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Abstract

®

CrossMark

Auxetic materials and structures have a negative Poisson’s ratio (PR), which means that they
expand under a longitudinal tensile loading and shrink under compressive load. This property
gives them an increased shear resistance, damping and energy absorption capabilities. Chiral
geometries are among the most effective auxetic structures for their ability to convert the axial
loading in the rotation of their internal nodes. In the present work, a novel 3D chiral geometry is
presented, and its response is investigated both experimentally and numerically. It is made of
spheres placed following a Body Centered Cubic lattice; each one connected to the closest
neighbors by eight ligaments. A sample was 3D-printed and mechanically tested in compression
exhibiting an auxetic behavior in certain directions. A Finite Element model was then
developed, successfully reproducing the outcome of the experimental tests, both in terms of
force and PR. Then, a numerical testing campaign was performed on representative units
constrained using periodic boundary conditions. This campaign allows to evaluate the
mechanical properties of the structure as a function of its geometrical parameters. It shows to be
able to exhibit an approach a PR of —1 in all the directions. Moreover, the relationship between

the sphere’s rotation, PR and instability was investigated.

Keywords: three-dimensional auxetics, chiral, negative Poisson’s ratio, instability

1. Introduction

Cellular and meta-materials, which have internal cellular
structure on a nano, micro, meso, Oor macro size, are among the
most promising multifunctional materials with cutting-edge
features for future engineering applications [1]. The unusual
and desirable combination of their mechanical and thermal

* Author to whom any correspondence should be addressed.

Original content from this work may be used under the terms

BV of the Creative Commons Attribution 4.0 licence. Any fur-
ther distribution of this work must maintain attribution to the author(s) and the
title of the work, journal citation and DOI.

properties is made possible by combining different base mater-
ials with the specifically constructed internal cellular structure
of various morphologies [2]. Individual requirements can be
met by carefully designing the cellular structure’s geometry
and introducing graded porosity [3]. Additionally, it is pos-
sible to construct the cellular structure so that it has a negative
Poisson’s ratio (PR) under external loading, which causes the
structure to expand laterally under longitudinal tensile load-
ing and compressively under compressive loading [4—8]. This
behavior was observed on different length scale, from the
molecular one [9, 10], passing through the crystalline one [11],
to the meso-scale of the foam cells [4], to the macro-scale. It
is made possible by the carefully designed 2D or 3D hinge-
like cellular skeleton with predefined shape [12-18], even
with a certain degree of disorder [19, 20]. The negative PR
cellular materials are also called auxetic meta-materials and

© 2024 The Author(s). Published by IOP Publishing Ltd
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they greatly improve mechanical properties in particular cases,
in several technical, medicinal, fashion, textile, and sports
applications [21]. The increased shear efficiency of the auxetic
materials (increased shear modulus) was also reported [22].
Moreover, they show efficient mechanical damping, acoustic
insulation [23] (also with band gaps control [24]) and energy
absorption [25-28] capabilities. The auxetic cellular structures
also have a consistent and predictable fatigue behavior [29, 30]
which allow the crack propagation path to be predefined [31].
They are increasingly being investigated as sandwich panel
cores for impact protection for body and vehicle armor applic-
ations as lightweight multifunctional components [32-35].

Chiral structures are a class of topologies which in certain
conditions can show auxetic behavior. A certain geometry can
be called chiral if it is non-superimposable on its mirror image,
which means that it has two distinct forms, called enantiomers.
A typical example of it are the human hands; for this reason,
the two enantiomers are usually referred to as ‘right-handed’
and ‘left-handed’, respectively. From a mathematical point of
view, in a two-dimensional space, a chiral structure does not
have any axis of symmetry; in a three-dimensional space, a
chiral structure does not have any plane of symmetry or center
of symmetry. One of the most famous chiral structures which
exhibit an auxetic behavior is the one presented by Prall and
Lakes [36]. It is made of straight ligaments (ribs or struts)
joined to center nodes, which are typically circles or other
geometric shapes. The auxetic effects of this variety of chiral
auxetic structures are accomplished by wrapping or unwrap-
ping the ligaments around the nodes in response to the applied
force. Theoretical and practical studies demonstrate that the
chiral structures’ PR can approach values close to —1 in the
elastic deformation range [37]. Different version of Lakes con-
figuration with different number of ligaments [38] or differ-
ent tessellation [39—42] exhibit auxetic behavior. The experi-
mental testing of various chiral auxetic structures under tensile
and bending loading was reported in [43, 44]. The elastic prop-
erties of chiral honeycombs in transverse direction were ana-
Iytically determined in [45], while the dynamic and impact
loading of sandwich panel with chiral core was studied and
experimentally tested [46]. The experimental testing and com-
putational simulations of chiral auxetic structures were also
used for the evaluation of possible applications in morphing
wings [47, 48] and localized impact [28, 49]. Spadoni et al
compared analytical calculations with results of finite element
(FE) simulations in [50], where good agreement was achieved
in the case of compression testing of chiral structures. The res-
ults were compared to the conventional and re-entrant honey-
combs, where it was concluded that the chiral structures offer
more considerable specific buckling stiffness. Similar was also
proven in the study by Miller et al where tetra and hexachiral
structures were analyzed using analytical, experimental, and
computational methods [51].

