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ABSTRACT
Cardiocirculatory mathematical models are valuable tools for investigating both physiological and pathological conditions of
the circulatory system. To assess an individual’s clinical condition, these models must be tailored through parameter calibra-
tion. This study introduces a novel calibration method for a lumped-parameter cardiocirculatory model, by leveraging on the
correlation matrix between model parameters and outputs to adjust the latter based on observed data. We evaluate the perfor-
mance of our method, both independently and in combination with the L-BFGS-B optimization algorithm (Limited memory
Broyden–Fletcher–Goldfarb–Shanno with Bound constraints), and we compare our results with those of L-BFGS-B alone. Using
synthetic data, we show that both the correlation matrix calibration method and the combined one reduce the loss function of
the optimization problem more effectively than L-BFGS-B. Moreover, the correlation matrix calibration method exhibits greater
robustness to the initial parameter guess than both the combined method and L-BFGS-B. When applied to noisy data, all three cal-
ibration methods achieve comparable results. Although the correlation matrix calibration method yields less accurate parameter
estimates than L-BFGS-B, in a real-world clinical case, the two new calibration methods provide clinical insights comparable to
L-BFGS-B. Notably, the correlation matrix calibration method is three times faster than the other two calibration methods. These
findings highlight the effectiveness of our new calibration method for clinical applications.

Abbreviations: BSA, body surface area; CI, cardiac index; CMC, correlation matrix calibration method; CMC-L-BFGS-B, hybrid calibration method between the correlation matrix calibration
method and L-BFGS-B; CO, cardiac output; HR, heart rate; LAPmax, maximal left atrial pressure; LAPmean, mean left atrial pressure; LAPmin, minimal left atrial pressure; LAVmax, maximal left atrial
volume; L-BFGS-B, Limited memory Broyden–Fletcher–Goldfarb–Shanno with Bound constraints; LVEDV, left ventricular end diastolic volume; LVEF, left ventricular ejection fraction; LVESV, left
ventricular end systolic volume; LVPmax, maximal left ventricular pressure; LVPmin, minimal left ventricular pressure; LVSV, left ventricular stroke volume; max∇P rAV, maximal right atrioventricular
pressure gradient; ODE, ordinary differential equations; PAPmax, systolic pulmonary arterial pressure; PAPmean, mean pulmonary arterial pressure; PAPmin, diastolic pulmonary arterial pressure;
PVR, pulmonary vascular resistance; PWPmean , mean pulmonary wedge pressure; PWPmin , minimal pulmonary wedge pressure; RAPmean, mean right atrial pressure; RAPmax, maximal right atrial
pressure; RAPmin, minimal right atrial pressure; RAVmax, maximal right atrial volume; RVEDV, right ventricular end diastolic volume; RVEF, right ventricular ejection fraction; RVESV, right ventricular
end systolic volume; RVPmax, maximal right ventricular pressure; RVPmin, minimal right ventricular pressure; SAPmax, systolic systemic arterial pressure; SAPmin, diastolic systemic arterial pressure;
SVR, systemic vascular resistance.
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1 | Introduction

Cardiocirculatory mathematical models have been developed to
simulate both physiological and pathological conditions within
the human body [1–8]. Lumped-parameter or 0D models par-
tition the cardiovascular system into reduced compartments
(e.g., systemic arteries or left atrium), where only average flow
rates and pressures are computed over time. Each compartment
is characterized by a set of parameters (e.g., resistances of the
vessels or elastances of the cardiac chambers) that typically
represent average, physiological conditions. Lumped-parameter
models are also referred to as 0D because they do not depend on
spatial variables.

Calibration methods adjust the parameters of lumped-parameter
cardiocirculatory models to minimize the distance between
model outputs and either in silico or clinical data, making the
models patient-specific [3, 9]. Previous studies have shown
the advantages of deterministic calibration methods for these
models using synthetic data. For example, Laubscher et al. [10]
employed a combination of the Adam optimizer and L-BFGS-B
[11, 12] (Limited memory Broyden–Fletcher–Goldfarb–Shanno
with Bound constraints) to estimate parameters influencing the
left ventricular pressure-volume loop, while Bjørdalsbakke et al.
[13–15] utilized a trust region reflective algorithm following
sensitivity analysis for different estimation scenarios. These
studies relied on gradient-based calibration methods. Nguyen
and Bui–Thanh [16], in a pioneering work, theoretically ana-
lyzed variational autoencoders for parameter estimation. Within
the Bayesian framework, Saxton et al. [17] used an Unscented
Kalman filter to estimate parameters of a cardiocirculatory model
that accounts for the left ventricle and for systemic circulation
with a time-varying heartbeat period. Markov Chain Monte
Carlo (MCMC) methods have shown potential in determining
the posterior distribution of parameters, despite suffering from
the curse of dimensionality [18]. Advances in MCMC, including
adaptive MCMC, improved efficiency [19]. Argus et al. [20]
combined sensitivity analysis and parallel MCMC for cardiocir-
culatory parameter estimation. Moreover, variational [21] and
amortized [22] inference techniques are viable approaches to
estimate the posterior distribution of parameters. Goh et al. [22]
theoretically analyzed the convergence properties of the latent
states of a specific variational autoencoder to the statistics of the
posterior distribution.

In this study, we focus on the deterministic framework
and propose a novel gradient-free calibration method for
lumped-parameter cardiocirculatory models. This method
leverages on the correlation matrix between model parameters
and outputs to surrogate the gradient of the loss function. We
refer to this method as Correlation Matrix Calibration method
(CMC). We identify parameters significantly affecting a set of
model outputs, corresponding to available data (such as the
maximal left atrial volume or the systemic systolic arterial pres-
sure), through global sensitivity analysis [23, 24] (GSA). These
identified parameters are then calibrated.

We compare the proposed CMC to the L-BFGS-B [11, 12]
optimization algorithm using a dataset of in silico-generated
data. Additionally, we introduce a hybrid calibration method
(CMC-L-BFGS-B) to achieve enhanced accuracy. This hybrid

approach applies CMC for global calibration, followed by
L-BFGS-B for local refinement. Although we limit our analysis
to cardiocirculatory lumped-parameter models, our approach is
general and can be applied to other problems as well.

To further validate CMC and CMC-L-BFGS-B, we apply them to
patient-specific data related to COVID-19 pneumonia provided
by Centro Cardiologico Monzino and L. Sacco Hospital in Milan,
Italy. In severe COVID-19 pneumonia, right ventricular dysfunc-
tion, characterized by dilation, reduced function, and elevated
pulmonary arterial pressure, is strongly associated with mortal-
ity, while left ventricular involvement is less common [25–27].
Additionally, endothelial damage with diffuse micro-thrombosis,
leading to increased pulmonary resistance and reduced compli-
ance, has been documented in histological studies [28, 29]. We
define parameter ranges for the calibration procedure based on
these observations.

The outline of this paper is as follows: Section 2 describes the
lumped-parameter cardiocirculatory model, its parameters and
model outputs; Section 3 presents the GSA and the considered
calibration methods; Section 4 tests the robustness of the cali-
bration methods on both in silico-generated and patient-specific
data; Section 5 draws the conclusions of this work.

2 | Lumped-Parameter Cardiocirculatory
Model

This section introduces the lumped-parameter cardiocirculatory
model, detailing its parameters and outputs.

A lumped-parameter cardiocirculatory model represents the
human cardiovascular system as an electrical circuit: blood flow
through vessels and valves is analogous to electrical current,
blood pressure to electric potential, resistance to blood flow
corresponds to electrical resistance, vessel compliance is mod-
eled as electrical capacitance and blood inertia is represented by
inductance.

The model partitions the cardiovascular system into distinct
compartments (e.g., right atrium, systemic arteries/veins). Each
compartment is described by a system of ordinary differential
equations (ODE) [1–3] that capture the time evolution of model
variables, like pressures, flow rates, and cardiac volumes.

Our proposed lumped-parameter model builds upon the work
of Regazzoni et al. [30], incorporating additional compart-
ments to represent the systemic and pulmonary microvasculature
(Figure 1).

The model includes the four cardiac chambers and divides the
systemic and pulmonary circulations into arterial, capillary, and
venous compartments. Specifically, we model the pulmonary
microcirculation using two compartments for oxygenated and
non-oxygenated capillaries because some pulmonary capillaries
do not oxygenate due to hypoxic vasoconstriction in alveoli with
low oxygen concentration, even if lung perfusion is normal. The
fraction of blood that does not oxygenate is called the pulmonary
shunt. In healthy individuals, the pulmonary shunt is typically
below 5% [31], but it can increases up to 60% in conditions such as
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FIGURE 1 | Lumped-parameter model. We depict pressures and flow rates in red and blue, respectively, and parameters in black.

acute respiratory distress sindromes, as COVID-19 [32, 33]. The
hemodynamic of the cardiovascular system is described by the
following dynamical system:{

ẋ(𝑡; x0, p) = f(𝑡, x(𝑡; x0, p);p) 𝑡 ∈ (0, 𝑇 ]
x(0; x0, p) = x0

(1)

where x, x0, p, f, and 𝑇 represent the state variables, initial condi-
tions, model parameters, the system right-hand side (rhs) and the
final time, respectively. Moreover, we calculate additional quanti-
ties y, referred to as model outputs, which are functions (e.g., the
maximum or the mean) of the state variables x and parameters p:

y = g(x(𝑡; x0, p);p)

The state variables x of our model include:

• The volumes of the left atrium (𝑉LA) and ventricle (𝑉LV) and
of the right atrium (𝑉RA) and ventricle (𝑉RV).

• The circulatory pressures of the systemic arteries (𝑝SYS
AR ), cap-

illaries (𝑝SYS
C ) and veins (𝑝SYS

VEN) and of the pulmonary arteries
(𝑝PUL

AR ), capillaries (𝑝PUL
C ) and veins (𝑝PUL

VEN).

• The circulatory fluxes of the systemic arteries (𝑄SYS
AR ) and

veins (𝑄SYS
VEN) and of the pulmonary arteries (𝑄PUL

AR ) and
veins (𝑄PUL

VEN).

