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A B S T R A C T   

The paper presents a semi-analytical approach for the study of the debonding phenomenon of Fiber Reinforced 
Cementitious Matrix (FRCM) systems externally applied to curved masonry pillars. One of the main features of 
the approach consists of considering the strengthening system composed by three separated components: 
external mortar layer, central fiber net and internal mortar layer. These components, assumed subjected to a 
longitudinal state of stress, interact one each other through tangential stresses developing at the level of zero- 
thickness interfaces. Regarding the latter, a tri-linear shear stress-slip relationship is assumed to account for a 
first elastic phase, a second phase exhibiting linear softening and a third phase with a possible non-null residual 
strength. Since in case of curved substrates, by equilibrium, normal stresses at the interfaces between fiber and 
matrix arise, which modify the peak tangential resistance and the ductility, a classic Mohr-Coulomb criterion is 
introduced in the approach. Additionally, the central fiber net progressively transfers along the bond length the 
force applied at its loaded end by means of an elastic interface interposed between the internal mortar layer and 
the substrate, the latter assumed rigid and infinitely resistant. The longitudinal equilibrium equations written for 
the two mortar layers, suitably re-arranged considering the constitutive behavior of the layers, allow to deduce a 
field problem governed by six first order differential equations into six unknowns. The non-linearity is tackled by 
means of a recursive elastic numerical algorithm where the elastic modulus of the damaged materials is pro
gressively dropped down, subdividing the bonded length into small portions where the material properties are 
assumed constant. For each element the solution of the field problem is known in closed form and the only 
variables to determine are the integration constants coming from the solution of the differential equation system. 
After a standard assemblage, all constants are derived imposing the boundary conditions at the extremes of the 
elements, which depend on the state of cracking of the matrix layer. The validation of the proposed approach is 
carried out with reference to recent experimental tests carried out by the Authors. The obtained results show the 
reliability of the approach to account for the influence of the curvature of the substrate on the debonding process 
of FRCM systems.   

1. Introduction 

Strengthening interventions on existing masonry structures based on 
the use of fiber reinforced composite materials are nowadays a current 
and increasing practice. In particular, reinforcements made of sheets or 
strips embedded into inorganic matrices (called Fiber Reinforced 
Cementitious Matrix, FRCM, or Textile Reinforced Matrix, TRM) exter
nally applied to masonry substrates represent one of the most used 
techniques ([1–7]). Indeed, this technique, which allows for providing a 
system interacting with masonry by improving its capacity in tension, 
can be easily employed for both planar and curved substrates. The latter 

in particular plays a significant role in case of historical constructions 
where curved masonry structural elements such as arches, vaults, 
domes, etc., are common parts of the whole structure. 

Failure modes observed for FRCM reinforcements clearly include the 
propagation of cracks inside the different layers. 

The studies available in the literature focus the attention mainly on 
the local interaction mechanisms between FRCM systems and masonry 
substrates, and in particular they refer to a flat masonry substrate 
configuration ([8–30]). As existing studies emphasize, it is observed a 
local bond behavior where the shear-stress transfer mechanism from the 
reinforcement to the matrix, and then to the masonry substrate, is not 
only influenced by the characteristics of the involved materials 
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(reinforcement, matrix and masonry) but also by the configuration of 
the reinforcement (generally composed by a grid) and the possible 
damage of the matrix. In this regard, some studies ([15,22]) underlined 
the main differences of the bond behavior of FRCM systems with respect 
to composite systems made of organic matrices (Fiber Reinforced 
Polymer systems, FRP). 

The complexity of the local failure phenomena occurring inside an 
FRCM reinforcing package and the boundary conditions to apply in the 
different cases of practical interest (namely entire reinforced structures 
or real scale structural elements) cannot leave aside the utilization of 
computerized methods, which are often (albeit not always) based on a 
classic FE discretization. It is in fact notorious that the most diffused and 
straightforward approach available in the literature to deal with such 
kind of problems relies into the direct utilization of Finite Elements with 

softening materials. Both standard and non-standard numerical pro
cedures have been already presented in the specialized literature. 

For instance, a standard approach which is quite common relies into 
the heterogeneous discretization of matrix and fiber layers, joined 
together by means of softening interfaces [31,32]. Typically, conven
tional non-linear FE material models (such as the Concrete Damage 
Plasticity CDP model in Abaqus, coupled with cohesive interfaces) are 
used. Unfortunately, the computational burden is quite high even for the 
analysis of small laboratory samples. Furthermore, from a theoretic 
point of view, the procedures proposed merely consist of a special 
application of consolidated typologies of material models in a specific 
field of research. Premature halting and a dependence of the results on 
the many input parameters to set for the materials represent classic 
sources of difficulties that a standard user is asked to face with. 

Nomenclature 

A outer matrix layer 
B central fiber embedded between the two matrix layers 
BF effective width of the central fiber 
C inner matrix layer 
c0 cohesion of the intact interface between matrix layer and 

central fiber 
cr residual cohesion of the interface between matrix layer and 

central fiber 
dφ angle identifying the amplitude of the infinitesimal portion 

of the FRCM package 
EA elastic modulus of the material composing the outer matrix 

layer 
EB elastic modulus of dry fiber of the central fiber 
EC elastic modulus of the material composing the inner matrix 

layer 
E(i,k)

A elastic modulus of the infinitesimal portion (k) of the outer 
matrix layer at the load step (i)

E(i,k)
B elastic modulus of the infinitesimal portion (k) of the 

central fiber at the load step (i)
E(i,k)

C elastic modulus of the infinitesimal portion (k) of the inner 
matrix layer at the load step (i)

ftM tensile strength of the material composing the matrix 
layers 

KI slope of the initial branch of the constitutive law of the 
interface between the matrix layer and central fiber 

K(i,k)
AB elastic stiffnesses of the infinitesimal portion (k) of the 

interface between the outer matrix layer and central fiber 
at the load step (i)

K(i,k)
BC elastic stiffnesses of the infinitesimal portion (k) of the 

interface between the inner matrix layer and central fiber 
at the load step (i)

K(i,k)
S elastic stiffnesses of the infinitesimal portion (k) of the 

interface between the inner matrix layer and substrate at 
the load step (i)

K(k,i+1)
AB updated elastic stiffnesses of the infinitesimal portion (k) of 

the interface between the inner matrix layer and central 
fiber at the subsequent load step (i + 1)

L bonded length 
Le length of the infinitesimal portion of the element 
ne number of subdivisions of the bonded length accounted for 

the discretization 
RC curvature radius of the interface 
tA thickness of the outer matrix layer 
tB thickness of the central fiber embedded between the two 

matrix layers 
tC thickness of the inner matrix layer 
UA displacement of the outer matrix layer 
UB displacement of the central fiber embedded between the 

two matrix layers 
UC displacement of the inner matrix layer 
UB(L) displacement at the loaded edge of the central fiber 
UB(0) displacement at the free edge of the central fiber 
ΔIe slip at the elastic limit of the interfaces between matrix 

layer and central fiber 
ΔIu ultimate slip of the interfaces between matrix layer and 

central fiber 
ΔIes slip at the elastic limit of the interfaces between matrix 

layer and central fiber modified by the presence of normal 
stresses 

ΔIus ultimate slip of the interfaces between matrix layer and 
central fiber modified by the presence of normal stresses 

