it, that the overshoot S¢, can be
computed as

T

Sy, = 100e V1~ & (3.16)

The graphical representation of (3.16) is reported in Fig. 3.9.
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Figure 3.9: Normalised overshoot S¢, as a function of the damping &.

From (3.16) and from the estimate of the 1%-settling time 751, we observe
that the damping £ plays a crucial role in both these quantities. For the same
values of w,,, the higher the damping &, the smaller the overshoot and the lower
the settling time. Figure 3.10 reports the behaviour of (3.15) as evaluated for
the same w, and increasing values of £.
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Figure 3.10: Forced step responses for the same w,, and increasing values of &,
axes are normalised to 1/w,, and to the finale value p, respectively.

3.4.3 Summary

From the analyses of the forced step responses of first- and second-order asymp-
totically stable LTT SISO systems we can draw the following general conclusions

1.

e%-settling time, and in particular 1%-settling time, is somehow propor-
tional to either the higher time constant 7" in the case of real poles, or to
the inverse of £w,, in the case of complex and conjugate poles;

. oscillations are present only in the case of second-order systems with com-

plex and conjugate poles;

. an overshoot is present either in case of complex and conjugate poles, or

in the case of two real poles and one zero such that To, < 7 < T7;

. undershoot is only present in case of a zero with negative time constant,

ie. T <0;

provided that G (s) has no zeros in the origin, the steady state value yZ_ is
equal to the generalised gain ;1 and the initial value is zero, i.e. yf (0) = 0;

the initial slope ¢/ (0) is zero only when the relative degree is higher than
one, i.e. v > 1.
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Finally, the attentive reader has surely noticed that in all the discussions
we assumed a null initial delay, i.e. 74 = 0. In the case a non-zero delay 75 > 0
is present in the transfer function G (s) the corresponding forced step response
would be just shifted ahead of 74 seconds. The previous reasoning remains
unaltered, clearly apart from the evaluation of the settling times.
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Chapter 4

Frequency response of LTI
SISO systems

The transfer function associated to a LTI SISO system represents a useful tool
to study the forced response of the output y/ () given an input signal u (¢).
Recall, in fact, that given a LTI SISO system like the generic one in (3.4), if
L[y (t)] =Y (s) and L[u(t)] = U (s), then

Y/ (s)=G(s)U (s)

which allows to easily compute the Laplace transform of the forced response of
the output without relying any more on the Lagrange’s formula.

4.1 Frequency response theorem

Another interesting application of the transfer function is represented by the
special case of harmonic inputs, e.g.

u (t) = Asin (wt + 1)
for some values of w > 0 and .

Theorem 6 (Frequency response theorem). Given a LTI asymptotically stable
SISO system having transfer function G (s) which is fed by input signal u (t) =
Asin (wt + 1)) then

lim yf (t) — Bsin (wt+¢) =0 (4.1)

t——+o0
where B = A |G (jw)| and ¢ = + LG (jw).

The aforementioned result states that, if the input is a harmonic signal,
then, after a possible transient, the forced response of the output y/ (¢) will be

47
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shaped as another harmonic signal at the same frequency of the input, with
magnitude and phase shift that depend on those of the input and the transfer
function G (s) evaluated for s = jw, which is called frequency response
(associated to G (s)).

Example 23. [Frequency response for the RL circuit] We have previously seen that when
the RL circuit in Fig. 2.3 is fed with input voltage v (t) = sin (wt), the trajectory of the state
was the one in (2.11), i.e.

Le=(B/L)t _ [, cos (t) + Rsin (t) .
L2 + R? ’
If one considers the voltage drop on the resistor y (t) = Rx (t) the corresponding trajectory

can be easily computed. It is worth noticing that, for t — +oo, the trajectory of the output
is such that

z(t) = e~ /D)y (0) + >0

R?sin (t) — RL cos (t)
t—lg#noo v’ (1) L2 + R? 0

which can equivalently rewritten as

li f R 5 R _
Lm Y (t) — msm t — atan 7 =0

Dealing with the same example, we have been able to evaluate its transfer function being the
one in (3.3), i.e.

_ R/L
s+ R/L

The application of the frequency response theorem would lead to the evaluation of G (s) in
s = jw with w =1, i.e.

G (s)

(1) = R/L  R/L(-j+R/L)  R? . RL
UTGRRLT s R/ PR R R

which, in turn, can be rewritten in terms of its magnitude and its phase as follows

: (R
‘ ' ] ) R2 —jatan Z
G (1) = 1G (1|0 = | om—re

Example 24. [Frequency response for the mass-spring-damper system] Consider mass-
spring-damper in Fig. 2.2 with m = 1, k = 200 and » = 1. In addition, assume that
we define the elongation of the spring x1 (t) as the output for the system, i.e. y (t) = x1 ().
In this setting, the transfer function of the system is obtained as

1
s2 4+ s+ 200

Assume that one wants to find the frequency w such that the amplitude of the oscillation of
the output is mazimal when the input is a generic harmonic signal u (t) = sin (wt).
Since the amplitude of the output can be predicted, at least after some transient, using the
frequency response theorem as |G (j@)|, we are basically looking for the solution of

G(s) =

1

w = argmax,, |G (jw)| = argmax,, T 1 jw 200

| k
=14.1244 = {| — = V200 = 14.1421
m
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Assume now that the input signal is a linear combination of several (possibly
infinite) harmonics, i.e.

u(t) = Z Ajsin (wit + ;)

Then, the corresponding forced response of the output y/ (¢) could be evaluated,
once again, with the Lagrange’s formula, i.e.

t
y! (t) = C/ eA(t’T)BZ A;sin (w; T + ;) )dr
0 i

For linearity of the integral operator (i.e. for the superposition principle re-
ported in Chapter 2), one could equivalently compute

t
yl (1) = Z C/ AT BA; sin (w;T + ;) dr
. 0

Each component of the forced response of the output can be approximated,
at least after the transient, using the frequency response theorem, yielding the
following identity:
lim g/ (£) = Y Ai |G (juw;)| sin (wit + ¢; + £G (jw;)) = 0

i

t——+o0

where G (jw;) are multiple evaluations, for all values w;’s, of the frequency
response associated to transfer function G (s).

4.2 Bode’s diagrams

From the latest discussion, we have seen that typical applications of the fre-
quency response theorem might require multiple evaluations (at different fre-
quencies) of the frequency response of a given system.

For a given frequency w € [0, 400), the frequency response associated to trans-
fer function G (s), i.e. quantity G (jw), is, in general a complex number with a
certain magnitude and a certain phase, i.e.

G (jw) = |G (jw)| eI 4Gw) — p(w) eI0(w)

These two quantities, i.e. the magnitude p(w) = |G (jw)| and the phase
0 (w) = £G (jw), are two scalar quantities clearly depending on the argument
w. Being able to quickly draw these two functions would definitely allow for
a faster evaluation of the frequency response theorem in the case of input sig-
nals with multiple harmonic components. Bode’s diagrams are the graphical
representation of the two functions

201log p (w) = 201log |G (jw)| and 0 (w) = £G (jw)
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as functions of w, on logarithmic scale.

4.2.1 Bode’s diagrams of the magnitude

Consider a LTT SISO system having transfer function G (s) written in the form

(3.8), i.e
_p IL (0 +sm) I (H wZﬂ'”w?,z‘)
B 1+ 8T,
[T, (1+s ’”m( 2%, +>

G(s)
Wp K w

p.k

The magnitude of the corresponding frequency response can be computed as

2 PR ‘wz
| 4 £, N (12)
lul 111+ jwri] Wi Wai

p W) =G Gl = 17 T, T+ jwTh

P

k
Wp, k w,

which appears quite complicated. In turn, quantity 20log p (w) can be evaluated
in a much easier way, in fact

201og p (w) = 201og |u| — 201og | (jw)?|+
> " 20log|1 + juwri| — ZQOlogu + jwT|+

> 20log |1+ ZQOlog

Ep, (jw)Q

.2§z,i
J——w
w

It should be clear that, for plotting the overall magnitude diagram, we need
first to understand the plot of each possible element.

Gain

Focus first on the quantity 20log |u|. The diagram associated to this element
of the sum is simply a horizontal line.

Type

The quantity —201log|(jw)?| = —g20logw corresponds to a line (with respect
to logw) with slope —g20.
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Real zero

Quantity 20log |1 + jwr| = 20logv1 + w272 is a bit more involved than the
previous ones. Depending on w, two asymptotic behaviours can be identified

O,w1/|71|,
20log V1 4 w?72 ~ /17l
20log |wT|,w > 1/ |7
The two approximations, one valid way before the frequency of the real zero, the
other way after, intersect at the frequency of the zero itself, i.e. at w = 1/|7].

At such a frequency, the approximation error is maximum and corresponds to
20log /2 = 10log 2 ~ 3 (see Fig. 4.1).

30

251 7

20+ 7

15 7

10 r 1

Magnitude (dB)

10° 10*

Frequency (rad/s)

10° 10

Figure 4.1: Bode’s diagram of the magnitude of 1 + s7 with || = 1/4/10.

Real pole

The plot corresponding to this element is identical to the previous one, apart
from the sign (see Fig. 4.2), in fact

—20log |wT'| ,w > 1/|T

“0log /11 WTE ~ {O»w <1/[1].
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Figure 4.2: Bode’s diagram of the magnitude of (1 + sT) ™" with |T] = 10.

Complex and conjugate zeros

The element characterising a pair of complex and conjugate zeros

2¢, jw)?
20 log 1+jwiw+ U 2>

can be rearranged and approximated as follows

2

2 2
w w 0,w <K w,,
201log 1-(— +482 | —| = w
Wy Wy 40log — w > w,
Wz

In this case, the two approximations intersect corresponding to the frequency

of

the two complex and conjugate zeros, i.e. for w = w,. The approximation

error is also maximum at this frequency and corresponds to

201og \/4£2 = 20log 2 |€. |

Hence, since |£,] < 1, the lower the damping, the higher the approximation

er

ror (see Fig. 4.3).
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Figure 4.3: Bode’s diagram of the magnitude of 1 + 2¢,s/w, + s?/w? with
w, = /10 and varying |£,| € {0.05,0.15,0.30}.

Complex and conjugate poles

Similarly to the case of a pair of complex and conjugate zeros, the case of poles
(see Fig. 4.4) results

2
w 2 w 2 0,w <K wp,
—201log 1—(— +482(— ) = w
P
Wy wWp —40log —,w > w,
Wp

Example 25. [Bode’s diagram of the magnitude] The Bode’s diagram of the magnitude of
10 1-s

T s (1+0.1s)°

can be obtained by summing four components

201og p (w) = 201log |10] — 201log |jw| 4+ 20log |1 — jw| — 40log |1 + 50.1w|

G (s)

The resulting magnitude diagram is shown in Fig. 4.5.

Rules for quick drawing of the magnitude diagram

From the previous example, we can observe that the resulting approximated
diagram is a piecewise linear function and the slope changes corresponding to



54 CHAPTER 4. FREQUENCY RESPONSE OF LTI SISO SYSTEMS

40
30 n
20 [ /’\ 7

10F / ~\

o — == —— —~ N\
-10

-20

Magnitude (dB)

-30

-40

-50

-60 : : ‘
10 10° 10t
Frequency (rad/s)

Figure 4.4: Bode’s diagram of the magnitude of (14 2¢,s/w, + 32/%27)_1 with
wp =1 and varying |&,| € {0.05,0.15,0.30}.

the frequencies of poles or zeros.
We can therefore introduce the following set of rules to quickly draw the (ap-
proximated) magnitude diagram

e at low frequencies (i.e. before the frequency of all poles and zeros, apart
from those in the origin), the magnitude diagram is a line with slope —20g
which passes through point (1,20log ||);

e at the frequency of p real poles (zeros, respectively), the slope decreases
(increases) of 20p;

e at the frequency of p pairs of complex and conjugate poles (zeros, respec-
tively), the slope decreases (increases) of 40p.

Property 12. At every frequency w, the slope of the approximated magnitude
diagram depends on the difference between zeros and poles before that frequency
(accounted with their multiplicity). In particular, for w — 400 the slope is the
opposite of the relative degree v of G (s).

Finally, the presence of a delay 7 > 0 in either the input of the output
signals, does not effect the magnitude diagram, in fact

‘e_]‘”’ =1,Vw
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Figure 4.5: Bode’s diagram of the magnitude of the frequency response of G (s)
(blue) and its components.

Example 26. [Mass-spring-damper] The Bode’s diagram of the magnitude of the frequency
response of the mass-spring-damper system in Fig. 2.2 with m =1, k = 200, and r =1 can
be obtained by observing that the two poles are complex and conjugate, in fact

r?> —4dmk=1-—800<0

Hence, the transfer function can be rewritten as follows

1/k
Ce)=—f >
1+22s 4 =

wp wp

where wp = \/k/m and &, = ¢/ (2mwy). The corresponding Bode’s diagram of the magnitude
is reported in Fig. 4.6. Notice its mazimum value (resonance peak) at w = © =~ 14.1244 which
has been computed earlier.

4.2.2 Bode’s diagrams of the phase

As we have addressed how to quickly draw the (approximated) magnitude di-
agrams, we can introduce the corresponding reasoning to understand how to
quickly sketch the (approximated) phase diagrams.
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Figure 4.6: Bode’s diagram of the magnitude of the mass-spring-damper system.

Consider again a LTT SISO system having transfer function G (s) written in
the form (3.8), i.e.

The phase of the corresponding frequency response can be computed as

0(w) = /G (jw) = équé +24 1+ jwr) +Z <1+ijk>+

+24 gz’er(jw)2 +) 7 !
20 w?, 26, kW (jw)2

’ k 14224 —

wp,k w,



4.2. BODE’S DIAGRAMS o7

Gain

The phase of p is simply constant (with respect to w) and is given by:

O,n>0
é,u—{ K
—m,pu <0

Type
The phase of 1/ (jw)? is also constant and can be evaluated as

1 ) T
L— g:gé(ﬂ):af@

Real poles and zeros

The phase contribution corresponding to real poles and zeros can be approxi-
mated as

N 0,w < 1/|T)|
Z (14 jwT)* = +atan (wT) = T
:tgsign (T),w>1/|T)|

Notice that real poles (zeros, respectively) with a positive (negative) time con-
stant T brings a negative (positive) phase shift. The corresponding diagrams
are reported in Fig. 4.7.
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Figure 4.7: Bode’s diagrams of the phase of (1+ s7)™, when m = —1,T =1
or equivalently m = 1,7 = —1 (left) and m = 1,7 = 1 or equivalently m =
—1,T = —1 (right).
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Complex and conjugate poles and zeros

Finally, the phase contribution corresponding to complex and conjugate poles
and zeros can be approximated as

a8 5 ( )2 '
< ] ]2 ) { ,w<<o.)n

n n +msign (&) ,w > wy

Notice that complex and conjugate poles (zeros, respectively) with a positive
(negative) damping & brings a negative (positive) phase shift. Beside the two
asymptotic values, which do not depend on |£|, the actual shape of the phase
diagram does in fact

28w

2 iw)? w? 2fw o
4<1+j£w+ (‘72)>4<12+j5>atan Wn_
Wh, w? w? n w

1=

n

Letting = w/w,,, we obtain

tan [ 26"
atan 51_x2

Though the function is not defined for x = 1, we can notice that

lim atan (26— | = lim atan | 26— | = sign (¢) =
e AR | ST | T atan ST | T een S g

hence the function can be prolonged for continuity for z = 1. Moreover, since

d T 14 22
—atan | 26— | = 2¢ 5
dx 1— a2 (1 —22)% + 422¢2

we finally obtain

. d ; 5 T 1
P\ BT T E
which clearly shows that the smaller the damping &, the steepest the phase

diagram in the neighbourhood of w/w,,. The phase diagrams for complex and
conjugate zeroes or poles are reported in Fig. 4.8.

Example 27. The Bode’s diagram of the phase of
10 1-s
Gs)=———
s (1+40.1s)
can be obtained by summing four components

1 1
O(w)=/10+/—+ /(1 —jw)+2/ [ ———
(w) + jw+ (1 —jw)+ (1 +_70.1w>

The resulting phase diagram is shown in Fig. 4.9.
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Figure 4.8: Bode’s diagrams of the phase of (1 —|—2§ps/wp+82/w§)m with
wp = 1, when m = —1,& € {0.05,0.15,0.30} or equivalently m = 1,& €
{-0.30,—-0.15,—0.05} (left) and m = 1,£ € {0.05,0.15,0.30} or equivalently
m=—1,6 € {—0.30, —0.15,—-0.05} (right).
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Figure 4.9: Bode’s diagram of the phase of the frequency response of G (s)
(blue) and its components.

Rules for quick drawing of the phase diagram

From the previous example, we can observe that the resulting approximated
diagram is a piecewise constant function and its value changes corresponding
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to the frequencies of poles or zeros.
We can therefore introduce the following set of rules to quickly draw the (ap-
proximated) phase diagram

e at low frequencies (i.e. before the frequency of all poles and zeros, apart
from those in the origin), the phase diagram is a horizontal line valued

Ly —gm/2;

e at the frequency of p real poles (zeros, respectively) with positive (nega-
tive) time constant, the phase steps down of pr/2;

e at the frequency of p real poles (zeros, respectively) with negative (posi-
tive) time constant, the phase steps up of pr/2;

e at the frequency of p pairs of complex and conjugate poles (zeros, respec-
tively) with positive (negative) damping, the phase steps down of pr;

e at the frequency of p pairs of complex and conjugate poles (zeros, respec-
tively) with negative (positive) damping, the phase steps up of prm.

Differently from the case of the magnitude diagram, the presence of a delay
7 > 0 in either the input or the output signals shifts the phase diagram of
quantity
/e = —wr < 0,Vw

which is always negative, proportional to the delay itself, and linear with respect
to the frequency w, hence exponential with respect to the logw.

4.3 LTI SISO systems as filters

At the beginning of this Chapter, we have introduced the frequency response
theorem which allows one to quickly evaluate the forced response of the output
of an asymptotically stable LTI SISO system fed with a sinusoidal signal,
at least after some transient. As mentioned, the forced response of the output
will eventually be a sinusoidal signal with the same frequency @ of the one in
input and magnitude scaled by |G (j@)|, which can be immediately accessed
from Bode’s diagrams. We have also seen that, whenever the input signal
is the superposition of several harmonics, say w;,i = 1,...,wy, the forced
response of the output signal can be computed by repeatedly applying the
frequency response theorem to each contribution, which further justifies the role
of Bode’s diagram for a quick evaluation of |G (jw;)|,7 = 1,..., N. It follows
that, depending on their transfer function G (s), and in particular depending on
|G (jw)| (i-e. the corresponding magnitude diagram), asymptotically stable LTI
SISO systems act as filters, allowing certain frequencies w to ”pass” without
being attenuated, i.e. if |G (jw)| = 1, others to "pass” after a substantial
attenuation, i.e. if |G (jw)| < 1. Correspondingly, based on this property,
some asymptotically stable LTI SISO systems can be classified as
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1. low-pass filters, those characterised by |G (jw)| =~ 1, only for w < wy,
and |G (jw)| < 1 elsewhere;

2. high-pass filters, those characterised by |G (jw)| = 1, only for w > wy,
and |G (jw)| < 1 elsewhere;

3. band-pass filters, those characterised by |G (jw)| = 1, only for w; <
w < wp, and |G (jw)| < 1 elsewhere;

4. band-stop filters, those characterised by |G (jw)| < 1, only for w; <
w < wp, and |G (jw)| ~ 1 elsewhere.

Example 28. [LTI SISO systems as filters] Consider the four transfer functions in the
following
1 s

- Gy (s) =
1+s 2(s) 1+s
10s (14 10s) (1 +0.1s)
————— G4(s) =
(14 10s) (1+0.1s) (14 100s) (1 4 0.01s)

The corresponding magnitude diagrams are reported in Fig. 4.10. As one can see, transfer
functions G1 (s),G2 (s),G3 (s), and G4 (s) act as low-pass, high-pass, band-pass, and band-
stop filters, respectively.

G1 (s)

Gs (s) =

Magnitude (dB)
S
/
Magnitude (dB)
S
\

10! 10° 10*

-10

Magnitude (dB)

-15
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-20
102 10° 10° 102 10? 10° 10t 10°
Frequency (rad/s) Frequency (rad/s)

Figure 4.10: Magnitude diagrams of the frequency responses of G; (s) (from top
left, in clock-wise order, i = 1,...,4).

For a further confirmation, consider the following input signal
u (t) = sin (0.001¢) + sin (¢) + sin (1000¢)

which feds simultaneously the four systems. Correspondingly, after some transient, one expect
the following outputs

yl (1) =D |Gi (jwi)| sin (wit + £Gi (jw;)),w; = 0.001, 1,1000

wi
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Referring to amplitudes only, for G1 (s)

G1(70.001)] # 1,G1 (j1)] = —~ [G1 (1000)| = 0
while for Ga (s)
G2 (j0.001)| ~ 0, ]Gz (11)] = -, 1G2 (j1000)] ~ 1

thus confirming the low-pass and the high-pass capability of Gz (s) and Ga (s), respectively.
Moreover, for the two remaining transfer functions Gz (s) and G4 (s), we have

IG5 (70.001)| = 0,]G5 (j1)] ~ 1,[G5 (j1000)| ~ 0

and
|G (j0.001)| ~ 1, |G (j1)] = 0.1, G4 (j1000)]| ~ 1

which clearly confirms the behaviour of a band-pass and a band-stop filters, respectively.




Chapter 5

Block diagrams:
interconnection of LTI
systems

In many engineering applications, the system to be described (or controlled) is
actually composed of two or more subsystems. Block diagrams are a graphical
formalism to represent the interactions between these dynamical subsystems.
Assuming all subsystems to be LTI SISO systems described by means of the
corresponding transfer functions, this Chapter will introduce and discuss all the
possible ways these systems can interact with each other. Lately, the stability
characteristics of the overall system, possibly depending on the stability of each
single component, will be also derived.

wi (t) ——| Gi () — 4/ (1

Figure 5.1: Block diagram of a generic subsystem characterised by input w; (t),
output y; (s), and transfer function G; (s).

5.1 Interconnected subsystems

Consider a generic LTT SISO system having input u; (t), output y; (t), and trans-
fer function G; (s). From the previous Chapter, we know that the relationship,
in terms of the Laplace transform, between the input and the forced response
of the output can be written as follows

Y (s) = Gy (s) Ui ()

63
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This relationship can be graphically represented as reported in the block
diagram of Fig. 5.1.

5.1.1 Subsystems in series

Assume now to have N subsystems G;(s),i = 1,...,N so that the input
of subsystem ¢+ 1 is the forced response of the output of subsystem 1, i.e.
iy () = ylf (t),Vt. This situation is represented (for N = 2) in terms of the
block diagram of Fig. 5.2.

ur (t) ——{ Gy (5)] Ga (s) vl (t)

Figure 5.2: Block diagram of the series of two subsystems.

From the way the subsystems are interconnected to each other, it follows
that

Vi (s) =Gy (s)Un (s) = Gn (5) Y_, (s) = G (5) G- (5) Un—1 (s) =

=GN (s)Gn-1(s)...Gi (s (HG ) (s)
(5.1)

and therefore the transfer function of the overall system can be obtained as the
product of the transfer functions of its components. In the example of Fig.
5.2, in fact, one would obtain

(HG ) = G2 (5) Gy (5) Uy (s)

5.1.2 Subsystems in parallel

Assume now to have N subsystems G; (s),i = 1,..., N all fed with the same
input, say u (t) and such that the forced response of the output of the overall
system yf (t) is the sum of the force response of the outputs y/ () of each
subsystem. This situation, for N = 2, is reported in the block diagram of Fig.
5.3.

o— y/ (1)

G2 (S)

Figure 5.3: Block diagram of two subsystems in parallel.
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It then follows that

VI (s) =V () + Y5 (5)+ -+ Y (s) =
=G (5)U()+Ga(s)U(8)+ -+ Gy (s)U (s) = 52

N
=(G1(s)+Ga(s)+---+Gn(s)U(s) = (ZGZ (5)) U (s)

and therefore the transfer function of the overall system can be obtained as the
sum of the transfer functions of its components. In the example of Fig. 5.3, in
fact, one would obtain

Yi(s) = (Z Gi (S)) U(s) = (Gi(s) + G2 (s)) U (s)

5.1.3 Subsystems in feedback

Consider now exactly two subsystems, say G (s) and Gs (s), interconnected so
that the output y; (t) of G (s) is the input of Gy (s), while the output ys (t)
of the latter is added or subtracted to an external input u (¢) to determine the
input of G1 (s). This situation is depicted in Fig. 5.4.

u(t)

o——G1(s) — i (t)
+

G2 (s)
Figure 5.4: Block diagram of two subsystem in closed-loop.

The calculation of the transfer function of the overall system is slightly more
involved, as compared to the previous cases. In fact

¥ (5) = G1 () (U (s) £ Y4 () = Ga (s) (U (5) £ G2 (5) Y/ (9))

now entails a ”circular dependency” of Ylf (s). By isolating on the left-hand
side all terms depending on Y;/ (s), we obtain

(LF G1(s) Ga () Y/ () = G1 (5) U (s)

and finally
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5.2 Stability analysis of interconnected subsys-
tems

As we have seen in the previous Chapter, the stability property of LTI SISO
system can be discussed, to some extent, directly from the analysis of the poles
of the corresponding transfer function. However, since this method is prone to
errors in the case of the lack of reachability or observability, in the following
we will analyse the stability of interconnected systems referring to their state-
space representation (i.e. based on eigenvalues). Therefore, we will assume each
subsystem 7 to be represented by

d
e (t) = Az, (t) + Biu; (t)

(5.3)

where, of course, G; (s) = C; (sI — A;)”' B; + D;

5.2.1 Stability of the series

For two, or more, subsystems in series, we have seen that the output of one
constitutes the input of the other. Hence the equations describing the overall
system can be written as follows

%xl (t) = Az, (t) + By (t)

y1 (t) = Cz1 () + Dyua (1)

d (5.4)
—&I2 (t) = AQIEQ (t) + B2U2 (t) = A2£E2 (t) + Ble (t) =

dt
= AQZBQ (t) + B2 (Clwl (t) + D1u1 (t)) =
= AQCCQ (t) + BgC’lccl (t) + Bngul (t)

and therefore, for the overall system, we have
d T (t) A1 0 1 (t) B1
- = t
dt |:£BQ (t) B.C; Al |z (t) + BoD; th ( )
The matrix expressing the relationship between the overall state x (t) and its

derivative with respect to time is clearly block-lower-triangular. Therefore, its
eigenvalues are those of A; and those of As.

Property 13. The series of two or more LTI SISO systems is asymptotically
stable if and only if every subsystem is asymptotically stable.
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Example 29. [Two subsystems in series] Consider the two following first-order LTI SISO
subsystems

%xl (1) = 1 (t) +u1 (t), 41 (1) = 1 (1)

and
d
52 (t) = —z2 (t) + 2u2 (1) ,y2 (t) = —z2 (t) + uz (¥)
It is straightforward to verify that while the latter is asymptotically stable, the former is not.
Moreover, they are characterised by the following transfer functions
1 2 —2+s+1 s-—-1

a — G- — 1= —
1(9) s—1 2(5) s—‘,—1+ s+1 s+1

While the transfer function of the overall system can be written as

1 sfli 1
s—1s+1 s+1

G (s) =Ga2(s)Gy(s) =

Despite the transfer function presents a single pole within the left half-plane, the overall
system, which is of order n = 2, is unstable, in fact

il =2 S ] ] me

which is consistent with the Property.

5.2.2 Stability of the parallel

For two, or more, subsystems in parallel, the equations describing the overall
system can be written as follows

d
—xq t :Alml t +B1u t
C(lit (1) *) ®) (5.5)
22 (1) = Aoy (1) + Bau (1)

and therefore, for the overall system, we have
d T (t) A1 0 T (t) Bl
_ = t
dt l:iEQ (t) 0 A2 o (t) T B2 U( )
The matrix expressing the relationship between the overall state « (¢) and its

derivative with respect to time is clearly block-diagonal. Therefore, its eigen-
values are those of A; and those of As.

Property 14. The parallel of two or more LTI SISO systems is asymptotically
stable if and only if every subsystem is asymptotically stable.
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5.2.3 Stability of feedback

In order to address the stability property of two subsystems in closed-loop con-
sider two subsystems, which, for simplicity, are assumed to be strictly proper,
ie.

d

%xl (t) = A1:E1 (t) + Bl (u (t) + Y2 (t))

Y1 (t) = Crzq (1) (5.6)

%@ (1) = Asm (1) + B2y (1)

Y2 (t) = CQZBQ (t)

which can be rewritten, by substituting y- () in the first equation and y; (¢) in
the second, as follows

%ml (t) = Az, (t) + B (u (t) + Corxy (t))
! (5.7)
£w2 (t) = AQQIQ (t) + BQCliIJl (t)

Therefore, the overall system is characterised by

] mey A7 ] (a0

Differently from the two previous cases of the series and the parallel, the matrix
expressing the relationship between the overall state « (¢) and its derivative with
respect to time is neither block-lower-triangular nor block-diagonal. Hence, the
stability of the closed-loop system is anything but straightforward.

Example 30. [Two subsystems in closed-loop] Consider the two following asymptotically
stable LTI SISO systems

iwl (t) = —x1 (t) + 2u1 (t) ,y1 (t) = 3x1 (t) — 3uy (t)

dt
and
Ca (1) = 2 () + w2 ()2 () = 22 ()
which correspond to the following transfer functions
Gr(s) = 322 G (5) =
1+s 1+ s

Once arranged in negative feedback, the dynamics of the overall system can be written as
follows

%:1:1 ) =—z1(t) +2(u(t) —y2 (t) = —x1 (t) — 2z2 (t) + 2u ()

& o () =~ (6) + 31 (8) = w2 (8) + 31 (£) — Bur (1) = 5:8)

dt
=3x1 (t) —x2 (t) — 3 (u(t) —y2 (1)) = 3z1 (t) + 22 (t) — 3u (¢)
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which can be rewritten as

o] =[5 SR+ (Ao

The corresponding characteristic equation is the following one
O=det(sT—A)=(s+1)(s—2)—6=5>—s+4

which is solved by

1 n V15
S = — 7 —
2T
clearly showing that the overall system is unstable (despite the asymptotic stability of the two

subsystems).

In turn, consider

d

Lo (#) =21 (8) + w1 (8), 91 () = 21 (£), G (s) =
dt 1-s

which is clearly unstable, and y2 (t) = 3us2 (t) = 3y1 (t) = 3z1 (t) then the overall system can

be written as
d
O =21 (t) + (u(t) —y2 () = —221 (1) +u(?)

which is, in turn, asymptotically stable (despite the instability of G1 (s)).

From the previous example, it should be clear that the analysis of the stabil-
ity property of feedback systems is actually more involved than the one for the
series or the parallel systems. In addition, we have also seen that two asymp-
totically stable subsystems interconnected in negative feedback can produce an
unstable system. In turn, an unstable subsystem can generate a closed-loop
system which is asymptotically stable. A more formal analysis of the stability
property of closed-loop systems with negative feedback will be given in the next
Chapter.
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Part 11

Feedback control systems
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Chapter 6

LTI SISO control systems

Consider a dynamical system consisting in a mass sliding with friction on a
horizontal surface (Fig. 6.1). The mass is actuated by force f(t) and its
velocity v (t) is accessible via a proper sensor. Moreover, an exogenous, yet
non-measurable, disturbance force w (¢) might also act on the mass.

U
\\i
T
m [—W
§ [ = —f

Z

Figure 6.1: Controlled velocity of a mass with friction and disturbance.

The equation governing the behaviour of the system can be written as

d r 1
20 () = ——v(t)+ —(f(t) —w(?)) (6.1)

The transfer function from the net driving force f (t) — w (¢) and the velocity
v (t) is the following one
1

ms-—+r

G(s) =

Similarly to the motivating problem in Chapter 1, assume one wants to select
the actuating force f (t) to let the mass travel at a desired constant velocity .
A simple solution would be to set

F(t)=75,¥t >0 (6.2)

where 7 represents the best estimate of r. Further assume that the mass is
already travelling at speed 7, i.e. v (0) = ¥, and a disturbance force of amplitude
w starts being applied to the system at time ¢t = 0, i.e. w () = w,t > 0. Using

73
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the Lagrange’s formula, one can easily compute the corresponding response of
the velocity v (t) as

70 — W
v(t)=e /MG 4 — — (1 - e*(r/m)t) ,t>0
r
which is characterised, at steady-state, by

tlggloo v (t) - T

Observe that

e the steady-state velocity will be influenced by both the uncertainty on the
parameter r and by the amplitude of the external disturbance w;

e in absence of the disturbance w (t), the mass will reach the desired velocity
only in case of perfect knowledge of r, i.e. 7 =r;

e the transient of the velocity will depend on the value r/m, which is a
combination of the parameters of the mechanical system.

The careful reader should have noticed that the reported properties are exactly
the ones of the motivating example in Chapter 1, which have now been discov-
ered using the tools of system theory, rather than relying on an empirical basis.

Consider now a simple algorithm that takes the measured value of v (¢) and
actuates a force f (t) that is proportional to the difference between the desired
value ¥ and the actual (measured) value v (t), i.e.

ft)=k@—=v(t) (6.3)

where k > 0 is a design parameter. Note that (6.3) might represent the alter-
native cruise control strategy proposed by the second team in the motivating
example of Chapter 1. By substituting (6.3) in (6.1), one obtains

%v (t)=— et "o (t) + %(k/”ﬁ —w(t)) (6.4)

m

Repeating the previous calculations, but now referring to (6.4), one would
obtain

k+r k+r
- t kv —w - t
v(t)=e m T+ l—e m ,t>0
k+r
and
i (t)_k:@—w
i v () = S

which can be made arbitrarily close to v by increasing k, regardless the value of
r and the presence of the disturbance w (t). Moreover, the transient will now
depend on (k + r) /m, which is now a tunable parameter.
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6.1 The role of feedback

Still referring to the example of Fig. 6.1 and to the corresponding equation
(6.4), we have noticed that by introducing an explicit dependency between the
actuated input of the system f (¢) and its output (state) v (t) several benefits
could be obtained, namely

1. the duration of transients could be made arbitrarily fast by increasing
k;

2. the effect of parametric uncertainties (related to the impossibility to
have an exact estimate of ) could be arbitrarily reduced by increasing k;
and

3. the effect of the disturbance w (t) on v (¢) could be made arbitrarily
small, again by increasing k.