The model depends on the heart rate (HR), which determines the
heartbeat period 𝑇HB = 60∕HR, and on the parameters p reported
in Table 1. We set the final time 𝑇 = 25𝑇HB to reach the limit cycle
of the dynamical system.
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TABLE 1 | List of parameters and their reference values for an ideal healthy individual. The reference values of the parameters, excluding HR
[34], are adapted from literature values [3, 35], to ensure that the model outputs y fall within echocardiographic ranges related to a healthy individual
(Table 2).

Parameter Unit Reference value Description

Parameters used in the global
sensitivity analysis

𝐸𝐴LA mmHg/mL 0.38 Left atrial active elastance

𝐸𝐵LA mmHg/mL 0.27 Left atrial passive elastance
𝑉𝑈,LA mL 2.31 Left atrial unloaded volume
𝐸𝐴LV mmHg/mL 2.7 Left ventricular active elastance
𝐸𝐵LV mmHg/mL 0.069 Left ventricular passive elastance
𝑉𝑈,LV mL 3.54 Left ventricular unloaded volume
𝐸𝐴RA mmHg/mL 0.13 Right atrial active elastance
𝐸𝐵RA mmHg/mL 0.20 Right atrial passive elastance
𝑉𝑈,RA mL 3.54 Right atrial unloaded volume
𝐸𝐴RV mmHg/mL 0.43 Right ventricular active elastance
𝐸𝐵RV mmHg/mL 0.041 Right ventricular passive elastance
𝑉𝑈,RV mL 8.41 Right ventricular unloaded volume
𝑅min mmHg⋅ s/mL 0.0063 Minimal valve resistance
𝑅max mmHg⋅ s/mL 94168 Maximal valve resistance
𝑅SYS

AR mmHg⋅ s/mL 0.59 Systemic arterial resistance
𝐶SYS

AR mL/mmHg 1.33 Systemic arterial compliance
𝐿SYS

AR mmHg ⋅ s2/mL 0.00021 Systemic arterial inertia
𝑅SYS

C mmHg⋅ s/mL 0.022 Systemic capillary resistance
𝐶SYS

C mL/mmHg 0.28 Systemic capillary compliance
𝑅SYS

VEN mmHg⋅ s/mL 0.36 Systemic venous resistance
𝐶SYS

VEN mL/mmHg 75 Systemic venous compliance
𝐿SYS

VEN mmHg ⋅ s2/mL 0.000021 Systemic venous inertia
𝑅PUL

AR mmHg⋅ s/mL 0.071 Pulmonary arterial resistance
𝐶PUL

AR mL/mmHg 6.0 Pulmonary arterial compliance
𝐿PUL

AR mmHg ⋅ s2∕mL 0.000021 Pulmonary arterial inertia
𝑅PUL

C mmHg⋅ s/mL 0.018 Oxygenated pulmonary capillary resistance
𝐶PUL

C mL/mmHg 5.78 Oxygenated pulmonary capillary compliance
𝑅SH mmHg⋅ s/mL 0.35 Non-oxygenated pulmonary capillary resistance
𝐶SH mL/mmHg 0.049 Non-oxygenated pulmonary capillary compliance
𝑅PUL

VEN mmHg⋅ s/mL 0.038 Pulmonary venous resistance
𝐶PUL

VEN mL/mmHg 13.18 Pulmonary venous compliance
𝐿PUL

VEN mmHg ⋅ s2/mL 0.000021 Pulmonary venous inertia
Parameters not used in the
global sensitivity analysis

HR s 80 Heart rate

𝑡𝐶LA s 0.75𝑇HB Time of left atrial contraction
𝑇𝐶LA s 0.1𝑇HB Duration of left atrial contraction
𝑡𝑅LA s 𝑡𝐶LA + 𝑇𝐶LA Time of left atrial relaxation
𝑇𝑅LA s 0.8𝑇HB Duration of left atrial relaxation
𝑡𝐶LV s 0.0 Time of left ventricular contraction
𝑇𝐶LV s 0.265𝑇HB Duration of left ventricular contraction
𝑡𝑅LV s 𝑡𝐶LV + 𝑇𝐶LV Time of left ventricular relaxation
𝑇𝑅LV s 0.4𝑇HB Duration of left ventricular relaxation
𝑡𝐶RA s 0.8𝑇HB Time of right atrial contraction
𝑇𝐶RA s 0.1𝑇HB Duration of right atrial contraction
𝑡𝑅RA s 𝑡𝐶RA + 𝑇𝐶RA Time of left atrial relaxation
𝑇𝑅RA s 0.7𝑇HB Duration of left atrial relaxation
𝑡𝐶RV s 0.0 Time of right ventricular contraction
𝑇𝐶RV s 0.3𝑇HB Duration of left ventricular contraction
𝑡𝑅RV s 𝑡𝐶RV + 𝑇𝐶RV Time of right ventricular relaxation
𝑇𝑅RV s 0.4𝑇HB Duration of left ventricular relaxation
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The dynamics of the cardiac blood volumes account for both the
inward and outward fluxes:

𝑉̇ RA(𝑡) = 𝑄SYS
VEN(𝑡) −𝑄TV(𝑡), 𝑉̇ LA(𝑡) = 𝑄PUL

VEN(𝑡) −𝑄MV(𝑡) (2)

𝑉̇ RV(𝑡) = 𝑄TV(𝑡) −𝑄PV(𝑡), 𝑉̇ LV(𝑡) = 𝑄MV(𝑡) −𝑄AV(𝑡) (3)

where 𝑄MV, 𝑄AV, 𝑄TV and 𝑄PV denote the blood flows through
the mitral, aortic, tricuspid and pulmonary valves, respectively.
These flows depend on the pressure jump between the upstream
and downstream compartments:

𝑄TV(𝑡) = 𝑄valve(𝑝RA(𝑡) − 𝑝RV(𝑡)), 𝑄MV(𝑡) = 𝑄valve(𝑝LA(𝑡) − 𝑝LV(𝑡))
(4)

𝑄PV(𝑡) = 𝑄valve(𝑝RV(𝑡) − 𝑝PUL
AR (𝑡)), 𝑄AV(𝑡) = 𝑄valve(𝑝LV(𝑡) − 𝑝SYS

AR (𝑡))
(5)

where 𝑝LA, 𝑝LV, 𝑝RA and 𝑝RV are the unknown pressures inside
the left atrium, left ventricle, right atrium, and right ventricle,
respectively. The blood flow across each valve 𝑄valve is a function
of the pressure jump across the valve:

𝑄valve(Δ𝑝) = Δ𝑝

𝑅valve(Δ𝑝) (6)

The resistance of the leaflets of each valve is:

𝑅valve(Δ𝑝) =
√

𝑅min𝑅max

(
𝑅max

𝑅min

) atan(−100𝜋Δ𝑝)
𝜋

(7)

𝑅valve ranges from 𝑅min (open valve forΔ𝑝 → +∞) to 𝑅max (closed
valve for Δ𝑝 → −∞), where 𝑅min and 𝑅max are the minimal and
maximal resistances imposed by the valve leaflets.

We model each cardiac chamber as a pressure generator. The
pressure 𝑝c(𝑡) generated by the myocardium of the cardiac cham-
ber 𝑐 (𝑐 ∈ {𝐿𝐴,𝐿𝑉 ,𝑅𝐴,𝑅𝑉 }) depends on the blood volume in
the chamber 𝑉c(𝑡), the unloaded volume 𝑉𝑈,c (i.e., the volume at
zero pressure) and the time-varying elastance 𝐸c(𝑡), which repre-
sents the contractility of the cardiac chamber.

𝑝c(𝑡) = 𝐸c(𝑡)(𝑉c(𝑡) − 𝑉𝑈,c) (8)

The time-varying elastance 𝐸c(𝑡) depends on the passive elas-
tance 𝐸𝐵c (i.e., the inverse of the chamber’s compliance), the

maximum active elastance 𝐸𝐴c and a periodic function 𝑒c(𝑡) that
models the cardiac activation phases [3, 36].

𝐸c(𝑡) = 𝐸𝐵c + 𝐸𝐴c𝑒c(𝑡) (9)

𝑒c(𝑡) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩

1
2

[
1 − cos

(
𝜋

𝑇𝐶c
mod

(
𝑡 − 𝑡𝐶c, 𝑇HB

))]
if 0 ≤ mod

(
𝑡 − 𝑡𝐶c, 𝑇HB

)
< 𝑇𝐶c

1
2

[
1 + cos

(
𝜋

𝑇𝑅c
mod

(
𝑡 − 𝑡𝑅c, 𝑇HB

))]
if 0 ≤ mod

(
𝑡 − 𝑡𝑅c, 𝑇HB

)
< 𝑇𝑅c

0 otherwise

(10)

where 𝑇𝐶c, 𝑇𝑅c, 𝑡𝐶c and 𝑡𝑅c represent the durations of the
contraction and relaxation phases and the times of the contrac-
tion and relaxation phases of the cardiac chamber, respectively
(Table 1). The first and second equations in (10) correspond to
the contraction and relaxation phases of the cardiac chamber,
respectively.

