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Abstract—Entanglement routing (ER) in quantum networks
must guarantee entanglement fidelity, a property that is crucial
for applications such as quantum Kkey distribution, quantum
computation, and quantum sensing. Conventional ER approaches
assume that network links can only generate entanglements with
a fixed fidelity, and then they rely on purification to improve end-
to-end fidelities. However, recent advances in entanglement gener-
ation technologies show that quantum links can be configured by
choosing among different fidelity/entanglement-rate combinations
(defined in this paper as link configurations), hence enabling
a more flexible assignment of quantum-network resources for
meeting specific application requirements. To exploit this oppor-
tunity, we introduce the problem of link configuration for fidelity-
constrained routing and purification (LC-FCRP) in Quantum
Networks. We first formulate a simplified FCRP version as a
Mixed Integer Linear Programming (MILP) model, where the
link fidelity can be adjusted within a finite set. Then, to explore
the full space of possible link configurations, we propose a
link configuration algorithm based on a novel shortest-path-
based fidelity determination (SPFD) algorithm w/o Bayesian
Optimization, which can be applied on top of any existing ER
algorithm. Numerical results demonstrate that link configuration
improves the acceptance ratio of existing ER algorithms by 87%.

Index Terms—Quantum Networks, Entanglement Routing,
Integer Linear Programming, Optical Networks

I. INTRODUCTION

Quantum networking has attracted considerable attention
in recent years thanks to its potential for several applica-
tions, such as quantum key distribution [1]-[3], quantum
computation [4], and quantum sensing [5]. To support these
applications, quantum networks need to generate and dis-
tribute entangled states across quantum nodes in the network.
Specifically, different applications may not only require a
specific entanglement generation rate, but also a minimum
level of end-to-end fidelity, i.e., similarity with respect to the
intended entangled state [6]. This work focuses on distributing
maximally entangled states, specifically Bell pairs [7], between
two qubits. These entangled states are also known as Einstein-
Podolsky-Rosen pairs, or EPR pairs [8]. To cope with the
future demand for quantum entanglements driven by emerging
applications, there is a pressing need to investigate efficient
strategies for the distribution of quantum entanglement under
fidelity constraints [9]-[12].

A quantum network comprises quantum nodes and quan-
tum links. Quantum nodes serve as sources, destinations, or
quantum repeaters for entanglement distribution. A typical
quantum link is an optical fiber, which is used to generate

entanglements between adjacent nodes (defined as link-level
entanglements) via heralded entanglement generation tech-
niques [13]. To establish entanglement between non-adjacent
nodes, intermediate nodes along the path may perform an
operation called entanglement swapping on the link-level en-
tanglements [14]. Since the distributed entanglements may be
consumed by applications or lost due to decoherence, quantum
networks must continuously generate entanglements between
adjacent nodes and distribute them across non-adjacent nodes
via entanglement swapping. This process is known as the
entanglement routing (ER) problem.

One of the most fundamental questions in ER is how to
distribute entanglements with the guaranteed quality required
by quantum applications. The quality of entanglements can
be measured with the fidelity metric, which is defined as the
probability that the set of qubits (two qubits in both end
nodes) is in the desired state (entangled state) [15]. Note that
fidelity is a real number between O and 1, and higher fidelity
represents better quality of entanglements. Most entanglement-
routing algorithms assume that quantum links can only create
entanglements with a fixed fidelity, and address the fidelity
constraint through entanglement purification, which can distill
high-fidelity entanglement starting from low-fidelity entangle-
ments [9], [10], [16]. However, recent pioneering research
has demonstrated that quantum links can create higher fidelity
entanglements by trading off the entanglement generation rate,
and vice versa [13], [17]. As a result, quantum links can
be configured by selecting different fidelity/entanglement-rate
combinations (defined as link configuration). Note that the
cost to enable link configuration is only an operational cost
(e.g., tuning the microwave pulse applied in quantum nodes),
and does not involve any additional hardware [13]. This
flexibility allows for more tailored assignment of quantum-
network resources to meet specific application requirements.

We illustrate how link configuration can be beneficial for ER
via an example in Fig. 1. Assume that we have two requests,
one between node pair (1,2) and the other between (1,3). Fig. 1
(a) assumes that each link can only create entanglements with
a fixed fidelity of 0.8 and a generation rate of 40 EPR pair/s.
The entanglements for requests (1,2) and (1,3) are marked
with blue lines and red lines, respectively. To guarantee the
fidelity constraint of request (1, 3), purification is performed
in link (1, 2). In Fig. 1 (b), link (2, 3) is configured to generate
entanglements with a fidelity of 0.9 and a generation rate of 20



EPR pairs/s. Since the end-to-end fidelity of entanglements is
positively correlated with the fidelity involved in swapping,
the fidelity constraint of request (1,3) might be satisfied
without purification in link (1, 2), leading to less resource (i.e.
EPR pair rate) consumption in link (1,2). As a consequence,
more entanglements can be used to serve the request (1,2).
Note that, in this example, link (1,2) is not configured to
generate entanglements with higher fidelity, as this would
result in a lower generation rate, and, consequently, not enough
entanglements would be available for the request between node
pair (1,2). In summary, link configuration can be utilized
to improve the performance of entanglement routing, but
choosing good link configurations is a non-trivial decision,
as it is closely tied to the application needs and the capability
of generating entanglements in each link.
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Fig. 1: Example of link configuration for entanglement routing.

