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Abstract—This work considers a discrete-time Poisson noise
channel with an input amplitude constraint A and a dark current
parameter λ. It is known that the capacity-achieving distribution
for this channel is discrete with finitely many points. Recently,
for λ = 0, a lower bound of order

√
A and an upper bound of

order A log2(A) have been demonstrated on the cardinality of
the support of the optimal input distribution.

In this work, we improve these results in several ways. First,
we provide upper and lower bounds that hold for non-zero dark
current. Second, we produce a sharper upper bound with a far
simpler technique. In particular, for λ = 0, we sharpen the upper
bound from the order of A log2(A) to the order of A. Finally, some
other additional information about the location of the support is
provided.

I. INTRODUCTION

The conditional probability mass function (pmf) of the
output random variable Y given the input X that specifies
the discrete-time Poisson channel is given by:

PY |X(y|x) = 1

y!
(x+λ)ye−(x+λ), x ≥ 0, λ ≥ 0, y ∈ N0. (1)

In the above, we used the convention that 00 = 1. The
parameter λ ≥ 0 is known as the dark current.

The goal of this work is to study the capacity of the channel
in (1) where the input is subject to an amplitude constraint,
that is

C(A, λ) = max
PX : 0≤X≤A

I(X;Y ). (2)

More specifically, we are interested in investigating the struc-
ture of the capacity-achieving distribution, which will be
denoted by PX⋆ .

A. Background

The discrete-time Poisson noise channel is suited to model
low intensity, direct detection optical communication chan-
nels [1] and molecular communications based on particle-
intensity [2]. In this work, we are concerned with the discrete-
time channel; however, there also exists a large literature on
continuous-time channels, and the interested reader is referred
to a survey [3].

The initial substantial investigation into the capacity-
achieving distribution for the Poisson channel was conducted
in [4], where it was shown that when the dark current is absent

(λ = 0) the support of an optimal input distribution for any
A can contain at most one mass point in the interval (0, 1).
Moreover, for any A < 1, it was shown that the optimal input
distribution consists of two mass points at 0 and A. In [5],
it was shown that the optimizing input distribution is unique
and discrete with finitely many mass points. Critically, the
result in [5] was also shown for non-zero dark current. For
other relevant investigations from properties of the capacity-
achieving distribution the interested reader is referred to [6],
[7].

It is important to note that original techniques, for showing
discreteness of the input distribution, which were developed
in the context of the additive Gaussian noise channel in [8],
are typically non-constructive and cannot provide additional
information about the size or location of the support. Recently,
in [9], for the case of λ = 0, the results of [5] were sharpened
and firm bounds on the support size have been provided.
Specifically, [9] derived a lower bound of order

√
A and an

upper bound of order A log2(A). The proof of the upper bound
in [9] relied on the oscillation theorem due to Karlin [10] and
several additional rather involved inequalities. This work takes
a different approach which has several advantages. First, the
proof is simpler. Second, the proof generalizes to the case of
non-zero dark current. Third, the resulting bounds are tighter.

Capacity upper bound have also received considerable at-
tention and can be found in [4], [11], [11]–[19].

B. Organization

The remainder of the paper is organized as follows. Sec. II
defines notation, reviews the Karush-Kuhn-Tucker (KKT) con-
ditions, derives some useful estimation theoretic identities,
proposes bounds on a ratio of cumulants, and presents Tijde-
man’s lemma. Sec. III presents our main results, whose proof
is provided in Sec. IV. Finally, Sec. V concludes the paper.

II. PRELIMINARIES

A. Notation

All logarithms are to the base e. Deterministic scalar quan-
tities are denoted by lower-case letters and random variables
are denoted by uppercase letters. For a random variable X and



every measurable subset A ⊆ R the probability distribution is
written as PX(A) = P[X ∈ A]. The support set of PX is

supp(PX) = {x : PX(D) > 0 for every open set D ∋ x }.

When X is discrete, we write PX(x) for PX({x}), i.e., PX

is a probability mass function (pmf). The relative entropy of
the distributions P and Q is D (P ∥Q).