Each circulatory compartment (e.g., systemic arterial circulation)
is modeled as a Windkessel circuit (Figure 2), which describes
the circulation using Kirchhoff’s circuit laws. For instance, in the
systemic arterial circulation:

𝐿SYS
AR 𝑄̇

SYS
AR (𝑡) = −𝑅SYS

AR 𝑄SYS
AR (𝑡) + 𝑝SYS

AR (𝑡) − 𝑝SYS
C (𝑡) (11)

𝐶SYS
AR 𝑝̇SYS

AR (𝑡) = 𝑄AV(𝑡) − 𝑄SYS
AR (𝑡) (12)

where 𝑅SYS
AR , 𝐶SYS

AR and 𝐿SYS
AR represent the systemic arterial resis-

tance, compliance, and inertia, respectively (Table 1). Similar
equations apply to systemic venous circulation, pulmonary arte-
rial circulation, and pulmonary venous circulation. For the capil-
lary circulation the blood inertia is negligible [35], so we set it to
0, yielding:

𝑅SYS
C 𝑄SYS

C (𝑡) = 𝑝SYS
C (𝑡) − 𝑝SYS

VEN(𝑡) (13)

𝐶SYS
C 𝑝̇SYS

C (𝑡) = 𝑄SYS
AR (𝑡) −𝑄SYS

C (𝑡) (14)

𝑅PUL
C 𝑄PUL

C (𝑡) = 𝑝PUL
C (𝑡) − 𝑝PUL

VEN(𝑡) (15)

𝑅SH𝑄SH(𝑡) = 𝑝PUL
C (𝑡) − 𝑝PUL

VEN(𝑡) (16)

(𝐶SH + 𝐶PUL
C )𝑝̇PUL

C (𝑡) = 𝑄PUL
AR (𝑡) −𝑄SH(𝑡) −𝑄PUL

C (𝑡) (17)

FIGURE 2 | RLC Windkessel circuit used for the arterial and venous compartments (a) and RC Windkessel circuit used for capillary
compartments (b).
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The first two equations refer to the systemic capillaries, where
𝑅SYS

C , 𝐶SYS
C and 𝑄SYS

C are the systemic capillary resistance, com-
pliance and flux, respectively. The last three equations describe
the pulmonary capillaries, where 𝑅PUL

C , 𝐶PUL
C and 𝑄PUL

C are the
oxygenated pulmonary capillary resistance, compliance and flux,
respectively, and 𝑅SH, 𝐶SH and 𝑄SH are the non-oxygenated
resistance, compliance and flux, respectively. As shown in
Equation (17), the two parallel compliances of the oxygenated
and non-oxygenated compartments (Figure 1) act as a single
equivalent compliance.

In summary, the entire dynamical system is:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝑉̇ LA(𝑡) = 𝑄PUL
VEN(𝑡) −𝑄MV(𝑡)

𝑉̇ LV(𝑡) = 𝑄MV(𝑡) −𝑄AV(𝑡)
𝐶SYS

AR 𝑝̇SYS
AR (𝑡) = 𝑄AV(𝑡) −𝑄SYS

AR (𝑡)
𝐿SYS

AR 𝑄̇
SYS
AR (𝑡) = −𝑅SYS

AR 𝑄SYS
AR (𝑡) + 𝑝SYS

AR (𝑡) − 𝑝SYS
C (𝑡)

𝐶SYS
C 𝑝̇SYS

C (𝑡) = 𝑄SYS
AR (𝑡) −𝑄SYS

C (𝑡)
𝐶SYS

VEN𝑝̇SYS
VEN(𝑡) = 𝑄SYS

C (𝑡) −𝑄SYS
VEN(𝑡)

𝐿SYS
VEN𝑄̇

SYS
VEN(𝑡) = −𝑅SYS

VEN𝑄SYS
VEN(𝑡) + 𝑝SYS

VEN(𝑡) − 𝑝RA(𝑡)
𝑉̇ RA(𝑡) = 𝑄SYS

VEN(𝑡) −𝑄TV(𝑡)
𝑉̇ RV(𝑡) = 𝑄TV(𝑡) − 𝑄PV(𝑡)
𝐶PUL

AR 𝑝̇PUL
AR (𝑡) = 𝑄PV(𝑡) −𝑄PUL

AR (𝑡)
𝐿PUL

AR 𝑄̇
PUL
AR (𝑡) = −𝑅PUL

AR 𝑄PUL
AR (𝑡) + 𝑝PUL

AR (𝑡) − 𝑝PUL
C (𝑡)

(𝐶SH + 𝐶PUL
C )𝑝̇PUL

C (𝑡) = 𝑄PUL
AR (𝑡) − 𝑄SH(𝑡) −𝑄PUL

C (𝑡)
𝐶PUL

VEN𝑝̇PUL
VEN(𝑡) = 𝑄SH(𝑡) + 𝑄PUL

C (𝑡) −𝑄PUL
VEN(𝑡)

𝐿PUL
VEN𝑄̇

PUL
VEN(𝑡) = −𝑅PUL

VEN𝑄PUL
VEN(𝑡) + 𝑝PUL

VEN(𝑡) − 𝑝LA(𝑡)

(18)

endowed with suitable initial conditions.

After discretizing the system and solving for the state variables,
we calculate the model outputs y. These model outputs, which
are defined in Table 2, include indexed volumes, that is, normal-
ized by the body surface area (BSA). The calibration procedure
focuses on specific model outputs, in particular those in the upper
section of Table 2.

We determine the reference setting of parameters pR to repro-
duce an ideal healthy individual (see Table 1). Specifically, we fix
HR = 80 bpm [34] and manually calibrate the other parameters
as a modification of literature values [3, 35], so that the model
outputs y align with echocardiographic ranges characteristic of a
healthy individual (Table 2).

3 | Novel Calibration Methods

This section introduces the GSA along with the general aim of the
calibration procedures (Section 3.1). The GSA is applied to all the
calibration methods outlined in this study, reducing the number
of parameters requiring calibration. We subsequently describe
CMC in Section 3.2 and a hybrid method combining CMC and
L-BFGS-B, referred to as CMC-L-BFGS-B, in Section 3.3.

3.1 | Global Sensitivity Analysis and Aim of the
Calibration

We perform a global sensitivity analysis (GSA) to identify the
parameters significantly affecting the model outputs used for

calibration (Table 2). We compute the sensitivity of these model
outputs to the parameters listed in Table 1. Due to the relatively
small number of model outputs used for calibration (7) compared
to the number of modifiable parameters (32), different parameter
settings may yield similar model outputs. To address this issue
and enhance structure identifiability, we select the most signifi-
cant parameters for calibration, according to the GSA, while fix-
ing the others. We do not compute the sensitivity to the HR, as it is
easily measured from patients and therefore does not require cal-
ibration from indirect measures. Additionally, we excludes from
the sensitivity analysis the timings of the cardiac cycle, as the
pressure-volume (PV) loops of the cardiac chambers are highly
sensitive to these parameters and their modification could result
in non-physiological PV-loops.

For simplicity, we assume parameter independence and we let
them vary randomly in a hypercube. Given the parameters inde-
pendence, we estimate total Sobol’ indices [24] to evaluate the
impact of each parameter 𝑝k on the variance of a certain model
output 𝑦j, accounting for both first-order and higher-order inter-
actions among parameters:

𝑆
j,T
k = 1 −

𝑉 𝑎𝑟p∼k
[𝔼pk

[𝑦j|p∼k]]
𝑉 𝑎𝑟[𝑦j]

(19)

where p∼k represents the set of all parameters except 𝑝k. 𝔼 and
𝑉 𝑎𝑟 are the expected value and variance, respectively, and the
subscripts indicate the random variable measure used for integra-
tion. When the subscript is absent, the integration is performed
to all the random variables. 𝔼pk

[𝑦j|p∼k] is the expected value of
the model output 𝑦j conditioned with respect to the parameters
p∼k. We prefer total Sobol’ indices over first-order ones because
they account for both first and higher-order interactions between
parameters, providing a more comprehensive understanding of
the parameter influence on model output variability.

We use a Sobol’ sequence [40] to sample parameters within the
hypercube and we estimate the total Sobol’ indices (19) using
the Saltelli’s method [41]. Sobol’s sequences maximize the rate of
convergence of the sample mean to the expected value of a distri-
bution, reducing the computational costs of evaluating (19). We
compute the model outputs corresponding to the sampled param-
eters using the lumped-parameter cardiocirculatory model. The
parameter hypercube is centered around the reference setting of
parameters pR for a healthy individual (Appendix A). Saltelli’s
method allows for a linear increase in the number of samples
to the number of parameters 𝑁p = 32, resulting in 2𝑁(𝑁p + 1)
samples where 𝑁 is a user-defined variable. For this analysis, we
choose 𝑁 = 212, leading to 270336 samples.

It is important to note that the shape and the position of the hyper-
cube, where we sample the parameters, impact Sobol’s indices. A
wider range for a parameter results in higher Sobol indices, as it
potentially increases the variability in the model outputs.

Based on the total Sobol’ indices, we select 𝑁̂p parameters for
calibration. During the calibration procedure (which may be
based on in silico data or patient-specific measurements), these
parameters can vary within the ranges described in Appendix
A. Although these ranges are fixed, they are sufficiently large to
cover a wide variety of conditions.
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TABLE 2 | List of model outputs, the units of measure, the echocardiographic ranges for a healthy individual and the values returned by the numer-
ical model with the reference setting of parameters.

Model output Unit Range Model value Description

Model outputs used for
calibration

𝐿𝐴I−𝑉 𝑚𝑎𝑥 mL∕m2 [16,34] [37] 22.2 Indexed maximal left atrial volume

𝐿𝑉I−EDV mL/m2 [50,90] [38] 59.7 Indexed left ventricular end diastolic
volume

𝐿𝑉ESV mL [18,52] [37] 42.7 Left ventricular end systolic volume
𝐿𝑉EF % [53,73] [37] 60.0 Left ventricular ejection fraction

max ∇𝑃rAV mmHg — 17.4 Maximal right atrioventricular pressure
gradient

𝑆𝐴𝑃max mmHg [−, 140] [37] 109.6 Systolic systemic arterial pressure
𝑆𝐴𝑃min mmHg [−, 80] [37] 71.3 Diastolic systemic arterial pressure
𝑃𝐴𝑃max mmHg [15,28] [38] 23.6 Systolic pulmonary arterial pressure

Additional model
outputs

𝐿𝐴Pmax mmHg [6,20] [38] 10.3 Maximal left atrial pressure

𝐿𝐴Pmin mmHg [−2, 9] [38] 5.7 Minimal left atrial pressure
𝐿𝐴Pmean mmHg [4,12] [38] 8.8 Mean left atrial pressure
𝐿𝑉SV mL [30,80] [37] 64.1 Left ventricular stroke volume
𝐶𝐼 L/min/m2 [2.8,4.2] [38] 2.9 Cardiac index

𝐿𝑉Pmax mmHg [90,140] [38] 110.5 Maximal left ventricular pressure
𝐿𝑉Pmin mmHg [4,12] [38] 4.0 Minimal left ventricular pressure

