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Abstract
We consider the dynamics of a quantum particle of mass m on a n-edges star-graph
with Hamiltonian Hx = —(2m)~'h2A and Kirchhoff conditions in the vertex. We

describe the semiclassical limit of the quantum evolution of an initial state supported
on one of the edges and close to a Gaussian coherent state. We define the limiting
classical dynamics through a Liouville operator on the graph, obtained by means of
Krein’s theory of singular perturbations of self-adjoint operators. For the same class
of initial states, we study the semiclassical limit of the wave and scattering operators
for the couple (Hg, Hga), where Hg9 is the Hamiltonian with Dirichlet conditions in
the vertex.
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1 Introduction

Aim of this work is to provide the semiclassical dynamics and scattering for an approx-
imate coherent state propagating freely on a star-graph, in the presence of Kirchhoff
conditions in the vertex.

Since the pioneering work of Kottos and Smilansky [17], having in mind applica-
tions to quantum chaos, the semiclassical limit of quantum graphs is often understood
as the study of the distribution of eigenvalues (or resonances, see [18]) of self-adjoint
realizations of —(2m)~'A?A on the graph.

To the best of our knowledge, a first study of the semiclassical limit for quantum
dynamics on graphs is due to Barra and Gaspard [2] (see also [3], where the limiting
classical model is comprehensively discussed). In this case, the semiclassical limit is
understood in terms of the convergence of a Wigner-like function for graphs when &
(the reduced Planck constant) goes to zero.

Inspired by the work of Hagedorn [12], instead, we look directly at the dynamics
of the wave-function, for a class of initial states which are close to Gaussian coherent
states supported on one of the edges of the graph.

Closely related to our work is a series of papers by Chernyshev and Shafarevich [6,
8,9] in which the authors study the 2 — 0 limit of Gaussian wave packets propagating
on graphs. Their main interest is the asymptotic growth (for large times) of the number
of wave packets propagating on the graph. The main tool for the analysis is the complex
WKB method by Maslov (see [19]). We also point out the work [7], by the same authors,
in which they study the small 2 asymptotics of the eigenvalues of Schrodinger operators
on quantum graphs (with Kirchhoff conditions in the vertices and in the presence of
potential terms).

In our previous work [5] we studied the semiclassical limit in the presence of a
singular potential. Specifically, we considered the operator Hy, which is the quantum
Hamiltonian in L%(R) formally written as Hy, = —% A 4+ a §p, where m is the mass
of the particle, §¢ is the Dirac-delta distribution centered in x = 0, and « is a real
constant measuring the strength of the potential. Given a Gaussian coherent state on
the real line of the form

1 1 i
I o _ N2 _
ll’c,g(x) o Qmuhl/4/c exp( 4hog o w=a)+ hp(x q)) forx € R,
(1.1)
witho € C,Reoc =09 > 0and & = (¢, p) € R2, we studied the limit i — 0 of
e~iiHa digo’g.

To this aim we reasoned as follows. For fixed x € R, consider the classical wave
function defined by

oF i R2>C, o (6) ==l ().

Consider the vector field Xo(g, p) = (p/m,0) associated with the free classical
Hamiltonian ho(q, p) = p?/(2m) (g is the position and p the momentum of the
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classical particle of mass m), and the Liouville operator

9
dom(L) :=CP[R?), Li=—iXg-V=—iL 2.
m dq

Set

2 .
pt p*t it
&:=\9+—p), A=-—., o=00+ ;
m 2m 2moy
where &, is the solution of the free Hamilton equations, A; is the (free) classical action,
and o, takes into account the spreading of the wave function.
If the dynamics is free (i.e., @ = 0), one has the identity

(e iyl ) = ef Myl L (x).
The latter can be rewritten as
(7Yl ) () = efhr (00l )(@), (1.2)

where €''L0 is the realization in L (R?) of the strongly continuous (in L2(R?))
group of evolution generated by the self-adjoint operator Ly = L; explicitly, one
has ¢''10 f(§) = f(§,).

Since Hy is a self-adjoint extension of HS := Ho | C;°(R\{0}), mimicking the
identity (1.2), we compared (e*’%HC‘ 1,[!?072)()6) with efid (e"’Lﬁc])ghx)(E), with Lg a
self-adjoint extension of Ly := Lo | Co° (), Ay = R? \ {0, p) | p € R}. Here, p
is a real constant which parameterizes the self-adjoint extension, and it turns out that
the optimal choice is B = 2 a /A (see [5] for the details).

In the same spirit, in the present work, we study the small & asymptotic of
—i+Hg =h

e op.& Where H is the quantum Hamiltonian defined as the self-adjoint real-

ization of —(2m)~'A? A on the star-graph with Kirchhoff conditions in the vertex, and
g” resembles a coherent state concentrated on one edge of the graph (see Sect. 1.3
below for the precise definition).

The paper is structured as follows. In the remaining sections of the introduction we
give the main definitions and results. Sections 2 and 3 contain a detailed description of
the quantum and semiclassical dynamics on the star-graph respectively. In Sect. 4 we
give the proofs of Theorems 1.4 and 1.6. Section 5 contains some additional remarks
and comments. The paper is concluded by an “Appendix A” in which we present a
proof of a technical result, namely an explicit formula for the wave operators for the
pair (Dirichlet Laplacian, Neumann Laplacian) on the half-line.

—
=
—

1.1 Quantum dynamics on the star-graph

By star-graph we mean a non-compact graph, with n edges (or leads) and one vertex.
Each edge can be identified with a half-line, the origins of the half-lines coincide and
identify the only vertex of the graph.
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We recall that the Hilbert space associated with the star-graph is L*(G) =
7, L? (R.), with the natural scalar product and norm; in particular, for the L2-norm
we use the notation

12 n o 1/2
||¢||Lz(g>z(fg der(x)F) = (Z /O dx|‘lie(x)|2> :
=1

If ¥ € L2(G), U, € L>(Ry) is its £-th component with respect to the decomposi-
tion EBZZILZ(R+). In a similar way one can define the associated Sobolev spaces; in
particular, we set H 2Q) = ®)_H 2(Ry.), with the natural scalar product and norm.
We are primarily interested in the semiclassical limit of the quantum dynamics
generated by the Kirchhoff Laplacian on the star-graph, which is the operator

dom(Hx) = {¥ € HXG)| W1(0) =+ = 4, (0). T4_ ¥, =0}, (13)

Hilr o= — 22" (1.4)

here ¥ denotes the element of L?(G) with components s/, and ¥ (0) (resp., ¥’ (0)) the
vector in C" with components {,(0) (resp., I!I/[ (0)). Functions in dom(Hg ) are said to
satisfy Kirchhoff (also called Neumann, or standard, or natural) boundary conditions.

In the analysis of the semiclassical limit of the wave and scattering operators, we
will have to fix a reference dynamics on the star-graph. To this aim we will consider
the operator H ga [see also the equivalent definition in Egs. (2.5)—(2.6) below]

dom(Hg) = {¥ € HX(@| ¥1(0) =+ =, 0) = 0},
h2
HE ¥ == 4"

we remark that HISB can be understood as the direct sum of n copies of the Dirichlet
Hamiltonian on the half-line (see Sect. 2.2 below for further details).

We recall that the quantum wave operators and the corresponding scattering operator
on LZ(g), are defined by

Q* = slim e FHK g fH (1.5)
S:=(@Q@NH*Q. (1.6)

These operators can be computed explicitly (see Proposition 2.2 and Remark 2.3
below), and component-wisely for £ = 1, ..., n they read as follows:
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n

@9), = 3 (e — -V F R )

=1

where §, ¢ is the Kronecker delta, F; and F, are the Fourier-sine and Fourier-cosine
transforms respectively [see Eqgs. (2.11) and (2.12)];

n

=Y (s — ) e (1.7)

=1
1.2 Semiclassical dynamics on a star-graph

The generator of the semiclassical dynamics on the star-graph is obtained as a
p

self-adjoint realization of the differential operator —i 2 ai in @Z=1L2(R+ x R),
(g, p) € Ry x R. To recover it we will make use of the method to classify the singular
perturbations of self-adjoint operators developed by one of us in [20] (see also [21]).

To do so, the first step is to identify a simple dynamics on the star-graph, more
precisely its generator. We shall consider classical particles moving on the edges of
the graph with elastic collision at the vertex.

We start by considering the dynamics of a classical particle on the half-line with
elastic collision at the origin. We obtain its generator as a limiting case from our
previous work [5] and denote it by L p. We postpone the precise definition of Lp to
Sect. 3.1. Here we just note few facts.

Lp :dom(Lp) C L2(R+x R) — L2(R+x R) is self-adjoint and acts on elements
of its domain as

d
Copa.m=—i 2% G p  forq p) eRixR.
m 0q

Forallr € R, the action of the unitary evolution group associated with it is explicitly
given by

f(q+%t,p) ifq+%t>0,

pt

it (1.8)
—f(—q——,—p) if g+ — <0.
m m

(eitLDf)(q’ P) =

The (trivial) classical dynamics of a particle on the star-graph with elastic collision
at the vertex can be defined in the following way. Denote by f a function of the form

filg, p)
fe®_[LP*R:xR), flg.p)= :
falq, p)



45 Page60f43 C. Cacciapuoti et al.

If ||f||€BZ:1L2(R+><R) =1, | fe(g, p)|*dgdp can be interpreted as the probability of
finding a particle on the ¢-th edge of the graph, with position in the interval [¢, ¢ +d¢]
and momentum in the interval [p, p + dp].