These features were not achieved by the first strategy proposed in (6.2).
The two proposed strategies to achieve the goal of making the velocity of

the mass v (t) as similar as possible to the desired value © can be represented
by means of the block diagrams in Figs. 6.3 and 6.2, respectively.

w (t)
) =rv % v (t)

Figure 6.2: Block diagram of (6.1) together with (6.2).

C

@Q
=

S

Figure 6.3: Block diagram of (6.4).

The former (Fig. 6.2), that we will call open-loop strategy was severely in-
fluenced by uncertainties and disturbances, while the latter (Fig. 6.3), closed-
loop strategy or feedback control, was able to mitigate the effects of uncer-
tainties and disturbances as well as capable of changing the duration of tran-
sients. The reason behind the names closed-loop and feedback simply stands
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in the presence of a ”circular dependency” between variables. If in both cases
the output variable v (t) depends on f (t), in the closed-loop strategy the actu-
ated input f (¢) depends itself on the measured output v (t) (see again Fig. 6.3).

The role of feedback was independently discovered or experienced in different
fields of engineering among the centuries. Modern studies are usually assumed
to be initiated by Harold Stephen Black who adopted feedback to reduce the
distortion in amplifiers adopted in telephonic transmissions (1927, circa). James
Clerk Maxwell, in his famous paper ”On governors” (1868), proved already the
possibility to mathematically interpret the capability of some machines to keep
their spinning velocity approximately constant.

On the other hand, the role of feedback in changing the response of a system
was already exploited few centuries before. Considering a mass M subject to
gravity, one can simply write

d 1

P (t) = M(Mg—i—f(t))

where v (t) is the falling velocity, g is the free-fall acceleration and f (t) com-
prises all forces other than gravity. A parachute, an invention dating back
probably to the 1400’s, is a device creating an increased drag force opposed to
the free-falling velocity, i.e. f(t) = —rv (t),R > 0.

Mg

i} ] e 0
paracte dynamics v

Figure 6.4: Block diagram showing how a parachute can be interpreted as a
feedback system.

6.2 Stability of LTI SISO control systems

Consider the block diagram reported in Fig. 6.5 as representative of a generic
feedback control system, where the series of two LTI SISO systems represented
by their transfer functions R (s) and G (s), respectively, is arranged in a closed-
loop system with negative feedback.

Define the loop transfer function L (s) as the product of all transfer
functions appearing within the loop, i.e. L(s) = R(s) G (s).
Assume that the initial state of all the subsystems (i.e. both R and G) is zero.
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Y (t) —— R(s) G (s) y (1)

Figure 6.5: Block diagram of a simple closed-loop system.

In Chapter 3, we have seen that given the input 3° (t) and its Laplace transform
YO (s) = L [y° (t)], the forced response of the output y/ (¢) can be computed
by resorting to the transfer function of the (closed-loop) system, i.e.

L(s)

y =Ll =7

YO (s)

A natural question arises: is this trajectory asymptotically stable? That is: if
the initial state of the system is perturbed from zero, would the corresponding
trajectory still look like yf (), at least asymptotically?

To answer this question, one has to study the stability of the closed-loop
system which is characterised by transfer function L (s) / (1 + L (s)), as we have
seen in the previous Chapter.

Example 31. [Closed-loop stability with the Routh-Hurwitz criterion] With reference to the
block diagram of Fig. 6.5, consider the following transfer function

1
Oy
and R (s) = k. The corresponding loop transfer function is
k
L(s)=R(s)G(s)= m
which is asymptotically stable. In turn, closed-loop transfer function is
k
L(s) (14 s)? k
1+ L(s) B 14 k s3+3s2+3s+1+k
(1+s)3
Applying the Routh-Hurwitz criterion to its denominator, we obtain the following table
1 3 0
3 1+k 0
1+k—-9
1 +3k

Therefore for the closed-loop system to be asymptotically stable, a necessary and sufficient
condition s that

1+k-9<0
1+k>0

As a conclusion, despite the asymptotic stability of the loop transfer function L (s), the
closed-loop is asymptotically stable for —1 < k < 8, only.
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6.2.1 Role of cancellations in closed-loop stability

Assuming transfer functions R (s) and G (s) being of order ng and n¢g respec-
tively. In the calculation of L (s) it might happen that a term in the numerator
of R (s) simplifies with a term in the denominator of G (s). Under this condi-
tion, the order of the loop transfer ny function would be ny < ng + ng.

In the next example, we further investigate the role of cancellations happen-
ing in the right half-plane between the transfer function of the controller R (s)
and the one of the system G (s).

Example 32. [Cancellations within the loop transfer function] Consider a system G char-
acterised by the following equations

d
— t) =x1 (1 t
S (1) = a1 (1) +u () 05)
y(t) = —a1 ()
and a controller R
d
—ao (1) =y (t) —y (¢
S () =1 ()~ y () 60)
u(t) =22 () +y(t) —y° ()
The transfer functions associated to the two subsystems are the following ones
1—s 1
R(s) = ,G (s) =
1—s

and are both first-order transfer functions, i.e. ngr =ng = 1. The loop transfer function

L(s)=R(s)G(s) :%

also results in a first-order transfer function, i.e. ny < ng + ng. In turn, the closed-loop
system is represented by the following (first-order) transfer function

1

L(s) s _ 1
171
14t e

S

1+ L(s)

On the other hand, combining the equations of G and R clearly results in the following
second-order system:

% (t) = 21 (1) +u(t) = 21 (t) + 22 (£) + y (1) —y° (1) = 22 (1) — 4 (1)
%”2 ) =y" () —y () =y () + 21 (¢) (6.7)

y(t) = -z (t)

Considering variable y° (t) as input, and y (t) as output, the matrices associated to the closed-
loop system are the following ones
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Notice, first of all, that the closed-loop system is unstable. The characteristic polynomial of
A is in fact

det( N —A)=A—-1)(A+1)
which clearly shows the eigenvalue A = 1 (which is not a pole of the closed-loop system). The

closed-loop system is indeed non-reachable, in fact

Kr=[B AB]= {’11 _11}

which is not full-rank.
To further confirm this finding, consider the following change of variables

2(t) = E EJ z (1)

and the corresponding equations

d
%Zl (t) =z1(¢)

d 0
L () = —22 (1) + 24° (1)
dt
The new representation of the closed-loop system clearly highlights the lack of reachability of
state variable z1 (t) from the input y° (t), as well as its instability.

(6.8)

In the previous example, we have analysed the effects of cancellation between
terms in the numerator of R (s) and corresponding terms in the denominator
of G (s). Similar conclusion could have been found in the opposite scenario.
We have seen that cancellations are making part of the open-loop system either
non-reachable or non-observable (or both). The reason why the closed-loop
system was unstable, even though it was not visible from the closed-loop trans-
fer function, can be easily justified resorting to the Kalman’s decomposition
discussed in Chapter 2.

-
&

| ¥T .
&

<
=
Dl
:
2|

Figure 6.6: Block diagram of the closed-loop system, highlighting the Kalman’s
decomposition.

Figure 6.6 reports the decomposition of the closed-loop system. Transfer
function L (s) corresponds to the part which is simultaneously reachable and
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observable. Possible cancellations between R (s) and G (s) are no longer part
of L(s) and, for this reason, are outside the feedback loop. As we have seen,
feedback is capable of altering the stability of a system. On the other hand, if
parts of the system are simultaneously unstable and outside the control loop,
they will remain as such.

6.3 Closed-loop stability analysis with Bode’s
diagrams

Focus again on the closed-loop system of Fig. 6.5. We have already seen that a
necessary condition for its stability is that no cancellations between R (s) and
G (s) occur within the left half-plane. Under this condition, one may refer to
the Routh-Hurwitz criterion to analyse the stability of such system. As a mat-
ter of fact, the Routh-Hurwitz criterion is still applicable.

However, as we will see in the following example, we better look for some-
thing easier to be applied.

Example 33. [Parametric stability analysis of a closed-loop system] Consider the system

G (s) =
(1+5)?
which has to be controlled in feedback using
a
R(s) =
(s) = - 5

where a, B are parameters to be tuned. The closed-loop characteristic equation results the
following one

SH2+8)s2+(1+28)s+a+8=0 (6.9)
while the corresponding Routh-Hurwitz table is
1 (I1+28) 0
2+ B a+ 8 0
a+pB—(1+28)(2+0) 0
2+p
a+f

and the corresponding region in the af-plane corresponding to closed-loop asymptotic stability
is reported in Fig. 6.7.

If this strategy seems already quite involved, imagine using this tool to assume small
variations on the parameters characterising the dynamics of the system to be controlled, i.e.

i 1+¢
G (s) = 7(1 e

The example just reported clearly indicates that the Routh-Hurwitz cri-
terion, though being applicable, is not suitable to be used as a guideline to
select the parameters of the controller R (s). Moreover, still in the example,
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Figure 6.7: Region of the af-plane for which the closed-loop system charac-
terised by characteristic equation in (6.9) results asymptotically stable.

the Routh-Hurwitz criterion was applicable since at least the order ng of the
transfer function characterising the controller was given. How would it be pos-
sible to apply this method if no hypothesis on the structure of the controller
has been made?

As we will see next, the graphical representations of a frequency response (i.e.
Bode’s diagrams, see Chapter 4) come to help.

In the previous examples, we have seen that the stability of the closed-loop
system depends on the roots of the (closed-loop) characteristic polynomial, i.e.
the solutions of the equation

1+L(s)=0
which can be clearly rewritten as
L(s)=-1

Hence, how the loop-transfer function L (s) is related to the value —1 (which
can be also alternatively written as e 77, i.e. the complex number with unit
magnitude and phase —m) represents the key point in addressing the stability
property of a closed-loop system.
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6.3.1 Phase margin criterion

Consider the block diagram of Fig. 6.8 where, for brevity, L (s) = R(s) G (s)
and assume no cancellations within the right half-plane between R (s) and G (s).
The following result will show that the stability of the closed-loop system
can be discussed relying only on the graphical representations of the frequency
response of L (s), i.e. its Bode’s diagrams.

Y () Q L(s) y (1)

Figure 6.8: Block diagram of a simple closed-loop system, with L (s) =
R(s)G (s).

Theorem 7 (Bode’s stability criterion). Given that L (s) = R (s) G (s) has no
cancellations within the closed right half-plane and no poles within the open
right half-plane, and assume

1. the generalised gain pur, of L (s) is positive, i.e. limg_,q s L (s) > 0;

2. the magnitude diagram of L (jw) has exactly one intersection with the
0 dB axis from above to below occurring at frequency w. (crossover
frequency), ie. Jw. : |L(jw.)| = 1, |L(jw)] > 1,Vw < w. and
|L (jw)| < 0,YVw > w,.

define v, phase margin the quantity
Ym =7 — |£L (jwe)|
then the closed-loop system of Fig. 6.8 is asymptotically stable if and only if

Ym >0

Example 34. We have already seen that the closed-loop system characterised by R (s) =k
and

1
G(s) = —=
(®) 1+ 5)3
is asymptotically stable for —1 < k < 8. Consider then k =5 and correspondingly

5

(1+9)°

L(s)=

Bode’s diagrams of L (jw) are reported in Fig. 6.9 from which one can clearly notice
that all the hypotheses for the applicability of the Bode’s criterion are satisfied with w. ~ 1.4
rad/s and Py = m — |ZL (jwe)| = 17deg > 0 from which the asymptotic stability of the
closed-loop system directly follows.
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Figure 6.9: Bode’s diagrams of L (jw), from which w, ~ 1.4 rad/s and ¢, =
17 deg.

Example 35. [Closed-loop stability analysis with the Bode’s criterion] Consider, as a further
example, the following pair

1 1+0.1s

G(s) = —— R(s) =1000———
1+ s

From the Bode’s diagrams in Fig. 6.10 one can notice that the closed-loop system is expected

to be asymptotically stable with we ~ 100 rad/s and m ~ 85 deg.

Consider now a slightly modified transfer function G (s), i.e.

. 14¢€
G(s):r,0<e<<1
S

The Bode’s diagram of the phase of L (jw) will remain unmodified since
/L (jw) = £ (1+¢) L (jw) = ZL (jw)

In turn, the Bode’s diagram of the magnitude will be slightly shifted vertically. Moreover,

notice that
N 100 (1 +¢)

hence in the case of the slightly modified system é(s), the corresponding crossover would
result approximately the same

wc:‘i(jwc) =1= wc~100(1+¢)

and similarly for the phase margin.



84 CHAPTER 6. LTI SISO CONTROL SYSTEMS

/
/
/

Magnitude (dB)
»
o
/

or T b
\\
-40 I I I I i
107 101 10° 10t 102 10°
Frequency (rad/s)
-90 s ‘ ‘ ey
- =
|
5 B RIS
S \ ‘
©-180F —— —— — ———— — NS SRS 2 0] EN AR 1 A NN
0
[
ey
o
270 L L L L
102 10" 10° 10* 102 10°

Frequency (rad/s)

Figure 6.10: Bode’s diagrams of L (jw), from which w. & 100 rad/s and ¥,, =
85 deg.

In the previous example, we have seen that the Bode’s stability criterion
can be adopted to check the asymptotic stability of a closed-loop system by
graphical inspection of the Bode’s diagram of L (jw). In addition, the intro-
duction of a parametric uncertainty, and the reasoning on its influence on the
Bode’s diagram of L (jw), appeared to have little influence on the stability of
the closed-loop system.

As a conclusion, we can assert that the Bode’s criterion, rather than the
Routh-Hurwitz criterion (which however had no limits in its applicability),
seems to be more appropriate for the analysis of the stability property of a
closed-loop system (despite its additional hypotheses on the frequency response
of L(s)).

Finally, notice that whenever 1, = 0 one would have, at frequency w,, the
following phase

ZL (jwe) = —7

and therefore, since |L (jw,.)| = 1, the corresponding evaluation of the frequency
response of the loop transfer function for w = w, results

L () = | )| e 4E0%) = e
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Hence, the closed-loop characteristic equation
1+L(s)=0

has a solution (i.e. a closed-loop pole) for s = jw.. Since its real part is zero,
the closed-loop system cannot be asymptotically stable.

6.3.2 Gain margin criterion

Similarly to the phase margin criterion, closed-loop asymptotic stability can be
also verified with the following alternative way.

Theorem 8 (Gain margin criterion). Given that L(s) = R(s)G (s) has no
cancellations within the closed right half-plane and no poles within the open
right half-plane, and assume

1. the generalised gain g, of L (s) is positive, i.e. limg_,o s L (s) > 0;

2. the phase diagram of L (jw) has exactly one intersection with the —m
axis from above to below occurring at frequency wy, i.e. wy : LL (jws) =
—m, ZL (jw) > —m,Yw < wyx and ZL (jw) < 0,Vw > wy.

define g, gain margin the quantity

1
I9m = 77 7
L (jwn)|

then the closed-loop system of Fig. 6.8 is asymptotically stable if and only if
gm > 1, d.e. |L(jwr)| <1

Repeating the same reasoning introduced for the phase margin, the value
gm = 1 corresponds to

and since, from the definition of w,
LL (jwr) = —7

we have
L (jwﬂ) = |L (]w‘rr)| el <L0wn) = g=im

from which the presence of a closed-loop pole in s = jw, follows, and conse-
quently the impossibility for the closed-loop system to be asymptotically stable.

Example 36. Considering again the following loop transfer function

5

L =75y
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which we already proved, using the Bode’s criterion, to correspond to an asymptotically stable
closed-loop system.
The Bode’s diagrams of L (jw) are reported in Fig. 6.11 from which we notice that

all hypotheses for the applicability of the gain margin criterion are satisfied with wy ~ 1.73
rad/s and gm ~ 1.6 > 1, which further confirms the asymptotic stability of the corresponding

closed-loop system.

= ~N

g O N 1
S

(4]

S -40 - 4
s

% 80 - i
g.

107 10 10° 10* 102

Frequency (rad/s)
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o
N
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107 10 10° 10t 102
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Figure 6.11: Bode’s diagrams of L (jw), from which w, &~ 1.73 rad/s and
gm ~ 1.6.
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LTI SISO control systems
analysis

n (t)
Figure 7.1: A negative feedback control system.

The focus of this Chapter is to provide tools for the analysis of the control
system in Fig. 7.1, where

e ' (t) represents the exogenous signal which provides a (possibly time-
varying) reference value to be tracked by the controlled variable y (¢);

e w (t) represents a non-measurable load disturbance;
e d(t) represents a non-measurable output disturbance;
e 1 (t) represents the measurement noise;

e u (t) represents the control variable.

87
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In order to evaluate the tracking performance, we introduce the quantity (error):

e(t)=y" (1) —y ()

Finally, R (s) and G (s) are transfer functions representing the controller and
the system to be controlled, respectively.

7.1 Stability of the closed-loop system

In Chapter 2, we have introduced stability as a property guaranteeing a bounded
deviation from the nominal trajectory of a system in case of a perturbed initial
condition. We have also introduced asymptotic stability in case of a vanishing
effect of such a perturbation. We have also discussed that, in case of LTI sys-
tems, stability is a property that is shared among all possible trajectories. Still
considering LTI systems, using the Lagrange’s formula, we have seen asymptotic
stability implies a vanishing free response of the state and of the corresponding
output.

In Chapter 6 we have seen that the asymptotic stability for closed-loop
system could be analysed through simple graphical arguments using the Bode’s
stability criterion, that is

e both the controller R (s) and the system G (s) do not have poles with
strictly positive real part;

e the loop transfer function L (s) has a positive gain;

e the magnitude diagram of the frequency response of the loop transfer
function L (s) crosses the 0 dB axis exactly ones from top to bottom;

e the phase margin is positive.

7.2 The ”Gang of four”

The overall closed-loop system in Fig. 7.1 is characterised by four inputs (y° (¢),
w(t), d(t), and n(t)) and three outputs (y(t), v (t) and e(t)), see also Fig.
7.2. Assuming a null initial condition for all state variables, the relationships
between each output variable and the three possible inputs are as follows:

1 1 L(s) G (s)
PO O e O T e O e @
R (s) R (s) R (s) L(s)
V= rw O e @ O T @



7.2. THE "GANG OF FOUR” 89

1 p— ()
w(t) — M)_O
s () =1 (t) ~y (1)

R (s) e(t) —n(t)
Figure 7.2: Pictorial representation of a negative feedback control system.

As one can notice from (7.1), despite the twelve possible pairs of inputs and
outputs, the transfer functions for the closed-loop system are essentially four
(apart from the sign), namely

L
1. the complementary sensitivity: F (s) = ———;

1

2. the sensitivity: S (s) = TL();
s

3. the control sensitivity: Q (s) = ————

4. the output sensitivity: V (s) = ————.
which only differ from the numerator.

From now on, we assume that the loop transfer function L (s) = R (s) G (s)
characterising the closed-loop control system in Fig. 7.1 has been obtained
without cancellations within the closed right half-plane, has a positive gain and
no poles with strictly positive real part, it crosses the 0 dB axis exactly ones
from top to bottom and ,, > 0. Under these assumptions, from the Bode’s
stability criterion, we can ensure asymptotic stability of the closed-loop system.
As a consequence, the free motion of every state variable will tend to zero, and
the frequency response theorem can be safely applied.

7.2.1 Complementary sensitivity

The complementary sensitivity expresses, among the others, the relationship
between y" (t) and y (t). Hence ideally one would like to have

L (jw)

Vw @ |F (jw)| = A
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which would imply y (t) ~ y° (t), hence e (t) ~ 0. To this end, one would require
the magnitude of L (jw) to be as big as possible.

On the other hand, notice that the same transfer function also describes the
relationship between the measurement noise n (t) and the controlled variable
y (t). For this reason, one would also like to obtain

L (jw)

Vw i |F (jw)| = T4 L(w)

~

which would imply y () & 0, no matter the amplitude of the measurement noise
n (t). To this end, one would require the magnitude of L (jw) to be as small
as possible.

The two requirements are clearly conflicting. Moreover, since the loop
transfer function L (s) is assumed to satisfy the Bode’s stability criterion, its
magnitude diagram crosses the 0 dB axis exactly once, from top to bottom, cor-
responding to the crossover frequency w = w,.. Hence, a reasonable requirement
is to have |L (jw)| as big as possible for w < w,. as well as |L (jw)| as small as
possible for w > w.. Consistently, the complementary sensitivity would result

1w << we
F (jw)| =~ 7.2
IF (ju) {LM,W% (7.2)

Example 37. [Approzimations for the complementary sensitivity] In one examples of Chap-
ter 6, we considered

1 14 0.1s
G (s) = i1 R (s) = 1000 i

and the corresponding loop transfer function

_ 10001 + 0.1s
R 1+s

S

Correspondingly, we have computed a crossover frequency of w. =~ 100 rad/s and a phase
margin of Ym ~ 85 deg. Figure 7.8 reports the magnitude diagrams of L (jw), F (jw). As
one can see, the approzimation introduced in (7.2) well predicts the behaviour of the actual
magnitude of the frequency response of F (s).

As of now, we have been able to approximate the magnitude diagram of
F (jw) at frequencies that are well separated from the crossover frequency w,,
namely for w < w, and w > w,. What happens in the neighbourhood of w, is
still to be investigated. In particular, since |L (jw.)| = 1, we have

o LGegl 1
EGwol = T T ool = T L Gon)
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Magnitude (dB)
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10t 10° 10t 10? 10°
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Figure 7.3: Bode’s diagrams of the magnitude of L (jw) (blue), F (jw) (red).

Moreover, as L (jw.) = e/4Fwe) = ¢i¥e = cos (1)) + j sin (1..), one obtains
1 1

F(jwe)| = -
17 (el \/(1+COS(¢C))2+sin(¢c)2 V2(L+ cos (i)

We can relate the phase of the loop transfer function with the corresponding
phase margin as ¥. = 1,,, — 7 and therefore cos (1).) = —cos (¢,,). Finally,
from half-angle formulas and since we assumed 9, > 0

1

2sin (1/J2m>

It is evident that the behaviour of |F (jw.)| is highly sensitive to the value of
the phase margin.

|F (jwe)| = (7.3)

Example 38. [Behaviour of the complementary sensitivity around w.] Consider the two
following loop transfer functions

1
sv2 (1 + 5/0.5)

which are characterised by exactly the same crossover frequency we. = 0.5 rad/s, but different
phase margins, Vm = 90 deg and ¥, = 45 deg, respectively.

L1 (9) = 07;5 L2 (8) =
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Figure 7.4: Magnitude diagrams of the frequency response of the two comple-
mentary sensitivities F; (jw) (blue), F5 (jw) (red).

The magnitude diagrams of the frequency responses of the corresponding complementary
sensitivities are reported in Fig. 7.4.

While the former, corresponding to ¢, = 90 deg, has a magnitude lower than 0 dB
corresponding to the crossover frequency we. = 0.5 rad/s, the magnitude of the latter is
definitely higher than 1. This could have been somehow expected from (7.3). In particular,
the shape of |Fy (jw)| resembles the one of a first-order system with unit gain and pole in
1/we, while the one of |Fa (jw)| presents a resonance peak which can only be justified by a
pair of complex and conjugate poles.

Based on the evidence of the previous example, depending on the value of
the phase margin 1,,, the behaviour of the complementary sensitivity can be
further approximated. A first-order approximation

1

F(s)~ —
() 1+ s/we

(7.4)
can be justified in case of high values of the phase margin (for example, ¥,,, > 80
deg), while, in the case of significantly lower values (i.e. ¥, < 40 deg), a second-

order approximation
1

2 w2 + 26 /wes + 1
should be preferred. Further notice that the position of the pole(s) coincides
with the crossover frequency w.. Moreover, the value of the damping £ in the

F(s) =~
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second-order approximation deserves further attention. From the analysis of
Bode’s diagrams in Chapter 3, we have seen that the peak magnitude of a
resonant behaviour is equal to 1/(2£). On the other hand, we have already
seen in (7.3) that the value |F (jw.)| depends on the phase margin t,,, hence
letting

£ =sin Ym (7.5)

2

We can conclude that, in case of reduced phase margins, an approximated
version of the complementary sensitivity can be the following one:

1
F(s) ~ — . (7.6)
/2
%+2Ms+ )
wg We

Finally, assuming the measurement noise n (t) to be the combination of
high frequency harmonic signals with frequencies @ > w,, from the frequency
response theorem we have that

Vo > we : Y (j@)| = [F (o) [N (j@)| ~ L (jo)| [N (j©)]

meaning that effect of the measurements noise n (t) on the controlled output
y (t) will be attenuated since |L (jo)| < 1 for @ > we.

Example 39. [Effect of measurement noise on the output] Consider

and two different controllers

1+0.1s 1+0.1s
R (s) = 1000———, Ry (s) = 1000 —————
s s (14 0.001s)

where the latter is identical to the former, apart from an additional high-frequency pole. In
both the cases, we = 100 rad/s with ¥y > 0.

Figure 7.5 reports the magnitude diagrams of the frequency responses of the two complemen-
tary sensitivites F1 (s) and F» (s) corresponding to the two different controllers. Assume now,
that the closed-loop system is affected by a high frequency measurement noise n (t) = sin (wt)
with @ = 5000 rad/s. Since the magnitudes of the two corresponding frequency responses of
the complementary sensitivity differ of approzimately 15 dB at the frequency of the measure-
ment noise @ = 5000 rad/s, we expect the amplitude of the oscillations in the output signal
y (t) corresponding to the first controller to be 10(15/20) ~ 5.6 higher than in the other case
(see Fig.7.6).

7.2.2 Sensitivity

Back to (7.1), the sensitivity transfer function describes the relationship be-
tween the disturbance d(¢) and the error e(t), as well as between the distur-
bance d (t) or the reference y° (t) and the error e (t). In all the cases, one would
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Figure 7.5: Magnitude diagrams of the frequency responses of the two comple-
mentary sensitivities F; (jw) (blue), F5 (jw) (red).

like to have its magnitude as small as possible, at all frequencies, i.e.
1

Yw 1 |S (jw)| = A

This would imply the output y(¢), as well as the tracking error e (), being
insensitive to the disturbance d(t). Unfortunately, the following relationship
holds

Vs:F(s)+S(s)=1

and therefore the magnitude of the frequency response of the sensitivity trans-
fer function can be surely made small at frequencies lower than w,, but it will
inevitably get close to 0 dB for frequencies higher than the crossover frequency,
since |F' (jw)| = 0,w > w.. As we have already seen discussing the complemen-
tary sensitivity, a reasonable requirement is to have |L (jw)| as big as possible
for w < w, and as small as possible for w > w.. Consistently, the sensitivity
would result

15 (o) ~ {1/ 1L Gl < e &

S W > W

Example 40. [Approzimations of the sensitivity] Considering again

10001 + 0.1s
o=
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Figure 7.6: Responses of the output signal y (t) for the two controllers Ry (s)
(blue) and Ry (s) (red).

the corresponding magnitudes of the frequency responses of the sensitivity and the comple-
mentary sensitivity transfer functions are reported in Fig. 7.7. As expected, since F (s) +
S (s) = 1, wherever |F (jw)| = 1 (i.e. for w < we), |S (jw)| = 1/|L (jw)| ~ 0, while corre-
sponding to |F (jw)| = |L (jw)| = 0 (i.e. when w > we), |S (jw)| = 1.

We now wonder why transfer function S (s) is called sensitivity. To under-
stand the reason behind its name, consider the complementary sensitivity

R(s)G(s)

FO =1 ream

and assume one may want to investigate how this closed-loop transfer function
is affected by a variation of the transfer function G (s) representing the system
under control. In other words, one wants to study OF (s)/0G (s). With simple
mathematical arguments, we obtain

OF (s) _ 0 R(s)G(s) _ R(s) _ 1 F(s)
0G (s) O0G(s)\ 1+ R(s)G (s) (14 R(s)G(s)> 1+R(s)G(s)G (s)

from which

(7.8)
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Figure 7.7: Magnitude diagrams of the frequency responses of the comple-
mentary sensitivity F (jw.) (blue) and of the sensitivity S (jw.) (red) transfer
functions.

From equation (7.8), one can notice that a (normalised) variation in the fre-
quency response of the system under control, i.e. dG (jw) /G (jw), is producing
a (normalised) variation in the frequency response complementary sensitivity,
OF (jw) /F (jw), only when S (jw) differs from zero, which happens for w > w..
We can then conclude that the feedback control scheme in Fig. 7.1 is able to
mask the effects of uncertainties G (jw), provided that they happen before the
crossover frequency we, i.e. when |S (jw)| = 0.

Example 41. [Mass with friction/ Consider again the system in Fig. 6.1. Assume the
velocity of the mass v (t) as the measured output of the system, m = 50, r = 3, the transfer
Sfunction from the input force f(t) to the velocity v (t) is as follows

1
T 50s+3

G (s)

Further assume a controller R (s) = K with K = 500, then the corresponding loop transfer
function
500
L(s)=
50s + 3
has a crossover frequency of we = 10 rad/s and a phase margin of Vm =~ 90 deg.

Assume that the friction coefficient of the actual system is ten times smaller the the one
assumed so far. In this case
1

G S )= ——
)= 505703
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and
500

L(s)= ——
50s + 0.3
which still corresponds to we = 10 rad/s and 1m ~ 90 deg. Figure 7.8 reports the magnitudes
of the frequency responses of the two loop transfer functions.
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Figure 7.8: Magnitude diagrams of the frequency responses of the two loop
transfer functions for the nominal (blue) and the reduced (red) friction coeffi-
cient.

As one can see, the major difference between the two (which is due to the two different
values of the friction coefficients r) happens way before the crossover frequency we.

One would then expect the two corresponding complementary sensitivities to be roughly
the same. Indeed, Fig. 7.9 reports the magnitude diagrams of the frequency responses of
the two complementary sensitivities. As the uncertainty on the dynamics of the system (and
therefore on the corresponding loop transfer function) happens at low frequency, i.e. for
w K we, the modification in the friction coefficient has barely no effects on the behaviour
of the closed-loop system and in particular on the response of v (t) to a constant reference
velocity v° (t) = v,t > 0. In Chapter 6, though with different arguments, we were able to
get to the same insights, in fact for R(s) = K, we concluded that the forced response of the
output v (t) was

K+r
Ko - t
1—e m ,t>0
K+r

v (t) =

which is barely influenced by r, in case K > r.

In Chapter 6, as well as in the last example, we have seen that the controller
R (s) = K was able to make the velocity of the mass v (t) arbitrarily close to
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Figure 7.9: Magnitude diagrams of the frequency responses of the two comple-
mentary sensitivities for the nominal (blue) and the reduces value of the friction
coefficient (red).

the desired value o, but it was not possible to make it exactly equal to the
reference, at least asymptotically.

More generally, we are interested in formally investigating which property of the
control system is influencing the steady-state value of the error e (t) = y° (t) —
y (t). As already discussed, the sensitivity transfer function S (s) describes how
the error signal e (t) is related to both the reference y° (t) and the disturbance
d (t). And therefore, assuming w (t) = n (t) = 0, we have

oo = tiigo e(t)= lim sE (s) = lim s (s) (Y°(s) — D(s))

Without any lack of generality we can assume d (t) = 0 and analyse the effects
of 3 (t), only. The following reasoning can be then applied considering d (t)
and 3° (t) = 0. Considering a reference signal y° (t) as a polynomial function
of time ¢, that is

W)=t k>0,t>0

we have

oo = lim 58 (s) s ¥ 71 = lim S (s) s~ *
s—0 s—0

which clearly depends on k and on the behaviour of S (s) for s — 0. The latter
clearly depends on the behaviour of L (s) for s — 0 which satisfies
lim L (s) — 22 =

s—0 s9L
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hence
! =k=0
1+/1/ngL - —
sk s9L =k 1
oo = lim —— =lim —={ —, 9. =k, g, >0>0
s—0 pr  s—0 89 4y, ML
1+ 0,91 > k
400,91, < k

From the time domain perspective, the Tab. 7.1 summarises the given findings:

1
0 +00 +00
I+pr
1
1 0 — +o00
Hr
1
2 0 —
1277
0

Table 7.1: Steady-state error e, as function of the type g, and generalised gain
pr of the loop transfer, for some possible reference signals y° (¢).

Hence, the type g, and the gain uy, of the loop transfer function L (s) are
important parameters influencing the precision of the control system in the
asymptotic tracking of the reference.

Example 42. [Mass with friction] With reference again to the simple system of Fig. 6.1, in
Chapter 6 we have seen that for a constant reference velocity v° (t) = ©,t > 0, no disturbance
w(t) =0,Vt >0, and controller R (s) = K, the steady-steady state value of the velocity could
be characterised as follows

K
K+r
In the light of the discussion above on the sensitivity transfer function, we would have ob-
tained the same results simply computing

1 K
vm:vew:v(lggrbS(s)):v(l1+K/T>:vK+r

On the other hand, with the controller

Voo =V

1+s
s

R (s) = 500

hence with a loop transfer function with type gr, = 1, we would have obtained

=0

voo:vfeoo:v<1fslgr65(s)>:v 17.91%1 =00
Jr

rs




100 CHAPTER 7. LTI SISO CONTROL SYSTEMS ANALYSIS

Consistently with the findings in Tab. 7.1, a different type g, of the loop transfer func-
tion is responsible for a different steady-state behaviour of the output in tracking a constant
reference.

The sensitivity transfer function also represents the relationship between
the disturbance d (¢) and the output y (¢). Ideally one would like to have the
output insensitive to the disturbance, we have seen that this is only possible at
frequencies lower than the crossover frequency, i.e. for w < w,.. Then, assuming
the disturbance d (¢) to contain just frequencies w that are lower than we, i.e.
W < we, from the frequency response theorem we have that

Vo L we : [E(jo)| =[S (o)l D (5)] ~ [1/L (jo)] |D (@)

meaning that the effect of the disturbance d(¢) on the output y(¢) will be
attenuated by a factor that depends on how large |L (j@)| is.

