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Abstract

We consider a gas of bosons interacting through a hard-sphere potential with
radius a in the thermodynamic limit. We derive an upper bound for the ground
state energy per particle at low density. Our bound captures the leading term 47 pa
and shows that corrections are smaller than Cpa(pa®)!/2, for a sufficiently large
constant C > 0. In combination with a known lower bound, our result implies that
the first sub-leading term to the ground state energy of a dilute gas of hard spheres is,
in fact, of the order pa(pa®)!/2, in agreement with the Lee—Huang—Yang prediction.

1. Introduction and Main Result

In recent years, there has been substantial progress in the mathematical under-
standing of the low-energy properties of dilute Bose gases. In the Gross—Pitaevskii
regime, in which N particles on the unit torus interact through a repulsive potential
with range and scattering length of the order 1/N, the ground state energy and the
low-energy excitation spectrum have been determined in [6], up to errors vanishing
as N — oo, under the assumption that the interaction potential V € L3(R?) is
repulsive, radial and of compact support. The proof applies optimal estimates on
the number and the energy of excitations of the Bose—Einstein condensate that have
been previously established in [4,5]. Recently, a new derivation of these precise
bounds has been proposed in [21]. The results of [6] have been extended to systems
of bosons trapped by an external potential (again in the Gross—Pitaevskii regime)
in [7,8,33,35]. They have been also generalized to the two-dimensional setting in
[10,11]. An upper bound on the ground state energy has been shown in [1] for
particles in the Gross—Pitaevskii regime, interacting through a hard-sphere poten-
tial. These results extend leading order estimates on the ground state energy that
have been known since [30,31] and previous proofs of Bose—Einstein condensation
obtained in [27,28,34].
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In the thermodynamic limit, where N particles interacting through a repulsive
potential V with scattering length a are confined on atorus A and N, |A| — oo with
fixed density p = N/|A|, the ground state energy per particle has been predicted
by Lee—Huang—Yang in [25] to satisfy

) En 172 4
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in the dilute regime pa® — 0. The validity of the leading order term on the r.h.s.
of (1.1) was proven in [14] (upper bound) and [32] (lower bound). An upper bound
matching (1.1) was later shown in [38] for sufficiently regular interaction poten-
tials (improving an estimate previously shown in [15]). Recently, a simpler proof
applying to every repulsive and radial V € L3(R3) was obtained in [2]. A lower
bound to the ground state energy matching (1.1) was established in [18] for inte-
grable potential and then in [19], also for hard-sphere interactions. In [9,12], the
Lee—Huang—Yang formula (1.1) is proven, following a strategy proposed in [26],
under the assumption that the reduced densities associated with the ground state
wave function satisfy certain relations. Although these relations have not yet been
rigorously verified, they appear to capture the behaviour of Bose gases also beyond
the dilute regime. Recently, a second order expansion for the ground state energy
per particle of two dimensional Bose gases has been proven in [17] for all positive
potentials with finite scattering length. The asymptotics of the ground state energy
of dilute Fermi gases was first studied in [29]; for recent progress see [16,20,23,24].

Despite these advances, the derivation of an upper bound for the ground state
energy resolving the Lee—Huang—Yang corrections in (1.1) for hard-sphere poten-
tials remains open. In the present work, we make a step in this direction, providing
a simple proof of the fact that the ground state energy per particle for hard-spheres
in the thermodynamic limit is given by the leading term on the r.h.s. of (1.1), up to
errors that are bounded above by C, pa(pa®)/2, in the limit pa®> — 0. Our result
improves an upper bound obtained by Dyson [14], where the error was of the order
pa(pa)!/3.

We consider N hard spheres moving in the box A = [—L/2; L/2]°, with
periodic boundary conditions. We are interested in the limit N, L — oo at fixed
density p = N/|A|. We define the ground state energy by

hs . (\IINs Z‘Ilvzl —ij\IJN>
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where the infimum is taken over all Wy e L2(AM), the subspace of L>(AV)
consisting of functions that are symmetric w.r.t. permutations of the N particles,
satisfying the hard-sphere condition

Wy (xy,...,xy) =0 ifthereexisti, j € {1,..., N}, i #j with|x; —x;| <a.
(1.2)

Here |x; — x| denotes the distance on the torus between x; and x;.
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Theorem 1.1. There exists C > O such that

hs
lim ]\1,\/ < 471,0(1[1 + C(,oa3)1/2]

N,L—o0:
N/IAl=p

for all pa® > 0 small enough.