Define the operator L% := @}_, Lp; the associated dynamics is generated by the
unitary group e’ Lyt — EBZ:le" Lpt and it is trivial in the sense that it can be fully
understood in terms of the dynamics on the half-line described above.

We consider the map

2 fe(p) := lim fi(qg,p) fort=1,....n,
q—0t

defined on sufficiently smooth functions (we refer to Sect. 3 for the details). This map
can be extended to a continuous one on dom(LeI;). The operator L% [ ker(yf) is
symmetric; in Theorem 3.3, by using the approach developed in [20,21] we identify a
family of self-adjoint extensions. Among those we select the one that turns out to be
useful to study the semiclassical limit of exp(—i Hxt/h) and denote it by Lg.

We postpone the precise definition of Lk to Sect. 3.3, see, in particular, Remark
3.4. Here we just give component-wisely the formula for the associated unitary group,
for¢ =1,...,nandforallt € R:

t t
fe(q+%,p) ifq+%>0,
(e”LKf) (g, p) = 2
4> P)= t , t
Z(——&e,e’>fv(—q—p—,—l7) ifg+2 <0,
=1 n m m
(1.9)

We define the classical wave operators and the corresponding scattering operator
on GBZZILZ(RJr x R) by

Qf = lim_ eiLDemitLK (1.10)
and
Sa = () Q. (1.11)
These operators can be computed explicitly (see Proposition 3.8 below), and
component-wisely they read as follows for £ = 1,...,n (9 is the Heaviside step
function):

(@)= (Bw - %G(ZFP)> fe:
=1

Sa o= (e —2) s (1.12)
=1

1.3 Truncated coherent states on the star-graph

In general, there is no natural definition of a coherent state on a star-graph, neither there
is a unique way to extend coherent states through the vertex. Since we are interested in
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initial states concentrated on one edge of the graph, we introduce the following class

of initial states. We denote by foﬁg the unnormalized restriction of IIIZ’E [see Eq. (1.1)]
to R4, namely,

~h ~n .
Vo € L2 Ry, Vge () =W (x) forx > 0. (1.13)

On the graph we consider the quantum states defined as

Definition 1.1 (Quantum states) Let 0 € C, with Reoc = o¢p > 0, and &€ = (¢, p) €
R4 x R; consider any normalized function EZ,E € LQ(RQ, such that

2
~h e 4 _
|85 = Voel 2@, < Coe  HeP  forsomeCo,e > 0. (1.14)

We are primarily interested in quantum states on the star-graph of the form
- 2 =h _—
Ec: €L7(9), Egg =

Remark 1.2 In Definition 1.1 we assume that the constants Cp and € do not depend on
h, € or o. In what follows, whenever we refer to a state of the form & ’“h the constants
Cy and ¢ are the ones given in Definition 1.1.

One could choose the quantum states EZ (and the corresponding classical
states given below) in a different way. As a matter of fact, for any choice of

EZE the terms Co exp(—¢g?/(ho3)) and Coexp(—¢ (g + pt/m)*/(f|o,|*)) in the

bounds in Theorems 1.4 and 1.6 would be replaced by || Ego g~ ‘ngo,s || L2(Ry) and
} "‘g{ g~ 01 %t || L2R,) respectively.

Correspondingly, we will consider the family of classical states

Definition 1.3 (Classical states) For any o, &, and E "‘h g as in Definition 1.1, consider
the function ZQ + : R x R — C defined by

b =Bl (). (1.15)

We will make use of the family of classical states on the star-graph given by Zg’ L=
(ng, 0,. .,O)T. In general the functions E[}’X do not belong to L2(R+ x R) but
we will always assume that they are in L (R4 x R) (see Lemma 4.2, and Examples
4.3 and 4.4 below). We remark that the classical operators e~ Lk Qﬁ, and S,; can be

naturally extended to L*° (R4 x R).
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1.4 Main results

Our first result concerns the semiclassical limit of the dynamics.

Theorem 1.4 Let oy > 0, £ = (¢, p) € Ry x R and consider any initial state of the
form E?O,E, together with its classical analogue ):20, o Then, forallt € R there holds

) o\ 1/2
</gdx e gl () — el (M Eh o) )

2 2
L 4 (qtpt/m*
<Coe ' +2Cye © Hul 4+2e g (1.16)
Remark 1.5 Let t.,;(§) := —mgq/p be the classical collision time. Whenever |t —

teolll < Mmoyg \/7_1/ | p| for some positive constant M the second term on the right-hand
side of Eq. (1.16) is larger than 2Cp e~ ® ",

In the second part of our analysis we study the semiclassical limit of the wave
operators and of the scattering operator.

Theorem 1.6 Let og > 0, & = (¢, p) € Ry x (R\{0}) and consider any state of the

form EZO’E, together with its classical analogue T ’;0’ - Then, there hold

n1/2
(/ dx ‘Qi 2l () — (gizﬁox)(z)‘ )
g

2

2 - L22 = o0
< —<ﬁc0e M e Y0 4T R > (1.17)
n

SER ()= (Sa Bl D). (1.18)

Identity (1.18) is an immediate consequence of Eqs. (1.7) and (1.12), and of the

s =k A
definitions of Z; . and Xg ..

and

Remark 1.7 Equation (1.17) makes evident that Qt = G £ and (QjE Eho ())(E) are

exponentially close (with respect to the natural topology of L2(G)) in the semiclassical
limit o3 /g2, h/o§ p> — 0T for any & = (¢, p) withg > 0 and p # 0.

As a matter of fact, it can be proved that the relation (1.17) remains valid also for
p = 0 if one puts (Qd 00 (@, 0) = Zfzo (g, 0); the latter position appears to be
reasonable and is indeed compatible with the computations reported in the proof of
Proposition 3.8. Nonetheless, since exp(— G% p*/h) = 1 in this case, the resulting
upper bound is of limited interest for what concerns the semi-classical limit. To say
more, for p = 0 and fw% /q* (or Cp) small enough, by a variation of the arguments
described in the proof of Theorem 1.6 one can derive the lower bound

n1/2
(/ dx ‘sz Bl 0@ = (QiZf,‘M)(q,O)‘ )
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2 ‘12 Ei
> l_(l 4}‘10 \/_C()e fw(z)).
n

This shows that, as might be expected, the classical scattering theory does not provide
a good approximation for the quantum analogue when p = 0. On the contrary, notice
that Eq. (1.16) ensures a significant control of the error for the dynamics at any finite
time ¢ € R even for p = 0.

2 The quantum theory
2.1 Dirichlet dynamics on the half-line

Let us first consider the free quantum Hamiltonian for a quantum particle of mass m
on the whole real line, defined as usual by

2

Hy: H*@R) C L*(R) —» L*(R), Hy V¥ :=— Zh—m v,

together with the associated free unitary group U,0 = i Ho (t € R). Correspond-
ingly, let us recall that for any | € L>(R) we have

CARIGENE ht/yevf? V(). @.1)

Let us further introduce the Dirichlet Hamiltonian on the half-line R, defined as
usual by

h’z "
dom(Hp) := Hy(Ry) N H*Ry).  Hp=——— .

. . it
and refer to the associated unitary group UP := e 5l (t € R). As well known, the
latter operator can be expressed as

=U - U, (2.2)

where, in view of the identity (2.1), we introduced the bounded operators on L2(R,)
defined as follows for { € L?(R,) and x € Ry

U V) (x) —,/23T - / dy 55 (). 2.3)

Remark 2.1 Let us consider the bounded operator

O : Lz(R+) — L2(R) , (O V) (x) = {OIII(X) ifx >0,

ifx <O,
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together with its adjoint

O*: L*(R) — L*(Ry), O ) (x) = Y(x) (xeRy).
Namely, ® gives the extension by zero to the whole real line R of any function on R,
while ®* is the restriction to R4 of any function on R. Note that ® is an isometry. In
fact, ©* O is the identity on L?(R..) and ® ®* is an orthogonal projector (but not the

identity) on L%(R); more precisely, we have (9 is the Heaviside step function)

©*®=1 onL*(R,),
©0*: L*(R) - L*(R), ©O*Y)(x) =0(x) V(x) (x €R).

To proceed let us consider the parity operator
P:L*(R) —» L*(R), (P V) (x) =Y(—x) (x eR).

Of course P is a unitary, self-adjoint involution which commutes with the free Hamil-
tonian Hy, i.e.,

HyP=PHy.
Furthermore it can be checked by direct inspection that
ran(P ®) = ker(©%)

Using the bounded linear maps introduced above, one can express the operators
defined in Eq. (2.3) as follows:

U =0, Ur=e*Pule=0*u’reo. (2.4)
Recalling that (U, t0)>'< =U 9,, the above relation allow us to infer

U =U,. U =U,.

Let us finally point out that, on account of the obvious operator norms ||®| = [|©*| =
1, ||Ut0|| = land || P|| = 1, from Eq. (2.4) it readily follows
I <1,

2.2 Dirichlet and Kirchhoff dynamics on the star-graph
Let us now introduce the quantum Hamiltonian on the graph G, corresponding to
Dirichlet boundary conditions at the vertex. This coincides with the direct sum of n

copies of the Dirichlet Hamiltonian Hp on the half-line R, namely:

dom(HY) 1= @}_, dom(Hp) = (®}_,; Hy(R})) N H*(9), 2.5)
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HY = @)_ Hp : dom(HS) c L*(G) — L*(9),

7] hz ll;/{
HVv:=——1 : |. (2.6)
2m W

In view of the identity (2.2), it can be readily inferred that the corresponding unitary

gD
group e '7fp (t € R) can be expressed as

eI = Sy Uy — & U, 2.7
where Z/{i, is defined as in Eq. (2.3).