Although link configuration has great potential for improv-
ing the fidelity of distributed entanglements, no work has
investigated how to set link configurations to support effective
ER with purification under end-to-end fidelity constraints. This
paper aims to investigate how to utilize link configuration
to improve the performance of fidelity-constrained ER in
quantum networks.

We summarize our main contributions as follows:

o We propose and investigate, for the first time to the best
of our knowledge, the problem of link configuration for
fidelity-constrained routing and purification (LC-FCRP)
in quantum networks, which aims to guarantee the fi-
delity of distributed entanglements with jointly tune link
configuration and entanglement routing with purification.

o We formulate a simplified version of the FCRP problem
as a Mixed Integer Linear Programming (MILP) model,
assuming that link fidelities can be configured within a
finite set, jointly optimizing the link-link configuration
and purification decisions.

o We design a novel link configuration algorithm based on
a shortest-path-based fidelity determination (SPFD) algo-
rithm w/o Bayesian Optimization, which can be applied
on top of any existing ER algorithm.

II. RELATED WORK

Early works on ER in quantum networks primarily focused
on designing optimized resource allocation algorithms to max-
imize the entanglement generation rate or minimize latency
without the fidelity constraint [18]-[20]. More recent works
have started to consider the problem of ER with guaranteed
fidelity with optimized routing and purification decisions [9],
[10], [12], [16], [21]-[25]. Specifically, Ref. [21] proposes to
perform purification on each link to achieve a defined fidelity
threshold, while Refs. [9], [21] suggest purifying only critical
links for resource efficiency. Ref. [23] proposes scheduling
the sequence of purification and swapping operations to reduce
delay and system overhead. Ref. [24] addresses the probabilis-
tic nature of purification by performing multiple purification
attempts until the purification operation succeeds. Unlike these
heuristic-based approaches, Ref. [22] and Ref. [12] derive
theoretical bounds on achievable fidelity and entanglement
generation rates for general-topology quantum networks and
quantum repeater chains, respectively. Moreover, Ref. [25]
presents optimal and near-optimal algorithms to optimize
entanglement throughput with guaranteed fidelity between two
distant nodes, and Ref. [16] formulates the ER and purification
problem into a convex optimization problem, assuming an
initial fidelity extremely close to 0.5, hence necessitating
numerous purification operations to achieve high fidelity.

Despite the progress made, most of these works assume
quantum links can only generate entanglements with a fixed
fidelity [9], [10], [12], [16], [21]-[25]. Instead, recent pioneer-
ing experimental and theoretical works [13], [17], [26] have
shown that quantum links can be configured to generate entan-
glements choosing among different fidelity/entanglement-rate
combinations. Specifically, Ref. [13] verifies experimentally
how to configure the links with different fidelity/entanglement-
rate combinations. Ref. [17] and Ref. [26] present theoretical
models for link configuration, but do not explore link configu-
ration for entanglement routing with purification. In this work,
we build upon these recent technical advances and propose
to optimize link configuration for fidelity-constrained ER. By
optimizing link configuration, we aim to provide a flexible
and efficient link-configuration solution that can be applied
on top of different ER algorithms to enhance the performance
of quantum networks.

III. SYSTEM MODEL AND PROBLEM STATEMENT

A. Technical Preliminaries on Quantum Networks

1) Network Elements and Operations of Quantum Net-
works: Quantum networks can be modeled as a graph G =
(N, E), where N is the set of quantum nodes and F is the set
of quantum links. Each quantum link can generate entangle-
ments between adjacent node pairs, with each entanglement
consuming one qubit of memory from both nodes in the pair.
Each quantum node has a limited memory capacity. Current
experiments have demonstrated a memory capacity of 225
qubits [27]. This work envisions technological advances and



assumes a larger capacity (e.g., 12,000 qubits) as in Ref. [11].
The main operations in quantum networks are listed below.

Entanglement purification: is an operation serving to
distill higher-fidelity entangled pairs from a set of lower-
fidelity ones.

Entanglement swapping: is the operation to establish en-
tanglement between non-adjacent nodes. Assume that node 1
and node 2 have one entangled pair, as well as node 2 and node
3. By performing a Bell State Measurement on node 2 and
subsequently carrying out some classical communication and
operations, an entangled pair can be established between node
1 and node 3. This process is called entanglement swapping.