Example 43. [Effect of the disturbance on the output]/ Consider a system and two different
controller
1
G (s) = ——, Ry (s) = 1000
() = TR (9
For both the controllers, we = 100 rad/s with ¥y, > 0.

1+40.1s 1+ s
Ry (s) = 100——
S S
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Figure 7.10: Magnitude diagrams of the frequency responses of the two sensi-
tivities S1 (s) (blue) and Ss (s) (red).

Figure 7.10 reports the magnitude diagrams of the frequency responses of the two sensi-
tivities S1 (s) and Sz (s) corresponding to the two different controllers Ri (s) and Ra (s).
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Assume now, that the closed-loop system is affected by a slowly-varying disturbance
d(t) = sin(@t) with @ = 1 rad/s < we = 100 rad/s. Since the magnitudes of the two
corresponding frequency responses of the sensitivity differ of approximately 20 dB at the fre-
quency of the disturbance @ = 1 rad/s, we expect the amplitude of the oscillations in the
output signal y (t) corresponding to the first controller to be 10 times smaller than in the
other case (see Fig.7.11).
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-0.01

-0.015
0
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Figure 7.11: Responses of the output signal y (¢) for the two controllers Ry (s)
(blue) and Rs (s) (red).

7.2.3 Control sensitivity

From (7.1), we see that the control sensitivity

R(s)
Q)= 7715
14+ L(s)
equivalently describes, apart from the sign, how the control variable u (¢) is
related to the reference 3° (), the disturbance d (¢), and the measurement noise
n (t). Therefore, one would ideally like to have

R(jw)

v QUL = 1T G

in order to achieve all possible closed-loop performance, with negligible control
effort. We should now have understood that ideal requirements cannot be
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satisfied in practice. In a more realistic situation of | L (jw)| being big for w < w,
and small for w > w,, one might introduce the following approximations:

1/1G (jw)|,w < we

IR (jo)| 0 > (7.9)

|Q (jw)| = {

For the first time, the approximation of one transfer function in the ”Gang

of four” does not depend directly on the magnitude of L (jw). From the one

hand, at frequencies lower than the crossover frequency, i.e. w < w,, the mag-

nitude of the frequency response of the control sensitivity depends solely on the
system to be controlled.

On the other hand, at higher frequencies, that is for w > w,., the magnitude
of the frequency response of the controller |R (jw)| might significantly influence

how the control signal u (t) is affected by the reference y" (¢), the disturbance
d (t), and the measurement noise n (t).

Example 44. [Approzimations of the control sensitivity] Consider

1 1+40.1s
G (s) = , R (s) = 1000
1+s S
The loop transfer function corresponds to a crossover frequency of w. = 100 rad/s and a

positive phase margin, i.e. Y., > 0.
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Figure 7.12: Magnitude diagram of the frequency response of the control sensi-
tivity @ (s) (blue) as compared to the ones of 1/G (s) (red) and R (s) (yellow).

Figure 7.12 reports the Bode’s diagram of the magnitude of Q (jw) as compared to the
magitudes of G (jw) and R (jw).



7.2. THE "GANG OF FOUR” 103

Finally, assuming the measurement noise n (t) to be the combination of
high frequency harmonic signals, i.e. with frequencies @ : @ > w,, from the
frequency response theorem we have that

Vo > we: U (jo)| = |Q (J@)| [N (j@)| = |R (jo)| [N (@)

meaning that the amplitudes of the harmonics of the measurements noise n (t)
will be possibly amplified in the control signal wu (¢) for @ > w..

Example 45. [Effect of measurement noise on control signal] Consider again

and two different controllers

1+0.1s 1+0.1s
Ry (s) = 1000——"% Ry (s) = 1000——— >
s s(1+0.001s)

where the latter is identical to the former, apart from an additional high-frequency pole.
Figure 7.13 reports the magnitude diagrams of the frequency responses of the two control
sensitivites Q1 (s) and Q2 (s) corresponding to the two different controllers R1 (s) and Ra (s).
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Figure 7.13: Magnitude diagrams of the frequency responses of the two control
sensitivities corresponding to controller Ry (s) (blue) and R (s) (red).

Assume now that the closed-loop system is affected by a high frequency measurement
noise n (t) = 0.1sin (wt) with @ = 5000 rad/s > w. = 1000 rad/s. Since the magnitudes of
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the two corresponding frequency responses of the control sensitivity differ of approximately
15 dB at the frequency of the measurement noise, i.e. for @ = 5000 rad/s, we expect the
amplitude of the oscillations in the control signal u (t) corresponding to the first controller
to be 10(15/20) x 5.6 times higher than in the other case (see Fig. 7.14).
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Figure 7.14: Responses of the control signal u (¢) to the measurement noise n (t)
for the two controllers Ry (s) (blue) and Ra (s) (red), respectively.

7.2.4 Output sensitivity

Last but not least, the output sensitivity V (s) expresses the relationship be-
tween the load disturbance w (t) and the error e (¢). Ideally, one would like to
have

G (jw)

W VGl = |35 | =

in order to make the error e (t) insensitive to the load disturbance w (t). How-
ever, as we have already seen, a more realistic requirement is to have |L (jw)|
big only before the crossover frequency, i.e. for w < w,, in this case

G ()l /|L (jw)|, w < we

7.10
G ()] w > w. (7.10)

IV (jw)l ~{

Therefore, assuming the load disturbance w (t) to be characterised by low-
frequency harmonics only, i.e. with frequencies @ < w,, from the frequency
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response theorem we have that

G
Vo Cwe s |E (o) = [V (jo)[ W (jo)| = el

1
G =
(8) =17 e
and two different controllers
14 0.1s 1+ 10s
Ri (s) = 1000———, R2 (s) = 10
s s

Figure 7.15 reports the magnitude diagrams of the frequency responses of the two output
sensitivities Vi (s) and Va (s) corresponding to the two different controllers Ry (s) and Rz (s),
respectively.

Magnitude (dB)

-120 L L L L
0 10t 10
Frequency (rad/s)

10

Figure 7.15: Magnitude diagrams of the frequency responses of the two output
sensitivities corresponding to controllers Ry (s) (blue) and Rs (s) (red).

Assume now, that the closed-loop system is affected by a lo frequency load disturbance
w(t) = sin(wt) with @ = 1 rad/s < we = 100 rad/s. Since the magnitudes of the two
corresponding frequency responses of the control sensitivities differ approzimately of 20 dB at
the frequency of the load disturbance @ = 1 rad/s, we expect the amplitude of the oscillations
in the error signal e (t) corresponding to the first controller to be 10 times higher than in the
other case (see Fig.7.16).
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Figure 7.16: Responses of the error signal e (¢) to the load disturbance w (¢) for
the two controllers Ry (s) (blue) and Rs (s) (red).

Finally, we might be interested in investigating which property of the con-
trol system influences the steady-state value of the error e (t) = y° (t) — y (¢).
Assuming y° (t) = d (t) = n (t) = 0, we have

€oo = lim e(t) = liH(l) sE(s) = —lim sV (s) W (s)
s—

t—+oo s—0
Considering
wt)=t"k>0,t>0
we have
oo = —lim sV (s) s ¥t = —lim V (s) s~ "
s—0 s—0

which clearly depends on k and on the behaviour of V' (s) for s — 0. The latter
clearly depends on the behaviour of both L(s) and G (s) for s — 0, which
satisfy

limL(s)—'u—L:O, limG(s)fﬂi:O
s—0 s9L s—0 s9ac
hence
e .
s $9R—
leno| = lim —3%%—s=% — Jim pes
s—0 L WL s—0 89L + Ly,
+ sz

From the time domain perspective, the Tab. 7.2 summarises the given
findings:
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MG
0 | limg +00 +00
—0 gG+/,LL
1
1 0 — 400
HUR
1
2 0 — 400
HUR
1
0 _
KR

Table 7.2: Steady-state error |eo| as function of the types g1, g and generalised
gain pr, pa of the loop transfer and of the system, for some possible reference
disturbances w (t).

Apart from the case gr = 0 and k = 0 for which the steady-state error e,
might depend on the type g of the system, and in particular

| e _0
. 1run ir ga
& 1
— ga >0
MR

all the the other cases are very similar to those in Tab. 7.1 provided that uj, is
replaced with pur = pr/pa.

Example 47. [Mass with friction] Consider once again the simple system of Fig. 6.1, in
Chapter 6 we have seen that for a constant load disturbance w (t) = W,Vt > 0, null reference
velocity v0 (t) = 0, and controller

R(s)=K
the steady-steady state value of the velocity could be characterised as
1
oo = —
= K+r

In the light of the discussion above on the output sensitivity transfer function, we would have
obtained the same results simply computing

€0 :.}%SE(S) :7W.}£I%)V(S):7K+r

On the other hand, with the controller

1+ s

R (s) = 500

hence with a controller and loop transfer function with type gr = gr, = 1, we would have
obtained
o = lim sE (s) = =W lim V (s) =0

s—0 s—0
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7.3 Summary

In this Chapter, we have analysed each of the transfer function in the ”Gang
of four”. We are about to sum up all the findings but now relating them to
each possible output of interest in the closed-loop system of Fig. 7.1, that is
the output signal y (¢), the error signal e (¢), and the control signal u ().

The output signal y (¢) is related to the three inputs as follows:
Y (s)=F(s)(Y°(s) =N (s))+ S(s)D(s)+V (s) W (s)

hence, in order to make y (t) ~ y° (), we need |F (jw)| ~ 1 in the bandwidth of
the reference signal y° (¢) and |F (jw)| = 0 in the bandwidth of the measurement
noise n (t). Notice that this is possible provided that |Y° (jw)| ~ 0,w > w,
and |N (jw)| = 0,w < w,, that is the crossover frequency w, is selected to well
separate the bandwidths of the reference y° () and the one of the measurement
noise n (t). Moreover, we also need |S (jw)| =~ 0 in the bandwidth of the distur-
bance d (t), as well as |V (jw)| ~ 0 in the one of the load disturbance w (t).
From (7.2), (7.7), and (7.10), all these requirements are achieved by making the
magnitude of L (jw) sufficiently large for frequencies that are lower
than the crossover, i.e. Yw <« w, and sufficiently small for higher fre-
quencies, that is Vw > w,.

The error signal e (t) is related to the three inputs as follows:
E(s)=8(s) (Y*(s) = D(s)) = F () N (s) = V () W (s)

hence, in order to make e(t) ~ 0, we need |S (jw)| =~ 0 in the bandwidth of
both the reference signal y° (t) and the disturbance d (t). Notice that this is
possible provided that both |Y° (jw)| & 0,w > w, and |D (jw)| = 0,w > we,
that is the crossover frequency w, is selected to include both the bandwidth
of the reference y° (t) and the one of the disturbance d (t). Moreover, we also
need |F (jw)| ~ 0 in the bandwidth of the measurement noise n (t), as well as
|V (jw)| ~ 0 in the one of the load disturbance w (¢).

From (7.7), (7.2), and (7.10), all these requirements are again achieved by mak-
ing the magnitude of L (jw) sufficiently large for frequencies that are
lower than the crossover, i.e. Vw < w, and sufficiently small for higher
frequencies, i.e. Vw > w,.

Finally, the control signal u (¢) is related to the three inputs as follows:
U(s)=Q(s) (Y°(s) = D(s) = N (s)) = F (s) W (s)

hence, in order to moderate the effort of the actuator, i.e. u(t) = 0, we need
|Q (jw)| ~ 0 in the bandwidth of both the reference signal y° (¢), the disturbance
d (t), and the measurement noise n (t). Notice from (7.9) this is just possible
for the measurement noise n (t). Moreover, we also need |F' (jw)| =~ 0 in the
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bandwidth of the load disturbance w (t), which is also not possible.

From (7.9) and (7.2), all the possible requirements are again achieved by making
the magnitude of L (jw) sufficiently large for frequencies that are lower
than the crossover, i.e. Vw < w. and sufficiently small for higher

frequencies, i.e. Yw > w,.
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Chapter 8

LTI SISO control systems
synthesis

In Chapter 7, we have seen how the characteristics of the frequency response of
the loop transfer function L (s) are influencing the behaviour of the closed-loop
system. In this Chapter, we rather look at the opposite problem: we will try
to shape the frequency response of the loop transfer function based on some
prescribed requirements we want the closed-loop system to have.

8.1 Handling of the requirements

In the light of the analyses reported in Chapter 7, it should be clear that all
requirements for the closed-loop system can be translated into equivalent
constraints on the frequency response of the loop transfer function
L (s). In the following, we will address how this process can be handled in a
systematic way. At the end of this process, i.e. when all requirements will be
somehow referred to the loop transfer function, a candidate form for L (s) will
be easily derived, from which the controller

L (s)
G (s)

R(s) =

will immediately follow.

8.1.1 Stability requirement

In this Section, the stability requirement for the closed-loop system will be
revised from another perspective. We actually want to investigate how the
frequency response of the loop transfer function L (s) is expected to be shaped
in order to guarantee the asymptotic stability for the closed-loop system, i.e. a
positive phase margin ¥,, > 0.

111
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Example 48. Consider the following loop transfer function
106/20

Li(s) = ——5

1(s) 1+ 5)2

which is assumed to be obtained without cancellations within the right half-plane. The cor-
responding Bode’s diagrams are shown in Fig. 8.1 from which we = 1 rad/s and 1y = 90
deg. Notice that the phase margin can be obtained as

INY
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[a0] X N
z
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=
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0 \
. |
o4
g 90 .
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o
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102 10" 10° 10t 102

Frequency (rad/s)

Figure 8.1: Bode’s diagrams of the frequency response of L (s).

P = T — 2atan (we)

which is quite sensitive to variation in the crossover frequency from the actual value we = 1,
in fact

OYm 2

Owe 7_1—&—0.;3:_

Consider now an alternative loop transfer function

10
1+ 10s

Ly (s) =

The corresponding Bode’s diagrams are shown in Fig. 8.2 from which we. = 1 rad/s and
Ym & 90 deg, hence approzimately the same of those obtained for L1 (s). Notice that the
phase margin can be obtained as

Ym = 7 — atan (10w, )

which is less sensitive to possible variations in the crossover frequency from the value w. =~ 1,
i fact

0 10

dwe 1+ 100w,
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Figure 8.2: Bode’s diagrams of the frequency response of Ly (s).

From the previous example, we have seen that the presence of singularities

(poles or zeros) near the crossover frequency w. can severely affect the sensi-
tivity of the phase margin with respect to variations in the crossover frequency
around its nominal value. The possible uncertainties in the evaluation of the
crossover frequency w,. should not be surprising. Its value, in fact, depends
on the magnitude of the frequency response of the loop transfer function L (s)
which, in turn, depends on the magnitude of the frequency response of the sys-
tem to be controlled for which G (s) only represents a (reasonably good, yet
not perfect) model.
As a rule of thumb, the crossover frequency should be far enough from singu-
larities. This way, in the neighbourhood of w., the behaviour of the phase
diagram should be substantially flat, so that the corresponding evaluation
of the phase margin 1, will result more robust with respect to uncertainties.

Beside requiring the magnitude diagram of the frequency response of the
loop transfer function L (s) to have no singularities in the neighbourhood of
the crossover frequency we, it is interesting to understand the way this crossing
should happen. From the discussions in Chapter 4, we have seen that the
slope of the magnitude diagram at any frequency w is equal to the difference
between zeros and poles (accounting for their multiplicity) appearing before
w. Therefore, the slope of the magnitude diagram of L (jw) at the crossover
frequency w. is equal to the difference between the number of zeros and the
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number of poles before the crossover frequency. As the crossing should happen
from top to bottom, the slope of the magnitude diagram has to be negative,
meaning that the loop transfer function L (s) should have more poles than zeros
before w,.. From the discussion above, these singularities should all happen well
before w.. Under these circumstances, since the phase shift associated to each
singularity with time constant T : |T'| > 1/w, is

T
Z (14 jw.T)*! = +atan (Tw,) ~ +sign (T) 3

the sole possibility to have a negative slope at the crossover frequency and a
positive phase margin (i.e. ZL (jw.) > —m) is to cross the 0 dB axis with slope
—20 dB/decade, i.e. to have exactly one more pole than zeros before w..

8.1.2 Steady-state requirements

In many practical applications, the precision of the control system in tracking
the reference signal " (¢) is of paramount importance. In the motivating ex-
ample introduced in Chapter 1, a significant steady-state error in the cruise
control might compromise the integrity of the vehicle, the safety of the driver,
and might cause the driver to receive a fine. In the last Section of Chapter 7,
we have seen that the relationship between the error signal and the inputs of
the closed-loop system can be written as

E(s)=8(s) (Y'(s) = D(s)) =V (s) W (s)

where we already assumed the measurement noise n (t) to have null components
at low frequencies. If the controller to be designed R (s) will be able to make
the closed-loop system asymptotically stable, the final value theorem asserts
that

€oo = lim e(t) = lim sE (s)

t—+oo s—0

By substitution, we obtain

eco = lim 55 (s) (YO (s) — D (s)) — lim sV (s) W (s)

s—0 s—0

Since
lim R (s) — 28 =0, lim G (s) - 2% =0
s—0 SIR s—0 s9¢G¢

we can further write

g9r+1 uGSgR+1
€oo = liIm —— (Yo (s)— D (S)) — lim ———W (s) (8.1)
s—0 S9L 4 [, s=0 890 + U

Therefore, given a reference signal 3° (¢), the disturbance d (t) and the load
disturbance w (t) that typically characterises certain applications, the require-

ment on the steady-state error e, (for example eso = 0 Or |eoo| < e2?*) can
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be obtained by properly selecting the generalised gain ur and the type
gr of the controller, possibly based on the generalised gain and the type
of the system under control, i.e. pug and gg, respectively, and therefore the
corresponding ones for the loop transfer function L (s).

Example 49. [Handling the steady-state requirement] Consider the system described by the
following transfer function
1—s

G(s) =

s
and assume the requirement on the state-state condition of the error to be

leco| < 0.01

when y° (t) = g°t, t > 0 with ‘g70| <1 and w(t) = wt?,t > 0 with |w| < 0.1.
Assuming the closed-loop system to be asymptotically stable, the requirements on the gener-
alised gain and type of the controller can be obtained by applying (8.1) to the case at hand,
with

=0

YO (s) = y?, W(s) = g D(s)=0

and therefore, knowing that pg =1 and gg = 1, one obtains:

gIRrR+1 g9r—1

leco| < lim

lim _
s—0 s9r+1 + ur

—— |+ 0.1
s—0 59R+1 + UR +

The first term is null Ygr > 0 and Yugr > 0, whilst for the second we have two possibilities:
either gr = 1, ur > 10 or gr > 2,Vur > 0, or equivalently

gr = 2,pr, > 10 or pp, > 3,Yur >0

8.1.3 Requirements on transients

The duration of transients mainly depends on the position of closed-loop poles
which, in turn, depends on the crossover frequency w.. In particular, as we have
seen in Chapter 7, the complementary sensitivity F'(s), can be approximated
with a first-order transfer function, i.e.

1

F(s)~ —
() 1+ s/we
for sufficiently high phase margins, e.g. ¥, > 80 deg, or with a second-order

one
2
c

82 + 26wes + w?’

w m

F(s) =~ =sin | —
(5) ¢ :
whenever 1, < 40 deg. Then, assuming one is interested in analysing the
transient of y (t) in response to a step reference of y" (t), according to the anal-
ysis of first- and second-order step responses in Chapter 3, the corresponding
1%-settling time would be

log, (100) 4.6

We We

Tsl% ~
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for high values of the phase margin ,,, or

log, (100) 4.6

T, =~ N —
o1 Ewe Swe

for low values.

In one case, the requirement on transients can be addressed by a proper
constraint on the crossover frequency w,, provided that it is possible to obtain a
reasonably high phase margin. Whenever this is not possible, the requirement
on the settling time has to be addressed by constraining both the crossover
frequency w, and the phase margin 1.,.

Example 50. [Handling requirements on transients] Assume the controller has to be de-
signed so that for a step reference y¥ (t), the output y (t) settles to its steady-state value in
no more than 3 seconds with a mazimum overshoot of 40%.

Whenever it is possible to obtain a sufficiently large phase margin (e.g. ¥m > 80 deg) to jus-
tify a first-order approzimation of the complementary sensitivity (hence with no overshoot),
it is just necessary to require we > 4.6/3 = 1.5317 rad/s. Otherwise, we have seen in Chapter
8 that for a second-order response, the mazimum overshoot is related to the damping as

m§
Sg, = 100e 'V 1—¢?

Hence, imposing
ém
100 V1= <49

one obtains a requirement on the minimum damping, that is & > 0.28, which corresponds to
Ym > 2arcsin (§) ~ 32.5 deg. Therefore, one needs we > 4.6/(3§) = 5.4704 rad/s.

In summary, in order to meet the given requirement on the duration of transients, one has
to satisfy either we > 1.5317, 1y, > 80 deg, or, alternatively, the less demanding requirement
we > 5.4704, ¢ > 32.5 deg.

8.1.4 Attenuation requirements

Attenuation requirements are handled using the frequency response theorem
and therefore will be satisfied only after the transients. Typical requirements
are specified through the relationship between the amplitude of harmonics of
one of the input, i.e. d(t), w(t) or n(t), and the corresponding amplitude of
the corresponding harmonic response of one output, i.e. y (t), y (¢), or u ().
The key idea to handle these kind of requirement is to consider which transfer
function in the ” Gang of four” is related to the given input/output pair, and to
use one of the approximations derived in Chapter 7 to translate the requirement
in terms of constraints on the magnitude of the frequency response of the loop
transfer function L (s).
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Example 51. [Handling attenuation requirements] Given the system

10

G(s)= ——
(#) = 17705

assume for one wants to attenuate on y (t) the effects of n(t) = nsin (@) of at least 30 dB
for @ > 100 rad/s, as well as of at least 20 dB the effects of w (t) = wsin (@t), & < 0.3 rad/s
on the output y (t).

To handle the former, one has to consider the transfer function from the measurement
noise n (t) to the controlled variable y (t) that is the complementary sensitivity

L(s)

Fs)= 1+ L(s)

The sole possibility to handle this requirement is to have we < 100 rad/s. Correspondingly,
one can use the high frequency approximation of the magnitude of the frequency response of
F (s), that is

| (jw)| = |L (jw)]

Then, assuming the closed-loop system to eventually result asymptotically stable, one can
apply the frequency response theorem and require

|L (jw)| < 10730720 ~ 0.0316, Ve > 100

Hence, the magnitude diagram of L (jw) has to stay below the one of 10(=30/20) for o > 100
rad/s.

To handle the latter requirement, one has to focus on the transfer function from the load
disturbance w (t) to the output variable y (t), i.e., apart from the sign, the output sensitivity
V (s). To handle this requirement we need to have we > 0.3 rad/s. Using the corresponding
approximation of the oulput sensitivity, one is actually requiring

G (jw
GG 20120 _ 1 vy < 0.3
|L (jw)l
or equivalently
|L (jw)| > 10|G (jw)|,Vw < 0.3

Hence, the magnitude diagram of L (jw) has to stay above the one of 10 |G (jw)| for w < 0.3
rad/s.

Figure 8.8 reports the graphical representation of the two attenuation requirements and
the magnitude of the frequency response of a possible loop transfer function

1+s
52

L(s) = V10

which satisfies both of them with we = 3.3 rad/s and Y, = 73.2 deg.

Notice that, given the loop transfer function L (s) and the transfer function of the system
G (s), one can easily derive the transfer function of the controller as

L L(s) 1 (1+4s)(1410s)
Ro=ge~vm =
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Figure 8.3: Graphical rendering of the two attenuation requirements of this
example and the magnitude diagram of the frequency response of a candidate
loop transfer function L (s).

8.2 Synthesis of the controller

In the previous Sections, we have seen that all the requirements for the closed-
loop system can be translated in terms of properties of the loop transfer func-
tion. For example, the requirement on closed-loop stability has been translated
into the shape of the loop transfer function and 1, > 0, the steady-state re-
quirements have been translated into constraints on the generalised gain puj,
and type gz, of L(s), etc. Table 8.1 summarises all the findings.

Once the loop transfer function L (s) has been designed to satisfy all these
requirements, the controller (s) can be simply computed as

We are now ready to present a complete example where the transfer function
of the controller R (s) is designed based on a set of requirements for the closed-
loop system.

Example 52. [Mass with friction - a complete ezample] Consider the mass with friction of
Fig. 6.1 with m = 50 and r = 3, and assume a closed-loop controller R (s) has to be designed
to obtain the following requirements for the closed-loop system.:
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Closed-loop requirement Constraint on L (s)

asymptotic stability crossing 0 dB with slope
—20dB/decade well far from
singularities, ¥, > 0

steady-state error generalised gain and type
attenuation of disturbances on output | magnitude sufficiently large in the
corresponding bandwidth

attenuation of noise on output magnitude sufficiently small in the
corresponding bandwidth

reduced settling time crossover frequency sufficiently high

reduced overshoot phase margin sufficiently high

Table 8.1: Typical requirements for the closed-loop system and their translation
in terms of properties of the loop transfer function L (s).

asymptotic stability;
null steady-state error for v°0 (t) = o,t > 0;

absolute value of the steady-state error lower than 0.1 when w (t) =t,t > 0;

o o~

effects of measurement noise n (t) attenuated of at least 3 dB on the control variable
f(t) for w> 100 rad/s;

5. a settling time of the response of the output v (t) for a step reference vV (t) no higher
than 12 seconds.

To handle the first requirement, we will just need to enforce the applicability of the Bode’s
criterion and check that 1, > 0.

As per the second requirement, we need to consider the transfer function from the refer-
ence v0 (1) to the error e(t), i.e. the sensitivity transfer function, and require
. - - 1
o = lim sE(s) =0 lim S(s) =0 lim ——— =0
s—0 s—0 s—0 nr,
s9dL

which is satisfied for gr, > 1 and Yur, > 0.

The third requirement can be handled similarly to the previous one by considering the
transfer function from the load disturbance w (t) to the error e(t) that is, apart from the
sign, the output sensitivity

g1 s9r—1
1
leso| = |lim sE (s)| = |lim sV (s) —| = |lim —"—| = |lim —"—| < 0.1
s—0 s—0 S s—0 L s—0 s9L + nr,
s9L

which holds for g, > 2 and Vur, or g, =1 and pr, > 10/7.

As per the fourth requirement, we can consider the frequency response theorem as applied
to the transfer function between the measurement noise n (t) and the control input f(t)
which is, apart from the sign, the control sensitivity Q (s). For high frequencies, the control
sensitivity can be approximated with the transfer function of the controller R (s) and therefore
we have to require
IR (jw)| < 1073/20 = 0.7079, Vw > 100
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Moreover, since R(s) = L (s) /G (s) we can equivalently require
|L (jw)| <0.7079 |G (jw)|,Vw > 100 rad/s

Finally, assuming the resulting phase margin to be sufficiently high (e.g. ¥m > 80 deg),
the last requirement on the settling time can be simply translated as follows

4.6
wWe > k) =0.3829 rad/s

If this constraint will result impossible to be satisfied, we will use the second-order approxi-
mation of the complementary sensitivity, instead.

The graphical representation of all the derived requirements is reported in Fig. 8.4. The
next step is then to draw the magnitude diagram of L (jw) and finally check if the phase
margin Y, will result sufficiently high to justify the hypothesis.
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Figure 8.4: Graphical rendering of the requirements of this example.

As a first attempt in designing the magnitude diagram of L (jw) we can focus on

0.4
L(s)=—
s
which has a crossover frequency of we = 0.4 rad/s and a phase margin of ¥y, = 90 deg and
hence satisfy both the first and last requirements. The corresponding magnitude diagram is
shown in Fig. 8.5.

As one can see from Fig. 8.5, the other three requirements are not yet satisfied. Then, we
can set g, = 2 and add a zero at least one decade before we. = 0.4 rad/s. The corresponding
loop transfer function would then result

~ 0.41+100s

L) =155
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Figure 8.5: First attempt in designing L (s).
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Figure 8.6: Second attempt in designing L (s).

which corresponds to a crossover frequency we = 0.4 rad/s and a phase margin of ¥y, = 88.6
deg and to the magnitude diagram in Fig. 8.6.
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The first three requirements are satisfied as well as the last one. However, this solution
is not yet consistent with the fourth requirement. Adding a pole approximately one decade
after we would produce a loop transfer function L (s) satisfying all the constraints. Consider
then
0.4 1+ 100s
1002 (1 + s/3.5)

Correspondingly, we obtained w. = 0.398 rad/s and 1y, = 82.1 deg, while the magnitude
diagram of L (jw) is reported in Fig. 8.7.
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Figure 8.7: Final attempt in designing L (s).

As one can notice, the proposed loop transfer function now satisfies all the prescribed
requirements. The transfer function of the corresponding controller R (s), i.e. the output of
the design process, can be simply obtained as

0.4 14 100s
Rw):‘L@):‘iﬁgﬁTIEZQS::04(1+1m@(ms+3)
G (s) 1 100 s2(1+s/3.5)
50s + 3

As a final verification, Figure 8.8 reports the step response of the output velocity v (t),
the response of the error e (t) for a load disturbance w (t) = 0.1t,¢t > 0 and the behaviour of
the control signal f (t) when the measurement noise is n (t) = 0.1sin (100t). From Fig. 8.8
notice that:

1. the steady state error is null after a quite long transient both in case of a step reference

and a linearly increasing load disturbance;

2. the response of the output is quite fast to get close to the reference value;

3. the amplitude of the oscillations in the control signal is less than approzimately 0.07
N when the measurement noise has amplitude 0.1 m/s, hence the attenuation effect
is of at least 1.4 times (3 dB).
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Figure 8.8: Validation scenarios. From left to right: step response of v (¢),
response of e(t) for w(t) = t,t > 0, and behaviour of f(t) for n(t) =
0.1sin (100t).

8.3 Design limitations

In the example of the previous Section, we have seen that apart from the require-
ment on the attenuation of the effects of the measurement noise n (t), where
was no particular upper bound on the selection of the crossover frequency w,.
Instead, a lower bound was introduced to handle the requirements on the tran-
sients. In this Section, we will investigate two situations characterised by a
limit on the maximum achievable crossover frequency we.

8.3.1 Delayed actuation or measurement

Consider now a LTT SISO system to be controlled characterised by the following
transfer function

G(s)=G(s)e "

where G (s) represents a generic rational transfer function (ratio between two
polynomials) with all singularities (zeros and poles) within the left half-plane,
while e™*7, 7 > 0 represents a delay in either the actuation or the measurement.
For a generic controller R (s), the corresponding loop transfer function results
as follows

L(s)=R(s)G(s)e™* =L(s)e "

with L (s) = R (s) G (s). As already discussed in Chapter 4, the presence of the
delay does not affect the magnitude diagram of the frequency response of L (s),
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ie. Vo ¢ L (jw)| = ’i(]w)’ |le9%7| = ‘f)(]w)‘

hence the crossover frequency w. is not affected by the possible presence of the
delay.

As discussed in this Chapter, in order to cross the 0 dB axis with slope —20
dB /decade, we expect one more pole than zeros before the crossover frequency.
Moreover, all singularities (zeros and poles) should be placed well far away from
the crossover frequency w,, hence

e the phase shift associated to each left half-plane singularity after the
crossover frequency, i.e. with time constants T' < 1/w.,T > 0 is negligi-
ble, in fact

Z (14 jw.T)*! = +atan (Tw,) ~ 0

e the phase shift due to left half-plane singularities before the crossover
frequency, i.e. T > 1/w., T >0, is

™ ™
/(14 jw.T)* = +atan (Tw,) ~ +sign (T) 3= :|:§

Since we expect one more pole than zeros before the crossover frequency, we
have

) T

and therefore

T m
2L (jwe) = £L (jwe) — weT = Ty T WeT

Correspondingly, the phase margin results as follows

™ T
Ym =7 — |ZL (jwe)| =7 — <2+%T> =5 weT
For the asymptotic stability of the closed-loop system, a positive phase
margin is required, therefore

™
Vm = ——wT >0
2
As a conclusion, the presence of a delay 7 > 0 in the system to be controlled
(either in the actuator or in the sensor) limits from above the value of the
crossover frequency we:
T

e < — 2
w<27_ (8)
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Example 53. [Delay and upper-bound on the crossover frequency] Consider the following
loop transfer function
1+s
L(s)= k792 e 015 k>0

For sufficiently high frequencies, the magnitude diagram of L (jw) can be approzimated with
the one of k/jw and therefore w. = k. Using the estimate of the mazimum crossover
frequency in (8.2), we can expect the closed-loop system to be asymptotically stable for
k < 7/0.2 &~ 15.7080 rad/s. Figure 8.9 shows the Bode’s diagrams of L (jw) for unit gain
k=1.
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Figure 8.9: Bode’s diagrams of the frequency response of the loop transfer
function of this example for k = 1.

As one can see from the Bode’s diagrams, the phase margin vy, vanishes for w. = 15.0421
rad/s, which is very close to the value of 15.7080 rad/s one would have predicted using (8.2).

8.3.2 Right half-plane zero

Consider now a LTT SISO system to be controlled characterised by the following
transfer function R

G(s)=G(s)(1—sT)
where G (s) represents a strictly proper transfer function with no singularities
in the right half-plane and 7 > 0 is the time constant of the unique zero in the
right half-plane. For a generic controller R (s), the corresponding loop transfer
function results as follows

L(s)=R(s)G(s)(1—s7)=L(s)(1—s7)
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with L (s) = R(s)G (s). Notice that, differently from the case of the delay,
this time, the presence of the right half-plane zero does affect the magnitude
diagram of the frequency response of L (s). It is worth to remember that, as dis-
cussed in Chapter 6, it is not possible to ensure closed-loop asymptotic stability
by designing a controller that cancels out the presence of the right half-plane
zero in G (s) with a corresponding pole.

Again, in order to cross the 0 dB axis with slope —20 dB/decade, we expect
in the loop transfer function L (s) one more pole than zeros before the crossover
frequency w.. In addition, as already discussed, all singularities (zeros and
poles) are to be placed well far away from the crossover frequency so that
the phase shift associated to zeros and poles after the crossover frequency,
i.e. having time constant T < 1/w., T > 0 is negligible. Differently from the
previous case, there are two options for the position of the right half-plane zero:
before and after the crossover frequency w.

