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Abstract

We consider capillarity functionals which measure the perimeter of sets contained in a
Euclidean half-space assigning a constant weight A € (—1, 1) to the portion of the boundary
that touches the boundary of the half-space. Depending on A, sets that minimize this cap-
illarity perimeter among those with fixed volume are known to be suitable truncated balls
lying on the boundary of the half-space. We first give a new proof based on an ABP-type
technique of the sharp isoperimetric inequality for this class of capillarity problems. Next
we prove two quantitative versions of the inequality: a first sharp inequality estimates the
Fraenkel asymmetry of a competitor with respect to the optimal bubbles in terms of the energy
deficit; a second inequality estimates a notion of asymmetry for the part of the boundary of a
competitor that touches the boundary of the half-space in terms of the energy deficit. After a
symmetrization procedure, the quantitative inequalities follow from a novel combination of
a quantitative ABP method with a selection-type argument.
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1 Introduction

The classical isoperimetric problem in the Euclidean space R”, forn > 2, aims at minimizing
the (n — 1)-dimensional area of boundaries of sets having fixed finite volume. More precisely,
given v > 0, one aims to characterize minimizers to the problem

inf {P(E) : ECR"|E|=v}, (L.1)

where P (E) denotes the perimeter of E (see Sect.2.1) and | E| the Lebesgue measure of E.
It is well-known that balls (uniquely) minimize (1.1), cf. [18] or [47, Chapter 14], and this is
encoded in the classical isoperimetric inequality

1 n—
P(E) > nog |E|" . (1.2)

where w, denotes the measure of the unit ball in R". To prove a quantitative version of
(1.2) means to estimate the distance of a competitor from the set of minimizers in terms of
the energy deficit of the competitor with respect to the infimum of the problem. The first
quantitative isoperimetric inequality for (1.1) with sharp exponents was proved in [29], and
it reads

a(E)? < C(n)D(E), (1.3)

where o (E) and D(E) are respectively the Fraenkel asymmetry and the isoperimetric deficit

of E,i.e.,

P(E) — P(B(IE])
P(B(|E|))

EAB(E|,x)
|E| '

)

a(E) = inf{ € R"} D(E) :=
where B (v, x) denotes the ball in R” with volume v centered at x, for v > 0 and x € R", and
B(v) := B(v, 0). The inequality (1.3) improves the previous non-sharp inequality proved in
[38], after [24, 39]. We also mention [16, 20, 21, 27, 40] for further quantitative isoperimetric
inequalities for possibly anisotropic perimeters, [5, 11, 13] for quantitative isoperimetric
inequalities on manifolds, and [4, 6, 15, 17, 28] about weighted quantitative isoperimetric
inequalities.

In this paper we prove quantitative isoperimetric inequalities for the following classical
capillarity problems. If E is a measurable set in the half-space {x, > 0} C R"” and X €
(=1, 1), we define the weighted perimeter functional

P,(E) := P(E, {x, > 0}) — AH" V(3" E N {x, = 0}),

where H*, for k > 0, denotes the k-dimensional Hausdorff measure in R”, and 3* E denotes
the reduced boundary of E (see Sect.2.1). Interpreting the perimeter as a measure of the
surface tension of a liquid drop, the constant A basically represent the relative adhesion
coefficient between a liquid drop and the solid walls of the container given by {x,, > 0}.
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Fig. 1 Left: B (|B*1|) for some A; > 0. Middle: diagonally striped set = BM, gray set = B*2, for some
A1 > 0, A < 0. Right: B*2(|B*2)) for some Ay < 0

If v > 0, we consider the isoperimetric capillarity problem
inf {P,(E) : E C{x, >0}, |E| =v}. 1.4)

Minimizers for (1.4), below called isoperimetric sets for (1.4), are given by suitably truncated
balls lying on the boundary of the half-space. More precisely, if B* = {x € B1(0) c R" :
(x, e,) > A}, and for v > 0 we set

1
vn

B*(v) := (B* = ep)

1

| B*|
then minimizers for (1.4) are sets of the form
B*(v, x) := B*(v) + x, (1.5)

for x € {x, = 0}, see [47, Theorem 19.21] and Fig. 1.

The first variational results regarding capillarity problems go back to works by Giusti,
Gonzalez, Massari and Tamanini who established existence, symmetry and regularity results
for the isotropic sessile drop problem, where an additional potential energy representing
gravity is added to the minimization of P; (see [32-37]; see also [22] where uniqueness
results for the symmetric sessile drop were established). We refer to [23] and [47, Chapters
19, 20] for a more complete treatment regarding classical results. More recently, in [3] the
shape of liquid drops and crystals, resting on a horizontal surface and under the influence of
gravity, are described in the anisotropic setting. The shape and the fine regularity of volume
contrained minimizers of weighted perimeters like P,, where the weight on the interface
touching the boundary of the container may be nonconstant and where an additional potential
term is present, are addressed in [12, 19, 48]. In [19] the perimeter functional measuring the
area of the interface that does not touch the container is also possibly anisotropic. Recently,
the isoperimetric problem for the relative perimeter of sets contained in the complement of a
convex set had been addressed in [14], where a sharp isoperimetric inequality is established,
and in [30], where the rigidity of the inequality is addressed in the generality of measurable
sets. Extensions of [14] to higher codimension have been considered in [43, 45].