𝑅𝐴I−𝑉 𝑚𝑎𝑥 mL/m2 [10,36] [37] 29.3 Indexed maximal right atrial volume
𝑅𝐴Pmax mmHg [2,14] [38] 9.6 Maximal right atrial pressure
𝑅𝐴Pmin mmHg [−2, 6] [38] 4.4 Minimal right atrial pressure
𝑅𝐴Pmean mmHg [−1, 8] [38] 6.9 Mean right atrial pressure
𝑅𝑉I−EDV mL/m2 [44,80] [39] 68.2 Indexed right ventricular end diastolic

volume
𝑅𝑉I−ESV mL/m2 [19,46] [39] 32.6 Indexed right ventricular end systolic

volume
𝑅𝑉EF % [44,71] [39] 52.2 Right ventricular ejection fraction

𝑅𝑉Pmax mmHg [15,28] [38] 25.2 Maximal right ventricular pressure
𝑅𝑉Pmin mmHg [0,8] [38] 3.4 Minimal right ventricular pressure
𝑃𝐴𝑃min mmHg [5,16] [38] 15.9 Diastolic pulmonary arterial pressure
𝑃𝐴𝑃mean mmHg [10,22] [38] 19.5 Mean pulmonary arterial pressure
𝑃𝑊 𝑃min mmHg [1,12] [38] 11.5 Minimal pulmonary wedge pressure
𝑃𝑊 𝑃mean mmHg [6,15] [38] 12.0 Mean pulmonary wedge pressure

SVR mmHg ⋅ min/L [11.3,17.5] [38] 16.2 Systemic vascular resistance
PVR mmHg ⋅ min/L [1.9,3.1] [38] 2.09 Pulmonary vascular resistance

Shunt
fraction

% [0,5] [31] 4.73 Shunt fraction

Given the large number of parameters analyzed (32) and the
potentially high computational cost, a screening method, such as
the Morris method [42], would generally be more appropriate for
sensitivity analysis due to its reduced computational cost. How-
ever, in our case, Saltelli’s method allows for a cost that scales
linearly with the number of parameters. Additionally, the model
simulations are not significantly expensive and parallel execu-
tion significantly reduces the overall computational time. Finally,

thanks to the Sobol indices, we have an accurate variance descrip-
tion of the model outputs to the parameters.

The goal of calibration methods is to minimize the loss function
(relative mean squared error):

𝑟𝑀𝑆𝐸(p) = 1
𝑁d

Nd∑
i=1

(
𝑑i − 𝑦j(i)(p)

𝑑i

)2

(20)

7 of 23

 10970207, 2025, 1, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/nm

e.7648 by PO
L

IT
E

C
N

IC
O

 D
I M

IL
A

N
O

, W
iley O

nline L
ibrary on [07/01/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



where 𝑁d is the number of available data 𝑑i, for 1 ≤ 𝑖 ≤ 𝑁𝑑 . Each
data corresponds to a model output. The index 𝑗(𝑖) refers to the
entry of the model outputs vector y approximating the 𝑖th data. p
represents the parameter set.

3.2 | Correlation Matrix Calibration Method

CMC uses a surrogate for the gradient of the loss function. The
Pearson correlation coefficient measures the linear relationship
between two variables [43]. If 𝑓 ∶ ℝ → ℝ is a (non-constant)
function such that 𝑓 (𝑥) ≤ 𝑓 (𝑦) for almost every 𝑥 < 𝑦 with 𝑥, 𝑦 ∈
ℝ drawn from an absolutely continuous distribution 𝑋 ∼ 𝑔, then
the Pearson’s correlation coefficient between 𝑋 and 𝑓 (𝑋) is
non-negative:

𝜚𝑋,𝑓 (𝑋) =
𝔼[(𝑋 − 𝔼[𝑋])(𝑓 (𝑋) − 𝔼[𝑓 (𝑋)])]√

𝔼[(𝑋 − 𝔼[𝑋])2] 𝔼[(𝑓 (𝑋) − 𝔼[𝑓 (𝑋)])2]
≥ 0

Indeed, the numerator determines the sign of the correlation
coefficient:

𝔼[(𝑋 − 𝔼[𝑋])(𝑓 (𝑋) − 𝔼[𝑓 (𝑋)])]

= 𝔼[(𝑋 − 𝔼[𝑋])(𝑓 (𝑋) − 𝑓 (𝔼[𝑋]) + 𝑓 (𝔼[𝑋]) − 𝔼[𝑓 (𝑋)])]

= 𝔼[(𝑋 − 𝔼[𝑋])(𝑓 (𝑋) − 𝑓 (𝔼[𝑋]))] + (𝑓 (𝔼[𝑋])

− 𝔼[𝑓 (𝑋)])𝔼[𝑋 − 𝔼[𝑋]]

= 𝔼[(𝑋 − 𝔼[𝑋])(𝑓 (𝑋) − 𝑓 (𝔼[𝑋]))]

= ∫
+∞

−∞
(𝑥 − 𝔼[𝑋])(𝑓 (𝑥) − 𝑓 (𝔼[𝑋]))𝑔(𝑥)𝑑𝑥

Given the monotonicity of 𝑓 almost everywhere, the signs of 𝑥 −
𝔼[𝑋] and 𝑓 (𝑥) − 𝑓 (𝔼[𝑋]) are concordant, ensuring that 𝜚𝑋,𝑓 (𝑋) ≥
0. The opposite is true if 𝑓 is monotone non-increasing. For a set
of 𝑛 paired data points {(𝑥i, 𝑓 (𝑥i))}n

i=1 with 𝑓 (𝑥) = 1
𝑛

∑n
i=1𝑓 (𝑥i),

a similar argument applies to the sample Pearson’s correlation
coefficient [43] assuming 𝑓 is monotone everywhere:

𝑟𝑋,𝑓 (𝑋) =
∑n

i=1(𝑥i − 𝑥)(𝑓 (𝑥i) − 𝑓 (𝑥))√(∑n
i=1(𝑥i − 𝑥)2

)(∑n
i=1(𝑓 (𝑥i) − 𝑓 (𝑥))2

) ≥ 0

Thus, we leverage the sample correlation coefficient between
model parameters and outputs to infer the monotonicity of the
loss function and its gradient to the parameters.

To compute the correlation matrix 𝑀 (where 𝑀l,j = 𝑟pl,yj
), we

perform 100𝑁̂p tests, where 𝑁̂p is the number of parameters
selected by the GSA (Section 3.1). We sample the parameters
from a uniform distribution within the previously defined hyper-
cube and compute the corresponding model outputs. The cor-
relation coefficients provide local information about the linear
relationships between model parameters and outputs near the
mean of the parameter distribution, which coincides with the
hypercube’s center due to the uniform sampling. Although CMC
may lose accuracy when the parameter setting deviates from
the hypercube’s center during the calibration procedure, it still
achieves good results for the cardiocirculatory model, as we show
in Section 4.

ALGORITHM 1 | CMC algorithm.

1: Initialize: 𝐝, 𝑡𝑜𝑙, 𝑖𝑡max, 𝑖𝑡 = 0, 𝑚 = ∅
2: Load 𝑀

3: Choose the initial guess of parameters 𝐩
4: do
5: Run a model simulation
6: 𝑒i =

𝑑i−𝑦j(i)(𝐩)
𝑑i

for 𝑖 = 1,… , 𝑁d

7: Compute (𝐩)
8: 𝐚 = 𝐞
9: if (𝐩) ≥ 𝑡𝑜𝑙 then

10: while 𝐚 ≠ 𝟎 do
11: 𝑝𝑎𝑟con = 0
12: (𝚤, 𝑙, 𝐚, 𝑚, 𝑝𝑎𝑟con) = choose−parameter

(𝑀, 𝐚, 𝑚, 𝑝𝑎𝑟con)
13: if 𝑚 = ∅ then
14: Go to line 10
15: end if
16: 𝜕̂ = surrogate−gradient(𝑀, 𝐞, 𝚤, 𝑙)
17: if 𝜕̂<0 then
18: 𝑝l̄ = calibrate(𝑙, 𝑝l̄, 𝑝Rl̄ , 𝑒𝚤,𝑀l̄,j(𝚤))
19: 𝑖𝑡 = 𝑖𝑡 + 1
20: Break
21: end if
22: end while
23: end if
24: while 𝑖𝑡 ≤ 𝑖𝑡max & (𝐩) ≥ 𝑡𝑜𝑙 & 𝐚 ≠ 𝟎

The CMC algorithm (Algorithm 1) relies on three subroutines:
choose_parameter, surrogate_derivative and calibrate, which will
be explained later. The CMC algorithm for the cardiovascular sys-
tem operates as follows:

1. Initialize variables (lines 1–3): d, 𝑡𝑜𝑙, 𝑖𝑡max, 𝑖𝑡, 𝑀 , p and
𝑚. These represent the available data, calibration tolerance,
maximum iterations, current iteration count, correlation
matrix, initial parameter guess, and a set, respectively. The
initial guess p lies within the hypercube used to build 𝑀 .
The initially empty set 𝑚 stores the parameters considered
(but not necessarily calibrated) during the calibration pro-
cedure. The choose_parameter subroutine handles this set
to prevent favoring any single parameter during the calibra-
tion procedure.

2. Run a model simulation, compute the signed relative errors
between data and model outputs, the loss function (20), and
define an auxiliary vector a (lines 5–8). The error vector e
is used to compute the surrogate derivative 𝜕̂ in the surro-
gate_derivative subroutine and to determine how to modify
a parameter in the calibrate subroutine. The auxiliary vec-
tor a, along with 𝑀 , 𝑚, 𝑝𝑎𝑟con and 𝜕̂, determines which
parameter to calibrate and whether to continue the calibra-
tion procedure. The choose_parameter subroutine can set
the components of a to 0. If all the components are 0, the
while loop at line 10 is skipped and the calibration termi-
nates as specified at line 24.

3. If the loss function exceeds the tolerance 𝑡𝑜𝑙 and while a is
not a vector of 0s, define a variable 𝑝𝑎𝑟con = 0 (lines 9–11).
During the while loop (line 10) a specific error component
𝑒𝚤 is selected for reduction and, accordingly, a parameter
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𝑝l is chosen for calibration. The 𝑝𝑎𝑟con variable tracks the
number of parameters considered (but not necessarily cal-
ibrated) to reduce the selected error component 𝑒𝚤. This
allows us to determine if the set 𝑚 was filled to reduce only
the error 𝑒𝚤 or also other error components, which affects
the behavior of the choose_parameter subroutine.

