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Abstract: In this paper, a fractional Weibull process is utilized in a predictive stochastic differential
equation model to allow for skewness and heavy-tailed characteristics. To this aim, a fractional
Weibull process with non-Gaussian characteristics and a long memory effect is proposed to drive the
predictive stochastic differential equation. The difference iterative forecasting model is proposed as its
stochastic difference scheme. The consistency, stability, and convergence of the model are analyzed. In
the proposed model, variational mode decomposition is utilized as the data preprocessing approach
to separate the stationary and non-stationary components. Actual wind speed data and stock price
data are employed in two separate case studies.

Keywords: fractional Weibull process; heavy tail; long-range dependence; skewness; stochastic
differential equation; stochastic difference scheme

1. Introduction
1.1. Research Background

In engineering and financial applications, fractal data are often skewed and heavy-
tailed [1,2]. Gaussian distribution is symmetrical and light-tailed, which is not suitable for
this sort of dataset. In study [3], fractional Weibull distribution (fWd) is derived to improve
the accuracy of Weibull fitting to the stochastic time series with skewness and heavy-tailed
characteristics. Within the fractal parameter, fWd generalizes the Weibull distribution to
the fractal data analytics. The probability density function of the fWd has a heavy right tail.
By varying the scale parameter, the skewness of the fiWWd can be modulated.

Long-range dependence is common among real stochastic time series [4,5]. The
fractional Weibull process (fWp) is derived in [6] with respect to the fWd. The long-range
dependence of the fWp is discussed in this work, so that the statistical prediction model
can be established based on the fWp.

Actual stochastic time series often consist of a stationary component and a non-
stationary component [7]. The non-stationary component reflects global fluctuation, which
is the intrinsic nature of the prediction. The stationary component contains local uncertainty
due to various factors. The frequencies of stationary and non-stationary components
are different; thus, separating the different frequency components is a viable method of
processing the training data before the application [8]. In this work, the data preprocessing
algorithm was chosen to be the variational mode decomposition (VMD) [9].

1.2. Literature Review for the Stochastic Time Series Prediction

In reality, plenty of stochastic systems evolve with the disturbance effect of random
noise, e.g., wind speed series and stock price series [10]. A stochastic differential equation
(SDE) is the mathematical model that is widely used for such complex processes [11]. If the
training data are symmetrical and light-tailed in the distributional sense, then the random
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noise can be selected as the Brownian motion for its Gaussian assumption. Otherwise,
random noise with skewness and heavy-tailed characteristics should be used.

Auto-regressive models are also widely applied in the prediction of stochastic time
series. Such kinds of models are based on the idea that current value can be expressed as a
linear combination of several past values and a random error. The advantage of the auto-
regressive model is that the formulation is simple and, thus, the computational complexity
is not large [12]. The autoregressive integrated moving average model is proposed for the
short-term wind speed forecasting in [13].

The SDE-based model and the auto-regressive model are both statistical models in
which long-range dependence can be applied for further improvement [14]. The autocorre-
lation function of a long-range-dependent time series is not integrable in the infinite range
because it is decreasing at a power function speed [15]. The long-range dependence of
the SDE-based model comes from the random noise term. The autoregressive fractional
integrated moving average model is the fractional order generalization of the autoregres-
sive integrated moving average model, which features the long memory effect [16]. The
long-range dependence of the autoregressive fractional integrated moving average model
originates from fractional calculus [17]. The fractional order of the difference operator can
capture long memory effects in the fractal system. Ensemble learning is combined with the
autoregressive fractional integrated moving average model (ARFIMA-E) to improve the
predictive accuracy [18]. Considering the seasonality of stochastic time series, a prediction
model based on a seasonal autoregressive fractional integrated moving average model
(SARFIMA) is discussed in [19].

Long-range dependence and heavy tail are equivalent in the temporal domain [20,21],
which can be utilized for forecasting [22]. If the time series are heavy-tailed, the tail of the
autocorrelation function decays in the power law, and vice versa [23,24].