εMe strain at the elastic limit of material composing the matrix 
layers 

εMu ultimate strain of material composing the matrix layers 
Φ initial friction angle of the interfaces between matrix layer 

and central fiber 
Φr residual friction angle of the interfaces between matrix 

layer and central fiber 
σA longitudinal stresses acting on the outer matrix layer 
σB longitudinal stresses acting on the central fiber embedded 

between the two matrix layers 
σC longitudinal stresses acting on the inner matrix layer 
σI,AB normal stresses acting on the interface between the outer 

matrix layer and central fiber 
σI,BC normal stresses acting on the interface between the central 

fiber and inner matrix layer 
τAB tangential stress acting on the interface between the outer 

matrix layer and central fiber 
τ′AB projection of tangential stress on the softening branch in 

case τAB at the end of step i exceeds τm 

τBC tangential stress acting on the interface between the inner 
matrix layer and central fiber 

τm shear strength of the interface between the matrix layer 
and central fiber modified by the presence of normal 
stresses 

τr residual shear strength of the interface between the matrix 
layer and central fiber modified by the presence of normal 
stresses 

τS tangential stress acting on the interface between the inner 
matrix and substrate  
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Other procedures include, for instance, the specialization of the 
general method known as phase field theory [33–37], peri-dynamics 
[38], high order beam theory [39,40], etc. 

For instance, Donnini and co-workers in [37] specialized the model 
proposed by Alessi and Freddi [36] for hybrid laminates, revising and 
adapting it to the specific problem of FRCM coupons. In particular, they 
schematized the coupons as multilayer systems constituted by mortar, 
reinforcement and interfaces. Each layer was modeled as a brittle bar 
subjected to tensile stress, with energy stored constituted by three 
contributions, as usual in phase field theories, namely an elastic part, a 
local damage term and a non-local gradient part. 

In any case, all the aforementioned numerical procedures require in 
the majority of the cases sophisticated numerical tools integrated in 
existing advanced FE codes and experienced users with a strong theo
retical background in the field. For a common user, such features 
represent an issue if the aim is the application of the models to the 
preliminary design phase of a reinforcement for real scale masonry 
structures to upgrade. 

Despite the interest towards the use of FRCM systems and the ap
plications on curved structures, only in recent years studies concerning 
the bond behavior of FRCM systems externally applied to curved ma
sonry substrates have been carried out ([32–50]). In particular, while 
some of these studies analyzed this topic from an experimental point of 
view ([32–45]), the others proposed different theoretical/analytical 
approaches for studying the local bond behavior of FRCM systems 
applied to curved masonry substrates ([44–50]). Among these, the Au
thors recently proposed numerical modeling approaches based on both a 
simplified schematization of the reinforcing system by means of spring 
elements [47] and a more advanced schematization based on a hetero
geneous Finite Element micro modelling [48]. Both the approaches 
showed a good reliability in reproducing the experimental tests and, at 
the same time, they allowed for analyzing the role of key parameters 
such as the curvature and the position of the reinforcement (at the 
intrados or extrados) on the bond behavior. 

However, they are affected by the limitation that their applicability 
is strictly limited to small samples under the imposition of simple 

Fig. 1. Mechanical model adopted for an FRCM applied to an infinitely stiff curved substrate.  

Fig. 2. Derivation of the longitudinal equilibrium equation for Layer A, curved FRCM reinforcement.  
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boundary conditions. 
The present approach leaves aside Finite Elements FEs and therefore 

allows to repeat rapidly debonding sensitivity analyses, which in turn 
permits to easily calibrate a simplified constitutive behavior for the 
reinforcement package, considered globally. Such approach appears 
particularly suitable in its utilization in a second phase, i.e. in Finite 
Element computations of entire masonry arches and vaults reinforced 
with FRCM. In the preparation phase for large scale structural applica
tions, the advantage is evident. The aim is indeed to model the rein
forcement with truss elements perfectly bonded to the substrate and 
exhibiting an elasto-damaging behavior in tension [51,52], truly 
equivalent to the FRCM composite package, but much more manage
able. It is expected that the stability of the non-linear numerical analyses 
is boosted considerably, at the same time giving the possibility to retain 
the actual behavior of FRCM in terms of debonding from the substrate, at 
least globally. 

In particular, a semi-analytical approach for the study of the 
debonding mechanism of FRCM systems externally applied at the 
intrados or extrados of curved masonry pillars is presented. The main 
feature of the approach consists of modeling the FRCM reinforcing 
system in three separated components, external mortar layer, central 
fiber net and internal mortar layer, assumed subjected to a longitudinal 

state of stress and interacting among them by means of interfacial 
tangential stresses. The reinforcement, assumed applied to a curved 
rigid and infinitely resistant substrate, is able to transfer the force 
applied at its loaded end by means of an elastic interface interposed 
between the substrate and the internal mortar layer. Particular regard is 
devoted to the schematization of the constitutive behavior of the in
terfaces interposed between the reinforcement and the two mortar 
layers: a trilinear relationship between tangential stress and slip is 
indeed assumed, in order to capture the initial undamaged phase, the 
post-peak strength degradation phase (softening) and the residual 
strength phase, according to the experimental evidence [43]. Since in 
case of curved substrates, by equilibrium, normal stresses at the in
terfaces between fiber and matrix arise, such feature is suitably taken 
into account in the model modifying the peak tangential resistance and 
the ductility through a classic Mohr-Coulomb criterion. 

From a mathematical point of view, the three longitudinal equilib
rium equations written for fiber (Layer B), outer and inner mortar layers 
(A & C) can be suitably manipulated in such a way that the field problem 
to solve is constituted by a system of first order differential equations 
where the independent variables are the longitudinal stresses of the 
three layers and their longitudinal displacements. Normal stresses acting 
at the interface between fiber and inner/outer mortar are deduced by 

Fig. 3. Forces acting on layers A & B to evaluate normal stresses acting on interfaces AB and BC by imposing the equilibrium along the radial direction.  
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radial equilibrium; their presence modifies the ductility and strength of 
the interfaces, with intuitive beneficial effect for an extrados rein
forcement and detrimental for an intrados one. If all the materials 
behave elastically, a closed form solution can be easily derived. 

Fig. 4. Updating strategy of the elastic properties for an element k at the end of the i-th load step, mortar layers A & C and interfaces AB & BC.  

Fig. 5. Comparison between the adopted fiber-mortar interface constitutive 
behavior and experimental data obtained on the same FRCM package applied 
on a flat masonry substrate. 

Table 1 
Shear tests carried out at the University of Florence. Mechanical and geometrical 
properties adopted for the different components.  

