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Abstract—A multi-input multi-output (MIMO) Gaussian chan-
nel with two transmit antennas and two receive antennas is
studied that is subject to an input peak-power constraint. The ca-
pacity and the capacity-achieving input distribution are unknown
in general. The problem is shown to be equivalent to a channel
with an identity matrix but where the input lies inside and on
an ellipse with principal axis length rp and minor axis length
rm. If rp ≤

√
2, then the capacity-achieving input has support

on the ellipse. A sufficient condition is derived under which a
two-point distribution is optimal. Finally, if rm < rp ≤

√
2, then

the capacity-achieving distribution is discrete.

I. INTRODUCTION

The capacity of multi-input multi-output (MIMO) Gaussian
noise channels with an average-power constraint is known.
However, in practice one also has a peak-power constraint, and
determining the corresponding capacity is challenging. The
goal of this work is to study the capacity under a (total) peak-
power constraint ∥X∥2 ≤ 1, namely

max
PX:∥X∥2≤1

I(X;HX+ Z) (1)

where H ∈ R2×2 is a channel matrix known to both the
receiver and the transmitter, Z ∈ R2 is a standard normal
vector independent of the input X ∈ R2, and ∥ · ∥ is the
Euclidean norm.

A. Problem Reformulation
We reformulate the problem as follows:

C(rp, rm) = max
PX:X∈E(rp,rm)

I(X;X+ Z), rp, rm ≥ 0, (2)

where E(rp, rm) is the set of points inside and on the two-
dimensional ellipse:

E(rp, rm) =

{
(x1, x2) ∈ R2 :

x2
1

r2p
+

x2
2

r2m
≤ 1

}
, (3)

where we assume rp ≥ rm and refer to rp as a primary radius
and rm as a minor radius. The equivalence of (1) and (2) is
shown in [1, App. A].

To motivate our discussion, suppose rm → 0, i.e., the
channel becomes one-dimensional with constraint |X1| ≤ rp.
The capacity-achieving input distribution is discrete with finite
support [2]. Moreover, if rp ≤ r̄p ≈ 1.6 then the optimal input
distribution is (discrete) uniform on {−rp, rp} [3]. Suppose
next that rp = rm. The optimal input distribution is uniform on
a circle of radius rp for all rp ≤ r̃p ≈ 2.4 [4], [5]. One goal of
this work is to explore what happens when 0 < rm < rp ≤ r̃p.

B. Literature Review

The single-input single-output (SISO) version of the chan-
nel was considered in [2] and the capacity-achieving input
distribution is discrete with finite support. The optimality
of the two-point distribution was characterized in [3]. For
further insights into the structure of the capacity-achieving
distribution, the reader is referred to [6]. Upper and lower
bounds on the capacity appear in [7]–[10].

The MIMO problem seems considerably more difficult than
the SISO problem. For example, the support of the capacity-
achieving distribution is, in general, not a union of isolated
points but a union of lower-dimensional manifolds [11]–[13].
Little is known about the structure of these manifolds. The
structure is known when the channel matrix is proportional
to an identity matrix, in which case the support consists of
concentric shells [4], [5], [14], [15]. Upper and lower bounds
on the capacity of general MIMO channels for both total and
per-antenna peak-power constraints were considered in [16]–
[19].

C. Outline and Contributions

This paper is organized as follows. Sec. I-D describes
the notation. Sec. II presents our main results. Specifically,
Sec. II-B shows that for a sufficiently small ellipse the
capacity-achieving distribution is supported on the boundary
of the input space. Sec. II-C establishes symmetry properties
and Sec. II-D proves a sufficient condition for optimality of
a two-point distribution. Sec. II-E shows that, if the ellipse
is small enough, then the capacity-achieving distribution is
discrete. Sec. III provides proofs. Finally, Sec. IV concludes
with a discussion and future directions.

Some of the proofs are omitted and can be found in [1].

D. Notation

The probability of a measurable subset A ⊆ Rn is written
as PX(A) = P[X ∈ A]. The support of PX is

supp(PX) = {x : PX(D) > 0 for every open set D ∋ x }.