In recent years, several three-dimensional auxetic geo-
metries were proposed [2], based on different mechanisms,
such as reentrant cells [52-55], axisymmetric [55-57] double
arrowhead [58], triply periodic minimal surfaces [59-61], and
rotating units [62, 63]. Different geometries belonging to a

specific class of 3d sphere-based structures were proposed,
which coupling the spheres displacement and rotation [64], in
some case with an anti-chiral pattern [65, 66], in some cases
with a fully chiral topology [67-69], or in some case triggered
by the instabilization of the ligaments [70, 71], lead to pecu-
liar mechanical behaviors. Negative PR was achieved in anti-
chiral topologies, as well as in some of the instability modes of
the sphere-based structures. On the other hand, in fully chiral
sphere-based structure a significatively negative PR was never
achieved.

In the present work, a novel three-dimensional chiral struc-
ture is presented and its auxetic behavior is investigated. The
purpose of this study is primarily to illustrate the develop-
ment of the structure, its behavior, and the effect of the vari-
ation of the geometrical parameters. Nonetheless, this work
allowed us to observe and enlighten the similarities and the
differences between two- and three-dimensional chiral struc-
tures, the link between the rotations of internal units, with
the auxetic behavior of the structure and its stability. Its geo-
metrical concept is based on spheres repeated in space with a
body centered cubic (BCC) periodicity. The spheres are then
connected to their first neighbors by ligaments, with a chiral
pattern which favors a unique axis of rotation. A sample of
this structure was produced using 3D printed and subjected to
static compression tests in different directions. A numerical FE
model of the experimental compression tests was developed
and validated. Then, different configurations of the structure
are investigated, using a FE model of a representative unit with
periodic boundary conditions (PBCs), varying the geometrical
parameters and studying their influence on stiffness, PR and
stability, exploring the relationship between sphere rotation,
auxeticity and instability. Moreover, the application of the
method here presented is just an example of the many possible
three-dimensional auxetic configurations based on spheres and
ligament.

2. Geometrical concept

In their work, Prall and Lakes [36] presented a two-
dimensional chiral pattern that can have PRs of ~ —1
(figure 1(a)), typically referred to as hexachiral. Variations
of this pattern with different number of ligaments were then
defined [38] (figure 1(b)). Auxetic behavior is obtained due
to the coupling of the in-plane displacement of the nodes and
their in-plane rotation. This coupling is caused by the chiral
disposition of the ligaments, which exert a system of reaction
forces on the rings not equilibrated to that rotation. A micro-
polar description of this behavior was presented in [37].

The structure presented in this work is, for some aspects,
a three-dimensional generalization of this chiral pattern, in
which the circular nodes are replaced by spheres, placed fol-
lowing as a BCC lattice, connected to their eight first neighbors
by four ligaments. To obtain an appreciable auxetic behavior,
a displacement-rotation coupling of the sphere can be induced
with a chiral disposition of the ligaments, as in the 2D case.
In the 2D case, the rotation axis of each node can be easily
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Figure 1. (a) Hexachiral auxetic pattern presented by Prall and Lakes [36], (b) two variations with four and three ligaments [38], and (c)
BCC cell of with nine spheres and the favorable rotation axis of each of them.

identified as the out-of-plane one, passing through the cen-
ter of the node itself; in the 3D case, the number of possible
axes is infinite. This issue was investigated in [67], in which a
similar, fully chiral, simple cubic structure was developed. In
this work, it was shown how the presence of infinite possible
axes of rotation hinders any displacement-rotation coupling,
leading to a PR which hardly goes negative. Moreover, infin-
ite possible rotation axes cause infinite deformation mode in
response to a certain applied load, making the structure easily
prone to instability. For this reason, in this work the possible
auxetic behavior of a structure with a single favorable rotation
axis was investigated. For the sake of simplicity, the ligaments
were arranged in such a way that all the rotation axes of all the
spheres are parallel and that they are subjected to a rotation
with the same sign, as shown in figure 1(c).