Quantity Symbol Value Unit of 
measure 

Dry fiber elastic modulus EB 241 GPa 
Equivalent thickness of the warp mesh 

(layer B thickness) 
tB 0.045 mm 

Layer A & C elastic modulus EA=EC 5000 MPa 
Thickness of the mortar layers tA = tC 4 mm 
Layer A & C tensile strength ftM 5.05 MPa 
Layer A & C strain at the elastic limit εMe ftM/EA – 
Layer A & C ultimate tensile strain εMu 2 εMe – 
Matrix-fiber interface slip at the 

elastic limit 
ΔIe 0.055 mm 

Matrix-fiber interface ultimate slip ΔIu 0.425 +

3000
Rc

ΔIe 

mm 

Cohesion of the intact interface c0 1.75 MPa 
Interface residual cohesion cr 1/8 c0 MPa 
Initial interface friction angle Φ 40◦ Deg 
Residual friction angle Φr 25◦ Deg 
Elastic stiffness interface S KS 10c0/ΔIe N/mm3  
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Consequently, a fully explicit iterative algorithm to deal with non- 
linearities is proposed that bases on dealing with elastic materials at 
each load step. It relies into the progressive relaxation of the stiffness 
when the softening branch is activated in one of the components of the 
reinforcing system, following an idea already proposed in [53–55]. Its 

main futures are represented by the great robustness and the need to 
solve iteratively only elastic problems with progressively reduced stiff
ness of the elements. 

Whilst there are some formal similarities in the physical model with 
the phase field method, the incremental procedure used here is fully 

Fig. 6. Global behavior of CAE, CBE, CBI, CAI specimens (in clockwise direction from the top-left subfigure). Comparison between present model results and 
experimental data. 

Fig. 7. Numerical peak strength (-a) and ultimate displacement (-b) obtained for CAE, CBE, CBI and CAI.  
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explicit and much easier. The major advantage relies indeed into dealing 
with an elastic problem at each time step, where the structure is 
constituted by many small trusses positioned in parallel that interact 
with elastic interfaces mutually exchanging tangential stresses. There 
are therefore, by definition, no numerical issues possible because the 
problem is well posed, and the solution found is characterized by the 
uniqueness property typical of the elastic materials. In general, the al
gorithms adopted in other models available in the literature are much 
more complex, for instance in [37] the evolution problem is formulated 
as a constrained quadratic programming solved at each load increment. 
Consequently, also the numerical efficiency is in favor of the present 
approach, because only a factorization of a medium scale elastic matrix 
is needed at each time step. 

The semi-analytical approach can be applied for any problem of 
FRCM debonding in presence of concrete and masonry, possibly curved, 
substrates and -thanks to its robustness, simplicity and the reduced time 
needed for obtaining the results-, may represent a valuable tool in the 
preliminary design of FRCM strengthening systems. The capability of the 
proposed modeling approach to capture the experimental bond behavior 
is assessed in the paper with reference to experimental tests carried out 
by the Authors and presented in [43]. 

2. Mathematical model in case of curved substrates 

Let us consider a curved substrate reinforced with FRCM and sub
jected to a standard shear-lap test, see Fig. 1. 

For the reinforcing pack, three layers are considered, namely the 
outer and inner matrix (layers A and C) and the central fiber (layer B) 
embedded between A & C. The following hypotheses are done: (i) all 
layers are assumed in a monoaxial stress state acting longitudinally; (ii) 
layers A & C are characterized by a constitutive behavior that is non- 
linear with softening in tension, layer B is linear elastic; (iii) all layers 

are assumed interacting by means of possibly non-linear interfaces. The 
reinforcing pack is then assumed connected to a rigid infinitely resistant 
substrate. An elastic interface is interposed between them, to account for 
the actual deformability of the substrate (if not negligible). 

The kinematic variables are the longitudinal displacements of the 
three layers, labeled from the extrados to the intrados with UA, UB and 
UC respectively. Let indicate with L the bonded length, with RC the 
curvature radius of the interface and with tA, tB and tC the thickness of 
layers A, B, C, respectively. The out-of-plane width is assumed unitary. 
As far as the static variables are concerned, let indicate with σA, σB and 
σC the longitudinal stresses acting on the three layers, listed in order 
from the outer to the inner one. At the interface A-B between layers A 
and B, a tangential stress τAB is exchanged; similarly, τBC acts at the 
interface between layers B and C. Finally, τS acts at the interface be
tween inner matrix and substrate. Due to the curvature of the substrate, 
by equilibrium, at the interfaces A-B and B-C normal stresses arise, 
which are respectively denoted with σI,AB and σI,BC. 

For illustrative purposes, let us isolate an infinitesimal portion of 
Layer A, 

(
RC +tC +tB +tA

2
)
dφ long, as illustrated in detail in Fig. 2. 

Similar considerations can be repeated for Layers B & C, with no 
conceptual differences in the derivation of the field equations. For the 
sake of conciseness, no further details are given to the reader. Here it is 
only emphasized that, isolating an infinitesimal longitudinal portion of 
the reinforcing pack identified by dφ and hereafter called (k), see Fig. 1, 
the following three equilibrium equations along the longitudinal direc
tion, each referring to one of the three layers, can be written: 

Fig. 8. CAE data. From the top-left in clockwise order. Force tBBfσB(L) - displacement UB(L), UB(0) curves; UA, UB, UC, UB − UC, UB − UA behavior along the bond 
length (the color of the curves corresponds to the particular instants investigated during the loading process and matches that of the points represented in the top-left 
sub-figure). 
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dσA

dφ
=

RC + tB + tC

tA
τAB

dσB

dφ
=

RC + tC

tB
τBC −

RC + tB + tC

tB
τAB

dσC

dφ
=

RC

tC
τS −

RC + tC

tC
τBC

(1)  

Let us assume that the non-linear problem is solved at each load step by 
means of a strategy of reduction of the elastic modulus/stiffness of that 
component of the reinforcement (matrix and interfaces) exceeding the 
elastic limit in the previous load step. Let assume, at a certain load step 
(i) and for a certain infinitesimal portion (k) of the reinforcement, that 
the elastic moduli of layers A, B and C are respectively equal to E(i,k)

A , 
E(i,k)

B and E(i,k)
C . The same hypotheses hold for the elastic stiffnesses of the 

interfaces AB, BC and S, labeled respectively with symbols K(i,k)
AB , K(i,k)

BC 

and K(i,k)
S . 