If X is discrete, we write PX(x) for its probability mass
function (pmf). The probability density function (pdf) of a
standard Gaussian is denoted by ϕ. The relative entropy of
P and Q is D (P ∥Q). For two random vectors X and Y,
X

d
= Y denotes equality in distribution.



II. MAIN RESULTS

A. Karush-Kuhn-Tucker (KKT) Conditions

Lemma 1. The optimal input distribution PX⋆ satisfies

D
(
PY|X(·|x)

∥∥PY⋆

)
≤ C(rp, rm), x ∈ E(rp, rm) (4)

D
(
PY|X(·|x)

∥∥PY⋆

)
= C(rp, rm), x ∈ supp(PX⋆) (5)

where PY⋆ is the optimal output distribution.

Proof. This is an extension of the case rp = rm treated in [4].
■

Note that the KKT conditions imply that the set supp(PX⋆)
is the set of global maxima of the function x 7→
D
(
PY|X(·|x)

∥∥PY⋆

)
. This fact will be used several times.

B. When is the Support Concentrated on the Ellipse?

The theorem below identifies a sufficient condition such that
the support of the optimal input distribution lies on the ellipse.
To state the theorem, we need the following definition and
lemma.

Definition 1. Let f be a real-valued function that is twice
continuously differentiable on an open set G ⊂ Rn. Then f is
subharmonic if ∇2f ≥ 0 on G, where ∇2 is the Laplacian,
i.e., the trace of the Hessian matrix.

Lemma 2. If ∥X∥ ≤
√
2, then the function x 7→

D
(
PY|X(·|x)

∥∥PY

)
is subharmonic.

Proof. The Hatsel-Nolte identity [20], [21] gives

Hy log fY(y) = Var(X|Y = y)− I, (6)

where fY is the output probability density function, Hyf(y)
is the Hessian matrix of function f with respect to y, and I
is an identity matrix. We further have

HxD
(
PY|X(·|x)

∥∥PY

)
= −HxE [log fY(x+ Z)]

= I− E [Var(X|Y = x+ Z)] . (7)

Taking the trace of (7), we arrive at

∇2
xD
(
PY|X(·|x)

∥∥PY

)
= 2− E [Tr(Var(X|Y = x+ Z))]

≥ 2− 2 = 0

where we used ∥X∥ ≤
√
2. ■

Theorem 1. For rm ≤ rp ≤
√
2, we have

supp(PX⋆) ⊆ ∂E(rp, rm), (8)

where ∂E(rp, rm) is the boundary (an ellipse) of E(rp, rm).

Proof. Lemma 2 shows that D
(
PY|X(·|x)

∥∥PY

)
is sub-

harmonic if the support of PX is in a sufficiently small ball.
Next, note that non-constant subharmonic functions are max-
imized on the boundary of a closed non empty domain [22].
Since x 7→ D

(
PY|X(·|x)

∥∥PY

)
is subharmonic for rp ≤

√
2,

the maximum of D
(
PY|X(·|x)

∥∥PY

)
over E(rp, rm) occurs

on the boundary of E(rp, rm) for rm ≤ rp ≤
√
2. ■

Remark 1. Lemma 2 generalizes to vector channels of any
dimension n if ∥X∥ ≤

√
2 is replaced with ∥X∥ ≤

√
n.

We now focus on rm ≤ rp ≤
√
2, which we call the small

peak-power regime. Theorem 1 simplifies the KKT conditions.

Lemma 3. PX⋆ is optimal if and only if

D
(
PY|X(·|x)

∥∥PY⋆

)
≤ C(rp, rm), x ∈ ∂E(rp, rm) (9)

D
(
PY|X(·|x)

∥∥PY⋆

)
= C(rp, rm), x ∈ supp(PX⋆) (10)

Note that in (9), we check only on the ellipse rather than
on the region enclosed by the ellipse.

C. Symmetry

We prove the following symmetry result.

Proposition 1. The marginals PX⋆
1

and PX⋆
2

are symmetric.
Also, if 0 < rm ≤ rp ≤

√
2, then for x ∈ E(rp, rm), we have

PX⋆
2 |X⋆

1=x1
(x2)

=
1

2
δ

(
x2 − rm

√
1− x2

1

r2p

)
+

1

2
δ

(
x2 + rm

√
1− x2

1

r2p

)
(11)

where δ(x) is the Dirac measure at x.