Given a function f : C 7→ C and a set A ⊆ C, define the
set of zeros of f in A as Z (A; f) = {z : f(z) = 0} ∩A. We
denote the cardinality of Z (A; f) by N (A; f). The principal
and the lower branch of the Lambert-W function are denoted
by W0 and W−1, respectively.

B. KKT Equations

The key to studying properties of the optimal input distribu-
tion PX⋆ are the following KKT conditions which relate the
support of PX⋆ to finding zeros of a certain function defined
through the relative entropy [5].

Lemma 1. PX⋆ maximizes (2) if and only if

i(x;PX⋆) ≤ C(A, λ), x ∈ [0,A] (3)
i(x;PX⋆) = C(A, λ), x ∈ supp(PX⋆) (4)

where, for x ≥ 0, we define

i(x;PX) ≜ D
(
PY |X(·|x)

∥∥PY

)
(5)

=

∞∑
y=0

PY |X(y|x) log 1

y!PY (y)
+ (x+ λ) log

(
x+ λ

e

)
.

C. Estimation Theoretic Identities

Next, we present several derivative identities between rela-
tive entropy and estimation theoretic quantities such as the
conditional mean and conditional cumulant, which will be
useful in our proofs.

The conditional cumulant generating function is defined as

KX|Y=y(t) = logE[etX |Y = y] (6)

= logE[(X + λ)ye−X(1−t)−λ] + log(y!PY (y)).
(7)

The first conditional cumulant is

κ1(X|Y = y) =
d

dt
KX|Y=y(t)

∣∣∣
t=0

(8)

=
E[X(X + λ)ye−X−λ]

E[(X + λ)ye−X−λ]
=

E
[
(X + λ)y+1e−(X+λ)

]
E
[
(X + λ)ye−(X+λ)

] − λ.

(9)

We next show some useful derivative identities.

Lemma 2. Let

G(x) =

∞∑
y=0

PY |X(y|x) log 1

y!PY (y)
, x ≥ 0. (10)

Then,
• The first and second derivatives of G are

G(x) =

∞∑
y=0

PY |X(y|x) log 1

y!PY (y)
, x ≥ 0 (11)

G′(x) =

∞∑
y=0

PY |X(y|x) log 1

E[X + λ|Y = y]
, x > 0

(12)

G′′(x) =

∞∑
y=0

PY |X(y|x) log E2[X + λ|Y = y]

E[(X + λ)2|Y = y]
(13)

=

∞∑
y=0

PY |X(y|x) log E[X + λ|Y = y]

E[X + λ|Y = y + 1]
(14)

=

∞∑
y=0

PY |X(y|x) log κ1(X|Y = y) + λ

κ1(X|Y = y + 1) + λ
, x > 0.

(15)

• The second derivative of i(x;PX) is given by

i′′(x;PX) =

∞∑
y=0

PY |X(y|x) log x+ λ

E[X + λ|Y = y + 1]

− i′(x;PX) +
1

x+ λ
, x > 0. (16)

Proof. See [20, Appendix D].

We conclude this part by presenting bounds on the ratio of
conditional cumulants.

Lemma 3. For all A > 0 and y ∈ N0 we have

κ1(X
⋆|Y = y) + λ

κ1(X⋆|Y = y + 1) + λ
≤ 1, λ ≥ 0, (17)

and

κ1(X
⋆|Y = y) + λ

κ1(X⋆|Y = y + 1) + λ
≥

{
λ

A+λ λ > 0,

e−
√

2(log(A)−1)

A λ = 0.
(18)

Proof. See Appendix A.

D. Counting Zeros of Complex Analytic Functions

The key complex analytic tool that we will be using to count
the number of zeros is the following lemma.

Lemma 4 (Tijdeman’s Number of Zeros Lemma [21]). Let
R, v, t be positive numbers such that v > 1. For the complex
valued function f ̸= 0 which is analytic on the disk |z| ≤
(vt + v + t)R, its number of zeros N(DR; f) within the disk
DR = {z : |z| ≤ R} satisfies

N(DR; f) ≤
1

log v
log

(
max|z|≤(vt+v+t)R |f(z)|

max|z|≤tR |f(z)|

)
. (19)

III. MAIN RESULT AND DISCUSSION

The main results of this paper are summarized in the
following theorem.