Under such assumptions, Eq. (1) can be re-written as follows: 

σA =
E(i,k)

A

RC +
tA

2
+ tB + tC

dUA

dφ

σB =
E(i,k)

B

RC +
tB

2
+ tC

dUB

dφ

σC =
E(i,k)

C

RC +
tC

2

dUC

dφ

dσA

dφ
=

RC + tB + tC

tA
K(i,k)

AB (UA − UB)

dσB

dφ
=

RC + tC

tB
K(i,k)

BC (UB − UC) −
RC + tB + tC

tB
K(i,k)

AB (UA − UB)

dσC

dφ
=

RC

tC
K(i,k)

S UC −
RC + tC

tC
K(i,k)

BC (UB − UC)

(2)  

It should be noted that in Eq. (2) the first three equations represent the 
elastic constitutive behavior of layers A, B and C, bearing in mind that 
E(i,k)

B and K(i,k)
S remain unaltered in the subsequent loading steps, because 

the materials are assumed infinitely elastic. 
Eq. (2) can be rearranged in the following matrix form: 

Fig. 9. CAE data. From the top-left in clockwise order. σA, τAB, τBC, KSUC, σI,BC, σI,AB, σC, σBtB behavior along the bond length (the color of the curves corresponds 
to the particular instants investigated during the loading process and matches that of the points represented in the previous sub-figure). 

G. Milani et al.                                                                                                                                                                                                                                  



Composite Structures 337 (2024) 118037

9

where the superscript (i, k) indicates any quantity pertaining to the 
position (k) at the (i)-th load step. Eq. (3) is a first order ODE system 
whose solution can be found analytically evaluating the eigenvectors 
and eigenvalues of K(i,k). 

The solution of the field problem for a single element (k) at the (i)-th 
load step is the following: 

Yi,k
(

Ci,k
q ,φ

)
= Ci,k

1 Ei,k
V1eλi,k

1 φ +Ci,k
2 Ei,k

V2eλi,k
2 φ+Ci,k

3 Ei,k
V3eλi,k

3 φ

+Ci,k
4 Ei,k

V4eλj,k
4 φ +Ci,k

5 Ei,k
V5eλi,k

5 φ +Ci,k
6 Ei,k

V6eλi,k
6 φ

(4)  

where the symbols have the following meaning:  

- Ci,k
q is an integration constant q = 1,⋯,6;  

- Yi,k is the solution vector;  
- Ei,k

Vq and λi,k
q are respectively the eigenvectors and the eigenvalues 

pertaining to element k at the load step i. 

For all elements, except the first and last ones located at the free and 
loaded edges, the continuity of the stresses and displacements between 
elements k − 1/k should be imposed. Therefore, the following 6 equa
tions are written in the 12 unknowns Ci,k

q and Ci,k− 1
q : 

− Yi,k
(

Ci,k− 1
q ,φj

)
+ Y

i,k(
Ci,k

q ,φj

)
= 06×1 (5)  

where the symbols have the following meaning:  

- 06×1 is a 6 × 1 vector of all zeros;  
- φj identifies the interface section between elements k − 1/k. 

Eq. (5) should be written for all internal interfaces between 

contiguous elements, so assuming to subdivide the entire bond length 
into ne small portions, 6ne − 6 equalities are derived. 

For the free edge node, the following 3 equations are written, 
imposing that the normal stress on the three layers A-C is equal to zero: 

diag( 0 0 0 1 1 1 )Yi,1
(

Ci,1
q , 0

)
= 06×1 (6)  

For the loaded edge, other three equations are written: 

diag( 0 1 0 1 0 1 )Yi,ne
(

Ci,ne
q ,φL

)
=
[

0 Ui,ne
BL 0 0 0 0

]T

= Ui,ne
BL

(7)  

where Ui,ne
BL is the displacement applied on the loaded edge of layer B at 

the time step i and φL is defined as follows: 

φL =
L

RC + tA + tB + tC
(8)  

Leaving out in Eqs. (6) and (7) the identity equations and considering 
Eqs. (5), (6) and (7) contemporarily, they constitute a linear system of 
6ne equations into 6ne unknowns, the latter being the Ci,k

q (from k = 1, 
first element located at the free edge to k = ne, last element at the loaded 
edge) integration constants of all the elements. 

Suitably assembling the previously introduced equations, the prob
lem is reformulated as follows: 

CiKi = Ui
BL (9)  

where Ci, Ki and Ui
BL are respectively the assembled vector of the 

integration constants of all the elements, the assembled square matrix of 
the coefficients of Eqs. (5), (6) and (7) and the vector of external loads 
applied at the time step i. Ui

BL is a vector of all zeros, exception made for 

dY(i,k)

dφ
= K(i,k)Y =

⎡

⎢
⎣

O3x3 K(i,k)
1

K(i,k)
2 O3x3

⎤

⎥
⎦Y(i,k)

dY(i,k)

dφ
=

[
dU(i,k)

A

dφ
dU(i,k)

B

dφ
dU(i,k)

C

dφ
dσ(i,k)

A

dφ
dσ(i,k)

B

dφ
dσ(i,k)

C

dφ

]T

Y(i,k) = [UA UB UC σA σB σC ]
T

K(i,k)
1 =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

RC +
tA

2
+ tB + tC

E(i,k)
A

0 0

0
RC +

tB

2
+ tC

E(i,k)
B

0

0 0
RC +

tC

2
E(i,k)

C

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

K(i,k)
2 =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

RC + tB + tC

tA
K(i,k)

AB −
RC + tB + tC

tA
K(i,k)

AB 0

−
RC + tB + tC

tB
K(i,k)

AB
RC + tC

tB
K(i,k)

BC +
RC + tB + tC

tB
K(i,k)

AB −
RC + tC

tB
K(i,k)

BC

0 −
RC + tC

tC
K(i,k)

BC
RC + tC

tC
K(i,k)

BC +
RC

tC
K(i,k)

S

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

O3x3 =

[
0 0

0 0

]

(3)   
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the third last component which is equal to the displacement Ui,ne
BL , 

imposed at the loaded edge on layer B. 
It is also interesting to point out that different boundary conditions 

can be also written, for instance an applied displacement at the free edge 
of layer B, U1,k

B0 . In such a case, Eqs. (6) and (7) rewrite as follows: 

diag( 0 1 0 1 1 1 )Y1,k
(

C1,k
q , 0

)
=

[
0 U1,k

BL 0 0 0 0
]T

diag( 0 0 0 1 0 1 )Y2ne − 1,k
(

C2ne − 1,k
q ,L

)
= 06×1

(10)  

By means of the imposition of the BCs written in Eq. (10), it is possible to 
simulate the snap back observed after the attainment of the peak load, 
which is documented in the literature [17–19]. 

By inversion of matrix Kk, Ck vector is computed through Eq. (9) and 
finally Yj,k is derived for each element k via Eq. (5). 

In order to find σI,AB and σI,BC, it is necessary to wimpose equilibrium 
for two infinitesimal portions with amplitude dφ of layers A and A + B, 
as illustrated in Fig. 3: 

σI,AB =
σAtA

RC + tB + tC

σI,BC =
σBtB

RC + tC
−

RC + tB + tC

RC + tC
σI,AB

(11)  

From the previous equation, it is interesting to notice that σI,AB and σI,BC 

can be found at the end of each load step knowing σA and σB. σI,AB and 
σI,BC are then used to modify in the new load step the constitutive law of 
the interfaces, as it will be explained in detail in the following sub-sec

Fig. 10. CAE data. Propagation of damage inside mortar layers and interfaces at the different instants investigated during the loading process. White circles and red/ 
blue crosses represent mortar and interface damage, respectively. Their dimension is proportional to the amount of damage. (For interpretation of the references to 
color in this figure legend, the reader is referred to the web version of this article.) 
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tion. 