The minimality of sets B (v, x) for (1.4) comes with an isoperimetric inequality for P;,
see Theorem 3.3 below. In order to prove a quantitative isoperimetric inequality for (1.4), we
define the corresponding Fraenkel asymmetry and isoperimetric deficit by setting

P,(E) — P,(B*(v))
Py (BX(v))

A
EAECIN setn =0f. Due)=

)

o, (E) = inf{
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forany E C {x, > 0} with volume | E| = v. The infimum defining the asymmetry is, in fact,
a minimum.
The first main result of the paper is the following

Theorem 1.1 Let A € (—1,1) and n € N with n > 2. There exists a constant ciso =
Ciso(n, A) > 0 such that for any measurable set E C R" N{x,, > 0} with finite measure there
holds

@ (E)? < cisoDu(E). (1.6)

As for the classical (1.2), perturbing the boundary of an optimal bubble only inside the
container {x, > 0}, it is possible to check that exponents in (1.6) are sharp.

In the context of these capillarity problems it is also spontaneous to consider a notion of
asymmetry for the part of the boundary of a set that touches the half-plane {x, = 0}. For a
measurable set E C {x, > 0}, we define

H(0*E N {x, = 0} A 3*B*(|E|, x) N {x, = 0})
H*=1 (3*B*(|E], x) N {x, = 0})

Bi(E) ::inf{ : xe{xnzo}}.
The previous quantity measures the asymmetry of the set 3*E N {x, = 0} with respect
to (n — 1)-dimensional balls in {x,, = 0} having volume equal to the one of the trace of
the optimal bubble corresponding to the volume of E. We establish the following second
quantitative isoperimetric inequality, that provides a quantitative estimate on ;.

Theorem 1.2 Let A € (—1,1) and n € N with n > 2. There exists a constant ci’so =
¢l (n, A) > 0such that for any measurable set E C R" N {x, > 0} with finite measure there
holds

BL(E) < cl, max {D,\(E), DA(E)ﬁ} . (1.7)

Strategy of the proof and comments. Observing that, roughly speaking, the minimization
problem (1.4) is symmetric with respect to the first n — 1 axes, it is possible to adapt arguments
in the spirit of [29] to see that, in order to prove Theorem 1.1, it is sufficient to prove (1.6) in
the class of Schwarz-symmetric sets, see Corollary 4.9. Here a set E is said to be Schwarz-
symmetric (Definition 2.1) if the intersection E N {x, = ¢} is an (n — 1)-dimensional ball
in {x, = t} centered at (0, ¢), for any . However, we point out that it seems not possible to
push the strategy of [29] to the very end to prove Theorem 1.1. Indeed the arguments in [29]
require to Schwarz-symmetrize a competitor with respect to a preferred axis depending on the
competitor, while in our case it is only possible to symmetrize with respect to the n-th axis. One
finds an analogous obstruction also in a possible adaptation of the proof via symmetrization
revised in [46] (see also [26]); in [46] the quantitative isoperimetric inequality for Schwarz-
symmetric sets is eventually obtained performing a quantitative version of Gromov’s proof
[49] of the isoperimetric inequality, but again after having symmetrized a competitor with
respect to a convenient axis.

The proof of (1.6) in the class of Schwarz-symmetric sets is achieved here with a new
combination of the so-called selection principle [1, 16] with an Alexandrov—Bakelman—
Pucci-type technique in the spirit of [17].

In the recent [17], the authors prove sharp quantitative isoperimetric inequalities for a class
of isoperimetric problems in cones where volume and perimeter are weighted in terms of a
function satisfying suitable homogeneity and concavity properties. The proof in [17] stems
from the fact that the isoperimetric inequality for the corresponding problem was proved in
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[10] by a so-called ABP argument. The methods that go under the name of ABP techniques
were originally employed to derive regularity estimates for second order elliptic equations
[31, Chapter 9] and they were applied to give a new direct proof of the classical isoperimetric
inequality in [7, 8] (see [9] for a detailed account on the method). More precisely, for the
classical isoperimetric problem, if £ C R”" is a smooth connected open set, one would
consider a solution u to

IE| (1.8)

Au=EE op E,
dyu =1 ondE,

where 9, u denotes outward normal derivative. It is immediate to check that Vu(E’) D B;(0)
where E' :={x € E : V2u(x) > 0}, hence the area formula together with the arithmetic—
geometric mean inequality readily imply the Euclidean isoperimetric inequality, indeed

2 Au\" P(E)"
w, = |B1(0)] < | detV-u < auy _ B
E’ E n n”|E|”*1

Now the rough idea is that a control on the energy deficit should control the "asymmetry"
of the solution u with respect to the solution corresponding to the optimal shape Bj(0), that
is the radially symmetric parabola |x|2/2. In fact, this is achieved in [17] by controlling
the asymmetry of a coupling function which is defined as a suitable convex envelope of u.
Adapting arguments from [21], in [17] the authors then show that it is possible to employ
trace-type theorems to estimate the asymmetry of a competitor set in terms of the asymmetry
of the coupling function, which is in turn estimated by the energy deficit.

In Theorem 3.3 below we will give an ABP proof of the isoperimetric inequality for
the problem (1.4) by analyzing an elliptic problem analogous to (1.8), see (3.3). We are
then in position to consider a coupling function as done in [17] and we can quantitatively
estimate its asymmetry, which will be achieved in Proposition 5.4. Moreover, Schwarz-
symmetric sets that are sufficiently small C!-perturbations (in the sense of Definition 5.10) of
an optimal bubble (1.5) readily verify the needed trace-type inequalities that relate asymmetry
of the competitor with the asymmetry of the coupling. Hence this establishes the quantitative
inequality (1.6) for Schwarz-symmetric C!-perturbations of optimal bubbles, see Corollary
5.11. Observe that, in our setting, isoperimetric sets are just Lipschitz-regular and a set E
is C!-close to an optimal bubble if just the relative boundary d E N {x,, > 0} is close to the
relative boundary of an optimal bubble as C'-hypersurfaces with boundary.