2. The Trial State

In order to show Theorem 1.1, we consider a wave function having the form

N
Wy, oxy) =[] el = x)). 2.1)

i<j

Such trial states have been first used in [3, 13,22]; for this reason we will refer to the
product on the r.h.s. of (2.1) as a Bijl-Dingle—Jastrow factor. In (2.1), f¢ is chosen
to describe correlations between particles, up to a distance £ < L. More precisely,
we choose f; to be the ground state solution of the Neumann problem

—Afe=Aefe
fe(x) =0 forall |x| <a
o fe(x) =0 if [x] =¢

on the ball B; = {x € R3? : |x| < ¢}, associated with the smallest eigenvalue A.
We normalize f; by requiring that fy(x) = 1 for |[x|] = €. We extend f; to A,
setting fy(x) = 1 for all |x| > £. We then have

— Afe(x) = hexe(x) fo(x) (2.2)

where x, denotes the characteristic function of the ball By. The proof of the fol-
lowing lemma can be found in [1, Lemma 2.1] (it is easy to translate the bounds
onwy; = 1 — fy stated in [1] into the estimates foruy = 1 — fe2 appearing here):

Lemma 2.1. For a < £, we have

M:%b+mwﬂ.

Moreover, 0 < fy(x) < 1 forall x € A and, defining uy(x) =1 — ff(x), we find

Xxe(x) Xxe(x)

0 <ug(x) <Ca o Ve = Ca——5-.
| x| | x|
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Since (2.1) satisfies the hard-core condition (1.2), we immediately obtain that

(Un, —Ax; WN)

Z II‘IJNII2

For j =1,..., N, we compute

N
—Afe(x; — xi)
—A YN (X, ..., xN) = E ———L Wy (xy, . xw)
! —  folxj —xi)
i#]

~ i Vfilx; —x) Vfelxj = xm)
Jexj —xi)  fe(xj — xm)

Wn(xg, ..., xN) .

i,m#j
i#m

From (2.2), we obtain

(Wy, Ay, Uy) = Z/Am(x,—x,nw(xl Py dxy

i#]

. Z /Vfﬁ(xj —X;) ) fo(xj — Xm)
im Je(xj — x;) Je(xj — xm)
i #m

X |\IIN(x1,...,xN)|2dx1...de.

Fori, j € {1,..., N}, wewrite V;; = 2A¢ x¢(x; —x;) and f;; = f¢(x; —x;). With
this short-hand notation (and omitting the measure dx; . ..dxy from all integrals),
we find

N v Vi N
By -0 SVelli £ - -2 [ 52  FEI f
< - : |

N ? f]_[i<j fl? 6 fl_[i<j fl?

The two terms on the r.h.s. of the last equation will be considered in the next two
propositions, whose proof is deferred to the next sections.

Proposition 2.2. Fix { = c (pa)~'/? for a sufficiently small constant ¢ > 0. Then
there is a constant C > 0 such that

via [T, 1
lim sup ?% < 47Ta,0 + C,Oa(,Oa3)1/2 2.3)
N,|A|—
VA i<i Ji

forall pa® > 0 small enough.

Proposition 2.3. Fix ¢ = ¢ (pa)~'/2 for a sufficiently small constant ¢ > 0. Then
there is a constant C > 0 such that

f Vis Vs 1—[
limsup |[N21J13 /3 ;J < Cpa(pa®)!/? (2.4)
NI\}|;|\1|\T:O/?: / l_[i<j fij

for all pa® > 0 small enough.
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From Propositions 2.2 and 2.3 (and from the existence of the thermodynamic
limit for the energy per particle E ?Vs /N), we immediately conclude that there exists
C > 0 such that

EhS
im N < 4rap [1 n C(pa3)1/2]

N,|Al—>oo: N
N/|Al=p

for all pa® > 0 small enough. This completes the proof of Theorem 1.1.

