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Abstract

Space is one of the last frontiers of scientific exploration and, now more than ever, it is also a
valuable economic and strategic resource. The exponential increase in academic and industry’s
focus on space, empowered by the usage of CubeSats, has inevitably increased the amount of
in-orbit objects. As space projects become more and more ambitious, the development of Space
Situational Awareness (SSA) becomes more and more important. In this context, space agencies
and companies have expressed a clear interest in the cislunar orbit realm, defined as an area going
from hyper-geostationary (GEO) all the way to the Moon. On the one hand, the Lunar Gateway
and the Artemis projects will require continuous and safe access to the lunar surface. On the other
hand, the whole cislunar environment is being considered for exploration and scientific missions.
The increase in the number of spacecraft in cislunar space can generate problems that, at least so
far, have not been addressed in this region. To understand why this statement is true, it is enough
to observe how the debris issue affects the vicinity of Earth to date. It cannot be excluded that
a similar problem may arise in the future for cislunar space too, with greater complications due
to the more complex and chaotic dynamic. Consequently, the design of the end-of-life phase of
these missions is of particular interest.

In this paper, the complex dynamics in the Earth-Moon (EM) system will be analysed, em-
ploying the Circular Restricted Three-Body Problem (CR3BP) as a fundamental model. Leverag-
ing differential corrections and continuation methods, it is possible to define equilibrium points
and families of periodic orbits, including, for example, Halo or Near Rectilinear Halo Orbits
(NRHOs). Insights related to the stability of these families of periodic orbits will be provided,
computing different types of stability indicators, based on the linear dynamical behaviour but not
only. This work aims to characterise orbital families in cislunar space from a stability standpoint.
This allows deriving stability maps that can be used to identify proper solutions for end-of-life
disposal for the families of orbits considered.
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Nomenclature Acronym/Abbreviations
x [ndL] Position along x 2D Two-dimensional
y [ndL] Position along y 3D Three-dimensional
z [ndL] Position along z 4D Four-dimensional
2 [ndL/ndT] Velocity along x CoM Center of Mass
9 [ndL/ndT] Velocity along y EM Earth-Moon
Z [ndL/ndT] Velocity along z EoL End-of-Life
4 [ndL3/ndT?]  Mass parameter of the system EoM Equations of Motion
mys [kg] Mass of the Moon GEO Geostationary
mpg [kg] Mass of the Earth JC Jacobi Constant
t [ndT] Time NPCM Natural Parameter Continuation
&(t,10) STM evaluated between tg, initial Method
time and ¢ ¢, final time NRHO Near Rectilinear Halo Orbit
ndL [-] Non-dimensional Length PAM Pseudo Arc-length Method
ndT [-] Non-dimensional Time s/c Spacecraft

STM State Transition Matrix
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1. Introduction

Space is one of the last frontier of human exploration:
great steps forward have been taken since the first man
stepped on the Moon, but a vast area of space still re-
mains unexplored. In the last few years, near-Earth space
has become increasingly important for many services
and applications essential for life on Earth, including
telecommunications, meteorological monitoring, navi-
gation and scientific research. At the same time, many
companies and agencies have expressed a clear inter-
est in cislunar space, defined as an area extending from
hyper-GEO up to the Lagrangian points of the EM sys-
tem [|l], scheduling missions such as the Artemis pro-
gramme [2] or the Lunar Gateway [3].

The exponential growth in the number of objects in
orbit has concurrently created new challenges to deal
with, such as the growing space debris problem [4]. As
more operational satellites are launched, the number of
uncontrolled and potentially hazardous objects in orbit
also rises, increasing the risk of collisions that could en-
danger current and future missions. To date, the debris
problem is limited to near-Earth space: in the coming
years, it will be crucial to implement mitigation and con-
trol strategies to ensure sustainable and safe access to it.
Given the interest shown by several institutions towards
cislunar space, it is easy to imagine how the problem of
space debris could also arise in this less explored area
of space.

One of the largest differences between near-Earth
space and the cislunar region lies within the dynamics
characterising them. The dynamics in the EM system
is highly non linear and chaotic, due to the comparable
gravitational influence of both Earth and Moon. This
is one of the reasons why dealing with the space debris
problem in cislunar space, as around the Earth today,
could turn out to be much more complex than expected.

Probably the most effective mitigation measure that
could be implemented to avoid this problem from the
beginning is a careful design of the End-of-Life (EoL)
phase of satellite missions. Once the operational mis-
sion is complete, a spacecraft must be decommissioned
in a way that ensures that it no longer poses a risk to
other satellites or future missions.

Several strategies have been developed to carry out
and design the disposal at EoL of satellites orbiting Li-
bration Point Orbits (LPO). For what concerns the EM
system, in [§], it is proposed to develop a dynamical
cartography of cislunar space. Samples are generated
along several orbits chosen as case studies and, after
applying a manoeuvre to each of their states, a random
perturbation is introduced into the system and several
Monte-Carlo simulations are performed. The robust-
ness of each solution to possible perturbations is then
assessed. For the Sun-Earth system, in [6], the EoL de-
sign for GAIA, orbiting Sun-Earth Lo, is formulated as a
multi-objective optimisation problem. This approach is
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proposed for disposal with impact on the Moon, with de-
structive re-entry to Earth, and with insertion into a he-
liocentric orbit. For the latter case, an energy approach
is suggested. This strategy is also proposed in [[]] and
[8], for the design of the disposal of a satellite with in-
sertion into a heliocentric orbit. In [9], transfers from
orbits in Sun-Earth L and L, to the Moon are anal-
ysed. The conditions under which the satellite impacts
the Moon or is weakly captured by it are examined. In
addition to Moon impact, Earth re-entry is also consid-
ered a possible EoL solution, although it is a complex
and sometimes operationally risky option [[10]. The op-
tion of atmospheric re-entry, compared to others, must
be accompanied by a careful assessment of the associ-
ated risks [f]. Some strategies developed in these con-
texts could be applied to cislunar space.

