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Abstract—Phasor Measurement Units represent nowadays a
key technology for the development of new monitoring and
control applications in transmission and, in a likely future
scenario, also distribution systems. For this reason, a lot of effort
is ongoing in designing PMU algorithms that are more accurate
and responsive. In this regard, addressing the problem of tracking
faster dynamics while cancelling the impact of harmonics, inter-
harmonics and wideband disturbances has great relevance. This
paper leverages the properties of three-phase signals to unlock the
potentiality of recently proposed compressive sensing weighted
Taylor-Fourier multifrequency (CS-WTFM) models to design a
new algorithm (CS3-WTFM) with higher performance, particu-
larly in the presence of interharmonic interference. Simulations
prove CS3-WTFM effectiveness with reductions of total vector,
frequency and rate of change of frequency errors of one or even
two orders of magnitude under several testing conditions.

Index Terms—Phasor Measurement Unit (PMU), Compressive
Sensing, Taylor-Fourier Multifrequency, Three-phase Signals,
Rate Of Change Of Frequency (ROCOF)

I. INTRODUCTION

Phasor Measurement Units (PMUSs) represented a major
technological breakthrough in the monitoring of transmission
grids [1]. For the first time, they made available frequent snap-
shots of phasors, frequency and rate of change of frequency
(ROCOF) in geographically remote nodes, timestamped ac-
cording to a shared time coordinate. Measurement accuracy
provided by PMUs strongly depends on the adopted algorithm
[2]-[4]. In this respect, standard IEC 60255-118-1:2018 [5]
(IEC Std in what follows) defines two performance classes (P
intended for low latency and fast response, M for high accu-
racy in slowly-varying conditions) as well as the requirements
that the algorithm shall fulfil under different scenarios.
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A large number of PMU algorithms can be found in
the scientific literature, based on multifold approaches [6]—
[9]. Recently, efforts have been focused on enhancing the
dynamic response, or on guaranteeing low latency and high
accuracy also in the presence of interharmonics or complex
disturbances, considering more challenging conditions with
respect to those prescribed by compliance tests. This research
is stimulated by the future installation of PMU-like devices in
distribution networks [10], [11]. With respect to conventional
PMUs, they face highly dynamic conditions in the presence
of significant harmonics and interharmonics [12], [13].

Among all the algorithms, those based on Taylor-Fourier
Filters (TFFs) [14] are particularly interesting, thanks to their
flexibility. They are suitable for tracking fast dynamics, as well
as providing cancellation of disturbances coming from har-
monics and interharmonics that could be included in the signal
model, leading to the Taylor Fourier Multifrequency (TFM)
approach [15]. Considering TFM-based methods, one may
assume that interference is due to a sparse set of narrowband
components, which can be identified by solving a compressive
sensing (CS) problem, in turn enabling adaptive suppression of
interferers. Performance highly depends on a proper retrieval
of such components, representing the spectral support of the
signal: mistakes undermine the resulting filtering capability.

It is worth noting that power systems are inherently three-
phase and quasi-balanced, thus meaning that the phase wave-
forms are very close to be identical, except for a time delay
of one third of a period. This peculiar feature leads to the
formulation of inherently three-phase synchrophasor measure-
ment methods [16], [17] or to the improvement of approaches
originally intended for single-phase operation [18], [19].

In the present paper, the CS-Weighted TFM (CS-WTFM)
approach [20] has been revisited to effectively cope with
the three phases. In particular, the enhanced spectral support
recovery exploits the three-phase symmetry of the signal,
contrasting with the inherently unbalanced nature of distur-
bances such as noise and interharmonics. Results highlight
the remarkable performance improvement achieved by the
proposed method, enabled by the more robust spectral support
identification.
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II. THE WEIGHTED COMPRESSIVE SENSING
TAYLOR-FOURIER MULTIFREQUENCY APPROACH

A. The Taylor-Fourier Multifrequency Model

The TFM method is based on the definition of a model for
a vector of N,, samples of a real-valued signal z(t), which
can be expressed in the form
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where ¢, is the measurement instant and 7 is the sampling

time. Overbars indicate complex-valued quantities, while H
denotes the Hermitian operator. In the following, without loss
of generality, N,, is assumed to be an odd number, so that the
sample collected in ¢t = ¢,. corresponds to the central element
of vector x(t,). Vector e includes all model errors while p(t,.)
is the vector of the model parameters to be estimated, which
can be written as
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p includes the phasors )_(50) (with s € {1,...,S}) of all

the considered components in the signal along with their
successive derivatives X (w1th k=1,..., K, being K
the expansion order) evaluated in ¢ = ¢,. Also the conjugates
of these parameters (indicated through the underbar) must be
included since the signal is real-valued by assumption.

