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I. Introduction

L OW-THRUST electric propulsion systems are becoming the

preferred design solution for small-class and CubeSat-based

satellite platforms [1]. This is motivated by many factors, among

which is the fact that they are generally more fuel efficient than their

chemical counterparts. Furthermore, electric thrusters require signifi-

cantly less propellant mass, which leads to lighter launch mass and

consequently reduces the costs [2]. To further minimize the complex-

ity of the system design and/or to meet stringent power/mass con-

straints of small satellite platforms, the propulsion system typically

features a single throttleable electric thruster. Examples of such

satellites include Triton-X Medium and Heavy [3], the PLATiNO

platform [4], and the Gravity Field and Steady-State Ocean Circu-

lation Explorer satellite [5]. Small satellites are often incorporated in

multisatellite missions to build disaggregated instruments and to

carry out inspection tasks. These demand the capability to perform

formation reconfiguration by means of unidirectional electric pro-

pulsion systems. In this Note, the term unidirectional signifies that

the propulsion system comprises a single un-gimbaled thruster.

While the problem of relative orbit reconfiguration has been widely

addressed,most existing approaches are tailored for satellites equipped

with impulsive thrusters [6–9], which are not suitable for low-thrust

electric propulsion. Some guidance schemes have been proposed for

low-thrust systems, such as those developed for the Formation Flying

L-band Aperture Synthesis mission [10] and for collision avoidance
maneuver optimization [11]. However, these schemes often assume
omnidirectional thrusting capability, limiting their applicability to
unidirectional systems. In contrast, the Autonomous Vision Approach
Navigation andTarget Identification (AVANTI)mission [12] adopted a
unidirectional impulsive propulsion system. The guidance algorithm
used inAVANTI,which is only suited for impulsive thrust, allowed the
reorientation of the thruster nozzle through planned control windows
[7,13]. Furthermore, model predictive control (MPC) schemes were
proposed in Refs. [14,15] to address the problem of formation recon-
figuration and formation keeping for satelliteswhich are equippedwith
single electric thrusters. However, these approaches do not account for
critical mission operational constraints, such as necessary thruster-off
periods due to operational considerations. Additionally, they rely on
more complex formulations compared to the simpler and more effi-
cient approach proposed in this Note.
In this Note, the problem of autonomous optimal formation

reconfiguration is addressed for a formation which comprises two
satellites, a chief and a deputy, where only the deputy has orbit
maneuvering capabilities through a single throttleable electric
thruster. The Note comes as part of the AuFoSat toolbox to support
the future formation flying missions of Triton-X, a multimission
microsatellite platform developed by LuxSpace to accommodate
various types of payloads in low Earth orbits (LEOs). Previous
AuFoSat research discussed orbit design [16], relative navigation
[17,18], and absolute orbit keeping for Triton-X [15]. While the
developed algorithms in the framework of AuFoSat are meant to
primarily be used onboard Triton-X, the goal is to provide a guidance,
navigation, and control toolbox that could be used by any satellite
with the same, or similar, specifications as Triton-X.
In the context of unidirectional relative orbit reconfiguration, an

attitude slew maneuver is necessary before each thruster firing so that
the nozzle could be alignedwith the required thrust direction before the
firing takes place. The problem is approached through formulating a
trajectory optimization (guidance) problem as a fuel-optimal con-
strained convex optimization problem with multiple no-thrust win-
dows during which attitude redirection slews takes place. This, in turn,
requires constant alternation between the on and off states of the
thruster. One big advantage of this on–off alternation is the ability to
accommodate long no-thrust periods which arise from mission con-
straints, for example, eclipse, during which electric thrusters are
usually turned off because the solar arrays are not generating electric-
ity. The biggest advantage of the proposed guidance scheme is that, by
relaxing some of the original constraints, it can be transformed into a
quadratic programming (QP) problem which can be solved efficiently
using any of the standard QP solvers. This makes it an attractive
candidate to be implemented onboard a satellite that uses one of the
commercial-off-the-shelf onboard computers. The control loop is then
closed through a shrinking-horizon MPC schemewhere the optimiza-
tion of the state and input thrust profiles (from the current to the final
time) are optimized using the proposed guidance algorithm. It should
be noted that the control logic does not necessitate the guidance
algorithm to be run at each MPC step but rather uses the previous
guidance profile if the current state is close, within a predefined
threshold, to its value predicted by the previous guidance solution.
The main contributions of this Note are 1) an efficient guidance

scheme for formation reconfiguration with a single electric thruster,
2) the ability to accommodate multiple long-duration no-thrust peri-
ods, and 3) an MPC algorithm that optimizes state and input thrust
profiles without requiring frequent guidance recalculations.
This Note presents applicationswhere collision avoidance is not of

a concern for the satellite reconfigurations. Nonetheless, if required
by a specific application, the proposed methodology is straightfor-
wardly applicable by adding the collision avoidance constraints
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through the relaxed formulation generally adopted in the literature
[19]. By including such relaxed constraints, in fact, the overall
optimization problem is still cast into the QP formulation, thus
featuring all the proposed advantages. Note that in the remainder of
the text, the terms fuel-optimal andΔV-optimal are used interchange-
ably. These two terms are identical only in the case of single-
directional propulsion systems [20].