Right half-plane zero before w,

If crossover frequency w, is set at a higher frequency with respect to the one
of the right half-plane zero, i.e. w. > 1/7, in order to cross the 0 dB axis with
slope —20 dB/decade, two more poles than zeros are expected before w,, in this
case

2L (jwe) = ZL (jw.) — atan (1w,) = —7 — atan (Tw,)

and the corresponding phase margin
Ym =7 — |—7 — atan (Tw.)| = —atan (Tw.) < 0

cannot be positive.

Right half-plane zero after w,

In turn, if the crossover frequency is selected to be lower than the frequency
of the right half-plane zero, i.e. w. < 1/7, only one more pole than zeros is
expected in order to cross 0 dB axis at w. with slope —20 dB/decade. Corre-
spondingly

- T
/L (jwe) = ZL (jw.) — atan (Tw,) = 5 atan (Tw.)

while the phase margin

T
=5~ atan (Tw,)

m
m = T — ‘—Q—atan(nuc)

can be positive, since atan (Tw.) < 7/4 whenever w, < 1/7.
In summary, the presence in the transfer function G (s) of a right half-plane
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zero has to be handled by limiting the crossover frequency w, from above, i.e.
by requiring

1
e < — 8.3
w<T ( )

Example 54. [Right half-plane zero and upper-bound on the crossover frequency] Consider
the following loop transfer function
Ls)=h—"% ko
S)=k——— Kk >
s(1+0.1s)
Using the estimate of the mazimum crossover frequency in (8.3), we can expect the closed-
loop system to be asymptotically stable whenever we < 1 rad/s. Figure 8.10 shows the Bode’s
diagrams of L (jw) for unit gain k = 1. As one can notice from the Bode’s diagrams, the
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Figure 8.10: Bode’s diagrams of the frequency response of the loop transfer
function of this example for k = 1.

phase margin 1y, vanishes for we = 3 rad/s. For we. = 3 rad/s, the crossing of the 0 dB axis
would happen with a barely horizontal magnitude diagram. On the other hand, the preferred
slope of the magnitude diagram of L (jw) which also guaranteed a positive phase margin is
in the bandwidth w < 1, which is exactly the value one would have predicted using (8.3), i.e.
the frequency of the right half-plane zero.
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Chapter 9

Feed-forward compensators,
PID controllers, and more

In Chapter 8, we have discussed how to design the transfer function R (s) of
a feedback controller based on the transfer function G (s) of the system to
be controlled and a series of design requirements that the closed-loop system
should satisfy. Furthermore, upper bounds on the crossover frequency w. were
discussed to limit the injection of measurement noise and in the case of non-
minimum phased transfer functions G (s). This Chapter will complement the
topics of Chapter 8 by introducing typical control schemes.

9.1 Feed-forward compensators

Regulation elements outside the control-loop can be also designed to possibly
compensate the limitations in the design of the feedback controller R (s). A
feed-forward compensator C' (s) is an element placed between the reference sig-
nal y° () and the control signal u (t). The corresponding block diagram is
reported in Fig. 9.1.

Notice that the presence of transfer function C (s) is only affecting the re-
lationship between the reference y° (t) and the output variables e (), (), and
u (t). In particular, the relationship between the reference 3° (t) and the output
y (t) now results as follows

C(s)G(s)) YO (s) C(s)G(s)+ L(s)

Y(s)=<F(s)+ Tr L0 L0 Y (s)

Hence, if C (s) can be selected so that C (s) G (s) = 1, then one would obtain
the ideal tracking objective
Y (s) =Y°(s)

129
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w d
w77
y° (t) —9 R(s) O——0— G (s) ~o——y (1)

n (t)
Figure 9.1: A negative feedback control system with feed-forward term C (s).

The ideal tracking objective can be fulfilled if

represents an asymptotically stable transfer function. Requiring C (s) to
be asymptotically stable is actually limiting the applicability of this strategy to
transfer functions G (s) which are not characterised by right half-plane zeros or
delays. More importantly, since most of the times the dynamics of the system
is represented by a strictly-proper transfer function G (s), it follows that the
ideal C'(s) obtained above would not be even a transfer function.

In order to sill benefit of this strategy and overcome its possible limitations,
we can design C (s) based on the following less restrictive requirement

N 1 max
C(s):|C (jw)| = m,w <w

Notice that referring now to the magnitude of G (jw) rather than to G (s) will
automatically avoid all the problems regarding the possible non-minimum phase
components of the system to be controlled. Finally, since

|F (jw)| = 1,Vw < w,

max

the design parameter w should be selected higher than the crossover fre-

quency, i.e. W™ > w,.

In order to ease the design of transfer function C(s), we introduce the
following
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Property 15 (Factorisation of a transfer function). Any SISO transfer function
G (s) can be factorised in the product between a transfer function with unit
magnitude at all frequencies and a rational transfer function, say Gy (s), with
positive generalised gain, no delays, and all singularities (zeros and poles) within
the closed left half-plane (minimum phase), i.e.

G (5) = Gump (5) G (s)

where ‘é(jw)‘ = 1,Yw, and therefore |G,y (jw)| = |G (jw)|,Yw (i.e. they have

identical magnitude diagrams).

Example 55. [Factorisation of a transfer function] Considering the following transfer func-
tion
1—s

12 e
(1+10s) (1 —0.1s)

According to the aforementioned property, transfer function G (s) can be factorised consid-
ering

—s

G(s)=—

G () = 12— %
(1+ 10s) (1+0.1s)
and
5o (1—s) (1+0.15)67
G =10 0101

The verification of the property ‘é (jw)‘ = 1,Vw is left to the reader.

In the light of the property above, a possible design for the feed-forward
compensator can be the following one

which is such that
1 1

Gy (W) G ()
Should this still not be a transfer function, high-frequency poles of G, (s) (i-e.

those at frequency w > w™) can be neglected, or others can be added in C (s)
at frequencies higher than w™?,

|C (jw)

Example 56. [Design of a feed-forward compensator] Consider transfer function

1—-0.1s

G =070

As discussed in Chapter 8, the presence of a non-minimum phase zero with time constant
7 = 0.1 18 practically limiting from above the crossover frequency, i.e.

1
we < —=10 rad/s
T
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Hence, assume that the following controller

R(s)=03———
1+4+0.1s

has been design to achieve the crossover frequency we = 3 rad/s and a corresponding phase
margin of ., = 56.6 deg.

According to the given guidelines, a starting guess for the compensator C (s) can be the
following one
s(1+s)
140.1s
which is not, however, a transfer function. In turn, by adding a high frequency pole, e.g. at
w =50 rad/s, one would obtain

Cmp (s) =0.1

s(1+s)

@) =010 1s) (1 4 0.029)

The Bode’s diagram of the frequency response of C (s) as compared with those of the ideal
compensator 1/G (s) are shown in Fig. 9.2. As one can see, the designed feed-forward
compensator C (s) has the same magnitude diagram of the ideal one until at least w = 10
rad/s.
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Figure 9.2: Bode’s diagrams of the frequency response of the feed-forward com-
pensator C' (s) (blue) and the ideal one 1/G (s) (red).

Figure 9.3 finally shows the step responses of the output y (t) with and without the feed-
forward compensator C (s). Once should notice that while the compensator increases the
promptness of the response, it also emphasises both the overshoot and the undershoot.
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Figure 9.3: Response of y () for a step reference y° (¢) with (red) and without
(blue) the feed-forward compensator C (s).

9.2 PID controllers

There is a family of controller transfer functions R (s) that is widely adopted
in most industrial control problems, thanks to its versatility and the reduced
number of parameters to be tuned. PID controllers realise the following control
law
¢ d
u(t) = Kpe (t) +Ki/ e(r) dT—|—Kd%e (t) (9.1)
0

which is composed of three terms: one proportional (P) to the error e (t)!,
one proportional to the integral (I) of the error, the last proportional to the
derivative (D) of the error. K, K; and K, are named the proportional, integral
and derivative gains, respectively. Not all the three components are necessarily
present, and actually every combination is possible. The proportional gain K,
weights the current value of the error, the integral gain K; relates to the past

values of the error, while the derivative one K, tends to anticipate the future
value of the error.

In the Laplace domain, the relationship between the input of the controller

L Actually to the error possibly corrupted by the measurement noise n (t).
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Figure 9.4: PID controller (Stanford Research Systems).

e (t) and the control variable u (t) can be written as

U(s)=K,E(s)+ %E (s) + K4sE (s) =

K; + K,s + K45> 1
= P ¢ E(s) =K, (1 +—=+ sTd> E(s) = (9.2)
S sT;
1+ sT; + 2T, Ty
=K, E
p STZ' (S)
where obviously
K, Ky
T, =2 Ta= "
K’ ‘7K,

and T; and Ty are called integral time and derivative time, respectively. Due
to the last term, corresponding to the derivative term, the form reported in
(9.2) is clearly not a transfer function. Hence, the transfer function of a PID
controller is usually obtained by adding a high-frequency pole to the derivative
contribution, i.e.

T Ta 9

ST |14+ —s | + 14 —s+ s7T,T;

1 STd N N

STi Td Td
I+ N sT; | 1+ —s

N
T, 1 ,
:Kp

(142
s1; +ﬁs

R(s)=K, |1+
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Notice that, taking the limit for N — 400, the form in (9.3) tends to the one
in (9.2). The PID transfer function in (9.3) has generalised gain K, a pole in
the origin (s = 0), a high-frequency pole in s = —N/T}, and, for sufficiently
high values of N, two zeros corresponding to the roots of

14 8T, + T, T; =0

Depending on the values of the integral and the derivative times, i.e. T; and
Ty, zeros can be real or complex and conjugate.

As the range of applications of PID controllers is significantly wide, that
International Society of Automation (ISA) has proposed the following standard
form

1 STd
ST’,LE (S) + Tﬂv (CYO (S) -Y (S))
14

U(s)=K, [bY°(s) =Y (s) +

S

Notice that two new parameters, b and ¢, respectively, have been introduced.
The previous relationship can be rewritten, in terms of the Laplace transforms
of the error e () and the reference 3° (t) as follows

T, 1 T,
Us) =K, | b—1+ —L (c—1)| YO (s) + K, T+ —+ S; E(s)
T
1+st ‘ 1+Nds

in which the first term, say

C(s)=K,|b—1+ (c—1)| =K, -
1—|——ds 1—}—&5
N
T,
<(b—1)]\?+(c—1)Td>s+b—1
=K,
p Td
14+ —s

N

represents the transfer function of a feed-forward compensator, while the second
term, R (s), is the same of (9.3).

The attentive reader has surely noticed that the real pole of the PID transfer
function in (9.3) is actually working as a low-pass filter on the error signal before
being differentiated in the derivative term. The presence of measurement noise
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C(s)

Y (@) —HT R(s) —0——u(t)

y(t)

Figure 9.5: Block diagram of the ISA PID.

on the error signal, in fact, usually makes the derivate action quite problematic.
Recalling the discussion on the control sensitivity presented in Chapter 7, at
high frequencies, i.e. way after the crossover frequency w., we have

Q (jw)| = |R (jw)|

Since the control sensitivity represents the relationship between the reference
yY (t) and the control variable u (t), as well as between the measurement noise
n (t) and the control variable itself, particular attention should be paid to the
high-frequency components of the PID and therefore on the derivate action. In
fact, since
lim R(s) = K, (14 N)

the value of parameter N influences both the amplification of the measurement
noise n (t) on the control variable u (t), as well as, for a step response of the
reference 3° (), the corresponding value of u (0), in fact:

u(0)= lim sU(s)= lim Q(s)= lim R(s)=K,(1+N)

s——+oo s—+o0 s—+o00

As visible in the transfer function of the PID controller in (9.3), the tuning
of its parameters actually consists in selecting its generalised gain K, and the
position of its two zeros (depending on T; and Ty). Then, the selection of
the parameter N is typically limited to pre-selected values, for example N =
5,10,100,.... The consideration presented in Chapter 8 remains valid, but
the frequency response of the loop transfer function L (s) has to be designed
considering that the controller will just add two poles (one of which in the
origin, the other at high frequency) and two zeros.

Example 57. [Tuning of a PID controller] Consider a LTI SISO system characterised by
the following transfer function

675

(1+7s) (14 21s)

and assume a PID controller has to be tuned to obtain the following requirements for the
closed-loop system:

G(s) =

1. asymptotic stability;
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2. null-steady state error for a step reference y° (t) = y°,t > 0;

3. mazimum overshoot of the output y (t) in response to a step reference of 20%, i.e.
Sy < 20%;

4. minimum possible 1%-settling time.

The second requirement is forcing the controller to have the integral part. We can then
try to select a PID controller in the form

(14 s71) (14 s72)

Ty
1 P

Imposing 71 = 7,72 = 21 (and therefore Ty = 28, Ty = 147/28 = 5.25, the corresponding loop
transfer function results as follows
14 5.25
s ~°

Assuming the real pole to be way after the crossover frequency we, i.e. N/Ty > we, the
crossover frequency can be evaluated as we. = K, and has to be mazimised to minimise the
1%-settling time.

R(s) = Ky

L(s) = Kp

1.2

0.8 7

Output
o
o

0.2 7

O Il Il Il
0 5 10 15 20

Time (s)

Figure 9.6: Response of the output y (t) to a step reference y° (¢) for the pro-
posed tuning of the PID controller.

A lower bound for the phase margin can be evaluated from the third requirement, in fact

letting
. Ym
& =sin < 2 )
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the overshoot can be evaluated as
m§
Soy = 100e V1 - &

and therefore
Sop < 20% = Yy > 54.2521 deg

In turn, since L (s) =~ Kpe™ % /s, the phase margin can be simply evaluated as

Hence

™ ™ T .

Kp =we = 37 Vm = 37 54.2521@ = 0.6239 rad/s
yielding a 1%-settling time of
log, 100 . ;
Ty =~ ——— = 16.1883 s
§we
In order to meet the assumption of N > w.Ty = 2.7584, we can select N = 10. Correspond-
ingly, the transfer function of the PID controller finally assumes the following form
1+ 19s + 8452

R(s) =0.6239—————

s(1+0.0.0442s)

As a verification, the step response of the output y (t) is reported in Fig. 9.6.

9.3 Cascade control schemes

Cascade control is a control strategy that combines two (or more) nested feed-
back loops, where the output of outermost controller provides the reference to
the inner control loop, as shown in Fig. 9.7. It is a commonly adopted strategies
in all field of automatic control, ranging from process control to mechatronic
systems.

dy (¢)

|

V0 (1) ——0—| 2 (5) |0 R (s) || G () |0—1—{ G2 (5) |~ w (1)

|

Figure 9.7: A cascade control scheme.

This strategy can be applied to systems characterised by transfer functions
G (s) that can be factorised in

G(s) =G (s) G2 (s)
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so that Gy (s) collects all high-frequency modes of the system and its output
can be measured through a proper sensor. A typical mechatronic example is
represented by the mass with friction of Fig. 6.1. We have already seen in
Chapter 6 that the transfer function from the input force f (t) to the velocity
v (t) can be written as

1

ms—+r

Gl (S) =

In order to also control the position of the mass, one can further consider the
following transfer function

1
G =-
2(s) = -
that relates the velocity v (¢) and the position, say p (t), of the mass. The overall

transfer function, from the input force f (¢) to the position p (t) results

1

s(ms+r)

G (s) =Gi(s)Ga(s) =

In the following, we will investigate whether, for the general case of Fig. 9.7,
the cascade control strategy can somehow outperform the alternative strategy
of designing a single controller R (s) for the overall system G (s).

The design process starts from the inner control loop by considering transfer
function G (s) and all possible requirements to design R; (s). Assume that, as
an outcome of the design process, loop transfer function L; (s) = Ry (s) G1 (s)
has been obtained. Then, the design of the outer loop can start focusing on
transfer function
 Li(s)

1+ L, (S)

which constitutes a reference for the design for the outer controller Rs (s).
If the crossover frequency of the inner loop w.; has been designed sufficiently
high, then

Fi(s) G2 (s) G (s)

Fi(s) G2 (s) = G2 (s)

meaning that the design of the outer controller Ry (s) can be based on transfer
function G5 (s), hence neglecting the presence of the inner loop which is
a valid assumption as long as wes <K wWe1-

As the design procedure has been sketched, we need to understand whether
the cascade strategy can outperform the one with a single controller R (s) for
the entire system. The answer can be derived from the equivalent scheme of Fig.
9.8. The presence of the inner control loop introduces at least two important
benefits:

e as already discussed, the outer controller R (s) can be designed based on
the dynamics of Gy (s), only, rather than on G (s);
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d (t) S1(s) l
Y0 (t) 0 R (s) Fy(s)~1 O G2 (s) — y (1)

Figure 9.8: An equivalent block diagram of the cascade control scheme of Fig.
9.7.

e the presence of the inner control loop contributes in attenuating the effects
of d; (t) by means of the corresponding sensitivity transfer function S; (s).

dy (1)

|

GO )

Figure 9.9: Block diagram for the a single control loop.

The situation corresponding to the cascade control loop of Fig. 9.8 has to
be compared to the one of Fig. 9.9, corresponding to a single control loop
with R (s) designed to govern the overall system G (s) = G (s) G2 (s). While
in presence of the inner control loop the relationship between the disturbance
dy (t) and the output y (¢) can be identified in the transfer function

Sl (8) G2 (S)
1 + R2 (S) F1 (S) G2 (S)

in the other case one would simply have

G2 (8)
1+ R(s)G(s)

Example 58. [Benefits of cascaded control] With reference to the block diagram of Fig. 9.7

consider
G1 (s) ! G2 (s) !
YT T 0as Y T

and assume the following controller Ry (s) has been designed based on G1 (s)

1+40.1s

S

R1 (s) =10
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to obtain a crossover frequency wei = 10 rad/s and phase margin Pm1 = 90 deg. The outer
controller Ra (s) can be designed focusing on

1

Fi(s)Ga(s) = m

The magnitude of its frequency response can be approzimated with the one of Ga (s) = 1/s
at least for frequencies w < we1. According to this approximation one can design

R2 (S) =1

which provides a crossover frequency of wea = 1 rad/s and a phase margin of P2 = 90 deg.

10

0

Amplitude (dB)
A
o

-90 I I I I I
103 1072 10 10° 10* 10
Frequency (rad/s)

10°

Figure 9.10: Magnitude diagrams of the frequency responses of the transfer
function between the disturbance d; (t) and the output y (t) for the cascade
control loop (blue) and for the case of a single controller (red).

Considering the alternative strategy in Fig. 9.9, designing a single controller R (s) for
the entire system G (s) = G1 (s) G2 (s) to obtain roughly the same performance, one would
have obtained

1+ 20s

s

R(s) =0.05

which results in a crossover frequency of we = 0.996 rad/s and a phase margin of ¥y, = 81.4
deg. The corresponding relationships between the reference signal y° (t) and the output signal
y (t) are

Ry (s)F1(s)G2(s)  Ra(s)Ga(s) 1

14+ Ro(s)F1 (s)Ga(s) 14 Ro(s)Ga(s) 1+s

and

R(s)G(s) 1
1+ R(s)G(s) 1+ s/0.996
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respectively. Therefore, the two strategies will behave the same in terms of their output re-
sponses the same reference signal. As discussed before, it is in the response of the output y (t)
to disturbance dy (t) that one would expect the magjor difference between the two strategies.
In fact, for the cascaded strategy one would have

S (s) G2 (s) . S1(8)Ga(s) 52
1+ Ry (s)F1 (s)Ga(s) 1+ Ra(s)Ga(s) 0.1s2+0.1s+ 1

while, in turn, with the single control loop

Go (s) iy 20s
1+ R(s)G(s)  (1+20s)(1+5/0.996)

Figure 9.10 reports the magnitude diagrams of the frequency responses of the transfer
function between the disturbance di (t) and the output y (t) for the cascade control loop and
for the case of a single controller. As one can notice, the attenuation of the effects of the
disturbance dy (t) on the output y (t) is much larger in the case of the cascade control struc-
ture.

As further confirmation, Fig. 9.11 finally reports the response of the output y (t) to a
step reference y° (t) and to a step disturbance dy (t) = 0.1,¢ > 0 in the two scenarios. As one
can appreciate, despite the same crossover frequencies wea = we (which can be verified from
the same rising times), the cascade control loop is capable of better handling the rejection of
the effects of the disturbance di (t) on the output y (t).

12

0.2

0 Il Il Il Il Il Il Il
0 5 10 15 20 25 30 35 40

Time (s)

Figure 9.11: Output y (¢) in response to a step reference y° (t) and to a step
disturbance dy (t) = 0.1,¢ > 10 for the cascade control loop (blue) and for the
case of a single controller (red).
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Example 59. [Cascaded control for an under-actuated system| Consider an Unmanned
Aerial Vehicle (UAV) in the vertical plane, as the one reported in Fig. 9.12, where m = 2 kg
and J = 0.0267 kg-m? are the mass and the moment of inertia, respectively, while f; (t) are
the thrust forces. Moreover, let x (t) and 6 (t) be the horizontal displacement of the centre of
mass, and the roll angle, respectively. Then, the equations governing the motion of the UAV

mg

N

Figure 9.12: Planar model of an unmanned aerial vehicle.

can be written as follows

2
s () = (2 0+ 2 (D) os (0 1) ~ mg

d2
mﬁm (t) = (f1 () + f2 (t))sin (6 (1))
2

JEHO =5 0~ 2 1)

where b = 0.2 m is the distance of the propellers from the centre of gravity. For constant
elevations, i.e.

&Z (t)y=0

and therefore

(f1 (8) + f2 (t)) cos (0 (1)) = mg
and for small values of the roll angle, i.e. 0(t) =~ 0, the previous equations simplify in the
following ones

J1(t) + f2(t) =myg

2

d
() = 90 1)

d2
J =50 B =b(f1@)—f2(2)

Defining F (t) = f1(t) + f2 (t) = mg and f (t) = f1(t) — f2 (t) respectively as the sum and
the difference of the forces generated by the two propellers, we further obtain

2

d
() =90 ()

d2
J2501(8) = bf (2)

The block diagram corresponding to these last equations is reported in Fig. 9.13. Assuming
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f@ b 9 z (t)

0(t)

Figure 9.13: Block diagram for the control of the UAV in Fig. 9.12.

the roll angle 0 (t) to be measurable, and letting

b g
“i =g
being the transfer functions of the roll and the lateral dynamics, respectively, we can surely
setup a cascade control strategy with an inner controller Ry (s) to govern the roll dynamics

and an outer one, say Ry (s), to govern the lateral motion.

Go (s)

The inner controller Rg (t) to govern the roll dynamics can be designed focusing on
Go (s). As an example, using the following PID controller

1+ 3s)?
Ry (s) = 04— 039
s (1+ s/100)
the corresponding loop transfer function Lg (s) = Ry (s) Gg (s) corresponds to a crossover
frequency weg = 27 rad/s and a phase margin of V¥, = 87 deg. The corresponding comple-
mentary sensitivity Fy (s) results as follows

800s2 4 1600s + 800

F} =
0 (s) 0.02667s% + 26.67s3 + 800s2 + 1600s + 800

and can be safely assumed to have unitary magnitude for w < wep = 27 rad/s. From the
arguments above, we can design controller Ry (s) only based on Gy (s). For example, if we
select the following PID controller

(1 + 10s)?

203
Rz (s) =310 s(1+ s/10)

the corresponding (approzimated) loop transfer function Ly (s) = Ry (s) Ge (s) will have a
crossover-frequency of wex ~ 1 rad/s and a phase margin of Y¥m = 71.3 deg. Corresponding
step response for the closed-loop system are reported in Fig. 9.14.
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Figure 9.14: Step responses for a unit displacement 2°(t) = 1, > 0 of the
position x (t) (left) and the roll angle 6 (¢) (right).
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Chapter 10

Root locus

In the previous Chapters we have addressed the problem of designing the trans-
fer function of the controller R (s) relying on the Bode’s criterion for the stability
of the corresponding closed-loop system. As we have seen, the Bode’s criterion
is only applicable to systems G (s) and controllers R (s) with no poles within
the open right half-plane. Hence, the synthesis method derived in Chapter 8
cannot be applied if these conditions are not satisfied.

o—— » G (s)

Figure 10.1: A negative feedback control system.

10.1 The root locus

Consider the negative feedback control system in Fig. 10.1 where p is a design
parameter to be tuned and G (s) stands for the transfer function of the strictly-
proper system to be controlled. The loop transfer function for such a system
can be simply identified as L (s) = pG (s), hence the corresponding closed-loop
characteristic equation is as follows

1+L(s)=14+pG(s)=0 (10.1)
Definition 13. The root locus is the graphical representation (in the complex

plane) of the roots of (10.1) for all possible values of parameter p. In particular,
the locus for p > 0 is call direct, the one for p < 0 is called inverse.

147
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Example 60. [Second-order characteristic equation] Consider the following polynomial equa-
tion
52 +s—24p=0

which corresponds to the closed-loop characteristic equation of the system in Fig. 10.1 when

1

RV )

The roots for this equation are simply computed as

—1+y/1-4(p-2) —-1£09-14p
2 - 2

S1,2

Whenever A =9 —4p > 0, i.e. when p < 9/4 roots are real. Starting from p = 0, roots are
those of the open-loop system, hence s = 1 and s = —2. By slightly increasing the value of
p from p = 0, the roots are moving towards each other until meeting on the real axis when
p=9/4. In turn, when A <0, that is for p > 9/4, the roots are complex and conjugate with
negative real part equal to Re[s] = —1/2 no matter what p > 9/4 is.

When p < 0, roots are always real. One always has a negative real part, the other has always
a positive real part since —1 + /9 —4p < 0 when p < 0.

27 1
15+ 08y
0.6}
11
0.4}
05} 02l
E o E o
05 o2y
04t
BN
06}
il 08
2 1 :
2 1 0 1 8 6 -4 =2 0 2 4 6
Re Re

Figure 10.2: Direct (left) and inverse (right) loci for the system considered in
this example.

In the previous example we have seen that plotting the direct and inverse
loci is relatively simple for second-order systems. However, as we have seen
in Chapter 2, the calculation of closed-loop roots, especially when they are
function of a parameter (as in the case of the root locus), is usually prohibitive,
if not impossible. For this reason, we are looking for alternatives to sketch the
root locus. A set of drawing rules are available and listed in the following.
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Property 16. Given the closed-loop system in Fig. 10.1 with

IT; (s +2)
Hj (s +p;)

1. the locus is symmetric with respect to the real axis;

G(s) =

2. the root locus is always composed of n branches, where n is the order of
transfer function G (s);

3. the locus has v asymptotes (being v the relative degree);

4. all the asymptotes meet on the real axis at coordinate

_ D% =2 ;P

v

La

5. the direction of each asymptote h =0,...,v — 1 can be computed consid-
ering its angle 6, with respect to the positive real axis, where

T+ h2mw
—p>0

— 14
0o = h2m
7ap<0
14

6. each branch starts (p = 0) from an open-loop pole of G (s), i.e. from
s = —p; and terminates (p — £oo) following one of the asymptotes;

7. all points on the real axis belong either to the direct or to the inverse locus,
in particular those leaving on their right an odd number of singularities
(poles or zeros) of G (s) belong to the direct locus.

Furthermore, if s € C is a point on the locus (either direct or inverse), then it
necessarily solves

14+ pG(s)=0
and therefore
1
ol =
G (s)]

Example 61. [Ezample of root locus] Consider
s—1
GFD(+2)

the corresponding root locus has n = 2 branches and v = 1 asymptote with

0
0 {mn>

G(s) =

0,p<0
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Figure 10.3: Direct (left) and inverse (right) loci for the system considered in
this example.

The drawing of the inverse locus (see Fig. 10.3(right) deserves particular attention.
Since all points s on the real axis such that —2 < s < —1 have to belong to the inverse
locus while s = —2 and s = —1 are the two open-loop roots, a simple line connecting the two
cannot justify the presence of two branches. Therefore, the two branches generated by the
two open-loop roots have to breakaway from the real axis, move towards and finally enter the
right half-plane. Then the two branches meet again on the positive real axis and each branch
will proceed either towards the right half-plane zero in s = 1 or towards the asymptote having
0, = 0.

Finally, looking at the direct locus only one can notice that one of the two branches
crosses the imaginary azis in the origin, i.e. for s = 0. Correspondingly

1 1

PI= G~ 2

Since point s = 0 belongs to the direct locus we can safely consider the closed-loop system to
be asymptotically stable at least for 0 < p < 1/2.

Another important aspects of the root locus, that is valid only whenever the
relative degree v > 2 is the following one.

Property 17 (Conservation of the sum). Assume that the relative degree of
G (s) is at least 2, i.e. v > 2, then the sum X of all the roots of 1 + pG (s) =0

1S constant, i.e.
¥ 0.y
i P
From this property, we can observe that whenever a root of the closed-
loop system moves towards the right, i.e. toward the right half-plane, e.g. for
increasing values of p, another one has to move left. Notice that the sum of
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roots can be actually evaluated as the sum of their real parts, since closed-loop
roots are always complex and conjugate, when not real.

Example 62. Consider transfer function

1
(s+1)(s+2)(s+3)

G(s) =

then since its relative degree is v = 3 > 2, the aforementioned property holds and, no matter
what p, is the sum of the roots of
14 pG(s)=0

is constant. The direct locus of G (s) is reported in Fig. 10.4. As one can notice, for p = 58.5,

ST /
X 0.0932421
4 [ Y 3.48497

1 |-
X -5.96732
YO
£ >

Re
Figure 10.4: Direct locus for the system considered in this example.

the leftmost root is equal to s = —5.97, while the other two are in s = —0.0163+3.295. Their
sum X can be simply evaluated as

3 = —5.97—-0.0163 — 0.0163 = —6

which is the sum of open-loop roots (i.e. for p=10).

10.2 Synthesis with the root locus method

Differently from the design method relying on the magnitude diagram of the
frequency response of L (s) addressed in Chapter 8, for the root locus method
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there are no specific guidelines for the synthesis of the controller R (s) which
has to be selected in the form

IL; (s + =)
Hj (s +p;)
Figure 10.5 reports the block diagram of the closed-loop system as a refer-

ence for the synthesis of the controller which comprises both transfer function
R (s) and parameter p. Clearly, for given G (s) one has to design R (s) and then

Y (1) —— p R (s) F——{G (s)] y (1)

R(s) =

Figure 10.5: A negative feedback control system for the synthesis.

tune parameter p applying the root locus method to the closed-loop character-
istic equation
1+pL(s)=0

where obviously L (s) = R(s)G (s). As previously mentioned, there are no
specific guidelines on how to design transfer function R (s). On the other hand,
poles and zeros in R (s), and therefore in L (s), will influence the corresponding
root locus.

Example 63. [Synthesis with the root locus method] Consider the following system to be

controlled
1

s—1
and assume the following requirements for closed-loop system in response to the reference
signal yO (t) = 1,¥t > 0:

1. the steady-state error is null;

G (s) =

2. the settling time is not higher than 2 seconds;

3. the mazimum overshoot is of 5%.

To handle the first requirement on the steady-state error, we should have learned from
the findings of Chapter 8 that a pole in the origin is needed in the transfer function of the
controller, hence we will consider

1L (s + =)

~ ST (s +py)

where z;’s and p;j’s have to be determined. Figure 10.6 reports the direct and inverse loci
for the preliminary design of the controller corresponding to R (s) = 1/s. As one can see,
as both the loci have at least one of the two branches constantly in the right half-plane, it
is mot possible to make the closed-loop system asymptotically stable, neither with p > 0 nor
with p < 0.

R (s)

As per the other two requirements, we can try to design the controller so to achieve the
following closed-loop characteristic polynomial

2 2
5% 4+ Ewns + wy,
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Figure 10.6: Direct (left) and inverse (right) loci for the preliminary controller
R(s)=1/s.

where & can be obtained to enforce the maximum overshoot Sy, to be lower than the prescribed
value (Sy < 5%), i.e.

£ > 0.6901
As the damping £ is the cosine of the angle o formed by the complex root with the negative

real azis, we can alternatively require
a < arccos (§) = 46.3614 deg

Moreover, in order to obtain a settling time lower than the one required, i.e. Ty 19, < 2, we

need

4.6

<2

Ewn
Since —&wn, is the real part of the complexr number having magnitude wy and damping &, the
requirement on the settling time can be easily translated into

4.6
Re [s] = —&wp < oy

By combining the two requirements, we can easily identify the region in the complex plane
where closed-loop roots are expected to be placed (see Fig. 10.7).

In order to have the root locus of L (s) to enter somehow in the highlighted region in Fig.
10.7, we can decide to add a left half-plane zero in the controller. This way, we are changing
the relative degree of the loop transfer function to v = 1. This way, only one asymptote will
be expected corresponding to

T
Op = —=m
v
for the direct locus p > 0. As the loop transfer function will be still a second order one, the
two branches will tend either to the asymptote (in the left half-plane) or to the left half-plane
zero. Let us consider, for example
s+2

s

R(s) =

The corresponding direct root locus is shown in Fig. 10.8. Eventually, for some value
of p > pmin, both the branches are inside the highlighted region, and specifically pmin ~ 5.6.
Notice that the overall transfer function

s+2 ps+2p 2p

PR (s) = p— —
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Figure 10.7: Region in the complex plane hosting closed-loop roots compatible
with the given requirements.

Figure 10.8: Direct root locus corresponding to the controller R (s) = (s + 2) /s.

actually corresponds to the one of a proportional-integral controller with Kp = p and K; =

2p. The step response of the closed-loop system, for p = 6 and considering a feed-forward
compensator C (s) = —6 is reported in Fig. 10.9.
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Figure 10.9: Step response of the closed-loop system for a proportional-integral
controller R (s) =6+ 12/s and a feed-forward compensator C (s) = —6.