Theorem 1. Let PX⋆ be the capacity-achieving input of the
amplitude constrained Poisson channel. Then,

(i) (On the Location of Interior Support Points) For A+λ >
e and x⋆ ∈ supp(PX⋆) \ {0,A} we have

e−
√

2(log(A+λ)−1) ≤ (A+ λ)eW−1(− 1
A+λ ) (20)
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Fig. 1. Capacity C(A, 0) vs size of the optimal input distribution N =
|supp(PX⋆ )| for the case λ = 0. Each circle denotes one value of A. Solid
line: interpolation of the values of A for which the number of support points
increases.

≤ x⋆ + λ (21)

≤ (A+ λ)eW0(− 1
A+λ ) ≤ A+ λ− 1.

(22)

(ii) (Upper Bound on the Number of Support Points)
• For A+ λ < e we have |supp(PX⋆)| = 2.
• For λ = 0 and A > e we have

|supp(PX⋆)| ≤
⌊
3

+ log
(
1 + Ae2eA+1

(
log(A) +

√
2(log(A)− 1)

))⌋
(23)

• For λ > 0 and A+ λ > e we have

|supp(PX⋆)| ≤
⌊
3

+ log

(
1 + (e(A+ λ) + 2λ) e2(e(A+λ)+λ) log

A+ λ

λ

)⌋
(24)

(iii) (Lower Bound on the Number of Support Points) For all
A > 0 and λ ≥ 0, we have

|supp(PX⋆)| ≥
⌈
max{2, eC(A,λ)}

⌉
. (25)

We can get an explicit lower bound on the number of
support points by using the capacity bound in [19, Th. 4]:

eC(A,λ) ≥
√

2A

πe3

(
1 +

3

A

)1+ A
3

e
−

√
λ+ 1

12
A (π

4 + 1
2 log 2) (26)

which behaves like
√

2A
πe3 (1− o(1)), where o(1) → 0 as A →

∞. The upper bound on the support size in (23) behaves like
2eA(1 + o(1)) for A → ∞ and for any finite λ.

In Fig. 1, for λ = 0 and several values of A, we present
C(A, 0) versus the optimal number of support points N . The
values of C and N are determined as described in [22].

The solid line in Fig. 1 interpolates the points before a
change in the value of N , and it serves as an estimate of
the relationship between N and C(A, 0). We obtain

C(A, 0) ≈ 0.7 log2 N [bpcu], N → ∞, (27)

where ‘bpcu’ stands for bits per channel use. Since the
capacity scaling is C(A, 0) ≈ 0.5 log2 A as A → ∞ (as shown
in [19]), we anticipate an asymptotic relationship of N ≈ A

0.5
0.7 .

This approximation suggests that both our proposed upper and
lower bounds on N require further refinement.

IV. PROOFS

This section is dedicated to the proofs.

A. On Location of Interior Support Points

To produce bounds on the support size we also need
additional information about the location of interior support
points, which is provided next.

Proposition 1. For A + λ < e, |supp(PX⋆)| = 2. For
|supp(PX⋆)| ≥ 3, we have that A+ λ > e and

e−
√

2(log(A+λ)−1) ≤ (A+ λ)eW−1(− 1
A+λ ) ≤ x⋆ + λ (28)

≤ (A+ λ)eW0(− 1
A+λ ) ≤ A+ λ− 1. (29)

Proof. See Appendix B.