2) Link Configuration: When quantum links are configured
to generate entanglements with higher fidelity, one needs to
pay a cost in the generation rate of entanglements [17]. This
work assumes that the entanglements between adjacent nodes
are generated with the state-of-the-art single-photon scheme,
as in Ref. [13]. The generated state p,, in the considered
single-photon scheme has the following form:

pu = WU )W 4 (1 w) 0

Here |U1) is a Bell state, and I, is a completely mixed state
representing the noise. w is defined as the Werner parameter,
which denotes the extent to which the Werner state retains
the entangled state |UT) versus being mixed state I. (1 —
w) equals the bright state population, which represents the
probability of one end node successfully emitting a photon in
one attempt to generate entanglements. The link configuration
is performed by configuring the bright state population to the
desired value. The configuration of the bright state population
does not necessarily require additional resources. For instance,
the experimental work in Ref. [13] demonstrates how to obtain
the desired bright state population by changing the microwave
pulse applied to the node, which is realized with nitrogen-
vacancy (NV) centers.

By tuning the bright state population (1 — w), the link
can be configured with different fidelity/entanglement-rate
configurations as follows. The fidelity of state |¥*) can be
derived with Eqn.(2) by measuring the probability of the state
pw is in the desired state |UT) [17]. Moreover, the recent
experimental and theoretical works [13], [17] have shown that
the generation rate of a link using the single-photon approach
can be expressed as d(1 — w) using a constant d and Werner
parameter w. The constant d is related to various system
inefficiencies (e.g., fiber loss) and repetition time (defined as
the time between entanglement generation attempts) [17]. In
summary, the generation rate, denoted as d(1 — w), shows a
positive correlation with the bright state population (1 — w);
instead, the fidelity f of generated entanglements is negatively
correlated with the bright state population.
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3) Fidelity Improvement with Entanglement Purification:
We adopt nested purification, as shown in Fig. 2. Each iteration
of purification is referred to as one round. The entanglements

[= <\II+|pw|\II+> =

in round O are the entanglements generated before any purifica-
tion process. Then, in each of the following rounds, every two
entanglements can be purified to generate one entanglement
with higher fidelity with a certain success probability. Assume
that the fidelity of entanglements in round z is f,, the success
probability of entanglement purification in round z and the
fidelity of successfully purified entanglements are expressed
with Eqn. (3) and Eqn. (4), respectively, as in Ref. [28]. The
average number of entanglements needed to perform z rounds
of success purification steps is denoted with 7,, which can be
calculated with Eqn. (5) according to Ref. [29].
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Fig. 2: Examples of two rounds of nested purification.
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4) End-to-End Fidelity with Entanglement Swapping: After
performing entanglement swapping, the fidelity of a newly-
created entanglement between non-adjacent nodes can be
calculated through the Werner parameters. Assume that we
have a path ¢ and the Werner parameter of the entanglement
in link e traversed by path ¢ is w.. The Werner parameter of
the newly created entanglement with swapping in the path is
denoted with wjfe, which can be calculated with Eqn. (6) as
proved in Ref. [30]. Assume that the requested fidelity is f"¢9
and the corresponding Werner parameter w”? can be obtained
from Eq. (2). To ensure that the generated entanglement has
a fidelity higher than the requested fidelity, we could compare
them using Werner parameters. The comparison of Werner
parameters can be performed by checking if Eqn. (7) can be
satisfied. If the logarithm of the Werner parameter in Eqn. (7)
is pre-calculated, Eqn. (7) becomes an equation comprising
only summations, which makes it possible to model the fidelity
constraint with a MILP formulation.

wi® =[] we (6)
eck
log(w™?) < Zlog(wc) (7)

eck
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Fig. 3: Illustration of a motivating example.

B. Problem Statement

The problem of link configuration for fidelity-constrained
routing and purification in quantum networks can be sum-
marized as: Given a quantum network topology and node
memory capacity, a set of possible link configurations, a set
of time-slots, the relation between fidelity and the number of
required entanglements per purification round (in the form of
a table), set of requests with the desired generation rate and
fidelity, along with swapping success probability, decide the
link configuration, routing and purification in each edge for
each request, constrained by the generation rate of each link,
node memory capacity constraint, and the fidelity constraint,
with the objective of maximizing the served generation rate.
Note that, since entanglements are susceptible to decoherence
over time, a maximum storage time (defined as cutoff) that en-
tanglements can be stored is typically enforced, as in Ref. [11],
[30]. This work primarily focuses on selecting optimized
link configurations rather than proposing new ER algorithms;
therefore, for brevity, we assume the time duration considered
is shorter than the cutoff time described in Ref. [11].

C. Motivating Illustrative Example

To emphasize the benefits of joint assignment of link
configuration and per-link purification rounds, let us consider
the example in Fig. 3 for a simple 3-node quantum network
topology. In Fig. 3 (a), we consider two requests between:
i) nodes (1, 2) with a generation rate of 20 ebits/s, fidelity
equal to 0.6, and Werner parameter (in log scale) equal to -
0.76; and ii) nodes (1,3) with 5 ebits/s generation rate, fidelity
equal to 0.75 and Werner parameter (in log scale) equal to
-0.4. As for possible link configurations, let us assume that
links (1,2) and (2,3) can generate entanglements operating
with fidelity of either 0.8 or 0.9 (whose Werner parameter
is equal to -0.31 and -0.14) with a corresponding generation
rate of 40 ebits/s and 20 ebits/s, respectively. We first show
the cases with fixed initial fidelity as in Fig. 3 (b) and
Fig. 3 (c). Specifically, Fig. 3 (b) shows that, for initial
link fidelities fixed to 0.9, only request (1,2) can be served
since it already consumes all generation rate between node
pair (1,2). Fig. 3 (c) shows a scenario where the initial
link fidelities are fixed to 0.8. In this case, 20 ebit/s of