Once all the rotation axes and sign were defined, the
disposition of the ligaments was designed to maximize the
displacement-rotation coupling. As in the 2D case, the optimal
solution is having the ligaments tangentially connecting to
the node/sphere surface. Thus, a first representative unit was
designed, composed of a sphere and eight half-ligaments con-
nected to it. The process to define the disposition of the liga-
ments is shown in figure 2. It started with a sphere of radius
r inscribed in a cube with side L, where the sphere and the
cube are concentric and r < L/2, so that the sphere volume is
completely included inside the cube, as shown in figure 2(a).
The eight half-ligaments, here idealized as lines, were defined
by connecting the eight vertices of the cube with the sphere’s
surface, respecting two conditions: the position of the eight
connection points on the sphere surface must have a certain
regularity and they must be placed such that the ligaments are
tangent to the sphere surface. The first condition can be satis-
fied by inscribing another cube with side equal to / =2/+/3 - r
inside the sphere, so that they are concentric; then, the vertices
of the internal cube will be on the sphere’s surface and they can
be used together with the eight vertices of the external cube to
define the eight half-ligaments (figure 2(b)). The second con-
dition, the tangency of the half-ligaments, can be satisfied by
rotating the inscribed cube around the vertical axis of an angle
0, defined as:

(@) 0 o :

(c)

/ TOP VIEW sy

TOP VIEW

Figure 2. Development of the BCC chiral fundamental element: (a)
a sphere and two cubes, one containing the sphere and one inscribed
in the sphere, all concentric, (b) the ligaments which connect the
vertices of the external and internal cubes, (c) the projection on the
top view (normal to the favored rotation axis) of the angle € between
the inner and the outer cube, and (d) the chiral disposition of the
ligaments.

0 =cos™! <\/2£L> (D

This formula was derived from simple geometrical con-
siderations, and it gives two angles as a solution, equal in
magnitude but opposite in sign. By choosing the same angle
for each half-ligament, the disposition shown in figure 2(d) is
obtained. It must be underlined that this representative unit is
not chiral, since it is symmetrical with respect to the horizontal
plane passing through the center of the sphere (see figure 2(b)).
The disposition of the ligaments is nonetheless based on a two-
dimensional chiral pattern as it can be seen from the top view
(figure 2(d)).
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Y rotation
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Figure 3. Schematics of the morphology of a ligament connecting
two neighboring spheres.

Once the ligaments disposition was defined, the real liga-
ments were shaped. This process is illustrated in figure 3. To do
that, a45° arc of acircle a (in red in figure 3) was defined on the
meridian plane passing through one of the connection points
defined before (marked in blue in figure 3). This arc joins the
connection point to the closer equatorial plane. A second arc
of a circle was obtained by translating the first one along the
radius of the sphere of a length 7. In this way, a flat surface
was defined (in orange in figure 3). Let us define point C as
the midpoint of the line joining the centers of two neighbor-
ing spheres. By applying a central symmetry with respect to
point C to this surface, a second surface is obtained on the
second sphere (in green in figure 3). By linearly connecting
these two surfaces, geometry of ligament was obtained. Two
observations must be made: the first is that the ligament section
variates along its length. It starts as a 45° arc with a length of
7 extruded by a length of 7, to become a parallelogram with
a width of 2r - sin (1”—6) extruded by 7, in the middle section.
Thus it depends only on 7 and r. The second observation is
that the thickness of the ligament is not constant and is not
equal to the extrusion length 7.

The resulting fundamental element is shown in figure 4(a).
The structure defined can be fully described by a set of three
parameters, represented in figure 4: D is the distance between
two neighboring spheres, ¢ is the minimum ligament thickness,
and r is the sphere radius. Then, the /D ratio and the r/D ratio
are the ligament thickness and spheres radius normalized to
the spheres distance. To move from the fundamental element
to a finite BCC structure, three further parameters are needed,
namely the three primitive orthogonal translation vectors v,,

vy and v, to be applied to a basis made of two fundamental
elements, as shown in figure 4(b). In figure 4(c), the detail of
the actual geometry of a ligament is shown, while a schematic
representation of the process of translations of the basis in the
lattice is shown in figure 4(d).

The lattice was then built by applying the set of translations
V, which can be written as:

V=a-vi+b-vy+c-v, 2)

where a, b, and c are integers and, for a cubic lattice, v, = v, =
v, and v, Lv, Lv.. In figure 5(a), a BCC cell is shown with the
three translation vectors. Considering this geometry, it can be
assumed that in the xy plane, the structure presents a square
symmetry, which means that given a certain property 1 it is
invariant to the 7 /2 rotations around the z axis:

¢(0)=¢(k%) where k=0, 1, 2, 3,... 3)

This means that the properties in the direction x and y are
the same. Thus, it is useful to define a further axis s, defined by
the vector [1, 1,0] in the reference system shown in figure 5(a).

An example of a structure with a, b, and ¢ ranging from
1 to 4 is shown in figure 5(b). Then, all the spheres with less
than four ligaments were removed to obtain a more compact
and robust structure (figure 5(c)). Observing the structure from
the top, a tetrachiral pattern can be recognized, even if the
spheres lay on different planes (figure 5(d)). In the same way,
observing the structure from the direction of the longer diag-
onal, an hexachiral pattern can be recognized (figure 5(¢)).