10.3 Contour locus method

As of now, this Chapter discussed the root locus method to derive the position
of the closed-loop roots of the system in Fig. 10.1 by varying parameter p. In
the last example, we have seen this method applied to support the design of the
controller R (s). In both the cases, the direct and inverse loci graphically repre-
sented the positions in the complex plane of the solutions of the characteristic
equation

1+ pL(s)=0

More generally, assume that we are now interested in analysing the position
of the closed-loop roots of the system in Fig. 10.10 which are the solutions of
the characteristic following equation

1+ L(p,s)=0

In order to still rely on the root locus method, assume that the closed-loop
characteristic equation can be written as

0=pa(s)+b(s)

where a (s) and b (s) are polynomial functions of s € C. Dividing both members
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o—— L (p;s)

Figure 10.10: A generic negative feedback control system.

by b (s), one obtains

a(s)

b(s)

Provided that a(s) /b(s) is a strictly proper transfer function, the root locus

method can be still applied. Otherwise, one can define k = 1/p and apply the
root locus method to
b(s)

a(s)

0=1+4p

0=1+k%

Example 64. [Contour locus for the selection of the integral gain] Consider the following
transfer function
1
G(s) =
() 1+s

which represents the system to be controller by the following proportional-integral controller

K
R(S):Kp+?,Kp>0,Ki >0

For values of K; such that the zero of the controller at frequency 1/T; anticipates the crossover
frequency we (i.e. 1/T; < we), the loop transfer function can be approzimated as
Kps+ K; 1 Ky

R(s)G(s) = " 1+s%?

and therefore the proportional gain K, can be selected to properly tune the crossover frequency
we = Kp, hence 1/T; = K;/K, < K, and therefore K; < Kg Assume, for example
K, = 100 (therefore K; < 10000 will be assumed). Correspondingly, the corresponding
closed-loop characteristic equation

100s + K;

s(s+1)

depends on the integral gain K; which is still to be tuned. One can easily rewrite the closed-
loop characteristic equation as follows

0=1+L(Kjs)=1+

0=s(s+1)+100s+ K; = s> +10ls + K; = 1 + K 1+ K

I 1
"s24+101s "s(s+101)

which is now in the form for the applicability of the root locus method with respect to the
integral gain K;.

From Fig. 10.11 one can notice that closed-loop roots are initially (for small values of
K;) real and then become complex and conjugate. In particular, the vertical asymptote is
characterised by

0—(0+101)
Toq = - = —50.5
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Figure 10.11: Direct root locus for varying integral gain K; > 0.

which corresponds to K; = |—50.5+ 0] |—50.5 + 101| = 2550.3. This means that for K; =
2550.3, the closed-loop system will be characterised by the following characteristic equation

0 = (s 4 50.5)2

The reported plots should not be surprising. Referring to the root locus in Fig. 10.11,
for K; = 100 one of the two closed-loop poles is still closed to the open-loop position s = 0
(actually s = —1) which is justifying the slow behaviour of the output in response to the
disturbance w (t).

From a different perspective, for K; = 100, the zero of the controller has been placed
to cancel out the pole of G (s) in s = —1 which happens two decades before the crossover-
frequency we = 100 rad/s. While corresponding to the tuning obtained using the root locus
method, i.e. for K; = 2550.3, the zero of the proportional-integral controller has been set
to frequency w. = 25.5 rad/s ~ w./4, hence slightly before the crossover-frequency. Figure
10.13 reports the Bode’s diagrams of the frequency response of the loop transfer function
L (s) in the two cases.

As one can see, both the tunings of the proportional-integral controller attains a crossover-
frequency of we ~ 100 rad/s and a phase margin near 90 deg. On the other hand, the tuning
performed with the root locus method is characterised by a higher magnitude of L (jw) for
w K we which justifies the better attenuation of the disturbance w (t).
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Figure 10.12: Responses of the closed-loop system to a step reference y° () and
a step disturbance w (¢t) = 10,¢ > 0.2 with the proportional-integral controllers
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Chapter 11

Control systems design in
state-space

In the previous Chapter, we have introduced the root locus method to under-
stand how parameter p of the loop transfer function influences the position of
closed-loop poles. We have seen that, with a proper tuning of p, closed-loop
roots could be placed in points along the locus. The loci could be modified
by inserting in the loop transfer function R (s), so to open for new placement
possibilities. Unfortunately, no guidelines could be inferred on how to design
such a transfer function R (s). This Chapter is intended to fill this gap by
proposing a method to design the transfer function of the controller R (s) based
on specified position of closed-loop poles.

11.1 State feedback controller design

Consider a LTT single-input system
—x (t) = Az (t) + Bu(t)
dt
and assume its state to be completely accessible and measurable as an output
of the system, i.e.

y (1) ==z (1)

Then, using following state feedback control law
u(t) = Ky (t) = Kz (t) (11.1)

By substituting the control law in (11.1) in the dynamics of the system, one
obtains the following closed-loop system

d

@)= (A+BK)z (1)

159
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Assume we want to select the control gain K so that the closed-loop system
has is characterised by the following characteristic polynomial

n

ITG+x)

i=1

where \;’s represent some desired position of the closed-loop eigenvalues.
Depending on K, the closed-loop eigenvalues are the roots of the characteristic
polynomial

det (sI — A— BK)

If one is interested in designing K so to place the eigenvalues of the closed-loop
system corresponding to the specified \;’s, one has to actually make the two
characteristic polynomial identical, i.e.

det (sI — A— BK) =[] (s + \)
i=1

which can be done by constraining their coefficients to be the same.

Example 65. [Mass-spring-damper system] Consider a generic mass-spring-damper sys-
tem as the one in Fig. 2.2. For f(t) = kiz1 (t) + kax2 (t), the closed-loop characteristic
polynomial results as follows

r — ko k— k1

s+ —
m m

in fact

d

i (t) =z2 (t)

(11.2)

d ki —k ko — 1

—x2 (t) = w1 (t) + 2 (1)

dt m m
Then, assuming one wants to have closed-loop eigenvalues in s = —7 and s = —8, that is

(s+8)(s+7)=s2+15s+56
we obtain the two following equations
r — ko k — ki

=15,
m m

= 56

to be solved for k1 and ka. Notice that, since

X2 (t) = %xl (t)

the control action can be rewritten as

u (t) = kiz1 (t) + ko %xl (t)

which represents the control law of an ideal ISA proportional-derivative controller with

Kp=—k1,Kq=—ko,b=0,c=0
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We now wonder whether the system of equations to be solved to impose
det (sI — A—BK)=1I"_1(s + \;)

has exactly one solution (or at least one).

Example 66. [RLL circuit] Consider the RLL circuit of Fig. 2.9 where

R[1 1 R1
A==zl 1|2zl

and assume the input current to be set as i (t) = kix1 (t)+kaxa (t) The corresponding closed-
loop system will be characterised by matrix

R(ky —1) R(ka—1)

_ L L
A+BE =1 pai 1) Rke—1)

L L

the corresponding characteristic polynomial results

2R — k1R — k2R
— s

det (sT — A — BK) = s> + 7

Assuming s> + bs + ¢ to be the desired characteristic polynomial for the closed-loop system,
one has to solve for k1 and ko the following system of equations

il S

for which the existence of a solution cannot be always guaranteed.

In the light of the outcome of the previous example, we are introducing the
following result.

Property 18 (Pole placement). The problem of designing K based on an arbi-
trary specification of the position of the eigenvalues of A+ BK admits a solution
if and only if the pair (A, B) is reachable.

11.2 State observer design

In the previous Section, we have seen that provided that the pair (A, B) is
reachable it is possible to arbitrarily assign the eigenvalues of A + BK with
a proper selection of the control parameter K. Unfortunately, the method
is applicable with the prohibitive requirement of the state vector  (¢) being
completely measurable, i.e. only when the output equation ot the LTI system
to be controlled is

y () =z ()
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We know want to understand whether for a more generic strictly-proper LTI
SISO system

(11.3)
y(t) =Cm(t)

we can still somehow apply the method. One possible workaround is to used
the knowledge of the dynamics of the system to estimate the state vector and
to use this estimate, say & (t), to feed the controller, i.e. using

u(t) = K (t) (11.4)

instead of u (t) = K (t) as considered previously.
As a preliminary idea, one can consider the Lagrange’s formula and obtain and
estimate & (¢) of the state x (t) as follows

t
& (t) = & (0) + / A7) Bu (1) dr
0

where & (0) represents an estimate of the initial condition @« (0) of the real
system. As the actual state x (t) evolves according to the Lagrange’s formula
as

t
x(t) = ez (0) + / eA=7) Bu (1) dr
0

the estimation error € (t) = @ (¢) — & (¢) will evolve according to
e(t) = e (x (0) — 2(0))

meaning that lim;_, ;o € (t) will be null only if the system in (11.3) is asymp-
totically stable. Moreover, notice that the evolution of the estimation error € (t)
will highly depend on the eigenvalues of matrix A. Therefore, if the system at
hands is asymptotically stable with particularly slow transients, the estimation
error will slowly tend to zero. In the light of the discussion above, we introduce
the following slightly modified version of the estimator

o (t) = A2 (1) + Bu(t) + L3 (1) —y (1)) =
( (11.5)

@.’/c
=(A+LC)&(t)+ Bu(t)— Ly (t)
§(t)=Cz(t)

which is called Luenberger’s state observer and depends on the parameter
L to be selected. Notice that, differently from the naive estimator of the state
that we introduced previously, the Luenberger observer is fed with the differ-
ence between the estimated output § (t) = C& (¢) and the measured output
of the system y (t) = Cx (t), and this difference is used to slightly alter the
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dynamics of the estimator from those of the system in (11.3).

Given the Luenberger observer in (11.5), we want to understand the be-
haviour of the estimation error € (t), which results as follows

Celt) = ) —a(0) =

= Az (t) + Bu(t) — (A+ LC) & (t) — Bu(t) + LCx (t) =
—(A+LC)e(t)

(11.6)

Provided that matrix A+ LC has all eigenvalues within the left half-plane, the
dynamics of the estimation error e (t) is asymptotically stable, and its tran-
sients can be made arbitrarily fast by acting on the design parameter L. The
problem is now to understand under which condition the design parameter L
can be selected to position the eigenvalues of A + LC.

Notice that the eigenvalues of A+ LC' are those of AT + CTLT. Furthermore,
in the previous Section we have introduced the possibility to design K to ar-
bitrarily place the eigenvalues of A + BK, provided that the pair (A, B) was
reachable. As a conclusion, we are able to select the design parameter L so to
arbitrarily place the eigenvalues of A + LC, provided that the pair (AT, CT>

is reachable.

Property 19 (Duality). The pair (AT, CT) is reachable if and only if the pair
(A, C) is observable.

Proof. The reachability matrix associated to the pair (AT, CT>

KR:|:CT ATcT (AT)"_lcT]

is actually the observability matrix of the pair (A, C). O
In the light of the property above, we can introduce the following result.

Property 20 (Design of the Luenberger observer). The problem of designing L
based on an arbitrary specification of the position of the eigenvalues of A+ LC
admits a solution if and only if the pair (A, C) is observable.

Example 67. [Mass-spring-damper system] Consider again the generic mass-spring-damper
system of Fig. 2.2 and assume that only its position x1 (t) can be measured.

d k r (11.7)
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Then, assuming one wants to construct a Luenberger observer to estimate its full state x (t)
and that the eigenvalues of the dynamics of the reconstruction error have to be placed to be
10 faster than those of the mass-spring-damper.
Since

c=[1 0
and the pair (A,C) is observable, we can start finding the parameter of the observer L
which places both the eigenvalues of A + LC in 10w, = 10y/k/m. Correspondingly, the
characteristic polynomial of matriz A + LC' is expected to be as follows

2
k 2 k k
det (sI — A—LC)=|s+10{/ —| =s“+204/—+100—
m m m

On the other hand, given L = [ll ZQ]T the characteristic polynomial of A+ LC' can be
also written as
r—lm k—lir —lam
det(sI —A—LC) =2+ — s ¢ S
m m

The solution can be finally found solving for la and la the two following equations

r k
1 = — =20/ —,lir + lom = —99k
m m

11.3 Output feedback controller design

As we have seen, provided that the pair (A, B) is reachable, it is possible to
arbitrarily assign the eigenvalues of A + BK with a proper selection of the
control parameter K. On the other hand, if the pair (A, C) is observable, we
can design the parameter L of the Luenberger observer to arbitrarily design
the position of the eigenvalues of A + LC', which govern the dynamics of the
estimation error.

We now wonder whether we can safely combine a Luenberger observer to es-
timate the state x (t) of the system in (11.3) and to adopt the control law in
(11.4) as a feedback controller. By combining the two strategies to (11.3), we
obtain the following closed-loop system

i:c (t)=Az(t)+ BK%(t) = Az (t) + BK (z (t) — e (1))
dt (11.8)
e (t)=(A+LC)e(t)

which can be rewritten, in matrix form, as follows

dV@q:{A+BK —BK}fﬂﬂ (11.9)

dt| e (t) 0 A+ LC| |e(?)

Notice that, since the matrix governing the evolution of the system obtain
combining the Luenberger observer and the control action u (t) = K& (t) fed
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with the estimate & (t) of the state provided by the observer itself, i.e. the
matrix

A+BK -BK
0 A+ LC

is block upper-triangular, its eigenvalues are those of matrix A+ BK and those
of A+ LC. We can then introduce the following result.

Property 21 (Separation principle). Provided that the strictly-proper LTI SISO
system in (11.3) is both reachable and observable, it is possible to design an
output feedback controller based on the combination of a Luenberger observer in
(11.5) and the control law in (11.4), for which the two gains K and L can be
designed independently to arbitrarily assign all the eigenvalues of the closed-loop
system.

Example 68. [Cart-pendulum] Consider the cart-pendulum system in Fig. 11.1(b). For

T
“E v ;
N

(a) Segway (Creative Commons) (b) Model of the cart-pendulum
system

Figure 11.1: A Segway vehicle and a cart-pendulum system.

small variations of angle 0 around the upward equilibrium, i.e. for 0 (t) = 0, the equations
governing the behaviour of the system are given in the following:

L) = o) - L)+ ——r )

dtq/ g ]W—O—ml) ’ M+m dtw ) M+m’

d

—0(t) = t (11.10)
Z0(0) =w ()

d 1d g

—w(t) = ——v(t)+ 20 (t

a? W= g+ 00

With the following set of parameters M = 0.5 kg, m = 0.2 kg, r = 0.1 Ns/m, L = 0.3 m,
the dynamics governing the behaviour of the system can be characterised by the following

—0.1111 -2.18 0 11111
A= 0 0 1|,B=] o

—0.3704 25.4333 O 3.7037

matrices
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which is a reachable pair. Considering the angular displacement of the pendulum 6 (t) as the
measured output, the output equation is characterised by matrix

c=[1 0 0
which, together with matriz A, forms an observable pair.
A Luenberger observer designed so that the eigenvalues of A+ LC are s = —20, s = —30,
and s = —40 is characterised by parameter
L = [64025.176 —89.9 72615.445}71

In turn, the controller parameter K which place the eigenvalues of A + BK in s = —1,
s = —2, and s = —3 is the following one

K =1[0.2651 —9.837 —1.67]

2 140
I
e 120 '{\
. ¥ 1001 |
0 / \
80
El 8
5 60
SB c
T -2 S 40f |
n g \
3t E 20 \
of—+——
) \
201 |
5 -40
-6 -60
0 1 2 3 4 5 0 0.2 0.4 0.6 0.8 1
Time (s) Time (s)

Figure 11.2: Evolution of the state vector  (t) = [v(t) 0(t) w (t)]T (left,
blue, red, and yellow, respectively) and of the estimation error & (¢).

Figure 11.2 reports the evolution of the state x (t) of the cart-pendulum system from
initial condition © (0) = [0 15deg O]T together with the one of the estimation error e (t)
(assuming & (0) = 0). As one can notice, the controller is capable of stabilising the pendulum
in the upright position, 0 = 0, as well as to provide a null steady-state estimation error of its
state. According to the design specification of closed-loop eigenvalues, the dynamics of the
estimation error is way faster than that of the pendulum.

The overall block diagram of a complete state-space controller with a Luen-
berger observer £ to govern the strictly proper reachable and observable LTI
SISO system G (s) is reported in Fig. 11.3.

The controller, which has y (¢) as input and « (t) as output, is clearly a LTI
SISO system. Its equations, which are those of the observer in (11.5) combined
with one for the control law in (11.4), are given in the following:

%gf; (t)=(A+BK + LC)%(t) — Ly (t)

u(t) = K& (t)

(11.11)
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u (t)
K | ) m——r

& (t)

[ ]
L~ |

Figure 11.3: State-space controller with Luenberger observer L.

which corresponds to the following transfer function

R(s)=-K(sI—A—BK —-LC)" 'L

Example 69. [Cart-pendulum] Back to the previous example of the cart-pendulum system,
the transfer function of the controller is the following one

(s+4.912) (s — 1.773)
(s — 9.509) (s2 + 105.4s + 4168)

R (s) = —22226

11.4 Zero-error regulation

Considering the output feedback controller developed in the previous Section,
and looking at the corresponding closed-loop equations in (11.9), one can surely
notice that the system has no inputs. Assuming asymptotic stability, the closed-
loop system has the unique equilibrium Z = € = 0 and any trajectory of such a
system will tend, sooner or later, to such an equilibrium point. As this property
was somehow the objective of the cart-pendulum system, there are situations
in which one would like to steer the state of the closed-loop system, or its out-
put, to some other point rather than the origin. For example, in a possible
application, one would like to track a certain reference y° (¢) and provide a zero
steady-state error whenever the reference is constant, i.e. y° (t) = ¢, Vt > 0.

As we have seen in Chapters 7 and 8, in order to guarantee a zero steady-
state error for a constant reference y° (t) = g, Vt > 0, an integral action is needed
within the controller. To handle this requirement, we extend the state of the
system to be controlled with one additional equation, thus obtaining

d
7% (1) = Az (1) + Bu(1)
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Notice that, if the system is asymptotically stable, any equilibrium point will
satisfy e (t) = 0. Before proceeding, a more compact form of the system at

hands can be introduced
jt[?((:))} {% 0] [g((?] [ } (HL/OO@)} (11.13)
t

v =c o[l

Then, provided that system (11.13) is both reachable and observable, we can
proceed designing either a state feedback controller, or an output feedback con-
troller combined with a Luenberger observer, depending on the accessibility of
the state vector « (t). Notice that the state x. (¢) of the extended system (11.13)
now comprises the state of the system x (¢) and the state of the integrator £ (¢)
which is actually part of the controller, i.e.

The reachability of system (11.13) depends on the pair (A., B.) where

N ER RN

Applying the Kalman’s reachability test, after some trivial matrix algebra, we
obtain the following reachability matrix for the extended system

A Bl[o B AB ... A"'B] [A B][0 Kg
-C 0 o 0 ... 0 | |-Cc o]|1 oF

which is full-rank if and only if the pair (A, B) is reachable, i.e. if Kp is
full-rank, and matrix
5 [ A B}

-C 0

is non-singular.

By combining the equations of the integrator, i.e.

those of the Luenberger observer (11.5) for the system (11.3), and the control

action
u(t) = K. [Z’f((f))] = [K, K [23((3}
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one obtains the equations describing the dynamics of the controller

d

22 () = A2 (1) + Bu(t) + L(C# (1) —y (1))
O =10 -y () o
u(t) = K& (t) + K€ (t)
" £(t) u(t)
v (1) ——0 - | K | 1908
2 (t)
<] 10

Figure 11.4: Zero-error regulation with Luenberger observer £.

By rearranging the equations and substituting y° (t) — y (t) with e (¢) and
similarly y (t) with y° (t) — e (¢), one obtains

%ﬁ (t) = (A+ BK, + LC) & (t) + BK£(t) — Ly (t) + Le ()

d
ZEW) =)
u(t) = K, (1) + Kt (1)

(11.15)

which is a LTI system with one output u (t) and two inputs, y° () and e (),
respectively. The transfer function from e (¢) to u (t), say R (s), can be evaluated
as

R(s)=K.(sI — Ag) ' By

while the transfer function from input 3" (t) and output u (t) is
C(s)=—-K.(sI —Ap)" ' B¢
where

A+ BK,+ LC BK, L —L
Ap = OTQc 05]731%:[],30:[ ]

Example 70. [Mass-spring-damper] Consider once again the mass-spring-damper system
of Fig. 2.2 with m =1, k=10, and r = 0.1 and assume again the output being the position
of the mass, i.e. y(t) = x1 (t). Matriz X results

0 1 0
= |-10 -0.1 1
-1 0 0
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which is non-singular. We already verified the observability of the pair (A, C) and designed
the corresponding Luenberger observer having

L=[-6315 —983.69]"

The reachability test of pair (A, B) is left to the reader. Assuming the gain K¢ has to
be tuned to place the closed-loop eigenvalues in s = —3, s = —4 and s = —5, we obtain

K.=[-37 —11.9 60]
We finally obtain the transfer function of the controller:

s2 4 2.3345 4 4.255
s(s2 +75.15s + 1788)

and the one of the feed-forward compensator

R (s) = 14102

5+ 2.073

O (s) = —14042
(s) (s + 75.155 + 1788)

1.2

Position (m)
o o
(o] oo

o©
~

0.2

Time (S)

Figure 11.5: Response of the position of the mass-spring-damper system for
y (t) = 1,t > 0 and a load disturbance w (t) = —1,t > 5 for controller R (s)

and feed-forward compensator C' (s) (blue), and for the approximating ISA PID
(red).

Notice that the transfer function of the controller R (s) has a pole in the origin, two
zeros, and two complex and conjugate poles at frequency wn = 42.3 rad/s. By substituting
these two poles with a real one at the same frequency, the transfer function R (s) can be
approximated as
52 4 2.334s + 4.255

R~ 18—/
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which constitutes a PID controller with K, = 33.5461, T; = 0.5483, T, = 0.4285, and
N = 18.1247. If the same approzimation is performed on transfer function C (s), we obtain

14 0.4821s
14 0.02364s

which is the corresponding compensator for b = 0.51487 and ¢ = 0.48089.

Figure 11.5 reports the time history of the position of the mass-spring-damper system in
response to a step reference y° (t) and a step load disturbance w (t) applied after 4 s. As one
can see, for both the two exogenous inputs, the system reaches a null steady-state error, as
expected.

C (s) = —16.274

In this Section, we have introduced a methodology to simultaneously de-

sign the transfer function of the feedback controller R (s) and the one of the
feed-forward compensator C' (s) based on the specification of the position of
closed-loop eigenvalues. This can be seen as an alternative procedure to those
based on the frequency response method in Chapter 8 and the one based on the
root locus method of Chapter 10. While the root locus method seems not to
have particular limitations on its applicability, the one based on the frequency
response was only applicable to systems without poles with strictly positive real
parts. In turn, guidelines for the design of the controller were easy to be derived
for the latter case, while the root locus required some implicit reasoning on how
the introduction of poles and/or zeros in R (s) were capable of modifying the
locus.
The method introduced in this Section somehow suffers from the same prob-
lem: it is somewhat difficult to predict how the positioning of eigenvalues for
the closed-loop system are affecting, e.g., the attenuation of the effects of dis-
turbances to variables of interest. Additionally, the requirement on the non-
singularity of matrix 3 seems quite novel for the zero-error regulation problem
and deserves further investigations.

Assume A to be an invertible matrix, i.e. det (A) # 0, then from the Schur’s
formula, the determinant of matrix 3 can be computed as

det (£) = det (A) det (CA™'B)

Notice that for SISO systems the quantity C A~' B is actually a scalar quantity.
Hence, provided that the system to be controlled does not have already a pole
in the origin, i.e. det (A) # 0, the zero-error regulation is well-posed if and only
if
CA'B#0
This quantity is nothing else than the transfer function G (s) evaluated for
s =0, in fact
G(s)=C(sI—A)'B

Whenever det (A) # 0, assuming CA™* B # 0 is equivalent to assume that the
system to be controlled has no zeros in the origin. As we know, in fact, from
the Kalman’s decomposition, a cancellation between the pole in the origin to
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be added within the controller and one of the zeros in the origin of the system
will make the corresponding dynamics of the system non reachable and/or non
observable. If, from the one hand, this is preventing one to apply the design
method introduced in this Chapter, from the other hand the stability of the part
of the system which is not included in the feedback path will remain unaltered,
hence surely not asymptotically stable.

Example 71. [Cart pendulum] Consider again the cart-pendulum in Fig. 11.1(b), the cor-
responding matriz 3 is the following one

-0.1111 -2.18 0 1.111

5 0 0 1 0
—0.3704 254333 0 3.7037

0 -1 0 0

is clearly singular, as one can notice looking at the last two columns or the last two rows. As
a consequence, the reachability of the extended pair (Ae, Be) cannot be granted, as discussed
previously.

Consistently, one would expect the transfer function G (s) of the system to have at least one
zero in the origin, in fact

3.704s
s3 +0.1111s2 — 25.43s — 3.633

G(s) =
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Chapter 12

Dynamical systems in
discrete-time

Consider a bus and the number of people presently on board as shown in Fig.
12.1. Clearly the number of people on the bus, say x, is a function of time, i.e.
x (t). On the other hand, its value changes only corresponding to bus stops and
not continuously with time t. In order to better describe the dynamics of this

Figure 12.1: Bus station (designed by FreePik, www.freepik.com).

system one can consider the number of people on the bus prior to each station
k, i.e. x (k). Then, it is quite easy to model the dynamics of the system by
observing that after station k the number of people on the bus, say x (k 4+ 1) is
equal to the number before station k, i.e. x (k) plus the net number of people
getting on board at station k (that is the difference between the ones getting
on board and the ones getting of the bus), say u (k), namely

z(k+1)=x(k)+u(k)

The model of the considered system has at least two fundamental differences

175
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with respect to the ones introduced in Chapter 2:

1. the state x evolves corresponding to discrete instants of time and not
continuously;

2. the variable describing these time instants is no longer continuous and
dense but discrete and countable.

12.1 Discrete-time systems

Let € € X C R",u € U C R™ be the (column) vector representing the
state and the (column) vector representing the n, € Zso exogenous inputs,
respectively, and k € N be the variable representing the discrete time. Integer
n € Zso (i.e. the number of state variables) is called order of the system.
Then the following system of equations represents the mathematical model of
a (generic) discrete-time dynamical system:

s+ )] [ (o (8), 22 (6) s (8) a1 (B) 1 (K) e, () )
xo (k+1) fo(xy (k) x2 (k),...,zn (k),u1 (k),us (k) ,un, (k),k)

xn (k+1) S (1 (k) 22 (k) ... zn (k) ur (k) ,u2 (k) ,un, (k). k)
(12.1)
For the sake of compactness, we will make reference to the following (vectorial)
form
zk+1)=f(zk),uk), k) (12.2)

with obvious meaning of symbols.

Definition 14 (Motion of the state). Consider the generic discrete-time dy-
namical system in (12.2) and assume that state x (k) at discrete time k = ko,
i.e. x (ko) € X is known. If the following problem

x(k+1)=f(x(k),u(k),k

(k +1) = F (@ (k) (8), B o9
T (ko) eX

admits a unique solution for k > kg, then this solution x (k) is called (state)

trajectory associated to initial state x (ko) and input w (k) ,k > ko (if any).

The concept of state trajectory is almost identical to the one introduced
in Chapter 2. Similarly, one can introduce the property of a trajectory being
stable as follows:

Definition 15 (Stability of a trajectory). A trajectory x (k),k > ko generated
from initial state x (ko) and input w (k),k > ko is called stable if Ve > 0 that
is “small enough”, there exists § > 0 such that if ||z (ko) — & (0)|| < 6, then
Vk > ko: ||z (k) — Z (k)] <e.
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The definition of stability is also identical to the one introduced in Chapter
2 for trajectories generated by continuous-time dynamical systems, provided
that ¢ is substituted with k. Unstable and asymptotically stable trajectories
are defined in similar ways.

12.1.1 Equilibria

Similarly to the continuous-time case, equilibria are particular state trajectories
characterised by a constant value of the state vector, i.e.

z(k+1)=x(k),Vk
Formally

Definition 16 (Equilibrium (constant trajectory)). State trajectory x (k) =
Z,Vk > ko is called equilibrium if 3a : f (%, 4, k) = &,Vk > ko.

Example 72. Assume one wants to solve for z € R the following non-linear equation
z=[f(z)=0

A way to find the solution of such a non-linear equation is to set x (0) = xg for some value
of xo and iterate according to the following law

z(k+1) = f(x(k)
which represents a first-order non-linear discrete-time dynamical system, with k the index
identifying the iterations. Notice that the equilibria for this system are the roots of the
equation, in fact
z=[(2)

If, for example, to solve the non-linear equation characterised by f (z) = —2°, i.e. z+23 =0,
starting from xo = —0.75, one obtains

z(1) = f(2(0) = f(z0) = —0.75° =~ —0.4219

z(2) = f(z(1) = — (—0.4219)% ~ 0.0751
z(3) = f(z(2)) = — (0.0751%) &~ —0.0004233

which clearly tends to T = 0 for k large enough, which is one solution of z + z3 = 0.

12.1.2 Systems with outputs

As in the case of continuous-time, discrete-time systems might be characterised
by output variables y € R™ and how these variables related to the state vector,
the input vector, and the discrete time as follows

y1 (k) hi (z1 (k) xa (k). .oy zn (k) ur (k) u (K) ,un, (K), k)
y2 (k) ho (1 (k) 22 (k), ..., xn (k) ,ur (k) ,uz (k) ,un, (k),k)

o ()] L, (21 (R) 22 (B) . () wn (R) iz (R) s, (K) )
(12.4)



178 CHAPTER 12. DYNAMICAL SYSTEMS IN DISCRETE-TIME
or, in short:
y (k) =h(z(k),u(k), k) (12.5)

Consider for example a computing system constituted of a CPU, a memory,
a keyboard, and a monitor (see Fig. 12.2). At every clock tick k¥ € N, the CPU

Figure 12.2: A computing system.

unit reads the state of the memory, say « (k), and, based on possible input keys
u (k) updates the memory itself based on some algebraic operations, i.e.

x(k+1) = f(z(k),uk)

Consistently, the CPU produces some output y (k) to be displayed on the mon-
itor, i.e.
y (k) = h(z (k),u(k))

It is then easy to realise that the behaviour of a computing system evolves
corresponding to the discrete clock ticks of the CPU and can be then represented
as a discrete-time dynamical system.

12.2 Discrete-time LTI systems in state-space

Discrete-time LTT systems constitute a particular class of discrete-time dynam-
ical systems characterised by linear functions f and h with no explicit depen-
dency on time k.

Definition 17 (LTI system). A discrete-time LTI system is a particular
discrete-time dynamical system which can be written in the following form

x(k+1)=Ax (k) + Bu (k)

y (k) = Cx (k) + Du (k) (12.6)
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12.2.1 State trajectories for discrete-time LTI systems and
some insights on their stability

Similar to the case of continuous-time LTI systems, for discrete-time LTI sys-
tems in the form (12.6) there is a formula to explicitly compute its state tra-
jectories.

Theorem 9. The following [VP
x(k+1)=Ax(k)+ Bu(k),z(0) € X
s solved by the following trajectory

k—1
(k) = APz (0) + > A Bu(i), k > 0 (12.7)

=0

Proof. Left to the reader. O

Notice that, also in the case of discrete-time LTT systems, state trajectories
are formed by a free response which depends on the initial state @ (0) only,
and by a forced response, which in turn depends on the input w (k) only.
Moreover, the stability of a trajectory generated by a discrete-time LTI system
can be determined by the its free response, only. Consider in fact a trajectory
x (k),k > 0 is originated by applying input w (k) from the initial state « (0). If
the same input is applied from a perturbed initial condition & (0), the perturbed
state trajectory can be now evaluated as:

k—1
E(k)=A"Z(0)+> A*""'Bu(i),k>0
=0

As stability of « (k) depends on the possibility to obtain a bounded perturbation
on the state trajectory, i.e. ||@ (k) — & (k)|| < € provided that the perturbation
on the initial condition is bounded, i.e. |« (0) —Z (0)|| < 4§, one is actually
requiring

e (k) 2 ()] = ||A* (@ (0) - & (0)) | <&

12.2.2 Stability of discrete-time LTI systems

Similarly to the continuous-time case, stability of state trajectories of a discrete-
time LTI, and stability of the system as a whole, can be addressed by analysing
whether ’Ak (x (0) — & (0))
on the perturbation on the initial condition. It should be clear that stability
should be strongly related with term AF and therefore with matrix A which
characterises the system.

‘ can be made bounded by requiring a proper bound
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Stability and eigenvalues

Similarly to the case of continuous-time LTT systems, stability can be addressed
based on the analysis of the eigenvalues of matrix A.

Theorem 10 (Stability analysis of discrete-time LTI systems). Depending on
matriz A, system (12.6) is

o asymptotically stable if and only if all the eigenvalues of A have magnitude
strictly less than one;

o stable (but not asymptotically) if and only if all the eigenvalues of A have
magnitude at most equal to one, and those unit magnitude are simple roots;

e unstable if and only if either at least one of the eigenvalues of A has
magnitude higher than one, or all the eigenvalues of A have magnitude
not higher than one, and those with unit magnitude are not simple roots.

Stability and characteristic polynomial

Differently from the continuous-time case, asymptotic stability requires all the
eigenvalues to have magnitude strictly lower than one. Though a method similar
to the Routh-Hurwitz criterion exists, we are looking for a way to apply the
Routh-Hurwitz criterion itself. The criterion cannot be clearly applied as is (as
it will check whether the eigenvalues of matrix A are within the left half-plane,
which is of no particular interest for discrete-time LTI systems). We then need
to find a way to transform the characteristic polynomial of matrix A in such a
way that every eigenvalue with magnitude strictly less than one is mapped into
an eigenvalue with strictly negative real part. Such a transformation exists and
is called bilinear transform.

Property 22 (Bilinear transform). Consider the characteristic equation
m(A)=0

then its roots have magnitude strictly lower than one if and only if the roots of

14+ A
LI
are all with strictly negative real parts.

In short, the transform just introduced (which is called bilinear trans-
form) is mapping the interior of the unit circle of the complex plane, i.e.
|\l < 1, into the open left half-space of the complex plane, i.e. Re[A] < 0.
In fact, let

A=a+j8
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then

—12 L2 2 2
1+A  [lI+a+jb” 1+a”+2a+p

AP = = -
A 1-A 1—a—jp? 1+a?—2a+p2

<l a<0

The asymptotic stability property of a discrete-time LTI system can be then
verified still resorting to the Routh-Hurwitz criterion, provided that the bi-
linear transform is first applied to the characteristic polynomial of A which
characterises the system.