This work aims to explore the dynamical structure of
cislunar space, exploiting the CR3BP as a fundamental
model, and looking for stable and chaotic behaviours.
By leveraging Poincaré maps, stability index, and the
maximum local Lyapunov exponent, the aim is to char-
acterise the dynamics of this area of space from a sta-
bility standpoint. This would allow this inherent chaotic
nature of the system to be exploited to seek low-cost dis-
posal solutions that are favourable from a dynamic point
of view.

The article is organised in three main sections. The
first focuses on the dynamical model, outlining how its
characteristics can be used to design periodic orbits. The
second focuses on the description of the different types
of stability indicators, analysing their trend along fami-
lies of orbits. Finally, a case study is presented focusing
on the disposal of possible satellites placed on some or-
bits belonging to the Halo family around L5 in the EM
system, offering a preliminary insight into the relation-
ship between disposal cost and orbital stability.

2. Circular Restricted Three Body Problem

The CR3BP []11] is a dynamical model that reasonably
approximates the complex dynamics characterising the
cislunar space. It describes the motion of a massless
object under the gravitational influence of two major
bodies, the Earth and the Moon in the case considered,
rotating around their common Centre of Mass (CoM) in
circular orbits. The Equations of Motion (EoMs) are ex-
pressed in synodic coordinates. The z-axis is defined as
the line connecting the two major bodies, with the origin
being the CoM of the system. The y-axis is perpendic-
ular to the z-axis and lies within the EM plane, while
the z-axis is perpendicular to it. All quantities are di-
mensionless. Lengths are scaled with respect to the EM
distance, and times in such a way that the mean motion
of the reference system is equal to 1. When indicating
a quantity, ndL identifies the non-dimensional length,
and ndT is the non-dimensional time. The EoMs char-
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where y is the mass parameter of the system, defined
as the ratio between the mass of the Moon, m s, and the
sum of the masses of the Earth and the Moon, mg +
mapr.
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where, for the EM system, u is equal to 0.0121506
ndL3/ndT?. A schematic representation of the model
can be found in Figure [[.
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Fig. 1. CR3BP - Schematic representation.

The CR3BP is an Hamiltonian system, independent
on time and with three degrees of freedom. It is possi-
ble to define only one integral of the motion, commonly
identified as the Jacobi Constant (JC), or Jacobi Inte-
gral:

JC = —(i% 4+ 92 + %) —2U (6)

In the framework of the CR3BP, there exist five equi-
librium points belonging to the plane of the two major
bodies, known as Lagrange or Libration points. Among
these, Lo, L1, and L3 lie along the z-axis of the syn-
odic reference frame and are referred to as collinear La-
grange points. The remaining two points, L4 and Ls,
are termed triangular Lagrange points and form the ver-
tices of equilateral triangles defined by the two larger
bodies.
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3. Periodic orbits

Periodic orbits are trajectories that repeat after a certain
amount of time, called a period, in the synodic reference
frame. In a three-body system, several types of periodic
orbits can be defined. Generally, these orbits evolve
around one of the five Lagrange points or one of the two
major bodies. The CR3BP is particularly suited for the
definition of periodic orbits in the EM system because
the classical formulation used to design them is based
on some of its symmetry properties. In Section B.1| and
Section B.2, the numerical techniques used to compute
periodic orbits are defined, and in Section B.3 some re-
sults are presented. It is important to note that not all
families of periodic orbits are considered in this anal-
ysis. Some may be identified by making slight adjust-
ments to the method described herein, while others ne-
cessitate the definition of different methodologies.

3.1 Numerical computation of periodic orbits

A family of periodic orbits is generated thanks to a dif-
ferential correction algorithm [[12]. A generic state of
the system can be defined as ¢ = [z y z @ ¢ 2]T. Pe-
riodic orbits of interest for the analysis presented herein
are symmetric about the xz-plane, and intersect this plane
perpendicularly. Thus, the state at which the trajectory
will intersect the zz-plane at time ¢( can be defined as:

xo(to) = [x0 0 2o 0 4o 0] @)

A periodic orbit will intersect the xz-plane orthogo-
nally once more after half a period, at a time ¢ ;. So, the
desired state at time ¢ will be:

il:fd(tf) = [.’L’f 027 0yy O] ®)

For dynamical models such as the CR3BP, the linear
relationship between variations on the initial and on the
final state can be expressed as:

sa(t) = (¢, to)d(to) ©

where ¢(t, to) is the State Transition Matrix (STM)
of the CR3BP dynamics. Equation P can be used to trace
the displacement that must be imposed on the initial
state to obtain a desired final state. Propagating the ini-
tial state o (to) between 0 and ¢ ¢, the final state = £ (¢ )
is obtained. Since three of the components of the fi-
nal desired state are known and dz(t;) = z,%(ts) —
xf(ty), it is possible to compute the unknown compo-
nents of 6 (ty) by inverting Equation . A new, modi-
fied, initial state is found, equal to &g = xo + dxg. The
process is iterated until the value of dx(% ;) does not be-
come smaller than a fixed tolerance.