3. Experimental methods

3.1 Manufacturing

A structure like the one in figure 5(c) was 3D-printed using
multi jet fusion (MJF) technique by a commercial company
using a HP 5210 Pro printer. HP 3D HR PA 12 Nylon 12 was
used for its strength and toughness to avoid unwanted failures
of the ligaments during the testing. The quality of specimens
obtained in this way was widely described in [72-74]. The
geometrical parameters which define the structure are repor-
ted in table 1. The 3D-printed structure is shown in figure 6,
from the top and the lateral view.

3.2. Compression tests

Static compression tests were performed to verify and quantify
the auxetic behavior of the structure. The tests were performed
using an MTS 810 material testing system, which acquired
the displacement of the crosshead and the reaction force with
a sampling frequency of 10 Hz, in environmental temperat-
ure and humidity conditions. The specimen was compressed
between two flat surfaces, as shown in figure 6, where a thin
layer of grease was sprayed to lower the effects of the friction.
The crosshead velocity was set to 0.5 mmmin~'. The external
spheres were painted black and white dots were drawn on their
faces to track their displacement. The two colors were chosen
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Figure 4. (a) Fundamental element of the BCC chiral structure, (b) the two-spheres basis of the structure, (c) the actual ligament geometry,
(d) and schematic representation of the translation of the basis in the points of a cubic lattice to create the BCC lattice.

Figure 5. (a) BCC cell with axis x, y, z, s, and vectors vy, vy, v; (b) complete structure, (c) the structure without all the spheres with less than
four ligaments, (d) top view of the structure, () view from the [1,1,1] direction.
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Table 1. Geometrical parameters of the MJF 3D printed structure.

r t D
mm mm mm
5.35 0.8 22.5

t/D ratio #/D ratio
mm mm
0.15 0.238

Figure 6. 3D printed structure (a) from the top view and (b) from the lateral view.

Table 2. List and details of the quasi-static compressive tests.

Measurement
Compression face normal  Imposed
Test ID Photo direction axis displacement
Test1  Figure 7(a) z X 5 mm
Test2  Figure 7(a) z X 5 mm
Test3  Figure 7(b) x z 2 mm
Test4  Figure 7(c) x X 2 mm
Test5  Figure 7(d) s z 2 mm

to maximize the contrast. A high-definition camera was set up
to shoot a photo every 5 s. The resulting photos have a defin-
ition of ~ 20pixelmm™'. The strains were computed using
a custom Matlab® code which measure the displacement of
the centroid of the white dots on the spheres. Five quasi-static
compression tests were performed, varying the loading direc-
tion and the face of strain measurement. The list of the tests is
reported in table 2.

The configurations of the different tests are shown in
figure 7, at the beginning of the test (t0) and in the moment
of maximum load (¢1). The yellow lines indicate the couples
of points used to measure the strains. Normal/shear coupling
was observed in all those configurations in which both the load
axis and the strain measurement axis belong to xy plane, thus
normal to z-direction (Test 3 and 5). This behavior was already
observed in 2D chiral topologies [75, 76] and was related to
anisotropy and chirality [77]. As an example, it is visible in
tetra-chiral structures, but not in tetra-achiral structures and
tri- or hexa-chiral structures, which are ‘more isotropic’ than
tetra ones.

Let us now assume PR notation, such that:

T—— “
Ex

And let us remember that for the square symmetry defined
before: vy, = vy, and v, = v,y. The results of the tests in terms
of stiffness and PR are presented in table 3, while load/dis-
placement curve and PR curve and shown in figure 8.

When loaded in different directions, the structure showed
an initial linear response, followed by a deviation from lin-
earity that causes a smooth and progressive reduction of stiff-
ness. It could be addressed to the double contribution of the
geometry and of the material behavior. When unloaded, the
structure showed a certain amount of residual deformation, as
shown in figure 8(a). Nonetheless, those deformations were
fully recovered with time; thus, they must be addressed to the
viscous behavior of the material.

All the tests show a very similar stiffness, except for Test
5. This is reasonable Test 5 was the only test in which the
ligaments are more aligned to the load direction as shown in
figure 8(a), thus offering a stiffer response. Tests 1 and 2 were
performed in the same configuration and the force response is
the same, even if in the second load the measured PR showed
to be 20% more negative. This could be related to material
settlements during the first loading, even if during the tests
no damage or permanent deformation was observed. In Test
3 and 4, the load was applied in the same direction, thus they
showed the same force response. In the first case, in which PR
was measured along z-direction, the structure showed a dis-
tinct auxetic behavior, while in the second one, in which PR
was measured along y-direction it results to be largely posit-
ive. Lastly, in Test 5 the structure shown an auxetic behavior
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Test_1 and 2

Figure 7. Different configurations of the quasi-static compression test, at the beginning and in the moment of maximum load. White dots

and yellow lines can be noted.

