Leveraging weighted functional data analysis to
estimate earthquake-induced ground motion
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Abstract Ground motion models are fundamental tools for seismic hazard assess-
ment, providing estimates of earthquake-induced ground motion based on seismic
variables. A novel approach grounding on weighted functional data analysis is em-
ployed to extend a scalar ground motion model for Italy to the functional context.
By incorporating observation-specific functional weights in the estimation routine,
we aim to improve the accuracy and stability of model calibration in the presence of
incomplete functional data. Through a simulation study, we show the effectiveness
of the proposed methodology in enhancing the estimation accuracy and reducing
variability compared to the traditional approach. Our findings highlight the poten-
tial of weighted functional data analysis to enhance the ground motion estimates and
seismic hazard assessment, offering valuable insights for civil protection planning.
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1 Introduction

Ground motion models play a critical role in seismic hazard assessment by estimat-
ing earthquake-induced ground motion based on seismic variables. ITA18 is a scalar
ground motion model for Italy proposed in [3] which separately estimates the mean
of a longitudinal sequence of ground motion intensity measures defined over a set
of vibration periods. By leveraging a novel weighted approach in the field of func-
tional data analysis, in [1] we extend the ITA18 model to the functional framework.
The inherent incompleteness of seismic response profiles across oscillation periods
poses a significant challenge, prompting the need for advanced methodologies that
can enhance the accuracy and stability of the estimated functional ground motion
model. We employ state-of-the-art methods to reconstruct the incomplete response
profiles and incorporate observation-specific functional weights in the fitting of the
model. In doing so, we aim to address the uncertainty associated with partially ob-
served seismic data, seeking a solution that is somewhere between reducing the
domain of analysis to the part common to all curves and considering the full domain
by analysing solely the fully observed curves. Through a comprehensive simulation
study, we evaluate the performance of our proposed weighted functional method-
ology under various scenarios. By assessing the impact of different reconstruction
methods and weight definitions on estimation outcomes, we show the effectiveness
of our approach in reducing the estimation uncertainty and enhancing predictive
accuracy. Eventually, the proposed methodology proves effective in improving the
estimation precision in the calibration of the ground motion model, offering a more
reliable framework for seismic risk assessment and civil protection planning in re-
gions susceptible to seismic activity.

2 Method

Letyy,...,y, be reconstructed curves belonging to L>(T'), where T is an open subset
of R. The weighted approach couples each y; to a functional weight w; : T — [0, 1],
taking value 1 where the curve is observed and decreasing to zero the more the re-
construction becomes uncertain. Analytically, this translates into formulating a new
optimization criteria for concurrent regression, including the curve-specific func-
tional weights. In doing so, full weight is given to errors made on the observed parts
of the curves, and less weight to errors made on the reconstructed parts.

2.1 Weighted concurrent regression

The reconstructed functional observations are assumed to follow a concurrent re-
gression model, namely
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where x;1, ..., x;; are independent functional covariates, and fBi,..., B, are the func-
tional coefficients defined on 7. The errors &1,..., &, are assumed to be realizations

of a zero-mean stochastic process. We define a penalized fitting criterion which

minimizes .
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The second sum in (2) is a roughness penalty regularizing the estimates, and
A1, ..., A4 are penalization parameters tuned via generalized cross-validation. Each
coefficient is associated to a specific penalization parameter, meaning that the esti-
mates of the coefficients are allowed to have diverse levels of smoothness.

The dimensionality of problem (2) is reduced by assuming that each f8; belongs to
a finite dimensional space spanned by suitable basis functions 6ji,...,6;.,. Under
this assumption, the vector f8 := (Bi,...,,) can be expressed as f = @b and is
uniquely identified by b € RE, with L = Z;’.ZI L;. We show in [1] that the solution to
problem (2) can be found in closed form for b, and reads

[J+R]b= /T@(S)TX(S)TW(s)y(s)ds, 3)

where J := [;O(s)T X (s)TW(s)X (s)O(s)ds, and R accounts for the ridge regular-
ization.

2.2 Definition of the weights

We consider two alternative systems of weights, namely logistic weights and recon-
struction driven weights.