All the unknowns, including the final time ¢ ¢, can be

computed by slightly modifying the process described
above. The vector of the unknowns is:
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a(to) = [xo 20 Yo tf]" (10)

Instead, b(ty) = [yy @ 4f] is defined, such that
Sb(ts) = bs(ts) — by(ts) can be identified. Since:

db(ty) = A da(to) (11)
The matrix A is defined such as:
¢y:v (byz ¢yy y(tf)
A= |bsx Giz Giy E(ty) (12)

where ¢;; is the component of the STM evaluated
between ¢y and t; and relative to the variables ¢ and j.
The solution to the problem is found with a Newton-like
algorithm, iterating the process mentioned above.

Since there is one more unknown than the number
of equations, the problem is underdetermined. Its reso-
lution can lead to multiple, possibly incorrect solutions.
For this reason, to obtain a correct solution and avoid in-
accuracies, it is necessary to choose initial guesses close
to the exact solution.

3.2 Continuation methods

As stated in the above Section, the numerical compu-
tation of periodic orbits requires good initial guesses,
close to the correct solution. For each family of periodic
orbits computed, a first initial guess, used for a single
first orbit, is known. Then, continuation methods are
employed to determine initial guesses for other orbits
belonging to the family. Three types of continuation al-
gorithms are used: the Natural Parameter Continuation
Method (NPCM) of order one [[13], along = and z, and
the Pseudo Arc-length Method (PAM) [[14].

When employing the NPCM, a continuation vari-
able denoted by ~, which can be chosen, for example,
as xg or zp, must be selected: g is the component of
the solution to the differential correction algorithm rel-
ative to the position along z, zy to that along z. Given
the solution leading to the definition of orbit number 1,
a1 (o), an initial guess for the computation of the un-
knowns of orbit number 2, @ (to), must be found. Re-
garding the continuation variable, its value as an initial
guess for orbit 2 can be computed as follows:

(13)

where ¢ is chosen in a range between 10~% and 1075,
The initial guesses for the elements of @x(to) other than
the continuation variable, collected in the vector £-, are
defined through the equation:

Ye=m+e

2o =2z1tez

where 2; = C\d, and:

(14)
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» C is the Jacobian of the solution a4 (ty), from
which the column related to the continuation vari-
able is eliminated

* d is instead equal to this column

The PAM involves instead parameterising the con-
tinuation function with respect to its arclength. This
method is more robust in the presence of critical points
and bifurcations compared to the previous one. In this
approach, the cost function of a zero-finding algorithm
is modified by adding a final equation that imposes the
solution at the (i + 1)-th step to be perpendicular to the
tangent to the continuation function at the i-th step.

3.3 Families of periodic orbits

Several families of periodic orbits have been computed
using the techniques described in the previous Sections.
In cislunar space, when considering the CR3BP, numer-
ous families of periodic orbits bifurcating from Libra-
tion points can be defined [[1§]. Herein, a limited se-
lection of these families is presented, and will be used
as a case study for the following stability analysis. It is
important to note that from a purely mathematical stand-
point, it is possible to define a family of periodic orbits
even with a perigee radius smaller than that of the Moon.
However, since related to more practical applications,
the results presented are limited to orbits with a perigee
radius greater than or equal to that of the Moon.

Halos are perhaps the most well-known among the
periodic orbits belonging to families defined in cislunar
space. Two Halo families are presented, one bifurcating
from EM-L1, shown in Figure RH, and the other from
EM-L,, shown in Figure Rd. The orbits are represented
as function of their perilune radius, defined as their min-
imum distance from the Moon. Each Halo family di-
vides into two branches, a southern and a northern one,
but it is chosen to show only the southern branch. The
two branches are symmetrical with respect to the z-axis
of the synodic reference frame. Of particular interest
are Halo orbits belonging to the family originating from
EM-L5 that are situated closely to the Moon. These or-
bits are known as Near Rectilinear Halo Orbits (NRHO)
and exhibit specific stability characteristics, making them
of interest for numerous applications.

Several families of planar periodic orbits are also
computed, selected from those defined in [[16]. Two of
these families bifurcate from EM-L; and EM-L,: they
are the 2D equivalent of Halo orbits. These orbits are
identified both as Lyapunov and as family-c, when bi-
furcating from L, and family-a, when bifurcating from
L, [[16]. These two families are shown in Figure d and
Figure Rd.

Finally, two families of quasi-satellite orbits rotating
around the Moon are computed. These families consist
of retrograde, highly stable orbits associated with high
energy levels, identified as family-f and family-g. They
are illustrated respectively in Figure Rd and Figure Rf.
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Fig. 2. Families of periodic orbits considered in the analysis.