II. Dynamical Model

The reference frames used in this work are the Earth-centered-
inertial frame, denoted as Fi; the satellite-body-fixed frame, denoted

asFb; and the radial–transversal–normal frame (RTN), denoted asFr.
The reader is advised to refer to Ref. [15] for a full definition of these

reference frames. Vectors expressed in Fi, Fb, or Fr are signified by
the superscripts i, b, or r respectively.
The orbitalmotion of a satellite under the gravitational influence of

a major body (e.g., the Earth) can be parameterized in a planet-
centered inertial frame by the set of orbital elements

α ≔ a u ex ey i Ω ⊺
(1)

where a is the semimajor axis, u is the mean argument of latitude,

e ≔ � ex ey �⊺ � � e cosω e sinω �⊺ is the eccentricity vector with
e being the orbital eccentricity, i is the orbital inclination, andΩ is the
right ascension of the ascending node. It is important to note that the
motion of the satellite can also be parameterized by theCartesian state

vector,xi ≔ � �ri�⊺ �vi�⊺ �⊺, where ri andvi are the absolute position
and velocity vectors expressed inFiwhich can bemapped to/from the
orbital elements through a set of nonlinear equations [21]. The exact
position and velocity of the spacecraft transform into osculating
orbital elements, which in the remainder of this work will be denoted
by ~α. Mean orbital elements, denoted by α, are to be intended as one-
orbit averaged elements, where the short- and long-term oscillations
generated by the J2 harmonic of the Earth gravitational potential are
removed. Mean/osculating elements’ conversions are performed
through the transformations developed in Ref. [22].
The relativemotion between a deputy and a chief spacecraft can be

described by the dimensionless quasi-nonsingular relative orbital
elements (ROE) vector, which is a nonlinear transformation of the
orbital elements vector introduced in Eq. (1),

δα ≔ δa δλ δex δey δix δiy
⊺

� Δa∕ac Δu� ΔΩ cos ic Δex Δey Δi ΔΩ sin ic
⊺

(2)

where δα is the dimensionless ROE vector, δa is the relative semi-

major axis, δλ is the relativemean longitude, δe ≔ � δex δey �⊺ is the
relative eccentricity vector, and δi ≔ � δix δiy �⊺ is the relative incli-
nation vector. It is to be noted that here, and in the coming discus-
sions, the subscript d denotes a quantity related to the deputy satellite,
while the subscript c is used for chief-related quantities. Moreover,
δ�⋅� signifies a relative quantity between the deputy and the chief
which is not necessarily the arithmetic difference between that of the
deputy and that of the chief, while Δ�⋅� signifies the arithmetic
difference between �⋅�d and �⋅�c, that is, Δ�⋅� ≔ �⋅�d − �⋅�c. As in
the case of absolute orbital elements, the osculating ROE vector is
denoted by δ ~α, whereas the mean ROE vector is referred to as δα. A

dimensional ROE vector is obtained by multiplying the dimension-
less ROE vector by the semimajor axis of the chief,

y ≔ acδα (3)

where y is the dimensional mean ROE vector with units of length.
Assuming neighboring orbits of the chief and the deputy, and a

near-circular orbit of the chief, the dynamics of the ROE can be
linearized to the first order considering themean effect of the J2 zonal
harmonic. In fact, a closed-form solution of the linearized dynamics
can be obtained for piecewise constant input acceleration as dis-
cussed in Ref. [8]. The system evolution is expressed in the form

y�tk�1� � Φ�tk; tk�1�y�tk� �
ac
M

Ψ�tk; tk�1�f r�tk; tk�1� (4)

where Φ�tk; tk�1� is the state transition matrix between the two
time instants tk and tk�1, Ψ�tk; tk�1� is the convolution matrix
between the same two time instants, M is the deputy’s mass which
is assumed constant throughout any maneuver, and f r�tk; tk�1� �
� fR fT fN �⊺ is the input thrust vector in Fr, constant over the
period �tk; tk�1�. In the rest of the text, and in order to simplify the
representation of equations, the following notations are used:
Φkjk�1 ≡Φ�tk; tk�1�, Ψkjk�1 ≡Ψ�tk; tk�1�, yk ≡ y�tk�, and f r

kjk�1≡
f r�tk; tk�1�.

III. Guidance

In this section, a multiple shooting guidance scheme is developed
when large relative orbit maneuvers are required between two satel-
lites, a deputy and a chief, where the chief might be either a physical
satellite or a virtual one. The deputy satellite is assumed to be
equipped with a single throttleable electric thruster, which not only
mandates redirection slew maneuvers before every thruster firing but
also dictates the thruster to operate perpetually because it provides
low thrust. It is for these reasons that the guidance scheme is designed
from the beginning to operate on an alternating on–off mode where
the throttleable thruster is turned off to allow the attitude maneuver to
take place. The trajectory optimization problem is formulated such
that a change in relative orbit is required from y0 at t0 to a reference yf
at tf through �m� 1�∕2 continuous thruster firings, where m is an

odd number. Figure 1 illustrates the alternation between thrust
and attitude maneuvers throughout the allocated maneuver time,
from t0 to tf. To enhance the predictability of the mission, the

vector of time instants at which the thruster is turned on and off,

t � � t0 t1 : : : tf �, is not treated as optimization variables and

is left as a user input. In Fig. 1, ∀l ∈ L � f1; 2; : : : ; �m� 1�∕2g,
Tf;l are the forced (thrust-powered) time periods, and Tn;l are those

during which the natural unforced translational dynamics take over
(coast arcs).