The proof of Propositions 2.2 and 2.3 is based on rewriting fli =1—u;
in the Bijl-Dingle—Jastrow factors appearing in the numerator and denominator
of (2.3) and (2.4), on expanding it in powers of u; ; and on exploiting precise
cancellations between the numerator and the denominator. The various terms in the
expansion can be graphically represented as diagrams in which vertices represent
particles’ labels and lines connecting vertices correspond to factors u; ;, or to the
observables Vi or V f1;/f1; with j = 2, 3. There are two kinds of cancellations
between the diagrams at the numerator and at the denominator. One is standard,
and is at the very root of the cluster expansion method: all disconnected diagrams
cancel between numerator and denominator, and one is left with an expansion over
connected diagrams only. This cancellation is not enough for proving that the error
term in (2.3) is of relative order (,oa3)1/2, but ‘just’ (,oa3)1/3, the same as the error
term in Dyson’s upper bound [14]. In order to go beyond this one needs to identify
additional, more subtle, cancellations. Explicit computations at low orders show
that all tree diagrams cancel between numerator and denominator: this suggests
that only connected diagrams with loops should survive (here and in the following
we will denote with loop a set of lines forming a closed non-self-interacting path).
In fact, all ‘reducible’ diagrams (namely diagrams which remain connected after
the removal of any edge or vertex) cancel at the first few orders, but the cancellation
of trees is sufficient to obtain an error term comparable with the Lee—Huang—Yang
correction. The cancellation of reducible diagrams was already noticed by Jastrow,
see [22, Egs.(11)—(11c)] and is explicitly discussed in [36, below Eq.(3.6) and
Fig. 8], even though not proved systematically. Its rigorous proof has been obtained
much more recently within a convergent cluster expansion scheme in the canonical
ensemble [37]. In this paper, instead of using a standard cluster expansion, we
find it more convenient to expand the variables one by one both in the numerator
and in the denominator, choosing the order of the expansion large enough for the
truncation errors to be small. At each step of this partial expansion, we estimate
contributions associated with diagrams having at least one loop and we isolate trees
that disentangle from the remaining Bijl-Dingle—Jastrow factor. The contribution
of these diagrams cancels out when we combine the estimates we obtain for the
numerator and the denominator.

The proof of Propositions 2.2 and 2.3 relies heavily on the fact that ¢ > 0
in the definition ¢ = c(,oa)_l/2 is chosen small enough (see for example (3.18)).
This assumption ultimately ensures that our partial expansion of the Bijl-Dingle—
Jastrow factor converges. To capture the second order correction on the r.h.s. of
(1.1), we would need to include correlations on slightly longer scales, choosing
¢ = (pa)~'/?>~¢, which unfortunately would lead to divergencies. In the Gross—
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Pitaevskii regime, this issues could recently be solved in [1], combining a Bijl—
Dingle—Jastrow factor on short scales with a quasi-free state on larger scales.

3. Proof of Proposition 2.2

We set £ = ¢ (,oa)_l/ 2 fora sufficiently small constant ¢ > 0 to be specified
later on. Then

pal> =c? « 1. (3.1

Let us also define u; j = ue(x; — xj;) =1 — ]‘3 forany 1 <i < j < N. We will
use, several times, the bounds

N M
[TRA=1+D 0" > wigyuiy, (3.2)
j=r m=1

r<ji<-<jm<N

M+1

N
1_[ fl? >1+ Z (=" Z Wijy oo Uiy (3.3)
m=1

j =r r<ji<-<jm<N

which are valid forany 1 <i <r < N and each M > 0 even (since uy > 0), as
well as their immediate consequence

N M
N1 ERED WD DT
j=r m=1

r<ji<-<jm<N

< Z Uijy Ui jari 3.4)

rEji<e<jm+1=N

which is valid forany 1 <i <r < N and M > 0. The validity of (3.2) and (3.4)
follows by induction using 0 < u, < 1.
We introduce the notation

IN_k = f [T 5 dws.. dxy (3.5)
k+1<i<j<N
for k = 0,1,..., N — 2. We observe that Iy < Iy_i|A|. At the same time,

ux) =1-— fez(x) using Lemma 2.1 to estimate [|u¢]; < Cal?, we find Iy >
In-1(JA| = CNlluell) = [AlIy-1(1 = Cpat?) = |A]Iy—1/2 choosing ¢ > 0 in
(3.1) small enough. Repeating the same argument, we obtain

27N Iyk < Iy < |IAF Iy (3.6)

forallk e Nwithk < N — 2.



Arch. Rational Mech. Anal. (2024) 248:100 Page 7 of 21 100

We consider the numerator on the L.h.s. of (2.3). We isolate the term flz2 and
we expand the remaining xi-dependence in the Bijl-Dingle-Jastrow factor. With
(3.2), we obtain

[re T1 5

I<i,j<N
2 2
5[V12f12[1— Z Ui+ + Z Ul,ry ~~~“1,rM] 1_[ fij
3<ri<N 3<ri<r<--<ry<N 2<i<j<N
M
2 2
= Z (=™ Z /V12f12”1,r1 ERE W 1_[ f,'j
m1=0 3§r1<r2<---<rm1§N 2<i<j<N
M
N -2
2 2
= Z (_])ml( " )/Vl2f12“1,3u1,4---”1,m1+2 1_[ flJ
m1=0 1 2<i<j<N

(3.7)

Here, and similarly below, we use the convention that, if m| = 0, there is no factor
of ug in the integral. Next, we expand the x> -dependence in the Bijl-Dingle—Jastrow
factor. Stopping the expansion at m, = M —m and using (3.2) or (3.3) depending
on the parity of M — m we find