4. Choose the parameter to calibrate (line 12). The
choose_parameter subroutine updates a, 𝑚 and 𝑝𝑎𝑟con.
Here, 𝚤 is the index of the error component to reduce and
𝑙 the index of the parameter to calibrate. Although the
parameter 𝑝l is selected for calibration, it might not be
modified due to the conditional statement in line 17.

5. If, after running the choose_parameter subroutine, the set
𝑚 is empty, return to line 10 (lines 13–15). This condition
indicates that, at the current iteration of the while loop,
no parameters outside of 𝑚 before the execution of the
choose_parameter subroutine were significant enough to
reduce 𝑒𝚤;

6. Surrogate the derivative of the loss function to 𝑝l (line 16).

7. If the surrogate derivative of the loss function is negative,
perform a calibration step, increment the iteration counter
𝑖𝑡, and repeat the procedure from step 2. If the derivative is
not negative, go back to line 10 (lines 17–21). If a calibration
step is performed, the model simulation is re-run to check
whether the new parameter setting brings the loss function
below the tolerance 𝑡𝑜𝑙. Otherwise, the choose_parameter
subroutine identifies another parameter to calibrate.

8. The calibration procedure stops when one of the following
occurs: the maximum number of iterations is reached, the
loss function falls below the prescribed tolerance or the vec-
tor a becomes 0 (line 24). The latter indicates that none of
the relative errors can be further reduced using this calibra-
tion procedure.

The choose_parameter subroutine (Algorithm 2) takes as inputs
the correlation matrix 𝑀 between model parameters and out-
puts, the auxiliary vector a, the set 𝑚 of parameters considered
during the calibration procedure and the variable 𝑝𝑎𝑟con, which
tracks the parameters considered to reduce a specific error com-
ponent. The outputs are the indices 𝚤 and 𝑙 of the error component
to reduce and of the parameter selected for the calibration step,
respectively, along with the updated a, 𝑚 and 𝑝𝑎𝑟con. The steps for
the choose_parameter subroutine are as follows:

1. Compute 𝚤, b and 𝑙 (lines 1–3). 𝚤 is the index of the error
component with the maximum absolute value, b is the cor-
responding column of the correlation matrix and 𝑙 is the
index of the correlation coefficient with maximum abso-
lute value in b. Since 𝑒𝚤 is the maximum error in abso-
lute value, we aim to reduce it. To select the parameter for
modification, we choose the one that has the greatest effect
on the model output at index 𝑗(𝚤) based on the correlation
coefficients.

2. Check if the selected parameter 𝑝l is in the set 𝑚 and if
its related correlation coefficient in absolute value ||𝑏l

|| is
greater than 0.05. If both conditions hold, discard the cur-
rent parameter, set 𝑏l = 0, and select the next parameter

ALGORITHM 2 | (𝚤, 𝑙, a, 𝑚, 𝑝𝑎𝑟con) = choose_parameter(𝑀, a, 𝑚,

𝑝𝑎𝑟con).

1: 𝚤 = argmaxi=1,…,Nd
|𝑎i|

2: 𝐛 = 𝑀∶,j(𝚤)
3: 𝑙 = argmaxl=1,…,Np

||𝑏l||
4: while 𝑙 ∈ 𝑚 & |𝑏l̄| > 0.05 do
5: 𝑏l̄ = 0
6: 𝑙 = argmaxl=1,…,Np

||𝑏l||
7: end while
8: 𝑚 = 𝑚 ∪ {𝑙}
9: 𝑝𝑎𝑟con = 𝑝𝑎𝑟con + 1

10: if |𝑏l̄| ≤ 0.05 then
11: if |𝑚| = 𝑝𝑎𝑟con then
12: 𝑎𝚤 = 0
13: end if
14: 𝑝𝑎𝑟con = 0
15: 𝑚 = ∅
16: end if

by identifying the new maximum correlation coefficient in
absolute value in b (lines 4–7). 𝑚 stores the parameters used
in the calibration procedure at a maximum of once. If a
parameter in 𝑚 is encountered a second time, it is skipped or
𝑚 will be emptied. The while loop at line 4 ensures that the
same parameter is not considered twice for the calibration.
Additionally, the condition ||𝑏l

|| > 0.05 prevents the selec-
tion of parameters that do not significantly affect the model
output 𝑗(𝚤).

3. Update 𝑚 and 𝑝𝑎𝑟con by inserting the new parameter index
𝑙 into 𝑚 and incrementing 𝑝𝑎𝑟con by 1 (lines 8 and 9).

4. If ||𝑏l
|| ≤ 0.05, check if the cardinality of the set 𝑚 is equal

to 𝑝𝑎𝑟con (lines 10 and 11). This condition implies that the
number of parameters considered for the calibration proce-
dure matches the number considered to reduce the current
error component. If this is the case, none of the parame-
ters can reduce the current error component. The use of 𝑚

ensures that the same parameters are not reused to reduce
the loss function without exploring all possible options.

5. If the condition at line 11 holds, we set 𝑎𝚤 = 0 (lines 11–13).
This indicates that, since the calibration of no parameter can
significantly reduce the error ||𝑒𝚤

||, we no longer consider the
reduction of ||𝑒𝚤

||.
6. Finally, if the condition at line 10 holds, set 𝑝𝑎𝑟con = 0 and

𝑚 = ∅ (lines 16 and 17) to restart the parameter count and
to empty the set 𝑚.

The surrogate_derivative subroutine (Algorithm 3) takes as
inputs the correlation matrix 𝑀 , the signed relative error vector
e and the indices 𝚤 and 𝑙 representing the error component
to reduce and the parameter selected for the calibration step,
respectively. The output is the surrogate derivative 𝜕̂ to 𝑝l of the
loss function. The steps for the surrogate_derivative subroutine
are described as follows:

1. Initialize the surrogate derivative of the loss function to 𝑝l
to 0 (line 1).

2. Compute the surrogate derivative of the loss function by
evaluating, for each model output related to the data, the
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ALGORITHM 3 | 𝜕̂ = surrogate_gradient (𝑀, e, 𝚤, 𝑙).

1: 𝜕̂ = 0
2: for 𝑘 = 1,… , 𝑁d do
3: if 𝑒𝚤𝑀 ̄l,j(𝚤)𝑒k𝑀l̄,j(k) > 0 then
4: if |𝑒𝑘| > 0.01 then
5: 𝜕̂ = 𝜕̂ − |𝑀l̄,j(k)|
6: end if
7: else
8: 𝜕̂ = 𝜕̂ + |𝑀l̄,j(k)|
9: end if

10: end for

effect of modifying 𝑝l (line 2–10). The 𝑙th row of the corre-
lation matrix stores the effect of modifying 𝑝l on each model
output. If, for 𝑘 = 1, . . . , 𝑁d, 𝑒k is greater than 0 then the
𝑗(𝑘)th model output needs to increase to reduce the error. If
𝑀l,j(k) is greater than 0, increasing 𝑝l increases the model
output 𝑗(𝑘). Similar reasoning applies to other combina-
tions of signs for 𝑒k and 𝑀l,j(k). Consequently, if the sign of
𝑒k𝑀l,j(k) is positive or negative, then 𝑝l has to increase or
decrease, respectively, to reduce the error ||𝑒k

||. If the sign
of 𝑒k𝑀l,j(k) matches the sign of 𝑒𝚤𝑀l,j(𝚤), modifying 𝑝l affects
both 𝑒k and 𝑒𝚤 in the same way. Since, at the current cali-
bration step, we aim to reduce ||𝑒𝚤

||, if modifying 𝑝l according
to 𝑒𝚤𝑀l,j(𝚤) also reduces ||𝑒k

||, we add a negative value to the
surrogate derivative of the loss function; otherwise, a pos-
itive value (lines 5 and 8). The impact of 𝑝l on the model
output 𝑗(𝑘) is measured by |||𝑀l,j(𝚤)

|||. The condition on line 4
ensures that, when 𝑒k is nearly 0, its modification does not
inadvertently increase the loss function.

Let 𝑢̄l and 𝑏l be the upper and lower bounds of the interval used
to calibrate 𝑝l (Appendix A). The calibrate subroutine updates 𝑝l
by sampling, at each iteration, from a uniform distribution over
(𝑝l, 𝑢̄l) or (𝑏l, 𝑝l), depending on whether 𝑒𝚤𝑀l,j(𝚤) is positive or neg-
ative, respectively. These bounds depend on 𝑝R

l
and the type of

parameter being calibrated (e.g., 𝑙 might refer to an active elas-
tance). Due to the length of the code, we do not include the cali-
brate subroutine here.

CMC offers an advantageous trade-off between accuracy and
complexity. Its gradient-free nature eliminates the need to com-
pute gradients at each iteration of the calibration procedure,
thereby reducing computational costs. However, since CMC
relies on random steps, it may overlook local information, wors-
ening the convergence. Due to this unpredictable random step,
we force CMC to return the parameter setting achieving the low-
est loss function.

3.3 | Hybrid Correlation Matrix
Calibration-Limited Memory
Broyden–Fletcher–Goldfarb–Shanno With
Bound Constraints Method

The hybrid method CMC-L-BFGS-B initially applies CMC to
avoid local minima associated with high loss function values

and approach a better minimum. Subsequently, it applies
L-BFGS-B [11] to refine this minimum estimate. L-BFGS-B is a
quasi-Newton method designed to solve large non-linear opti-
mization problems with simple bounds on the variables. The opti-
mization problem is as follows:

min 𝑓 (x) subjected to 𝑙i ≤ 𝑥i ≤ 𝑢i for 𝑖 = 1, . . . , 𝑛 (21)

where 𝑓 ∶ ℝn → ℝ is a function with a known gradient ∇𝑓 , 𝑛 is
the dimension of the domain, l and u represent the lower and
upper bounds for each variable. L-BFGS-B solves (21) by mini-
mizing at each iteration the quadratic approximation of 𝑓 :

𝑚k(x) ∶= 𝑓 (xk) + ∇𝑓 (xk)T(x − xk) +
1
2
(x − xk)T𝐵k(x − xk)

(22)

where x ∈ ℝn is subjected to the bounds l and u, xk is the
approximate solution at iteration 𝑘 and 𝐵k is a limited memory
approximation of the Hessian matrix of 𝑓 , obtained using the last
𝑚 ≤ 𝑘 approximate solutions and their corresponding gradient
evaluations.