2.1. Stiffness update for non-linear materials 

The non-linearity is tackled by means of a sequence of linear prob
lems, in agreement with the strategy proposed recently in [53–55], 
where the softening behavior is approximated by means of a sawtooth 
constitutive law. The idea is particularly simple and robust and allows to 
deal with strong non-linearities of the material by means of a sequence 
of elastic analyses. 

The behavior of mortar layers A & C and interfaces AB & BC is 
assumed in this paper trilinear, as illustrated in Fig. 4. 

In particular, for mortar layers, softening is assumed only in tension, 
whereas the compressive behavior is indefinitely elastic. The stress–
strain curve is defined by the strain at the elastic limit εMe, the tensile 
strength ftM and the ultimate strain εMu. 

Considering only layer A (the procedure is identical for layer C) and 
focusing on a single element k, at the end of step i, if σA > ftM, the normal 
stress is projected on the softening curve as follows: 

σ′A = max

⎧
⎪⎪⎨

⎪⎪⎩

εMu −
σA

E(k,i)
A

εMu − εMe
ftM; 0

⎫
⎪⎪⎬

⎪⎪⎭

(12)  

and the updated Young’s modulus is: 

E(k,i+1)
A =

σ′A
σA

E(k,i)
A (13)  

σA is the longitudinal stress of layer A calculated at the middle point of 
element k, as detailed in Fig. 4. If the elements are sufficiently short, 
such simplification does not have perceivable consequences of the ac
curacy of the results obtained. 

For the interfaces AB & BC, the trilinear behavior is defined by the 
slip at the elastic limit ΔIe, the ultimate slip ΔIu, the cohesion of the 
intact interface c0, the residual cohesion cr, the initial friction angle Φ 
and the residual friction angle Φr. A Mohr-Coulomb law is assumed to 
update both the peak and the residual strength in presence of normal 
stresses different from zero. The ultimate slip changes accordingly, as it 
is detailed hereafter. 

Considering again only the interface AB for the sake of brevity, then 
σI,AB is known everywhere along the length Le of the element, in 
agreement with Eq. (11). In the same way adopted for layer A, the al
gorithm modifies the stiffness of the interface for the element k, 
checking the stress state of the interface in the middle of the element. 

Denoting with σI,AB = σI,AB(sP) the normal stress at the middle point 
at the end of the load step i, the constitutive law of the interface is 
modified as follows (the reader is referred to Fig. 4 for the meaning of 
the symbols): 

Fig. 11. CAE data. Deformed shapes of the reinforcement package (-a) at 7 values of the displacement UB(L) applied at the loaded edge. -b: UA(s) (displacement of 
the outer matrix layer). -c: UB(s) (displacement of the fiber). -d: UC(s) (displacement of the inner matrix layer). 
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τm = c0 + σI,ABtan(Φ)

τr = cr + σI,ABtan(Φr)

KI =
c0

ΔIe

ΔIes =
τm

KI

ΔIus = ΔIes + (ΔIu − ΔIe)
ΔIes

ΔIe

(14)  

In case that τAB at the end of step i exceeds τm, the tangential stress is 
projected on the softening curve as follows: 

τ′AB =

ΔIus −
τAB

K(k,i)
AB

ΔIus − ΔIes
τm (15)  

The updated interface stiffness to use in the new iteration is the 
following: 

K(k,i+1)
AB =

τ′AB

τAB
K(k,i)

AB (16)  

If τAB

K(k,i)
AB

> ΔIus −
τr
τm
(ΔIus − ΔIes), the stress is projected on the horizontal 

plateau, so that the updated stiffness for the new iteration is the 
following: 

K(k,i+1)
AB =

τr

τAB
K(k,i)

AB (17)  

3. Numerical analyses 

The quasi-analytical approach here proposed is tested in its reli
ability considering a comprehensive experimental campaign (shear-lap 
tests) carried out by the authors in [43] on 4 different sets of curved 
masonry pillars reinforced with FRCM. 

The specimens are small masonry columns constituted by 5 common 
Italian clay bricks (dimensions: 250x120x65 mm) interspersed with 4 
thick mortar joints (thickness: 10–23 mm) and disposed one over the 
other in a slight bent. The intent was to study the performance of an 
FRCM reinforcement in case of application to arches. 

The four sets are labeled respectively with CAE, CBE, CBI and CAI. 
CAE and CBE are the specimens with extrados reinforcements, whereas 
in CBI and CAI, the FRCM strip is applied at the intrados. CAE and CBE 
(or analogously CAI and CBI) differ only for the curvature radii of the 
surface where the reinforcement is applied, respectively equal to 1500 
and 3000 mm. The experimental results, in terms of global applied force- 
slip at the loaded edge curves, are at disposal in the same reference 
paper [43] for six replicates per set. 

The FRCM strengthening system is constituted by two layers (A & C) 
4 mm thick of mortar catalogued as M20 according to the Italian stan
dard and by a central layer B relying into a bi-directional 70 + 18 g/m2 

PBO mesh (70 g/m2 in the warp direction and 18 g/m2 in the weft di
rection). The authors have already provided a comprehensive experi
mental characterization of all the materials constituting the FRCM, also 
providing the interface between mortar and PBO mesh constitutive 
behavior, see Fig. 5. and [42]. Such information was retrieved by means 
of a quite innovative technique based on optic fibers (the reader inter
ested in further details is referred to [42]). In addition, there is also a 

Fig. 12. CBE data. From the top-left in clockwise order. Force tBBfσB(L) - displacement UB(L), UB(0) curves; UA, UB, UC, UB − UC, UB − UA behavior along the bond 
length (the color of the curves corresponds to the particular instants investigated during the loading process and matches that of the points represented in the top-left 
sub-figure). 
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Fig. 13. CBE data. From the top-left in clockwise order. σA, τAB, τBC, KSUC, σI,BC, σI,AB, σC, σBtB behavior along the bond length (the color of the curves corresponds 
to the particular instants investigated during the loading process and matches that of the points represented in the previous sub-figure). 
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wide mechanical characterization of the masonry material constituting 
the curved pillars, which is not used here because the model does not 
allow to consider non-linearities in the substrate. 

The mechanical and geometrical properties adopted for the different 
materials characterizing the reinforcement package are summarized in 
Table 1. In general, they are assumed in strict agreement with those 
experimentally determined in [43] and those adopted by Grande et al. in 
[50], who presented a numerical model very similar, but based on a 
classic Finite Element mono-dimensional discretization. Ks is assumed 
ten times higher than the value assumed for KI (the same stiffness is 
assumed for outer and inner matrix, i.e. KI = KIAB = KIBC), but authors 

experienced that the elastic deformability of such interface has little 
influence on the global and local behavior of the numerical model. 