[ve T1 5

1<i,j<N
M M—m
N-2
< _] mi _1 ny
<Y (=D ( . ) > =D
m1=0 mo=0
X Z /V12f122u1,3...u1,m1+2u2,r1 e U2, 1_[ fg
3<n <~-~<r,,,2§N 3<i<j<N
(3.8)
Furthermore, we get rid of the contribution of the loops, namely of the terms
where there exists at least one index i € {1,...,mo} withr; € {3,...,m| + 2}.
We find
2
/ vie [T 1
I<i,j<N
M M—m
N-2 N—-2—-m
oM Y (Y2
=0 mi /o my (3.9)
X / V12f122u1,3 e UL My 42U2 M3 - U2 myma 2 1_[ f,%
3<i<j<N

+ gloops,Z
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where (denoting by k the number of loops)

M—m min(my,mz)
N_2 N —-2—
gloops 2= Z (= 1)m1< ) Z (= 1)’"2 Z <n]zl)( mjz — kml)

mi=1 my=1 k=1
2
X / Viafhu13 ... Ul k2U23 ... U2 k42

2
X UL 43 - UL 42U 43 - - - U2, m  +ma+2—k l_[ 1 -
3<i<j<N

From Lemma 2.1, we have uf(x) < Caye(x)/|x|. Thus, we can estimate

2
‘/V12f12M1,3-..u1,k+2u2,3...uz,k+2dXI '-~ka+2‘
< c"aZku|A|/x(|x| <0

5 ﬁ x(yjl <0 x(x+yj| <0

dxdy; ...dy, < CalA|[(Ca?0)*
|yl lx + y;l

j=1

for a constant C > 0 independent of all parameters. Using again the bound in
Lemma 2.1 to show that ||ugl||; < Cat? and (3.6), this implies that

M —m | min(my,my) 1
m
Naoopsz<Ca|A|z 3 z (,;)—(mz_k),

mp= 1 'mzl

% Nm1+m2+1_k”u ||ml+m2—2k(ca26)k

M—m | min(my,my)
< Cpaly Z DD ("};)

mi= 1 moy=1

IN_Gny+mat2—k)

1
x ————(Cpal®)"1 "2 (Cpa’ )t
(my — k!

with an appropriate choice of the constant C > 0. Exchanging the sums over k and
my, and shifting mo, — my + k, we arrive at

my M—mi—k

1
Ngloops 2 < Cpaly Z Z Z ( ) m—z'(C,Oag2)ml+m2_k(Cpa2€)k

mi=1k=1 my=0

< Coaly Y D" (”};) (Cpat®)" H(Cpa’0)t

M m

< Cpaly ) ) (”,1‘ ) (Cpat)" (Ca/t)* < Cpa(pa®t)ly .

my=1 k=1
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In (3.9), we also separate terms with m| + my = 0 (in this case, there is only
the term with m| = my = 0), where the Bijl-Dingle—Jastrow factor is no longer
entangled with the observable, from the other terms. We obtain

2
fve 11 5
1<i.j<N

< Ina 11200 [ e o]

M N —2\ M N-2-
+ ZH)"”( . ) > (—1)'"2( . m‘)x(m1+mzzl)

m1=0 mo=0

2 2
X/V12f12u1,3---ul,m1+2u2,m1+3---u2,m1+mz+2 l_[ i

3<i<j<N

+ Cpa(pa’f)Iy/N .
(3.10)

Proceeding by induction we claim that, for every h € N, h > 2,

h
/ vie T 2 =1al2n / xe () f20dx | [T + 3 ady-i e 2]
k=3

1<i<j<N

+/V12f122.3h [T 7 G.11)

h+1<i<j<N

h
+ Cpat™' Y (Cpal®)/ 21y /N

j=2
where we define that
M M—my—-—mj_
N-2 N—=2—mj—- - —my_
o = Z(—l)’”l( ) 2 (—1)"’k—1< " " 2)
—0 mi —0 mp_1
mp= my_1=

k—2
X[]_[x(m1+--~+m,-zj—l)]x(m1+~-~+mk_1=k—2)
j=2

and
M M—my—-—mp_1
N -2 N—-2—my—---—mp_
h = (=™ (=)™
pr= 2 0, 2 m

m1=0 mp=0
h my+2 miy+ma+2 my+-+mp+2

X[HX(ml+"'+ijj_1):|l_[”l,j1 l_[ uzj 1_[ Un, jy, -
Jj=2 j1=3 Ja=m1+3 Ja=mi+tmy_1+3