4. Stability and chaoticity

Assessing the stability and the chaoticity of families of
periodic orbits in cislunar space is of interest for many
practical applications. For example, it is assumed that
satellites orbiting along highly stable trajectories will in-
cur low station-keeping and, vice-versa, high disposal
costs. Stability refers to the orbit’s ability to remain un-
affected by minor perturbations [[17], chaoticity is in-
stead related to the stochastic behaviour of a determin-
istic physical system, resulting in the tendency of two
infinitely close initial conditions to generate two very
different final results [[L§]. These two concepts, even if
related, must be investigated separately. Various tech-
niques, described in the following Sections, are applied
to analyse the stability and the chaoticity of trajectories
in cislunar space.

TAC-24-C1.1P.20

4.1 Linear stability and stability index

The linear stability or instability of a periodic orbit can
be determined by analysing the eigencouples, eigenval-
ues and eigenvectors, of its monodromy matrix, M, de-
ﬁned as the STM computed after one orbital period,

é(to, T [. To reduce the possibility of encounter-
ing numerlcal errors, ¢(to,T) is not obtained directly
through integration between ¢y and 7" but is derived from
the STM evaluated at half a period, ¢(to,T/2). This
approach is made feasible by a set of mathematical trans-
formations that exploit the symmetry of the problem
with respect to the z-axis of the synodic reference frame
[19]. Also, note that ¢(to,T/2) is retrieved directly
from the differential correction algorithm used to de-
sign periodic orbits: since it is derived from a condition
fixed to guarantee periodicity, its evaluation is less af-
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fected by numerical errors than that of ¢ (o, 7).

Once M is evaluated, its eigenvalues are computed.
If A is a real eigenvalue of the system, 1/ is also an
eigenvalue of the system. Moreover, if \* is a complex
eigenvalue of the system, its complex conjugate \* is
also an eigenvalue of the system [2(0]. For a generic
periodic orbit computed in the CR3BP, six eigenvalues
exist. If, on the other hand, the orbit is planar, the eigen-
values are four. Since the orbit being analysed is peri-
odic, a pair of eigenvalues always equals one [[19]. For
the remaining pairs, it is possible to identify:
+ Stability: complex conjugate eigenvalues belong-
ing to the unit circle indicate a stable behaviour
+ Instability: real eigenvalues not belonging to the
unit circle indicate an unstable behaviour
+ Complex instability: complex eigenvalues not be-
longing to the unit circle indicate the presence of
bifurcations, concept that exemplifies that of com-
plex instability [21]]

Since one pair of eigenvalues is trivial, in the 3D
case it could be easier and more accurate to compute
only the 2 non trivial couples of eigenvalues. A reduced
monodromy matrix is defined as:

(S.TT (5:60
(5ZT o (SZO
5$T —Mred (5$0 (15)
0z 020

since dyy = Y9 = 0. The procedure used to ob-
tain M.eq from M is defined in [[19]. The same proce-
dure can be applied to the 2D case: having also dzg =
029 = 0, only one couple of non-trivial eigenvalues will
be computed.

Finally, the evaluation of the stability of a periodic
orbit can be carried out through the calculation of a sta-
bility index, defined as [[19][22]:

1 1
A'ITI&I

2

where A4, 1S the maximum eigenvalue of M,..q4.
For ST < 1 the periodic orbit is considered stable. If a
simple-periodic orbit has ST = 41, it is called a critical
orbit of first or second type [22].

In the literature, different approaches to defining the
stability index exist. The aforementioned formulation is
equivalent to state that stability is guaranteed when the
trace of the monodromy matrix ranges within +4 [23],
since, as stated in [24]:

ST =

(16)

tr(M)~14+1+ Apaw +

a7
)\max

The trace of the monodromy matrix can be approx-
imated as such since, also for the 3D case in which the
eigenvalues are 6 in total, two of them are always com-
plex conjugate with a small real part.
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4.2 Poincaré maps

Poincaré maps are valuable tools for performing trajec-
tory design in complex dynamical systems [[13]. They
can also be exploited to numerically evaluate the sta-
bility of a trajectory in the phase space, given a certain
energy level.

In the context of the planar CR3BP, the definition of
the complete state of a particle requires knowledge of'its
position (z,y) and velocity (&, ). This corresponds to a
point in a four-dimensional phase space [25]. Consider
searching for all the intersections of a trajectory with a
proper surface of section, let it be y = 0. The crossings
are searched when in the positive direction, with a fixed
sign of g, so for y > 0.

Having fixed y, three more variables (z, &, § > 0)
must be defined to characterise a point completely. As
stated in previous Sections, within the CR3BP one in-
tegral of the motion, JC, can be defined. For a fixed
value of JC, one component less of the complete state
is needed to characterise a point. So, having fixed JC,
¥ > 0 can be found as a function of it and the other two
non-zero state variables (z, ). The phase space defined
by these two variables and representing the returns of a
trajectory on the previously chosen surface of section is
called a Poincaré map.

After obtaining a Poincaré map for a specific area
of the phase space, it is possible to identify periodic and
quasi-periodic behaviours thanks to it. The crossings of
a periodic trajectory with the surface of section always
occur at the same point of the phase space. On the other
hand, trajectories that do not exhibit periodic or quasi-
periodic behaviours have irregular returns to the map.
Figure B shows schematically the returns generated by
two different types of trajectories:

Fig. 3. Poincaré map - Schematic representation. In
green, the behaviour of the first return of a periodic
trajectory. In blue, the behaviour of the first return of
a generic non-periodic trajectory.