Logistic weights Let the reconstructed curve y; be originally observed up to #;.
Then the logistic weight is defined as

(=1" Pt 4
wilt) = 1 )
=L +d;, t>¢

where ; = (t; +ty)/2 and o; = a6y, 6;, being the empirical standard deviation
of the observed values at #;. Although continuity is not required, d; is a corrective
term guaranteeing continuity of the weight at #;. Parameter a > 0 controls the rate
of decay of the logistic functions. The advantage of using logistic weights lies in
their interpretability and in the possibility of controlling the downweighting of the
missing trajectory.
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Reconstruction driven weights An alternative definition of the weights allows for
fragmented patterns of missing information and relies on the covariance operator
of the reconstruction error. Let y; be a curve observed on O; and reconstructed on
M;, O;UM; =T, O;NM; = 0. Let € denote the covariance operator of y;, and 7;
the covariance operator of the reconstruction error. Additionally, let () be the di-
agonal of the kernel of € and v;(r) the diagonal of the kernel of ¥;. We define the
reconstruction driven functional weight associated to y; as

\9,'([)
é(t)

where é(¢) and 7;(¢) are the sample versions of ¢(¢) and v;(¢), respectively. Notice
that v;(r) quantifies the amount of uncertainty associated to the predicted trajectory
in ¢, while ¢(¢) quantifies the uncertainty that there would be about y;(¢) if we ig-
nored the observed part. Then, w;(¢) quantifies the reduction in uncertainty on y;(¢)
achieved through the reconstruction.

wi(t)=1- , Vt € M;, (5)

3 Simulation study

A simulation study is conducted to validate the proposed methodology and as-
sess its robustness under different scenarios. We investigate the effectiveness of
the weights in reducing the impact of the adopted reconstruction methods on the
estimates, evaluate the accuracy of estimates with varying weight definitions, and
analyze the performance of the weighted methodology with increasing fractions of
partially observed data. Through simulations, we demonstrate the effectiveness of
weighted functional analysis in reducing the variability of the estimates compared
to the unweighted functional approach. The predictive performance of the method-
ology is further analyzed through leave-one-out cross-validation (LOO CV) on syn-
thetic data, evaluating the functional prediction error under different weight defini-
tions. By examining the empirical distributions of prediction errors, we show in [1]
the existence of a trade-off between fully relying on observed data and neglecting
information from missing trajectories, highlighting the importance of finely-tuned
weighting systems in achieving optimal estimation outcomes. Such finding is in
agreement with the work of [5], where a classification problem on partially ob-
served functional data is tackled by considering an intermediate domain extension
between the common and the full domain.

4 Case study

The analysed dataset includes 5607 seismological records, relative to 146 earth-
quakes and 1657 stations [4]. The spectral acceleration profiles of each record are
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considered as response of the ground motion model. Each profile is identified by
37 longitudinal ground motion intensity measures, namely the peak ground accel-
eration and the spectral acceleration recorded at 36 vibration periods in the interval
[0.04 5,10 s]. In the dataset under analysis, less than 75 % of the records are ob-
served up to the largest period of 10 s, while the remaining profiles are only partially
observed up to a certain period 7; < 10 s.

The functional ground motion model that we propose is a functional extension
of the model proposed in [3], which separately fits a scalar linear regression to the
peak ground acceleration and the 36 longitudinal values of spectral acceleration.
The embedding of the scalar model into a functional framework reads

logySA = a+by(My, — Mp) Ly, <pmy) + b2 (My — My) 1 (s, >m1,) + f1S0F1 + f2SoF>

Vi
+c1(My, — Myer) log o R+ c210gg R+ c3R + klog, ﬁ +e. (6)

In (6), SA is a random variable with values in the space of square integrable
functions, a, Mj,, M. and R are known functions with domain 7 and e is assumed
to be generated by a zero mean stochastic process.

Before fitting (6), we carry out the three critical steps of calibrating the ridge pe-
nalization parameters entering (2), selecting the optimal system of weights, and se-
lecting the optimal reconstruction method. In particular, the calibration of the ridge
penalization, implying the search of an optimum in a nine-dimensional space, re-
quires the use of an evolutionary algorithm for parameter selection (Centofanti et
al. 2023). In all three steps, optimality is by means of a global measure of error
in predicting the observed parts of the spectral acceleration profiles. To highlight
the impact of the weighted functional methodology on the model calibration, we
here comment on the estimates of coefficient ¢, obtained with the scalar and with
the weighted functional approaches (see Figure 1). The results relating to the other
model coefficients are in [1]. The functional boxplot associated to the point estimate
is obtained via bootstrap sampling. The functional estimate follows the trend of the
scalar estimate while displaying a smoother behavior. However, we notice a signifi-
cant difference in the right half of the range due to how the data is weighted. When
we extend the scalar model to longer periods, we overlook some information from
partially observed SA profiles, relying only on 75 % of the data used for functional
estimation. Conversely, by leveraging the correlation among SA ordinates for pro-
file reconstruction and using a weighted functional approach, our method prevents
this loss of information. This allows us to obtain dependable estimates throughout
the relevant oscillation period range.
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Fig. 1 Functional boxplot of the bootstrap sample of the estimated functional regression coeffi-
cient ¢; and comparison with its ITA18 point estimates (black dots). The black line represents the
functional point estimate of the coefficient. The bootstrap sample has size 1000.
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