A. Problem Formulation

Letting

Y ≔ y0 y1 : : : ym�1 ; F≔
ac
M

f r
0j1 f r

1j2 : : : f r
mjm�1

(5)

the guidance problem can be formally written as an optimization
problem as follows.

Time

Thrust

level

Tf, 1 Tn, 1 Tf, 2 Tn, 2 Tf, 3 Tn, 3 Tf, 4 Tn, 4 Tf, (m+1)/2 Tn, (m+1)/2

t0 t1 t2 t3 t4 t5 t6 t7 t8 tm-1 tm tf

Fig. 1 Graphical representation of the low-thrust guidance scheme.
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Problem 1:

min
Y;F

tr�F⊺F� subject to

y0 � y0; ym�1 � yf; yk�1 �Φkjk�1yk�
ac
M

Ψkjk�1f
r
kjk�1 ∀ k∈K

(6)

f r
kjk�1 � 0 ∀ k ∈ Kn (7)

f r
kjk�1 ≤ fmax ∀ k ∈ Kf (8)

Here, K � Kf ∪ Kn, with Kf � f0; 2; 4; : : : ; m − 1g and Kn �
f1; 3; 5 : : : ; mg. It can be inferred that the K is the set of indices of
all time steps used in the trajectory optimization scheme,Kf is the set

of indicesof all time instances atwhich the thruster is turnedon, andKn

includes indices to the time instances at which the thruster is turned off
(refer to Fig. 1). Moreover, tr�⋅� is the matrix trace, and fmax is the
maximum allowable thrust by the onboard thruster. Note that Eq. (7) is
a hard constraint to assure there is no input thrust provided during

attitude redirection maneuvers. Indeed, Problem 1 stands as a convex
optimization problem (COP) because it fulfills all the necessary con-
ditions for a problem to be one [23], which, namely, are as follows:
1) A cost function must be convex (for minimization problems).
2) Inequality constraints must be convex.
3) Equality constraints must be affine.
Being a COP, Problem 1 is guaranteed to have a globally optimal

solution; however, it would bemuchmore efficient to solve if it could
be put in one of the standard classes of convexoptimization problems,
for example, linear programming, quadratic programming, and so on,
because dedicated solvers for these classes havematured over the past

decades. It is clear that the only thing which prevents Problem 1 from
being put in the convexQP canonical form is constraint (8) because it
is a quadratic constraint and not an affine one. It can be, nonetheless,
transformed into multiple affine constraints using the methodology

proposed in Ref. [24], which suggests that

kbk ≤ d; b ∈ R2 can be relaxed by

cos γj sin γj b ≤ d cos�γmax� ∀ j ∈ J (9)

where J � f1; 2; : : : ; ndirg, with ndir ≥ 3 being the number of affine
inequality constraints that approximate the Euclidean norm con-
straint; γj � �2�j − 1�π∕ndir� � γfirst, with γfirst being the angle cor-
responding to the first direction; and γmax � π∕ndir. It is important to
emphasise that the constraint relaxation, Eq. (9), is only applicable to
two-element vectors, while the norm constraint in Problem 1, con-
straint (8), is imposed on a three-element vector f r

kjk�1. The relaxa-

tion is, therefore, applied the projection of the constraining sphere on
each plane individually. The ROE dynamics (refer to Ref. [8]) pos-
sess unique characteristics that necessitates an accurate approxima-
tion of the constraining circle lying in the Transversal-Normal plane,

while coarse approximations of the constraints on the two other
planes are acceptable. Concretely, the optimal solution to Problem 1
is expected to rarely incorporate radial thrust [7,14] because it is
known to bemore expensive, from theΔV point of view, than relying

solely on transversal thrust, especially when the reconfiguration can

afford longmaneuver times for large in-planemaneuvers. It is for this
reason that the relaxation in Eq. (9) is applied in the T-N plane with a
larger number of directions ndir than the number of directions used in
the Radial-Transversal and the Radial-Normal planes. Namely, we
introduce �ndir � 4 < ndir as the number of directions that approxi-
mates the constraining circles lying in the R-T and the R-N planes,

with �γj � �2�j− 1�π∕ �ndir� � �γfirst∀j ∈ �J � f1; : : : ; �ndirg and with

�γmax � �γfirst � π∕4. In this setting, the constraints in the R-T and
the R-N planes are approximated by two rhombuses which cover
only around 64% of the original constraining circles.
Having introduced the constraint relaxations which transform a

quadratic constraint into multiple affine ones, the reformulation of
Problem 1 as a QP problem can be written as follows.
Problem 2:

min
Y;F

tr�F⊺F� subject to

y0 � y0; ym�1 � yf; yk�1 �Φkjk�1yk�
ac
M

Ψkjk�1f
r
kjk�1 ∀ k∈K

(10)

f r
kjk�1 � 0 ∀ k ∈ Kn (11)

0 cos�γj� sin�γj� f r
kjk�1 ≤ fmax cos�γmax�; ∀ j∈J &∀ k∈Kf

(12)

cos��γj� sin��γj� 0

cos��γj� 0 sin��γj�
f r
kjk�1 ≤ fmax cos��γmax�;

∀ j ∈ �J & ∀ k ∈ Kf
(13)

A graphical representation of the feasibility regions of the control
thrust components is given in Fig. 2 for both problems, Problem 1 and
Problem 2. In Fig. 2, the constraint relaxation in Eq. (9) is depicted
for ndir � 10 and γfirst � 0, which covers approximately 94% of
the original constraining circle in the T-N plane.
It is important to note that, while the relaxed constraint (13) does

not explicitly constrain the radial thrust component any better than
the original circular constraint, it does, however, affect the choice of
the radial–transversal and normal–radial combinations.