Poincaré maps can also be obtained when consid-
ering the 3D spatial CR3BP. However, the results ob-
tained may become quite challenging to interpret. A
Poincaré map provides a way to reduce the phase space
of a system by two variables. In a 3D scenario, this im-
plies that four variables would still need to be mapped
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to fully characterise the system. Representing a 4D map
could be a challenging task, that can be addressed, for
example, by using colours to represent the fourth dimen-
sion. But, when representing the returns of a 3D trajec-
tory in a 4D phase space, a periodic or quasi-periodic
trajectory will not be easily identified anymore by the
same repeating patterns described for the planar case
[26]. For these reasons, the analysis presented herein
is limited to the planar CR3BP.

4.3 Maximum local Lyapunov exponent

Lyapunov exponents are a classical tool used to esti-
mate the rate of divergence between two initially in-
finitely close solutions. They are indexes measuring
the chaoticity of a trajectory. As many exponents can
be analysed as the dimensions of the system but, typ-
ically, only the maximum Lyapunov exponent is com-
puted. This value indeed provides the maximum excur-
sion associated with two neighbouring orbits [27]. The
more the value of the maximum Lyapunov exponent,
L, is large and positive, the more even a small pertur-
bation will be greatly amplified [28]. For continuous
dynamical systems, L) can be computed as:

Iy = lim “In <||5“’(t)|>
t=oo t - \[[0zo(to)]l

where dxq (to) is an infinitesimal perturbation whose
growth is to be estimated. For a periodic orbit, also
knowing the relationship defined in Equation ), the value
of L) can be expressed as:

(18)

(19)

where A4, 1s the maximum eigenvalue related to
the matrix ¢ (to, t*)” (to,t*), and ¢(to, t*) is the STM
of the system evaluated at ¢ = ¢t*. The time t* can be ar-
bitrarily chosen and is, in this case, fixed equal to 1 day
[28]. Instead, the time ?( is associated with a generic
initial state belonging to a periodic orbit. Accordingly,
the formulation of Lyapunov’s maximum exponent is
‘local’ and varies with respect to the initial state consid-
ered for the analysis.

4.4 Cislunar space: a stability analysis

In this Section, an analysis of the tendency towards in-
stability and chaoticity that characterises cislunar space
is presented. First, Poincaré maps covering a large area
of cislunar space are generated. This will allow to iden-
tify periodic and quasi-periodic behaviours. Then, us-
ing the tools outlined in the previous Sections, the sta-
bility and the chaoticity of the families of periodic orbits
presented in Section .3 are analysed.

Poincaré maps can be used to visualise regions of
periodic and quasi-periodic behaviour in cislunar space.
In Figure i, Poincaré maps covering a substantial region
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of this area are presented, each corresponding to a dif-
ferent energy level.

The maps are obtained by defining a grid of initial
conditions, with x ranging from —0.4 to 1.2 and & rang-
ing from —2.5 to 2.5. For each selected value of JC, all
the grid points are examined, to identify which corre-
spond to states of potential orbiting objects. The value
of g is calculated as a function of JC, x, and &, and any
points where ¢ is complex are discarded. The remain-
ing initial conditions are then propagated over one year,
with all returns to the selected surface of section (y = 0)
in the positive direction (y > 0) being sampled and plot-
ted in the phase space.

Each initial grid point is assigned a specific colour,
which remains consistent for all mapped returns asso-
ciated with its propagation. This approach allows for
the identification of which states from the grid lead to
chaotic structures and which result in regular, periodic,
or quasi-periodic patterns. It is possible to distinguish
regions of the phase space where objects are drawn to-
ward stable periodic or quasi-periodic orbits, and re-
gions where objects exhibit more chaotic behaviour.

Equilibrium points can be identified on the maps,
representing initial conditions for designing periodic or-
bits. Specific geometries, such as circles and ellipses,
correspond to quasi-periodic orbits.

Note that Figure f| does not show the complete map
of returns, but only a region of interest, with which cis-
lunar space can be identified. Outside the observed zone,
no periodic or quasi-periodic behaviour is observed, but
chaos dominates. Indeed, the EM CR3BP approximates
reality within a limited area of space, which can be iden-
tified as cislunar space. Beyond this, the behaviour of
the visualised trajectories becomes less and less realis-
tic and, more importantly, increasingly chaotic: as the
distance from the major attractive bodies is increased,
the velocity of the trajectories gradually increases, as
moving away from the system. This is important to em-
phasise because some of the returns obtained by prop-
agating the grid of initial conditions are not shown by
Figure H, and the overall structure of the phase space is
much more chaotic than it appears.

Looking at the maps, some interesting behaviours
can be observed. To the left of the Earth, only one fam-
ily of periodic orbits is identified. These are circular ret-
rograde quasi-satellite orbits. As the energy increases,
this family of orbits gradually tightens, drawing closer
to the Earth. To the right of the Earth, looking at the
central section of the map, multiple families of periodic
orbits can be observed instead, with their appearance
varying significantly depending on the energy level con-
sidered. Notably, the number of identifiable families
increases as the system’s energy rises, with additional
families of orbits gradually forming to the left of the
Moon. For very high energy values, periodic and quasi-
periodic structures become more evident. The number
of returns visualised in the mapped section of cislunar
space increases, and overall, the system appears less
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Fig. 4. Poincaré maps of cislunar space for different values of Jacobi Constant.

chaotic. As the energy level rises, the link connecting
the Earth and the Moon closes, as the one between Lo, to
the right of the Moon, and the outer solar system. This
represents the closing of zero velocity curves, which oc-
curs at Ly and L, for JCs above their respective thresh-
olds. To open or close these links, the energy level of the
system must be adjusted, as indicated by the maps. This
means that it becomes increasingly challenging to per-
form transfers from around the Moon to Earth’s vicinity
as the energy level rises, leading to the closure observed
in the maps.