Once (1.6) is proved for C!-perturbations of optimal bubbles (Corollary 5.11), we want
apply a selection-type argument in the spirit of [1, 16] in the class of Schwarz-symmetric sets
in order to extend the validity of the quantitative inequality to the whole class of Schwarz-
symmetric sets. In this way we also avoid the implementation of further technical results that
in [17,21] allow to reduce to just consider sets that enjoy the required trace-type inequalities.

Roughly speaking, in a selection-type argument one argues by contradiction assuming
existence of sets contradicting the quantitative isoperimetric inequality and one uses such
sets to define an auxiliary minimization problem, cf. (5.22). Minimizers to the previous
problem still contradict the quantitative isoperimetric inequality, but at the same time they
are shown to be small C ! -perturbations of some isoperimetric set, contradicting the inequality
already proved for sets given by small perturbations of optimal ones.

In our case, we will prove that minimizers E to the auxiliary minimization problem
are C!-perturbations of optimal bubbles up to the boundary of the half-space {x, > 0}
as a consequence of the classical interior regularity of (A, ro)-minimizers of the perimeter
(Definition A.1), see [51] and [47, Chapter 26], together with a simple variational argument
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that allows us to propagate the regularity up to the boundary of the half-space {x, > 0}.
This essentially follows from the fact that a Schwarz-symmetric local (A, ro)-minimizer E
in {x,, > 0} is locally of class C !"and has bounded mean curvature (in a generalized sense,
see Lemma A.2); hence a uniform bound on the whole second fundamental form on a portion
of boundary dE N {0 < x, < &} follows just by showing that the set dE N {0 < x, < &}
is far from the axis of revolution of E (see Lemma A.4), and the latter holds in the proof
of Theorem 1.1 by an energy estimate holding for minimizers to the auxiliary minimization
problems.

We stress that in our case it is not clear how to apply a Fuglede-type argument [16, 24] to
prove the quantitative inequality for sets given by small C'-perturbations of optimal ones.
Indeed, the classical Fuglede’s method relies on the precise knowledge of the eigenvalues
of the Laplace—Beltrami operator, which is not available for the operator on spherical caps
corresponding to optimal bubbles (1.5) for generic A € (—1, 1). Moreover, observe that in our
case it is not possible to globally parametrize C'-close boundaries one on the other as normal
graphs in general, introducing a further nontrivial technical difficulty in the implementation
of a Fuglede-type argument.

Once Theorem 1.1 is proved, for the proof of Theorem 1.2 we argue as follows. First
we establish a quantitative inequality that estimates the Hausdorff distance between the
relative boundary in {x, > 0} of a competitor E and the relative boundary of some bubble in
terms of the Fraenkel asymmetry of E, under the assumption that E is a so-called (K, ro)-
quasiminimal set, see Definition 6.2 and Lemma 6.4. This is achieved since quasiminimal sets
enjoy uniform density estimates at boundary points, see Theorem 6.3. Exploiting Theorem
1.1, the previous quantitative inequality yields an inequality of the form (1.7) in the class
of quasiminimal sets. Eventually, Theorem 1.2 follows by applying again a selection-type
argument where now B, plays the role of the Fraenkel asymmetry.

Organization. In Sect.2 we collect definitions and facts on sets of finite perimeter and
we prove some preliminary results on the capillarity functional. In Sect.3 we establish the
sharp isoperimetric inequality for Pj via ABP method and we prove preliminary facts on the
Fraenkel asymmetry and on the deficit. Section4 is devoted to a series of technical results
that allow to reduce the analysis to Schwarz-symmetric sets. In Sect. 5 we complete the proof
of Theorem 1.1 by proving (1.6) on Schwarz-symmetric sets. Finally in Sect.6 we prove
Theorem 1.2. In Appendix A we recall some facts about (A, rp)-minimizers and we recall a
formula for the mean curvature of axially symmetric hypersurfaces.

Addendum. After this work was completed, we became aware of the independent [42],
where the authors exploit the quantitative isoperimetric inequality for anisotropic perimeters
provided in [21] to give a result analogous to Theorem 1.1 in the anisotropic setting.

2 Preliminaries

From now on and for the rest of the paper it is assumed that » € (—1, 1) and n € N with
n > 2 are fixed.

List of symbols. Throughout the paper we shall adopt the following notation.

| - | denotes Lebesgue measure in R”.
B, := B,(0) c R" forr > 0, B := Bj.
e B*={xeB:(x,e) > A

1

o B (v) := Y (B* — Xeyp), forany v > 0.
| B |1
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e B*(v,x) := B*(v) + x, for any x € {x,, = 0}. In particular B*(v) = B*(v, 0).

c(n, )), C(n, A) denote strictly positive constants, depending on n, A only, that may
change from line to line.

dy denotes Hausdorff distance in R”.

H .= {x, <0}.

19 denotes d-dimensional Hausdorff measure in R”, for d > 0.

Py(B*) := P,(B*(IB*|, x)) = P(B, {x, > A}) — XH" "' (B N {x, = A}).

Q, :=[-r,r]" CR", forany r > 0.

o) ::min{vl—kz,l—k},R;\ ::max{vl—kz,l—k}.