According to (1), two types of matrices are used to define
the model, i.e.
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which is the phase-rotation matrix, with w, being the center
frequency of the sth component and
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which is the Taylor time-lags matrix. The latter is the same
for components with the same expansion order.

Considering power system signals, the first component
always corresponds to the fundamental frequency w;, while
the others can be both harmonics or interharmonics (ws =
hswi with hg respectively integer or noninteger). The set
{ws}se{l,_.’ s} ideally corresponds to the actual angular fre-
quencies at ¢ = t,, but in practice these values are unknown,
thus requiring their estimation. The presence of X S(l), which
is the first derivative of the phasor corresponding to the sth
component, allows frequency deviation from actual one to be
accounted for in the model. This results in the need of finding
only approximately the frequencies (ws = 27 fs) of the most
relevant components (and thus the spectral support) of the
signal to build (1).

Once the spectral support is computed and the model
written, fundamental and harmonics/interharmonics dynamic
phasors (in p(¢,.)) can be found through a least squares model
match, i.e.

ﬁ(tr) = arg min HBf) — x(tr)H2 = arg min lr(P,tr)ll, (5)
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where ||-||, denotes the Euclidean norm, ~ denotes an estimate,
r is the residual vector for given parameters p (mismatch
between samples and their reconstruction from the model) and
B has element
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in its ith row and [k+143"] (K —|—1)}th column (and its con-
jugate at column index k+1+zl= (K; +1)+21=1 (K;+1)).
Computing such solution means approximating the available
samples as a linear combination of vectors Cg j.

Assuming full column rank, the Moore-Penrose inverse B
provides the solution of the minimisation problem and we get

p(t,) = B'x(t,) = Hx(t,) (7)

where H = (BHB)~!B". Matrix H represents a bank of
FIR filters. Its mth row H,, ., with 3571 (K; + 1) < m <
>oi_,(K;+1), is the complex-valued unit sample response of
the filter that is used to estimate X" (t,), i.e., the [th derivative
of synchrophasor X’go)(tr) withl=m—1— Zf;ll (K; +1).

A generalisation of the above approach, which was proposed
in [20] and will be adopted in this paper, is obtained by
weighing the samples since from the beginning with a window
w|n| (we use a window centred in the measurement instant and
thus the index n = — Nw{l, e N‘“Qfl ). This allows focusing
on central samples, closer to the measurement instant, both
at support identification and estimation stages, thus improving
model definition and measurement accuracy simultaneously.
Matrix B columns become
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where W is a diagonal matrix whose diagonal entries are given
by w. It leads to a new model matrix B,,, so that (5) becomes

tr)H2
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where x,, and r,, are the weighed counterparts of vectors x
and r, respectively.

If s = 1 is considered, )_(i ) with k € {0, 1,2} are needed to
find synchrophasor, frequency and ROCOF as proven in [14].
All the quantities in this paper are referred to the measurement
instant, thus, from here on, for the sake of simplicity, ¢, will
not be reported.

B. Compressive Sensing Solution

As mentioned in Section II-A, defining the TFM model
(1) requires a set of S angular frequencies {@s}sc(1,...,5}-
To achieve accurate synchrophasor measurements the model
should faithfully reflect actual components of the signal, thus
finding ws ~ ws represents the preliminary stage. In this paper,
we rely on CS theory (as in [15]), i.e., we look for a set

Su = {ajsv s € {17~ . -aS}a S < Smax} (10)

among the frequencies belonging to the set

s
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that represents a super-resolved frequency grid if dw < N T
Smax 18 the assumed maximum number of components to seek
and each @y is iteratively found as
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where d}, is a vector defined like c o based on frequency ws =
héw and r,, s_; is the weighed residual resulting from the
previous iteration. dj, is thus a sampled complex exponential
signal with angular frequency from S weighed by w[n]. At
each iteration s the procedure is:

1) Define the set I'y of possi/lgle values for h (e.g., ['; =T).

2) Find, according to (12), hs corresponding to maximum
absolute inner product with the residual vector r, 1
from 1terat10n 5§ =1 (rwo = Xu).

3) Add h ow to S, and dA to matrix BwS (Bu)O is
empty) as Cyy. Add also c“’ ' With & up to K (assumed

beforehand) and their complex conjugates. Remove h
from I';, obtaining | P

4) Estimate p as in (9) by using Bw s and compute T, ;.
Iterate the procedure starting again from step 1.