The coefficient ox counts the number of contributions, arising in the expansion of
the variables x1, ..., xg, which are disentangled from the remaining Bijl-Dingle-
Jastrow factor (involving variables x 1, . . . , X ) and contain no loops. On the other
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Fig. 1. Graphical representation of two possible outputs of the expansion described between
Eqgs.(3.7) and (3.11). Nodes represent particles’ labels, the edge (i, j) represents a factor

u;, j and the wiggly line stands for Vlzflzz. On the Lh.s. a diagram representing one term
in B3, i.e. a term without loops obtained by expanding the x1, x and x3-dependence in the
Bijl-Dingle—Jastrow factor (expanded variables are denoted by empty nodes). On the r.h.s.
one of the terms contributing t0 Elgops, 4: a diagram with k = 2 loops which is obtained from
the previous one by expanding the x4-dependence

hand, the coefficient g, is associated with terms, produced in the expansion in the
variables x, ..., xj, that contain no loop but are still entangled with the remaining
Bijl-Dingle—Jastrow factor (as follows from the conditionm +---+mj; > h—1).
Notice that, by definition, S is a sum of functions depending at least on the variables
X1, ..., Xp+1. More precisely, the term with the indices m, ..., mj; depends on the
variables x1, ..., Xp 4 tmy s -

The bound (3.10) shows the validity of (3.11) with 2 = 2, since pal =
al~ ' (pat?) < al~!. To show the induction step we start from the bound (3.11)
and, in the term proportional to B, we expand the dependence of the Bijl-Dingle—
Jastrow factor on the xj1 variable, similarly as we did in (3.8). We obtain

/ N

h+1<i<j<N
M—my—-—mp_y

M
N -2 N—2—my——my
< Z(—l)m‘( - ) Z (—l)mh( mlmh mj 1>

m1=0 mp=0
h M—my—---—my,
< [ []xmi+-+mj=j-1 > (= >
Jj=2 mp4+1=0 h+2<r1<-<rp, <N
mip+2 my+--+mp+2 My
2 2
fred [Lwa T o [Twas T £
j1=3 Jn=mietmy_ 43 j=1 hi2<i<j<N

(3.12)

As we did above, we separate terms with no loops from terms with at least one
loop (i.e. terms with anindex j € {1, ..., mpy1}suchthatr; € (h+2,...,m +
...+ my + 2}). We decompose the contribution arising from terms without loops
writing 1 = x(my +---+mpy1 = h) + x(my +--- +mpy1 = h — 1) (we can
restrict our attention to the support of x (m1 + - - - +my > h —1)). In particular the
condition y (m| + --- 4+ mp41 = h — 1) guarantees that the Bijl-Dingle—Jastrow
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factor is disconnected from the observable and all the u, factors. We conclude that

[versen T1 2 =12 [ xew o ty-oelar!™

h+1<i<j<N

+ / Vl2f122 IBh+] 1_[ f,% + 5loops,h+] s

h+2<i<j<N
(3.13)

where Eloops,n+1 denotes the contribution from terms on the r.h.s. of (3.12) with
at least one loop (see Fig.1 for a graphical representation of some contributions
to the iterative expansion described so far). To conclude the proof of Eq.(3.11)
it remains to bound Ejops,+-1. Consider, for fixed my, ..., myy1, the term on the
r.h.s. of (3.12) associated with the indices (rq, . .., ), assuming thatry,, . . . 7,
close k loops, with 1 < k < min(my + - - - + my, mpy1), while the other mj, 1 — k
variables are fresh. Choose one of the k loops, say the one linked with r,, denote by
s its length (by construction, s > 3), and say it includes the edge (1, 2) (loops that
do not involve the edge (1, 2) can be handled similarly). To bound the contribution
of the integral associated with this choice of (rq, ..., ry,,,), we estimate Uh+1,r
in L™, forall j =2, ..., k. After eliminating the dependence of the Bijl-Dingle—
Jastrow function on their variables, we can then bound the remaining m; + - - - +
mp41 — (k — 1) — (s — 1) factors of u, that are not in the loop linked with r, in
L' (recall that we assumed the edge (1, 2) to be part of the loop; hence, the loop
involves only (s — 1) factors of u,). After appropriate renaming of the integration
variables, this term can be estimated by

mi+2 mi+--+mp+2 Mp41

[veri Tws— I wa oo, 15

J1=3 Jn=mi—+-tmp_1+3 Jj=1 h+2<i<j<N
my+--+mp 1 +2—k—s

= C”MK” ||ug|| IN—(m)+- Amp 1 +2—k)

2
X / Vio flau2,3u3.4 ... us—1 sy sdxy ... dxg.
With Lemma 2.1, we can bound |[u¢]|oc < 1, |lu¢]l; < Cal? and

2
/ Viafiouz3usa ... us—1 suq sdxy ... dxg

Al xe(y;)
/X@(M +o s 1)1_[ 0y lj yio--dys—1
Yj

S CSaSEZ(S l) 3|A| i
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Taking into account that s < my + - -+ 4+ mp4+1 + 2 — k and using (3.6), this leads
to

mi+2 my4-4mp 42 mp41
2 2
| / Viafa [T wiji- [1 wg [, [ £3
J1=3 Jh=mi+-+my_1+3 j=1 h42<i<j<N