generation rate are consumed to serve request (1,2). To serve
request (1,3), entanglements between both node pair (1,2)
and (2,3) must perform two rounds of purification. Then,
the Werner parameter changes from -0.31 to -0.18, requiring,
on average, 6.5 ebits/s generation to create 1 ebits/s purified
entanglements. In this case, only 3 ebits/s generation rate of
request (1, 3) are consumed. Finally, Fig. 3 (d) shows the case
that link can be configured with different link configurations.
Let us assume that the entanglement fidelity between node
pair (1,2) and (2,3) are set to 0.8 and 0.9, respectively.
Request (1,2) can be served with the entanglements generated
between node pair (1,2) since the logarithm of the Werner
parameter of the generated entanglements (-0.31) is greater
than the logarithm of the Werner parameter of the requested
entanglements (-0.76), consuming 20 ebits/s of the generation
rate between node pair (1,2). The request between node
pair (1,3) cannot be served without purification because the
logarithm of the Werner parameter of entanglements created
for node pair (1,3) after swapping equals (-0.31) + (-0.14)
= -0.44, which is smaller than the Werner parameter of the
request (-0.4). After performing 1 round of purification for the
entanglements between node pair (1, 2), the Werner parameter
changes from -0.31 to -0.24, requiring on average 2.6 ebits/s to
get 1 ebits/s purified entanglements. Serving the request (1, 3)
requires having 5 ebits/s generation rate of entanglements after
purification, which consumes 13 ebits/s generation rate for
node pair (1,2). The total consumed generation rate for node
pair (1,2) equals 33 ebits/s. In this case, all requests are
served.

In summary, this example illustrates that joint per-link
assignment of link fidelity and rounds of purification can, in
general, enable higher acceptance rates in fidelity-constrained
quantum networks, compared to conventional scenarios where
the starting link fidelities before purification are fixed.

IV. MIXED INTEGER LINEAR PROGRAMMING MODEL FOR
QUANTUM ENTANGLEMENT ROUTING

This Section presents the proposed MILP model for the LC-
FCRP problem.



A. Decision Variables and Objective Function

Sets, parameters, and decision variables of the proposed
MILP are illustrated in Table I and Table II, respectively. The
opposite direction of link e is denoted with e.

Objective function: maximize the served generation rate:

dt
max E g Xy, ®)
deD kedg teT

TABLE I: Sets and Parameters for the MILP Model

Params  Description

N Set of physical nodes

E Set of unidirectional physical links

M, Set of indexes of possible link configurations
for link e

D Set of node pairs with requests

P Set of rounds for purification

Dy Set of paths for request d € D

T Set of time-slots

Ci Memory capacity of node : € N

aé Requested entanglement generation rate for
request d € D at time-slot ¢t € T'

?Zl Werner parameter in logarithmic scale for the
minimum required fidelity of request d

mo P Werner parameter in logarithmic scale for
fidelity of link e if we choose link configuration m
and purified p rounds

B Success probability in logarithmic scale of
purification in link e € E with link configuration
m and purification of p rounds

. Equals to 1 if the link e € E is in the path
k € @4 of request d € D

ne? Average number of entanglements required by
link e € E with link configuration m € M, to
perform p € P rounds of purification successfully

Ee,m Maximum entanglement generation rate of link
e € E if e uses link configuration m € M,

Yo Success probability of swapping in
path ¢ € Uyep @a

0 Time duration of one time-slot

TABLE II: Variables for the MILP Model

Variable  Description

Binary, equals to 1 if link e € E is configured

with fidelity m € M,

Entanglement generation rate of link e € E/

if e uses link configuration m € M,

quz Binary, equals to 1 if request d € D uses
path k € ®, for swapping at time-slot ¢t € T’

and path k traverses link e € E

Ve,m

t

Ce,m

ri’t Binary, equals to 1 if path k € ®, is chosen
for request d € D at time-slot t € T'
d,t

z), Entanglement generation rate for request
d € D in path k € & at time-slot t € T'

ht Number of entanglement stored between node
pair e € E at the beginning of time-slot t € T’

gg,’f,{,tp Binary, equals to 1 if request d € D is served
by path k € &4 at time-slot ¢ € T', where link
e € E uses fidelity m € M, and is purified for
p rounds

yg,’,’ﬁ{fp Consumed entanglement generation rate in link

e of path k for request d at time-slot t € T',
where entanglements in link e is created with
fidelity m € M. and purified p rounds

B. Constraints

1) Link configuration: Eqn. (9) ensures that each physical
link e € E is configured with exactly one link configuration.
Eqn. (10) ensures that the entanglement generation rate with
fidelity m € M, in edge e € E at time-slot ¢ € T' should be
lower than the maximum generation rate of link e with link
configuration m. Eqn. (10) ensures that the generation rate
in both directions of a physical link is the same. Eqn. (12)
ensures that for each node ¢ € N, the sum of the number
of entanglements stored between this node and other nodes at
the beginning of the time-slot and the entanglements generated
during the time-slot should be lower than the memory capacity
at each time-slot ¢t € T'.