In the description above, h has been assumed greater than 0
for the sake of simplicity, but also direct current can be dealt
with by recalling that it does not involve an image component.

Following the above procedure (CS-WTFM), spectral sup-
port and p are iteratively estimated by expanding S, at every
iteration until either Sy is reached or [|r,, ||, / ||x[|, is below
a given threshold 6,,, which can be defined fixing the minimum
detectable level of spectral components or from the expected
background noise. S, is associated with the measurement
instant and can thus change with time.

III. THREE-PHASE EXTENSION
OF THE CS-WTFM METHOD

The CS-WTFM algorithm finds at each sth iteration a new
N,,-size vector dj, to define Cyo- Such vector is the “most
similar” to the residual vector among those generated by the
super-resolved grid (or a subset of it), meaning that it results in
the largest projection. However, r,, ; does not simply belong
to the subspace generated by vectors d;, with h € S. Both
model errors and disturbances affect projection.

In this paper, a new algorithm (CS3-WTFM) tailored for
three-phase power signals is thus proposed to improve the
estimation. Phase waveforms typically are close to be identical,
except for a time shift of one third of the fundamental period.
However, disturbances such as noise and interharmonics are
asynchronous with respect to the fundamental, hence they
affect each phase signal differently. On the other hand, a
narrowband component at frequency wg, if any, appears on
all phases with high probability.

Leveraging this condition, we propose to look at the signals
of phases a, b and c all together when searching the spectral
support. The proposed algorithm is summarised as Algorithm
1. At each iteration s, the three vectors corresponding to
the weighed residuals of each phase (ry,q,5—1, Tw,b,s—1 and
Iy,c,s—1 combined in matrix R, qps,5—1) are projected on the
candidate d, thus obtaining 3 inner-product results, arranged
in a projection vector. All projection vectors are compared
through their ¢; norms and the largest norm vector corre-
sponds to the selected index h Indeed, this results in finding
the candidate capturing the highest overall energy from the
three-phase signal, thus reflecting the presence of significant
components on all phases.

Once the best candidate at iteration s is selected, the
estimated spectral support is augmented and matrix B, ; is
obtained accordingly. The same model is used for each x,
(¢ € {a,b,c}) and p, (the model parameters vector for phase
q) is estimated as (the iteration index is here omitted for
simplicity)

13)

.. =) .
thus obtaining X > L€, an estimate of the fundamental

synchrophasor of phase(t ¢, and the estimates of the phasor
~(2)
derivatives X 1,4 and X,  that are used to compute frequency

and ROCOF.

At every iteration, the model is refined and (13) provides
updated estimates until the stop condition is met. This occurs,
as mentioned above, when s reaches Sy, or when the relative
residual energy (that is [|Ruyabe,s| p / [ Xabel p» With ||| 7
indicating the Frobenius norm) is below the threshold 6,,. We
can summarise the algorithm by saying that a joint support
estimation is performed while looking simultaneously for the
synchrophasor, frequency and ROCOF of each phase. Then
frequency and ROCOF are obtained as an average of the three
per phase values.



Algorithm 1: 3ph-CS-WTFM
Input: x,, xp, X, 0,
Output: S, ﬁq for g € {a, b, c}
initialise s = 1, S, 0 = 0, B%w70 =
initialise Xape = [Xa, Xp, X¢]
initialise Xy abe = [Xuw,as Xuw,bs Xw,c] = WXape
initialise residuals R qpc.0 = Xabe
compute residuals overall energy
Eabc,res = HRw,abc,OHF
while Eqpcres > 0 - | Xapelp & 5 < Smax do -

support search
consider the appropriate I's depending on the needs

find the index hs = argmax, ¢, ”aERw7abc75_1|‘1

update S, s = Sy s—1 U hs

update By, , = {B%wﬁfl W(i’sA5:|
update B,, 5 = [Bw,%,s B,.: g}

find f)q = argming meq — Bw,sf)HQ for
q € {a,b,c} R

update ry 4.5 = Xuw,qg — Buw,sPy 4 for ¢ € {a,b,c}
and Rw,abc,s = [rw,a,s; Tw,b,s, rw,c,s]

update Eabc,res = ”Rw,abc,SHF

update s = s+ 1

end
return

IV. TESTS AND RESULTS

Numerical simulations have been performed to assess
the advantages of the proposed technique. The CS3-WTFM
method has been implemented with sampling rate f; = 5kHz,
frequency grid resolution dw = 27 rad/s (thus corresponding to
1Hz) and N,, = 399 sample window length. Taylor expansion
orders are assumed to be K; = 2 for the fundamental
and K, = 1 for all the other components. The maximum
cardinality Spax of the retrieved spectral support has been set
to 6. The square root of a Chebyshev window has been used
to define the weights w[n], as in [20].