Example 73. [Third order system] A discrete-time LTI system is characterised by matriz

7/30 0 2/15
A= |4/15 —1/10 —8/15
1/15 0 1/6

which corresponds to the following characteristic polynomial
det (AT — A) = A3 —3/10A% — 1/100A + 3/1000
By numerically solving the characteristic equation one obtains the following eigenvalues
A e {-1/10,3/10,1/10}

clearly showing that the corresponding discrete-time LTI system is asymptotically stable.
On the other hand, applying the bilinear transform one obtains

<\ 3 -\ 2 -

1+ 142 14X
T2} 310 —2) —1/100 [ —2) + 3/1000
(15) -ono(i25) - (15)

which has the same roots of the same multiplied by (1 — 5\)3, i.e.
(1+2)° =3/10 (14+X2)% (1 = X) —1/100 (1 + A) (1 = X)* +3/1000 (1 — X)®
Finally, the Routh-Hurwitz criterion can be applied to the following characteristic equation
128723 4 331922 4 2701\ + 693 = 0 (12.8)
1287 2701 0
3319 693 0
2432.28 0
693
Since the first column has all entries with the same positive sign, the eigenvalues of (12.8)

have all strictly negative real parts which, in turn, implies that matriz A has all eigenvalues
with magnitudes strictly lower than one.

12.2.3 Asymptotically stable discrete-time LTI systems
with inputs

As done for continuous-time LTI systems in Chapter 2, we can introduce few
properties for asymptotically stable discrete-time LTT systems.
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Property 23. Consider the discrete-time LTI system in (12.6) and assume it
is asymptotically stabile, then

1. for a constant input u (k) = @,Vk > 0, the equilibrium is unique and
characterised by

z=(I—-A) 'Ba

2. after a sufficiently long time, the trajectory of the state depends only on
the input, as the free response vanishes;

3. if the input u (k) tends to a constant value u, then the trajectory of the
state tends to the corresponding equilibrium (I — A)_1 Ba.

12.3 Transfer function of discrete-time LTI SISO
systems
Similar to the continuous-time case, discrete-time LTI systems can be repre-

sented in the frequency domain. Consider the following discrete-time LTT SISO
system

z(k+1)=Ax (k) + Bu (k)
y (k) = Czx (k) + Du (k) (12.9)
X (0) = X9

and apply the Z-transform to w (k), x (k), and y (k)
Zu®]=U(2), Z[z (k)] = X (2), Z[y (k)] =Y (2)

and
Zlx(k+1)]=2(X(2) —2(0))

By substituting the latter in the equation of the system, one obtains
z2(X (2) —x(0)) = AX (2) + BU (»)
Y (2) =CX (2)+ DU (2)
Rearranging the two previous equations, one obtains

Y(2)=|C(zI—A)""B+D|U((2)+C(z2I—-A)""z2(0)

where the scalar quantity G (z) = C(z2I — A)"' B + D is called transfer
function and represents the relationship between the Z-transform of the input
U (z) and the Z-transform of the forced response of the output Y7/ (z), so that

Y (2) =G (2)U(2)
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Definition 18. Given a discrete-time LTI SISO system and its transfer function

G (2):
1.
2.
3.

a root of the numerator is called zero;
a root of the denominator is call pole;

the difference between the degree of the denominator and the degree of the
numerator v > 0 is called relative degree;

if the relative degree is positive (v > 0), which happens whenever D = 0,
the transfer function is called strictly proper, otherwise proper;

the number g € 7Z of poles in z =1 is called type;

quantity pp = lim, 1 (z — 1)? G (2) is called generalised gain.
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Chapter 13

Digital control systems

The objective of this Chapter is twofold: identify how a discrete-time transfer
function Ry (z) can be derived to mimic the behaviour of R (s), and understand
how Ry () can be translated into a set of instructions to be executed by a CPU.
Transfer function R (s) is assumed to be available as an output of one of the
design strategies discussed in Chapters 8-11.

Figure 13.1: Watt’s (or centrifugal) governor (Creative Commons).

13.1 Motivations

In the past, feedback control systems were characterised by analogue devices
playing the role of the controller. In other words, given a system to be con-
trolled, the transfer function of the controller R (s) were derived based on one
of the methods introduced earlier in this book and then a suitable electrical cir-
cuit or a mechanical device was designed to have an input-output relationship

185
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similar to the one in R (s).

For example, Fig. 13.1 reports a centrifugal governor adopted by James
Watt in the late 1700’s to control the speed of a steam engine. The governor
is connected to a throttle valve that regulates the flow of the steam into the
engine. As the speed increases, the speed of the main axis of the governor also
increases, and the two masses move outwards and upwards, reducing the aper-
ture of a throttle valve, and eventually the speed of the engine.

Il

Figure 13.2: Analogue implementation of a proportional-integral controller.

As another example, consider the electrical circuit in Fig. 13.2. Letting ¢ (¢),
the current flowing in the circuit, the voltage drop on the capacitor is related
to such a current as

d
C—uvo(t)=1i(t
e (1) =i ()
Moreover, the voltage drop on the resistance is

vr (t) = Ri (1)

Therefore, if the current 7 (t) represents the error e (t) between a reference and
the corresponding measured variable, the voltage v (¢) provided by the current
supplier in Fig. 13.2 can be computed as

t

v (t) =vg (t) +vc (t) = Ri(t) i (7) dr

+ =/ ¢
CJo
which clearly represents the control law of a proportional-integral controller

having R and 1/C as proportional and integral gains, respectively.

Modern feedback control systems no longer adopt electrical circuits or mech-
anisms to physically implement the controller. They rather rely on computing
systems whose behaviour is designed to mimic the one of transfer function
R (s). The word mimic has been introduced because, as seen in Chapter 12
and in particular in Fig. 12.2, a computing system has to be represented in
discrete-time system and, if the algorithm is linear, in terms of a discrete-time
transfer function Ry (2).
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13.2 Computer controlled systems

The complete block diagram of a computer-controlled system is reported in Fig.
13.3. Differently from the one in Fig. 7.1, the controller is now represented
by the discrete-time transfer function Ry (z) and emits the discrete-time signal
uq (k). Two blocks have been added: the digital to analogue converter (D/A)
which transforms the discrete-time signal ug (k) into the continuous-time one
u (t) and the analogue to digital converter (A/D) which plays the opposite
role and converts a continuous-time signal into a discrete-time one.

w (t) d (t)
uq (k) u(t)
Y9 (k) To—»’Rd(z)} | D/A] G (s) F=~0—y (1)
A/D o

Figure 13.3: A negative feedback computer controlled system.

In the remainder of this Chapter, we will model the behaviour of such sub-
systems for their possible impact in the behaviour of the overall control system.
Technological insights on how these functionalities will be implemented in hard-
ware will be given in Chapter 14.

13.2.1 From continuous-time to discrete-time

The role of the A/D converter is primarily the conversion from a continuous-
time signal, say v (), to a discrete-time one, vq (k). This functionality is sim-
ply realised by sampling the signal at a constant rate, i.e. the sampling
frequency f; = 1/Ts, where T is called sampling time. The relationship
between v (t) and vg (k) is therefore given in the following

vg (k) =v (kTs) ke N

An example of the sampling procedure is reported in Fig. 13.4. Notice from Fig.
13.4 that the samples vy (k) are well-representative of the original continuous-
time signal v (¢) and a simple linear interpolation of the samples will allow one
to reasonably reconstruct v (¢).

When sin (27t) is added to v (t), the situation results dramatically different,
as shown in Fig. 13.5. From the one hand, the simple linear interpolation of
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1.2

Signal
o
[«2)

0.4r 7
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o Il Il Il Il Il
0 2 4 6 8 10 12

Time (s)

Figure 13.4: Continuous-time signal v (¢) (blue) and corresponding samples
vg (k) (red dots) for Ts = 1 seconds.

samples is not capable of accurately reconstruct the original signal. On the
other hand, since the samples of Fig. 13.4 and the ones in Fig. 13.5 are exactly
the same, it is actually impossible to distinguish which of the two signals the
samples have been extracted from.

As a conclusion, given a set of samples vg (k), there are infinitely many signals
v (t) such that vq (k) = v (kTs).

Theorem 11 (Nyquist—Shannon sampling theorem). If the continuous-time
signal to be sampled v (t) has a limited bandwidth, say w™**, and the sampling

T
time T, is such that w™** < T (7 /Ts being the so-called Nyquist frequency,

S
wn ), then the samples are ”fully informative” of the given signal.

For the example before, the frequency components of the continuous-time
signal v (¢) are represented in Fig. 13.6. As one can see, the spectral components
of the continuous-time signal are negligible after w™* = 0.5 rad/s which is
surely smaller than the Nyquist frequency wy = 7/Ts = 7 =~ 3.14 rad/s. In
turn, when sin (27¢) has been superimposed to v (t), w™?* would result equal
to 2w = 6.28 rad/s, hence violating the Nyquist-Shannon theorem.

The Nyquist-Shannon theorem is relevant in many applications of engineer-
ing. For example, when an audio track has to be sampled and digitalised, one
has to typically consider audible frequencies, ranging from 20 Hz to 20 kHz. It
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Figure 13.5: Continuous-time signal v (t) + sin (27t) (blue) and corresponding
samples vg (k) (red dots) for T = 1 seconds.
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Figure 13.6: Spectral components of the signal v (t) of Fig. 13.4.
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should not be surprising that digital music in Mp3 format (formally, MPEG-1
Audio Layer-3) adopts a sampling rate of f; = 48 kH z which is slightly higher
than the double of the maximum audible frequency.

As per digital control systems, the Nyquist-Shannon theorem can be clearly
applied to select a proper sampling time T, once a value for w™®* can be guar-
anteed. With reference to the block diagram of Fig. 13.3, the signal to be
sampled is constituted by measured output y (¢) corrupted with the measure-
ment noise n (). As per the reasoning reported in Chapter 8 it is reasonable
to assume the bandwidth of signal y(¢) to be limited to up to a value that
can be approximated with the crossover frequency w.. The measurement
noise n (t), in turn, deserves an additional analysis. Since an upper bound of
the bandwidth of the noise characterising the measured variable will require to
have very-high sampling frequencies, a low-pass filter is typically adopted on
the measured value y (t) + n (¢). The cut-off frequency wy of such a low-pass
filter which has the following transfer function

1

H(s)= —
() 14 s/wy

has to be selected sufficiently higher than the crossover frequency w,, but lower

than 7 /Ty, i.e.

we Kwf KwN = Tis
This way, while the components of y (¢) are preserved, those of the measurement
noise n (t) after wy are reduced before the measured variable can be sampled.
Notice that, since w. < wy, the filter does not significantly modify the designed
crossover frequency, which remains approximately equal to w.. On the other
hand, the following reduction on the phase margin

A, = —atan (%)
Wy

In extreme summary, the Nyquist frequency wy has to be selected suffi-
ciently higher than the crossover frequency w.. Consequently the sampling
time T has to satisfy the following inequality

is be expected.

™
T, < —

c

Whilst the Nyquist-Shannon theorem puts no lower bounds on the sampling
time Ty, it is important to realise that the smaller T, the more expensive and
performative the hardware implementing the controller.
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13.2.2 From discrete-time to continuous-time

With reference to Fig. 13.3, the role of the D/A converter is to transform
the discrete-time signal ug4 (k) into a continuous-time one, w (¢). In the previ-
ous Section, we have seen that a continuous-time signal can be obtained from
samples using some interpolating function. Let us consider the simple case of
piece-wise constant function in which the value of u4 (k) is maintained constant
until the next discrete-time instant k + 1, i.e.

u(t) = ug (k) ,Vt € [T, (k +1)T)

Figure 13.7 reports an example of the application of this D/A conversion.

1
0.8+ i
PR
0.6+ B
©
5 04r i
(%)
0.2+ B
-—
or o & —9o o 9
PO
PR
P
_0-2 Il Il Il Il Il
0 2 4 6 8 10 12
Time (s)

Figure 13.7: Discrete-time signal (blue dots) and its piece-wise constant
continuous-time approximation (red).

The conversion method just introduced is called zero order holder (ZOH),
as it maintains constant along the sampling interval the value of the 0-th order
derivative (i.e. the value itself). In contrast, higher-older holders will maintain
constant the corresponding derivative of the reconstructed signal. For example,
first-order holder will be characterised by a piece-wise linear signal u (t).

13.2.3 Effects of the A/D and D/A conversions on the
control system

The two elements introduced in the previous Sections, i.e. the A/D and the
D/A, are part of the computer controlled control loop of Fig. 13.3. The aim of
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the next discussion is to provide the reader some insight regarding the conse-
quences on the control system of the presence of these two blocks, in contrast
with the ideal control system of Fig. 7.1 based on which the controller has been
designed. For example, we have already seen that the sampler is typically im-
plemented in conjunction with a low-pass filter and that this filter can somehow
decrease the phase margin.

With reference again to Fig. 13.3, it seems interesting to address how the
continuous-time signal feeding the digital controller is processed and possibly
modified before feeding the system G (s). Apart from the manipulations per-
formed by the digital controller Rq (z), the signal y () has to traverse first the
A /D (sampler) and then the D/A converter (ZOH).

v (t) —{sampler |——{ ZOH |— o (t)

Figure 13.8: Series of a sampler (A/D) and a zero order holder (D/A).

Figure 13.9 reports the three signals v (), vq (k) (the output of the sampler),
and o (t) of Fig. 13.8 for a sampling time of Ty, = 1 s. As we have already
discussed, the sampling time T satisfies the Nyquist-Shannon theorem and can
be then considered adequate to sample signal v (¢). On the other hand, still
referring to Fig. 13.8, the series composed by the sampler and the ZOH seem
to introduce a certain delay. Based on some advanced arguments, that we skip
for brevity, such a delay can be estimated as one half of the sampling time T5.

Proposition 2. The series of a sampler with sampling time Ts and a zero order
holder is equivalent to a delay of Ts/2. Therefore, the relationship between the
Laplace transforms of v (t) and 0 (t) can be regarded as

5
Vis)=e 2V (s)

In summary, given a feedback control system with a crossover frequency we,
the sampling time T has to be selected so that

0

T, < —

w(}
In addition, the reduction on the phase margin due to both the low-pass filter
positioned before the sampler and the equivalent delay of T /2 introduced by the
combination of the sampler and the ZOH has to be accounted. In particular,
the presence of the sampler and of the ZOH will cause a reduction of the

phase margin of

A TS<<7r
wm—WCQ B

If, for example, the sampling time T is selected as

Vs
T, = Ja> 1
aw,
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Figure 13.9: A continuous-time signal v (¢) (blue), the corresponding samples
(red dots) for Ty = 1, and the signal ¢ (¢) (yellow) reconstructed through a
ZOH.

the corresponding reduction in the phase margin will result

A T T T
Ym _wCQawC T 2a < 2

13.3 Digital control law

Once the sampling T time has been carefully selected to satisfy the Nyquist-
Shannon theorem as well as to limit the decrease in the phase margin ,,, a
way to derive the transfer function of the discrete-time controller R4 (z) out
from R (s) is needed.

Observing that z~! of the Z-transform corresponds to a delay of T, seconds in
the Laplace domain, one can simply state that z~! = e~*7+, from which

1
5= iloge (2)

and therefore

Rﬂ@=R<£ba@0

which is however not a discrete-time transfer function as it is not represented
by the ratio of two polynomials in variable z.
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This issue can be solved by evaluating a rational approximation of the log,
function, i.e.

z—1

z+1

Therefore, the discrete-time transfer function of the controller Ry (z) can be

approximated as
Ru(2) =R 2z-1
=T 1

As of now, after having selected a proper sampling time T, the continuous-
time transfer function of the controller R (s) can be translated into a discrete-
time one R4 (z). Similarly to the continuous-time case discussed in Chapter
3, a generic discrete-time transfer function, and in particular the one of the
controller, can be written as

log, (2) ~ 2

b2 bp12" P4+ bz + by

R
a(2) 2"+ ap_ 12" 4+ a1z 4 ag

dividing both the numerator and the denominator by z~" we further obtain

by + b1z -+ b2 by

R -
a(?) 1+ap_12z7 4+ -4+ a1zt~ +agz™"

(13.1)

Recalling that the discrete-transfer function of the controller R, () describes
the relationship between the discrete-time error signal e4 (k) and the discrete-
time control signal ug (k), i.e.

Uq(2) = Ra(2) Eq(2)
we can further write
(1 tap12 4+ ta T+ aoz_”) Ua(2) =
= (bn + b1z "+ b2 T+ bo2 ") Eq(2)
and transform back to the discrete-time domain
ug (k) + an—quqg (k—1)+ -+ apuqg (k —n) =
=bpeq (k) + bp_req(k—1)+ -+ breg(k—n+1)+ boeq (k—n)

Finally, isolating the term to be computed ug (k) from the other quantities, we
obtain

ug (k) = —apn—quq (b —1) — - —ajuqg (k —n+1) —aguqg (k —n) +
+bpeq (k) + bp_1eq(k—1)+ -+ breq(k—n+1) + boeq (k —n)

which represents a recursive formula to compute, at discrete-time instant k, the
control action ug (k) based on its previous values, i.e. uq (k—1),..., as well as
on the values of the error ey (k),eq(k—1),....
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Example 74. [Ezecutable code from discrete-time transfer function] Consider the following
discrete-time transfer function

2—09 0.7-0.63z 0.72~1—-0.63
Rd (Z) = 07 = =
z—1 z—1 1—2z1

Then, it follows that
Ug(2) (1—271) = E4(2) (0.7271 — 0.63)
and therefore
ug (k) =uq(k—1)40.7eq (k — 1) — 0.63¢e4 (k)
which clearly represents an iterative algorithm to update uq (k) based on its previous value
uqg (k — 1) and on the present and previous values of the error, i.e. eq (k) and eq(k —1),
respectively.

Back to a generic transfer function Ry (z), without any lack of generality, we
might implement (e.g. in C, or in any other language) the following executable
code implementing the designed control functionality:

typedef struct

float[] a; // [a0, al, ..., 1], length is n+1
float[] ud; // [ud(k), ud(k-1), ...]
float[] b; // [bO, bl, ..., bn], length is n+1
float[] ed; // [ed(k), ed(k-1), ...]

unsigned int n;
} params;

void ctrl_fun(float e, params &p)

{
// local copies
unsigned int n = p.n;
// left shift
for(unsigned int k = n; k > 0; --k)
{
p-ed[k] = p.ed[k-11;
p-udl[k] = p.ud[k-1];
}
// push front of ed(k)
p.ed[0] = e;
// calculation of ud(k)
float p.ud[0] = 0.0f;
for(unsigned int k = 0; k <= n; ++k)
{
p.ud[0] += b[n-k]l*ed[k] - aln-k]l*ud[k];
}
}

Listing 13.1: Generic implementation of a controller.

Notice that the control variable evaluated at discrete-time instant k, i.e.
ug (k), will be stored in some location in memory and the corresponding value
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will remain unmodified until the next iteration of the controller at discrete-time
instant k+ 1, thus inherently implementing the zero order holding functionality
described earlier.

Example 75. [Mass with friction] For the system in Fig. 2.7, in Chapter 8, we obtained
the following controller
(14 100s) (50s + 3)

s2(1+s/3.5)
with we = 0.398 rad/s and Y, = 82.1 deg. We can then try to implement its digital
counterpart by selecting

R(s)=4-1073

=0.1579 s

Ts =
s 50w,

which produces a decrease in the phase margin of

Athy, = —we— = 1.8deg
s 2

In turn, the low-pass filter to remove high-frequency components of the measurement
noise can be selected with a cut-off frequency of wy = 20we = 7.96 rad/s, corresponding to a
decrease in the phase margin of

We

We
Ay, = atan 20 =~ 2.86 deg

We assume the overall decrease in the phase margin of Ay, = 4.66 deg to be reasonably
low. For the discretisation of the given continuous-time controller, we obtain

2z-1\ 4.35323 — 4.30522 — 4.353z 4+ 4.305
Tsz+1) 23 —256722+2.134z — 0.5671

Rd(z)R<

3

Dividing both the numerator and the denominator by z—° we can rewrite Ry (z) in terms

of negative powers of z, i.e.
4.353 — 4.30527! — 4.353272 4 4.305273
Rd (Z) = 1 . —92 N 3
1—2567271+2.1342=2 — 0.5671z—

which, finally, corresponds to the following recursive update of the control action ug (k)

ug (k) =2.56Tug (k — 1) — 2.134ug (k — 2) + 0.5671ug (k — 3) +

13.2
4.353¢4 (k) — 4.305¢4 (k — 1) — 4.353¢,4 (k — 2) + 4.305¢4 (k — 3) (13:2)

Figure 13.10 reports the behaviour of the output and of the actuated force for the digital
control system of Fiig. 13.3 as compared to the ones produced by the original analogue control
system in Fig. 7.1.

From the last example notice that, starting from a strictly proper controller
R (s) and applying the given discretisation method, the transfer function of the
corresponding discrete-time controller Ry (2) is proper, thought not strictly. As
a consequence, the corresponding recursive update of the control action (13.2)
presents an instantaneous dependency at (present) discrete-time instant & be-
tween the error e4 (k) and the corresponding control action ug4 (k). This always
happens whenever b, # 0, and is surely expected whenever transfer function
R (s) is just proper.
No matter how long the sampling time T} is, the evaluation of u,4 (k) at the
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Figure 13.10: Velocity as computed by the digital (blue) and the analogue (red)
control systems (left) and corresponding forces (right).

same time instant of when ey (k) is made available is clearly impossible. In
a more practical scenario, the evaluation of the control action uy (k), i.e. the
execution time of function ctrl_fun in the corresponding control code, requires
T, seconds, where, clearly, T, < T%.

In general, the evaluation time T, can be regarded as a random variable as
it depends on many factors, including the availability of CPU time to execute
ctrl_fun, the presence of other tasks, interrupts, alarms, etc. Hence, in order to
avoid a stochastic behaviour of the control strategy, in practical applications the
value ug (k) is temporarily stored in the memory of the computing system and
delivered to the actuator at the end of the sampling period T;. This clearly
causes an additional delay of T seconds between when the control variable
should be ready, i.e. at discrete-time instant k, and when it is actually delivered
to the actuator, i.e. at discrete-time instant k 4 1. The situation is sketched in
Fig. 13.11.

ctrl_fun k+1 .
—— +
Te ug (k) —l
ed (k) uq (k)

Figure 13.11: Schematics of the execution of the control code ctrl_fun.

The overall block diagram for the digital implementation of the controller is
reported in Fig. 13.12. Notice that the transfer function of the controller Ry (2)
is already including a delay of one sampling interval (i.e. z~1) consistently with
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the discussion above.

ya (k) —>O—>@ ZOH u(t)

sampler } { filter } D y(t)

n (t)

Figure 13.12: Complete block diagram for the implementation of a digital con-
trol law.
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Chapter 14

Hardware technologies for
feedback control systems

This Chapter is focused on hardware technologies for the implementation of a
digital control system and in particular the one in Fig. 13.12. We will address
all the technologies behind the D/A and the A/D conversions.

14.1 The operational amplifier

The building block of all the hardware needed to implement control-related
functionalities is the operational amplifier (or op-amp).

An operational amplifier is a power-supplied differential voltage amplifier. When
supplied with voltages VT > V_, the output v, (t) is provided as

Vout () = A (v (£) — v~ (1)) (14.1)

where A is the gain of the amplifier (typically a high value in the range 10*—10),
while v (t) — v~ (t) is the differential input voltage.

(a) Operational Am- (b) Corresponding pinout
plifier (ST Microelec-
tronics)

Figure 14.1: IC Operational Amplifier LM741 and corresponding pinout.

201
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An example of operational amplifier is reported in Fig. 14.1 together with
the corresponding pinout. The symbolic representation of an op-amp is reported
in Fig. 14.2.

V+

Vout (t)

V_

Figure 14.2: An operational amplifier (op-amp).

Due to its manufacturing characteristics, the input ports absorb no current.
Moreover, for a non-zero value of the differential input voltage vt (t) — v~ (),
the output voltage v, (t) easily saturates to either the positive voltage supply
V', or to the negative one V_, depending on the sign of v (t) — v~ (¢). In first
approximation

vVt oot (t) > v (¢)
V_  otherwise

Vot (£) = A (v (1) — v~ (1)) = {

In the arrangement of Fig. 14.2, the operational amplifier acts as a comparator
between the two input voltages v (t) and v™ (t).

14.1.1 Operational amplifiers with negative feedback
Inverting amplifier

Consider the operational amplifier in the arrangement shown in Fig. 14.3 where
it is easy to realise the negative feedback arrangement as the output voltage
Vout (t) is fed back to the negative input port. Since, as anticipated, the input
ports draw no current, the current flowing in R; will also flow in R,, i.e.

Vin (t) — v~ (¢) v (t) — Vout (t)

A
i1 (1) 7 7

and therefore

=iy (t) = (14.2)
(R1 + RQ) v (t) = Rov;p (t) + RivVout (t)
From (14.1) and since v (¢) = 0, and therefore v™ (t) = —vyyt (t) /A, we obtain

Ry + R
— o Vout (1) = Revin (£) + Ruvous (1)
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Vin (t) AVAVAVES

11

—~Y
~
=

Vout (t)

Figure 14.3: An operational amplifier with negative feedback (inverting ampli-
fier).

and finally

-1
Ri+R
%mmz—&<&+x1ﬂ in (1)

Since the operational amplifier is characterised by very high gains, we have

-1
. R1 + R Ry
Vout (t) ~ —R Agr—{-loo (Rl + A) Vin (t) = _ﬁlvin (t)

Because of the last relationship between the input voltage v;, (t) and the output
voltage voyt (1), the arrangement of Fig. 14.3 is called inverting amplifier.
Finally, from (14.2), we can also verify that

v (t) = 0=vT(t)

The last approximation is also called virtual ground as the voltage of the
negative port v~ (t) is (almost) equal to the one of the positive v™ (t), which is
the ground voltage, at least in this setting. Hence, still referring to the inverting
amplifier in Fig. 14.3, the negative port has the same voltage of the ground,
though not being directly connected to it.

Non-inverting amplifier

The arrangement of Fig. 14.4 is called non-inverting amplifier. The relation-
ship between the input voltage vy, (t) = vt (t) and the output voltage vy ()
can be computed resorting to the virtual ground principle just introduced

Vout (1) = (1 + f;j) Vin (1)
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Vin (1) ——+
— Vout (t)

R

Ry

Figure 14.4: Non-inverting amplifier.

Moreover, letting Ro = 0 and R; — 400, the relationship becomes
Vout (t) = Vin (t)

which is called voltage buffer (see Fig. 14.5) and is primarily adopted to
galvanically isolate the input from the output.

Vin (t) —————— +

Vout (t)

Figure 14.5: Voltage buffer.

Summing amplifier

The arrangement of the operational amplifier in Fig. 14.6 is called summing
amplifier. The current flowing in each leg i; (t) connected to the negative port
depends on the corresponding input voltage v; () and on the corresponding re-
sistance ;. The sum of these currents then flows in resistance R¢. The relation-
ship between the output voltage vy (t) and the inputs voltages vy (t) , ..., v, (¢)
is as follows

vi (t)

7

N
Vout (t) = =Ry Y
i=1



14.2. OPERATIONAL AMPLIFIERS FOR FILTERING 205

Ry

o () —ANNVN—

Ry —VV\—
v (t) —NNN——
R,

u () — ANV -

— Vout (t)

Figure 14.6: Summing amplifier.

14.2 Operational amplifiers for filtering

As of now, we have only introduced algebraic relationships between some input
voltages and the output voltage vy (t). In case one or more resistors are
substituted with dynamic elements, such as capacitors, the relationship between
the input(s) and the output becomes dynamic.

R

Uin (t) /\/\/\/ +

— Uout (t)

Figure 14.7: Low-pass filter.

Consider the arrangement of Fig. 14.7. The relationship between the input
and the output voltage, in terms of their Laplace’s transforms, is the following

one
1

- 1+ SRC'Vm (5)

which clearly represents a low-pass filtering operation on signal vy, (). As seen
in Chapter 13, the low-pass filtering functionality is extremely important to re-

Vrout (S)
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move high-frequency components of the measured signal before being sampled.

Example 76. Consider the low-pass filter of Fig. 14.7 to be used to remove high-frequency
components of the measurement noise in the last example of Chapter 13 that had to be
designed with a cut-off frequency of wy = 7.96 rad/s.

It should result immediate to set RC' = 1/wy, i.e. for ezample R = 1 kQ, and C = 125.63
nF.

12 1.2
«*3.,
° Y
°
1 1 0 $05,0
0.8 0.8 L
Q) Q
E E .
206 20.6 ¢
o (53
o o
K7 o
> > °
0.4 0.4 °
o
0.2 0.2 °
3
0 o | | |
0 5 10 15 20 0 5 10 15 20
Time (s) Time (s)

Figure 14.8: Acquired (blue) and filtered velocities (red) on the left, and corre-
sponding samples (right).

Figure 14.8 reports the behaviour of the measured velocity with and without the low-pass
filter as well as the corresponding samples.

14.3 Operational amplifiers for D/A conversion

In Chapter 13 we introduced the D/A converter as one of the element interfacing
the digital controller with the physical world. In particular, we described the
D/A in terms of its behaviour without further details regarding its physical
implementation. In this Section, we further investigate the D/A, but in terms
of constructing technologies. The role of the D/A is twofold: convert a series of
bits into an analogue signal, and to maintain such a signal constant along the
sampling interval T5.

The first problem is addressed using operational amplifiers. Assume that the
control signal ug (k) is encoded in N bits. The arrangement of the summing
amplifier of Fig. 14.6 is particularly interesting for this problem. Assume
that the resistances Ry, Rs,..., Ry are arranged in terms of powers of two,
ie. R; = 21*in,i = 1,...,N. The relationship between the input voltages
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v; (t),i=1,..., N and the output voltage vy, () is given in the following:

R Z al Ui (t)

Vou - — - =

e ( T Lag1= ’R 21- (14.3)
)+

oy (8) 2N

:—(U1()+2’U1()+4’U2<

It follows that, if the input voltages v; (t),i = 1,..., N are set to represent
the string of bits encoding ug (k), the output voltage v,yt (t) will represent the
corresponding analogue value, apart from the sign.

U1 (t) V2 (t) V3 (t) V4 (t)

2R 2R 2R 2R

— Vout (t)
2R -

Figure 14.9: R — 2R 4 bits D/A converter.

The methodology just introduced to convert a string of bits into an ana-
logue voltage can work, provided that a set of resistors properly scaled with the
powers of two can be found. Notice that the ratio between the smallest and the
largest resistances is 2!, For a D/A converter with N = 12 bits, this value
would be 2! = 2048, meaning that resistances span more than three orders of
magnitude.

A better and more practical solution is to rely on the so-called R — 2R
ladder circuit which is reported in Fig. 14.9. For a generic number of bits
N, the relationship between the input voltages vy (t),v2 (t),..., vy (t) and the
output voltage vy (t) is the following one

N
Vout (t) = 2~ N Z 2= 1y, (t)
i=1

Hence, once again, if the input voltages v; (t) ,i = 1,..., N are set to represent
the string of bits encoding ug (k), the output voltage v,y (t) will represent the
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corresponding analogue value. Notice that, differently from the summing am-
plified, the R — 2R ladder is using just two types of resistors, one valued R, the
other 2R.

Finally, some remarks can be given regarding the zero order holding (ZOH)
functionality that is typically present in D/A converters. To this end, notice
that at any discrete instant k, the bits representing the actuation uy (k) are
stored in some memory. Therefore, the memory itself will already play
the role of the holder by maintaining the value stored until the next cycle
when it will be overwritten by the updated control command ug4 (k).

14.4 Operational amplifiers for A /D conversion

As opposed to the D/A conversion, the role of the A/D converter is threefold:
filtering high-frequency noise typically characterising the measured variables,
sampling the filtered value every T seconds, and the actual digital conversion
of the sample from analogue to digital. The first role has been already described
within the discussion on operational amplifiers arranged to act as filters (refer
again to Fig. 14.7). In the next we focus on the actual A/D conversion which
deserves more detailed explanations.

As the name suggests, A/D conversion is the inverse of the D/A operation
and consists in producing an analogue voltage corresponding to a certain string
of bits. We have already seen that, within a feedback controlled system, the
relationship between the reference signal 3° (k) and the control variable u (k) is
expressed by means of the control sensitivity, i.e.

R(z)

T1+R(2)G (z)yO (2)

U(2)
where G (z) is the system to be controlled and R (z) is the transfer function of
the regulator. We have also seen that, for low frequencies, the control sensitivity
approximates the inverse of G (z2), i.e.

R(z) 1

Ve =1 mmar, W) @

Therefore, apart from fast transients, the control variable u (k) is related to
y° (k) through the inverse of the system under control, i.e. G (z)”'. The first
idea on how to obtain the A/D functionality is then to feedback control a D/A
converter.

The functional diagram of a generic A /D converter is reported in Fig. 14.10.
The constant voltage v;, to be converted (which plays the role of the constant
reference y°) is first compared against the output of a D/A converter and, de-
pending on the outcome of the comparison, a control law iteratively adjusts the
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clock, k
Vin
R > vout,l (k) 9e e 7Uout,N (k)
vsb ()
D/A e

Figure 14.10: Successive approximation register (SAR) A/D converter.

input of the D/A converter until convergence.

More specifically, the conversion operates in successive iterations as de-
scribed in the following. At the beginning, i.e. for & = 0, all bits are initially
set to low, i.e. Uoye,1 (0) =0, ..., Vout,n (0) = 0, then from the most to the least
significant bits (MSB and LSB, respectively), at each iteration k =1,..., N

1. the control logics contained in R sets the k-th bit to high, i.e.
Vout,N—k+1 (k) =1

2. the D/A converter performs the conversion producing vy (k);

3. finally, if vy, (k) < vip, the control logics R confirms the bit as high,
Vout, N—k+1 (K +1) = 1, otherwise (i.e. if vy (k) > vip) it sets the bit to
low, i.e. Vout,N—k+1 (k+1) =0.