B. Parameters Sensitivity Analysis

Investigating the two proposed formulations of the guidance Prob-
lems 1 and 2 and their graphical representation Fig. 1, it can be
deduced that the parameters that are provided by the user and might
need tuning are, namely the time instances at which the thruster is
switched on and off (or alternatively the time periods Tf;l and
Tn;l ∀l ∈ L as well as the allocated maneuver time, tf − t0). The
choice of the time periodsTf;l and Tn;l is generally subject tomission

time constraints, for example, not being able to provide thrust during
eclipse, during ground contact, or during scientific experiments. If no
such mission constraints are present, fixing the time periods Tf;l and

Tn;l comes as a natural choice, that is, Tf;l � Tf; Tn;l � Tn∀l ∈ L.
For this specific case, a sensitivity analysis is performed to assess the
feasibility of the optimization problem when the values of Tf and Tn

change. In this sensitivity analysis, Problem 2 was solved for 100

fT

fN

Feasiblity region of the original convex problem

Feasiblity region of the relaxed QP problem

fR

fN

Fig. 2 Feasibility region comparison between the original COP (Problem 1) and the QP problem (Problem 2).
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randomly chosen initial conditions, that is, y0, for the 91 Tf-Tn

combination drawn from Tn ∈ f60; 90; : : : ; 240g s and Tf ∈
f0.025; 0.05; 0.1; : : : ; 0.5; 0.6; 0.7g orbits. Furthermore, because
the difference between the initial and the final ROE vectors is what
characterizes the maneuver, and not the values of the vectors them-
selves, only the value of y0 is chosen randomly, while the value of yf
is set to zero for the 9100 experiments. Namely, the entries of the
initial dimensional ROE vector y0 are chosen randomly from the
�−1 1� km range, except for the initial relative mean argument of
longitude aδλ0, which is chosen randomly from the �−100 100� km.
The allocated time for the maneuver is fixed to 15 orbits, the osculat-
ing orbital elements of the chief at the beginning of the maneuver

were fixed to ~αc;0 � �7121 km 0° 10−3 0 85° 0°�⊺, and the number

of directions that approximate the maximum thrust constraint in the
T-N plane is fixed to ndir � 12.
The output of the sensitivity analysis is the success and failure

regions in the Tf-Tn plane, where the success region is that in which
the optimizer succeeded to find a feasible solution for all the 100
random initial conditions. The success and failure regions of the
aforementioned sensitivity study are depicted in Fig. 3a.
Indeed, not all the pointswithin the success region are the same from

the fuel-efficiency point of view, because changing Tf and Tn does, in
turn, change the cost function.A fitness function is introduced to assess
the competence of each Tf-Tn combination within the success region.

The adopted fitness function is the reciprocal of the average optimal
cost over the 100 initial conditions at each Tf-Tn point. The fitness is

calculated at each point in the success region, and the results are
presented in Fig. 3b. It is clear from Fig. 3b that changing the value
ofTn barely changes the fitness for a fixedTf value, while it is obvious

that the larger the value of Tf, the fitter the Tf-Tn combination.

Nevertheless, there comes a point where increasing Tf drives the

combination out of the success region (see Fig. 3a). It is for this reason
that the adopted value of Tf in many of the numerical experiments to

follow is set to 0.3, which is a value that guarantees acceptable fitness
and is, at the same time, far away from the failure region.
Although the purpose of the sensitivity analysis is ultimately to

help choose adroit values for Tf and Tn, because the time necessary
for a slewmaneuver heavily depends on themaximum slew rateωmax

for any specific satellite, the value ofTn can be calculated analytically
according to the following formula:

Tn � π

ωmax

� Tsafety (14)

The rationale behind Eq. (14) is that, because the maximum
possible slew angle is π, the longest time period it takes the satellite
to perform any slew, using the maximum angular speed, is π∕ωmax.
Indeed, the satellite never uses the maximum angular speed through-
out thewhole slew,which iswhy theTsafety term is added tomake sure

that the allocated time for the slew maneuver Tn is always more than
enough. The importance of Tsafety is not limited to insuring the coast

arc is sufficient for the slew maneuver; it also proves to be useful in

closing the loop as will be discussed in Sec. V. For Triton-X, the
maximum slew rate is 2 deg/s, and hence Tn is calculated to be 100 s
after choosing Tsafety � 10 s.