B. Upper Bound on the Number of Support Points

The KKT conditions of Lemma 1 imply that

supp(PX⋆) ⊆ Z
(
[0,A];D

(
PY |X(·|x)

∥∥PY ⋆

)
− C

)
. (30)

Switching to the cardinalities of the sets, we have

|supp(PX⋆)| ≤ N
(
[0,A]; D

(
PY |X(·|x)

∥∥PY ⋆

)
− C

)
(31)

= N
(
(0,A]; D

(
PY |X(·|x)

∥∥PY ⋆

)
− C

)
+ 1
(32)

≤ N( (0,A]; G′(x) + log(x+ λ) ) + 2 (33)

≤ N

(
(0,A]; G′′(x) +

1

x+ λ

)
+ 3 (34)

= N( (0,A]; (x+ λ)G′′(x) + 1 ) + 3 (35)
= N( (0,A]; g(x) ) + 3 (36)

where (32) holds because 0 ∈ supp(PX⋆) (see [6]); (33)
and (34) follow from Rolle’s theorem (see [23, Lemma 3])
and from Lemma 2; and (35) holds because multiplying the
function by x + λ does not change the number of zeros in
(0,A]. In (36), we have introduced the function

g(x) = (x+ λ)G′′(x) + 1 (37)

= (x+ λ)E
[
log

κ1(X
⋆|Y ) + λ

κ1(X⋆|Y + 1) + λ

∣∣∣∣ X = x

]
+ 1.

(38)

Let us now consider the complex analytic extension of the real
function g:

ğ(z) = 1 + (z + λ)

∞∑
y=0

(z + λ)y

y!
e−(z+λ)



· log κ1(X
⋆|Y = y) + λ

κ1(X⋆|Y = y + 1) + λ
(39)

which is analytic for all z ∈ C.
Next, we compute bounds on the maximum value of |ğ(z)|

in a closed disk of radius B. For the upper bound, we have

max
|z|≤B

|ğ(z)| = max
|z|≤B

∣∣∣∣∣1 + (z + λ)

∞∑
y=0

(z + λ)y

y!
e−(z+λ)

· log κ1(X
⋆|Y = y) + λ

κ1(X⋆|Y = y + 1) + λ

∣∣∣∣ (40)

≤ 1 +

∞∑
y=0

(B+ λ)y+1

y!
eB−λ log

κ1(X
⋆|Y = y + 1) + λ

κ1(X⋆|Y = y) + λ

(41)

≤ 1 + (B+ λ)e2B ·
{

log A+λ
λ λ > 0,

log(A) +
√
2(log(A)− 1) λ = 0

(42)

where (41) follows from the triangle inequality, from |z| ≤
B, and because by Lemma 3 the ratio of cumulants is less
than 1; and (42) follows from the lower bound on the ratio of
cumulants of Lemma 3.

For the lower bound on the maximum value of |ğ(z)|, for
B ≥ λ, by choosing z = −λ, we have

max
|z|≤B

|ğ(z)| ≥ |ğ(−λ)| = 1. (43)

Let us now apply Tijdeman’s lemma for the case λ = 0. By
choosing v = e and t = 0, we get

N( (0,A]; g(x) ) ≤ N(DA; ğ(z) ) (44)

≤ log
(
1 + Ae2eA+1

(
log(A) +

√
2(log(A)− 1)

))
. (45)

For the case λ > 0, by applying Tijdeman’s lemma with
v = e and t = λ

A we get:

N( (0,A]; g(x) ) ≤ N(DA; ğ(z) ) (46)

≤ log

(
1 + (e(A+ λ) + 2λ) e2(e(A+λ)+λ) log

A+ λ

λ

)
.

(47)

Putting everything together, we get

|supp(PX⋆)| ≤ 3

+

{
log

(
1 + (e(A+ λ) + 2λ) e2(e(A+λ)+λ) log A+λ

λ

)
λ > 0

log
(
1 + Ae2eA+1

(
log(A) +

√
2(log(A)− 1)

))
λ = 0

(48)

which behaves like 2eA(1 + o(1)) for A → ∞.

C. Lower Bound on the Number of Support Points

There are several ways of finding lower bounds. We here
offer an approach that also relies on the KKT and provides
an exact but implicit expression for N . We begin by recalling
that for PX → PY |X → PY and QX → PY |X → QY , we
have that

D (PX ∥QX) = D (PY ∥QY ) +D(PX|Y ∥QX|Y |PY ) (49)

where the conditional relative entropy is defined as

D(PX|Y ∥QX|Y |PY ) =

∞∑
y=0

PY (y)D
(
PX|Y (·|y)

∥∥QX|Y (·|y)
)
.