2.1 Sets of finite perimeter

We recall basic definitions and properties regarding sets of finite perimeter, referring to [2,
47] for a complete treatment on the subject. The perimeter of a measurable set E C R” in
an open set A C R” is defined by

P(E,A) = sup{/ divT(x)dx : T € CHA;RY), |T|oo < 1}. 2.1)
E

Denoting P(E) := P(E,R"), we say that E is a set of finite perimeter if P(E) < 4o0.
In such a case, the characteristic function xg has a distributional gradient Dy g that is a
vector-valued Radon measure on R” such that

/ div T'(x) dx = —/ TdDyg, VT e CL/R";R").
E n

It can be proved that the set function P (E, -) defined in (2.1) is the restriction of a nonnegative
Borel measure to open sets. The measure P(E, -) coincides with the total variation |D x|
of the distributional gradient, and it is concentrated on the reduced boundary

. DypB-(x) . p
0*E := {x e spt|Dxg| : IvE(x) = — lim —22—""" with X)) =1¢.
r=0 [DxE (B (x))]
Introducing the sets of density ¢ € [0, 1] points for E defined by
ED .=lxeR" : ]imwz ,
r—>0  |Br(x)]

we have that the reduced boundary coincides both with R” \ (E() U E©®) and with the
set E1/2) up to H"~!-negligible sets. The vector v is called the generalized outer normal
of E. Moreover P(E,-) = H"~!L 9*E, and the distributional gradient can be written as
Dyg = —vEH"TLJ*E.

We conclude by recalling the definition of Schwarz symmetrization and of Schwarz-
symmetric set.

Definition 2.1 Let E C R” be a Borel set. Then its Schwarz symmetrization (with respect
to the n-th axis) is the set

E* ={x,0) eR"™ " xR : o, Ix" ' <H""YEN{x, =1}), t € R}
A Borel set E C R” is said to be Schwarz-symmetric if it coincides with its Schwarz

symmetrization, up to negligible sets.
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225 Page8of49 G. Pascale, M. Pozzetta

2.2 Preliminary results on the capillarity functional

In this section we prove some preparatory results on the functional P,. From now on, H
denotes the closed half-space H := {x, < 0}.

Remark 2.2 Let E C R" \ H be a measurable set. We observe that
P.(E) :/ 1 — aley, vEydH™™!,
*E\H

where vE is the generalized outer normal to E. In particular, since |A| < 1, we have that
P, (E) > 0. The previous identity follows from the divergence theorem, indeed

0= f dive,dx = —H" ' @*EN3H) +/ (en, vEYdH" L.
E 9*E\H

We now aim at proving an approximation result for sets of finite perimeter contained in
R" \ H by sequences of sets having smooth boundary relative in R” \ H. We will employ
the following lemma.

Lemma2.3 Let E C R" \ H be a set of finite perimeter with finite measure. For any t > 0
define the diffeomorphism ¢; : {x, > 0} — {x, > 0} given by ¢;(x', x,) := (x/, x,(1 +

te"x/|2)), where we wrote x = (x', x,) € R"~! x R for any x € {x, > 0} C R". Then

(1) for at most countably many t € [0, 4-00) there holds
! ([x e @EN\H v B ) =xe,]) > 0
(2) for at most countably many v € "~ there holds

H ! ([x € d*E : vEx) = :l:v}) > 0.

Proof We begin by proving (1). Define f; : R"~! — Rby fi(x") := 1+ te=' and let
A = [(x’, Xp) € 9*ENR"\ H with x' € R"~\ {0}
- vE(x', x,) is proportional to (x,V f; (x"), f,(x’))}.

We claim that, if s, r > 0, with s # r, then A, N Ay = (. Indeed, if A, N Ay # @, there exist
(X', x;) € 3*ENR"\ H and @ € R\ {0} such that

GV (&), fr (X)) = @@V (3D, f(E).

Since x,, > 0 and x’ # 0, then X,V f,-(X') = ax,V f;(X") implies r = & s. Thus f,(X') =
afs(x') implies 1 = &, which in turn implies r = s, contradiction.
Fork € N> let My := {t >0 : H"_I(At) > l/k}. Since A, N Ay = () forr # s and since
P(E) < +o0,itfollows that My is finite for any k > 1, and thus {t >0 : H"(A) > O} =
(U Mk is countable.

Since the differential of ¢; is represented by the matrix

;o g0
o = (5 fien)
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requiring that v¥(¥) (¢, (x)) = =e, for some x = (x’, x,) means that
vE(x’, x,) is proportional to (x,V f; (x"), fi(x")),
see [47, Proposition 17.1] and [2, Proposition 2.88]. Therefore for any ¢ ¢ Uy M}, there holds
! ({x € 0 (@ (E)\ H : v (x) = :l:e,,}) —o.

The proof of (2) is analogous, noticing that Ny := {v es1: H”_l({x € *E : vE
v}) > 1/k} is finite for any k € N1, hence Ui Ny is at most countable.

ol

Lemma 2.4 (Approximation with regular sets) Ler E C R" \ H be a set of finite perimeter
with finite measure. Then there exists a sequence of sets E; C R"\H such that

(1) E; is a bounded set such that 0E; \ 0 H is a smooth hypersurface (possibly with smooth
boundary) such that either 0E; N 0H = ) or 0E; \ 0H intersects 0 H orthogonally;
(2) E; — EinL', P(E;, R"\H) — P(E,R"\H), H" ' (QE;NdH) — H""'(3* ENdH),
asi — +oo.
In particular, P(E;) — P(E) and P,(E;) — Py(E)asi — +oo, forany A € (—1, 1);
(3) ' '({x € 9*E; : vEi(x) = +ej}) =0forany j=1,...,n—1;
(4) " '({x € 9*E; \ H : vFi(x) = +e,}) = 0.