Few words should be spent about the out-of-plane width BF of the 
reinforcing package, also known as effective width of the reinforcing 
package. In fact, as already anticipated, in [42] an optic fiber was glued 
on the central fiber bundle belonging to the same FRCM reinforcing 
package here considered, but applied on a flat masonry substrate. The 
aim was to experimentally evaluate the constitutive behavior of the 
interface between fiber and mortar, but the measure refers exclusively to 
one fiber bundle. The nominal width is 63 mm, but according to [42] 
and [43] there are 7 bundles embedded into the mortar layers, each of 

Fig. 14. CBE data. Propagation of damage inside mortar layers and interfaces at the different instants investigated during the loading process. White circles and red/ 
blue crosses represent mortar and interface damage, respectively. Their dimension is proportional to the amount of damage. (For interpretation of the references to 
color in this figure legend, the reader is referred to the web version of this article.) 

G. Milani et al.                                                                                                                                                                                                                                  



Composite Structures 337 (2024) 118037

15

nominal width equal to 4 mm. The effective width BF (i.e. where 
tangential stresses are actually exchanged between mortar and fiber) is 
therefore reasonably equal to 28 mm. 

Fig. 5 shows a comparison between experimental data obtained in 
[42] and the numerical trilinear slip-tangential stress constitutive rela
tion adopted here for the matrix-fiber interfaces to simulate the behavior 
of the curved specimens. The thick continuous black curve depicted in 
Fig. 5 corresponds to the numerical data reported in Table 1. As it can be 
noticed, the agreement between experimental evidence and input pa
rameters of the model for the interfaces AB and BC is quite convincing. 

A discretization with ne = 200 subdivisions of the bond length and 
100 load steps (under a displacement-based control strategy with 
applied displacement UB(L) at the loaded edge of the fiber) is assumed. 

The global response of the accounted specimen configurations is 
depicted in Fig. 6 together with the experimental curves. With reference 
to Fig. 6, on the horizontal axis the fiber displacement UB(L) at the 
loaded edge is represented, whereas on the vertical axis the force applied 
at the loaded edge tBBFσB(L) is reported. In the same figure, the 
experimental results are also represented. 

As it can be noted, the agreement with experimental data is rather 
satisfactory. In particular, it is worth noting how, for all the four cases 
studied, the numerical global curves fall almost everywhere inside the 
experimental envelope. 

The curvature effect on both the ultimate ductility and the peak 
strength may be easily appreciated, see Fig. 7. 

The teeth visible in the pseudo-linear hardening phase after the 

triggering of the non-linearity at the interfaces (AB & BC) is a conse
quence of the formation of tensile cracks on the external mortar layer, as 
it will be discussed in the sequel commenting the global behavior. 

The present approach has, in fact, also the advantage of providing a 
precise local information regarding the propagation of the non-linearity 
in the different layers. Hereafter, the cases CAE, CBE, CBI and CAI are 
discussed separately.  

• CAE: Extrados reinforcement, high curvature of the substrate 

The local behavior is shown in detail in Figs. 8-11. In particular, 
Fig. 8 depicts the trend of the kinematic variables (displacements UA,

UB, UC of A-C layers and jumps of displacements at the fiber-mortar 
interfaces , UB − UC and UB − UA) along the bond length, at 7 different 
meaningful steps of the loading process. The global curves, represented 
by the force tBBfσB(L) applied at the loaded edge versus the displace
ments UB(L), UB(0) of layer B at the loaded and free edge respectively, 
are plotted in the bigger sub-figure. The previously mentioned steps are 
identified with squares filled with different colors. The curves depicted 
in each sub figure and representing the kinematic variables are plotted 
with the same colors used to identify the 7 steps and therefore match 
those of the squares represented in the top-left sub-figure of Fig. 8. In 
other words, each curve is represented with a different color. It depicts 
the local behavior (a displacement in this case) along the bond length at 
a certain instant identified by the label Point 1-Point 7, and represented 
in the global curve by a square filled with the same color. Different 

Fig. 15. CBE data. Deformed shapes of the reinforcement package (-a) at 7 values of the displacement UB(L) applied at the loaded edge. -b: UA(s) (displacement of 
the outer matrix layer). -c: UB(s) (displacement of the fiber). -d: UC(s) (displacement of the inner matrix layer). 
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colors are used to facilitate the reading of the results obtained. Fig. 9 
follows the same rationale of Fig. 8, but it depicts the static variables, 
namely (in clockwise order starting from the top-left sub-figure) σA,

τAB, τBC, KSUC, σI,BC, σI,AB, σC, σBtB. 
Fig. 10 represents at the same steps, the propagation of damage in

side mortar layers and at interfaces between mortar and fiber. White 
circles and red/blue crosses represent the mortar and interface damage, 
respectively. Red color is used for the upper interface, whereas blue 
color for the lower one. The dimension of the symbols is directly pro
portional to the amount of damage, so bigger circles and crosses mean 
higher damage. As can be noted from the zoomed detail of the last 
instant investigated (Point 7, when the reinforcement is fully debonded), 
the external mortar layer cracks in several points, localizing the damage. 
The outer interface, because directly connected to the cracked layer, 
enters in the inelastic phase, but only within two contiguous cracks of 
the outer mortar, so with a value of damage relatively small. On the 
contrary, the inner mortar/matrix interface, which is free to damage 
because of the state of compression of the inner mortar, delaminates 
more and moves rapidly the debonded front from the loaded edge to the 
free one. Fig. 11 depicts the (suitably amplified) deformed shapes of the 
different layers. Quantitative plots of the displacements occurring in 
Layers A, B,C at different instants are also reported. It is interesting to 
notice that the distribution of the displacements on Layer A is 

characterized by a stepped shape. Each pseudo-horizontal plateau cor
responds to a crack. Layer B displacements are quite close to Layer A 
ones, but more regular, because of the elastic assumption made for Layer 
B. Layer C displacements are much smaller than those observed in Layer 
A and B. Such behavior of the model also suggests that to lump the non- 
linearity exclusively at the interface between Layers B and C (as pro
posed for instance in [19]) is certainly a simplification, but still groun
ded on a reasonable physical interpretation of the debonding 
phenomenon. 

Especially Fig. 10 and Fig. 11 are quite self-explaining about the 
debonding triggered, which occurs initially for the inelastic slippage of 
the fiber net with respect to both upper and lower mortar layers, near the 
loaded edge. Both interfaces move the damage front towards the free 
edge and contemporarily the upper mortar layer starts to spread diffused 
cracks from the right to the left. Full debonding occurs with the lower 
mortar layer intact, with both interfaces considerably damaged and with 
the upper mortar layer entirely cracked in tension. 