To proceed let us consider the Kirchhoff Hamiltonian on the graph G. This is defined
asin Egs. (1.3)—(1.4). In what follows we denote by S the n x n matrix with components

2
S =80 ——, for¢, ¢ =1,...,n. (2.8)
n

By a slight abuse of notation we use the same symbol to denote the operator in L?(G)
defined by

S¥)e =Y S)wly VL.
=1

By arguments similar to those given in the proof of [1, Thm.2.1] (cf. also [11] and
[15, Eq.(7.1)]) we get

e = @ U —S@l_ U 2.9)
2.3 The quantum wave operators and scattering operator
Let us consider the wave operators and the corresponding scattering operator on L>(G)
respectively defined in Egs. (1.5) and (1.6).

Since Hg has purely absolutely continuous spectrum o(Hg) = [0, 00), we have
that Q7 are unitary on the whole Hilbert space Lz(g), i.e.,

which in turn ensures!

IfI=1. (2.10)

1 Of course, the same identity (2.10) can be derived straightforwardly from the fact that QF are defined as
strong limits of unitary operators.
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Let us define the unitary operators Fy : L*(Ry) — L?>(Ry) and F. : L2(Ry) —
L>(Ry):

(Fs ¥ (k) == — \/% Ooodx sin(kx) ¢(x) (keRy); (2.11)

e¢]

(Fe ) (k) := dx cos(kx) U(x) (keR,). (2.12)

2
e

The wave operators can be computed explicitly. To this aim one could use the
results from Weder [22] (see also references therein), with some modifications, since
in [22] the reference dynamics is given by the Hamiltonian with Neumann boundary
conditions. For the sake of completeness, we prefer to give an explicit derivation of
the result, obtained by taking the limit + — 00 on the unitary groups. We remark
that in [22] the formulae are obtained by using the Jost functions.

We have the following explicit formulae for the wave operators:

Proposition 2.2 The quantum wave operators can be expressed as

1 1
QF = 5 OI_, A+ FF)+ 58S Sy A F FFy). (2.13)

Proof By Egs. (2.7) and (2.9) we easily obtain the identity

Qf = (@) U_, Uy —U_ UNH +Se)_ UL, Ul —ut,uy)) . (2.14)

s-lim
t—+o00

Let us find more convenient expressions for the operators on the right-hand side.
Let { € L>(R,) and define

U(x) ifx >0 U(x) ifx >0

Yo(x) =

b= { U(—x)  ifx <0’ —W(=x)  ifx <0

In view of Remark (2.1), we have: © ¢ = Yet¥e @*(y, + ) = 20, and ©* (Y, —
V,) = 0. Hence, see Eq. (2.4),

U, U v =0*U’, 00 u’ey
1
=, [UE,(@*UP%» + U (O UM, + UL (O UML),

+U9[(®*Utolljo)0:|
(since Utol!fe is even and

U, is odd, (©*UM,)e = UMY, (©*U,),
= U[OIIIO, and we get)

1
=3 o* [qfe +U°%,©* UV, + U°,(©*UV,), + xlfa]
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1 1
= 3 V47 O [UL© UMY, + U (O UL, |
On the other hand,

U, U v=0*U,00*U’Po ¢
(Since POy = P(qje + llfo)/z = (qfe - ‘p())/z we get)
1
=S © [Uﬂt((a*U,Oxpe)e —U°,©* UM, + U, (©*U,),

—U2,© UM,

®* I:we - Ug[ (®*Utollfo)e + UB; (®* Utowe)o - 11’0]

Al—A=

0 [~U%,© ULV, + UL O Ub), .

Hence
1 1
U, U —U_, U b= 5 V+3 0*U°,(©*UV,). .

Recall that U,D is the unitary group generated by the Dirichlet Laplacian on the
half-line; its integral kernel is given by

UtD(x,y)zU,O(x—y)—U,O(x—i—y) forx,y e R;.

Moreover, let U,N be the unitary group generated by the Neumann Laplacian on the
half-line; its integral kernel is given by

UNG,y)=U2(x —y) + UP(x +y)  forx,y e R,.
Note that, for x € R,
©°U) W) (x) = fR dy U (x = y)¥,(y)
= fo Ty (U0 - )~ U0+ ) BO) = WP ),
similarly
(O U ) (x) = /0 “ay (VP =0+ U+ ) W) = U h)(x).

Hence,

O U2, (O U b,), = 0* U, UL 0. = U, UP ¥,
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and

1 1
U= U~ U UD Y =5 b+ UM TP @15

A similar computation gives

Ut Uy = 0u’, PO UL PO
1
= £ 07 [U%@ UM, = U2 O UMY, = U, ©"Uf,),
+U°, O UL, ]

1 1
= 3 W=7 O [U%© U, + U2 O UM, .
and
Ut U b =0U’, PO U O
1
= £ 07 [U%@ UM, + U2 O UMY, = U, ©7Uf,),
—U2,© UM, |

1
= ;o [U?,(@*Utoqf(,)e _ UBI(®*U,°¢L))O] .

Hence

U —% 0*U°,©* Uy, = % U —% uNuP .
(2.16)
To compute the wave operator we have to evaluate the limits s-lim;_, + oo U ivt UTD ;
the latter give the wave operators Qﬁ p for the pair (Dirichlet Laplacian, Neumann
Laplacian) on the half-line, which are computed in Proposition A.1 and equal £ F}: F.
This, together with Egs. (2.14), (2.15), and (2.16) concludes the proof of identity (2.13).

(Z/{ttw_mtu;) qf:%

Remark 2.3 Note that the wave operators do not depend on /. Moreover the scattering
operator is given by?
S=@QH*Q =8, (2.17)

the same formula is written component-wisely in Eq.(1.7). The matrix S given here
equals —o® where o) is the scattering matrix at the vertex, as defined in [4,
Def.2.1.1.] (see also [4, Ex.2.1.7, p.41] and [16, Ex.2.4]). The minus sign is due
to the fact that as reference Hamiltonian we chose Dirichlet boundary conditions,
instead of Neumann boundary conditions, see also [16].

2 The last identity in Eq.(2.17) can be derived by a simple computation starting from Eq. (2.13), recalling
that s and F, are unitary operators, and noting that S*='S, S?=1.
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3 The semiclassical theory
3.1 Classical dynamics on the half-line with elastic collision at the origin

We start by recalling some basic definitions and results from [5]. Let Xo(q, p) =
(p/m, 0) be the vector field associated with the free (classical) Hamiltonian of a
particle of mass m and consider the differential operator

L:S®R*) > SR>, Lf:=—iXo-Vf

in the space of tempered distributions &' (Rz).
We denote by

Lo :dom(Lo) € L*(R?) — L*(R?),  (Lof)(g,p) = —i 5 %(q, ),

dom(Lo) := | f € L*(R?) | Lf € L*(RH)},

the maximal realization of L in L2(R2). Posing Rg ‘= (Lyp—2z)"'forz e C\R one
has

(RYf)(g, p) = sgn(Imz) % fR dq' 0((q — q') pImz) ™ 4=D/P (g p). (3.1)

Moreover the action of the (free) unitary group ¢/%0 (1 € R) is given by
. pt
(e f)q. p) = f(q + p) -

For any f € S(R?) we define the map (Y f)(p) := f(0, p). For a comparison
with the results in [5, Sec. 2], recall that the map Y can be equivalently defined as
& fHip) = «/%7 Jrdk f(k, p) where f(k, p) is the Fourier transform of f(g, p)
in the variable g. By [5, Lem. 2.1], the map V¥ extends to a bounded operator V :
dom(Lg) — L?*(R, |p|dp), where dom(Lg) C L%(R?) is endowed with the graph
norm. Hence, for any z € C\R the operator YR? : L2(R?) — L3R, |pldp) is
bounded, and so is its adjoint (in Z):

G,:L*(R,|p|”'dp) — L*(R?), G,:= (v RY)*

(here L*>(R, | p|~'dp) and L?(R, | p|dp) are considered as a dual couple with respect
to the duality induced by the scalar product in L?(R)). An explicit calculation gives
i

m .
(G.u)(q, p) = 6(g pImz) sgn(Imz) ol eIl y(p).

Next we consider the classical motion of a point particle of mass m on the whole
real line, with elastic collision at the origin. The generator of the dynamics, denoted
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by L, is obtained as a limiting case, for f — oo, of the operator Ly defined in [5].
To this aim we set

A LR, Ipldp) — LR, IpI™'dp) . (AZu)(p) = isgn(ime) 22 u(p).