IV. Guidance Scheme Validation

After comparing the performance of many different convex QP
solvers, the free open-source Operator Splitting Quadratic Program
(OSQP) [25] stood as the fastest and was hence chosen to solve
Problem 2 in the coming discussions. To validate the proposed
guidance scheme for the targeted maneuver spectrum, the optimiza-
tion problem is solved for a variety of maneuvers, large and other-
wise, using the parameters chosen based on the sensitivity study, and
the results of one of these tests is reported here. In that experiment, the
initial and final dimensional ROE vectors are randomly chosen to be
y0 � �−55.6 7414.7 − 58.7 83.7 − 2.3 22.4�⊺ m and yf � 0, while
the initial orbit of the chief is defined in terms of the osculating orbital

elements such that ~αc;0 � �7121 km 0° 10−5 0 45° 0°�⊺. The full

parameters list of the reported maneuver is presented in Table 1. Note
that choosing yf to be zeros means that the two satellites are required

to rendezvous at the final time. It is to be noted that the satellite mass,
the maximum thrust, and the maximum slew rate are extracted from
the publicly available Triton-X specifications.¶ Moreover, ndir is set
to 12 as this is the least number of directions that approximates the
constraining circle by multiple affine constraints while covering at
least 95% of the its area.
In Fig. 4, the dimensional ROE profile, optimized by the guidance

scheme, is depicted. The plots in Fig. 4 reveal that themain goal of the
guidance algorithm, which is to rendezvous with the virtual chief at
the final time, is achieved.Moreover, the δλ error is corrected through
building δamomentumaccording to the natural dynamics of theROE
[8], instead of firing in the radial direction.
The level of thrust provided by the onboard electric propulsion

system is presented in Fig. 5a. It is clear that the maximum thrust
constraint is respected thanks to the relaxations (12) and (13) that
approximate the original quadratic constraint (8). Furthermore, the fact

a) Optimization success region under varying and b) Fitness within the success region

Fig. 3 Sensitivity of the system to Tf and Tn variations.

Table 1 Parameters used in the guidance
scheme validation simulation

Parameter Value Parameter Value

tf − t0, orbits 5 Tf , orbits 0.3

Tn; s 100 ndir 12

γfirst; ° 0 M; kg 200

fmax;
mN

7 ωmax;
°∕s

2

¶The Triton-X brochure can be found at https://www.ohb.de/fileadmin/
artundweise/downloads/Triton-
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that the satellite uses minimal radial thrust, as expected, is evident in
Fig. 5b, which depicts the projection of the thrust into the RTN frame.
WhenProblem1was solved, for theguidancevalidation simulation,

using a solver called “Mosek”, the resulting solution was nearly
identical to that of Problem 2. The two solutions are so similar that
they are almost indistinguishable. The primary difference lies in the
total required ΔV. Specifically, Problem 1 required slightly less ΔV
(0.3296 m∕s) compared to Problem 2, which required 0.3297 m∕s,
accounting for only a 0.03% increase inΔV for Problem 2. However,
this minor reduction in ΔV for Problem 1 comes at the cost of a
significantly longer solve time. The mean solve time of Problem 1,
usingMosek,was 15.05ms,which is substantially longer than the 0.65
ms mean solve time required by Problem 2 when solved using OSQP.
These solve times represent the average over 10 runs for each problem.
Satellite missions usually have constraints on the timing of the

orbital maneuvers, which arise from not being able to perform any
thruster firing, for example, during ground contact or during eclipse
periods. Unlike impulsive-thrust absolute/relative orbit correction
maneuvers, low-thrust maneuvers may take too long to execute,
days in some cases. It is for this reason that low-thrust guidance
algorithms need to accommodate the no-thrust periods during the
orbital maneuver itself. One of themain contributions of this Note is
the ability of the proposed guidance scheme to adapt to different
scenarios where the thruster is required to shut down for known
extended periods without the need to change the structure of
the problem. The duration of each coast arc Tn;l (see Fig. 1), which
is a user input, is the only thing that needs to be adapted according to
the operational constraints. To evaluate the capability of the trajec-
tory optimization routine to handle long coast arcs, two scenarios

are considered. In both scenarios, the maneuver duration and the

initial and final ROE vectors remain fixed, while only the no-thrust

periods are varied. The thruster-off periods are arbitrarily chosen for

each of the two scenarios and are reported in Table 2. The initial

and final dimensional ROE vectors for both scenarios are set to

y0 � �187 945 189 86 79 − 114�⊺ m and yf � �0412 389 − 96 153

−198�⊺m, and the simulation parameters are identical to those

reported in Table 1 except for Tf, which is set to 0.1 orbits. This

reduction of the value of Tf is motivated by the fact that, given the

large durations of the coast arcs, the problem would become infea-

sible if Tf is kept 0.3. One other way to overcome infeasibility

would be to increase the maneuver time.
Theuser-defined no-thrust intervals for the twodefined scenarios can

be seen graphically in Fig. 6, in which the expected behavior of the

thruster is presented. It is important to emphasize that, while the no-

thrust periods are seen to appearwith a regular pattern (from thehalfway

point to the end of each orbit) for scenario 1, this need not be the case for

operational time constraints, which is reflected in scenario 2.
The dimensional ROE profile, predicted by the guidance algo-

rithm, is depicted in Fig. 7 for both scenarios, where the thruster-off

periods are also shown. It is obvious that the δλ signal is conceivably
evolving even when no thrust is provided because it can be manip-

ulated not only directly through input thrust but also indirectly

Fig. 4 Optimized dimensional ROE profile.

a) Thrust norm b) Thrust projection into the RTN frame

Fig. 5 Optimized thrust profile.