Table 3. Stiffness and Poisson’s ratio measured in each test. PR was
measured in the point of maximum imposed compressive strain.

Max imposed

Test Stiffness Nmm~! PR — compressive strain
Test_ 1 E.=28 vy = —0.21 6.9%
Test 2 E;=29.5 vy = —0.27 7.2%
Test. 3 Exn =28 Uxy = 0.6 2.3%
Test 4 En =285 Uy, = —0.16 2.5%
Test 5 Eg =095 Ugs =0 3.4%

while loaded but not when unloaded, approaching to a PR =0
with increasing imposed deformation. Concluding the tested
geometry showed an appreciable auxetic behavior except for
Uxy and v, that are the two cases in which both the load axis
and the PR measurement axis belongs to xy plane, normal to
the sphere’s rotation axis, z.

4. Numerical modeling

4.1. Modeling of compression tests

A FE numerical model was developed by using
the Simulia/Abaqus environment and solved with
Abaqus/Implicit solver, adopting finite strain theory. The aim
is replicating the results of the compression tests to have an
estimation of stress and strain field inside the structure, as
well as of the sphere’s rotation. The geometry was meshed
with ten-nodes tetrahedral elements C3D10H, using a non-
standard interior element growth algorithm to reduce the num-
ber of elements, by increasing the dimensions of the ones far
from the outer surfaces, such as inside the spheres, as shown

in figure 9(a). The complete mesh is composed of 421426
elements with an average dimension of 0.5 mm, and 725 333
nodes. The result of a mesh size convergence study is reported
in figure Al. A picture of the complete mesh in figure 9(b).
Two equal forces were applied to the top and bottom rows
of spheres, in the points where the structure was in contact
with the machine during the experimental tests. Then, a set of
isostatic constraints was defined to avoid rigid motions of the
structure.

To have a basic characterization of the material, ten tensile
specimens was 3D-printed with the same material and tech-
nique used to print the BCC structure. The adopted shape was
suggested by ASTM D638 [78]. To have a simple check of the
isotropy of the 3D-printed material, five specimens, labeled
with the letter i, were printed with the longitudinal axis nor-
mal to the building direction, while the other five, labeled with
the letter v, with longitudinal axis parallel to the building direc-
tion. The selected geometry with their orientation is shown in
figure 10. They were equipped with an extensometer and tested
with an imposed velocity of 0.5mmmin~!, using the same
testing machine used for compression test of the chiral struc-
ture. The stress/strain curves are reported in figure 10. The
material response is characterized by an initial linear region
followed by a softening region. It shows a certain anisotropy,
especially in the onset of nonlinearity and in the strain at fail-
ure. Nonetheless the initial slope seems to be not severely
dependent on the printing orientation and the average Young’s
modulus, measured as the slope of the linear part of each curve,
is 1.66 £0.16 GPa.

To represent the nonlinear behavior of Nylon 12 in the
FE model a hyperelastic law was used with a strain energy
potential in the form of a second order polynomial [79]:
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Figure 8. Results of the compression tests: (a) load/displacement response depending on the orientation of the ligaments, (b) Poisson’s ratio

measurements.

(a)

(b)

Figure 9. (a) View on the mesh pattern inside of a sphere, optimized a non-standard interior element growth algorithm and (b) complete

mesh of the chiral structure.

_ _ — 2
U:C10-(11—3)+C()1-(12—3)+C20'(11—3)

+Cu-(-3)-(h-3)+Co-(B-3)".

In which I; and T, are the first and second invariant of the
deviatoric strain tensor. By performing the partial derivative
with respect to the strain tensor, the stress tensor is obtained.
Considering that the second invariants are quadratic functions

of the strain and that in this formulation they are raised to
power higher than one, the obtained stress tensor will not
be a linear function of the strain. Using the set of constants
shown in table 4, the numerical curve shown in figure 10 was
obtained.

With this model, all the compressive tests were reproduced
to capture the force response and the PR. The comparison
between the experimental and numerical curves is shown in
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Table 4. Hyperelastic constants tuned to reproduce the Nylon 12
tensile behavior.

Cio —5926.79
Coi 6297.46
Coo —128778
Cu 261 843
Co2 —126627
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Figure 10. Stress/strain tensile response of MJF Nylon 12
specimens, used to characterize the material used to print the chiral
structure. A detail of the printing orientation (H and V) of the
specimens is shown.

figure 11, in term of (a) force response and (b) PR, for both
which a good correlation was obtained. This correlated model
allowed the determination of the angle of rotation of the
spheres along their favored rotation axis, during the compres-
sion. Test 1 and 2, the ones which showed the more negative
PR, have the higher rotation angle.

This first experimental and numerical investigation valid-
ated the concept of this structure, showing that imposing a
favored rotation axis to the spheres, an appreciable auxetic
behavior can be observed. The dependance of this auxetic
behavior on the geometrical parameters of the structure must
now be investigated.