In addition, let us consider the projector on even functions (here either p(p) = |p| or
p(p) =1pI™H

1
My : L2(R, pdp) — L*(R, pdp), (T f)(p) i= 3 (f(») + f(=p).

By [5, Thm. 2.2], here employed with B — oo, the operator L, is defined by

dom(Leo) :={f € L*R?) | f = fo + G A® Ty Y f, f2 € dom(Lo)},
o —f=WLo—2)f:,
for all z € C\R. The associated resolvent operator R?o =L —2)"'(z € C\R)

can be expressed as follows, in terms of the free resolvent Rg and of the trace operator
V:

(R £)(q, p) = (R2)(q, p) — 0(gpImz) &™ /P [(v RY f)(p) + (v RY ) (—p)] .
(3.2)
More explicitly, we have

(R™ f)(q. p) = Sgn(Imz)— / dq'[ 6 ((q — ') pimz) e"=4=1P £(g' . p)

—~ e(qplmz)(e(—q plmz) ™X@=/P £(g' p)

+0(qplm2) P £ (gl —p)) . (3.3)
Correspondingly, let us recall that [5, Prop. 2.4] gives, for all t € R,

("= f)a. p) = (" f)(q. p) (34)
—6(—tqp )e(ﬂ—| |> (€0 1)@, p) + (20 f) (. ~p)]

(here, for a comparison with [5], we used ( itho f(—. )(q p) = (e”LO f)
(—q.—p)).
To proceed, let us introduce the lateral traces defined by
(Y+ (R ))(p) := (YRY £)(p) — 0(pImz) [(Y RO £)(p) + (Y RY £)(—p)]
= 0(—pImz) (v R? £)(p) — 6(pImz) (Y RY f)(—p) , (3.5)
(Y=(RZ ))(p) := (YRY £)(p) — 6(—pIm2) [(Y R? /)(p) + (Y RO ) (—p)]
= 0(pImz) (Y RY £)(p) — 6(—pImz) (¥ R? f)(—p) (3.6)
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(here we used the trivial identity 6(—s) = 1 — 0(s)). Clearly, Y+ (R° f) are odd
functions and, using again [5, Lem. 2.1],

Vi s dom(Loo) = L244(R, |pldp) 3.7
is a bounded operator. We remark that the action of Y+ can be understood as
(Y£(R )))(p) = limy_.0= (R f)(q, p).

For the subsequent developments it is convenient to express the free resolvent R?
in terms of R2°. More precisely, we have the following explicit characterization.
Lemma 3.1 Forany z € C\R and for any f € L*(R?), there holds

(R2f)(q. p) = (R®f)(q. p)
— 6(gplm2) sgn(g) "1/ | (V2R f)(p) = (V-RZ [)(p) |

Proof From Egs. (3.5) and (3.6) we readily infer that

0(—pImz) (Y4 R £)(p) = 6(—pImz) (Y R f)(p),
0(pImz) (V=R £)(p) = 6(pImz) (Y RY £)(p).

The above relations imply, in turn,
(Y R2f)(p) = 6(=pImz) (V1 R £)(p) + 6(pImz) (Y- R f)(p) ,
and, since Y4 R;’O f are odd functions,
(Y R2f)(=p) = = 6(pImz) (Y1 R f) (p) — 0(—pImz) (=R f) (p) .
Substituting the latter identities into Eq. (3.2) and noting that
8(gpImz) = (6(q) + 6(—9)) 8(gpImz) = 6(¢) 6(pImz) + 6(—¢) 6(—pImz) ,
and
sgn(q) 6(gpImz) = 6(¢q) 6(pImz) — 6(—¢) 6(—pImz) ,

we obtain

(R (g, p)
= (R2/)(g. p) = ¢™0/7 [ 6(g) B(plmz) (V- R )(p)
—6(¢) 6(pImz) (Y1 RZ° )(p)
+0(=q) 6(—pImz) (V4 R £)(p) = 6(=q) 6(—pIm2) (V-RZ ) (p) |
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= (R/)(q. p) + 0gpIm3) sen(g) ¢/ [ (o R £)(p) — (=R /()]

which suffices to infer the thesis.
Similarly, for the unitary operator describing the dynamics we have

Lemma 3.2 Foranyt € R and for any f € L>(R?), there holds

("0 f)(q, p) = (""" f)(q. p)

—60(~1qp) e('f;—”—|q|> (" 1)@, )+ (" F)—q.~p)].

Proof First note that the identity in Eq. (3.4) entails

("t f)(—q, —p) = (" f)(—q, —p)

—6(—tqp) 6(“;’1—t|—|ql> [(ei’LOf)(q, p)+(ei’L°f)(—q,—p)] -

From the above relation and the previously cited equation, we derive

("5 f)a. p) + ("> ) (=, —p)
= (1 =2 0(~tqp) e('fn—” - |q|)) [0 )@ p) + ("2 f)(—a.=p)]

which in turn implies

6(—tqp) e("’;—" - |q|) [ 1)@ )+ (" ) (~q. —p)]

= — 6(—1qp) e("’;—" - |q|) [0 1)@ )+ (€ f) (=g = )]

The thesis follows upon substitution of the above identity into Eq. (3.4).

Let us now consider the natural decomposition’

L*(R*) = L*((R- URy) xR, dgdp)
= (L*(R_.dq) ® L*(Ry. dq)) ® L*(R. dp)
= (L*(R_.dq) ® L*(R,dp)) & (L*(R4, dq) ® L*(R. dp))
=L>R_xR)@® L*R.x R), (3.8)

3 All the equalities in Eq.(3.8) must be understood as isomorphisms of Hilbert spaces (see, e.g., [13, p.
85]).
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and notice that both the subspaces L>(R_xR) = L>(R_xR)@{0} and L>(R; xR) =
{0} ® L?*(R, x R) are left invariant by the resolvent RZ°, this is evident from Eq. (3.3).
Taking this into account, we introduce the bounded operator

RP i L*(RixR) — L*(RyxR), (R f)(g, p) = (RZ(O® f))(g, p). 3.9
By direct computations, from Eq. (3.3) (here employed with ¢ > 0) we get

(RPf)@q. p)
. ~ _ /
= sgn(Imz) % / dq'[ 6 ((q — ¢")plmz) "4=/7 £(g', p)
0
— 9(pImz) eimila+a)/p f(q, —P)]
im

. q . ,
= sgn(Imz) ol e””z"/’)[e(plmz)(/o dq'e™™4IP f(q', p)

o0 . ,
—/ dq' e™4P f(q’, —p))
0
[e%e} . ,
+ 0(—pImz) f dq' e ™4IP f(q', p)} :
q

We denote by L p the self-adjoint operator in L2(R, x R) having RZD as resolvent,
so that

dom(Lp) = {f € L’ R+ xR)[0® f) € dom(Loo)},  Lpf:=Loo 0D f).

(3.10)
Forall (¢, p) eR4 xR, reR and f € L>(R; xR), from the above definition and from
Eq.(3.4) we get*

(eitLDf)(Q9 p) = (e”Lm(OGB f))(q’ p)
B PN il
=0(q+ ) ("0 ). p)

—6(-a-Z)(0e N)g.-p).  GID

which describes the motion of a classical particle on the half-line R with elastic
collision at ¢ = 0. Let us also mention that, in view of the basic identity

("0 ® ). p) = 9(61 + pﬁt) (" 0@ N)4. p). (3.12)

4 Note that for ¢ > 0 we have §(—tgp) 0 (\leI — \q|> = 0(—1p) 0 (_%t _q) =9 (—q _ %l) —

1—e(q+%’).



45  Page200f43 C. Cacciapuoti et al.

the above relation (3.11) is equivalent to

(€ f)q.p) = ("0 @ )g. p) = (¢"°O® ))(~¢.—p).  (B.13)

Another equivalent (and more explicit) formula for the action of the unitary group
!0 is the one given in Eq. (1.8).

Finally, from Lemmata 3.1 and 3.2 (here employed with g > 0) we derive, respec-
tively,

(R2O0 @ 1)), p) = (R? £)(q, p) — 6(pImz) ™4/ (v RP ) (p),

(eitLo(O ® ), p) = G(q 4 %)(eimof)(% »)

—e(—q - %)(e”“’f)(—q, —p). (3.14)

3.2 Classical dynamics on the graph with total reflection at the vertex

Let us now consider the “classical” Hilbert space @&}_, L%*(R, x R) and indicate any
of its elements with the vector notation

filg, p)
fe@®L L’ ®RexR),  flg.p)=
n(q. p)
Let Lp be defined according to Eq.(3.10), and consider the classical dynamics

on the star-graph G with total elastic collision in the vertex; this is described by the
self-adjoint operator

D ._ mn
L D =& lL D-
The associated resolvent and time evolution operators are respectively given by

RP® = (LS — ' =a_RP,

eizL% _ @Z leitLD )
Explicitly, for £ = 1,...,n and ¢t € R, from Eq. (1.8) we derive

t . t
fe(q~l—%,p) 1fq+%>0,

pt

(eitL%f)g(qv 17) = pt
—fg(—q—z,—p) ifq+;<0.
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3.3 Singular perturbations of the classical dynamics on the graph

Let us consider the restriction to dom(L p) of the trace map Y introduced in Eq. (3.7);
this defines a bounded operator

V4 s dom(Lp) — L244(R, |pldp).
We use the above map to define a trace operator on the graph:
¥9 = @), ¥4 @ dom(Lp) — &) L2s(R, |pldp).

In what follows we use the technique developed by one of us in [20,21] to char-
acterize all the self-adjoint extensions of the symmetric operator L% [ker(yf) (see
Theorem 3.3 below). Among those we select the one that turns out to be useful to
study the semiclassical limit of exp(—i Hxt/h), see Remark 3.4.

To proceed, we introduce the operator

v

G® :=VvORP® = @}_ | GT 1 @} L’ Ry x R) —> &}_ L2, (R, |pldp).
é; = Y+RZD
and its adjoint with complex conjugate parameter,

GeB (é = ®}_,G; 1 ®{L} R, |pldp) - & LRy x R),

'\ll_i'_\-/

e

Note that by Eq. (3.1) one has

(YRVO® f))(p) = sgn(Imz)%"I / dq' (= pImz) e ™17 f(q', p).
0

From the latter identity, together with Egs. (3.9) and (3.5), we derive

(G () =(V4RZO @ f))(p)
=0(—pImz) (YR (0 @ f))(p) —0(pImz) (YR2(0® ))(—p) .