4 | Results

This section presents the results of the following tests for CMC,
L-BFGS-B, and CMC-L-BFGS-B:

1. Robustness to in silico-generated data (Section 4.1).

2. Robustness to the initial guess of parameters (Section 4.2).

3. Robustness with respect to noisy data (Section 4.3).

4. Calibration based on patient-specific data (Section 4.4).

5. Effects of fixed steps in CMC (Section 4.5).

To validate CMC and CMC-L-BFGS-B, we show that these cali-
bration techniques achieve results comparable to L-BFGS-B.

For tests 1, 2, 3, 5, we build a dataset of in silico-generated data,
referred to as virtual patients or samples. We initially identified
the parameters to calibrate by performing the GSA over the
ranges not associated with COVID-19 pneumonia (Appendix A).
We consider the Sobol’ index estimates to be converged when, as
in this case, all the confidence interval widths are less than 0.1
(Figure 3). Moreover, for dataset generation, correlation matrix
computation, and calibration, we select parameters with at least
one Sobol’ index greater than 0.1 (Figure 4), namely: 𝐸𝐵LA,
𝐸𝐴LV, 𝐸𝐵LV, 𝐸𝐵RV, 𝑅SYS

AR , 𝐶SYS
AR and 𝑅SYS

VEN. We generate the
dataset by sampling these parameters from a uniform distribu-
tion over the ranges not associated with COVID-19 pneumonia
(Appendix A) and computing the related model outputs. Note
that, during the calibration procedure, the sum of 𝐶PUL

C and
𝐶SH in the dynamical system (16) may lead to instabilities, as
different parameter values could yield the same equivalent com-
pliance. However, the GSA results prevent this issue, as these two
parameters are fixed. Since there are 7 parameters to calibrate,
we estimate the correlation matrix by performing 100 ⋅ 7 = 700
tests, as stated in Section 3.2.

For test 4, we proceed analogously but we use the ranges asso-
ciated with COVID-19 pneumonia for the GSA, the correlation
matrix computation, and the calibration procedures.

10 of 23 International Journal for Numerical Methods in Engineering, 2025
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FIGURE 3 | Confidence intervals widths of the total-effect Sobol’ indices between model parameters and outputs used for the calibration. A detailed
definition of model parameters and outputs is provided in Tables 1 and 2.

We implement CMC in Matlab and L-BFGS-B in Python. We
compute the numerical solution of the lumped-parameter car-
diocirculatory model, in Matlab, by means of ode15s solver, a
variable step and variable order solver, whereas, in Python, by
means of the Dormand-Prince method, an adaptive stepsize
Runge-Kutta method.

For each parameter setting, we run the model for 25 cycles until
convergence to the regime solution of the dynamical system. To
verify that 25 cycles are sufficient for convergence, one can evalu-
ate the relative distance between the state variables in the last and
second to last heartbeat. Since the state variables x(𝑡) are 1[0, 𝑇 ],
we compute the weighted relative distance:

max
i=1, . . . ,𝑛states

||𝑥i(𝑡) − 𝑥i(𝑡 − 𝑇HB)||1(𝐼),ℎ||𝑥i(𝑡)||1(𝐼),ℎ
= (23)

max
i=1, . . . ,𝑛states

||𝑥i(𝑡) − 𝑥i(𝑡 − 𝑇HB)||0(𝐼) + ℎ||𝑥i(𝑡) − 𝑥i(𝑡 − 𝑇HB)||1(𝐼)||𝑥i(𝑡)||0(𝐼) + ℎ||𝑥i(𝑡)||1(I)
(24)

where 𝑛states is the number of dynamical system states (18), 𝐼 ⊆

[𝑇HB, 25𝑇HB] is an interval, || ⋅ ||C0(𝐼) and | ⋅ |C1(𝐼) are the infi-
nite norms of a function and its derivative over 𝐼 , respectively,

and ℎ is the mesh size used for the discretization. A simula-
tion using the reference parameter setting pR (Table 1), for 𝐼 =
[24𝑇HB, 25𝑇HB] yields a weighted relative distance of order 10−4,
indicating a small discrepancy on the states between successive
heartbeats. Notably, pR is not a favorable setting to analyze, as for
𝐼 = [𝑇HB, 2𝑇HB] the weighted relative distance is equal to 1.4. For
the subsequent analysis, we only consider the last heartbeat.

The use of different software libraries (Matlab and Python) to
implement the algorithms does not introduce significant biases.
Indeed, in Section 4.1, we compare the performances of the cal-
ibration methods in terms of the number of evaluations of the
loss function and its gradient, which does not depend on the
implementation. Furthermore, the computational time of a sin-
gle Matlab or Python numerical simulation is around 2.5 s (on
a laptop with 12th Gen Intel(R) Core(TM) i7-12650 H, 2.30 GHz,
16 GB RAM).

For L-BFGS-B, we compute the exact gradient of the loss function
by means of automatic differentiation. Since we are considering
a loss function  ∶ ℝNp → ℝ where 𝑁p ≥ 1, it is more efficient to
use reverse (rather than forward) mode automatic differentiation,
as it allows the computation of the gradient in a single iteration
rather than 𝑁p iterations. To compute the reverse mode gradient,
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FIGURE 4 | Total-effect Sobol’ indices between model parameters and outputs used for the calibration. A detailed definition of model parameters
and outputs is provided in Tables 1 and 2.

TABLE 3 | Expected measurement errors, derived from the device sensitivity, on the model outputs and used as standard deviations for generating
the noisy data.

𝑳𝑨Vmax 𝑳𝑽EDV 𝑳𝑽ESV 𝑳𝑽EF max 𝛁𝑷rAV 𝑺𝑨𝑷max 𝑺𝑨𝑷min 𝑷𝑨𝑷max

5% 5% 5% 4% 4% 4% 5% 5%

we use the Python library Jax [44, 45]. Once the gradient is avail-
able, we apply L-BFGS-B to minimize the loss function.

We consider a calibration procedure successful if the relative root
mean squared error

𝑟𝑅𝑀𝑆𝐸(p) =
√

𝑟𝑀𝑆𝐸(p) (25)

falls below 10−1. This criterion demands less precision than the
expected measurement errors, derived from the device sensitiv-
ity, in the model outputs used for calibration (Table 3), thereby
avoiding that the minimization is targeting solely the data noise.
Moreover, this condition is not loose, still allowing for effective
calibration. Even when this condition is met, each calibration
method continues to seek more accurate parameter estimates.
CMC terminates after 500 iterations, achieving an 𝑟𝑀𝑆𝐸 lower
than 10−8 or getting stuck to a parameter set for which, according

to Algorithm 1, a = 0 without modifying any parameters. Instead,
L-BFGS-B stops after 500 iterations, when the relative difference
in the 𝑟𝑀𝑆𝐸 between two successive iterations is less than 10−10

or when the infinite norm of the projected gradient of the 𝑟𝑀𝑆𝐸

is less than 10−10. CMC-L-BFGS-B first performs some steps of
CMC to obtain an 𝑟𝑀𝑆𝐸 lower than 2.5 ⋅ 10−2, then it applies
L-BFGS-B, which stops according to the same criteria as above.

4.1 | Test 1: Robustness and Accuracy
on Silico-Generated Data

In this section, we evaluate the robustness of the calibration
methods in estimating parameters on a dataset of 20 different in
silico-generated patients (Table 4). Note that we do not estimate
HR, as it is easily measured from patients and we use it as an
input. The initial parameter setting for the calibration procedures
is displayed in Table 1.

12 of 23 International Journal for Numerical Methods in Engineering, 2025
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TABLE 4 | Parameters of 20 in silico-generated virtual patients.

Patient HR 𝑬𝑩LA 𝑬𝑨LV 𝑬𝑩LV 𝑬𝑩RV 𝑹
SYS
AR 𝑪

SYS
AR 𝑹

SYS
VEN

1 81 0.38 4.16 0.03 0.06 0.70 0.62 0.25
2 65 0.43 4.37 0.04 0.07 0.95 1.31 0.50
3 97 0.24 4.20 0.10 0.07 0.71 0.51 0.53
4 61 0.33 3.63 0.09 0.04 0.71 0.75 0.46
5 61 0.19 1.07 0.03 0.06 0.74 1.01 0.58
6 85 0.25 2.27 0.09 0.06 0.34 1.31 0.33
7 79 0.35 3.62 0.05 0.05 0.71 0.73 0.18
8 87 0.44 2.13 0.08 0.03 0.79 0.90 0.36
9 70 0.41 4.35 0.07 0.02 0.31 0.90 0.52
10 78 0.38 1.78 0.11 0.03 0.35 0.89 0.42
11 90 0.22 3.89 0.08 0.04 0.92 0.95 0.48
12 65 0.23 2.94 0.03 0.02 0.62 1.83 0.57
13 81 0.29 2.59 0.02 0.03 0.32 1.85 0.27
14 63 0.15 3.07 0.05 0.05 0.74 1.77 0.34
15 77 0.17 4.19 0.04 0.06 0.62 2.21 0.16
16 75 0.13 4.36 0.02 0.06 0.84 1.99 0.16
17 65 0.18 3.78 0.06 0.06 0.34 0.91 0.19
18 80 0.40 2.99 0.07 0.02 0.87 1.55 0.29
19 61 0.23 1.17 0.05 0.02 0.34 0.87 0.32
20 64 0.41 4.30 0.07 0.04 0.46 2.04 0.30

CMC is successful for 20 samples, while L-BFGS-B is successful
for 18 samples and CMC-L-BFGS-B for 20 samples (Figure 5a),
mirroring the performance of CMC. This suggests that the CMC
step provides a good initial guess for L-BFGS-B. Figure 6 shows
that CMC tends to be biased when estimating 𝐿𝑉ESV and, con-
sequently, 𝐿𝑉EF as the confidence intervals for the mean differ-
ence between real and estimated model outputs almost exclude
0. Furthermore, the confidence intervals for the mean differ-
ence between real and estimated model outputs obtained with
CMC-L-BFGS-B are narrower than those obtained with CMC
alone, indicating that the L-BFGS-B step improves the model out-
put estimates of CMC.