Proof Since P(E), |E| < 400, by a diagonal argument we can assume without loss of
generality that £ is bounded.

Step 1. We first construct a sequence F; C R"\H such that 1. and 2. hold with F; in
place of E;. Let us denote by F the union of E with the reflection of E with respect to the
hyperplane {x, = 0}. There exists a sequence of smooth sets F, Cc R", symmetric with
respect to {x, = 0}, such that they converge to F in LY(R") and P(I:}) — P(F) (see,
e.g., [2, Theorem 3.42]). The fact that 15, is symmetric with respect to {x,, = 0} follows as
F; can be obtained as superlevel set of a convolution of yr with a symmetric mollifier. In
particular, if aF;, NOH # (), then dF; intersects H orthogonally, and thus dF;, N9H is a
smooth (n — 2)-dimensional manifold. Let F; := E\H .Then F; — E in L! and

P(F;,R"\ H) = %P(I:"i) — %P(F) = P(E,R"\ H).

Let us define the function
[ R" - [0, +00)
S () = [v] — Aen, v).

Note that f is continuous; moreover f(tv) = ¢f(v) for any + > 0 and f is convex. Let us
set

i = viH"IL @ F, 0 (R \ H))

wi=vEH"TLG*EN [®R"\ H)).
Since vEH" VL 9*F, — vEH"™ L 9*E weakly* in R”, then u; — u weakly* in
R"\ H. Since we already know that |u;|(R"\H) — |u|(R"\H), by Reshetnyak continu-

ity theorem (see, e.g., [2, Theorem 2.39]) we deduce P, (F;) = ff(ui/|ui|)d|ui| —

S fw/ln)dipl = Pu(E).
Step 2. Let us consider the flow ¢; : R*\H — R"\ H such that

() 1= 2 (1 107,
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forz > 0. By Lemma 2.3 for a.e. r we have that ¢, (F;) satisfies (4). Moreover, for any ¢ > 0
there exists a sequence of rotations R, : (x’,x,) + (Rj,(x"), x,) along the n-th axis
converging to the identity such that

H'H({x € 0% (R (gr (Fi)) 1 v (1) = fey}) = 0

foralll =1, ..., n — 1. By a diagonal argument, since ¢; (F;) maintains orthogonal inter-
section with d H, one extract the desired sequence E;. O

Corollary 2.5 Let E C R" \ H be a set of finite perimeter with finite measure. Then
1—2a
Py(E) = TP(E)'

Proof We can assume that E is as in the conclusion of Lemma 2.4. The claim readily follows
from the fact that the orthogonal projection on d H is 1-Lipschitz and surjective from 9 E N
(R" \ H) onto dE N 9H, recalling that 1-Lipschitz maps do not increase the Hausdorff
measure (see, e.g., [2, Proposition 2.49]). O

3 Isoperimetric inequality for P, Fraenkel asymmetry and deficit
3.1 Isoperimetric inequality via ABP method

In this section we give a proof of the isoperimetric inequality for the capillarity functional
P, exploiting an ABP method. We start by computing the capillarity perimeter of bubbles
B*(v).

Lemma 3.1 There holds P,(B*(v)) = n|B*|3 "%, forany v > 0 and . € (—1, 1).

Proof By scale invariance, itis sufficient to prove that P (B*, {x,, > A)—AH"~ (9 B*N{x, =
1)) is equal to n| B*|. Indeed, let u(x) = %|x|2. Then

et = [ Au= P& =+ (e, x)
B* 3B N{x, =M}
= P(B", {x, > A}) — AH""N(0B* N {x, = A}).
O

Remark 3.2 Let E C R"\ H beaconnected opensetsuchthatd E'\ H is asmooth hypersurface
with boundary that intersects d H orthogonally. Then the Neumann problem

Au = 2By E,

IE]
fu=1 on JE\dH, 3.1)
du——_x on IENIH,

has a solution u € C'(E) N C®(E).

Indeed, existence of a weak solution of (3.1) follows by classical arguments exploiting
the Riesz representation theorem. By [50, Proposition 3.6] there exists y > 0 such that every
weak solution is in C%Y (E). Hence we can apply [44, Theorem 1] to the equivalent problem

Au—u=2E _y— f in E,

IE]
E%:1 on JE\dH,
=2 on dENJH
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getting that a weak solution is in fact C!(E).

Theorem 3.3 (Isoperimetric inequality for P;) Let E C R" \ H be a set of finite perimeter
with |E| € (0, 400). Then

PE) Py.(B%) — n|BM (3.2)

n—1

~|BM

n—1

|[E| ™

Moreover, equality occurs in (3.2) if and only if E = B*(|E|) up to a translation and up to
negligible sets.

Proof We just give a proof of the inequality (3.2) here, referring to [47, Theorem 19.21] for
an alternative proof comprising the characterization of minimizers.

By the standard isoperimetric inequality, we can assume that H"~1(3* E N 9 H) > 0. By
Lemma 2.4, we can further assume that E is a bounded set such that d £ \ d H is smooth and
intersects d H orthogonally.