Table 2 Adopted no-thrust periods for two
simulation scenarios

Scenario No-thrust periods, orbits

Scenario 1 f0.5�1; 1.5�2; 2.5�3; 3.5�4; 4.5�5g
Scenario 2 f0.25�0.5; 1.25�2.25; 3�3.25; 4.25�4.75g

X_Heavy_Specification_and_Description_2021.pdf [retrieved 21 November
2024].
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through the nonzero value of δa. Notably, the totalDelta-V is different
for each of the scenarios, as it counts to 0.286m∕s in the first scenario
and to 0.303 m∕s in the second.

V. Closing Loop

The proposed trajectory optimization scheme is an open-loop con-
trol system that does not consider disturbances or model inaccuracies.
It is for this reason that the loop has to be closed to react to system
changes in real time. In this section, the feedback control loop is
studied, and the exact location of the guidance module within the
closed loop is discussed. The simulated module execution logic
onboard the deputy is depicted in Fig. 8, in which the solid arrows
signify themain signals that are recurrently passed and the dashed lines
are those which are passed only once before the beginning of the
maneuver. In Fig. 8, the effect of Earth’s oblateness on the osculating
position and velocity vectors was the only external perturbation that

was incorporated by the orbit propagators.Moreover, Osc2Mean is the
function that transforms osculating orbital elements tomean ones [22],
and RTN2Inertial is the method that rotates any vector from Fr to Fi

given the position and velocity of the chief (or alternatively its orbital

elements) at the time instant in question. Moreover, the breve accent �

signifies a quantitywhich is disturbedby either oneor a combination of
1) estimation errors, for example, �αd;k; b) Attitude Determination and

Control System (ADCS) inaccuracies, for example, �f i
kjk�1; or c)

physical constraints of the actuators, for example, �f i
kjk�1. Note that

in quantities with double subscripts the first subscript refers to the
spacecraft, either chief or deputy, and the second refers to the time
instant at which the quantity is evaluated; for example, �αd;k is the

perturbed mean orbital elements vector of the deputy at time tk.
Because the navigationmodule is out of the scope of this Note, and

in order to take the hardware inaccuracies and physical limitations
into account within the numerical simulations, surrogate models for

Fig. 6 Expected behavior of the thruster in the presence of the thruster-off periods in Table 2.

Fig. 7 Guidance dimensional ROE profile under operational constraints.

Actuators (Deputy)

Pointing

error

RTN2Inertial

Controller (Deputy)

Guidance

Control

logic

Arbiter

Generate a new

guidance profile

Use previous

guidance profile

Navigation surrogate model

Absolute & relative navigation

errors

Operator input
1. Time vector, 

2. Required final relative orbit, 

3. True initial orbits of chief and deputy,

Dynamics (Chief)

Osc2Mean
Orbit

propagator

Dynamics (Deputy)

Osc2Mean
Orbit

propagator

Preprocessing

Osc2Mean

Define orbital

period & mean

motion

Fig. 8 Deputy’s module execution logic used in numerical simulations.
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estimation inaccuracies as well as for the physical limitations and
ADCS errors are introduced. The physical limitations are only
present in the saturation block in Fig. 8, which can be easily imple-
mented in the numerical simulations. In fact, this saturation is taken
into account in the guidance implementation as the maximum thrust
constraint [see constraints (12) and (13) of Problem2]; nonetheless, it
is also implemented in the control loop as a safeguard. The navigation
surrogate model uses the input mean orbital elements of the deputy
and the chief as ground truth. The following procedure is used on the
chief spacecraft,

xic;k � OE2Cart�αc;k�; �xic;k � xic;k �N 0; Σxc ;

�αc;k � Cart2OE �xic;k (15)

where the two methods OE2Cart and Cart2OE are those which
transform the orbital elements vector into Cartesian state vector
and vice versa [21], and N �μ; σ2� is a normally distributed random

variable with μ as its mean and σ2 as its variance. Hence, Σxc is the

covariance matrix of the random noise affecting the estimation of the
Cartesian state of the chief satellite, which is defined as

Σxc � diag σ2rc ; σ
2
rc ; σ

2
rc ; σ

2
vc ; σ

2
vc ; σ

2
vc (16)

where diag�⋅; ⋅; : : : � is a function that creates a diagonal matrix, with

zero off-diagonal elements, from its input arguments, and σ2rc and σ
2
vc

are the variances of the one-dimensional (in the x, the y, or the
z directions) position and velocity estimation errors, respectively. It
isworthmentioning that themean orbital elements of the deputy can be
disturbed using the same model in Eq. (15), however, using different
variances for the one-dimensional position and velocity estimation
errors, namely, σrd and σvd . Moreover, relative navigation is, in gen-

eral, more accurate than the absolute one [18,26]. Hence, the surrogate
model for the relative navigation needed to be more than just con-
verting the estimated absolute orbital elements of the chief and the
target to a ROE vector. The following surrogate model is used instead,

δα � OE2ROE�αc�t�; αd�; �y � acδα�N �0; Σy� (17)

where OE2ROE is the method that transforms the orbital elements of
the chief and deputy to a ROE vector according to Eq. (2) andΣy is the

covariance matrix of the zero mean normally distributed random
disturbance vector, which can be expressed as