4.2. Representative units and PBCs

If the experimental tests performed allow partial characteriza-
tion of the structure, they were probably highly influenced by
the edge effects. Thus, to obtain properties which are inde-
pendent from those effects, numerical characterization was
performed on a representative volume of the structure with
PBCs applied. The effect of different values of /D and #/D
ratio on the different PRs was investigated.

Considering that the previous simulations show that most
of the deformation developed in the ligaments, the spheres can
be reasonably considered as rigid, thus simplifying the defini-
tions of PBCs. In this way, the kinematics of the spheres can be
fully described by the motion of a reference point (RP) in their
center. As a representative volume, a BCC cell was chosen
which for its symmetries guaranteed the correspondence of the

RPs of edge spheres on opposite faces. The unit cell of a BCC
lattice is made of one sphere (or atom) in the center of the
cube and eight eighths of the sphere in the eight vertexes of
the cube, but in the present case in which the spheres are rigid
there is no need to take just eighths of the edge spheres. Thus,
the representative volume used to model all the different con-
figurations corresponds to a BCC cell, like the one shown in
figure 5(a).

Applying PBCs to porous materials and meta-materials is
not trivial. Some methods were already presented in [80],
where PBC for normal loads were used, considering the pos-
sible internal rotations, in [81], where standard PBC were
applied to two-dimensional metamaterials exploiting their
symmetries, and in [82], where shape functions were defined
at the edges of the representative volume to interpolate the dis-
placement of non-corresponding mesh nodes into points with
correspondence on the opposite face.

In this case, exploiting the assumption of rigidity of the
sphere, a simplified technique was used. In fact, all the bound-
ary conditions were applied only on the eight RPs of the
eight external spheres, thus greatly simplifying their imple-
mentation. The ‘dummy nodes’ technique, described in [83],
was used, in which a dummy node, unconnected from all the
other nodes of the model and not belonging to any element, is
introduced.

Being m and n any couple of RPs in corresponding position
onto opposite faces of the representative volume with an initial
distance Ly between them, and u; the translational degree of
freedom parallel to the axis joining m and n, it must hold that:

uj —u' 4 u}iummy =0. (6)
So that, the relative displacement of each couple of m
and n nodes is the same minus a constant, u;lummy, which is
dumm;
the displacement of the dummy node and - o ! is the mag-
nitude of the imposed deformation along the axis joining m
and n. Considering the assumption of rigidity of the spheres,
equation (6) must be applied only to the eight RPs of the
external spheres, for a total of twelve equations: four couples
of RPs by three translational degrees of freedom.

But, for the same assumption, since the motion of the entire
sphere is controlled by the motion of its RP, the rotational
degrees of freedom of the RPs must be considered too. To
guarantee compatibility, each couple of opposite RPs must
have the same set of three rotation angles, around x, y, and z-
axis; It is easy to show that in an eight RPs system, all the RPs
must have the same three rotation angles. To do that, three fur-
ther equations were introduced to impose that the three rota-
tions of the eight RPs are equal to the three rotations of the
dummy node:

ufPs — Y = (7)
where u; represent the three rotational degrees of freedom. It
must be noted that with this formulation, only a uniform stress
state can be introduced in the structure. In the appendix, in
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Figure 11. Numerical modeling of compression tests of the chiral structure: (a) experimental/numerical correlation of force and (b)
Poisson’s ratio. (c) Spheres rotation angle numerically determined; Positive angle refers to the rotation oriented as favored by the chiral
disposition of the ligaments. (d) Displacement contour of Test 1 simulation.

figure A2(a) and (b) it is shown how using this method on the
representative volume, the central sphere have the same rota-
tion angles and half of the displacements of the edge spheres,
thus no edge effect can be observed. Moreover, in figure A2(c),
the comparison of the PR curves obtained with the representat-
ive volume and with a bigger structure, with three spheres per
side, for a total of thirty-one spheres, is presented. The same
behavior is observed, further proving the effectiveness of the
PBCs.

4.3. Numerical investigation on geometrical parameters

Models of nine representative units with different values of
/D and t/D ratios were set up, using the PBC formulation
described above. A perfectly elastic material law was used
with E =10 GPa and v = 0.3, but elastic properties do not
influence the static properties of the structure. Tensile and
compressive behavior was investigated in the different direc-
tion. Abaqus/Implicit solver was used, adopting finite strain
theory. A uniform deformation was applied on the structures
by applying a displacement to the dummy node. A set of iso-
static constraint was set up to avoid rigid motions. The list of
the different configuration is reported in table 5. In figure 12,
the nine configurations with different values of /D and #D
ratio are shown, together with their deformation modes when
loaded along the z, s, and x-axis.

Some conclusions can be made looking at the deform-
ation modes: remembering the reference system shown in

Table 5. List of the eight configurations investigated with their
geometrical parameters.