Let us further assume for the moment that E is connected. Let u be the solution of the
Neumann problem

Au=5E iy E,

u=1 on 0E\0H, 3.3)
g—"f = -\ on JENJH,

where du/dv denotes the outer normal derivative of u on d E. Observe that such a solution
exists and u € C'(E) N C®(E) (see Remark 3.2). We consider the “lower contact set” of u
defined by

Iy={x€E:u(y) >u + (Vulx),y—x)forally € E}. (3.4)
We claim that
B* C Vu(T,). 3.5)
To show (3.5), take any p € B*. Let x € E be a point such that

min {u(y) — (p, y)} = u(x) — (p, x).

yeE
If x € 0E\ 9 H then the exterior normal derivative of u(y) — (p, y) at x would be nonpositive
and hence (du/dv)(x) < |p| < 1, a contradiction with (3.3). Similarly, if x € dE N 0H
then (Qu/dv)(x) < (p, —e,) < —A\, a contradiction with (3.3). It follows that x € E and,
therefore, that x is an interior minimum of the function u(y) — (p, y) over E. In particular
p = Vu(x) and x € I'y,, hence Claim (3.5) is now proved.

From (3.5), since u € C*°(E) and I', C E, we can apply the area formula on Vu to

deduce

B < |Vu(Ty)] =/

dps/ |det V2u(x)| dx. (3.6)
Vu(y) 'y

Since points x € I, areinterior minimafory +— u(y)—(Vu(x), y), then V2u(x)is positively
semi-definite. Hence by the arithmetic—geometric mean inequality

AM n
|det V2u| = det VZu < <7) inT,,.
n
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A n A n
IBAIE/ detVZude/ <l> dxs/ (l) dx.
u u n E n

since Au = P, (E)/|E|. Plugging in the value of Au, the claimed inequality follows.

It remains to consider the case when E is not connected, hence when E is a disjoint union
of finitely many bounded sets E;, for i = 1,...,k, such that 0E; \ dH is smooth and
intersects d H orthogonally. Summing overi = 1, ..., k the isoperimetric inequality that we

Hence

just proved for P, on each component E;, and exploiting the subadditivity of 7 — tnn;l, the
final inequality follows. O

3.2 Asymmetry and deficit

We now define the Fraenkel asymmetry with respect to optimal bubbles B* (v, x) and the
deficit corresponding to the functional P, proving some preliminary properties on these
quantities.

Definition 3.4 (Fraenkel asymmetry) Let E C R" \ H be a Borel set with measure |E| =
v € (0, 400). We define

|EAB*(v, )|
v

o, (E) = inf{ .xe{x,,:O}}.

It is readily checked that the Fraenkel asymmetry of E is a minimum.

Definition 3.5 (Isoperimetric deficit) Let E C R" \ H be a Borel set with measure |E| =
v € (0, 400). We define
P (E) — P,(B*(v))

Py (B*(v))

Lemma 3.6 There exists ¢ = c(n, L) > 0 such that if a Borel set E C R" \ H satisfies
D, (E) < cthen P(E,0H) > 0.

D, (E) =

Proof If E is a Borel set such that D, (E) < ¢ and P(E,dH) = 0, then the standard
isoperimetric inequality together with Lemma 3.1 imply

1 n—1 1 n—1
noi |[E|'" < P(E) = Pu(E) < (1 + & Pu(B*(IE) = n|B* 7 (1 +O)|E| T
Since |E| > 0 for ¢ small enough, we get a contradiction if ¢ is sufficiently small. O

Lemma 3.7 If{E;}ien and E are sets of finite perimeter in R" \ H with finite measure such
that E; — E in Llloc. Then

liminf Py (E;) > P, (E), liminf D, (E;) > D, (E).
i—+o00 i—+o00
Proof Exploiting Theorem 2.2 and Reshetnyak lower semicontinuity theorem (see, e.g., [2,

Theorem 2.38]), one easily checks that P, is lower semicontinuous with respect to LlloC
convergence (see the proof of Lemma 2.4). O

Lemma 3.8 If{E;}ien and E are sets of finite perimeter in R" \ H with finite measure such
that |E| > 0 and such that E; — E in L' (R"\H). Then

lim o (E7) = an(E)
1—>+00
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Proof The claim is a standard exercise that follows from the fact that the L!-convergence
holds on the whole R" \ H. O

Corollary 3.9 If{E;}icn are sets of finite perimeter in R" \ H such that |E;\K | = 0 for any
i for some compact set K C R", and if

sup |Ej| + Py(E;) < 00,
ieN
then there exists E of finite perimeter in R" \ H and i — 00 as k — o0 such that

1
E, 5 E liminf P, (E;,) > Pi(E).

Proof By Corollary 2.5 we have that P, (E;) > 1%AP(E). Then sup; .y P(E;) < oo. Hence
by classical precompactness of sets of finite perimeter (see, e.g., [47, Theorem 12.26]) and
recalling Lemma 3.7, the claim follows. O

4 Reduction to bounded symmetric sets

In the following arguments, in order to prove Theorem 1.1, we will repeatedly reduce our-
selves to consider sets E having isoperimetric deficit smaller than some chosen constant.
This reduction is always possible.

Indeed, let 5 > O be some positive constant; if E is a set of finite perimeter such that
D, (E) > 4, since oy (E) < 2, we immediately get

5 4 4
a; (E) < 56 < gDA(E)'

Therefore, if Theorem 1.1 is proved on sets with deficit < §, then it is proved for any set.
Hence,

within this section we will assume that D, (E) < ¢ for any competitor E involved, where
c is given by Lemma 3.6.

In particular P(E,0H) > 0.

4.1 Reduction to bounded sets

In this section we prove that, in order to prove Theorem 1.1, it is sufficient to prove the
quantitative isoperimetric inequality (1.6) among suitably uniformly bounded sets.