< Ca* el (Cal®y™ T T RN TN g 20

< Cpae~(Cal? /| A+ tmn=k N

Thus, counting the number of terms on the r.h.s. of (3.12) producing k loops, we
can estimate

Ngloops,h+l

M
=< C,0n12£_1 Z <Nm_12)

m1=0
M—my—-—mp_|
N—-2— i —my_
< mhl)x(m1+~-~+mh2h—l)
mp,
mp=0
M—my—--—mj min(mjy1,mi+---+mp) n "
ml PR mh
> > ()
M 1=0 k=1
N—-2—-my—--—my 2 my+-+mpy1—k
X Cal/|AD™ h+178
( o ) (Cat?/|A]) v
M M—my—-—mp_y
< Cpatt !t Y > x(my+-+mp>h—1)
m1=0 mp=0

my+etmy

Z mp+---+my

k
k=1
M—my—-—my,

NMit+etmpe—k
(Cal?/| At =iy

< mil. . mp\(mpet — k)|

mpy+1=k

Switching variables mj+1 — mp4+1 — k, we find

Ngloops,h+1
M M—mi—-—mp_y
§C,oa2€_lz-~- Z xmi+---+mp>h—1)
m1=0 mp=0
()
k=1 k
M—my—--—mp—k 1
% —  (Cpaf®ymtotmaep
Z m1!...mh!mh+1!( pat’) N

mp4+1=0
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Next, we bound the sum over my,1 by exp(Cpaf?) < C and subsequently the sum
over k by 21+ _Thus, we arrive at

M M—ml—---—mh71
- xmi+---+mp>h—1)
Ngloops,h+l =< Cpazﬁ 1 Z . Z

my!...mpy!
mp=0 mp=0 1 h
x (Cpag?)ymit-+muy,

< Cpa*t~ ! (Cpat®" Iy .

Inserting in (3.13) and then plugging the resulting bound in (3.11), we complete
the induction step, namely we prove (3.11), with & replaced by 4 + 1. This proves
the validity of (3.11), forallh e N, h > 2.

Choosing now & = M in (3.11), we conclude that

M
[ve T = iz [ reeoszeoa][in-a+ Y acty-duett ]

I<i<j<N k=3

+/ Via fia Bu l_[ Vi

M+1<i<j<N

M
+ Cpat™" Y (Cpat®)y Iy /N . (3.14)
j=2

The integral containing 8)s cannot be computed explicitly (some of the variables
are still entangled with the Bijl-Dingle—Jastrow factor). With the definition of 8y,
and using the bound [|u¢||; < Caf?, following from Lemma 2.1, we can estimate
its absolute value by

’ / Via faBu H fli‘

M+1<i<j<N
M M—my—-—mp
< CMBIAL Y > x(my+---+my >M—1)
m1=0 m =0
mi+--+my
) Y L et
mi!...my! ! ! M
Taking into account the range of m, . .., mys, we decompose y (mi+---+my >

M—-1)=xm+ +my=M-—1)+x(m;+---+my = M). We find

[ verhen  T1 53 = Crl ANl y-rsne
Mtl<i<j<N

+ CreCIAINY el In-re™  (3.15)
< Cpa [(CpaZZ)M ~1 4 (Cpat®)M ] Iv/N
< Cpa(CpatHM~1Iy/N .
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‘We conclude that

M
/ vie TT £3= 1412 / xe() f20dx | [Iv-2 + 3 aedy-ilue 2]

I<i<j<N k=3
+ Cpa(Cpat> )M~ Iy /N (3.16)

M
+ Cpat™" Y (Cpat®) Iy /N .
j=2

Similarly, we can bound the denominator on the 1.h.s. of (2.3) by

M
,N:/ M 7= |A||:/f[2(x)dx:||:l1v_2+Zak1N—k||M£”]1€_2:|

1<i<j<N k=3

M
— C(CpatHM=1 [y — Cat™! Z(C,oaﬁz)j_zl;v )
j=2
(3.17)

To prove this estimate, we proceed as in the derivation of (3.16), replacing V with
1. Since we need here a lower rather than an upper bound, in the first step we
use (3.3) cutting the expansion at order M + 1. As we did in the proof of (3.14),
we then iterate 7 = M times (despite the fact that we now cut expansions of the
Bijl-Dingle—Jastrow function at order M + 1, rather than M) using (3.2) and (3.3)
depending on the parity of the order at which we stop the expansion. Proceeding as
in (3.15) to bound terms in which the integral cannot be performed explicitly, we
arrive at (3.17), with the coefficients oy replaced by