The strategy just described to implement the A/D conversion is called suc-
cessive approximation register (SAR). The reader should not be surprised
in observing that the control logics contained in a SAR A/D converter actu-
ally constitutes a discrete-time dynamical system. In fact, letting vy (k) =

[vout,l (k) ... VoutN (k)]T the state of the control logics, the algorithm just
introduced can be rewritten as follows
Vout,i (k) 1< k
Vout,i (k + 1) = Ufp (k‘) <vig, 1=k
0 otherwise

Example 77. [A/D conversion based on SAR] Consider a N = 8 bits SAR A/D converter
fed with an input voltage of vy, = 5.3 V and a maximum voltage of V™% =8 V.
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Within the first iteration, k = 1, the MSB is set to high, that is 10000000. The corresponding

analogue voltage
7

2
Vfb (1) - 2788 =4V

is then produced by the D/A. Since vy (1) < vipn, the bit will be confirmed as high in the
next iteration.

Then, in the second iteration, the controller R sets the second bit to high, i.e. 1100000
and voltage
27 426
vy (2) = 28 8 =6V
which is higher than the reference voltage v;y, hence the bit will be changed to low.

The iterations continue until the last bit is set either to low or to high. After k=N =8
iterations, the resulting value for the A/D conversion is 10101001 which corresponds to
27 +25 423 20

vip (8) = ———5 8 =5.2812V x 53V

L

Voltage (V)
SN

Iteration

Figure 14.11: Intermediate values of vy (k) (blue) produced by the SAR A/D
converter and corresponding reference value v;, (red).

Figure 14.11 reports the evolution of the voltage voyt (k) produced by the D/A for every
iteration k as compared to the (constant) reference voltage viy, .

From the last example, it should be clear that the conversion of the ana-
logue voltage v;, (t) into an equivalent string of N bits is an iterative process
which is performed in N steps and the overall process has to complete in way
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less than the sampling interval Ts. Therefore, letting T, the time required by
the D/A converter to produce the output voltage v,y: (N), the overall process
requires NT, < T seconds. Within this time interval, the reference voltage
Vi, € [—V™3* V™M2X] has to be maintained as constant as possible, or at least
within the quantisation interval 2V™ax /2N Since a low-pass filter with cut-off
frequency of wy is always available to filter out high-frequency components of
the measurement noise, we can use wy as a proxy for the variability of v;, (t).
Then assuming
|[Aviy, (t)] = NT V™ wy

to be the maximum variability of v;,, (t) within the conversion interval NT,, in
order to correctly operate the A/D conversion we need

9]/ max
9N

|Avg, (8)] = NT,V™% 0, <

and therefore
1
NTC < m
For a given A /D converter, hence for given T, and N, if the aforementioned
inequality is not satisfied, the simple holding circuit of Fig. 14.12 is placed
before the A/D converter.

Vin (t) +
—— Vi (1)

Figure 14.12: Holding circuit.

The holding circuit of Fig. 14.12 basically stabilises its output voltage v;;, (t)
by removing possible fluctuations of v;, () that are higher than the quantisa-
tion interval 2V max /2N

Finally, the sampling operation is simply obtained using a switch (typically
implemented using transistors) before the holding circuit of Fig. 14.12 which
commutes and closes every T, seconds for the time necessary to charge/dis-
charge the capacitor of the holding circuit.

For particularly demanding application, the flash A /D converter consti-
tutes a valid alternative to the SAR converter. A flash converter operates in
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a one-shot fashion producing the conversion in 7T, seconds, independently from
the number N of bits. The corresponding circuit is shown in Fig. 14.13. The
left leg of the circuit represents a voltage divider which sets the 2V — 1 negative
ports of the corresponding operational amplifiers (ordered from bottom to top)
to the following values:

_ R/2+(Gi-1)R__ =~ i—-1/2 . N

vy (t) = OV -1 R V —2N_1V i=1,...,2 1

It is worth noticing that these value are monotonically increasing with 4, i.e.

Vi, (8) > (8),Vi=1,...,N —1

}/ max Vin (t)

>7 Vout,3 (t)
g

>— Vot (1)
g

>7 Vout,1 (t)
;m

Figure 14.13: A flash D/A converter with N = 2 bits.

The operational amplifiers are here adopted as comparators, therefore the
logical values of their outputs will be set to

i—1/2
/ Vmax

VIS vin (1) > o =12V 1

Vout,i (t) =
0 otherwise
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forming the so-called thermometer encoding of the input voltage v;, (¢).
The reason can be simply explained by noticing that if vey. ; (t) is set to a high
value, then all vgy ; (t), 5 <@ will be set to high, as well.

The actual digital encoding of voltage v;, (t) is finally performed by a subse-
quent circuit that simply counts the output voltages that were set to high values
and converts this count in standard binary code (see Tab. 14.1).

Vout,3 Vout,2 Vout,l ‘ count ‘ binary

0 0 0 0 00
0 0 1 1 01
0 1 1 2 10
1 1 1 3 11

Table 14.1: Conversion from thermometer to standard binary encoding for N =
2 bits.

Example 78. Consider a N = 8 bits flash A/D converter fed with the constant input voltage
of vin, = 5.3V of the previous example, and a mazimum voltage of V™2* = 8 V. The negative
ports of the 2V — 1 = 255 operational amplifiers are fed with the following reference voltages

—1/2 3/2

1
Vi (1) = 55— 8= 00157 V,vy (1) = ;78 =0.0471 V...
_ 169 —1/2 B 170 — 1/2 ‘
Vigy (1) = — 5 — 8 =5:2863 V,uio (1) = — 8 =53176 V,

c Ugsg (1) = 7.9843 V

Therefore the binary encoding of the analogue voltage v;, = 5.3 V will be 10101001, i.e.
binary (169).

Notice that, since the 2V — 1 operational amplifiers composing the flash
converter operates in parallel, the A/D conversion time is just equal to the
time 7T, required by the comparison making this converter significantly faster
than the SAR, especially for high numbers of bits V.

14.5 Summary

In this Chapter, we have seen how most of the technologies required for the
implementation of the digital control system in Fig. 13.3 are physically imple-
mented in hardware by means of operational amplifiers. Figure 14.14 reports
an extremely simplified version of a digital controller comprising the A/D and
the D/A functionalities. As also discussed in Chapter 13, a low-pass filter is
also typically deployed to remove high-frequency noise in the measured signal.
Moreover, a non-inverting amplifier is placed before the sampler in order to
scale the filtered signal to fit the fully range of the A/D converter.
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—— Voltage to
actuator

f— Voltage from

Figure 14.14: Schematic representation of the pipeline for a N = 2 bits con-
troller.

The software functionalities required for the implementation of the digital
control law, which can be derived from the discrete-time controller transfer
function R4 (z) as seen in Chapter 13, will be further discussed in the next
Chapter.



Chapter 15

Computing technologies for
feedback control systems

The previous Chapters of this book were essentially focused on the methods and
the corresponding technologies for the implementation of a feedback strategy
to let a single output variable y (t) follow an independent reference y° (¢).
Consider an automated warehouse as the one reported in Fig. 15.1. In order
to retrieve the correct box, the picker has to first transfer towards the correct
shelf, then move vertically to the correct ledge, then extract the picking clamps,
close and retract them, and move to the drop-off station.

Figure 15.1: An automated warehouse (Jungheinrich).

As we might argue, to govern the entire system a single control loop is not
sufficient. Surely, different controllers should be employed: one to govern the
motion of the picker along the shelves, one to govern its motion in the vertical
direction, another one to extract and retract the picking clamps, etc. While

215
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the corresponding control loops can be probably designed or tuned separately
from each other, during operations they have to be orchestrated to achieve
the desired goal. For example, the clamping device should be extracted only
when the vertical position of the picker has reached its steady-state value cor-
responding to the desired ledge. The clamps can be activated only when the
device carrying them has been fully extracted, etc. From this simple example,
we should notice that a relatively simple automated control system actually
requires both the regulation of continuous-time physical quantities (e.g. the
horizontal and vertical positions of the picker) as well as a proper action se-
quencing strategy. Similar examples can be mentioned in other fields of engi-
neering. For example, an automated underground train has to open its doors
only when the train has reached the next station and its velocity is reasonably
null. In turn, it is allowed to close the door only after a certain time, and
only if no more passengers are occupying the doorways.

In the reminder of this Chapter, the software technologies for the development
of such orchestration functionalities will be discussed.

15.1 Programmable Logic Controllers

A Programmable Logic Controller (PLC, in short, see also Fig. 15.2) is a pro-
grammable rugged device offering extensive input/output (I/O) functionalities
to handle the connections from sensors and towards actuators.

Figure 15.2: A Programmable Logic Controller (Allen-Bradley).

Every PLC program is executed repeatedly, every Ty seconds (each program
has its own T5). Differently from programs meant for the execution on standard
computers, a PLC program is constituted by the following steps:

1. the levels of physical inputs is copied to an area of memory accessible to
the CPU (I/O Image Table);

2. the user program is run, and the I/O Image Table is updated with the
new values of the corresponding outputs (refer again to the schematics of
Fig. 13.11);
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3. operating system services are executed (for scheduling purposes, mainly);
4. the outputs are copied from the I/O Image Table to physical outputs.

Under the IEC 61131-3:2013 standard, PLCs can be programmed using stan-
dardised programming languages:

e Function Block Diagram (FBD);
e Ladder Diagram (LD);

Sequential Function Chart (SFC);
e Structured Text (ST or STX).

FBD, LD and SFC are graphical programming languages, while ST is a textual
language similar to PASCAL. Additional programming languages such as spe-
cially adapted dialects of BASIC and C might be also available, in some cases.
As we have already addressed in Chapter 13, a discrete-time transfer function
R4 (z) can be easily translated into an algorithm to be executed. Then, assum-
ing Structured Text to be the programming language for its implementation,
the corresponding code can be easily written. As a matter of fact, the ma-
jority of commercial PLCs offer a wide range of pre-implemented controllers,
obviously including those belonging to the PID family.

15.2 Sequential Function Charts

As for the typical orchestration functionalities required in almost all automatic
control applications, graphical programming languages are the best candidates.
Sequential Function Chart (SFC) is a graphical programming language that
can be used to control processes that can be split into different execution steps.
The main (graphical) components of a SFC program are:

e steps with associated actions;
e transitions together with the associated logical conditions;

e directed links between steps and transitions, or between transitions and
steps.

Steps indicate operational condition of both the controller and the system
under control and are graphically represented by squared boxes. A step can
be either active or inactive (when active the squared box contains a marker).
The marker is just a graphical representation of a Boolean variable indicating
whether the step is active or not. Actions are only executed for active steps.
Activation of a step happens for one of the two following reasons:

e it is an initial step (represented by a double-bordered squared box) as
specified by the programmer;



218CHAPTER 15. COMPUTING TECHNOLOGIES FOR FEEDBACK CONTROL SYSTEMS

e it has been activated during a previous PLC cycle and not deactivated
since.

Steps are activated when all steps above it are simultaneously active and the
connecting transition is superable (i.e. its associated logical condition is true).
A transition is represented with a horizontal bar. When a transition is passed,
all steps before the transition are deactivated (corresponding markers are re-
moved) at once and all steps after the transition are activated at once (corre-
sponding markers are added).

Actions associated to steps can be of several types (named qualifiers), the
most relevant ones being Normal or Non-stored (N), and Pulse (P). The former
indicates that the corresponding action has to be continuously executed as long
as the step is active. The latter, in turn, indicates that the corresponding action
has to be executed just once, right after the activation of the corresponding step.

coin

PLC

Figure 15.3: A pneumatic vending machine controlled by a PLC.

As an example, consider the pneumatic vending machine of Fig. 15.3. Upon
the insertion of a coin, which is detected by means of a proper sensor acquired
by the PLC, the solenoid has to be actuated, thus commuting the state of
the 3-ways 2-positions normally closed valve and letting the air flow from the
compressor to the normally closed single-effect piston. The piston elongates,
pushing the purchased item out of the stack while preventing the next one to
fall. After two seconds, the solenoid can be deactivated, the piston retracts
thanks to the return spring and the system returns to its initial condition.

The system can be governed by a PLC running the SFC program sketched
in Fig. 15.3. It is composed of two steps X0 (initial step) and X1 and two
transitions. At the beginning the initial step X0 is active, and the solenoid
is not energized (solenoid = 0). Whenever a coin is inserted (coin = 1) the
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transition after X0 becomes superable. Correspondingly, X0 is deactivated
and S1 activated. With the activation of step X1, the solenoid is energized
(solenoid = 1), thus actuating the piston. After 2 seconds, the transition after
S1 is superable (X.t >= t#2s indicates that step X1 has been active for at
least 2 seconds), hence X1 is deactivated, X0 activated and the cycle restarts.

— N solenoid = 0
= coin =1
X1 N solenoid = 1

= X 1.t >=t#2s

Figure 15.4: SFC code to govern the pneumatic vending machine.

Defining the state of the SFC program as z (k) € {0,1} = B, corresponding
to X0 active and X1 inactive and vice-versa respectively, its inputs as y1 (k) =
coin € B and ys (k) = X1.t € R, and the corresponding output as w (k) =
solenoid € B, it should not be surprising that the SFC program in Fig. 18.9
can be alternatively represented in terms of the equations

z(k+1)=f(z(k),y k)

(k) = 2 (8) (15.1)

where
0 z (k) =1and yy (k) > 2
(k) y (k) =41 z (k) =0and y; (k) =1
x (k) otherwise
which constitute a discrete-time system. Notice that both the state z (k), the
input y (k) and the output u (k), are constituted by discrete quantities, only. In

this cases, the corresponding dynamical systems are rather classified as Discrete
Event Systems (DES), for which a separate literature exists.

15.2.1 Program flow

SFC control programs are usually more complicated than the one exemplified
in Fig. 15.4. As in all programming languages, dedicated structures to modify
the flow of the program are available.

If-then-else-endif

As it is often necessary to take different actions depending on some condition
of the system under control, conditional branches in the form of if-then-else
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structures are possible in SFC programs. In the example of Fig. 15.5, whenever
state X0 is active, either the transition with associated condition A or the other
with condition —A are superable. In both the cases X0 will be deactivated. In
the former case, the SFC program will proceed activating X1, in the latter, X3
will be activated, instead.

X0

=+ A + -4

Figure 15.5: SFC excerpt for the if-then-else-endif structure.

Parallelism and rendezvous

For complex automation systems, it is usually necessary to perform two or more
actions concurrently. Differently from the two previous examples in Figs. 15.4
and 15.5, in this case two or more steps can be simultaneously active. This is
not in contrast with the execution paradigm for SFC program.

X0
+ A
[
X1
+ X3
X2
I

1B
Figure 15.6: SFC excerpt for parallelism and rendezvous.
The SFC program in Fig. 15.6 contains two branches which are simultane-

ously (and independently) executed upon the deactivation of X0. The leftmost
will first activate X1 and then X2, the rightmost just X3. Whenever the
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transition with associated logical condition B is superable, X2 and X3 are
deactivated and the program returns to follow a single stream.

Synchronisation

Focus again on the parallel execution of two branches. As we have seen in the
example of Fig. 15.6, the two (or more) parallel streams can proceed indepen-
dently from each other. Assume now that one wants to force one of the two
sequences to wait for the other before proceeding.

X0
I
X3
X1 T A
—
M X4
I
X2 X5

Figure 15.7: SFC excerpt for the synchronisation of two concurrent streams.

In the example of Fig. 15.7, the two parallel branches are simultaneously
activated upon the deactivation of X0 and starts proceeding in parallel with
both X1 and X3 simultaneously active. The transition between X1 and X2 is
not superable until step M is active which, in turns, happens when the transi-
tion with associated condition A is superable. It follows that the activation of
step X2 has to wait for the deactivation of X 3.

Example 79. [Synchronisation of two cyclic tasks] Consider two cyclic tasks (A and B)
composed by 3 and 2 operations (A.1, A.2, A.3, and B.1, B.2), respectively, to be executed
one after the other. And assume that B.1 cannot start before A.1 has finished, and A.3
cannot start before B.1 has finished.

Instead of directly sketching the overall SFC program in just one shot, we can proceed
gradually by first implementing the code to govern the independent execution of the two
tasks. The corresponding SFC program is reported in Fig. 15.8. Notice that a step per each
operation has been introduced, as well as intermediate steps to explicitly indicate waiting
(idle) states. Moreover, actions and corresponding qualifiers associated to Al, A2, A3 and
B1, B2 are not reported.

In order to realise the required synchronisation, we add two more steps M1 and M?2.
Step M1 is activated upon the deactivation of Al to indicate that B1 can start. Similarly,
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Y

Al

== Al_done =1 Y

A2 B1

== A2_done =1 == Bl_done =1
A3 B2

= A3_done =1 = B2_done =1

Figure 15.8: SFC code to execute the two cyclic tasks (without synchronisation).

step M2 will be activated upon the deactivation of Bl indicating that A3 can start. The
overall SFC program is reported in Fig. 15.9.




15.2. SEQUENTIAL FUNCTION CHARTS 223

Y
Al
== Al done =1 |
M1
L
A2 B1
== A2_done =1 | = Bl_done =1
M2
|
A3 B2
=+ A3_done =1 = B2_done =1

Figure 15.9: SFC code to execute the two cyclic tasks together with the pre-
scribed synchronisation.
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Part V

Mechatronic applications of
control
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Chapter 16

Motion control with
electro-hydraulic actuators

The problem of controlling the motion of a mechanical system actuated by an
electro-hydraulic actuator entails a series of methodological and technological
challenges. This Chapter investigates the motion control problem for mechan-
ical system with electro-hydraulic actuators. Mechanical systems governed by
electro-hydraulic actuators are very common in different fields of engineering,
especially in aeronautics. For example, control surface is indeed governed by
electro-hydraulic actuators (see Fig. 16.1 as an example). Even when aircraft

Figure 16.1: Fully extended flap of a Boeing 777 during landing (Creative
Commons).

are manually actuated by pilots, modern flight controllers actually adopt fly-

by-wire technologies, which are essentially feedback control systems following
references provided by the pilots.
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16.1 Components for motion control

In the following, we will make reference to a very generic mechanism composed
by an electrical servo-valve, together with its driver, a hydraulic cylinder, and
a generic mechanical load. The position of the moving load is assumed to be
measured by a proper position sensor.

16.1.1 Modelling the electro-hydraulic dynamics

Without any lack of generality, we will make reference to a 5-ways proportional
spool servo-actuated valve. With reference to the model in Fig. 16.2, define
M the mass of the mechanical load, also comprising the one of the piston and
of the rod, z (t) its absolute position, ¢; (t) the flow towards the left chamber
of the cylinder, p; () the pressure in the left chamber, g (t) the flow from the
right chamber away from the cylinder, py () the pressure in the right chamber.
Further define the two constants py and p. being the delivery and the exhaust
pressures, respectively, and z (t) the position of the spool servo-valve.

Figure 16.2: Mechanical load driven by an electro-hydraulic actuator.

Consider the following characteristic for the servo-valve

xs (1)

N/

q(t)=k Ap (1)

and specifically

and
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where p is the nominal density of the hydraulic medium, k is a sizing parameter.
Then, from the continuity equations of pressure, for the two chambers we have

e [ql (6= S 520~ Cu o1 ()~ (t))] -
16.1
0= s [sjtm (6~ )+ o ()~ po (t»]

where Vj is the volume of each chamber for z = 0, 8 is the isothermal bulk
modulus of the hydraulic fluid, S is the effective bore of the cylinder, and finally
Cp, is the leakage coefficient between the two chambers of the cylinder.

Define p,, (t) = p1 (t) —pa2 (t), the pressure difference between the two cham-
bers, and assuming nearly constant and equivalent flow rates ¢; (t) = ¢2 (¢t) =
Gm (t). Assume p, = 0, then for small variations around the equilibrium point
characterised by p,, (t) = 0,Vt and x () = 0,Vt, the corresponding behaviour
can be characterised by the following equation

d 26CL, 256 d 20
P (1) = = (1) — = (8) + ——gum (¢
ZPm (1) v P () = g (O + gram ()
which represents, in terms of a LTI system, the dynamics of the hydraulic

cylinder, where

Overall, the dynamics of the hydraulic cylinder can be written in terms of the
following equation
d 28CL . 2568 d . 28k\/pa

apm(t)z 7 P ( BT Vous x5 (t) (16.2)

16.1.2 Modelling the mechanical dynamics

The modelling of the mechanical load is actually straightforward if we consider
the mass M of Fig. 16.2 representative of all moving masses and results

d
T (t) =w(t)

d T

1 (16.3)
0 ()= =3O+ 3 (F (1) = Fi (1)

where F (t) represents the force produced by the cylinder, i.e.

F (t) =5 (pl (t) — P2 (t)) = Spm (t)

and Fj (t) a generic external force (see again Fig. 16.2).
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16.1.3 Control strategy

The two sets of equations (16.2) and (16.3) constitute the overall model to be
used as a reference for the tuning of the control law. The reported equations
correspond to the block diagram reported in Fig. 16.3.

2543
Vo
1
206k - - i
24 (t) — ‘ﬂ/ v/DPd 230, o me(ihaglcal v (t)
oa
O\/I5 S+ Vo |Pm (t) _
Fi ()

Figure 16.3: Block diagram of the overall system including both the electro-
hydraulic and the mechanical dynamics.

From a control perspective, assuming the valve to be servo-actuated, one
can assume the position of its spool very closed to its reference, i.e. s (t) =
22 (t),Vt. By combining the two sets of equations (16.2) and (16.3), one obtains
the following third-order LTT system

c s Nz
%pm (t) = 2@0 L () — 2V0ﬂ v (t) + 2@5 \/gdxg ()
4= 16.4
— () = () (16.4)
T S
S0 (t) =~ 0 () + oo (1)~ 32 (1)

where 29 (¢), i.e. the position of the spool, can be regarded as an input, together

with the disturbance force Fj (t) applied to the load, while the state is

m(t):[m(t) x (t) v(t)]

Further inspecting the equations, one can notice that the system corresponds
to the following characteristic polynomial

T

s (25 (5’2 + ’/‘CL) + (rVo+28CLM) s+ MV052)
MV,

det (sI — A) =

Assuming a negligible friction coefficient, i.e. r &~ 0, the characteristic polyno-
mial further simplifies to

28582  2B8C
det(sI—A)zs<B b L8+82>

MVy Vo
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which clearly indicates the presence of an eigenvalue in the origin and two
complex and conjugate ones with the following natural frequency and damping

_g 23 _ﬁC'L BM
“n =S\ 3et T e\ T

respectively. The transfer function from the reference position of the spool of
the valve 20 () to the position z (t) of the load can be then written as

p/s
A
74‘2*84— 1

w2 Wn,

where
n= kP
VPSS

16.2 Synthesis of the position controller

The selection of the controller naturally falls within the family of PID con-
trollers. A purely proportional controller constitutes the simplest choice, though
the absence of the integral action would make the steady-state compensation of
constant disturbances (as e.g. the force Fj (t)) not possible. As a consequence,
the precision in the positioning of the rod of the cylinder will be demanded a
high value for the generalised gain of the loop transfer function K pu.

Example 80. [Tuning of the position controller] Consider a generic control surface of an
aircraft as the one reported in Fig. 16.4. For the system at hands, we assume the following

T

7

]
Pe Pa Pe
Figure 16.4: Control surface with an electro-hydraulic actuator.

values for the relevant parameters. For the hydraulic fluid 8 = 1.5 GPa, p = 900 kg/m?3, for
the cylinder Vo = 6.2832-1075 m3, § = 3.1416-10~* m?, Cp, =1.4-10~ 11 m4s/k’g, for the
valve k = 2.7-10~% and py = 21 MPa. Finally for the mechanical load, we assume m = 0.5
kg the mass of the piston, J = 0.16 kg-m? the moment of inertia of the control surface, and
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r =10 e¢m the radius of the last arm of the kinematic chain. For small displacements of the
rod of the cylinder, we can approximate

z (1)
r
hence, the overall reflected mass can be regarded as

0(t) ~

J
M=m+ 5 =16.5 kg

T
Consistently, the transfer function from the position of the spool to the displacement of the
rod of the cylinder results as follows

3.749 - 107

s (s2 + 668.5s + 2.856 - 10%)
corresponding to wy =~ 534 rad/s, £ ~ 0.625, and p ~ 131.

G(s) =

2500
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Figure 16.5: Root locus for varying proportional gains K.

The root locus of the corresponding loop transfer function L (s) = K,G (s) is reported
i Fig. 16.5. As one can see, in order to guarantee asymptotic stability, there is an upper
limit for the proportional gain. This limit, say K'* can be easily computed by applying
the conservation of the sum, which applies since the relative degree v of the loop transfer
function is v = 3 > 2. Specifically, when the two closed-loop roots are on the imaginary azis,
the other one corresponds to the sum of all open-loop poles, and specifically

s =0 — 26w, = —668.4508

The corresponding maximum value for the proportional gain is therefore

Ko = - = 5.0918
|G (—668)|
In order to stay sufficiently far from the stability limit of the system happening for
Kp = Kp#%, we can set Kp = 0.1K*** = 0.5092. Correspondingly, the crossover frequency
results as follows
we = Kpp = 01K ~ 67 rad/s
which is sufficiently far from the resonant behaviour of the system at wy, = 534 rad/s. The
response of the angular displacement of the control surface 0 (t) for a step change in its
reference position 00 (t) = 10 deg,t > 0 is reported in Fig. 16.6.
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Figure 16.6: Step response of the angular displacement of the control surface

¢ (t) for a proportional controller tuned with gain K, = 0.1K"**.
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Chapter 17

Motion control with
electro-mechanical
actuators

The problem of controlling the motion of a mechanical system actuated by
an electrical motor also entails a series of methodological and technological
challenges. This Chapter is then intended to address all these aspects for this
specific case of adoption of feedback control.

17.1 Components for motion control

In the following we will make reference to a very simple mechanism composed
by an electrical motor, together with its driver, a gear-box, and a generic load.
The position of the rotating axis will be measured by a proper (typically optical)
sensor.

17.1.1 Modelling the electrical dynamics

Without any lack of generality, we will make reference to a permanent magnet
DC (PMDC) motor. First, consider the working principle of a DC motor: the
voltage applied to rotor windings generates a current, the windings which are
current-currying conductors, are immersed in the stator magnetic field. Lorenz
forces are then exerted on the windings and produce motion of the rotor. As
the rotor rotates, the variable flux through the windings produces Lenz voltage
(called back electromotive force, back-EMF) which opposes to the sup-
plied voltage.

From a purely electrical perspective, a PMDC motor corresponds to the
electrical circuit in Fig. 17.1 where v (¢) is the supplied voltage, e (t) is the

235
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back-EMF, while R and L are the resistance and the inductance of the rotor
windings, respectively.

iy R L
——\N\—T00

«01(]) few

Figure 17.1: Electrical model of a PMDC motor.

Letting i (¢) the current flowing in the circuit, the equations governing the
electrical dynamics of the motor are given in the following

W) =—Zi)+ @) —e®) (17.1)

e(t) = kewpm (t)

where the back-EMF e (¢) has been assumed, as it typically happens, propor-
tional to the spinning velocity of the rotor w,, (t), through coefficient k.. It is
easy to recognise a first-order LTT system with input the net voltage v (t) — e (¥)
and output the current i (¢). Hence, from the Laplace perspective, the model
of the PMDC motor can be written in the following terms

17.1.2 Modelling the mechanical dynamics

The simplest mathematical model of the overall mechanical load can be regarded
as the two-inertia system reported in Fig. 17.2, where J,, and J; represent the
moment of inertia of the rotor and of the load, respectively, n > 1 is the gear-box
reduction ratio, 7,, (¢) is the driving torque, w,, (t) and w; (¢) are the rotational
velocities of the rotor and of the load, respectively, and finally 7; (t) represents
an additional load torque.

The equations governing the behaviour of the mechanical quantities are



17.1. COMPONENTS FOR MOTION CONTROL 237

wm; Tm

Figure 17.2: Mechanical model.

given in the following

Zim (6) = 2 (7 (1) = 7 (1)
)= 1 (6= 1) 1

o (£) = Ky (2)

where the driving torque 7, (t) has been assumed proportional to the current
i (t) flowing in the rotor windings through constant k;, and 77y, represents the
driving torque to the load.

A gear-box is typically placed between the motor and the mechanical load to
operate. In mechatronic system governed by electrical motors, fixed-ratio gear-
boxes are usually adopted, hence the reduction ratio n > 1 will be considered
constant. As one can see from (17.2), the equations governing the mechanical
quantities of the system is incomplete since a relationship between rotor- and
load-side quantities is missing. The two typical possibilities for the modelling
of the transmission stage will be introduced in the following.

17.1.3 Control strategy

Equations (17.1) and (17.2) together constitute the overall electro-mechanical
model to be used as a reference for the tuning of the control law. The two last
algebraic equations, i.e. e(t) = kewy, (t) and 7, (t) = kqi (t), represents the
mutual coupling between mechanical and electrical quantities.

Regardless how the remaining modelling issue is solved, the block diagram of
the overall system is reported in Fig. 17.3.

From a control perspective, the voltage v (¢) applied to rotor windings rep-
resents the control variable, while the current i (¢), the rotor velocity w,, (s),
and its integral, i.e. the rotor position g¢,, (t), are variables to be controlled or
monitored. From now on, we will consider the most complete scenario in which
both the velocity wy, (t) and the position g, (t) of the rotor shaft have to be
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[ ]
Fe |
B 1 mechanical m
v (t) —& ] [t | -
Ls+ R i(t) Tm (t) load wm (1) M qm (t)

Figure 17.3: Block diagram of the overall system including both the electrical
and the mechanical dynamics.

controlled. Motion control of lathes, for which only the spinning velocity has
to be controlled, will not fall outside the forthcoming discussions, as we will see.

Due to the availability of three measurements, i (t), wy, (s), and ¢, (t), and
their relative difference in terms of frequency components, we can easily arrange
a three-level cascaded control scheme with an inner control loop dedicated to
the current with controller to be designed R; (s), an intermediate one for the
velocity with controller R, (s), and the outermost for the position controlled by
R, (s). The corresponding block diagram is reported in Fig. 17.4.

0 (t) why, (t) i©(t)
——0—| R, (s) ———0—{ R, (s) ———0—

Figure 17.4: Typical control architecture for motion control problems with three
nested (cascaded) control loops.

17.2 Synthesis of the current controller

In this Section, design guidelines for the tuning of the current controller R; (s) of
Fig. 17.4 will be derived. Looking at the schematic representation of the electro-
mechanical dynamics in Fig. 17.3, the model of the system to be controlled has
the input voltage v (t) as input and the current i (¢) flowing in the rotor windings
as corresponding output, and therefore

1

Ls+ R Ls+ R 1

I == =

() ; LG Vis) <Ls+R+kekth(s) iR @
LR
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where G, (s) represents the transfer function from the torque 7, (t) to the
velocity of the rotor w,, (t). Notice that the term within parentheses is a term
characterised by extremely low-frequency components with respect to those of
the electrical dynamics and will be regarded as a low-frequency uncertainty for
our synthesis purposes. Moreover, since reasonably G, (s) = 0 for s — 400, we
have

. Ls+ R . Ls

lim = lim ———M =

s—o+oo Ls + R+ kkiGy (8)  s—+oo Ls + koki Gy (8)

As a consequence of the discussion on the sensitivity transfer function reported
in Chapter 7, one can focus on the following relationship

1

I(s)~ Ls+ R

V(s)

for the design of the current controller R; (s). Being the system to be con-
trolled characterised by a single left half-plane pole and no zeros, a proportional-
integral controller could be regarded as the best choice, hence

1+ 8T
R; (5) = Kpiﬁ

In order to achieve a crossover frequency of w.;, the zero of the controller can be
placed approximately one decade before we;, i.e. Tj; = 10/w,;. This way, in the
neighbourhood of the crossover frequency we;, the corresponding loop transfer
function would result as follows

i 1 14Ty Ky
TP Is+ R sT;  Ls

from which the following tuning for the proportional gain K,; can be obtained

K,

pi — Lwci

Example 81. [Tuning of the current controller] Consider the data-sheet of a commercial
PMDC motor in Fig. 17.5.

Assuming one wants to tune the current controller for the specific model C23-L33-10, the
parameters of interest are the rotor (named terminal in the data-sheet) resistance R = 0.6
Q and inductance L = 0.35 mH. Notice that the data-sheet also reports the electrical time
constant which can be defined as 7o = L/R = 0.5833 ms. The open-loop system has its
pole at frequency we = 1/7e = R/L ~ 1700 rad/s, we than assume wq; = 8000 rad/s to
be a reasonable requirement for the closed-loop system. Therefore, the proportional-integral
current controller R; (s) can be tuned using the following parameters

Ty = 10/wei = 10/8000 = 13 ms, Kp; = Lwe; = 2.8 V/A

The corresponding phase margin results of 1y = 96.5 deg. The step responses for a reference
current of i° (t) = 0.1 A is reported in Fig. 17.6.
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C23 Series Specifications

Part Number* C23-133 C23-L40
Winding Code** 0 | 0 | w | o | w 0 |0 | o | o | =
L=Length inches 333 4
millimeters 846 101.6
Terminal Voltage volts DC 12 12 2% % 48 12 2% % 48 60
Rated Speed RPM 4700 2150 4200 3750 3000 2300 3600 3500 2850 2250
rad/sec 492 225 440 393 314 241 377 367 298 236
Rated Torque oz-in 75 12.6 127 144 158 17.3 255 253 256 242
Nm 005 009 009 010 011 012 0.8 018 018 017
Rated Current Amps 475 43 3 2 14 49 43 275 18 1.1
Torque Senstivity oz-infamp 265 425 62 10.25 15.75 484 774 12 18.5 2875
Nmjamp 00167 | 00300 | 00438 | 00724 | o112 | 00342 | 00547 | 00847 | 04306 | 02030
Back EMF volts/KRPM 2 315 45 76 115 358 572 882 1382 | 212
volts/radisec 00t91 | 00301 | 00439 | 00726 | 01098 | 00342 | 00546 | 00842 | 01320 | 02026
Terminal Resistance ohms 0.60 1.00 1.70 4.00 9.00 070 0.96 230 5.50 12.00
Terminal Inductance mH 035 094 2.00 5.50 13.00 0.50 1.30 3.10 7.36 18.00
Rotor Inertia ozin-sect 00022 | 00022 | 00022 | 00022 | 00022 | 0004 | 0004 | 0004 | 0004 | 0004
g-cm? 155.4 155.4 1554 1554 1554 2825 2825 2825 2825 2825
Electrical Time Constant millisecond 0.5833 0.9400 1.1765 1.3750 1.4444 0.7143 1.3584 1.3478 1.3382 1.5000

Figure 17.5: Excerpt of the data-sheet of a commercial PMDC electrical motor
(Moog).
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Figure 17.6: Step responses of the current (left) and of the supplied voltage
(right) for a reference current of 0.1 A.