A neural network approach can also be used in the prediction of the stochastic time
series. In study [25], a firework long short-term memory network is proposed for wind
speed prediction. Considering the non-stationary characteristics of the sea wave, empirical
mode decomposition is employed as the data preprocessing technique for the long short-
term memory network (EMD-LSTM) in [26]. Utilizing both the time-domain features and
the frequency-domain features of the load demand, a load forecasting method based on
hybrid empirical wavelet transform and a bidirectional long short-term memory network
(EWT-biLSTM) is proposed in study [27]. Ref. [28] proposes a novel wind power forecasting
approach based on a graph convolution network and a multiresolution convolution neural
network (G-M-Convolution), combining spatial features and temporal features. Equipped
with the empirical mode decomposition, Ref. [29] proposes a hybrid neural network of
a gated recurrent neural network, a long short-term memory network, and a multi-head
attention transformer (EMD-G-L-Transformer). Time series prediction based on deep
learning requires a large amount of training data and a great degree of calculation ability,
which are often unrealistic in the engineering scene.

1.3. Works and Contributions

The long-range dependence and the heavy tail of the fWp are proven as the mathe-
matical foundation of the proposed SDE-based prediction model. Mathematical expression
for the fWp random walk is presented with respect to the heavy-tailed characteristics.

An improved Black-Scholes model is proposed with the non-Gaussian and long-range-
dependent noise term, i.e., the fWp. The fractional Weibull difference iterative prediction
model is proposed as the stochastic difference solution of the improved Black-Scholes
model. The stability and consistency of the finite difference scheme are proven together
with the convergence of the algorithm.

1.4. Structure of the Paper

The rest of this paper is structured as follows: in Section 2, the heavy-tailed character-
istics and long-range dependence of the fWp are proven. The skewness of the fWp is also
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shown. A difference iterative prediction model is proposed, based on the fWp, in Section 3.
The stability, consistency, and convergence of the proposed model are proven in Section 4.
Two separate case studies are conducted with the real wind speed dataset and stock price
dataset. The works of the paper are summarized in the conclusion.

2. Statistical Properties of the fWp
2.1. Skewness of the fWp

Probability density function of the fWd is as follows:

Fo(xIA K, 8) = §(1 _ 5)(%)"_1 exp{(i)k},x >0, 1

The fractal parameter J is employed to improve the modeling results of the stochastic
time series as a generalization of the Weibull distribution [3,30]. Left-truncation is not
preferred in the generalization process because it will cause biased fitting [31].

The shape parameter k can change the shape of the density function. The skewness
of the fWd depends on the scale parameter A. Several probability density functions of the
fWd are plotted in Figure 1. One can note from Figure 1 that the increase in scale parameter
A results in a decrease in skewness, while other parameters are not changed.

0.14 0.06

T T
scale=15, shape=2, delta=0.05
[—scale=15, shape=2, delta=0.1 |
[——scale=15, shape=2, delta=0.15|

scale= 8,shape=2.5,fractal=0.02
0.2 —scale=12,shape=2.5,fractal=0.02| -
—scale=16,shape=2.5,fractal=0.02|

(a)
Figure 1. Probability density functions of fractional Weibull distribution (fWd) with different skew-
ness (a) and fractal parameter ¢ (b).
The fWp is a stochastic process based on the fWd, and it thus presents skewed charac-
teristics [6]. We present 200 iterations of the fWp in Figure 2.
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Figure 2. Exemplary trajectory of the fractional Weibull process (fWp).

2.2. Heavy-Tailed Characteristics and Long-Range Dependence of the fWp

The fWp is proven to exhibit heavy-tailed characteristics and long-range dependence,
as follows.

Theorem 1. The fWp is heavy-tailed and long-range-dependent.
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Proof. Random variable X is heavy tailed if the following condition holds:
E(eX) = o0,Ve > 0, 2)
Note that Weibull distribution X’ has a heavy tail:
, Tk k-1 k
E(eEX):O/eex(/\)(;i) exp{—(f\) }dx, 3)

If we signify the fWd as X*, then we can reach Equation (4):

Thus, the fWp is a heavy-tailed random process.
The heavy-tailed characteristics and long-range dependence are equivalent in the
temporal domain. Therefore, the fWp is also a long-range-dependent stochastic process. [

2.3. Random Walk Based on fWp

The fWp random walk is associated with its heavy-tailed characteristics [32]. As a
heavy-tailed distribution (Theorem 1), the density function of fWd has a heavy tail, which
means that the probability for large values is high [33]. Therefore, the jump length is long
for the fWp random walk in Figure 3.