Fig. 9 is particularly interesting, especially as far as the distributions 
of σI,AB and σI,BC are concerned. σI,BC attains in the inelastic phase (from 
Point 3 to Point 7, all located in the pseudo-linear post elastic branch of 
the global curve) compression values of about − 0.1 MPa, starting from 
the loaded edge and progressively moving the front from the right to the 
left. On the contrary, the normal stress σI,AB at the external interface, 

Fig. 16. CBI data. From the top-left in clockwise order. Force tBBfσB(L) - displacement UB(L), UB(0) curves; UA, UB, UC, UB − UC, UB − UA behavior along the bond 
length (the color of the curves corresponds to the particular instants investigated during the loading process and matches that of the points represented in the top-left 
sub-figure). 
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remains in practice negligible. The internal interface becomes therefore 
more ductile and more resistant, and it can be concluded that its role on 
the global behavior observed is crucial. The extra resistance and extra 
ductility observed experimentally for an extrados reinforcement at high 
curvature of the substrate is mainly a consequence of the improved 
mechanical properties of the internal (BC) interface, induced by the 
presence of compression stresses. Such conclusion is confirmed by the 
propagation of damage inside the interfaces during the loading process 
(see Fig. 10). Both interfaces, indeed, are subjected by an inelastic 
slippage, but the damage is higher for the external interfaces, a feature 
confirmed by the bigger dimension of the red crosses when compared 
with that of the blue ones.  

• CBE: Extrados reinforcement, low curvature of the substrate 

The same rationale used for CAE to represent the local behavior is 
adopted to discuss the results obtained for CBE, which are shown from 
Figs. 12-15. 

In particular, Fig. 12 depicts the global behavior, identifying again 7 
meaningful steps during the whole loading process (the same colors used 
for CBE are adopted), along with the distribution of the kinematic 

variables throughout the bond length. Fig. 13 shows the static variables, 
Fig. 14 depicts the damage propagation and Fig. 15 represents the 
magnified deformed shape. 

The process of debonding is identical to that observed for CAE. The 
zigzagging shape of UB − UA (Fig. 13) helps in identifying the position of 
the cracks forming in the external mortar layer, a feature confirmed by 
the shape of the normal stresses in layer A (Fig. 13). The smooth shape of 
τBC in the same figure indirectly suggests that the internal mortar layer 
C remains in the elastic phase. It is interesting also to point out that the 
layer C is in some regions of the bonded length in compression and in 
others in tension, but the peak positive values of the normal stress 
remain far under the ultimate strength in tension. The failure mecha
nism forming, understandable by the damage propagation (Fig. 14) and 
the deformed shape (Fig. 15) is essentially identical to that observed for 
CAE. It is in fact characterized by the inelastic slippage of the internal 
fiber net with respect to both the external and internal matrix layers. 
Layer A progressively cracks from the loaded edge towards the free one, 
but with a crack width smaller than that observed for CAE, as confirmed 
by the smaller size of the circles representing the cracks (Fig. 14). 

Analogously to Fig. 9, it is particularly interesting to comment the 
distributions of interface normal stresses σI,AB and σI,BC shown in Fig. 14. 

Fig. 17. CBI data. From the top-left in clockwise order. σA, τAB, τBC, KSUC, σI,BC, σI,AB, σC, σBtB behavior along the bond length (the color of the curves corresponds 
to the particular instants investigated during the loading process and matches that of the points represented in the previous sub-figure). 

G. Milani et al.                                                                                                                                                                                                                                  



Composite Structures 337 (2024) 118037

18

Indeed, σI,BC attains compression values of about − 0.4, − 0.5 MPa near 
the loaded edge. Such compression state is lower than that observed for 
CAE and attained later (Points 4 & 5). The length of the interval where 
such values are observed is more limited and localized near the loaded 
edge. Consequently, the internal interface is sensibly less resistant and 
less ductile, a feature which justifies the more performant global 
behavior of a reinforcement applied at the extrados of a pillar with 
higher curvature. On the contrary, the normal stress σI,AB at the external 
interface remains again negligible.  

• CBI: Intrados reinforcement, low curvature of the substrate 

Local results (intending with this term the trend of the internal 
variables throughout the bonded length and the evolution of damage) 

for the intrados reinforcement on pillars at low curvature of the sub
strate are summarized from Figs. 16-19. 

From an overall analysis of the results, cracks appear progressively 
on the extrados matrix layer (see the slip trend UB − UA in Fig. 16, the 
tangential stress at the interface τAB in Fig. 17 or the damage evolution 
of the upper layer A depicted in Fig. 18, left column). Contemporarily, 
the internal fiber layer B slips inelastically with respect to both internal 
and external matrix layers, see Fig. 18 central columns. Looking at the 
deformed shapes of Fig. 19, the fiber (layer B) and the cracked matrix 
layer A slip together over the internal matrix (layer C), which remains 
elastic and almost rigidly connected to the substrate (thanks to the 
relatively high value of stiffness assigned to KS). The trend of the 
displacement UA along the bonded length (Fig. 16) is characterized by 
several steps, corresponding to the formation of the concentrated cracks 

Fig. 18. CBI data. Propagation of damage inside mortar layers and interfaces at the different instants investigated during the loading process. White circles and red/ 
blue crosses represent mortar and interface damage, respectively. Their dimension is proportional to the amount of damage. (For interpretation of the references to 
color in this figure legend, the reader is referred to the web version of this article.) 
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on the layer A. 
Regarding the internal interface BC, normal stress reaches in the 

inelastic pseudo-linear branch values of about 0.05 MPa (see Fig. 17), a 
feature which reduces both the global ductility and the peak strength of 
the reinforced system.  

• CAI: Intrados reinforcement, high curvature of the substrate 

The trend of the internal variables, kinematic and static, at 7 
different steps of the loading process are depicted for CAI specimens 
(reinforcement at the intrados with high curvature of the substrate) 
respectively in Fig. 20 and Fig. 21. 

Analogously to the previous three cases, the damage evolution on 
matrix layers A & C of the reinforcing pack and at the interfaces AB and 
BC between matrix and fiber are reported in Fig. 22. Finally, Fig. 23 
shows the deformed shapes obtained numerically, suitably amplified to 
have a more precise insight into the failure mechanism triggered. 

No particular differences with respect to the previous cases can be 
appreciated. There is an inelastic slippage of the internal layer B with 
respect to matrix layers A & C, propagating from the loaded edge and 
progressively moving the inelastic front from the right to the left. 
Contemporarily, the external matrix layer A starts to crack. In corre
spondence of the full debonding, the external matrix appears fully 
cracked and slides inelastically together with layer B with respect to the 
undamaged internal matrix layer. 

Regarding the internal interface BC, normal stresses reach, in the 

inelastic pseudo-linear branch, values of around 0.1 MPa (see Fig. 17). 
Therefore, both the strength and the ductility of the internal interface 
drop down (also with respect to the CBI case), resulting in a quite visible 
reduction of the load carrying capacity and the global ductility, see 
Fig. 6 and Fig. 7. 