M+1—my—-—my_
A = Mf(—l)ml (N‘2> : IZ k 2(—1)%1 (N —2-m —"'—mH)
my=0 g myg_1=0 k-1
k—2
[ TT x4 tmj = j= D] xni +- -+ my =k =2)

j=2
fork =1, ..., M.Itishowever easy to check that, due to the characteristic function
x(my + -+ mp_; =k — 2), the value of @ does not change if, on the r.h.s., we

replace M + 1 by M; in other words, &y = oy, which leads to (3.17).
From (3.17), we obtain

M
v = A [ o] (v + Y el 2]
k=3

M
x [1 — C(Cpat> M1 — Cap™! Z(cpazz)f*z]
=
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where we used (3.6) to absorb the error terms on the second line of (3.17). Com-
bining with (3.16), we arrive at (recall from (3.1) that £ = c(pa)~!/? so that
a/t < C(pa)'/? « 1)

NSVl £ he ) xe) f7
2 Iy - [ fF(odx

M
1L+ C(Cpat)M =" + Cat™" Y "(Cpat?)/~?
j=2

M
+ Cpa(CpatH™ ! + Cpa2e™! S (Cpat®)/ 2.
j=2

The simplification of the factor [Iy_» + S oIy lu ||’f72] corresponds to the

cancellation of tree diagrams that we mentioned at the end of Sect. 2. Notice that

with our construction we only need to cancel trees with at most M vertices.
Using Lemma 2.1, we find

e / Xe () f2(x)dx < 4na[1 + c%]

Since moreover f fez(x)dx > |A| — Cal?, we conclude that

N
N [ Vllis; £

— <4mpa
N =
2 fl_[i<j fz%

Y (3.18)
1+ C(Cpat)M =1 4 Cat™ ) “(Cpat®)/ >

j=2

Choosing ¢ = c(pa)~1/2 as indicated in (3.1), with ¢ > 0 so small that, on the
r.h.s. of the last equation, C,oaﬂ2 < 1/2, and choosing then the even number
M>1+ logz(pa3)’l/2, we obtain

N 2

N J Vi llic; 15
7#’“2” < 4mpal + C(pa)'/?].
fl_[i<j fij

4. Proof of Proposition 2.3

We proceed here similarly as in the proof of Proposition 2.2. For this reason,
we will skip some of the details. As in (3.1), we fix £ = c(pa)~'/? for a sufficiently
small constant ¢ > 0.
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Recalling the definition u;; =1 — 5. and the notation (3.5), we set

N
/Vfla Vf23f121_[f11f2,f3, l_[ f5

j>4 4<i<j<N
N? 2
IN/VMH Vu23f121_[f11f21f31 l_[ Jij -
j=4 4<i<j<N

With Lemma 2.1 and with (3.6) we find
In_
Nz/;]—S/ |Vuy3||Vua 3| ug 2 dxydxadxs < Cp?a’e,
N

and therefore (noticing that f Vu(x)dx = 0),

< Cpa(pa’l). (4.1)

‘g_llv_/vmq Vu231_[f1rf2rf3r [T 7

4<i<j<N

Next, we expand the Bijl-Dingle—Jastrow factors, one variable after the other. Since
here, in contrast with the proof of Proposition 2.2, the observable does not have a
sign, when we stop an expansion we always have to estimate the error. We will use
multiple times the inequality (3.4). Applying this bound to (4.1), we find

‘5—*2( )"“(N 3>/Vu13 Vur3uig. . ulm[+31_[f2rf'§r [1 f,,‘

mip=1 4<i<j<N
CMNM+3
SC——— | Vurs||Vuaslura...ui,m+4 2 + Cpa(pa’e)
(M + )y / + 4<11:][<N ij
<CCMNM+3 IVuel} lluellY Al + Cpa(pa®t)
—_— u u _ a(pa
=SS M F Iy el lluelly N—(M+4) pa(p

< C,oct(C,an%MﬂL2 + C,ou(,oazé),

where in the last step we estimated ||Vug|l1 < Cal, |lu¢]l; < Cal? and Iy >
=MD Iy a4yl AIMH as follows from (3.6). Notice that the sum on the Lh.s.
starts from m; = 1, because the contribution with m; = 0 vanishes (since
fVug(x)dx =0).