—sgn(Imz)—/ dq' 9( plmz) e™ ™4/ £(q', p)

—0(plmz) 117 £q', ). (3.15)

In view of the latter expression, for all f € L2(R+ x R) and any ¢ € L2 cad R 1pldp)
we have

/ﬂ‘g dqdp (GT ¢)(q. p) f(q, p) = fR dp &(p) (GT f)(p)

+XR
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=Adp¢Tm<Sgn(Imz)—/ dq 6( plmz) e™"/P f(q, p)
—6(pIm3) ¢ 9/7 f(g. —p)))

:/R dqdp (d(p) — ¢(—p)) 6(pImz) sgn(Imz) (—

+XR

ﬂ) e™IM4IP £ (g, p)
14

=/ dqdp 6(pImz) Sgn(Imz)—e’mzq”’ o(p) f(q,p),
R, xR [P

which proves that

(GT g, p) =2g:(q.p) &(p).  g:(q. p) :=6(pImz) sgn(Imz) |l—:| emalr

(3.16)
On account of the identities

(Ve(gz — gw)(p) = % (sgn(Imz) — sgn(Imw)) ,

which can be easily checked by a direct calculation (see also [5, p. 7]), and
Y(GE — G =z —w) (GH*GF
which is consequence of the first resolvent identity (see [20, Lem. 2.1], paying attention

to the different sign convention in the definition of the resolvent), we have that the
linear map

dom(M") := Ly, (R, |pl™'dp) N L344(R, |pldp),
M} dom(M) C Ly (R, |pl~'dp) — Ligu(R, |pldp),

(MF &) (p) :=2m>(p) d(p).  m(p) := —sgn(Imz) ——

. (3.17)
2|p]

satisfies the identities
N e + + _ + +
(M ) = M, M — M, =w— Z)(Gw)*Gz .
Hence, setting

M® : @}_ dom(M;") C @}_ lLiddaR IpI~'dp) — &_ L2, (R, |pldp) ,

one gets the identities

ME* =M,  MP—-M)=w-2(Gy)GCE.



The semiclassical limit on a star-graph with Kirchhoff... Page230f43 45

To proceed, let us consider any orthogonal projector IT : C* — C”" and any self-adjoint
operator B : C" — C", represented by the matrices with components (IT), , and
(B)¢, ¢ respectively. By a slight abuse of notation we use the same symbols to denote
the corresponding operators on vector valued functions; e.g., for f = @)_, fr €

?=1L2(R+X R),onehas I f € @2’=1L2(R+X R) with components ({ =1, ..., n)

(M o= (M fo.

=1

or, for &}_, ¢, € @®;_L2,,(R,pdp), one has TI(®}_ &) = @&},
(Z’;:l(n)w o ), and similarly for B. Then, by [20, Thm. 2.1] here employed

with T := Hy?, we obtain the following

Theorem 3.3 Ler z € C\R. Assume that 1 M® = M 1 and 1B = BI1. Then, the
linear bounded operator

RUVE .= RPE L G211 (B+ M®) ' G® (3.18)

is the resolvent of a self-adjoint extension L1 g of the densely defined, closed sym-
metric operator LGDB [ ker(yef). Such an extension acts on its domain

dom(Lri ) = {f € ®}_|L* Ry x R) |
f=f4AGETB+M2)'IVES,, f.cdom(LY))

according to

(Lnp—z2)f=(L-2)f,. (3.19)

Remark 3.4 We use the notation Lg (where K stands for Kirchhoff) to denote the
self-adjoint extension corresponding to the choices

1 .« ..
B=0, I=-]. R (3.20)

We denote the associated resolvent operator with RZK = (Lxg —2)~ L.

In the sequel, we proceed to determine the unitary evolution associated with the
above choices by means of arguments analogous to those described in the proof of [5,
Prop. 2.4].
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Proposition 3.5 Forall f € GBLILZ(R+ x R) and for all t € R there holds

(e'Lo (0@ f1))(q. p) (et 08 f1))(—q. —p)

(" f)q. p) = : -5 : 2D
(¢ (0@ f)) (4. p) ("0 f) (=g, =)

where S 1= 1 — 211 was already defined in relation with the quantum scattering

operator, see Eq.(2.8).

Proof Throughout the whole proof we work component-wisely, denoting with £ €
{1, ..., n} a fixed index. Let us first remark that the resolvent (3.18), with B, IT as in
Eq. (3.20), acts on any element f € @Z=1L2(R+ x R) according to

—~ (Mg

(RE£),(a. p) = (R fo)(q. p) + (28:(q. P)) Z Zn () - Dm, ' (Y RP £)(p)

-(q, 1
R (g py + L LS kD gy,
J

mE(p) n

From the above relation we derive the following, recalling the explicit expressions
for g.(g, p) and m?o(p) given in Egs. (3.16) and (3.17), as well as Eq. (3.15) for

ViRPf = G7 f:
(RXf),(a. p) = (R? fo)(q. p)

2im <& o : /
+ 6(pImz) sgn(Imz) m E / dq/ eimzla+q"/p fi (q/, —p).
: 0
j=1

We now proceed to compute the unitary operator e ~/’L¥ (t € R) by inverse Laplace
transform, using the above representation for the resolvent RZK . Let us first assume
t > 0; then, for any ¢ > 0 and f edom(Lg), we get (see [10, Ch. III, Cor. 5.15])

(e_”l"(f) _ 1 lim r+ic i e—izt (RKf)
¢ 2mir—oo —r+ic ‘ ¢
ect ‘
= lim dk e (RES), -

2T r—>oo

On the one hand, recalling Eq. (3.13) we have

eCl‘

lim dk e " (RP fO . p) = (" f)(q. p)

2T r—>o00

=(e” ”LO«) ® f0)q. p) = (7O @ f0))(—q. —p) .
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On the other hand, noting that § (pIm(k+ic)) = 6(pc) = 6(p) and sgn(Im(k+ic)) =
sgn(c) = +1 for ¢ > 0, by computations similar to those reported in the proof of [5,
Prop. 2.4] we get

ct

r . 2im
li dk e ""F o (pIm(k+i Im(k+ic)) —
57 Nim 5 e o (pIm(k+ic))sgn(Im(k+ic)) o]

n o0 ) )
Z/O dq/ezm(k+tc)(q+q )/ p fi (q/’ -p)
=1

om ect—ma/p) ;
(mq/p—1)k
=0 ngrgo/dke

/ dg' " IR o) £ —p)
R ;

2
=6(p) M ett=mq/p)
nlpl

D5 (800 £5C. =) (= mCs +ie)/p) )ma/p — 1)
j=1

pt t
=0(p) - Ze( )fj<—61+%,—p)

2 .
= S (08 ) a. ).
Jj=1
Summing up, the above relations imply

(e—itLKf)Z — (e—itLo(()@ fz))(q, p) — (e—itLo(O ® f[))(_é], —p)
2 it Ny
+ Y (0@ f)) (=g, —p). (3.22)

j=1

Fort < 0one can perform similar computations, starting from the following identity
where ¢ > 0:

. 1 r—ic .
—itL _ . —izt K
S Y
—ct

T (RE. ), -

2mir—>o J_,

5 Espec1ally recall the following basic identity regarding the unitary Fourier transform § and its inverse

51,

3—1<3:h(a(*+ic)))(q) el—lh(q/a) fora € R\{0},¢c > 0,q € R,

‘ h( /a) € LZ(R) In addition, keep in mind the relation written in Eq. (3.12).

which holds true whenever £ T
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We omit the related details for brevity. In the end, one obtains exactly the same expres-
sion as in Eq. (3.22), which with the trivial replacement t — —t proves Eq. (3.21).

Remark 3.6 ByEq.(3.12) we infer that the action of the unitary group e/’ is explicitly
given, component-wisely, by Eq. (1.9).

Remark 3.7 Recalling the explicit form of IT (see Eq. (3.20)) we obtain
n—2 =2 ... =2 n—1 —1 ... —1
1l 2n-2--. =2 1l -1t n—-1--- —1
S=- . .. . , 1=I=- . . . . (3.23)
: : AR n : : R
-2 =2 ---n—-2 -1 -1 ---n—1

In particular, for a star-graph with three edges (n = 3) we have

| 1 -2 =2
S=-1-2 1 =21},
2 2 1
whence S = — M with respect to the notation used in [1].

3.4 The semiclassical wave operators and scattering operator

Let us consider the wave operators and the corresponding scattering operator on
D), L% (R, xR), respectively defined by Egs. (1.10) and (1.11). The following propo-
sition provides explicit expressions for these operators.