> vem=1 VecE 9)

meM,.
c;m <&emVem Ve€ Eme Mg, teT (10)
Chm=C,, VYVeecEmeM,teT (11)

Sooht+ Y >, #0<G VieNteT (12)

e€6+ (i) e€6+ (i) meM.

2) Route formulation to generate entanglements: Eqn. (13)
ensures that qZ’z equals to 1 if path k € ®, is selected for
request d € D at time-slot ¢ € T’ and physical link e € E is
in path k.

gt =1t xol, VdeDkedgec E;teT  (13)

3) Fidelity Constraints: Eqn. (14) determines the link con-
figuration m and the rounds of purification for entanglement
in link e € E to serve request d € D at each time-slot
t € T. Eqn. (15) ensures fidelity of link e for request d should
be consistent with the link configuration for link e at each
time-slot ¢ € T. Eqn. (16) ensures that the fidelity of the
entanglement created for request d should be greater or equal
to the required fidelity at each time-slot ¢t € T'.

o> gkt =gt VdeDke®ecEteT

e,m,p
meM, peP

(14)
gi’r’f{fp < Vem Vde D, ke ®g,ecE, (15)
méeM,,pe PteT
DD I IV
e€E meM, peP (16)

Vde D,k e ®y4,teT

4) Capacity Constraints: Eqn. (17) ensures that the entan-
glement generation rate provided in each edge e for path &
should be larger or equal to the requested generation rate in
the path for entanglement swapping. Eqn. (18) ensures that the
served entanglement generation rate for request d should be
less than or equal to the requested generation rate o4. Eqn. (19)
ensures that for each physical link e € E, the sum of the
entanglement rate used by all the requests should not exceed
the entanglement rate of the link e. In this work, we assume
that the Bell Statement Measurement (BSM) is perfect [31],



and hence the entanglement swapping operation does not
have failure probability. Note that our MILP formulation is
extensible to the case with imperfect BSM. Specifically, 7

in Eqn. (19) needs to be divided with the success probability
Ys to get the expected number of entanglements required.
Since the success probability y4 can be pre-calculated as a
constant as in Ref. [19], Eqn. (19) is still a linear constraint
in case of imperfect BSM.

> Zye”””

= a0, Vde D,k€®gecE;teT

meM,. peP
(17)
it <ol VdeDiteT (18)
kedy
d,k,t
D> 2 D Wemly+vemy)
deD ke®y meM, peP (19)

<hl+ > c, VeeEteT
meMe.

5) Quantum Memory Constraint: Eqn. (20) initializes the
entanglements stored in the quantum memory. Eqn. (21)
ensures the entanglements stored between one node pair
e € E must be greater or equal to 0. Eqn. (22) ensures that
the number of entanglements stored between node pair e is
consistent with the number of entanglements stored between
the node pair represented with opposite direction, namely, €
Eqn. (23) ensures that the number of entanglements available
at the beginning of the time-slot ¢ equals the number of
entanglements available in the previous time-slot minus the
entanglements used to use requests.

hl=0 VecFE (20)
ht >0 Veec E,teT\ {1} 1)
ht=hl ecE,teT (22)

KXY e G )
deD ke®y meM, peP
+ > Oxc,) VeeEteT\ {1}
meM,
(23)

V. OPTIMIZED LINK CONFIGURATION ALGORITHM FOR
ENTANGLEMENT ROUTING

Since the MILP model reported in Section IV applies only
to a finite number of link configurations and has well-known
scalability limitations, we propose a novel link configuration
algorithm to determine the link configuration and then perform
entanglement routing with purification.

A. Generalized Procedure of Entanglement Routing

Extending the MILP formulations to the continuous decision
space of fidelity in link configuration is challenging due to the
following two main reasons. First, the purification process is
an iterative process given an initial fidelity before purification,
which is infeasible to be formulated into fidelity-constrained
ER in closed form since there are an infinite number of
possible initial link configurations for links. Second, even with

a fixed link configuration and no purification, the LC-FCRP
problem is a multi-commodity flow problem, which is NP-
hard [32]. Considering the continuous decision space for fi-
delity, the LC-FCRP problem becomes even more challenging
than the already NP-hard multi-commodity flow problem.

To solve the LC-FCRP problem, we first develop a shortest-
path-based fidelity determination (SPFD) algorithm to obtain
an optimized initial link configuration that improves the per-
formance of ER. Then, the link configuration obtained from
the SPFD algorithm is utilized by a subsequent step based on
Bayesian Optimization (BO) to improve the link configuration
for ER. We apply BO to improve the link configuration since
our problem fits into the criteria of BO (no closed-form
expression, expensive to evaluate, no available derivatives,
etc.) [33], and BO is widely used to tune parameters for
various systems. BO iteratively searches for a good link
configuration. Specifically, in each iteration, our Bayesian
Optimizer suggests a promising link configuration, and then
the suggested link configuration is evaluated with any ER
algorithm.