17.3 Synthesis of the velocity controller

Consider again the mechanical system in Fig. 17.2. As already discussed, its
mathematical model in (17.2) lacks of modelling details regarding the relation-
ship between motor- and load-side quantities. In the following, we will address
two main modelling assumptions, that is

1. the transmission stage can be considered as infinitely rigid;

2. the transmission stage involve some non-negligible flexibilities that have
to be taken into account.
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17.3.1 Rigid case

The case of a completely rigid transmission stage actually constitutes a very
strong assumption. In this setting, motor- and load-side quantities can be
regarded as kinematically related by the following algebraic relationships:

a) =2 0 ) = 22

From these relationships, once substituted in (17.2), one can easily derive a
lump model which simultaneously describes both the motor- and the load-side
dynamical behaviours, i.e.

T + 5

g (17.3)
Tm () = ki (t)
wi (t) = wmn(t)

The corresponding relationship between the current 4 (¢) and the rotor velocity
Wi, (1), in the Laplace domain, can be written as follows

1

Q. (5) = VA <ktl(s) - Tlf))
<Jm + 77é> s

which clearly highlights an integral dynamics between the net torque ki (t) —
7 (t) /n and the motor velocity w,, (t). For this reason, a proportional-integral
controller still constitutes a reasonable choice for the velocity controller R, (s).
Notice that, in order to nullify the steady-state error in case of a constant load
disturbance torque 7 (t) = 7, Vt > 0, the integral action within the controller
R, (s) is needed. In fact

€ = lim sE (s) = — lim /1
s—0

s—0 Jl
I + po s+ Ry (s)

This said, assuming the motor current to be ideally regulated by the inner
current control loop, i.e. i (t) = i¥ (¢), the loop transfer function to be considered
for the tuning of the velocity controller R, (s) results as follows

14Tk
Lo (5) = Ky :

P SEU Jl
Jm + o) S
n
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Hence, given the design specification in terms of a desired crossover frequency
Wey K Wei, one can place the zero of the controller one decade before, i.e.
T}y = 10/wey, and set the proportional gain K, as

S\ wew
Kpo = [ T+ ] 2
P m + n2 ky

S0 to obtain the desired crossover frequency.

Example 82. [Tuning of the wvelocity controller] Consider again the C23-L33-10 PMDC
motor of Fig. 17.5 with a load J; = 15.54 kg - m? and a transmission ratio of 7 = 100.
The parameters of interest are the rotor inertia Jy, = 155.4 g-cm?, and the torque constant
(torque sensitivity) ky = 0.0187 Nm/A. Assuming wey = 500 rad/s to be a good separation
between the inner current loop and the velocity control loop to be tuned, a proportional-integral
current controller Ry (s) can be tuned using the following parameters

Wew

k¢

5 =133 As/rad

Ji
Tiw = 10/500 = 12.5 ms, Kpy = <Jm + l)
n
The corresponding phase margin results of 1, = 84.3 deg. Bode’s diagrams of the wvelocity
loop transfer function, obtained by neglecting the presence of the inner current control loop,
are gien in Fig. 17.7.
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Figure 17.7: Bode’s diagrams of the velocity loop.
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17.3.2 Elastic case

The assumption of a completely rigid transmission stage is clearly too opti-
mistic. As seen for the tuning of the velocity controller R, (s), there is appar-
ently no practical limitation, apart from the presence of high-frequency mea-
surement noise and the presence of the inner current loop, in the selection of
the crossover frequency we,. As a matter of fact in many commercial machines,
the transmission stage cannot be considered as completely rigid (see Fig. 17.8
for a few examples) being manufactured of deformable materials.

(a) Transmission between (b) Transmission within the wrist of an indus-
the motor and the drum of a trial robot

washing machine (Creative

Commons)

Figure 17.8: Example of transmission stages.

It follows that the modelling assumptions adopted so far should be retracted.
A more realistic model of the transmission stage can be derived assume the
transmission as a spring-damper system between the motor- and the load-sides.
Correspondingly, the driving torque 75, in (17.2) can be written as follows:

Tim (t) = ket (qm (t) = nqr (t)) 4 det (Wi (t) — nwi (1))

where parameters k.; and dg; represent the stiffness and the damping of the
transmission elements, respectively. Notice that, in case of belt transmissions,
while the stiffness coefficient can be somehow estimated from the Young’s mod-
ulus F of the material, the area A, and the nominal length Ly, i.e.

. EA
el — LO

an estimate for the damping coefficient d; is definitely more difficult to be
obtained without experimental data.

Using the elastic model of the transmission just introduced, starting from (17.2),
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the equations governing the behaviour of the mechanical system are given in
the following:

St () = m (0
T (6) = 5 (i (1) = 7 (1)
L (1) = s (1) = o (1) e

e () = w551 () = 7 (e (6) = (1)

Tim () = ket (qm () — 01 (t)) + det (wm (t) = nwi (1))
which is a LTI dynamical system of order n = 4 and state vector
T
Z (t) = [Qm (t) Wm (t) nai (t) nwi (t)]

The equations in (17.4) correspond to the following relationship between the
input current i (t) and the rotor velocity w,, (¢):

£ 8
" 1+2—+—

mmaz ?z Sﬁ() (17.5)

772kel de 1 Ji
Wy = Tl7wp:wz\/1+ 7§Z: 2\/m7§p:€z 1+PaP:n2J
e m

where

The transfer function in (17.5) is characterised by a pole in the origin, and
two pairs of typically poorly damped complex and conjugate poles and zeros.
Moreover, since p > 0 and therefore /1 + p > 1, the frequency of the complex
and conjugate zeros w, anticipates the one of the complex and conjugate poles
Wp, 1.e. w; < wp. Finally notice that the low-frequency behaviour of the transfer

function, i.e.
ki

Ji
S Jm+?

is identical to the one derived under the assumption of an infinitely rigid trans-
mission stage.

Example 83. Considering the data in the last example with w, = 500 rad/s and &, = 0.1,
the Bode’s diagrams of the frequency response of the transfer function in (17.5) as compared
to its low-frequency (rigid) approzimation are given in Fig. 17.9.



17.3. SYNTHESIS OF THE VELOCITY CONTROLLER 245

[N
o
T

I

Magnitude (dB)
A
o

o
o
T

I

10t 102 10° 10*
Frequency (rad/s)

Phase (deg)

-100 ! !
10t 102 10° 10*
Frequency (rad/s)

Figure 17.9: Bode’s diagrams of the frequency response of the transfer function
relating the input current i (¢) and the motor velocity w,, (t) (blue) and its low-
frequency approximation (red).

Adopting the same tuning for the proportional-integral controller derived for the rigid
case, one obtains the step response of the motor velocity wm, (t) reported in Fig. 17.10
together with the corresponding scaled load velocity nwy (t).

Though the closed-loop remains asymptotically stable, evident oscillations can be appre-
ciated both the rotor velocity wpm (t) and in the scaled load velocity nwy (t).

In the last example, we have seen that, though stability is not compromised,
in case of a non infinitely rigid transmission stage, significant oscillations might
arise if the proportional-integral velocity controller R, (s) is not properly tuned.
Consider then the loop transfer function for the tuning of the velocity control
law, i.e.

& 8

L +sT Ky ”27 *?

L'U (S) - pv STiv g 2
s, AT 2=+ —

U “p “p

If one assume the zero of the controller to be placed approximately one decade
before the frequency of the complex and conjugate zero, i.e. T;, = 10/w., the
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Figure 17.10: Closed-loop unit step response of the motor velocity wi, (t) (blue)
and corresponding scaled load velocity nw; (t) (red).

loop transfer function depends uniquely on the tunable parameter K,,, in fact

& s

Lo (s) = K 1+ 10sw, ky 1+27+¢7§
v (8) = K= 3570 & o
77 Wp Wp

The root locus applied to the last transfer function by varying K, might cer-
tainly help in understanding whether a trade-off between promptness of the
response and absence of oscillations can be found. For the parameters adopted
in the last example, the root locus applied to L, (s) and evaluated for varying
Ky is reported in Fig. 17.11. The root locus of Fig. 17.11 reveals many (rather
obvious) aspects:

e for low values of K,,, the closed-loop complex and conjugate poles are
poorly damped, as the open-loop complex and conjugate poles are
also purely damped,;

e for high values of K,,, the closed-loop complex and conjugate poles
are also expected to be poorly damped, as open-loop complex and
conjugate zeros are poorly damped.

The reason for the first aspect is that for small values of K, closed-loop roots
are still close to the corresponding open-loop positions. The reason for the
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Figure 17.11: Root locus for the loop transfer function L, (s) for the case
T = 10/w,.

latter observation is than for high gains, closed-loop poles approach open-loop
zeros, and the transfer function in (17.5) has indeed poorly damped zeros.
Therefore, the best trade-off between promptness of the response and possible
absence of closed-loop oscillations both at the motor- and the load-side is to
select the value for the proportional gain K, that maximises the damping
¢, of closed-loop complex and conjugate poles.

In order to understand how to select the optimal proportional gain K,
that maximises the closed-loop damping, we need to address the behaviour of
&, as a function of the proportional gain K,,. For generality, this behaviour is
represented in Fig. 17.12 in terms of the corresponding crossover frequency w,
as evaluated on the rigid model and normalised by w,, i.e.

1 keKpe
Wey = i
Im + s

As expected from the corresponding root locus, the damping &, first in-
creases with @, and then decreases. The maximum value of the closed-loop
damping £,"** is obtained for &., ~ 0.8, i.e. for

Ko +Jl 0.8wz
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Figure 17.12: Behaviour of the closed-loop damping &, as a function of &,, and
the corresponding maximum damping &;**.

meaning that the best tuning is to consider the rigid approximation of the model
and to set we, = 0.8w,.

Example 84. Considering again the data in the last example with w. = 500 rad/s. The
tuning of the proportional-integral controller that maximises the damping &, of the closed-loop
poles is obtained by setting

Jr\ 0.8w, .
Tiw = 10/500 = 12.5 ms, Kpy = | Jm + — p =66.5 As/rad
Ui t

The corresponding closed-loop step responses for the motor velocity wm (t) and the scaled
load velocity nwy (t) are reported in Fig. 17.13. A state-space controller can be regarded as
an alternative to the proportional-integral velocity controller R, (s) thanks to its capability
to arbitrarily position closed-loop roots. Assume then a zero-error controller to be designed
so that the eigenvalues of the closed loop system are

det A\ — A — BoK.) = (A — 0.8w,)*

and )
det (A — A — LC) = (A — 3000w;)?

The following controller would be obtained:

¢ — 3.758s% 4+ 1.111 - 10352 + 2.435 - 10%s 4 2.298 - 108

R =10
v (s) s*+1.04-10%s3 +8.5-107s2 4 4.805 - 10105

The corresponding step responses for both the rotor and the load velocities are given in Fig.
17.14.
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Figure 17.13: Closed-loop unit step response of the motor velocity w,, (t) (blue)
and corresponding scaled load velocity nw; (t) (red) for the optimal tuning of
the velocity controller which maximises the closed-loop damping.

Despite the controller has been designed to achieve real closed-loop eigenvalues, no sub-
stantial benefits can be appreciated within the corresponding responses. Moreover, for the
given specification, the transfer function of the controller R, (s) results a non-minimum
phase one.

For completeness, Fig. 17.15 reports the magnitude diagram of the frequency response
of the complementary sensitivity of the velocity loop F, (s) corresponding to the controller
Ry (s) designed with state-space methods. Thought the poles of Fy (s) have been designed
to be real, the magnitude diagram reports the presence of the poorly damped complex and
conjugate zeros at wy. This should not surprise the reader, since

By (s) = 22 )

14 Ly (s)
and no matter where poles are, zeros of the closed-loop system are zeros of the loop transfer
function Ly (s) and then those of Gum (s). As a matter of facts, frequency w. always repre-
sent a practical limitation in the bandwidth that one can achieve with a velocity controller,
regardless how it has been tuned.

17.4 Synthesis of the position controller

The tuning of the velocity controller R, (s) was actually the more involved of
the three. With reference to the block diagram of Fig. 17.3, the synthesis of the
position controller R, (s) can be based on the transfer function from the refer-
ence motor velocity w? (¢) and the position of the rotor g, (t). Disregarding
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Figure 17.14: Closed-loop unit step response of the motor velocity w,, (t) (blue)
and corresponding scaled load velocity nw; (t) (red) for alternative controller
designed with state-space methods.

the presence of the two inner control loops (for the current and for the veloc-
ity, respectively) which are considered as ideal, the selection of the position
controller can be based on the following relationship

Hence, a proportional controller with gain K, can be selected for the purpose.
The corresponding loop transfer function would result as follows

K
Ly (s) = %

Selecting the corresponding crossover frequency we, = K, at least one decade
before the one of the velocity controller w., = 0.8w,, one obtains

Kpp = 0.08w,

Example 85. Still referring to the mechanical parameters already adopted in the previous
examples, a possible tuning for the position controller would be the following

Kpp = 0.08w, =40 57+

The corresponding step responses of the motor and the load are reported in Fig. 17.16.
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Figure 17.15: Bode’s magnitude diagram of the frequency response of the com-
plementary sensitivity for alternative controller designed with state-space meth-
ods.

Example 86. [Control of a heavy-duty gantry crane] Consider a heavy-duty gantry crane as
the one reported in Fig. 17.17(a). Considering only the advancement direction of the gantry,
the schematic representation of this planar system corresponds to the one of a cart-pendulum
system (see Fig. 17.17(b)).

The equations governing the dynamics of this system in the neighbourhood of the down-
ward rest position 0 =~ 0 are given in the following

d B mL d 1

O~ " rrma Ot et @

d

&p(t) = (t)

! (17.6)
a@ ) =w(t)

d _1d g

s (t) = I (t) — 29 (t)

The relationship between the force f (t) and the velocity of the gantry v (t) in the Laplace
domain is the following one
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Figure 17.16: Closed-loop unit step response of the motor position gy, (t) (blue)
and corresponding scaled load position 7q; (¢t) (red) for the optimal tuning of
the velocity controller and the proposed tuning of the position controller.
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(a) A heavy-duty gantry crane (Creative (b) Schematic
Commons) model of a planar

gantry crane

Figure 17.17: A heavy-duty gantry crane and its planar schematic model.

Notice that the low frequency behaviour corresponds to
Vi(s) —F (s
(s) (M +s)s (s)

which corresponds to the load being rigidly attached to the cart, while the transfer function
has two undamped complex and conjugate zeros in

g
wy =1/ =

L
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and two undamped complex and conjugate poles corresponding to

m
Wp = Wy 1+M>wz

which is completely aligned with the model of the elastic coupling between the two inertias in
(17.4).

Assuming the following parameters for the model at hands M = 16670 kg, m = 2000
kg, and L = 5 m, the complex and conjugate zeros correspond to frequency w, = 1.4007
rad/s, while wp, = 1.4824 rad/s, as well as minimal dampings £, = 0.05, &, = 0.0529, the
damping of the closed-loop poles as a function of the crossover frequency normalised to the
rigid approzimation is mazimised for Gey =~ 0.9 (see Fig. 17.18). Hence, for the tuning of
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Figure 17.18: Closed-loop damping &, as a function of @c,.

the velocity controller R, (s) we can consider a proportional-integral controller with
Tiv = 10/w, = 10.6 s, Kpy = (M 4+ m) 0.9w. = 15868 Ns/m
Finally, for the tuning of the proportional position controller we can use
Kpp = 0.09w, = 0.085 s~ !

The step responses of the position of the gantry p(t) and the corresponding displacement of
the load are reported in Fig. 17.19. As somehow expected, the position of the hoisted load
does not significantly oscillate with respect to the one of the gantry.
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Figure 17.19: Closed-loop unit step response of the gantry position p (¢) (blue)
and corresponding displacement of the hoisted load (red).



Chapter 18

Motion planning and
velocity estimation

18.1 Motion planning

In the previous Chapters, we have seen how to tune the controllers for a me-
chanical system possibly characterised by some resonant behaviours. All the
simulations to validate the effectiveness of the proposed control strategy were
referred to step references.

Step references are never used in practice for at least two reasons. First, in
the case of an electro-mechanical system the initial value of the required motor
voltage will be

v (0) = KpivaKpr?n

where QY is the amplitude of the position step reference. Depending on the re-
quired displacement Q¥ . the corresponding voltage supply will easily saturate.
Similarly, for the case of electric-hydraulic actuations, the initial value of the
position of the spool would be

xg (0) = pro

Thought saturations do not represent a particular problem, the presence of a
possible oscillating behaviour has to be carefully accounted for.

In Chapter 7, we have seen that the relationship between the reference
input, say for example the rotor velocity w?, () of an electrical motor, and the
corresponding output, wy, (t) still referring to an electro-mechanical system, is
represented by the complementary sensitivity. Despite any possible effort in
maximising the damping of its complex and conjugate poles, this closed-loop
transfer function still contains complex and conjugate poles for both the electro-
mechanical and the electro-hydraulic systems. It follows that using reference

255
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signals characterised by high-frequency components does not certainly represent
a good practice. The design of alternative reference signals for the position or
the velocity of a mechanical system is therefore the scope of this Section.

18.1.1 Cubic profiles

One of the most intuitive way to generate a reference signal to be used for the
outer position control loop is to refer to polynomial functions of time, i.e.

@ (1) = agt? +ag_1st + - Fart +ag, 0 <t <ty

Since the number of coefficients of a polynomial of degree d is always d + 1
and the trajectory has to interpolate quantities at the initial time ¢ = 0 as well
as corresponding quantities at final time ¢ = 7, the order d of polynomials is
always an odd number.

For d = 3, a cubic polynomial has the following form
@0, (t) = ast® + aot® + art + ap,0 < t <ty

and is parametrised in terms of d + 1 = 4 coefficients. By imposing initial
and final positions, ¢2, (0),¢%, (t7) and velocities w9, (0),wY, (¢5) as well as the

traversal time ¢y, one obtains a cubic trajectory characterised by

t5
0 2 (g (0) — ap, (t5)) + (wi, (0) +wp, (tf)) tr
_ 7

Example 87. [Cubic trajectory for the gantry crane] Assume the gantry crane has to move
from p° (0) = 0 m to p° (tf) = 10 m in ty = 60 s, starting and arriving with null initial
velocities, i.e. with v° (0) = v° (60) = 0 m/s, the corresponding cubic position reference can
be generated and results

p° () = —9.2593 - 107°¢% +8.3333-1073t2,0 < t < 60

As one can see from Fig. 18.1, despite the same positioning time of the trajectory of
Fig. 17.19, the motions of both the gantry and the hoisted load appear smoother.

18.1.2 Trapezoidal velocity profiles (TVP)

If the application requires to constrain the maximum velocity and the maximum
acceleration along the motion, a candidate solution can be obtained by solving
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Figure 18.1: Gantry position p (¢) (solid red) as compared to its reference p° (t)
(dashed blue) and displacement of the hoisted load (yellow).

the following optimisation problem

min ty min / dr

Lt (®) |t
subject to %, (0) = 0,¢%, (¢5)
W0, (0) = 0,0, (t7) = 0

|wp, (8)| < W™, vt € [0, 4]
60, ()] < ame vt € [0,1]

(18.1)

The solution corresponds to a symmetrical trapezoidal velocity profile consist-
ing in three phases: an initial phase with maximal acceleration w},®* to reach
velocity w®* having duration

max

tg =

“ymax
wm

a cruised segment with velocity w0, (t) = w™®*, and a final deceleration phase,
also with duration t,, to reach zero final Ve10c1ty.

Example 88. [TVP trajectory for the gantry crane] Focusing again on the gantry crane and
assuming v = 0.2 m/s, and 9™ = 0.02 m/s2, the corresponding profile can be computed
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Figure 18.2: Gantry position p (¢) (solid red) as compared to its reference p° (t)
(dashed blue) and displacement of the hoisted load (yellow).

As one can see from Fig. 18.2, also in this case the motions of both the gantry and the
hoisted load appear smoother than the one obtain with a step position reference.

18.1.3 Use of profiles as feed-forward signals

In the previous Chapter, we have introduced the cascaded control architecture
for an electro-mechanical system. Recalling the discussion of Chapter 9 on the
possibility to complement the feedback architecture with a feed-forward com-
pensator, Fig. 18.3 reports the block-diagram of Fig. 17.4 together with com-
pensator C), (s). For brevity, and compactness, the presence of the two internal
velocity and current loops are represented by transfer function F,,, (s). The
relationship between the Laplace’s transform QU (s) of the reference position
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a9, (t) B Q Ry (s) C Eom (5) B qm (1)

259

Figure 18.3: Motion control architecture and feed-forward compensator.

and the one of the actual position @, (s) can be expressed as

oy OG0T
1+ Rp (5) sz (5) :

Therefore, the ideal compensator would be the following one

Fom ()

Cp(s) =

Moreover, since |Fy, (jw)| = 1 at least for w < w., and consistently with

the

hypothesis behind the adopted cascaded control structure, the ideal compen-

sator can be simplified to

Cp(s)=s

which is not a transfer function. However, a significant insight can be derived
from the ideal compensator. The optimal feed-forward signal for the control
scheme in Fig. 18.3 is represented by the derivative of the position reference
q°, (). From the discussion on how reference signals are generated, this deriva-

tive can be actually calculated in closed-form and results

d , 9
%q"’(t):?)agt +2ast +a1,0 <t <ty
and
p w'qun@axt tgfa
g (8) = Qwm™ factsty—te
WP — O (t =ty +t,) tp—ta <t <ty

for the cubic and the trapezoidal velocity profiles, respectively. These values
can be directly used as feed-forward terms without the need for approximating
and implementing the control code for the transfer function of the feed-forward

compensator Cp (s).
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18.1.4 Spectral analysis of motion profiles

In the previous examples, we have introduced two alternatives to steer the
gantry crane from zero position and velocity, to a displacement of 10 m in 60 s.
In the examples, we have seen that in all the cases both the gantry crane and
the hoisted load did not present significant oscillations. To better understand
which of the candidate motion profiles is capable of reducing the injection of
high-frequency components, a spectral analysis of the corresponding accelera-
tion profiles can be set up.

The acceleration profile corresponding to the cubic profile can be written as

W0, (t) = 6ast + 2a2,0 <t <ty

m

which can be rewritten as follows

&0 (t) = (6ast + 2as) (t > 0) — (6as (t — tf) + 2a — 6asts) (t > t;)  (18.2)

m

Applying the Laplace’s transform to the last polynomial function, one obtains

_ Gaz . 2ay 6aze 7 (2ay — Gasty) e 5%

OO (5) = 23, 202 _

S

In the case of the trapezoidal velocity profile, the corresponding acceleration
reference can be written as

GO (1) = M ((E > 0) — (E>t,) — (8>t —t,) + (t >ty))

which corresponds to the following Laplace’s transform

,max s, max ,—st s max ,—s(tf—tq) s max ,—st
QO(S)—wm Wy €T Wy e f a+wme !
m s s s s

Given the two Laplace transforms Q0 (s) for the cubic, and the TVP, one
can evaluate the spectral content of the corresponding acceleration profiles by

simply computing ‘Q?n (jw)‘.

Example 89. [Spectral components of the reference acceleration for the gantry crane] For
the cubic and the trapezoidal motion profiles already evaluated for the motion control problem
of the gantry crane, the corresponding frequency contents of the reference accelerations w9, (t)
are reported in Fig. 18.4.

The values of ‘Q?n (jw)‘ in the neighbourhood of wy, are slightly larger in the case of

trapezoidal profile. We then expect the trapezoidal velocity profile to introduce frequency
components in the neighbourhood of the oscillating modes with sensitively higher amplitudes.

As expected, the trapezoidal velocity profile is responsible for more visible oscillations of
the behaviour of velocity of the hoisted load.
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Figure 18.4: Frequency components of the cubic acceleration (blue) and the
acceleration of the trapezoidal profile (red).
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Figure 18.5: Gantry velocity v (t) (solid red) as compared to its reference v° (t)
(dashed blue) and displacement of the hoisted load (yellow) for the cubic (left)
and the trapezoidal velocity profile (right).

18.2 Velocity estimation

In the previous Chapter, and in particular in the block diagram of Fig. 17.4, we
assumed the velocity of the rotor w,, (t) to be directly measurable. In most of
the mechatronics applications, however, the velocity feedback is rather based on
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an estimate @y, (t) of the actual velocity of the rotor wy, (). Such an estimate is
typically obtained by numerical differentiation of position measurements g, (),
and sometimes using model-based techniques such as Luenberger observers (or
Kalman filters).

Many technologies are available to measure the (angular) position of a rotating
shafts: rotary potentiometers, hall sensors, resolver, optimal encoders, etc. No
matter which technology is used to acquire the position measurement gy, (),
the corresponding value available within the motion controller will be surely
quantized, hence represented with a finite, yet small, resolution, as exemplified
in Fig. 18.6.

151

Angle (deg)
o
o (6]

o
a1
T
I

1
=
T
I

<

Time (s)

Figure 18.6: Example of motor position g, (t) (blue) and the corresponding
signal after quantisation (red).

It should not be surprising that the value of the position measurement within
the controller g, changes corresponding to discrete events and according to the
following discrete-time LTI dynamics

Gm (k) =@m (k—1)+u(k—1)

where u (k — 1) is equal to the resolution of the sensor, for positive velocities,
or its opposite if velocity is negative. Therefore, assuming the two consecutive
measures ¢, (k) and ¢, (k — 1) to arrive at time instants ¢ (k) and ¢ (k — 1),
respectively, an estimate of the velocity @y, at time instant ¢ (k) can be derived
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" (k) ~ g (k1)
dm —qm (k-1
om (t (k) =
Om (E ) = = o T = D)
which is based on just two samples ¢,,, (k) and ¢, (k — 1) and the corresponding
arriving time instants ¢ (k) and ¢ (k — 1). More in general, assuming to have
M > 2 measurement samples

qu(k),qm (k_1)7"'7Qm (k;_M+1)

and the corresponding time instants

t(k) t(k—1),... t(k—M+1)

it is possible to setup an approximation problem considering a polynomial of
order D, with 1 < D < M — 1, which interpolates or approximates the given
samples corresponding to the given time instants. Since a generic polynomial
of order D has D + 1 coefficients, whenever M = D + 1 the number of samples
the problem is an interpolation one, in turn whenever M < D + 1 the problem
corresponds to a polynomial approximation.

A generic polynomial of order D to be used as an approximation of g, (t)
can be written as follows

Tp
ID-1
Gm () =apt” +ap P 4 anttae =[P P71 0t 1]
T1
Lo
then introducing
a::[xD Tp—1 ... X1 xO}T

the vector containing the coefficients of the polynomial and similarly the vector
containing time instants and their powers

a®)" =[P P71 ot 1]

then, the set * of coefficients identifying the interpolating polynomial can be
obtained as

M—1
2" = argming > (dm (£ (6 — 1)) — g (k — 1))°
i=0
Moreover, since g, (t) = a (t)” @, we have

M-1
¥ = argmin,, Z (@™ (t (k=)@ — g (k — z))2 — argmin,, | Az — b||”
i=0

(18.3)



264 CHAPTER 18. MOTION PLANNING AND VELOCITY ESTIMATION

where
a(t (k)" . qm (k)
PO BT VA I IR
a(t(k—MJrl))T qm(k—-MJrl)

The least squares problem in (18.3) can be finally solved resorting to the Moore-
Penrose pseudo-inverse of matrix A, i.e.

-1
@ = Atb = (ATA) ATb (18.4)
In fact
|Az —b|> = (Az — b)" (Az —b) =27 AT Az — 2067 Az + b"b

and the corresponding gradient with respect to a results
9 2 T T
a—||Aac—b|| =2A"Ax —-2A°b
T

Finally, given the approximating polynomial ¢, (t) = a (t)T x, the correspond-
ing estimate of the velocity at any time ¢ can be computed as

O (1) = %a O

The optimal solution in (18.4) can be then obtained by nullifying the gradient.

Example 90. [Estimation of velocity from quantised position measurements] Consider the
following M = 4 samples

gm (k) = =1 deg,gm (k — 1) = —0.75,¢m (k — 2) = —0.5,¢m (k — 3) = —0.25
and the corresponding time instants
t (k) =7.1068 s,t(k — 1) =6.7107,¢ (k — 2) = 6.2494, ¢ (k — 3) = 5.6569

and assume to approximate their values with a polynomial of order D = 2, then the corre-
sponding coefficients can be computed as in (18.4), where

50.507 7.1068 1 —0.25
45.033 6.7107 1 b— -0.5
39.055 6.2494 1|’ —0.70
32.000 5.6569 1 -1

A=

The corresponding polynomial is then the following one:
Gm (t) = 0.11012t% — 0.88794¢ + 0.49905
while its derivative, i.e. the estimate of the velocity at a generic time instant t, is as follows

wm (t) = 0.22023t — 0.88794
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Figure 18.7: Motor position g, (t) (blue), corresponding samples (black dots)
and its approximation using a polynomial of order D = 2 (red).

18.3 A complete example

In the following, we are going to present a complete example for the design
of a motion control system in the case of electro-mechanical actuators which
are typically more demanding in terms of performance with respect to their
electro-hydraulic counterpart.

Example 91. Consider the mechanical system in Fig. 17.2 where with a C23-L33-10 PMDC
motor characterised by ky = 0.0187 Nm/A, and J, = 0.0016 kg - m?2 connected to a load
J; = 15.54 kg -m? with a transmission with ratio n = 100 and w, = 500 rad/s. The position
of the main shaft of the motor is acquired through a N = 12 bits encoder.

We want to design the overall control system that allows the machine to perform a cycle
characterised by the following steps which initiate upon the pressure of an enabling button:

1. acceleration to reach velocity wpm (t) = 10 rad/s after 1 second;

2. the velocity of wm (t) = 10 rad/s is maintained constant for 1 second;
3. deceleration to zero velocity of in 1 second;
4

. standing still for 1 second;

>

repeating the previous steps in the opposite direction, i.e. with a target velocity of
wm (t) = =10 rad/s.

The machine then remains at rest until the enabling button is pressed again.
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We have already seen in previous examples that the optimal tuning of the proportional-
integral velocity controller can be obtained setting

Ji\ 0.8w,
Tiv =10/w, =125 ms, Kpy = | Jm + — . =66.5 As/rad
n t

hence the transfer function of the controller results
1.33s 4 66.48

0.02s
As the crossover frequency can be estimated to be

wey ~ 0.8w, =400 rad/s

the sampling time Ts for the digital implementation of the controller can be selected as

Ry (s) =

T
 40wey
This way, the corresponding decrease in the phase margin can be evaluated as

Ts =0.2 ms

180 Ts
Ay, = —wew | Ts + > =6.75 deg
™
which also accounts for the delay to handle the non-strictly-proper controller.

The corresponding discrete-time transfer function can be computed and results
66.81z —66.15  66.81 — 66.152~1

z—1 1—2-1

Ryq (Z) =

and therefore
u(k) =u(k—1)+66.8le (k) — 66.15e (k — 1)
which will be implemented directly in the SFC program.
As per the estimation of the motor velocity &m (t), the N = 12 bits encoder has a
resolution of
360

Agm = o = 0.0879 deg
We can decide to use a velocity estimator that utilises M = 5 samples and an interpolating
polynomial of degree D = 3. The corresponding estimate of the velocity of the motor will
have the following form

Om (t) = 3x3t2 + 2xo0t + 1
where the coefficients x1,x2, and x3 are obtained, every time a new position measurement
arrives, by solving:

t(k)* t(k)? tk) 1] 0 am (k)
tk—1)7° t(k—1)7°> t(k—1) 1 z3 gm (k—1)
tk—2% t(k-22 tk-2) 1 ; = |gm (k—2) (18.5)
t(k—3)° t(k-3)?% t(k-3) 1| |, am (k —3)
tk—4)°% t(k—42 t(k-4) 1] -° m (k —4)

The SFC program for the execution of control code is reported in Fig. 18.9. The upper
subprogram represents the update of the digital control law of the proportional-integral ve-
locity controller which runs periodically without interruptions. Notice that step SO is never
deactivated, and therefore S0.t basically represents time t. Values x1,...,x3 are assumed to
be already available in memory as the solution of (18.5).

In turn, the lower part implements the generation of the reference velocity according to the
specified trapezoidal velocity profile and the defined cycle. Notice that the program will remain
in state S1 as long as the enabling button is not pressed by an operator.

Assuming the button is pressed after 1 second, the time histories of the motor wm, (t) and
the load wy (t) velocities are reported in Fig. 18.8.
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Figure 18.8: Motor velocity w,, (t) (red) as compared to its reference w?, (¢)
(blue), and corresponding load velocity wy (¢) (red, right).
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— N epre = e

| N | v=(3.0f *23%S0.t +2.0f xx2) x S0.t + x1

N e=vref —v

N u=1u-+66.81f%e—66.15f * epre
— P vref = 0.0f
= button
S2 — N vref = 10.0f * S2.t

- S2.t >=t#ls

S3— P vref = 10.0f
- S3.t >=t#ls
S4 — N vref = 10.0f — 10.0f = S4.t

= S4.t >=1t#ls

S5 +—— P vref = 0.0f

= S5.t >=t#ls

S6 — N vref = —10.0f * S6.t

== S6.t >=t#ls

ST P vref = —10.0f
== STt >=t#ls

S8 —N vref = 10.0f * S8.t — 10

= S8.t >=t#l1s

Figure 18.9: SFC code to run the prescribed cycle (executed every Ts = 0.2
ms).