Proof: Observe that

C(rp, rm) = I (X⋆;X⋆ + Z)

= I ((−1)X⋆; (−1)(X⋆ + Z))

= I (−X⋆;−X⋆ + Z) (12)

where (12) follows because −Z
d
= Z. Note that −X⋆ ∈

E(rp, rm), and (12) implies the input −X⋆ is also capacity-
achieving. However, since the capacity-achieving distribution
is unique [13, Thm. 1], we have −X⋆ d

= X⋆. Next, marginal-
izing with respect to X⋆

2 gives X⋆
1

d
= −X⋆

1 , i.e., X⋆
1 is

symmetric. Similarly, the marginal of X∗
2 is symmetric.

To show (11), we have X⋆ ∈ ∂E(rp, rm) for rm ≤ rp ≤√
2. Given X⋆

1 = x1, this implies

PX⋆
2 |X⋆

1=x1
(x2)

= p δ

(
x2 − rm

√
1− x2

1

r2p

)
+ q δ

(
x2 + rm

√
1− x2

1

r2p

)
(13)

for some 0 ≤ p, q ≤ 1 such that p+q = 1. Finally, p = q = 1
2

follows by the symmetry of X⋆
2 .

D. When are Two Mass Points Optimal?

We characterize the regime where two points are optimal.

Theorem 2. If rp ≤
√
2 then

PX⋆(−rp, 0) = PX⋆(rp, 0) =
1

2
(14)
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Fig. 1. Region of optimality of two points.

is optimal if and only if r2m
2 is less than∫ ∞

−∞
(ϕ(y − rp)− ϕ(y)) log

1

ϕ(y − rp) + ϕ(y + rp)
dy.

(15)

Proof. See Section III-A. ■

Fig. 1 plots the boundary (in blue) of the region for which
two mass points are optimal.

Remark 2. It is interesting to compare the result in Theorem 2
to having an average-power constraint. The capacity with an
average-power constraint is

max
E[∥X∥2]≤1

I(X;DX+ Z), (16)

where D may be chosen as diagonal because the singular
value decomposition of H and the isotropic pdf of Z permit
this restriction. The capacity-achieving distribution is Gaussian
with a diagonal covariance matrix with E[(X⋆

1 )
2] = P1 and

E[(X⋆
2 )

2] = P2 and where P1 and P2 are given by the
waterfilling solution

Pi = max

(
ν − 1

D2
ii

, 0

)
, i ∈ {1, 2}, (17)

where ν is chosen so that P1 + P2 = 1. To compare, let
D2

11 = r2p and D2
22 = r2m; We are interested in the regime

where only one antenna is used (i.e., P2 = 0). The red dashed
curve of Fig. 1 depicts the boundary of the region for which
using only one antenna is optimal. Observe that the curves for
the peak-power constraint and the average-power constraint at
first follow each other but then they diverge.

Remark 3. Consider the rp, rm for which a four-point distri-
bution is optimal. Unfortunately, finding a simple condition
similar to (15) for four points does not seem possible. For

example, such condition is not known even for n = 1. Also,
by symmetry, the optimal input distribution is

PX⋆(x) =


p
2 x = (rp, 0)
p
2 x = (−rp, 0)
1−p
2 x = (0, rm)

1−p
2 x = (0,−rm)

(18)

for some p ∈ [0, 1]. Because the distribution is parameterized
by three parameters (p, rp, rm), it seems feasible to check the
KKT conditions. However, because of the multivariate nature
of the problem, numerical methods suffer from instabilities,
and we were unable to reliably compute PX⋆ .

E. On the Structure of PX⋆

We next resolve the question posed in Section I-A, i.e., we
show that the capacity-achieving input in the small peak-power
regime is discrete with finitely many points if rp ̸= rm and is
uniform on the circle with radius rp if rp = rm.