B. Link-Configuration Determination with SPFD

The SPFD algorithm is shown in Algorithm 1, which de-
termines link configuration greedily to serve as many requests
as possible. The SPFD algorithm contains two steps. The first
step estimates the resource demand (requested generation rate
and the corresponding fidelity) of each edge with a shortest-
path-based approach (line 1-9). The second step greedily
determines the link configurations for each link based on
the resource demand (line 10-25). Specifically, in the first
step, the resource demand of one request is assigned to the
edges traversed by the shortest path for the request. More
specifically, after finding the shortest path and obtaining the
number of hops of the path (line 3-4), SPFD associates the
average requested generation rate o4 over all time-slots and the
required fidelity to each traversed edge (line 5-8). The fidelity
constraint is guaranteed through constraints with the Werner
parameter, and the requested minimum value of the Werner
parameter in each edge of path k is approximated with 74/hg
(line 7). In the second step, the algorithm finds the link fidelity
that maximizes the sum of the entanglement generation rates
of all requests y*** as follows. For each link e, the SPFD
algorithm first initializes 7"** to 0, and a set of candidate link
configurations M., where the fidelity of each configuration has
the associate Werner parameter equal to 7q/hg (line 11-12).
Then, for each link configuration m, SPFD tries to iterate over
each request d and get the served generation rate y-¥,  for d
on shortest path £ (line 15-19). If the served generation rate
with link configuration m is greater than 7., SPFD sets the
link e with link configuration m (line 20-23).

C. Improvement of Link Configuration with BO

The link configuration of the SPFD algorithm is set as a
starting point for BO to improve the link configuration further
as in Algorithm. 2. In our problem, the Bayesian Optimizer



Algorithm 1: SPFD to determine link configuration

Algorithm 2: BO for improved link configuration.

Input: G = (N, E),D

QOutput: Link configurations for all the links
1 Initialize Dicle] = [] for each edge e
2 for each request d € D do

3 Find the shortest path k& for request d

4 Get the number of hops hg for the shortest path

5 for each edge e in the shortest path k do

6 Let 04 < Y ,cq 04/|T]

7 Append (04, 7Ta/ha) to Dicle]

8 end

9 end
10 for each edge e do

1 Get D, the requests traversing edge e from Dic[e]

12 Let g*** < 0, initialize M. for each link configuration

with logarithm of Werner Parameter equal to 7q/hqg
13 for each m € M. do

14 Calculate the generation rate e and 7g"
15 for each request d € D. do
16 if £c,m = 0 then Break
17 Get minimum p such that 7" > T4/hq
d.k : d.k
18 Let Yem,p < mlngol;da géymd/ge,m,px
ée,m — ge,m - ncjm,p * yﬁ:m,p
19 end
. d,k _
20 if ZdeDﬂ ZPGP Ye'mp = Yo oF then
21 Set the fidelity of link e to link configuration m
_ d,k
22 Let YO'*" = > uep, 2pep Yem.p
23 end
24 end
25 end

considers |E| continuous variables, corresponding to the fi-
delity values to be set for each edge (line 1-2). Specifically,
we set the initial fidelity values to the ones returned by the
SPFD algorithm, and we define the bounds of fidelity for link
configuration as (0.5, 1), since only fidelity values above 0.5
are useful for practical purposes [7]. Then the link configura-
tion obtained with SPFD is fed to BO as the starting point (line
3-5). Then the BO iteratively searches link configurations (line
6-13). The LC-FCRP problem, being highly non-linear, often
leads to stability and convergence issues in naive Bayesian
Optimization. To address these challenges, we apply Domain
Reduction (line 11) as detailed in [34], which refines the search
space into manageable sub-regions.

VI. ILLUSTRATIVE NUMERICAL RESULTS
A. Simulation Setup

The simulations are performed on a server with Intel(R)
Xeon(R) CPU E5-2660 v4 CPU (14 Cores @ 2.00GHz) and
125 GB of memory. We implement the MILP formulation
with AMPL (A Mathematical Programming Language) [35]
and solve it with CPLEX MIP solver 22.1.1. The proposed
link configuration algorithm and the ER algorithms are imple-
mented with Python 3.8. In our evaluations, we consider two
topologies, a small topology (the German topology in Ref. [36]
with 7 nodes and 11 links) and a large topology (the USnet
topology in Ref. [37] with 24 nodes and 43 links). We assume
each link of both topologies can generate entanglements with

Input: G = (N, E), D

Output: Link configuration for all the edges

Initialize Bayesian Optimizer with |E| variables

Set the bounds of link fidelity to (0.5,1)