4. Synoptical physical Considerations: Comparison with 
experimental evidence 

Globally, it has been shown that the experimental load–displacement 
outcome can be predicted in a satisfactory way with the model proposed. 
Such feature is crucial, considering also the main aim of the approach 
proposed, i.e. the utilization at structural level of 1D truss finite ele
ments perfectly bonded to the substrate and obeying a fictitious 
constitutive behavior reflecting the debonding in laboratory samples. It 
is however also interesting to investigate further how the model can 
reproduce the actual local behavior. This is not an easy task, because the 
presence of the outer mortar layer does not allow to use consolidated 
experimental approaches able to give information on the local state of 
stress inside the different layers. FRCM is in fact more complex than FRP, 
and sophisticated experimental measures, for instance based on optic- 
fibers [42], should be adopted. In any case, from a simple observation 
of the propagation of cracks before and near failure, some interesting 
information can be gathered in any case. The experimental failure 
modes for all the configurations inspected are characterized by a visible 
slippage of the internal and external mortar/fiber interfaces, see Fig. 24 

Fig. 19. CBI data. Deformed shapes of the reinforcement package (-a) at 7 values of the displacement UB(L) applied at the loaded edge. -b: UA(s) (displacement of the 
outer matrix layer). -c: UB(s) (displacement of the fiber). -d: UC(s) (displacement of the inner matrix layer). 
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(extrados reinforcement CAE and CBE) and Fig. 25 (intrados reinforce
ment, CAI and CBI). The external mortar layer cracks in any case. Both 
phenomena are correctly reproduced by the model proposed. In fact, in 
Figs. 24 and 25, also the profiles numerically obtained of the internal 
interface (BC) and the axial fiber stress multiplied by layer B thickness 
(in other words the fiber layer force divided by its width) are repre
sented at increasing values of displacement applied at the loaded edge. It 
is quite evident the progressive advancement of the delamination front, 
from the loaded edge to the free one. In fact, the peak tangential stress of 
the BC interface observed in the numerical model progressively moves 
from the loaded edge to the free one. Accordingly, the tensile stress in 
the fiber layer in the de-bonded part grows globally in a linear way, with 
some sinusoidal oscillations consequence of the cracks forming in the 
external layer. The global linear increase of the fiber stress in the de- 
bonded region is a consequence of the residual strength of the mortar/ 
fiber interface. There are some differences passing from the extrados to 
the intrados reinforcement. The most evident is that debonding occurs 
more rapidly for the intrados reinforcement, with an obvious reduction 
of load carrying capacity and ductility. This notwithstanding, the failure 
mechanism observed is always the same, i.e. delamination of the mortar- 
fiber interfaces and formation of cracks in the outer mortar layer. The 
experimental results are quite clear in this regard, and the numerical 
model -albeit its intrinsic simplifications- can correctly reproduce the 
experimental outcome. 

5. Conclusions 

The recent scientific literature reports some contributions concern
ing the numerical study of the bond behavior of FRCM strengthening 
systems externally applied to curved masonry structures. In this context, 

the present paper proposed an innovative semi-analytical model able to 
simulate the bond behavior of FRCM systems applied at the extrados or 
intrados of curved masonry elements. The model consisted of assuming 
the strengthening system composed of three separate and superimposed 
layers, namely the fiber grid (i.e. the reinforcement) embedded into an 
upper and lower matrix. The reinforcement was assumed elastic, 
whereas the lower and upper matrix layers were modeled by considering 
a linear-elastic relationship followed by a softening phase. The three 
components of the strengthening system were assumed in a monoaxial 
state of stress, interacting mutually by means of interfaces subjected to 
both shear and normal stresses. The tangential stress-slip relationship of 
the interfaces was assumed characterized by a non-linear law with 
softening. The peak tangential strength and the ductility were also 
assumed dependent on the actual normal stress acting at the interface, 
via a classic Mohr-Coulomb criterion. The kinematic and static internal 
variables were the axial displacements and the normal stresses of the 
layers, respectively. The lower matrix was connected to the substrate by 
a further interface characterized by a linear-elastic behavior. Under such 
assumptions, a system of first order nonlinear differential equations was 
derived and subsequently solved in closed form. 

An experimental dataset obtained by the Authors for small masonry 
pillars reinforced with FRCM and characterized by 4 different curvatures 
was selected to estimate the accuracy of the proposed model, which 
showed an excellent reliability in reproducing both the global and local 
behavior. 

Future developments of the model here proposed should move to
wards the introduction of possible states of pre or post-damage involving 
the masonry support. This will be particularly useful in case of damaged 
structures or in case of weak materials composing the masonry sub
strate. Furthermore, the role played by mortar joints, which typically 

Fig. 20. CAI data. From the top-left in clockwise order. Force tBBfσB(L) - displacement UB(L), UB(0) curves; UA, UB, UC, UB − UC, UB − UA behavior along the bond 
length (the color of the curves corresponds to the particular instants investigated during the loading process and matches that of the points represented in the top-left 
sub-figure). 
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Fig. 21. CAI data. From the top-left in clockwise order. σA, τAB, τBC, KSUC, σI,BC, σI,AB, σC, σBtB behavior along the bond length (the color of the curves corresponds 
to the particular instants investigated during the loading process and matches that of the points represented in the previous sub-figure). 
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Fig. 22. CAI data. Propagation of damage inside mortar layers and interfaces at the different instants investigated during the loading process. White circles and red/ 
blue crosses represent mortar and interface damage, respectively. Their dimension is proportional to the amount of damage. (For interpretation of the references to 
color in this figure legend, the reader is referred to the web version of this article.) 
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exhibit very poor mechanical properties in historical masonry, deserves 
future dedicated investigation. 

The major advantage of the approach proposed is its immediate 
implementation as a pre-processing kernel, useful to tune fictitious 
mechanical properties of perfectly bonded non-linear truss elements to 
apply in standard FE codes for the simulation of an FRCM reinforcement. 
In principle, this would allow to numerically analyze real scale struc
tures, where the utilization of analytical approaches is not possible, in a 
more effective way. Indeed, fast sensitivity analyses can be carried out, 
thus avoiding all those issues (e.g. premature halting, lack of conver
gence, too many parameters to choose, long processing times, etc.) that a 
common user is frequently asked to face with in standard FE computa
tions. The major limitation stands in the native mono-axial nature of the 
model (for instance, spalling is not reproducible), the assumption of an 
elastic behavior for the FRCM/substrate interface and the infinite 
resistance of the substrate. The first limitation is intrinsic and cannot be 
eliminated. For the second issue, an experimental work aimed at iden
tifying the non-linear properties of the FRCM-substrate interface would 
be necessary, but the research is at present in its embryonic stage. On the 
contrary, for the third matter, it is always possible at a structural level to 
model the substrate as elasto-damaging, still applying on the surface 
trusses perfectly bonded with a conventional non-linear behavior, 
deduced from the results obtained by means of the present approach 
applied on small specimens. 
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Fig. 23. CAI data. Deformed shapes of the reinforcement package (-a) at 7 values of the displacement UB(L) applied at the loaded edge. -b: UA(s) (displacement of the 
outer matrix layer). -c: UB(s) (displacement of the fiber). -d: UC(s) (displacement of the inner matrix layer). 
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Fig. 24. CAE and CBE samples. Comparison between numerical prediction and experimental damage propagation.  
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