D /D /D

I 0.5 0.05

1l 0.25 0.05
11 0375 0.05
v 0.625 0.05
v 0.75 0.05
VI 0.5 0.025
VIl 0.5 0.0375
VI 0.5 0.0625
X 0.5 0.075

figure 5(a), the auxetic behavior depends on the ratio between
the ligament deflections around z-axis and s-axis. When the
first is dominant, such as in configuration V, the spheres
rotate around the z-axis driven by the chiral disposition of the
ligaments, getting closer to each other, thus showing an auxetic
behavior. When the second is dominant, such as in configura-
tion II, the displacement/rotation coupling is not favored and
the spheres move away from each other, resulting in a posit-
ive PR. After this consideration, it could be concluded that the
bending anisotropy of the ligament is one of the keys to the
functioning of this structure. Short, thin, and wide ligaments
favor the spheres rotation around z-axis, leading to auxeti-
city. Observing the deformation mode of the BCC cell loaded
along s and x-axis, the already mentioned coupling between
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Figure 12. Representative units in different configurations with
different r/D ratios.

axial and shear loads can be observed, more pronounced in
the s-load case. Moreover, exceeding a certain threshold of
tensile or compressive load, the structure becomes unstable.
This instability will be investigated in the next paragraphs.

In figure 13, the force responses of the structure, loaded
along z, s, and x-axis, are plotted, varying the /D and #/D
ratios. These curves show a quadratic relation between the
force and displacement (as shown in red in figure 13(a)), with

1

an increasing stiffness in tensile and a decreasing one in com-
pression. By increasing the /D and #D ratios, thus by increas-
ing the spheres radius and the ligaments thickness, an increas-
ing stiffness is observed. If the ligament thickness contribution
to the stiffness is direct, the link between spheres radius and
stiffness could be found considering that, larger spheres radius
led to wider, thus stiffer, ligaments.

In figures 14(a) and (b), the relationships between the initial
tensile and compressive stiffness of the structures and the two
geometrical parameters, (a) #/D and (b) #/D, are shown. The
initial stiffnesses were measured at small deformations and
were used to be compared among the different configurations.
As expected, they grew monotonically with both /D and #/D,
even if the tensile stiffness tends to be slightly higher than the
compressive one. These relationships were fit with quadratic
polynomials and the coefficients of determination were never
below 0.96. Examples of quadratic fit are reported in figure. In
the first case, this growth is more pronounced along the z-axis,
because a load in that direction directly insists on the width of
the ligaments which grows with spheres radius. In the second
case, the quadratic relationship suggests that global stiffness
is not dominated by the ligaments bending stiffness, although
it would be expected to be cubic. Its influence could be prob-
ably reduced by the torsional compliance of the spheres. In
figures 14(c) and (d), the relationships between the tensile and
compressive instability load of the structures and the two geo-
metrical parameters, (c) #/D and (d) #/D, are shown. Again,
the instability loads increase with increasing /D and #D. This
relationship could be fitted with a quadratic polynomial with
a coefficient of determination higher than 0.97.

In figure 14(e), an exemplificative case of the rotations
around x, y, and z-axis (following the reference system shown
in figure 5(a)) of two spheres, the central one and one belong-
ing to the edge, is shown. In a large range of displacement,
only z-rotation is present, which is the favored by the liga-
ment chiral pattern. Central and edge spheres rotate at the same
angles: this is a sign of the good quality of PBC, since any edge
effect affects the spheres rotations. Going outside the central
range of displacement, the secondary rotations (x and y ones)
angles became different from zero. It is interesting to notice
that these secondary rotations typically appear in correspond-
ence to the onset of instability, as shown in figure 14(f),
even if this effect is more pronounced in case of compressive
instability.

Lastly, in figure 15 two PRs measured in two directions
normal to the loading direction (still in the reference system
presented in figure 5(a)) as a function of the two geomet-
rical parameters, /D and #/D, are plotted, for all the config-
urations reported in table 5, loaded along (a and b) z, (c and
d) s, and (e and f) x-axis. The different PRs were computed
as in equation (4), measuring the strain as the distance of
two spheres, along the measuring direction. The general trend
shows that the structure exhibits a more pronounced auxetic
behavior for larger sphere’s radius and thinner ligaments, with
the PR linearly increasing with an applied tensile strain and
decreasing with a compressive one, as long as the structure
remains stable.
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Figure 13. Force/displacement curves of the different configurations of BCC representative unit: (a) /D and (b) #/D ratio influence when
the structure is loaded along z-axis, (c) and (d) s-axis, and (e) and (f) x-axis.

With the right combination of the values of the two geo-
metrical parameters, an auxetic behavior can be obtained in
every load direction, in some cases simultaneously (see the
case r/D = 0.75). A first aspect to be noted is that in the z-load
case, the PR shows a transversally isotropic behavior, thus the
same PR can be measured in any axis belonging to the plane
normal to the z-axis [84, 85]. On the other hand, in the s-load
case, PR lower than —1, and even —2 (see t/r = 0.15), can be
obtained after the onset of the compressive instability, with a
sudden variation of trend typical of the snap-through effect.