0 -
-2000
N
-4000
-6000
2000 y E\
0 e
2000 \\77"<’7l’7”7‘ — — — 4000

"m0
0 1000 .

Figure 3. Random walk based on the fractional Weibull process (fWp).

Let the initial position of the particle be at the origin. The trajectory of the random
walk is described by the coordinates at certain instants of time. In this iteration, a spherical
coordinate system is used in which 7 is the distance between the point and the origin,
angle 0 < 0 < 7t is the polar angle of the particle, and ¢ is the azimuthal angle ranging
within [0, 27t]. The mathematical expression of the fWp random walk in the ith iteration is

as follows:
r ~ fWdA(A,k,6)

trajectory(i) = (r,0, ¢); ~ 6 ~Ul0,r] i=1,...,n, (5)
¢ ~ U[0,27]
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3. Difference Iterative Forecasting Model Based on the fWp
3.1. Black—Scholes Model with Long-Range Dependence and Non-Gaussian Characteristics

Previously, Fischer Black and Myron Scholes published the revolutionary paper enti-
tled “The pricing of options and corporate liabilities” [34]. In this paper, the pricing of the
stock S is considered to follow the SDE [35]:

dS = u°Sdt + o*SdB(t), 6)

where 11° is the expected return rate of the stock, o is the volatility of the stock, and B(¢) is
Brownian motion.

The basic assumption for the Black-Scholes model is that the data fluctuation follows
Brownian motion. Brownian motion is Markovian; however, real engineering and financial
data often possess long memory effects. Brownian motion requires the data to be Gaussian,
which indicates a light-tailed and symmetrical data distribution. When the long-range
dependence and non-Gaussian characteristics are strong, the modeling effect of the SDE is
not satisfactory.

Emphasizing the long-range dependence and non-Gaussian characteristics, e.g., skew-
ness and heavy tail, the fWp is proposed to drive the SDE for the stochastic time series:

d(X(t)) = uX(t)d(t) + o X (t)dfWp(t), )

where p is the drift coefficient and ¢ is the diffusion coefficient. The drift coefficient
regulates the global characteristics, and the diffusion coefficient controls the local variability.

3.2. Stochastic Difference Scheme for the SDE-Based fWp Predictive Model

SDE in Equation (7) can be difficult to solve accurately, thus the difference scheme
should be utilized to approximate the true answer [36]. In this section, the numerical
solution of the SDE is proposed as the difference iterative prediction model based on the
fWp.

The differential of the fWp does not have an analytical expression. Therefore, the
Maruyama notation is introduced [37]. The Maruyama notation with the Hurst exponent H
is as follows:

dfWp(t)= ws(t) (@), (8)

where w; is white Gaussian noise. In Equation (8), the micro increment of the fWp is
transformed to be the actual increment multiplied by a micro increment of time. Let us
discretize Equation (8):

AFWp(t)= we(t)(81)", ©
We discretize Equation (7) and combine it with Equation (9):
AX(t) = uX (DAt + o X (Hws(£) (A", (10)
We set At to be one prediction time step and the prediction time point is i:
AX(i) = pX (i) + oX ()5 (i) = X (i) (u + ows(i)), a1
Therefore, a difference iterative prediction model is constituted:
X(i+1) = X))+ AX(i)= X(i) + uX (i) + o X (i)ws (i), (12)

The flow chart is plotted in Figure 4. Engineering data are used to generate the fWp,
and then the fWp is employed as the drive force for the SDE of prediction. The SDE is
discretized after the Maruyama notation is utilized. At each of the prediction stages, the
increment between the present time point and the next time point is predicted. The next
point is forecast as the addition of the present value and the increment.
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Figure 4. Flow chart of the fractional Weibull difference iterative prediction model. fWp is short for
fractional Weibull process, and SDE stands for stochastic differential equation.