Despite CMC’s higher number of successful calibrations,
L-BFGS-B estimates parameters more precisely, achieving a
lower overall 𝑟𝑅𝑀𝑆𝐸 than CMC (Figure 5b). CMC-L-BFGS-B
exhibits similar behavior to L-BFGS-B. Nonetheless, CMC
achieves similar 𝑟𝑅𝑀𝑆𝐸 across all samples. Analyzing the scat-
ter plots between real and estimated parameters (Figure 7a), we
observe that, for CMC, the points are more scattered compared to
the other two methods, suggesting that CMC’s higher calibration
success rate than L-BFGS-B comes at the cost of a less accurate
parameter estimation. This observation is further supported by
the Bland-Altman plot comparing real and estimated parameters
(Figure 7b), where CMC shows significantly larger confidence
intervals of the mean difference between real and estimated
parameters for 𝐸𝐵LA, 𝐸𝐵LV and 𝑅SYS

VEN compared to L-BFGS-B.
This also reflected in CMC-L-BFGS-B, indicating that the initial
guess provided by CMC can affect the precision of L-BFGS-B
estimates.

Finally, we evaluate the computational time and the number of
evaluations of the loss function and its gradient for the three cali-
bration methods (Table 5) on a standard laptop (12th Gen Intel(R)
Core(TM) i7-12650H, 2.30 GHz, 16GB RAM). CMC is more than
3 times faster than L-BFGS-B in terms of computational time.
Instead, CMC-L-BFGS-B is slower than L-BFGS-B because the
CMC step’s initial guess increases the computational time for the
subsequent L-BFGS-B step. The average number of loss function
evaluations for CMC matches the maximum number of iterations
(500), meaning that the stopping criterion a = 0 never occurs.
Nonetheless, CMC typically achieves the minimum loss in less
than 500 function evaluations (on average 243), suggesting that
a more refined stopping criterion could improve CMC’s perfor-
mance. L-BFGS-B and CMC-L-BFGS-B are slower than CMC
because computing the gradient of the loss function is more com-
putationally demanding than evaluating the loss function itself.
Both CMC and CMC-L-BFGS-B require the computation of the
correlation matrix between model parameters and outputs, that
slightly impacts the total computational time of these methods.

4.2 | Test 2: Robustness With Respect to the
Initial Guess of Parameters

In this section, we test the robustness of the calibration methods
on patient nine of Table 4 to the initial guess of parameters. We
chose sample 9 because all the calibration methods achieved a
successful calibration for this sample (Figure 5). Moreover, select-
ing a sample with rRMSE close to 0 for certain methods could
result in different initial guesses leading to the same parameter
estimate. While this demonstrates the robustness of the initial
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FIGURE 5 | Test 1. Number of successful calibration procedures for each calibration method (a) and rRMSE between estimated and real parameters
for each sample (b). Only successful calibrations are reported.

FIGURE 6 | Test 1. Bland-Altman plots between normalized real and estimated model outputs. We represent by means of continuous lines the mean
of the difference between real and estimated model outputs, and with the dashed lines the 95% confidence interval for this mean. Each model output is
normalized with respect to its maximum value across the 20 in silico-generated data. Only successful calibrations are reported.

parameter guess, we aim to stress each method with a less favor-
able sample, which is why we chose sample 9 for this test. We
initiated the calibration procedures from 20 different randomly
selected initial parameter settings, each within the associated
ranges for the calibration procedure. Our goal is to determine if
the three calibration methods would converge to the same param-
eter setting.

As preliminary results, CMC successfully calibrates the model for
all 20 initial settings, while L-BFGS-B succeeds for 16 settings
and CMC-L-BFGS-B for 20 settings (Figure 8a). CMC is more

robust in estimating the model outputs than the other two meth-
ods, as the box plots for the difference between real and esti-
mated outputs are smaller (Figure 9). Moreover, L-BFGS-B and
CMC-L-BFGS-B produce biased estimates of max ∇𝑃rAV, 𝑆𝐴𝑃max
and 𝑆𝐴𝑃min with respect to their actual value.

Unlike the previous section, CMC achieves smaller parameter
errors compared to the other two methods (Figure 8b). To fur-
ther evaluate the robustness of the calibration methods, we calcu-
late the relative standard deviation of each estimated parameter
to its true value (Figure 8c). High relative standard deviations
indicate different parameter estimates across different samples.

14 of 23 International Journal for Numerical Methods in Engineering, 2025
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FIGURE 7 | Test 1. (a) Scatter plots between normalized real and estimated parameters. (b) Bland-Altman plots between normalized real and esti-
mated parameters. With the continuous lines, we represent the mean of the difference between real and estimated parameters, and with the dashed
lines the 95% confidence interval for this mean. Each parameter is normalized with respect to its maximum value across the 20 in silico-generated data.
For both figures, only successful calibrations are reported.

TABLE 5 | Test 1. Total and average computational times of the three calibration methods along with the average loss function and gradient of
the loss function evaluations. The average is computed across the 20 in silico-generated data. CMC does not use the gradient of the loss function.
Computational time and number of model simulations run to compute the correlation matrix between model parameters and outputs.

Average time
[min]

Total
time [h]

Average loss
evaluations

Average gradient
loss evaluations

CMC 16.9 6.0 500 —
L-BFGS-B 57.6 19.2 120 120
CMC-L-BFGS-B 66.0 22.4 146 142

Total time Number of model simulations
Correlation matrix estimate 24.1 min 700

15 of 23
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FIGURE 8 | Test 2. Number of successful calibration procedures for each calibration method (a), rRMSE between estimated and real parameters
for each initial guess of parameters (b) and relative standard deviations of the estimated parameters (c). Only successful calibrations are reported.

FIGURE 9 | Test 2. Box plots of the normalized real and estimated model outputs difference. We represent the zero difference with a dashed line,
indicating perfect accuracy in prediction. Each model output is normalized with respect to its value of the in silico patient nine. Only successful cali-
brations are reported.

16 of 23 International Journal for Numerical Methods in Engineering, 2025
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FIGURE 10 | Test 2. Box plots of the normalized real and estimated parameters difference. We represent the zero difference with a dashed line,
indicating perfect accuracy in prediction. Each parameter is normalized with respect to its value of the in silico patient nine. Only successful calibrations
are reported.

FIGURE 11 | Test 3. Box plots of normalized real and estimated model outputs difference. We represent the zero difference with a dashed line,
indicating perfect accuracy in prediction. Each model output is normalized with respect to its value of the in silico patient seven. Only successful
calibrations are reported.

Except for 𝐶SYS
AR , where CMC exhibits the lowest relative standard

deviation, the three methods follow a similar trend, indicating
similar robustness to the initial parameter guess. From the box
plots of the difference between real and estimated parameters
(Figure 10), we observe that CMC estimates the parameters more
precisely than the other two methods. Moreover, L-BFGS-B and
CMC-L-BFGS-B poorly estimate 𝐸𝐵RV and 𝐶SYS

AR , that affect sig-
nificantly the estimates of max ∇𝑃rAV, 𝑆𝐴𝑃max and 𝑆𝐴𝑃min.

4.3 | Test 3: Robustness With Eespect to Noisy
Data

In this section, we introduce synthetic noise to patient seven of
Table 4, generating a dataset of 20 samples. Noisy data represent
a realistic scenario, making the ability to accurately estimate the
parameters under this condition critical for calibration methods.

We sample the noise of each data from a normal distribution with
zero mean and standard deviation equal to the expected measure-
ment error associated with the data (Table 3). The initial param-
eter setting for the calibration procedures is displayed in Table 1.

All three calibration methods successfully calibrated the model
for all 20 samples. However, the model output estimates for all
three methods are biased to the real values, with CMC producing
slightly larger box plots (Figure 11). This bias is a consequence of
the noise in the data, even though the three methods estimate
similar model outputs. Computing the rRMSE between model
outputs and actual data (without noise), we obtain, for all the
samples, higher errors than the rRMSE computed to noisy data
(Figure 12a in the case of CMC).

As in Section 4.2, the three methods exhibit similar trends in the
relative standard deviations (Figure 12b), indicating comparable
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FIGURE 12 | Test 3. 𝑟𝑅𝑀𝑆𝐸 on noisy and actual in silico-generated data for CMC (a) and relative standard deviations of the estimated parameters
for the 20 samples (b).

FIGURE 13 | Test 3. Box plots of normalized real and estimated parameters difference. We represent the zero difference with a dashed line, indi-
cating perfect accuracy in prediction. Each parameter is normalized with respect to its value of the in silico patient seven. Only successful calibrations
are reported.

robustness to noisy data. In terms of parameter estimates, the
three calibration methods perform similarly (Figure 13). Even if
for 𝐸𝐵LV and 𝐸𝐵RV the box plots for CMC are smaller, they are
biased as the ones of the other two methods.

4.4 | Test 4: Calibrations on Clinical Data

In this section, we apply the calibration procedures to clinical
data from two real patients affected by COVID-19-related pneu-
monia (Table 6). Centro Cardiologico Monzino in Milan and L.
Sacco Hospital provided the data.

Since the parameter ranges for COVID-19-related pneumonia dif-
fer from those in the previous sections (see Appendix A), the GSA
results also change. For brevity, we do not report the Sobol indices
here, but only the parameters selected for calibration. Based on
the GSA (as described at the beginning of Section 4), we choose
the following parameters for the calibration for the patient from
Monzino 𝐸𝐴LV, 𝐸𝐴RV, 𝑅SYS

AR , 𝐶SYS
AR and 𝑅SYS

VEN. For the patient from
Sacco Hospital, who has more clinical data available, the selected

parameters are: 𝐸𝐵LA, 𝐸𝐴LV, 𝐸𝐵LV, 𝐸𝐴RV, 𝑅SYS
AR , 𝐶SYS

AR and 𝑅SYS
VEN.

We compare the estimated parameters and the ventricular PV
(Pressure-Volume) loops which provide clinical insight into the
patients’ cardiac condition.

All rRMSE are less than 10−1 (Table 7), indicating successful
calibration procedures. For both patients, CMC-L-BFGS-B and
L-BFGS-B obtained the best results in terms of the loss function.