Proposition 3.8 The limits in Eq. (1.10) exist point-wisely for any &€ = (q, p) e Ry X
(R\{0}) and in L*>(Ry4 x R) for any f € @ZZILZ(RJr x R),; moreover, there holds

(0 £)@.p) =[1- 6Fp) 211] f(q. p) = [0EP) 1+ 6(FP)S] f(q. p).-
(3.24)
Furthermore, the scattering operator is given by

Sy=1-2M=S. (3.25)

Proof First of all let us point out that for all + € R and any ¢ € {1, ..., n}, Egs. (3.13)
and (3.21) give, respectively,

(€2 f)(q. p) = ("0 ® ))(q. p) — ("0 B f))(—q.—p)

- (0®f>(q+ %’p) - (oeaf)(—q - %’,—p)

=6(q+ﬁ)f(q+ﬁ,p)—6<—q—ﬁ>f<—q—ﬁ,—p>:
m m m m

@ e(q. p) = (700 @ f))(g. p) + ) (21T-1),; (7O ® £))(—q. —p)
j=1



The semiclassical limit on a star-graph with Kirchhoff... Page270f43 45

=(0®fe)(q—*,p)+22l‘l (0®f,< +%t,—p>

—9<q—f> fe(q—pl p)
+ Z(ZH—])U 9<_‘1 + %) i (_‘1 + %[ _P) .
j=1

In view of the above relations, recalling that ¢ > 0, by direct computations we obtain

(5™ 1), (q. p) = ("2 f)e) (g, p)

= 9<q - p—t) (e "EK f), <q + 2 p)
m m
- e(—q — p—t> (e/thx f)e<—61 - —p>
m m

pt A
= 6(61 + ;) Jelg, p) — 9<—q - ;) Z(ZH—I)” fitq, p)

j=1

n
pt
= felg, p) — 6<—q - —> Y 2w fi(q. p).
mJio
which gives

(e"Foei f)(q. p) = f(g. )~ e(—q - %) @0S)q.p).

Then Eq. (3.24) follows noting that 6( q— —) — O(Fp) fort — Fo0.
Next, since IT is symmetric, by elementary arguments we get

(@* f)q.p)=[1- 0(Fp) 211] f(q. p).

On account of the above identity we obtain

(Set £)(q. p) = (D" f)q.p) =[1— 6(=p) 2T] (2, f)(q. p)
=[1-6(=p)2T][1- 6(p) 21 f(g,. p) =[1-211] f(q.p).

which proves Eq. (3.25).

4 Comparison of the semiclassical and quantum theories

Recall the definition of coherent states in L2(R) given in Egs. (1.1), and (1.2) describ-
ing their free evolution.
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Additionally, notice that the action of the operators e itlk Qﬁ, and S, can be
extended in a natural way to ®}_; L°(Ry x R).
For later reference let us point out the following auxiliary result, regarding the

functions ITJZE defined in Eq. (1.13), and the operators Z/{;JE defined in Eq. (2.3).
Lemma4.1 Forallt = (q, p) € Ry x R and for any t € R there holds

2
9
LT A ~h T
” t x1’60,2 —eh td’m,ﬂFE, ||L2(R+) = e 7.

/2

Proof Let us first remark that, on account of the considerations reported in Remark
~h . . ..
2.1, IIIULOYE = @*1!;{20 £ and for any x > 0 we have the chain of identities

~h
(U Wgy ) ) = (U 0 Wl ) (Fx) = (ULl L) () + EfN(Fx)
— ehf qu[’gl (Fx) + Eth(:FX)
i i ~h
= et MYl o () + El(Fx) = e M Uy o () + E['(Fx)
where we put E f (x) :=— (U 0(1—0) 1lf§0,§) (x) for convenience of notation and used

the trivial identity W/ . (—x) = ¥} _, (x).
On the other hand, via an explicit calculation involving the trivial inequality
¢~ Na+b)? < o= @ +b%) for M, a, b > 0 we obtain

2 2 2 2
H Eth(:F')”LZ(RJr) = ” Eth ||L2(R) = ” Uto 1-0) ¢§0,2”L2<R) = ”(1 -0 ¢§0,2”L2<R)

q2

27105 . (41)

0 5 ) 1 o) _ ("'Jr‘iz)z 1 -
= dx U ()" = 7/ dxe M < _—e
v/—oo °0-8 V27w hogJo 2
which proves the thesis in view of the previous arguments.

To proceed let us point out the forthcoming lemma which characterizes a large class
of functions satisfying the condition in Definition 1.1.

Lemma4.2 Let N > 0, £ = (¢, p) € Ry x R and consider a family of functions
Xg.n € L2 Ry), uniformly bounded in L™ (R ) with respect to M, q and such that

Xgn(x) =1 for|x —q|<ngq. (4.2)

Then, the functions E?,g € L2(R,) defined by

Bl () = Xgn@Toe@ (x>0 @43)

~7
| Xgm Vo ellr2my)

fulfill the condition (1.14) with ¢ < min{1/4,M* /8} and Cy depending only on
Il Xg.n llzoory).-
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Proof Let us first remark that the states Eg% defined in Eq. (4.3) have unit norm in
LZ(R+) by construction; moreover, again from Eq. (4.3) it follows that X4 n xT;fL}E =

~h —_ . .
| Xg.n 1!1;’2 2@,y afj’%. Taking these facts into account, we have

=h
|2

~ h ~n ~h
oE ‘lfc,EHB(Rg = H “Z,s — Xgn ‘l’c‘EH ey T ” Xgn—1D ‘pc,EH L2(Ry)
=[1 =1l Xgn ‘ng,s||L2(R+)| I E?,E”LZ(RQ
~h
+[Xgn =D llfcr,E||L2(IR<+)

= 1= g Vo2 + [ Xan = D Fae L2R,)

On one hand, recalling the definition (1.13) of ITIZE and that || IIIZ’E 22y = 1, using
the basic inequality (a — b)?> < |a*> — b*| fora, b > 0 we get

~h 2 qh
=X g Voglz@ol” < [Woglio@ = 1 Xan Vogliog,)|
o
2
B ‘/Rdx Wl o - /O dx [ X gn(0) Vg ()]
2 2
< [ax 100 Rt ] o)

< /Rdx (1-60x) |1lf§’§(x)|2+/Rdx e(x)‘l —|xq,n(x)|2‘ Wl

Recalling the hypothesis (4.2), the explicit expression (1.1) for IU(ZL’E, and that we are
assuming g > 0, from the above results we derive

N 0
[T =1l Xgn ¢2,§||L2(R+)|2 = / dx |"‘l’§,§(x)‘2
-0

2 2
+/ dx‘1—|xq’n(x)| ’ Wl ()]
Ry N{lx—g|>n g}
1 /00 _ (X+q)22
S — dx e ?2hol
V2mh|o]||Jo
5 _ (x—q)j
+ (l =+ | Xq,Tl”LOO(]R+)) / dx e 2hlol
{lx—gql>"m q}

1 g I g2
P — 2ma\2[ dx e 2hol?
V2Tmh|o| 0
2,2

, — Mg _ a—g)?
HU D gallmmy) e 9 [dn e e

R
12 42

2
q
PR S— 2 —_ 1 __
e P + /2 (14 [ Xgnllzeomy)) e #oF .

=

N =
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On the other hand, by arguments similar to those employed above we get

~ o
[Gan = DT,y = [ [Kga =1 [0l o

2
1 _ =9
i dx e 2o
V2mh|o| J{x—ql>nq)
m2(12

2 ——%5
Sﬁ(1+||xq,n||Lw(R+)) e HioP |

< (T4 I X gmllze@,))

Summing up, the previous results and the basic relation v/a + b < /a + /b for
a,b > 0 imply

5 1 q2 n2q2
sh _gh T Iel 95/ T
I35 = oclia < 7« W7 20+ K glimeny) €0
2
q

1 5/4 —¢
< (ﬁ + 2541+ | Xq,n||L°°(R+))> e Mol

which suffices to infer the thesis on account of the uniform boundedness of X4 n.

Example 4.3 For n € (0, 1], consider the sharp cut-off functions

[0 iftx<(1-mgq,
Xq’”(x)—{1 ifx>(1-m)gq,

which clearly satisfy the hypothesis of Lemma 4.2. The corresponding elements
EZ.E € L2(R+) defined according to Eq. (4.3) consist of normalized truncations

of the coherent state llfz’a and fulfill the condition (1.14) as a consequence.
It is worth noting that for 1 = 1 we have X4 n = 1 on Ry, so that the associated

. - o .o~h .
function EZ is just the re-normalization of the bare truncation lliol’g introduced in Eq.
(1.13), i.e.,

i an S n
g =Vor/IWorlm,) -
Example 4.4 Form € (0, 1/2), consider the smooth functions on R such that

0 forlx —gl>(1-")gq,

Xq,n(x):{l f0r|x_q|<nq’ |qun(x)|§1-

Again, the assumptions of Lemma 4.2 are certainly verified and the related functions
EQE have compact support in R, besides satisfying the bound (1.14).
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In addition to states fulfilling the requirements of Definitions 1.1 and 1.3, our
arguments will often involve the unnormalized element

h
IIIUO,E
h 2 0
Vo e €L(G), \Il(,oE = . 4.4
0
along with its classical counterpart
7
q)co,x
0
o), eL?@. o .=| | (4.5)
0

with J . defined as in Eq. (1.13) and

~h ~h
(])o‘o,x (E) = lljcyo’g(x) .
4.1 Comparing the dynamics. Proof of Theorem 1.4

Let \II(’;LO’E and <I>§0’ 0 (§) be, respectively, as in Eqs. (4.4) and (4.5), and note that from
the triangular inequality it follows

| ihHkER —ehi(eitr g BO] PRre

S ||e7i%HKE(f)'L0’E th ‘I’GOEHLQ(Q)

o A N S R A O] P

+ ef A Rl )(e) — ef (R EL V®) 2. (46)