The value which PRs can assume is related to the stabil-
ity of the material or meta-material. For an stable isotropic
material, it holds that v € (—1, 0.5) [84, 85]; it must be noted
that this interval is open: in fact, a PR = —1 would lead to
an indeterminacy (G — o0) [37]. In the case of orthotropic
or anisotropic materials there are not hard boundaries on the
value of PRs given by stability conditions. In the specific sub-
case of transversal isotropy, the stability range of PRs become
(—1, 1). It can be noted that in the z-load cases, in which the
structure showed transversal isotropy, this rule is respected

(see figures 15(a) and (b)). Even if for anisotropic systems it is
not forbidden by stability considerations, the appearance of a
PR lower than —1 remains a peculiar phenomenon, Examples
of PR reaching values lower —1 were observed in [86, 87], in
the second case, reaching the exceptional value of —13. In both
these works, this effect was addressed to the strong anisotropy
of the meta-material. It is interesting that, in the present work,
the threshold of —1 was negatively exceeded in the presence
of structural instability. After the snap-through, structures typ-
ically experience a change of stiffness, thus it can be reason-
ably supposed that this change of stiffness could lead to an
increased anisotropy which could cause the exceptional val-
ues of PR.

5. Conclusions

This work presents a novel three-dimensional BCC chiral geo-
metry, which can exhibit negative PRs, depending on its geo-
metrical parameters. This geometry is made of spheres placed
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Figure 14. Dependance of compressive and tensile (a and b) initial stiffness and (¢ and d) instability load on #/D and #D ratios, along z, s,
and x-axis. (f) Correlation between instability loads and secondary rotations.

in the three-dimensional space following a BCC periodicity.
Each sphere is connected to its closest neighbors by eight
ligaments. Its working principle relies on the induction of a
coupling of the displacement and rotation of the spheres and
on the definition of a favored rotation axis. A sample of this
geometry was 3D-printed and mechanically tested, showing
a negative PR, up to —0.27, as a response to the compres-
sion in certain directions. A FE model to reproduce the exper-
imental tests was developed and validated by correctly repro-
ducing the force and PR response of the 3D-printed struc-
ture. Then, a numerical investigation on the influence of geo-
metrical parameters on the stiffness, PR, and instability load,
was performed on small representative units coupled with a
set of PBCs. This investigation shows that the structure has a
quadratic force/displacement response, as well as that thicker
ligaments and bigger sphere lead to an increased stiffness
and to an increased instability load, thus more stable struc-
tures, both in tension and compression. All these relationships
behave following a quadratic trend; thus, the deformation of

the structure is not dominated by the ligaments bending only.
On the other hand, thinner ligaments and bigger spheres lead
to more pronounced auxetic behavior. With the right combin-
ation of geometrical parameters, the BCC structure exhibits
a negative PR approaching the value of —1, regardless of the
loading direction. Moreover, in the plane normal to the favored
rotation axis, normal/shear coupling was observed, as well as
a transversally isotropic behavior of the PR. Lastly, from this
work some more general considerations can be made about the
auxetic behavior, the chirality, and the instability of sphere-
based structures:

e In previous literature works, fully chiral 3D structures were
developed. In those configurations, sphere can have infinite
possible rotation axes, thus leading to intrinsically unstable
structures, with PR that hardly goes below zero. Thus, the
imposition of a favored rotation axis, i.e. the stabilization of
the structure, unlocks the auxetic behavior of sphere-based
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Figure 15. Poisson’s ratio curves of the different configurations of BCC representative unit: (a) #/D and (b) #/D ratio influence when the
structure is loaded along z-axis, (c) and (d) s-axis, and (e) and (f) x-axis.

structures. Indeed, in the structure presented in this work,
secondary rotations and the onset of instability are closely
linked, typically happening simultaneously.

e The auxetic behavior of chiral sphere-based structures is
determined by the competition of two bending modes of the
ligament, around different axes. When the ligaments bend
around the sphere’s favored rotation axis, they tend to wrap
around the spheres themselves, thus favoring the displace-
ment/rotation coupling which lead to a negative PR. When
ligaments bend around other axes, the spheres tend to move
away leading to a positive PR. It can be concluded that
optimal ligaments must have an anisotropic bending stiff-
ness, i.e. large width and small thickness, assuming a ribbon
shape.

e The working principle of this structure could be extended to
many different periodic dispositions of spheres in the three-
dimensional space.
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Appendix

Mesh Size Effect
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Figure A1. Comparison of force vs. displacement and Poisson’s ratio vs applied strain of a representative volume with PBC (as explained in
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second with elements with average dimension of 0.25 mm.
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