From now on, we shall denote Q; := [/, []" C R". We start by proving an estimate on
the area of horizontal slices of a set in terms of its deficit.

Lemma4.1 Let E C R" \ H be a bounded set of finite perimeter such that 9E N R" \ H
is a smooth hypersurface (possibly with smooth boundary) with |E| = |B*| and such that
H*({x € 3*E\H : vE(x) = +e,}) = 0. Then

Hn—l(Em{xn =t}) 2 %PA(B)L) << Wy )Z <1_M> n _I_DA(E)>’

|B*| |B*|
4.1)
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forevery t > 0. In particular

1
1 i
H' Y O*ENIH) > 5PA(B*) ((|:’;|> —1—DA(E)). (4.2)
Moreover, if F C R" \ H is a set of finite perimeter with |F| = |B"|, then (4.1) holds with
F in place of E for almost every t > 0, and (4.2) holds with F in place of E.

The estimates given by Lemma 4.1 are clearly nontrivial only when the deficitis sufficiently
small. On the other hand, if the deficit D, (E) is sufficiently small, since w,/ |B*| > 1, (4.1)
and (4.2) essentially yield a quantitative version of Lemma 3.6, nontrivial also for slices
H'""YWEN{x, =1}) witht > 0 as long as |E N {x, < t}| is small.

ProofofLemma 4.1 Let vp(t) == H" Y(E N {x, = t}) for any t+ > 0, and let g(r) :=
|E N {x, < t}|/|B*|. By the standard isoperimetric inequality we have that
1 e
P(E. {xy > 1)) + ve(t) = P(EN {xy > 1)) = nof |E N g > 1|5
1 » 4.3)
> 1—-g@®),

wWp
|B*|

= P,(B) <

for any r > 0. Moreover, for any ¢ > 0, we observe that for any x’ € 9*E N 9 H, the halfline
[0, 7] > x, — (x/, x,) either intersects 9*E N {0 < x,, < t} or it intersects E N {x,, = t}.
Therefore

P(E {0 < x, < t}) +vp(t) = H"" ' G*EN3H), 4.4)
for any t > 0. Hence we conclude that

Pi(BM(1 + Di(E)) = Pi(E)
=PE, {x, >t})+ P(E, {0 <x, <t}) —AH" '3*ENOH)

“.4

> P(E, {xp > 1}) —ve@)

“.3) o wn " nel

= Pu(B )<IB"I> (I—g@) = —2ve(),

for any ¢ > 0, which yields (4.1). By [47, Theorem 18.11] (see also [29, Theorem 6.1]), the
function vg belongs to W10, 400), thus (4.2) follows by letting t — 0% in (4.1).
Now if F C R" \ H is as in the assumptions, let E; be given by Lemma 2.4 applied to

F,andlet E; := (|§A |/|E; |)% E;. Hence the inequality (4.2) and the right hand side of (4.1)
applied with E = E; pass to the limit as i — co. Moreover
~ +OO ~
|E;AE| = / H'YE;AE N {x, =1t})dr
0

+00
z/ ’H”_l(ﬁiﬂ{xn=t})—7—("—1(Eﬂ{xn=t}) dr.
0

Since |Ei AE| — 0, the left hand side of (4.1) passes to the limit as well as i — oo, for a.e.
t> 0. ]
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We are ready to prove the claimed reduction to bounded sets. The proof follows the line of
[29, Lemma 5.1], essentially truncating a competitor with coordinate slabs having estimated
width. To give a bound for the truncation in the n-th direction will need to modify the argument
in [29, Lemma 5.1] and we will exploit Lemma 4.1.

Lemma 4.2 (Reduction to bounded sets) There exist] = [l(n, 1) > 0and Ci = Ci(n, A) >0
such that, if E C R" \ H is a set of finite perimeter with |E| € (0, +00), then there exists a
set of finite perimeter E' C Q; N (R" \ H) such that |E'| = |B*| and

A(E) < au(E") + CiDu(E),  Di(E") < C1Dy(E). 4.5

Proof By scale-invariance of the asymmetry and of the deficit, it is sufficient to prove the
claim assuming also | E| = | B*|. First of all we observe that we may prove the claim assuming
that 9 E NR" \ H is smooth and

H ((x e FENR'\ H: vE(x) = £e;}) = 0 (4.6)

foralli = 1,...,n.Indeed, if E is a generic set of finite perimeter, then by Lemma 2.4 there
exists a sequence of smooth sets {E; };cn converging to E such that (4.6) holds. If we know
that the claim holds for E;, we get the existence of El’ C Q; N (R™\ H) such that (4.5) holds
with E, E’ replaced by E;, E]. Hence we can apply Corollary 3.9 on the sequence E;, and
by Lemmas 3.7 and 3.8 the inequalities (4.5) pass to the limit.