Regarding the first term on the right-hand side of Eq. (4.6), by the unitarity of e~inHK

and the condition (1.14) we infer

—iLHK:!h —IH h
K By — € B

He 00, EHLZ(g) ” S0t T Yo, %H L2(9)

2

—e L
_|| Hh C()e hco .

h
ook T OO,E ||L2(R+) =

As for the second term in Eq. (4.6), note that Egs. (2.9) and (3.21) give

it L i
e kgl —ei (MR @l ) (E)
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~h i . ~
U Vo5 — et (eltLO (0@4);,,(.)))(2)
0
0
T LAy (itLo ((yen
"W — e (00D, () (—E)
0

0
Since (¢/'L0 (0@ Py, ) () = bp , (£5,) = T, 1 (x) for x € Ry, from the above

identity and from Lemma 4.1 we deduce®

||e—'%HK w?o,g — i G ‘I’Z,o)(g) ”iz@

~h A ~h 2
< 2 Vgp g — € Vg, ¢ | 12me)

2

n S _ 9~
+2 3 Sl U Voge — e Ts, |2, <2¢ 0.
=1

Let us finally consider the third term in Eq. (4.6). Recalling again the identity (3.21),
we obtain

(eitLK <I>§,,(.))(%‘) _ (eitLK EZ,(.))(E)

(e”LO (0@52,(.)))(%) - (e”LO O f:c}fly,(-))) )
0

0
(€20 0@ g, () (— &) — (¢ L0ODE! ))(—8)
0
)
0
From the above identity, by arguments similar to those employed previously we get

[(ehx ol )@ — (@EL O,

6 Note also that, on account of Eq. (3.23), we have

- 2 ). 2 n—2\? 2V
1Y 180l = 1+ 802+ Sal =1+<T> Tt (;) =2,

=1 =2
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~h
<2 ”llic,,g, cr, g, ” L2R,)

n ‘1t2
215k =h 28 g
+2) ISal ||¢G[,_E[—uot,_gt”Lz(RH_4coe Tl
=1

Summing up, the above bounds imply the thesis.

4.2 Comparing the wave and scattering operators. Proof of Theorem 1.6

Note the identity S(1,0,...,007 = (1 —2/n,—2/n,...,—2/n)T and recall the
expression of QF given in Eq. (2.13). Then, by simple computations we get (£ =
1,...,n)

1
. (1—;(1;?’6"]%))820’% ife=1,
@* el )=

- (A FFiF)EL . ife #1.

Additionally, recalling the expression of Q ; given in Eq. (3.24), we get

2
(1—9(¢p>;>2&x<z) ife=1,
Q52 ) =

a0,X

2 .
—0GFp) = Th, (®) ife£1.
In view of these results together with the identity (1.15) we derive

97 8505 — @i%a, ) ®)l 29 = fulﬁfs 266FP)) Zopl 12w

(1 =20(Fp)Fe ¥ F) Ec’o,; HLZ(]R+) :

==

By the bound [|(1 =26(Fp))Fe F Fsll < 11 =20(Fp)IlIFcll + 11 5]l < 2 and by Eq.
(1.14), we infer

[(( =20 Fe ¥ F)E el 2w,

2

—¢
<2Cpe hoo + ” ((1 =20(Fp)FeF }—) 00, E||L2(R+)

In what follows we prove the following upper bound which concludes the proof of
the theorem

2
o3 q

[ =20GF F F)Vapel o,y = V2 (e +e T8). @)
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We start with the identity
~h 2
(@ =206GEFPNFe F F)Vopel12q.
2 o
= —/ dk
T Jo

Considering separately the cases p > 0 and p < 0 for the two possible choices of the
signs, it is easy to convince oneself that

00 2
/ dx <(1 - 26(:|:p)) cos(kx) £1i s1n(kx)>1!160 E(x)
0

(A =26(Fp)Fe F F) Vo, E“LZ(R )

l/

Recall that the Fourier transform of q;f}og is given by

ek q;fjo,g(x) ifp >0,

dx
2
dx ifp <0.

R ()

2% 1/4 )
( lpco E)(k) _ dx e*lkx ll; .. E(-x) \/_ <?> efﬁ,o%(kfp/hﬂfqu .

7=l
Let us assume p > 0, we have the chain of identities/inequalities
5 oo o 1/2
= =2 |(Fo vt e

<2|(F¥ o0, E) _')||L2(R+)
+2 ” (}—(1 9)‘1’00 E) - ')||L2(R+)'

/ dx ™ Yl (x)

0

Reasoning like for the bound in Eq. (4.1), we obtain

1 o

o0 N 1/2
[P0, 2. = (/0 k| (U], ) (0 ) A

and

H (]:(1 - e)llfco 2) )||L2(R+) H]'—(l eN’Go EHLZ(R)
|1 — 9)11160 E”LZ(R)

0 1/2 _ 4
2 1 4ho?
= d.x ‘IIIUUE(X)‘ < 7§ e 0,

which conclude the proof of the bound (4.7) for p > 0. The proof of the bound for
p < 0is identical and we omit it.
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Identity (1.18) follows immediately from Eqs. (1.7) and (1.12).

5 Final remarks

5.1 A comparison with different approaches to the definition of a classical
dynamics on the graph

Our approach to the semiclassical limit was inspired by Hagedorn’s work [12].
In general, a coherent state (on the real-line) is the wave function llfh R —- C
defined as

o

heoy — g & e 1 G
l!j (.x)—\lf (G7qu’ pa-x)'_ (2]Th)1/4_ﬁ eXp< 4h0—

i
(=) plx = q)) ,
with (p, ¢) € R? and 0, & € C\{0} such that Re(Go~1) = | 0|72 > 0.
In his seminal paper [12], Hagedorn provides the semiclassical evolution of a coher-
ent state in the presence of a regular (at least C2(R)) interaction potential V. By

one of the main results in [12], the quantum evolution of the coherent state ﬂfh is
close (with respect to the L2?(R)-norm and for % small enough) to the wave function

x > end l]fh(ct, Gt, g, pr; X), where the pair (g;, p;) is the solution of the Hamilton
equations

Gr = %Pr,
Pt = _V/(Qt)»
(qo. po) = (¢, p) .

the pair (oy, G;) is given by

ad i 0q; . . a ap: .
—io— l_ﬁo—’ 0t=—2iﬁ0 ﬂo—

0y =
! aq 2 dp

and A, is the classical action

A = /Otds (% - V(qs)> .

In our notation, one can associate with the quantum state V" the phase space function
(g, p) — (¢"(0, 5, x))(q, p) = V(o, 3, q, p; x). By this correspondence, one gets
V(0,61 qr, pry x) = (e”LVd)h(G,, &;,x))(q, p), where Ly denotes the Liouville
operator associated with the vector field of the classical Hamiltonian % + V(q); this
is analogous to /'L« Z(’L}hx(z), £=(q,p).

We remark that, unlike the case of a quantum particle in the presence of a regular
potential, in general there is no trajectory of a classical particle which describes the
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semiclassical limit of a quantum evolution of the form e~inHk E? . As a conse-
quence, the semiclassical dynamics is not described by the Hamilton ’equations. One
way to overcome this difficulty is to assign a probability to every possible path on the
graph. Typically, the probability of a certain path is postulated, and given in terms of
the square modulus of the quantum transition (or stability) amplitudes (see, e.g., [3,
Sec. II.A] or [4, Sec. 6.1]). For a star-graph the latter coincide with the elements of
the (vertex) scattering matrix, defined for generic boundary conditions, e.g., in [16,
Thm. 2.1] or [4, Lem. 2.1.3]. For Kirchhoff boundary conditions the elements of the
scattering matrix are given by % — 8¢, 0.0 =1,...,n, see [3, Eq. (1)] (for the
star-graph Cp;y = 1), and [4, Ex. 2.1.7, p. 41]. This is the approach used (for compact
graphs) by Kottos and Smilansky in [17] and in several other works, see, e.g., [3],
the review [14], and the monograph [4]. We have already noted that, up to a sign, the
coefficients % — 8¢.¢ coincide with the elements of the matrix S identifying both the
classical and quantum scattering operators.

Compared to this approach, we followed a different train of thought, starting from
the trivial dynamics of a classical particle on the half-line with elastic collision at the
origin and making use of a Krein-type resolvent formula (see [20,21]) to find a suitable
singular perturbation of the Liouville operator associated with such a trivial dynamics.
We remark that, in a similar way, one can reconstruct the Hamiltonian Hg starting
from the Hamiltonian of a quantum particle on the half-line with Dirichlet boundary
conditions at the origin.