CS3-WTFM has been compared with its direct competitor
CS-WTFM sharing the same settings. Test duration has been
set to 10s and the reporting rate has been configured at 50
frames per second (fps), even if results have been obtained
with the higher 100 fps rate for a better statistical significance.

Tests have been carried out under both static and dynamic
conditions. Several test scenarios going beyond IEC Std pre-
scriptions have been considered in order to stress the algorithm
and explore its characteristics. They have been obtained by
modifying some of the features of a default case, which are

o The fundamental, positive sequence component has fre-
quency f; = 50.05Hz, so that it does not belong to the
1 Hz frequency grid corresponding to S and allows better
testing the algorithms’ limits. In a real scenario, the rated
frequency would clearly be part of the candidates thus
leading to better performance.
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Fig. 1. Phase a maximum TVE as function of fundamental frequency for

CS3-WTEFM and CS-WTFM in red and blue, respectively.

o Three harmonics are always present with orders 2, 3
and 5. Their amplitudes are 3%, 5%, and 3% of the
fundamental, respectively, thus resulting in about 6.6 %
total harmonic distortion. Three-phase symmetry is as-
sumed (as in the harmonic distortion tests prescribed by
the IEC Std [5]) hence the 2nd and 5th order harmonics
are negative sequence, while the 3rd order harmonic is a
zero-sequence contribution.

e A 10% interhamonic component is included at 12.2 Hz,
again not belonging to the super-resolved frequency grid.
The interharmonic is positive sequence, as in the out-of-
band interference test of [5].

The most significant and representative results are reported
here, where performance is quantified in terms of total vector
error (TVE), frequency error (FE) and ROCOF error (RFE).

Figure 1 reports the maximum TVE of phase a synchropha-
sor estimation when the fundamental frequency of the default
case changes from 48 to 52Hz with 0.5Hz step. Virtually
identical results can be found on the other phases, not reported
here for the sake of brevity. Under off-nominal frequency
conditions the TVE is rather low for both methods, but CS3-
WTEM clearly outperforms CS-WTFM with errors that are
more than one order of magnitude lower. It is important to
underline that improvements are always due to a more accurate
spectral support identification. TVE values depend on the
specific frequency response of the WTFM filters, but when
a harmonic or interharmonic is better modeled, a stronger
cancellation of its impact in fundamental component extraction
process is always possible (indeed, zeros in the FIR filter are
finely tuned to eliminate the identified interference). Focusing
on the sawtooth-like shape of the TVE graph for CS3-WTFM,
it is interesting to notice that it is linked to the frequencies that
can be included into S,,: the super-resolution is 1 Hz and thus
the considered fundamental frequencies are alternatively very
close (0.05Hz) or relatively far from the best grid candidate
(0.45Hz). FE and RFE also show the advantages of a better
support estimation.

The above results were obtained without any wideband
noise, to make more evident the differences between the two
methods. However, a similar behaviour can be found when
white uniform noise at different signal-to-noise ratios (SNR)
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Fig. 2. Maximum RFE as function of the SNR for CS3-WTFM and CS-
WTFM in red and blue, respectively.

is added to the default case. As an example, Fig. 2 depicts the
RFE trend for both methods for increasing SNR. CS3-WTFM
shows a linear decrease (in a log-log scale), thus highlighting
the proportionality between noise standard deviation and RFE.
On the other hand, considering CS-WTFM, RFE reaches a
plateau when SNR exceeds 70dB, thus revealing that, as the
influence of noise declines, the other disturbances, and, in
particular, that due to the interharmonic, become prevalent
and their impact represents the lower bound of CS-WTFM
performance. This reveals the superior rejection capabilities of
CS3-WTEFM, since RFE results are still dominated by noise
even at 80 dB SNR.

The main advantage of the proposed CS3-WTFM approach
lies in the three-phase spectral support recovery, which enables
better robustness with respect to those disturbances breaking
three-phase symmetry. As mentioned above, an interharmonic
is inherently unbalanced, since its frequency is by definition
not a multiple of the fundamental. This results in a benefit
that is already evident by the previous results, but it is worth
better analysing the behaviour of the algorithms by sweeping
the interharmonic frequency of the default case from 10Hz
to 25Hz, and from 75Hz to 100 Hz, considering the values
suggested by [5].