Theorem 3. Suppose 0 ≤ rm ≤ rp <
√
2. Then we have

• supp(PX⋆) is a finite set for rm ̸= rp or rm = rp = 0;
• PX⋆ is uniformly distributed on ∂E(rp, rp) for 0 < rm =
rp, i.e., supp(PX⋆) has infinite cardinality.

Proof. See Section III-B. ■

The next theorem shows that the points (±rp, 0) are part of
the optimal input distribution.

Theorem 4. If 0 ≤ rm ≤ rp then we have

{(−rp, 0), (rp, 0)} ⊆ supp(PX⋆). (19)

Proof. See Section III-C. ■

III. PROOFS

A. Proof of Theorem 2

To check the optimality of PX⋆ , we check the KKT condi-
tions in Lemma 1. We have

PY⋆(y1, y2) = PY ⋆
1
(y1)PY2|X2

(y2|0) (20)

so the KL divergence simplifies to

D
(
PY|X(·|x)

∥∥PY⋆

)
= D

(
PY1|X1

(·|x1)
∥∥PY ⋆

1

)
+ D

(
PY2|X2

(·|x2)
∥∥PY2|X2

(·|0)
)

(21)

= D
(
PY1|X1

(·|x1)
∥∥PY ⋆

1

)
+

x2
2

2
(22)

= D
(
PY1|X1

(·|x1)
∥∥PY ⋆

1

)
+

r2m

(
1− x2

1

r2p

)
2

, (23)

where the last step uses Theorem 1, i.e., x2
1

r2p
+

x2
2

r2m
= 1. Now

let

f(x1) = D
(
PY1|X1

(·|x1)
∥∥PY ⋆

1

)
+

r2m

(
1− x2

1

r2p

)
2

− D
(
PY1|X1

(·|rp)
∥∥PY ⋆

1

)
, (24)



where, due to symmetry, we have D
(
PY1|X1

(·|rp)
∥∥PY ⋆

1

)
=

I(X⋆
1 ;Y

⋆
1 ). Furthermore, the KKT conditions imply that if

PX⋆
1

is optimal, then

supp(PX⋆
1
) ⊆ { maxima of f(x1) on [−rp, rp]}. (25)

Therefore, we study the maxima of f by finding the derivative
of f , which is

f ′(x1) = − d

dx1
E[log fY ⋆

1
(Z1 + x1)]−

r2mx1

r2p
(26)

= x1 − E[E[X⋆
1 |Y ⋆

1 = Z1 + x1]]−
r2mx1

r2p
(27)

=

(
1− r2m

r2p

)
x1 − rpE[tanh(rp(Z1 + x1))] (28)

= E
[(

1− r2m
r2p

)
Zx1

− rp tanh(rpZx1
)

]
(29)

= E [η(Zx1
)] , (30)

where in (27) we have used Tweedie’s formula [23]

E[X|Y = y] = y +
d

dy
log fY (y). (31)

In (28) we used E[X⋆
1 |Y ⋆

1 = y] = rp tanh(rpy); in (30) we
defined Zx1

= Z1 + x1 and

η(y) =

(
1− r2m

r2p

)
y − rp tanh(rpy). (32)

Now observe the following about the function f ′:

1) at x1 = 0, f ′ has a sign change. This follows from
f ′(0) = 0 and that f is even and, therefore, f ′ is odd
and there must be a sign change at x1 = 0.

2) the function f ′ can have at most three sign changes. This
follows from because η(y) can have at most three sign
changes and using Karlin’s oscillation theorem (see, e.g.,
[6]) which states that the number of sign changes of f ′

is upper-bounded by the number of sign changes of η.
3) if rm > 0 and the function f ′ has exactly three

sign changes, then sign changes must be in the or-
der −,+,−,+. This follows because there is a sign
change at x1 = 0 and limx1→−∞ f ′(x1) = −∞ and
limx1→∞ f ′(x1) = ∞. Therefore, the sign changes at
x1 ̸= 0 must be from negative to positive, and the sign
change at x1 = 0 must be from positive to negative.

In what follows, we focus on x1 ≥ 0. The above properties
imply that only the following three cases are possible.

Case 1: f ′ is non-negative on x1 ≥ 0. This implies that,
the function f is increasing and, therefore, is maximized at
x1 = rp.