For the patient from Monzino, the relative standard deviations
of the estimated parameters across the three calibration methods
are less than 10% (Table 8), suggesting comparable estimates.
L-BFGS-B and CMC-L-BFGS-B estimate the same parameter
values except for 𝐸𝐴RV. Consequently, the left ventricular PV
loops are nearly identical for these two calibration methods,
while the right ventricular PV loops show greater differences
(Figure 14a,b). CMC returns different estimates for the vascular
parameters compared to the other two calibration methods, lead-
ing to clinically negligible differences in the PV loops. Despite
only knowing the value of max ∇𝑃rAV, related to the right ven-
tricle, all three calibration methods consistently indicate an
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TABLE 6 | Clinical data of two patients, provided by Centro Cardiologico Monzino and L. Sacco Hospital in Milan.

Patient HR 𝑳𝑨Vmax 𝑳𝑽EDV 𝑳𝑽ESV 𝑳𝑽EF max 𝛁𝑷rAV 𝑺𝑨𝑷max 𝑺𝑨𝑷min 𝑷𝑨𝑷max

Monzino 70 — 233 130 42 25 140 55 —
Sacco 60 50 110 33 70 20 135 70 25

TABLE 7 | Final value of the rRMSE for the three patient-specific calibration methods.

Patient CMC L-BFGS-B CMC-L-BFGS-B

Monzino 5.4 ⋅ 10−2 4.0 ⋅ 10−2 3.8 ⋅ 10−2

Sacco 4.0 ⋅ 10−2 1.2 ⋅ 10−2 1.2 ⋅ 10−2

TABLE 8 | Estimated parameters by the patient-specific calibrations and their relative standard deviations. For the Monzino patient, we do not
calibrate 𝐸𝐵LA and 𝐸𝐵LV according to the GSA.

Patient Calibration method 𝑬𝑩LA 𝑬𝑨LV 𝑬𝑩LV 𝑬𝑨RV 𝑹
SYS
AR 𝑪

SYS
AR 𝑹

SYS
VEN

Monzino CMC — 1.04 — 0.66 0.62 0.65 0.27
L-BFGS-B — 1.02 — 0.66 0.55 0.75 0.24

CMC-L-BFGS-B — 1.02 — 0.60 0.55 0.75 0.23
Relative standard deviation — 1% — 5% 7% 8% 8%
Sacco CMC 0.21 4.18 0.067 0.62 0.63 1.08 0.301

L-BFGS-B 0.18 4.38 0.061 0.72 0.60 0.89 0.299
CMC-L-BFGS-B 0.19 4.35 0.061 0.72 0.60 0.90 0.297

Relative standard deviation 7% 2% 6% 8% 3% 11% 1%

FIGURE 14 | Test 4. Estimated right ventricular (a) and left ventricular (b) PV loops of the Monzino patient and right ventricular (c) and left
ventricular (d) PV loops of the Sacco patient.
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FIGURE 15 | Test 5. Relative root mean squared error between actual and estimated outputs (a) and parameters (b) varying the step size of the
calibrate subroutine. The red lines represent the error achieved using a random step.

increased right workload, as evidenced by the 𝑅𝑉Pmax values (all
above 30 mmHg) exceeding the associated healthy range [38]
(Table 2). However, 𝑅𝑉Pmin values (all below 8 mmHg) are within
the healthy range (Table 2). For the left ventricle, 𝐿𝑉ESV values
(all above 52 mL), 𝐿𝑉Pmax (all above 140 mmHg) and 𝐿𝑉Pmax (all
above 9 mmHg) are higher than the associated healthy ranges
(Table 2), indicating an impaired left ventricular function. Due
to the lack of BSA data, we can not compare 𝑅𝑉EDV, 𝑅𝑉ESV and
𝐿𝑉EDV values to the indexed healthy ranges (Table 2).

For the patient from L. Sacco Hospital, the relative standard devi-
ations of the estimated parameters are less than 12% (Table 8) and
the discrepancies in PV loops are smaller than in the previous
case (Figure 14c,d), due to the availability of more clinical data.
The three right and left ventricular PV loops indicate that despite
being affected by COVID-19-related pneumonia, the patient is in
healthy conditions.

4.5 | Test 5: Effects of Fixed Steps on the
Correlation Matrix Calibration Method

In this section, we investigate the impact of different fixed step
values 𝑠 in the calibrate subroutine (described in Section 3.2),
replacing the random step. We focus on calibrating patient one
from Table 4 and run 20 tests with 20 evenly spaced steps in [0, 1].
At each iteration of CMC, we select a parameter 𝑝l for calibration
(as outlined in Section 3.2) and the calibrate subroutine updates 𝑝l
as (1 − 𝑠)𝑝l + 𝑠𝑏 if 𝑝l needs to decrease or (1 − 𝑠)𝑝l + 𝑠𝑢̄ if it needs
to increase, rather than sampling from a uniform distribution.

The rRMSE on outputs exhibits a decreasing trend as 𝑠 increases
from 0 to approximately 0.2 (Figure 15a). Above this thresh-
old, the error increases. For 𝑠 = 0 the optimal output estimate
does not change since (1 − 𝑠)𝑝l + 𝑠𝑏 = (1 − 𝑠)𝑝l + 𝑠𝑢̄ = 𝑝l. When
𝑠 approaches 1, the calibration procedure fails to improve the
parameter estimates from the initial guess, resulting in an rRMSE

on outputs equal to that for 𝑠 = 0. The trend of the rRMSE on
the parameters mirrors that for the outputs (Figure 15b). CMC is
robust to the step size 𝑠, except for high and low values, with an
optimal step size near 0.2. Using a random step in the calibrate
subroutine leads to a suboptimal rRMSE. However, the tuning of
the step size value requires different calibration simulations to
perform the grid search.

5 | Conclusions

This study introduces two novel gradient-free calibration meth-
ods for a cardiocirculatory mathematical model based on the cor-
relation matrix between model parameters and outputs. All the
considerations are specific to the cardiocirculatory model pre-
sented in Section 2.

We showed that the new method, named CMC, outperforms
L-BFGS-B in terms of successful calibrations (Section 4.1). Due
to its random step procedure, CMC avoids local minima and
explores the parameter space more efficiently than L-BFGS-B.
This advantage also benefits the performance of the combined
CMC-L-BFGS-B, which similarly outperforms L-BFGS-B in the
number of successful calibrations. However, as a gradient-free
method, CMC’s estimates of cardiocirculatory parameters
are less accurate than those of L-BFGS-B (Figures 5b and 7).
Despite these differences, the PV loops obtained for real patients
indicate the same cardiac condition (Section 4.4). We also
showed that optimizing the calibration step values for CMC,
at the expense of increased computational cost, can improve
parameter estimates (Section 4.5).

In terms of computational time, CMC outperforms both
L-BFGS-B and CMC-L-BFGS-B, offering a good trade-off between
accuracy and efficiency in estimating clinical data for the car-
diocirculatory model (Table 5). For sample 9 (Table 4), CMC is
the most robust method among the three to the initial guess
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of cardiocirculatory parameters (Section 4.2). However, this
property is not consistent across all samples: for instance, repeat-
ing test 2 on sample 7, both L-BFGS-B and CMC-L-BFGS-B
achieve relative root mean squared errors on the parameters of
order 10−3, while CMC’s errors are more significant. Nonethe-
less, both CMC and CMC-LBFGS-B achieve results comparable
to L-BFGS-B, even when dealing with noisy cardiovascular data
(Section 4.3), making them viable alternatives.

We now address the limitations of this work.

Firstly, the assumption of parameter independence allows to use
of Sobol’s indices for the GSA. Removing this assumption and
employing a sensitivity analysis method not require parameter
independence would enhance the robustness of the analysis.

Secondly, the stopping criterion of CMC a = 0 is never met.
A more refined stopping criterion could potentially reduce the
number of loss function evaluations and shorten the computa-
tional time to converge, as discussed in Section 4.1.

Thirdly, the use of correlation coefficients in CMC may over-
look strong non-linear relationships between model parameters
and outputs. To address this, we implemented CMC-L-BFGS-B,
which incorporates L-BFGS-B steps to account for non-linear
relationships. However, CMC-L-BFGS-B exhibits a lower con-
vergence rate compared to the other two calibration methods.
Fine-tuning the rMSE threshold (currently set to 2.5 ⋅ 10−2),
which triggers the switch from CMC to L-BFGS-B, could poten-
tially improve the performances of CMC-L-BFGS-B.

Finally, in Sections 4.2, 4.3 and 4.5, we focused our analysis on a
single sample. We verified that the results were independent from
the specific sample by conducting the three tests of these sections
on a few different samples. However, a more comprehensive anal-
ysis is needed to generalize our conclusions.
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Appendix A

Bounds on the Parameters

In this section, we outline the bounds of the parameter hypercube used
in the GSA and the calibration procedures for the lumped-parameter car-
diocirculatory model.

For the GSA, as described in Section 3.1, we fix the HR and cardiac cycle
timings, modifying only the parameters in Table 1 as “parameters used
in the global sensitivity analysis”. We have previously chosen a reference
setting of parameters pR (Table 1) to model an ideal healthy individ-
ual (Section 2). To account for variations among different healthy indi-
viduals, we allow the parameters to vary within a hypercube centered
around pR. The width in each direction is set to 2∕3 of the reference
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parameter value. We sample each parameter 𝑝l (1 ≤ 𝑙 ≤ 𝑁p = 32) in[(
1 − 2

3

)
𝑝R

l ,
(

1 + 2
3

)
𝑝R

l

]
. This hypercube width enables us to account for

several possible conditions.

For the calibration methods, we fix at their reference value the parameters
with total Sobol’ indices all less than 0.1, as these parameters do not sig-
nificantly affect the model outputs used for calibration (Table 2), making
them non-identifiable. The remaining parameters are free to vary within
the same ranges as those used in the GSA.

To account for severe COVID-19-related pneumonia, we consider three
additional changes in the parameter ranges, according to clinical
literature:

• The active elastances of the four cardiac chambers may be fur-
ther halved to simulate reduced cardiac contractility, reflecting the
impairment of the cardiac function due to the infection [25].

• The pulmonary resistances can be further triple to model vary-
ing levels of increased pulmonary resistances due to vascular wall
thickening [28, 29].

• The pulmonary compliances can be further divided by 3 to
account for potential endothelial damage, leading to decreased
compliance [28].
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