(50)

Lemma 5. Let N := |supp(PX⋆)|. Then,

N =
eC(A,λ)

1
N

∑
x⋆∈supp(PX⋆ ) e

−D(δx⋆∥PX⋆|Y |PY |X(·|x⋆))
, (51)

where δx is a singleton at x.

Proof. Using the KKT condition in (4), we have that for x⋆ ∈
supp(PX⋆)

C(A, λ) = D
(
PY |X(·|x⋆)

∥∥PY ⋆

)
(52)

= D (PYx⋆ ∥PY ⋆) (53)
= D (δx⋆ ∥PX⋆)−D(δx⋆∥PX⋆|Y |PYx⋆ ) (54)

= log
1

PX⋆(x⋆)
−D(δx⋆∥PX⋆|Y |PYx⋆ ), (55)

where (53) follows by defining δx⋆ → PY |X → PY ⋆ ; and (54)
follows by using (49).

By rearranging (55) we arrive at

PX⋆(x⋆) = e−C(A,λ)−D(δx⋆∥PX⋆|Y |PY |X(·|x⋆)) (56)

for x⋆ ∈ supp(PX⋆). Now summing over x⋆ ∈ supp(PX⋆)
we arrive at

1 = e−C(A,λ)
∑

x⋆∈supp(PX⋆ )

e−D(δx⋆∥PX⋆|Y |PY |X(·|x⋆)). (57)

Rearranging (57), we arrive at the following exact characteri-
zation of N :

N =
eC(A,λ)

1
N

∑
x⋆∈supp(PX⋆ ) e

−D(δx⋆∥PX⋆|Y |PY |X(·|x⋆))
. (58)

The proof of the lower bound now follows by using the non-
negativity of relative entropy, which leads to N ≥ eC(A,λ).

V. CONCLUSION

This work has focused on providing upper and lower bounds
on the support size of the capacity-achieving distribution for
the discrete-time Poisson channel. The paper both extends
the bounds to the more general case with non-zero dark
current and improves on previous bounds. Interestingly, our
results suggest that the oscillation theorem, which results in
tight bounds on the support size in the additive Gaussian
noise channel [23], does not appear to be the right tool for
the Poisson channel. Instead, a direct application of complex
analytic tools results in tighter bounds.

An interesting future direction is to find the exact order
of the size of the support. The numerical results suggest that
neither the upper nor lower bounds are tight.



APPENDIX A
PROOF OF LEMMA 3

For the upper bound, we have

κ1(X
⋆|Y = y) + λ

κ1(X⋆|Y = y + 1) + λ

=
E
[
(X⋆ + λ)y+1e−(X⋆+λ)

]2
E
[
(X⋆ + λ)ye−(X⋆+λ)

]
E
[
(X⋆ + λ)y+2e−(X⋆+λ)

] ≤ 1

(59)

where (59) is due to Cauchy-Schwarz inequality applied to the
random variables (X⋆+λ)

y
2 e−

X⋆+λ
2 and (X⋆+λ)

y+2
2 e−

X⋆+λ
2 .

For the lower bound, we first consider the case λ > 0. Since
κ1 is the conditional expectation, we have:

κ1(X
⋆|Y = y) + λ

κ1(X⋆|Y = y + 1) + λ
=

E [X⋆ | Y = y] + λ

E [X⋆ | Y = y + 1] + λ
≥ λ

A+ λ
.