3.3. Parameter Estimation

The parameter estimation for the fWp is based on the maximum likelihood estimation
in [6]. In this work, we present the estimation method for the drift and diffusion coefficients.
This defines a new variable X, which refers to the proportion of the increments in the
stochastic time series.

N AX(i)
We substitute definition (13) for Equation (11):
Xp(i) = p+ows(i), (14)

Therefore, the estimation of the drift and diffusion coefficients can be considered as a
linear regression based on the least square method.

If we define a deviation function and let the partial derivatives of  and ¢ equal zero,
we obtain the following:

n

E(u0) = ) (Xp(i) — ows (i) — 1), (15)
i=1
al;(;;’a) = i{Zy —2Xp(i) + 20ws (i) }=2np — Zi Xp(i) + Zﬂi ws(i) =0,  (16)
i=1 i=1 i=1
e = 3 {200’ — 2Xp (i) (i) + 2u050) }
n = n n (17)
=20y ws(i)* — 2% Xp(i)ws(i) + 2 k2 ws(i) =0,
Thus, we can obtain the estimated values of i and ¢.
n L Xp(ijws(i) = & Xp(i) & ws(i)
o= i=1 - 1:1n z:lz , (18)
n ¥ ws(i)? = (£ wsli)
n n n n 2
10 n Y Xp(i)w;(i) ¥ ws(i) — ¥ Xp(i)( X ws(i))
,ﬁ _ EZ Xp(l) =1 - i=1 12711 12:1 , (19)
= L (w5(i))* — n(L ws(0))

A demonstration of the linear regressive parameter estimation is provided in Figure 5.
The drift coefficient is the vertical intercept, and the diffusion coefficient is the slope.
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Figure 5. Linear regression for the estimation of drift and diffusion coefficients. Xp indicates the
proportion of the increments in the stochastic time series.

4. Analysis of the Difference Scheme for the SDE Driven by the fWp
4.1. Consistency of the fWWp Predictive Model

The consistency of the model indicates that the difference scheme is approximating
the SDE to a certain degree. The definition of the consistency is as follows:
Definition 1. The finite stochastic difference scheme % = G" is pointwise consistent with the

stochastic differential equation % = G, if for any continuously differentiable function X(t) in

mean square:

o (£ (X0 AX()
lim (B3 - 6) = (B2 - 69l ) =0, 0)

where (n 4+ 1)At = t.
The consistency of the prediction model is provided in Theorem 2:
Theorem 2. The fractional Weibull forecasting model is consistent.

Proof. Combine Equations (7) and (8):
dX(t)

o = X + X By (@D, @)
Refer to Equation (10):
AXUD — ex(r) + ox (st (an® ™, @)
Then, define function G(f):
G() AR 10X ) + X WsD (a0 — (uX(0) +oX @)Y, @
The limitation of Equation (23) is
lim G(t B — 25 + (X (1) + oX (s () (8O = (uX (1) + oX (B (1) (@) )]
= lim (40 — B0 4 [(uX (1) + X (E)ws()(dD)) = (X (1) + o X (ews(1) (@) )] 24)
=0,

Therefore, the criterion for the consistency is proven as follows:

. 2 5. 200\ T 15 204\ _
lim E[G(#)["= lim E(G(#))= E lim G*(t) =0, (25)
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4.2. Stability of the fWp Predictive Model

For stability, a small error in the initial condition causes a small error in the final
solution. The error in the unstable system then grows exponentially. The definition of the
stability is as follows:

Definition 2. The finite stochastic difference scheme for the SDE is stable with respect to a norm in
mean square if there exist positive constants and such that

E||X(n +1)|* < KePE[X(0)|?, (26)
where X (t) is the approximated solution of the stochastic difference scheme and 0 < t = (n + 1)At.
The stability of the difference iterative model is proven in the following:
Theorem 3. The fractional Weibull forecasting model is stable.
Proof. In view of Equation (12), Equation (27) can be formulated as:
X(n+1) =X(n) + uX(n) + oX(n)ws(n) = (14 p+ ocws(n)) X (n), (27)