Case 2: f ′ is non-positive on x1 ≥ 0. In this case, the
function f is decreasing and is maximized at x1 = 0.

Case 3: On x1 > 0, f ′ has a single sign change from
negative to positive. Thus, f has only one local minimum and
no local maxima, and f is maximized at x1 = 0 or x1 = rp.

The above shows the function f on x1 ≥ 0 can have maxima
only at either x1 = 0 or x1 = rp. This implies supp(P ⋆

X1
) =

{−rp, rp} if and only if

f(0) < f(rp)

⇔ D
(
PY1|X1

(·|0)
∥∥PY ⋆

1

)
+

r2m
2

< D
(
PY1|X1

(·|rp)
∥∥PY ⋆

1

)
(33)

⇔ r2m
2

<

∫ ∞

−∞
(ϕ(y − rp)− ϕ(y)) log

1

ϕ(y − rp) + ϕ(y + rp)
dy

(34)

B. Proof of Theorem 3

Before proving the theorem, we present definitions and
ancillary results.

Definition 2. Let V ∈ R2 have moment generating function
MV(t), t ∈ R2. Then the cumulant generating function is

KV(t) = log(MV(t)), t ∈ R2. (35)

The following lemma is useful.

Lemma 4. For x1 ∈ [−rp, rp] let

f(x1;PX⋆) = E

[
KX̄

(
Z1 + x1, Z2 + rm

√
1− x2

1

r2p

)]
,

(36)

where X̄ is distributed as dPX̄ = e−
∥x∥2

2

E[e−
∥X⋆∥2

2 ]

dPX⋆ (a tilted

distribution). The KKT conditions (9)–(10) are equivalent to

0 ≥ x2
1

2

(
1− r2m

r2p

)
− f(x1;PX⋆)− a, x1 ∈ [−rp, rp],

(37)

0 =
x2
1

2

(
1− r2m

r2p

)
− f(x1;PX⋆)− a, x1 ∈ supp(PX⋆

1
).

(38)

where a = C(rp, rm)−log(2π)+log
(
E
[
e−

∥X⋆∥2
2

])
+h(Z)−

1− r2m
2 .

Proof. See [1, App. C]. ■

Definition 3. For z ∈ C the principle square root function is

z
1
2 = |z| 12 e

i arg(z)
2 . (39)

Remark 4. The principle square root function is holomorphic
on C \ {z : Re(z) ≤ 0, Im(z) = 0} [24].

Lemma 5. The function x 7→ E [KX̄ (Z+ x)] has the
complex extension

EZ [KX̄ (Z+ z)] = EZ

[
logEX̄

[
e(Z+z)T X̄

]]
, z ∈ C2. (40)

Moreover, the function in (40) is an entire function, i.e.,
analytic on C2. Consequently, the function x1 7→ f(x1;PX⋆)
has a complex extension

f̃(z;PX⋆)



= EZ

KX̄

Z1 + z, Z2 + rm

√∣∣∣∣1− z2

r2p

∣∣∣∣e i arg

(
1− z2

r2p

)
2


(41)

which is analytic on z ∈ C \ {z : |Re(z)| ≥ rp, Im(z) = 0}.

Proof. See [1, App. D]. ■

The next lemma provides an upper bound on the peak power
of
∣∣∣f̃(z;PX⋆)

∣∣∣ along the imaginary axis.

Lemma 6. For all u ∈ R∣∣∣f̃(iu;PX⋆)
∣∣∣ ≤ r2p

2
+

r2m
2

+ r2m

√
1 +

u2

r2p
+ 2π. (42)

Proof. See [1, App. E]. ■

Proof of Theorem 3: Suppose supp(PX⋆
1
) has infinite car-

dinality. Starting with one of the KKT equations in (38), we
have

0 =
x2
1

2

(
1− r2m

r2p

)
− f(x1;PX⋆)− a, x1 ∈ supp(PX⋆

1
)

(43)

⇒ 0 =
x2
1

2

(
1− r2m

r2p

)
− f(x1;PX⋆)− a, x1 ∈ (−rp, rp)

(44)