Thanks to Poincaré maps, some general considera-
tions are made regarding stable and chaotic behaviours
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in cislunar space. The stability and the chaoticity of the
families of periodic orbits mentioned in Section .3 are
examined instead thanks to the stability index and the
maximum local Lyapunov exponent. In Figure [, the
relationship between the stability index, the JC, and the
perilune radius for the different orbit families is shown.

In Figure Bd, this trend is reported for Halo fami-
lies in L, and Lo, family-a and family ¢ [[L6]. It can
be observed that for all four families of orbits bifurcat-
ing from L; and Lo, both the stability index and the JC
are low when the orbits are in the vicinity of the Moon.
These orbits, therefore, correspond to both high stabil-
ity and low energy levels. In the case of the Halo fam-
ilies near EM-L, and L1, these orbits are identified as
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Fig. 5. Relationship between stability index, Jacobi constant and perilune radius for several families of periodic

orbits in cislunar space.

NRHOs. The only stable orbits (i.e., those with ST < 1)
within these families are located between the Halo fam-
ilies in both EM-Ls and L;, at energy levels around
3.01, 3.03, and 3.07, as shown in the zoomed-in sec-
tion of Figure Fd. In contrast, orbits farther away from
the Moon, particularly near L, and Lo, are associated
with high energy levels and high instability.

In Figure BB, the relationship between the stability
index, JC, and the perilune radius is shown instead for
orbits belonging to family-f" and family-g [[16]. Orbits
from family-f are retrograde, planar, and exhibit high
stability, especially if close to the Moon. Some periodic
orbits from this family can be observed to the immediate
left of the Moon in Figure i and Figure fid. In contrast,
orbits from family-g are also retrograde and planar, but
they are not as stable as those in family-f and have very
low perilunes for the entire family. When stable, they
can be seen in the maps of Figure [, to the right of the
Moon. These orbits appear in the map only at higher
values of JC. Indeed, in Figure Fb, they are shown to
be stable for high values of JC, around 3.3, and, as the
energy increases, they become quasi-stable.

Finally, the trend of the maximum local Lyapunov
exponent is computed for all orbit families. It is impor-
tant to note that, unlike the stability index, L) provides
a local measure of chaoticity. For the stability index, a
single value was associated with an entire orbit, whereas
in this case, a value of L) is assigned to each point of a
single orbit. Furthermore, it is important to remember
that L is related to chaoticity rather than stability. In
Figure B, the behaviour of the maximum local Lyapunov
exponents for the different families of periodic orbits is
shown as a function of both the phase angle and the JC.
The phase angle is defined as the angle swept by an ideal
satellite travelling along the periodic orbit over a given
amount of time, and it is computed as:
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t
Y =27 T
where # is the time elapsed since the satellite began
moving along the orbit, and T is the orbital period. For
the 3D families of orbits, ¥ = 0 correspond to the in-
tersection of the orbit with the xz-plane when z < 0.
For the 2D ones ¥ = 0 corresponds to the intersection
of the orbit with the z-axis when y > 0. This happens
for families a and c to the right of respectively Lo and
L1, and for families f and g to the left of the Moon.
The significant variations in the value of L) that are
observed along a single orbit can be attributed to the
fact that the maximum Lyapunov exponent is a local
indicator of chaos rather than a global one. For pro-
grade orbits, L) shows peaks that correlate with both a
decreasing JC and a decreasing distance to the Moon.
For Halo orbits in Ly and Lo, L) decreases with de-
creasing JCs at phase angles near 0° and 360°. At the
same time, for low JCs, peaks emerge at phase angles
approximately equal to 120° and 180°. This is prob-
ably due to the Moon’s gravitational influence on the
orbits when these phase angles are swept, a condition
whereby the distance to the Moon is minimised, result-
ing in more chaotic behaviour. A similar trend is ob-
served in family-c, where only one peak occurs at low
JCs for phase angles about 180°, where the distance to
the Moon is minimal. In family-a, peaks are observed
around 0° and 360°, again coinciding with low JCs and
the minimum orbit-Moon distance. This indicates that
family-a follows a similar pattern to the other orbit fam-
ilies bifurcating from L and Ls.

(20)

The trends for family-f and family-g differ slightly;
L remains high, but constant, for high JCs, which cor-
responds to the minimum distance between the orbits
and the Moon. For family-f, two peaks can be identi-
fied at low JCs and phase angles near0° and 360°. This
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Fig. 6. Maximum local Lyapunov exponents for different families of periodic orbits, as function of phase angle and

Jacobi Constant.

corresponds to a condition where the maximum local
Lyapunov exponent is calculated for points that lie ex-
actly between the Earth and the Moon. The combined
gravitational influences of the two bodies increase the
chaotic tendency of the system.