Let us now expand the x;-dependence. We find

R RGBSR »

my=1 mo=1 4<ji<-<jmy<N

N
2 2
X /Vu1’3 “Vup3uy g .. Uy 43U - U2, i, 1_[ fir 1_[ fz;‘

r=4 4<i<j<N
N2 Z m

<C— il Z

1
N =1 A<ji<-<jMmti-m; =N
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2
X/IVM1,3|IVM2,3IM1,4~-.ul,m1+3uz,j. U2 l_[ 1ij

4<i<j<N
+ Cpa(Cpat>HM*2 4 Cpa(pa’l). (4.2)
Denoting by 0 < k < min(m, M 4+ 1 — my) the number of loops that are formed
by the indices ji, ..., jM+1-m;,» We can bound the first term on the r.h.s. of (4.2)
by
N2 M NI min(m,M+1—my) my N—3—m1
C— Z Z IN—(M—k+4)
Iy my! k M+1—m —k
mp=1 k=0
k+3
fIVMl 3HVM23\[1_[M1 juzj:lulk+4 ULy 3UD e U2 M —kra Xy dX g
j=4
(M+1)/2 1 M+1—k !
<C CMA3 [ M+3—k (g2 MH1-2k 2k+2
SCL W X G T @
Xxe(x1) xe(x2) xe(yj) xe(yj + x1 + x2)
dxldxzdy| .. .dyk
X1l |x2)? l_[ il lyj +x1+ x|
(M+1)/2 . M+1-2k 1
<c CoalYM+2-2k (Cpa? oyt
pa Z 2 I 1= 2k —mp CPoE) (Cpat)

m1=0

(M+1)/2 | |
<C 2 Coat?yM+2-2k (012 p)k
< Cpa I;) T =201 P (Cpa*0)

< ﬁ pa(Cpat>)M*2 4 Cpa(pa’t)

where we used Lemma 2.1, the bound sup, [ x¢(y)/(|yllx + y|) < C¢ and, in
the last step, we distinguished the cases k = 0 and k > 0 (and we exploited the
smallness of pat?, resulting from (3.1)). Next, we bound the contribution of terms
with loops on the Lh.s. of (4.2) (i.e. contributions to the second term on the Lh.s. of
(4.2) with at least one r € {1, ..., my} satisfying j,. € {4, ..., m| 4+ 3}). Denoting
by k > 0 the number of loops we have, proceeding similarly as to the above,

. N—3 M—m . min{m1,m>} m N—3—m
e () X e ()

X f Vupz -Vupzuyg...ujj43u2.4...u2 k+3

2 2
X UL k+4 - - UTLm +3U2,m +4 - - - U2 m+mpr+3—k 1_[ f3r 1—[ f,,
r=4 4<i<j<N

M M—mq min{m|,mo} 1 1
2\mi+my+1-2k 2 n\k 2
<Cpa y Y Z Hm(c,oatz Yyt (Cpa?)* < Cpa(pa®e).

mi=1 mpy=1
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We arrive at

N & (N3 R L (N=3—m
e () 2 ()

mi=1 mo=1

X/VM1,3~VM2,3M1,4~--M1,m1+3uz,m1+4

N
2 2
~~'u2,m1+m2+31_[f3r 1_[ fl/

r=4 4<i<j<N

c
< m/oa(Cpaliz)MJr2 + Cpa(pa’t) .

Proceeding inductively (similarly as in the proof of Proposition 2.2, with the sim-
plification that, here, all terms that contain no loop and are not entangled with the
Bijl-Dingle—Jastrow factor vanish), we find, after M iterations,

M M-—m M—mi—my—-—mp—1

Nz mi+--+m
TP ID I DRI

mi=1 my=1 m =0

« N-3 N—-3—-—my— - —my_
mi My

J=5
mi+3 my+--+mpy+3
2
X/Vu1,3~Vu2,3 1_[ Ui jy-o- H UM, ju 1_[ Tij
J1=4 Ju=mi+-tmy_1+4 M+1<i<j<N

M
< Cpa(Cpat ) *? 4 Cpa(pa®t) Y (Cpat?)/ 2.
j=2

The cutoffs y(my + --- +m; > j — 2) make sure that, in all summands, the
observable is still entangled with the Bijl-Dingle—Jastrow function. After removing
contributions with loops, the cutoffs can be inserted for free, because f Vue(x)dx =
0.

Finally, estimating the absolute value of the sum on the 1.h.s. of last equation
by

M N™Mmitetmy

N?
C—|A]| E — M =-2<my+---+my <M)
Iy mp!...mpy!
mp,....,my=0

+-
X 1Vaee I3 e 7™ Iy oy totmpg 43)
< Cpa (Cpat®)M-1

we conclude that
€] < Cpa(Cpat> M~ + Cpa(pa’e).
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Recalling our choice of £ = c(pa)~!/2, fixing ¢ > 0 so small that Cpat? < 1/2
and subsequently choosing the integer M > 1 + log,(p a3)~1/2, we obtain that

I€] < Cpa(pa®)!/?

for a sufficiently large constant C > 0. This concludes the proof of Proposition 2.3.
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