⇒ 0 =
z2

2

(
1− r2m

r2p

)
− f̃(z;PX⋆)− a,

z ∈ C \ {z : |Re(z)| ≥ rp, Im(z) = 0} (45)

⇒ 0 = −u2

2

(
1− r2m

r2p

)
− f̃(iu;PX⋆)− a, u ∈ R, (46)

where (44) follows because (Bolzano-Weierstrass Theorem
with the Identity Theorem) an analytic function that is equal
to zero on a closed bounded set of infinite cardinality is
equal to zero everywhere on its domain; and (45) follows
because f̃(z;PX⋆) is the analytic extension of f(x;PX⋆).
Now, Lemma 6 shows that |f̃(iu;PX⋆)| ∈ O(u), together with
(46), leads to a contradiction.

C. Proof of Theorem 4

By symmetry of the channel (see Proposition 1), we may
focus on the case x1 > 0.

Lemma 7. Suppose 0 ≤ rm ≤ rp and Pr(X1 > t) = 0 for
some 0 < t < rp. Then for x1 > t, we have

∂

∂x1
D
(
PY|X(·|(x1, x2))

∥∥PY

)
> 0, ∀x2 ∈ R. (47)

Proof. For all x2 ∈ R, we can write

∂

∂x1
D
(
PY|X(·|(x1, x2))

∥∥PY

)
= − ∂

∂x1
E [log fY(x+ Z)] (48)

= −E [∇ log fY(x+ Z)]
T · ∂

∂x1
x (49)

= −E [E [X|Y = x+ Z]− x+ Z]
T ·
[

1
0

]
(50)

= −E [E [X1|Y = x+ Z]] + x1 (51)
≥ −t+ x1, (52)

where (50) follows from Tweedie’s formula [23] and (52) due
to Pr(X1 > t) = 0. Finally, combine (52) with x1 > t. ■

Arguing by contradiction, let t < rp be the largest value of
the supp(PX⋆

1
). Then, Lemma 7 implies

D
(
PY|X(·|(x1, x2))

∥∥PY⋆

)
> D

(
PY|X(·|(t, x2))

∥∥PY⋆

)
(53)

for all x1 > t and x2 ∈ R. This would violate the KKT
condition (4). As a consequence, we necessarily have (rp, 0) ∈
supp(PX⋆) and, by symmetry, (−rp, 0) ∈ supp(PX⋆).

IV. DISCUSSION AND CONCLUSION

We studied the capacity-achieving distribution of 2 × 2
MIMO channels subject to a peak-power constraint. We
characterized conditions for the optimality of a two-point
distribution and, by transforming the problem into a one-
dimensional problem, we derived sufficient conditions for the
discreteness of capacity-achieving distributions.

There are several interesting directions for future work. For
example, an ambitious goal is extending the results to any
number of antennas. It would also be intriguing to address
questions in the 2×2 setting. For instance, let PX⋆

rp,rm
be the

optimal input distribution for the specified values of rp and
rm. Since capacity is a concave function of input constraint
[25] (see also [26, Ch. 3.3]) and since concave functions are
continuous [27], we have

lim
rm→rp

C(rp, rm) = C(rp, rp)

⇐⇒ lim
rm→rp

I(X⋆
rp,rm ;X⋆

rp,rm + Z) = I(X⋆
rp ;X

⋆
rp + Z),

(54)

where X⋆
rp = X⋆

rp,rp . Note that X⋆
rp is uniformly distributed

on the circle of radius rp. Furthermore, by the continuity of
mutual information in the distribution [28], we have

lim
rm→rp

X⋆
rp,rm

d
= X⋆

rp . (55)

Note that PX⋆
rp

has infinite support while PX⋆
rp,rm

has finite
support for all rm < rp ≤

√
2 by Theorem 3. Thus, an

interesting open problem is the rate at which the cardinality
of the set supp(PX⋆

rp,rm
) approaches infinity as rm → rp.
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[28] Y. Wu and S. Verdú, “Functional properties of minimum mean-square

error and mutual information,” IEEE Trans. Inf. Theory, vol. 58, no. 3,
pp. 1289–1301, 2011.