The expectation for the difference solution with respect to a norm in mean square is

E[X(n+1)|? = E(X(n +1))?
= E[(1+ p+ 0wy (1) 2(X (1))
E[(1+ p+ ows(n))*(1+ p + ows(n —1))*(X(n —1))]
= E[(1+ p+ 0w5(n) *(1+ p + ows(n — 1) (X(n — 1))
< (14 g+ max(ows(i)) 2"V E(X(0))? @)
= (14 p -+ max(ow; (i) & " VE(X (0))
= (14 p - max(ows () ¥ E(X(0))”
= (1+ + max(ows (i) ¥ E[[ X(0)

With proper chosen positive parameters K and 8, Equation (29) can easily hold:
1+u+ max(aw(g(i)))%t = a¥ < Keft, (29)
Combining Equations (28) and (29), Equation (30) can be reached:
E[|X(n+1)|* < KeP'E[| X(0)|%, (30)
and this identity proves the stability of the fWp forecasting model. [

4.3. Convergence of the fWp Predictive Model

In order to make the approximated difference solution of the SDE viable, convergence
is required. The convergence of the model means that the approximated difference solution
can infinitely approach the true answer of the SDE. The definition of the convergence is
as follows:

Definition 3. A stochastic difference scheme approximating the stochastic differential equation is
convergent in mean square at time t if, as (n + 1)At = £

lim Ef|u(n+1) —o(n+1)|* =0, (31)
At—0



Fractal Fract. 2024, 8,7

90f17

where u is the solution of the difference scheme and v is the corresponding true answer of the SDE.

The consistent difference scheme is a good approximation of the SDE locally, while the con-
vergent difference scheme is a good approximation of the SDE globally. Therefore, consistency is a
necessary condition for a scheme to be convergent, but it is not sufficient. The Lax Equivalence The-
orem states the necessary and sufficient condition for convergence. For a consistent finite difference
scheme, stability is equivalent to convergence [38].

The convergence of the difference iterative model is proven in the following;:
Theorem 4. The fractional Weibull forecasting model is convergent.

Proof. In Theorems 2 and 3, the stability and consistency of the fractional Weibull difference
iterative forecasting model are proven. Considering the Lax Equivalence Theorem as
feasible, we can conclude that the finite difference scheme is also convergent to the SDE. [

4.4. Model Comparison for the Stochastic Time Series Prediction

The long memory effect of the proposed SDE-based model originates from the heavy-
tailed characteristics and long-range dependence of the fWp, which does not require special
parameter specification. As in the statistical model, the prediction process is explainable
with statistics, and the calculation cost is affordable in the real engineering scene.

The long memory effect is also related to the fractal phenomenon and fractional
calculus. The fractional generalization of the autoregressive integrated moving average
model allows for the capture of the long memory effect with parameter d. The relationship
between parameter d and Hurst exponent H is

H=d+ 1, (32)
2

When the condition of d € (0,0.5) is satisfied, the auto-regressive model is long-
range-dependent.

Deep learning can grasp the time dependency of the time series with the represen-
tation learning of the deep neural network. The learning process is currently within an
unexplainable black box. Compared with the explainable statistical approach, the computa-
tional complexity is much higher, which affects the prediction accuracy of the small sample
learning case.

5. Case Study of Wind Speed Forecasting

All simulations are implemented using MATLAB R2020a on a Lenovo Intel Core-i7-13700,
and this computational tool will be used throughout Sections 5 and 6.

5.1. Data Preprocessing for the Wind Speed Training Dataset

In order to control wind power generation in the new energy power system, future
wind speed should be forecast [39]. Wind speed data from Nanjing in 2017 is employed in
the current case study, and these are plotted in Figure 6. The augmented Dickey—Fuller test
reveals that the training set is not stationary [40].
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Figure 6. Training set of the wind speed series.

VMD is performed on the training set to separate the stationary and non-stationary
components. As we see from Figure 7, the non-stationary component represents a global
trend, which conveys most of the information. The non-stationary component should be
utilized for the generation of the fWp. The stationary component is the local uncertainty;,
which represents the wind speed variation on the basis of the current fluctuation trend.
The stationary component adds uncertain variation to the deterministic trend of the non-
stationary component. The mean and variance of the white Gaussian noise in the Maruyama
notation are estimated from the stationary component.