Σy � diag σ2y; σ
2
y; σ

2
y; σ

2
y; σ

2
y; σ

2
y (18)

Lastly, the Pointing error block in Fig. 8 is using the the following
surrogate model,

qpe � cos �ζpe∕2� sin �ζpe∕2�q̂⊺pe ⊺
; �f r

kjk�1 � qpe ∘ f r
kjk�1 ∘ ~qpe

(19)

where qpe is the thruster misalignment unit quaternion, with ~qpe being

its quaternion conjugate; ζpe is the pointing error angle, which can be
extracted from Triton-X brochure; q̂pe is a random three-element unit

vector; and ∘ is the quaternion multiplication operator.
TheController block collection in Fig. 8 works as aMPCwhere the

prediction horizon spans from the current time to the user-defined
maneuver end time, and the control and prediction horizons are iden-
tical. In this setting, the control profile optimization as well as the state
prediction from the current time to the maneuver final time is done
recurrently by the trajectory optimization scheme (Problem 2), and the
function of the Arbiter block is only to choose the proper input thrust
from the provided guidance profile, namely, the first or the second
thrust vector from the guidance control profile depending on whether
the current time lies within a forced or a natural translational motion
period. The logic of the closed loop which is used in the validation
simulations is elaboratedupon inAlgorithm1. In this algorithm, t is the

user-defined timevector for the guidance (see Fig. 1), yf is the required
final dimensional ROE vector, and ϵ is a tunable threshold.
The first guidance profile is conceivably calculated before the

maneuver starting time t0. As suggested by Algorithm 1, the trajec-
tory might need to be optimized during the execution of the maneu-
ver, and this is exactlywhen the importance of includingTsafetywithin

Tn becomes apparent.WhileTsafety guarantees thatTn is sufficient for

the most stringent attitude redirectionmaneuver as Eq. (14) suggests,
it is also used to optimize the next guidance profile if one needs to be
optimized, for example, before t2 or t4 (see Fig. 1), which is very
valuable from the practical point of view.
To test the performance of the closed-loop system using the pro-

posed guidance scheme, it has been benchmarked against the MPC
proposed inRef. [14]. The out-of-plane (OOP)maneuver inRef. [14] is
chosen for this benchmark experiment because such maneuvers can
give a clear insight about the fuel optimality (equivalent to ΔV
optimality for unidirectional propulsion systems) of the control algo-
rithmbecauseonly thrust in the normal direction is required. In fact, the
exact locations (in terms of uc) in which impulsive thrust should be
provided for a ΔV-optimal OOP maneuver can be calculated analyti-
cally [7], which makes it easy for a human eye to recognize ΔV-
optimal thrust profiles. For the low-thrust case, the thrust in the normal
direction is expected to be distributed evenly around these locations for
the control profile to be close to ΔV optimality, while the thrust
components in the radial and transversal directions are expected to
be around zero. The initial and final dimensional ROE vectors for
benchmarkmaneuver as well as the chief’s initial orbit are drawn from
Ref. [14] to be y0 � �0 0 273 0 10 70�⊺ m, yf � �0 0 273 0 400
120�⊺ m, and ~αc;0 � �6828 km0° 10−5 0 78° 0°�⊺. A summary of the

parameters used in the benchmarkmaneuver is provided inTable 3.All
the parameters that are not reported are identical to the ones in Table 1
except for the length of the forced translational motion periods, which
is set to Tf � 0.3 orbits for the first six orbits of the maneuver and to

Tf � 0.1 orbits for the final orbit to allow for a more precise approach

to the target relative orbit. It is important to note that, while tf − t0, Tf,

Tn, and ϵ are tunable parameters, the values of σrd , σvd , and ζpe are
extracted from the specification sheets of Triton-X even if the bench-
mark maneuver is assuming a different satellite.
The dimensional ROE profile generated by the proposed closed-

loop system aswell as thatwhich is generated by the reference control
scheme (the one proposed in Ref. [14]) are depicted in Fig. 9. It is
clear that the two control algorithms could achieve the final required
dimensional ROE vector yf at the end of the maneuver at approx-
imately the same time.
A comparison of the thrust profiles, projected to the RTN frame,

between the proposed and the reference controllers is presented in
Fig. 10.Because themaneuver is anOOPone, only thrust in the normal
direction is expected to be exerted; however, one can notice that the
reference control algorithm does occasionally fire in the transversal
direction. The proposed aswell as the reference controllers can be seen
toprovide almost no thrust in the radial direction.While this happens in
the reference controller because a hard constraint is imposed on the
radial thrust to be exactly zero, the proposed approach does not use
radial thrust simply because it is optimal to not use it, as expected for
this type of simulation scenarios. Furthermore, in Fig. 10, the two
controllers are shown to distribute the available thrust around theΔV-
optimal locations because they are both ΔV-optimal algorithms.
Two key performance metrics are compared for both controllers,

the proposed and the reference, in Table 4. The tables suggests that,
although the proposed algorithm usesmore totalΔV,ΔV tot, than the
reference one, the terminal error of the proposed controller is much
less than that of the reference. Although the state prediction over the
prediction horizon needs to be done recurrently, the guidance does
not need to be run at each optimization step (see Fig. 8). It is evident
in Algorithm 1 that the guidance is run only when the distance (in
the dimensional ROE space) between current state and its prediction
by the previous guidance profile is more than the threshold ϵ. To
show how often the guidance problem needs to be solved over the
benchmark simulation, the elapsed time for every guidance run is
depicted in Fig. 11, in which an elapsed time of exactly zero means
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that the guidance is skipped and the previous guidance profile is

used. It is important to note that the elapsed time in Fig. 11 corre-

sponds to the time it takes to construct and solve the problem using

the OSQP solver [25] interfaced with MATLAB® and run on an

eight-core Intel Core i9-10885H processor. It is clear from Fig. 11

that the elapsed time for every guidance run is getting smaller as the

simulation advances because the size of the problem is getting

Fig. 9 Closed-loop dimensional ROE profile.