We defined the generator of the trivial dynamics on the half-line through Eq. (1.8).
Note that if f € dom(Lp), then f; = e /LD f satisfies the Liouville equation

0
LIPS
latft pf

but the action of the group can be extended in a natural way to any bounded function.
Since the evolution is unitary in Lz(R+ xR),if | fll 2w xRy = I, wecan interpret

0i(q, p) == |(e 7™ f) (g, p)|?

as a probability density in the phase space R, x R. Setting 0(g, p) := | f (g, p)|>, for
all ¢ € R one has that

t t
p(q—p—,p) ifg—2 20
Pi(g. p) = ™ ot pt (5.1)
m m

forall f € C°(Ry x R) and g — £ £ 0.
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We remark that, assuming elastic collision at the origin, a classical particle moving
on the half-line follows a simple, though discontinuous, trajectory in the phase space:
at any time 7 € R any initial state (¢, p) € Ry x R is mapped to

t t
<q+%,p> ifq+%>0,
$:(q, p) = it ‘ Dt (5.2)
(—q——,—p) if g+ — <0.
m m

Hence, given a density p : Ry x R — R, in the phase space, one has the identity
0:(q, p) = P(9_;(q, p)) [see Egs. (5.1) and (5.2)]. In this sense, the group e ~/L»
given in Eq. (1.8) describes a classical particle on the half-line. The function f; :=
e~'LD f should be interpreted as a classical wave function, with associated probability

density function in the phase space given by 0;(¢q, p) := | f;(q, p) |2.
On a graph this interpretation fails when the generator of the dynamics is e ~//Lx .
In particular, from Eq. (1.9), for all # € R it follows
2
pt
fg(q——,p) ifg—— >0,
—itLg 2 m
(1) e P = PN o
Z(S)e,e'f£’<—fI+—,—P>' if g—— <0,
m m m

but the density P¢ (g, p) = |(e_”LK f)z(q, p)|2 cannot be understood in terms of a
trajectory of a classical particle since in this case there is no phase space flow ¢; such
that p; (g, p) = P(¥_;(g, p)). Also, such a density does not coincide with the time
evolution of the initial density | f|? as prescribed by Barra and Gaspard, see [3, Eq.
(10)]. The latter, adapted to our setting and notation, and taking into account the fact
that we are considering a non-compact graph, would give (for all # € R)

t 2 t
‘fz(q——p,p)‘ ifq——p >0,
m m

G
! 2 . t

S 1wl |fe(-a+ 2 ) it <o

o m m

pgt (C], P) =

Additionally, we remark that the initial state E?’x (&) does not define a probability
density by the relation p¢(§) = | (2 (§)) '
to L2(R+ x R).

Nevertheless, the phase space evolution of the approximated coherent states E(’;{x &)
induced by the Liouville operator L g turns out to be a useful tool for the investigation
of the semiclassical limit of the quantum evolution on the graph.

2 . .
, because, in general, it does not belong
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5.2 Coherent states on a star-graph with an even number of edges

Obviously, by superposition, one could consider initial states of the form

=h

o1,k
=h = :
H(G],E]),...,(O’n,gn) - : ’

Hh

o, En

with o, > 0 and &, = (q¢, p¢) € R4 x R, and results similar to the ones stated in
Theorems 1.4 and 1.6 hold true (with additive error terms). For n even it is possible to
construct states that propagate exactly like coherent states on the real line. Suppose n

. ¢ I .
even and consider a state ¥,  defined component-wisely by

xpﬁ ife=1,...,n/2,

o
(W) = q,ﬁ if¢=n/2+1,...,n

It is easy to check that such states belong to the domain of Hg. Next, consider the

i o h . . . .
state e "’at,Et' Taking the time derivative component by component one has
LD ig eh R i oh o,
ih Pm et (Vg ¢ )e = — 3 e (Vg 8,

i o hi
by the definition of coherent states, see Eq. (1.1). Since e Vo,,¢, € dom(Hg) the
latter is equivalent to

0 i, oh ia oh
ih_ ,F A — 7 A1
lhateh w“hit - HKeﬁ ‘lfatygt :

HYWERU _sh it i sl
Moreover e7® ¥y ¢ |l=0 = Vy,,¢- Hence, e "7 7Kg o = e . . On the other

o i o fi o fi
hand, define the classical state 4); o component wisely, by (d); ) = (\lf; E) 0(x).

Noting the identity > /_, ( — 3¢ g/)((l)(, x)g/( g) = (4)6 )e(€), and by using Eq.
(1.9), it is easy to infer the identity (e”L’(d)q,,(.))(E) = ¢at,(~)(§t) = ‘lfgt,gt, so that

i hH LA, (itLg 31
n K"’ g =eh t(@ K¢at,(.))(§),
which is equivalent to (1.2). In this sense, up to a normalization factor /2/n, states
o h .
of the form V¥, ; are coherent states on a star-graph with an even number of edges.
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A Appendix: Wave operators for the pair (Dirichlet Laplacian,
Neumann Laplacian) on the half-line

Proposition A.1 Let Qﬁ p be the wave operators for the pair (Dirichlet Laplacian,
Neumann Laplacian) in L*>(R..), defined by

Qi p = s-limy— 20 UN, UP .
There holds true:
+
Qyp=xF.Fs .
Proof We use a density argument. Let s € L?(R). For any & > 0 there exists ¢ €

C§°(Ry) such that || — @ | 2(g, ) < ¢ /4. Recalling the trivial bounds UV | < 1
and || Fy/cll < 1, we infer

€
WS UP F FFO Ve, < 5 +IWLUP F FF) @l -

Hence, it is enough to prove that
: N 77D
I_I)IIZEIOO UL U” FFF)Olew,y =0 VYeeCi[Ry). (A.1)
Note that

IUN UP F FiF) @llaw,) = IUP FUNFiF) @l 2w,
=1WUPFFU N FOF @ lg,) -

Moreover, for all ¢+ € R the following identities hold true:

2i

Nox oood" e R sin(kx) (Fs W) (k) ;

UP v x) =
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UN W) () = —— fo T dk % cos (o) (Fo 1) (k)

N
Hence,
WP F ) () = % /0 "k e sin(l) Yk |
WUNFA ) = J% /0 "k ¢ coshn) k)
which give

\/% /0 dk (i sin(kx)Fcos(kx)) et (F, @) (k)
2 e 2
— dk Fikx—ik-t FY k) .
T /o ¢ A

(UPHEFUNFOF 0)(x) =

We have obtained the following explicit formula for the quantity we are interested
in
2

2 o0
”(UinUtD :Ffzkfs) ¢ ||i2(R+) = ;,/(; dx

00 . 12
/0 dk ¥ (F 0y (k)

We note that, to prove the statement for Q‘}\', p we have to study the limit # — +o00
of

2
., (A2)

o0

2
”(UithtD - f’:]:s) ¢ ||%2(R+) = ;‘/0 dx

0 ) -
/0 dk e*lkxflk t (]_‘S QP)(k)

while, to prove the statement for €2, , we have to study the limit 7 — —o0 of

oo

2 2
IWEUP + FF) @, = = /o o |

R . .2
/ dk elkx-i—lk |7] (fy (p)(k)
0

In what follows we focus the attention on the limit 1 — +o00. The other limit is
obtained with trivial modifications. Hence, from now on we assume ¢ > 0. From Eq.
(A.2), changing variables k — N = k¢!/? and x — y = x/t!/? , we obtain

0o 2

2
N 77D 2
IWNUP ~ FF) €., = —m fo dy

o . L2
/ an e T FE 9 /11?)
0

oo

2 ld - , 21 I F )
=577 ) yIF(y, D" + Y | yI|F(y, )|,
with

F(y,1) :=/ dn e T (F oy /i)
0
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For any ¢ € C{°(Ry), F; ¢ belongs to C*°(R ), it decays at infinity faster than
any polynomial in 1/k, (F; ¢)(0) = 0, moreover

|mwmn<2k/ﬁiIWN
; < — x x| ex)|.
V27 Jo
Hence,
R |
f dk @ |Fs (k)] <oo  forall §<2. (A.3)
0

Additionally, for any ¢ € C5°(R), . ¢ belongs to C*°(R), it decays at infinity
faster than any polynomial in 1/k, and |(F, ¢) (k)| < \/% fooodx | ¢(x)|. Hence,

o0
1
/ dk o |Fe9(k)] <oo forall §<1. (A4)
0
Starting from the identity e =/ "V~ " = y+l_2n ﬁe_i =i by integration by parts,
we obtain
F(y,t) = Fi(y,t) + F2(y, 1),
with
Fi(y,1) /Oodn —iny-i?__ 2 (Fs @)(n /11/?)
, = e —_— .
Y 0 G+2m?
and
Fa(y.1) 1= /oodn sy (Fe(() @) (/2%
1) = —= e —_ . .
ST iy+2m

Since y and M are both positive, from the trivial inequality o +12 ma = y]_b 2 1])(. for

all y,n > 0 and for all a, b, ¢ > 0 such that a = b + ¢, we deduce that

S P S "
S [ A I @)

C o0 1 C
:W/o dg WK}—S(P)(Eﬂzw;

|Fi(y, 0] =

here and in the following C denotes a generic positive constant whose value may
depend only on integrals of the sine (or cosine) Fourier transform of ¢ (or () ¢), as in
Egs. (A.3) and (A.4); the value of C may change from line to line and precise values
for the constants can be obtained. In a similar way we infer,

C o 1
Fay, 1)] < m/{) an o [(F 9) /)
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C o 1 C
= m/(; dg W |(Fe(O)9)®)| = BRI

Hence,

2 ! , C (! 1 C
m/odﬂF(y,t)l Emf()d)’mfm.

On the other hand, for y > 1,

C [ 1 C [ 1 C
|Fi(y,1)] < —/ dn - |(Fs <p><n/z‘/2>|=—/ de — |(Fs@)E)] = —
y Jo n vy Jo 3 y

and

< (" : 172 _£/°° . _¢
|Fa(y, )] < tmyfo dn |(F(O) @) /'] = S ), 98 [(Fe(() 9)®)] = S

So, we obtain

2 [ , C [* 1 ¢
m/} dy |F(y,t) Sm : dyy—zfm-

In this way we have proved that, for all ¢ € C§°(R) there exists a constant C such
that

C
IO, UP -~ FiF) @l 2@, < g forallr> 1,

and the latter claim gives the limit in Eq. (A.1) for t — +o0.
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