[
(=]

non-stationary component

0 50 100 150 200 250
(a) time h

0 50 100 (b) time h 150 200 250

stationary component
[
T

Figure 7. (a) Non-stationary component of the wind speed series. (b) Stationary component of the
wind speed series.

5.2. Statistical Properties of the Wind Speed Series

The options for wind speed modeling are commonly Gaussian distribution, Rayleigh
distribution, and Weibull distribution [41]. Wind speed series often present skewness and
heavy-tailed characteristics [42,43]. Therefore, probability distribution with heavy tail and
skewness should be better for the statistical fitting.

To evaluate the suitable fitting distribution quantitatively, goodness of fit (GoF) is
employed [44]. The sum of squared error (SSE) and root mean square error (RMSE) are
widely used to evaluate the GoF. The smaller values indicate better fitting results for both
criteria. The GoF results are summarized in Table 1, in which we can confirm that the fiWd
is the best-fitting distribution.
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Table 1. The GoF results from the wind speed data.
Gaussian Weibull Rayleigh fwd
SSE 0.0102 0.0102 0.8294 0.0098
RMSE 0.0101 0.0101 0.0911 0.0099

The Hurst exponent H is the measure of long-range dependence. The stochastic time
series are long-range-dependent if H € (0.5,1). The dataset is non-stationary, and thus we
utilize the wavelet variance approach [45]. The variance of wavelet coefficients var(m) is
calculated with respect to different scales m. Identifying the slope of the best straight line fit
over the entire dataset in Figure 8 with 2H + 1 provides an estimate of H = 0.75. While such

a value for H is consistent with long-range dependence, there are significant deviations in
the data points from the best fit straight line.

157

—_
(=}
T

W
T

logarithm of var(m) to the base of 2

'
W

S}

w

N
~
]
Nl
IS

scale m

Figure 8. Estimation of the Hurst exponent for the wind speed series. Var(m) is the variance of
wavelet coefficient on the scale of m.

5.3. Performance Evaluation of the Wind Speed Prediction

The subsequent 48 h of wind speed data are forecast using the fWp predictive model.
The models of the ARFIMA-E, EMD-LSTM, and G-M-Convolution are also utilized for the
forecasting. The forecasting results are summarized in Figure 9. The boxplot of the relative
prediction errors is depicted in Figure 10.

S
S

40
ES —wind —wind
E | —1twp — ARFIMA-E
=
820 20
= I
= {
S

0 0

0 100 200 300 0 100 200 300

40 ‘ : 40
= —wind —wind
£ | —EMD-LSTM ——G-M-Convolution
=
54 + " L
<§_20 ﬂ ‘ 20 o !
£ ‘ i
B

0 0

0 100 200 300 0 100 200 300
time h time h

Figure 9. Prediction results for the wind speed series.
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Figure 10. Boxplot of the wind speed relative prediction errors.

The traditional statistical metrics of prediction accuracy do not take the random
disturbance into consideration. Thus, the Diebold-Mariano test (D-M) is proposed in [46],
which is then employed to evaluate the wind speed prediction results in [47]. In this work,
the loss differential of the D-M test is:

dy = L(fWp) — L(comparison), (33)

where L is the loss function.

The null hypothesis of the D-M test is that the two models are equally accurate.
Since the D-M statistics converge to the standard normal distribution, we can reject the
null hypothesis at 5% confidence level if [DM|> 1.96. Specifically, the fWp is superior if
DM < —1.96 and less efficient if DM > 1.96.

There are two kinds of calculation costs, i.e., the temporal cost and space cost. The
floating-point operations (FLOPs) are utilized to analyze the temporal cost [48]. The higher
the FLOPs, the larger the temporal cost, which increases the training difficulty. The number
of parameters in the model (params) is utilized to evaluate the space cost [49]. The larger the
parameter total, the higher the space cost, which increases the difficulty of the engineering
application.

The evaluation metrics for the wind speed forecasting are presented in Table 2.