If λ = 0, then

1

κ1(X⋆|Y = y)
=

E
[
(X⋆)ye−X⋆]

E [(X⋆)y+1e−X⋆ ]

=
E
[
(X⋆)ye−X⋆ ∣∣ X⋆ > 0

]
E [(X⋆)y+1e−X⋆ | X⋆ > 0]

≤ sup
PX : X∈[xmin,A]

E
[
Xye−X

∣∣ X ≥ xmin

]
E [Xy+1e−X | X ≥ xmin]

= max
x∈[xmin,A]

1

x
=

1

xmin

where in last step we have used the result of [20, Lemma 6]
and where

xmin := min{supp(PX⋆) \ {0}} ≥ e−
√

2(log(A)−1) (60)

is a result of Proposition 1. Also, we have

κ1(X
⋆|Y = y + 1) =

E
[
(X⋆)y+2e−X⋆]

E [(X⋆)y+1e−X⋆ ]
(61)

≤ sup
PX : X∈[0,A]

E
[
Xy+2e−X

]
E [Xy+1e−X ]

= max
x∈[0,A]

x = A (62)

where we applied again [20, Lemma 6]. Collecting the partial
results, we get that for λ = 0

κ1(X
⋆|Y = y)

κ1(X⋆|Y = y + 1)
≥ e−

√
2(log(A)−1)

A
. (63)

APPENDIX B
PROOF OF PROPOSITION 1

From [6], we know that {0,A} ∈ supp(PX⋆) for all A > 0
and λ ≥ 0. Suppose that there exists x⋆ ∈ supp(PX⋆)\{0,A}.
Then by the KKT condition in (1), x⋆ is a maximum of x 7→
i(x;PX⋆), hence we have that

i′(x⋆;PX⋆) = 0, and i′′(x⋆;PX⋆) ≤ 0. (64)

Then, using the above we have that

0 ≥ i′′(x⋆;PX⋆) (65)

=

∞∑
y=0

PY |X(y|x⋆) log
x⋆ + λ

E[X⋆ + λ|Y = y + 1]

− i′(x⋆;PX⋆) +
1

x⋆ + λ
(66)

=

∞∑
y=0

PY |X(y|x⋆) log
x⋆ + λ

E[X⋆ + λ|Y = y + 1]
+

1

x⋆ + λ

(67)

≥ log

(
x⋆ + λ

A+ λ

)
+

1

x⋆ + λ
(68)

where (66) follows from (16); and (68) follows from the bound
E[X⋆|Y ] ≤ A.

We know seek to solve the inequality:

0 ≥ f(x) (69)

where f(x) = log
(

x+λ
A+λ

)
+ 1

x+λ .
Note that function x 7→ f(x) is decreasing for x < 1 − λ

and increasing for x > 1 − λ. Moreover, f(x) has two zeros
provided that A+ λ > e and no zeros if A+ λ < e.

Consequently, if A + λ < e, f(x) has no zeros and is a
positive function, which leads to a contradiction. Therefore,
for A+ λ < e, |supp(PX⋆)| = 2. This proves the first part of
the result.

For the second part, we assume that |supp(PX⋆)| ≥ 3,
which implies that A + λ > e and the function x 7→ f(x)
has two zeros. The exact solution to (69) is given in terms of
Lambert-W functions:

(A+ λ)eW−1(− 1
A+λ ) ≤ x⋆ + λ ≤ (A+ λ)eW0(− 1

A+λ ). (70)

We now do further bounding to have bounds that involve
simpler functions.

We start with a lower bound on x⋆ + λ. By performing the
substitution x⋆ + λ = et we arrive at

f(t) = t− log(A+ λ) + e−t. (71)

Since t 7→ f(t) is decreasing for t < 0, and noting that
e−t ≥ 1− t+ t2

2 , t < 0, we arrive at

f(t) ≥ − log(A+ λ) + 1 +
t2

2
. (72)

This implies that the smallest zero of f(t), denoted by t0, is
lower-bounded by t0 ≥ −

√
2(log(A+ λ)− 1) or equivalently

that
x⋆ + λ ≥ e−

√
2(log(A+λ)−1). (73)

We now provide an upper bound on x∗ + λ. By using the
lower bound log(x) ≥ 1− 1

x , we arrive at

0 ≥ f(x) ≥ 1− A+ λ

x⋆ + λ
+

1

x⋆ + λ
(74)

which implies that

x⋆ + λ ≤ A+ λ− 1 (75)

This concludes the proof.
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