Figure 3 compares the results achieved by CS3-WTFM and
CS-WTFM in terms of FE. When looking at low and high
interharmonic frequency values, the advantage of the three-
phase approach is remarkable. For example, considering 10 Hz
interharmonic frequency, FE drops from almost 5 mHz (CS-
WTFM) to 4 - 1073 mHz (CS3-WTFM). The reason for this
huge difference lies in the recovered spectral support, which
is ideal in the case of the three-phase method, namely the
distance between the frequencies of the actual components
and those recovered by the CS algorithm is below half the
step of the super-resolved frequency grid. This is not true
as far as the CS-WTFM method is concerned, thus estimates
are much more affected by spectral interference. The same
considerations apply to RFE, reduced from about 0.55 Hz/s to
1 mHz/s thanks to the three-phase support recovery.

The errors achieved by CS3-WTFM and CS-WTFM become
similar as the interharmonic frequency is close to 25Hz or
75 Hz, namely the PMU passband limits for 50 fps reporting
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Fig. 3. Maximum FE as function of the interharmonic frequency for CS3-
WTFM and CS-WTFM in red and blue, respectively.

rate. In those cases, the spectral support estimated by the
CS3-WTFM method is better and more stable with respect
to that recovered by the CS-WTFM technique, but it is no
longer the optimal one. In particular, it may misposition the
interharmonic component by one step of the super-resolved
frequency grid.

For a deeper analysis of the interharmonic rejection capa-
bility, the default case has been modified by setting the in-
terharmonic frequency to 10 Hz while sweeping its magnitude
from 1% to 10 %; Fig. 4 shows the resulting maximum FE
values. The chosen interharmonic frequency lies on the super-
resolved grid: therefore, the optimal support would be able to
fully suppress its impact. As a further consideration, it is worth
highlighting that the error trend results from two contrasting
effects. On the one hand, it is easier to properly locate a larger
interharmonic; on the other hand, it may produce stronger
spectral interference with fundamental-related estimates. The
CS3-WTFM method retrieves the optimal support in the whole
amplitude range: this is the reason why FE remains constant.
Under this condition, error is fully due to scalloping loss
and spectral interference with harmonics, which cannot be
fully suppressed since their frequencies do not belong to the
aforementioned grid. Conversely, the conventional CS-WTFM
method is not able to grasp the optimal support: in fact, error
values increase with interharmonic amplitude, as a result of
the stronger spectral interference.

The improvement introduced by the CS3-WTFM is partic-
ularly evident in the presence of interharmonic components,
which break the three-phase symmetry. When considering
dynamic conditions, the estimation errors may be dominated
by the difficulty of properly identifying the time-varying
parameters over a rather short observation interval, which
exacerbates the infiltration of interharmonics.

Nevertheless, the three-phase formulation guarantees a more
robust and stable support recovery also under dynamic con-
ditions. Therefore, a performance improvement is noticeable
also when modulations are added to the default case. In this
regard, Table I reports the results. For this analysis, the P-
class modulation conditions have been taken into account.
Therefore, modulation frequency is limited to 2Hz, while
modulation depth is set to 0.1 and 0.1rad for the AM and
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TABLE 1
DEFAULT CASE + P-CLASS MODULATION CONDITIONS: PERFORMANCE
ACHIEVED BY CS3-WTFM AND CS-WTFM

TVE (%) FE (mHz) | RFE (Hzs)
Method ‘ AM  PM ‘ AM  PM ‘ AM  PM
CS3-WTEM | 0002 0007 | 032 357 | 0.006 0.079
CS-WTEM | 0009 0.107 | 1.04 409 | 0.064 0224

PM case, respectively.

It is interesting to observe how the CS3-WTFM outperforms
the CS-WTFM counterpart in all the considered metrics. The
improvement is particularly remarkable in the PM case, where
TVE (values are identical for all the phases) is decreased by
over one order of magnitude and RFE is kept below 0.1 Hz/s.

V. CONCLUSIONS

In this paper, a novel and improved version of the CS-
WTFM algorithm was presented. With respect to its previous
edition, the proposed CS3-WTFM technique exploits the in-
herent three-phase symmetry of power system signals to obtain
a more accurate and robust estimate of the spectral support.
This formulation allows for minimising the spurious injections
of both narrow- and wide-band disturbances.

The paper presented the theoretical foundation of the CS-
WTFM extension to a three-phase formulation and its per-
formance was characterised in a significant subset of static
and dynamic test conditions. The comparison against the CS-
WTFM counterpart proved the improvement in terms of both
estimation accuracy and rejection of spurious components.
This is particularly evident in the presence of sub-harmonics,
a phenomenon more and more frequent in modern power
systems affected by slowly dampened oscillations.
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