Table 2. Evaluation metrics for the wind speed forecasting.

fWp ARFIMA-E EMD-LSTM G-M-Convolution
D-M 0 —2.322 —2.647 —2.934
FLOPs 1923 2362 8.7 x 10° 1.02 x 108
params 10 13 4.2 x 10° 2.64 x 107

6. Case Study of Stock Price Forecasting
6.1. Data Preprocessing for the Stock Price Training Dataset
Stock price forecasting is beneficial for investors to understand the dynamics of asset

returns, which enhances the market efficiency. A stock dataset taken from the Shanghai
stock market in 2017 is employed in this validation, as depicted in Figure 11.
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Figure 11. Training set of the stock price series.

VMD was used as the data preprocessing algorithm (see Figure 12). The fluctuation
trend of the stock price is extracted from the training data, which is the non-stationary
component. The stationary component of the stock price series is the variation pattern
based on the fluctuation trend.
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Figure 12. (a) Non-stationary component of the stock price series. (b) Stationary component of the
stock price series.

6.2. Statistical Properties of the Stock Price Series

Gamma distribution, inverse Gamma distribution, and Weibull distribution are com-
monly used to fit the stock dataset. These probability distributions are skewed and heavy-
tailed, which makes them suitable for describing stock price data.

The GoF experiments are conducted to quantitatively determine the best-fitting distri-
bution for the training stock price dataset. As we can see from Table 3, the fitting result from
the fWd is the best. The wavelet variance approach is utilized for the estimation of the Hurst
exponent because the stock price series are not stationary. The Hurst exponent of the stock
price dataset is 0.7312, which proves the long-range dependence of the training dataset.

Table 3. The GoF results of the stock price data.

Gamma Inverse-Gamma Weibull fwd

SSE 0.0429 x 1073 0.2078 x 1073 0.0264 x 1073 0.0240 x 103
RMSE 0.0007 0.0014 0.0005 0.0005
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6.3. Performance Evaluation of the Stock Price Prediction

The subsequent 50 days of stock prices are forecast using the fWp predictive model.
Three other prediction models are employed as a comparison, i.e., SARFIMA, EWT-biLSTM,
and EMD-G-L-Transformer. The prediction results and the boxplot of relative prediction er-
rors are separately plotted in Figures 13 and 14. The prediction accuracy and the calculation
cost are also evaluated using the D-M, FLOPs, and params (see Table 4).
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Figure 13. Prediction results for the stock price series.
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Figure 14. Boxplot of the stock price relative prediction errors.

Table 4. Evaluation metrics for the stock price forecasting.

fWp SARFIMA EWT-biLSTM EMD-G-L-Transformer
D-M 0 —2.368 —2.734 —2.976
FLOPs 2007 4447 9.6 x 10° 3.301 x 10'8
params 10 24 5.4 x 10° 7.6 x 107

7. Conclusions

A difference iterative prediction model based on the fWp is proposed as the stochastic
difference solution for the improved Black-Scholes model. To facilitate its engineering
and financial applications, the stability, consistency, and convergence are proven. The
long-range dependence and heavy-tailed characteristics of the fWp are shown to be the
mathematical foundation of the predictive model. The skewness of the fWp is also demon-
strated. Real wind speed series and stock price series are employed for the validation of
the model.

In the future, subsequent research can focus on the extension of the proposed model
to the lifetime prediction of other engineering fields.
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Abbreviations

GoF goodness of fitting

fwd fractional Weibull distribution

SSE sum of squared error

RMSE root mean square error

fWp fractional Weibull process model

ARFIMA-E autoregressive fractional integrated moving average ensemble learning model
EMD-LSTM empirical mode decomposition-long short-term memory network
G-M-Convolution graph-multiresolution convolution neural network

D-M Diebold-Mariano test

FLOPs floating-point operation params (number of parameters in the model)
SARFIMA seasonal autoregressive fractional integrated moving average model
EWT-biLSTM empirical wavelet transform-bidirectional long short-term memory network

empirical mode decomposition-gated recurrent neural network-long

EMD-G-L-Transformer . .
short-term memory network-multi-head attention transformer
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