Algorithm 1: Simulated Control Loop

Input: t; yf; ϵ; ~αc;0; ~αd;0

for k � 0 → m, do

tk; tk�1 ← Elements with indices k → �k� 1� in t; // Identifying current and next time steps

NoUpdateFlag ← false; // A flag indicated whether the guidance profiles need to be updated or not

if k � 0, then // Initial time step of the maneuver

//At the initial step, a guidance profile needs to be calculated, the current horizon is the full maneuver horizon, and the
predicted value of the current state is set to infinity.
GuidanceFlag ← true; tk ← t; ypred ← ∞;

else
tk−1 ← Element with index �k − 1� in t; // Previous step

~xc;k; ~αc;k ← Propagate chief’s orbit tk−1 → tk; // Propagation from the previous to the current step

if k is even, then // A step at which the thruster is turned on

GuidanceFlag ← true; // A new guidance profile will be calculated.

tk ← Elements �k� 2� → last in t; // The current horizon spans from current to the final step.

ypred ← Column 2 in Yk; // A prediction of the current state is extracted from previous guidance.

~xd;k; ~αd;k ← Propagate deputy tk−1 → tk; // Propagation from previous step to current step

else
GuidanceFlag ← false; // No need to calculate a new guidance profile

αc;k ← Osc2Mean� ~αc;k�; // Transforming osculating elements of the chief into mean ones

if GuidanceFlag, then

αd;k ← Osc2Mean� ~αd;k�; // Transforming osculating elements of the deputy into mean ones

�xc;k; �αc;k ← Apply Eq . (15) on αc;k; // Adding disturbances the the chief’s states

�yk ← Apply Eq . (17) on αc;k and αd;k; // Adding disturbances to the dimensional ROE vector

if k �yk − ypredk ≥ ϵ, then // The current state is not close to the predicted one

Yk; Fk ← Solve Problem 2 using tk, �yk, yf; // Solving for a new guidance profile

if Solver did not succeed, then

if k � 0, then // Problem is infeasible for the given t vector.

break;

NoUpdateFlag ← true; //When the current guidance fails, the previous guidance profile is kept.

else
NoUpdateFlag ← true; // When the current state is close to the predicted one, old guidance is kept.

if NoUpdateFlag, then // Sticking to the previous guidance profile

Yk ← Columns 2 → last in Yk−2; // Aligning the previous guidance with the current horizon

Fk ← Columns 2 → last in Fk−2;

fr
kjk�1 ← Column 0 in Fk, divided by

ac
M
; // Refer to Eq. (5).

else // Guidance is not solved because the current step is the start of a thruster-off period.
f r
kjk�1 ← 0;

�fr
kjk�1 ← Apply Eq. (19) and saturation on fr

kjk�1; // Adding the effect of pointing error to thrust vector
�f i
kjk�1 ← Rotate �fr

kjk�1 from Fr to Fi using �xc;k.

~xd;k�1; ~αd;k�1 ← Propagate deputy tk → tk�1 with constant thrust
�f i
kjk�1.

Table 3 Benchmark simulation parameters

Parameter Value Parameter Value

tf − t0, orbits 7 σrd ≡ σrc , m 10

σvd ≡ σvc ; m∕s 0.5 σy; m∕s 1

ζpe; arcs 25 ϵ; m 5
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smaller as the guidance problem is always solved from the current to
the final time.

VI. Conclusions

This Note proposes a novel approach for guidance of an under-
actuated spacecraft to perform relative orbit corrections with respect
to a reference satellite. The guidance scheme not only considers the
typical constraints of the main spacecraft while performing the
maneuver, but it also considers the dynamical constraint which arises
from the satellite being equipped with a single electric thruster.
Thanks to parameterizing the relative dynamics between the two
spacecraft using the quasi-nonsingular relative orbital elements, the
guidance problemwas formulated as a quadratic programming prob-
lem, which, if feasible, is guaranteed to have exactly one solution that
can be found using high-performance standard quadratic program-
ming solvers. The proposed guidance scheme shows numerous
inherent merits which include fuel optimality and the ability to
support long no-thrust periods arising from operational constraints.
The Note also proposes a model-predictive-control scheme to close
the control loop, which does not require the guidance optimization to
run at the beginning of each prediction horizon. This closed-loop
system has been validated via high-fidelity numerical simulations in
which navigation and actuators’ errors and constraints are emulated,
and its performance is benchmarked against that of a reference
controller from the literature. The proposed guidance and control
algorithms have shown superior performance over the reference
controller for the benchmark simulation in terms of terminal tracking
errors.
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