Get initial link configuration with SPFD algorithm

Obtain generation rate with ER algorithm

Feed the initial link configuration and generation rate to
Bayesian Optimizer

Initialize 7 <— 0

7 while i < maximum number of iterations do

L RV

N

8 Obtain a new link configuration m from Bayesian
Optimizer

9 Get the generation rate using m with ER algorithm

10 Feed the generation rate to Bayesian Optimizer

11 Perform domain reduction to adapt the bounds of fidelity

12 Leti<+i+1

13 end

a fidelity of 0.8 with a generation rate uniformly distributed in
[250, 500] EPR pair/s similar to Ref. [11], and the generation
rate and fidelity in different link combinations can be derived
according to Sec. III-B. The memory storage is set to 12,000 as
in Ref. [11]. The time duration of each time slot is 10 seconds.
The number of considered time slots for German and USnet
topology is set to 2 and 8, respectively. For German topology,
we consider that the entanglement requests are randomly
generated between 75% of the node pairs in the network with
an average requested fidelity of 0.9. To extend our evaluation,
we compare different algorithms in a larger topology where
requests are randomly generated among 50% of the node pairs.
We first evaluate performance under varying loads, with an
average request requested fidelity of 0.9. Then, we evaluated
three fidelity scenarios under a requested generation rate of
around 700 EPR pair/s: low fidelity scenario, medium fidelity
scenario, and high fidelity scenario, with average requested
fidelities of 0.80, 0.85, and 0.90, respectively.

We evaluate the improvement brought by link configuration
on the performance of three baseline ER algorithms, namely,
Progressive Filling (PF) algorithm [21], Low-complexity Rout-
ing (Qleap) algorithm [10], and Purification-enabled Iterative
Routing (Qpath) [10] algorithm. Specifically, PF performs
purification on each link to achieve the same pre-defined
fidelity threshold on all the links, while Qleap performs
purification on links to achieve a fidelity threshold according
to the fidelity required by each request. Moreover, Qpath is
an advanced version of Qleap, which performs purification on
critical links that have the highest improvement in fidelity with
the least entanglements. For these baseline ER algorithms,
we assume that all the links generate entanglements with
a fixed fidelity sampled from AN[0.8,0.1] as in Ref. [10].
We evaluate setting link configuration with a combination
of the proposed SPFD algorithm with/without BO and one
of the existing ER algorithms. The cases where SPFD is
applied without BO and together with PF, Qpath and Qleap are
named SPFD-PF, SPFD-Qleap, and SPFD-Qpath, respectively.
When BO is incorporated to SPFD, their combination with



PF, Qpath, and Qleap are named BO-PF, BO-Qleap, and BO-
Qpath, respectively. The simulation results are averaged over
10 instances.

B. Performance Evaluation on a Small Topology
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Fig. 4: Performance evaluation in German topology.

Fig. 4 (a) shows the acceptance ratio (defined as the
percentage of served generation rate over the total requested
generation rate) under two different requested generation rates
for the German topology. It is observed that link configuration
with SPFD can improve the acceptance ratio achieved with
PF, Qleap, and Qpath by up to around 55%, 47%, and 45%,
respectively. Moreover, the incorporation of BO to SPFD
can further improve the acceptance ratio of SPFD-PF, SPFD-
Qleap, and SPFD-Qpath by up to around 9%, 5%, and 5%,
respectively. Among all the heuristic algorithms, the highest
acceptance ratio is achieved with BO-Qpath, which has an
optimality gap of less than 6%.

The low optimality gap of the proposed approach is
achieved with a significant execution time reduction compared
to MILP, as shown in Fig. 4 (b). For instance, the execution
time of ILP is reduced from around 19000 seconds to around
500 seconds under SPFD link configuration with BO, and less
than 1 second for link configuration with SPFD alone.

C. Performance Evaluation on a Larger Topology

1) Evaluation with Varying Loads: In Fig. 5 (a), 5 (b)
and Fig. 5 (c), we show the impact of the heuristics on,
respectively, the network acceptance ratio, connection end-to-
end fidelity, and resource utilization under a large range of
requested generation rates. As it can be observed in Fig. 5
(a), the employment of link configuration with SFPD can
significantly improve the acceptance ratio of the three baseline
ER algorithms (PF, Qleap, and Qpath), where values up to
around 83%, 81%, and 77%, respectively, were observed.
Moreover, link configuration with BO can further improve the
acceptance achieved with SPFD-PF, SPFD-Qleap, and SPFD-
Qpath by up to around 3.5%, 1.3%, and 1.4%, respectively.
When the entanglement routing approaches are compared, the
performance of the three baseline ER algorithms keeps the
same trend for the cases w/o link configuration for both cases
with or without BO. For instance, with link configuration
using BO, BO-Qpath achieves an acceptance ratio of around
12% and 5% higher than BO-PF and BO-Qleap, respectively.

This occurs because Qpath has more advanced schemes for
purification.