5. Disposal at end-of-life

When referring to EoL disposal, the final phase of a
satellite mission is addressed, which occurs once its pri-
mary scientific objectives have been achieved.

This phase aims to ensure the satellite is disposed of
safely, minimising the risk it poses to current and future
missions. Two main requirements guide the design of
the EoL phase: firstly, the satellite must not become a
hazard for other missions, and secondly, disposal strate-
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gies must be cost-effective.

Studies on EoL disposal in the cislunar environment
focus on one of the following four strategies:

* Insertion into a heliocentric trajectory

* Impact on the Moon

+ Earth re-entry

* Insertion into a stable cislunar graveyard orbit

An analysis of the stability behaviour and chaotic
dynamics of cislunar space can help define particularly
cost-effective disposal strategies.

As discussed in previous Sections, cislunar space
is characterised by highly unstable and chaotic dynam-
ics, and regions of both chaotic and periodic or quasi-
periodic behaviour can be identified. While the chaotic
nature of the dynamics makes trajectory design com-
plicated, there is an opportunity to exploit it to search
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for low-cost EoL disposal solutions. For example, it is
possible to assume that highly unstable or chaotic peri-
odic orbits could provide cost-efficient EoL solutions.
Instead, Poincaré maps can be used as a valuable tool
to identify initial conditions for designing stable peri-
odic or quasi-periodic orbits. These orbits can serve as
potential graveyards, possible destinations for safe dis-
posals.

In the following Section a case study is outlined, to
illustrate the validity of some of these hypothesis.

5.1 Heliocentric disposal: case study

In this Section, heliocentric disposal is designed for some
orbits of the Halo family in EM-Ly. This family of or-

bits was chosen because it is the one on which the appli-

cation of this disposal method is most straightforward.

The goal is to analyse how high instability can lead to

cost-effective disposal. An energetic approach is used

for the manoeuvre design [0] [[1] [8]-

In this work, when referring to heliocentric disposal,
the spacecraft will be inserted in an exiting Lo grave-
yard. This means that an EoL trajectory is designed such
that, once it exists Lo, the zero velocity curves of the EM
CR3BP are closed so that the satellite can not return to
cislunar space. This, however, does not guarantee that
the trajectory is a heliocentric one. To verify whether
the satellite is correctly disposed outside the solar sys-
tem, it would be necessary to introduce the effect of the
Sun into the model as well, designing a trajectory that
also exits Sun-Earth Lo and then closing the Sun-Earth
zero velocity curves as well. The development of such
a model will be presented in future work. Meanwhile,
it is believed that the definition of a safe area limited to
cislunar space is still relevant to the objectives of this
work.

The disposal is designed as a two-impulse manoeu-
vre: the first AV aims to move away from the periodic
orbit in the most dynamically efficient way, and the sec-
ond to close the zero velocity curves once beyond Lo,
preventing the satellite from re-entering cislunar space.

Initially, the unstable manifold is computed for each
of the orbits of interest, and 60 points along each orbit
are selected, given varying phase angles. The unstable
manifold is the eigenvector associated with the maxi-
mum eigenvalue of the STM computed between ¢ and
T, with T the period of the orbit.

At each of the sampled points, a small impulse of
magnitude e = 10~ is applied in the direction of the
unstable manifold. The resulting trajectory is then prop-
agated until the manifold reaches a distance from the
CoM of the system slightly beyond that of Lo, having
Tse > 1.1ap,.

This value is arbitrarily chosen: to close the zero
velocity curves and to dispose of the spacecraft in a he-
liocentric orbit, it is necessary to be in a condition such
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that zs. > zr,. The time for which the satellite trav-
els along the unstable manifold even after this condition
is met, without performing any manoeuvres, depends
on the mission requirements. The further the distance
from Lo, the more the manoeuvre that closes the veloc-
ity curves requires a low AV. At the same time, delay-
ing disposal for months can be operationally inconve-
nient, especially considering that the chaotic dynamics
of cislunar space can pull the spacecraft away from its
expected trajectory.

In future works, how this threshold can be set in the
most advantageous way possible will be analysed.

Once reached a condition such that ;. > 1.1z,
JCiaj > JC'p, is enforced, where J Ciy,; is the JC of the
trajectory and JC', is the one of Lo, equal to 3.1842.

This ensures that the JC of the trajectory exceeds
that of Ly, which is equivalent to closing the velocity
curves. Theoretically, this guarantees that the satellite
remains outside the cislunar space permanently, having
an energy that does not allow it to come back.

To enforce this, an impulse is given to the spacecraft
in the velocity direction. The magnitude of the impulse
is computed as:

AV = —v+ Vo2 - AJ 1)

where v is the velocity of the spacecraft right before
applying the manoeuvre and AJ is computed as:

AJ = JCL2 - Jctraj (22)

In Table [l it is possible to find the results obtained
for some orbits belonging to the family in EM-Ls.

For each orbit, both the minimum and maximum
AV required to perform the manoeuvre are reported.
These values correspond to different values of phase
angles, respectively. With them, the time spent by the
spacecraft on the manifold before executing the zero-
velocity curve closure manoeuvre is also listed.

It is important to note that these are times of flight,
which, in many cases, are high when considering that
the EM system is being analysed. For this reason, it is
necessary to proceed with a more accurate analysis in
future works. For each case, the phase angles at which
the manoeuvres requiring the minimum and maximum
AV s are performed are also given, 9ay;,, and Jay,,,.

As expected, the minimum AV required to perform
the manoeuvres increases with the stability of the orbits
and their distance from Ls. As orbits become more sta-
ble, the difference between JC'r, and JC'y,; increases,
raising the AV needed to perform the closing of the zero
velocity curves. On the other hand, the maximum local
Lyapunov exponent does not seem to have a relationship
with the cost of the manoeuvre. This occurs because this
index primarily measures local orbit chaoticity, which is
probably less relevant than stability in this context. In-
deed, the effectiveness of heliocentric disposal is more
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JC [1] 3.1503 3.1108 3.0757 3.0349 3.0462 3.0627
SI [-] 473.5478 | 210.0326 81.6949 10.7896 1.6251 1.2062
7, [km] 488 x 10% | 4.29 x 107 | 3.68 x 10% | 2.53 x 10 | 5.74 x 10® | 2.68 x 103
AVpin [M/s] 7.3743 13.5511 22.1778 34.9913 28.6036 29.1014
ToF manny,, [days] | 50.7599 52.2693 80.3683 74.4939 74.7958 111.9307
N 207.4576 18.3051 353.8983 | 329.4915 85.4237 317.2881
Ly avy, |- 4.8809 2.6613 2.3428 2.0877 4.7469 2.4062
AVimax [m/s] 61.0123 128.0910 | 201.0875 | 246.4497 | 226.4804 | 202.0889
ToF manpy,, [days] | 15.7534 17.8408 66.1490 34.0773 55.8995 83.2102
VA Vigas [°] 353.8983 | 323.3898 | 195.2542 | 219.6610 | 152.5424 | 286.7797
L Av -] 2.9826 2.6419 6.7797 4.7722 13.8454 2.6417
P side | 0% 0% 26.67% 0% 0% 0%
Prtoon impact [-] 0% 0% 8.33% 0% 0% 0%
Prarth impact 1] 0% 0% 0% 0% 0% 0%

Table 1. Heliocentric disposal applied to some orbits of the Halo family in EM-Ls.

dependent on how quickly the trajectory reaches L, and
departs from a stable or quasi-stable condition, which
is not necessarily facilitated by high chaoticity. There-
fore, no clear relationship is observed between AV and
chaoticity in these conditions.

The parameter P4 defines the percentage of tra-
jectories remaining confined within the cislunar region,
not reaching Lo during the simulation. Pasoon impact
and Pgqrth impact are instead related to the percentage
of trajectories for which an uncontrolled impact with the
Moon or the Earth occurs.

Various tools are employed to assess the stability of
the system, including the stability index, Poincaré maps,
and the maximum local Lyapunov exponent. These tools
provide an initial characterisation of the stability of tra-
jectories in cislunar space. A case study is presented
where heliocentric disposal is designed for some orbits
within the Halo family around EM Ls. The analysis is
preliminary, but it reveals a relation between disposal
cost and orbital stability.

As future work, Poincaré maps will be further anal-
ysed to identify potential graveyard orbits within the cis-

Propagation is carried out for a maximum of six months, lunar region and to study transfers between orbits with

after which the trajectory is not considered an option
for heliocentric disposal. For all orbits examined, dis-
posal within this time frame is achievable for all tra-
jectories generated, except in the case of the orbit with
JC = 3.0757. For this orbit, the unstable manifold
does not always point towards L,. For some phase an-
gles, it is directed towards L;. This is why in this case,
for some of the generated trajectories, effective disposal
is not possible in less than six months. Interestingly, this
is also the only case where a percentage of trajectories
impact the Moon, while the percentage of impact with
the Earth is zero for all the orbits analysed.

6. Conclusions and future works

In this study, the stability of orbits in cislunar space is
addressed using the CR3BP as a fundamental model.
Exploiting the system’s symmetry properties and nu-
merical continuation, families of periodic orbits of sig-
nificant interest for future missions can be defined. Cis-
lunar space is inherently chaotic, making it challenging
to control orbiting objects and predict their final state
based on initial conditions. Given this complexity, it is
important to develop strategies to accurately design the
EoL phase of a mission, leveraging the system’s chaotic
and unstable dynamics to achieve low-cost disposal so-
lutions.
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similar JCs. A key limitation of this approach is the
need to carefully evaluate the chosen graveyard orbits
to ensure that satellites placed on them for disposal do
not pose a risk to other missions.

Additionally, it would be worthwhile to investigate
whether the peaks observed in Figure f§, corresponding
to highly chaotic states, could serve as initial conditions
for low-cost disposal solutions. Moreover, the value of
Ly shown in the graphs is relative to a time t* equal to
one day. It would be interesting to evaluate how this
parameter affects the evolution of the value of L), and
consequently the relationship between this index and
disposal.

As described, an analysis of the relationship between
the cost of heliocentric disposal and the time spent on
the manifold before the zero velocity curves closure ma-
noeuvre will also be carried out. The ultimate goal would
be to analyse the different parameters characterising the
system, in such a way that the optimal disposal strategy
for an orbit can be determined based solely on its ini-
tial conditions. Also, it would be interesting to design a
disposal trajectory that exits not only EM Lo, but also
Sun-Earth Lo, defining an EoL strategy that includes a
link between two different dynamical models.
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