Fig. 5 (b) shows the end-to-end fidelity when varying
the requested generation rate. When the requested generation
rate is low, the end-to-end fidelity for all cases with link
configuration using both SPFD and BO is close to 0.94,
significantly higher than the end-to-end fidelity achieved with
three baseline ER algorithms. For instance, the end-to-end
fidelity achieved with SPFD-Qpath is up to 0.04 higher than
that achieved with Qpath. This is because to serve requests
between node pairs with a large number of hops in their routes,
the link must be properly configured to generate entanglements
with high fidelity, as the end-to-end fidelity decays with the
increase in the number of entanglement swapping occurrences.
When the requested generation rate increases, SPFD w/o BO
tends to set the link configuration to generate entanglements
with lower fidelity but a higher generation rate to achieve a
higher acceptance ratio, as the lower fidelity is sufficient to
meet the end-to-end fidelity requirements for requests between
node pairs with fewer hops. Note that the end-to-end fidelity
achieved by PF does not follow a decreasing trend as in the
other cases because PF performs purification on each edge
to meet a pre-defined fidelity threshold, rather than adjusting
purification based on request variations like the other baseline
ER algorithms. Consequently, PF maintains a consistent end-
to-end fidelity of around 0.92. This is because the fidelity
before swapping also aligns with the set threshold, and PF
prioritizes requests with fewer hops, resulting in a relatively
stable number of hops for served requests.

The resource utilization under different loads is shown in
Fig. 5 (c). The resource utilization increases for all cases as
network load rises because resources that cannot serve requests
between node pairs with a larger number of hops (where
fidelity deterioration prevents meeting the required fidelity
constraints) can instead be used to attend an increased number
of demands between node pairs with few hops. However, the
relative performance of the different ER algorithms using link
configuration might be different from that of baseline ER
algorithms (i.e., without link configuration), as the resource
efficiency of different algorithms might change with the em-
ployment of link configuration. For instance, Qleap has a lower
resource utilization and a lower acceptance ratio than Qpath,
while BO-Qleap has a higher resource utilization than BO-
Qpath, although BO-Qleap has a lower acceptance ratio than
BO-Qpath. This is because BO-Qleap and BO-Qpath tend to
select link configurations that generate entanglement with a
higher fidelity. In this case, not all the links need to be purified
to guarantee the fidelity constraint, while Qpath still purifies
all the links in a path for a request in order to achieve the
fidelity threshold, leading to unnecessary purifications. This
is also confirmed in Fig. 5 (b), where the end-to-end fidelity
achieved by BO-Qleap is higher than that of BO-Qpath.

2) Evaluation with Different Fidelity Scenarios: Fig. 6
shows the performance under different fidelity scenarios.
When the requested fidelity increases, the acceptance ratio
of all approaches decreases and BO-Qpath always achieves
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Fig. 6: Performance of link configuration for different fidelity scenarios in the USnet topology.

superior acceptance ratios, as shown in Fig. 6 (a). For instance,
under the low-fidelity scenario, the acceptance ratio of BO-
Qpath is around 97%, which is around 72% higher than that
of Qpath. In the high-fidelity scenario, although the acceptance
ratio of BO-Qpath is reduced to around 78%, it is still around
62% higher than that of Qpath. In addition to the improvement
in acceptance ratio, the ER algorithms with link configuration
also have higher end-to-end fidelity in all fidelity scenarios, as
shown in Fig. 6 (b), which highlights the benefits of setting
proper link configurations. For instance, in the medium-fidelity
scenario, the end-to-end fidelity of BO-Qpath and SPFD-Qpath
is approximately 0.03 and 0.04 higher than that of Qpath,
respectively. It is worth noticing that the end-to-end fidelity
achieved with Qpath is always smaller than that achieved
with Qleap regardless of the adoption of link configuration,
as Qpath has optimized purification and performs purification
only when it is necessary to provide end-to-end fidelity higher
than the requested one. In addition, PF achieves a higher end-
to-end fidelity than Qleap and Qpath, while PF with link con-
figuration may achieve a lower end-to-end fidelity than Qleap
and Qpath with link configuration. For instance, under the
medium-fidelity scenario, the end-to-end fidelity achieved by
SPFD-PF is around 0.01 lower than those of SPFD-Qleap and
SPFD-Qpath. This is because SPFD-Qleap and SPFD-Qpath
configure links to generate high-fidelity entanglements for
requests with many hops. The fidelity of these entanglements
often exceeds the threshold required by SPFD-PF, resulting
in less purification by SPFD-PF and thus lower end-to-end
fidelity. The resource utilization for different fidelity scenarios
is shown in Fig. 6 (c). When the requested fidelity increases,

the resource utilization of all ER algorithms with and without
link configuration also increases. In addition, similar to the
results in Fig. 5 (c), the relative performance of different
ER algorithms with or without SPFD or BO may vary, as
the resource efficiency of these algorithms is influenced by
different initial link configurations.

VII. CONCLUSION

This paper introduced the Link Configuration for Fidelity-
Constrained Routing and Purification (LC-FCRP) problem in
quantum networks, addressing the challenge of improving the
quality of distributed entanglements. Through link configura-
tions, we greatly improve the performance of the entanglement
routing process. We formulated a simplified version of the
LC-FCRP problem as a MILP model and proposed a scalable
two-phase link configuration algorithm with a low optimality
gap. Numerical results indicate that the proposed link config-
uration algorithm can improve the acceptance ratio achieved
by existing entanglement routing algorithms by up to 87%.
Future work involves considering real application scenarios
and exploring the performance of the proposed approaches
under realistic requirements of fidelity.
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