Without loss of generality, we can further assume that

D, (E) < 2'/" —1)/4. 4.7)

Let us consider the axis x first. Thanks to (4.6), by [47, Theorem 18.11] (see also [29,
Theorem 6.1]) we deduce that

vE(@) =H" Y e R i (1,x) € EY) forr e R
belongs to W1-1(R), hence we may assume that v is continuous. Setting
Ef ={xeE:x <t}
and
P(E, {x; <t}):=P(E,{x e R'"\H:x; <1}) = H" '({x e 0*ENIH : x| < 1})

for all t € R, by smoothness of E we have that

PuE) = PB(E {x1 <t}) +ve), PUE\E) = PuUE, {x1 >1})+ve@),(4.8)
where P, (E, {x; > t}) is defined analogously. Let us now define the function g : R —
[0, +00) given by
|E; |
|BA|

gt) =

Hence g is a nondecreasing C! function with g’(r) = vg(r)/|B*|. Let —oo < a < b < 400
be such that {r : 0 < g(t) < 1} = (a, b). If t € (a, b), then by (3.2) we have

n—1
Pu(E]) > g() n Py(B").
Similarly,

PUE\E) > (1—g())"" Pu(B).
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Therefore, from (4.6) and (4.8) we get that
n—1 n—1
Pu(E) + 205 () = Po(BY) (80T + (1= g()T)

forall t € (a, b). Since by definition we have P; (E) = P;(B*)(1 + D, (E)), we obtain

n—1

1 n_
VE(D) = 5 PA(BY) (60 + =g —1-DuE)). 4.9)

Let us now define the concave function
¥ [0, 1] = [0, +00) () =t + 1 —"T — 1.

Note that 1/ (0) = ¥ (1) = 0 and ¢ achieves its maximum at ¥ (1/2) = 21/n _ 1, hence by
concavity

vt = <2t% +0) >y (1/2) +0=2QY" — )t Vie [0, %] . (4.10)

Recall that by (4.7) there holds 2D, (E) < ¥(1/2). Leta < t; < to < b be such that
g(t) =1 —g(r) and Y (g(t1)) = ¥ (g(12)) = 2D, (E). Then

Y(g(t) = 2D, (E) Vit e (t,b) 4.11)
and, by (4.10),
D, (E
gty =1-g(n) = 21/*"7(_)1 (4.12)
Forany # <t <1, we have
4.9 1 5
ve() = SPABYW (1) = Di(E))
1 1
= ZPA(B*W(g(t» + ZPA(BA)(w(g(t)) — 2D, (E)) (4.13)
@.11) n|B*|
> = V().

Since vg (f) = |B*|g’(t), we have

@.13) 4 2 g¢'(1) 4 8@ 4 o1
Lh—-n = - df:*/ dSE*/ ds =1, (4.14)
nJy ¥(g) nJewy ¥(s) nJo ¥(s)

for some o = a(n) > 0.

Let
A
7] = max {t €(a,n]:vp@) < w}’
A
Tp = min :t €, b):ve@®) < M}

Note that 7| and 7 are well defined since vg is continuoug andvg(t) > OQast — aort — b;
moreover, by (4.11) and (4.13), vg(11) = vE(12) = w. Moreover, from (4.12) and
by definition of t;, we have

2 n 2 no 2¢(t1) 2
n-1<————|[ ve()dr= g(nde < < :
n|B*| Dy (E) J, nDy(E) Jy, nD;(E) ~ n(2'/" —1)
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and an analogous estimate holds for 75 — ;.

We consider the truncation E := E N {x : 71 < x1 < 1}. From the above estimate
and (4.14), we have that 75 — 71 <  for some 8 = f(n) > 0. Moreover by (4.8) and (4.12),
by the definition of 71, 12, and since P (E, {x] < 11, X] > 72}) > AHTYO*ENIHN {x1 <
71, X1 > T2}) (see the proof of Corollary 2.5) we can estimate

D, (E)

|EHﬂBH<1—2iﬁiT>,lmﬁ)gPME}+MBHDME} (4.15)

|B)‘| 1/n _
o= <|E|> , E :=0E.

Clearly, |E’| = |B*| and by (4.15) we get that E’ is contained in a strip {t] < x1 < 75}, with
7, — 1 <o(tn—1) <!',where!’ =1'(n, 1) > 0. Let us now show that £’ satisfies (4.5)
for a suitable constant C; = Ci(n, A) > 0 that may change from line to line. To this aim,
since we are assuming D; (E) small by (4.7), from (4.15) we getthat 1 <o < 1+ CoD, (E),

with Cop = Cp(n). Thus, from (4.15) and (4.7), we get

We finally define

PuUE") = 0" ' P, (E) < 0" Y (P,(E) + n|B*| Dy (E))
= 0" ' PU(B*)(1 +2D;(E)) < P.(BM(1 + C 1 Dy(E)).

Hence, the second inequality in (4.5) follows. To prove the first inequality, let us denote by

B*(|B*|, p), with p € 0 H, a spherical cap such that o (E") = %.me the first
inequality in (4.15), recalling that |E| = |B*|, we then get
|EAB*(|B*|, p/o)|
E) <
a(E) < 57|

- |[EAE| | |EAB*(|B*|/s", p/o)| |B*(IB*|/o", p/o)AB*(|B*|. p/o)]|

~ |B*| | B*| |B*|

_|ENE|  a(E) | |B*(B*)\ B*(|B|/0")]

|B*| a” |B|
@.15

=7 CLDA(E) + ar(E)) + Ci(0 — 1)
< a,(E") + C1D;(E).

Thus the set E’ satisfies (4.5) and points in E’ have first coordinate contained in an interval
of length bounded by /’.

Starting from E’, we can repeat the same construction finitely many times with respect to
the axes x2, ..., x,—1, thus getting a new set, still denoted by E’, satisfying (4.5).

It remains to adapt the construction with respect to the coordinate axis x,,. In this case we
eventually aim at truncating the set E’ in some controlled slab of the form {0 < x, < T»}.
Define

_ E-
() =H"N (X e RN ) € ENY), Ef i={xeE ix, <t), §(t):= ||Bt)\||’
for t > 0. It is readily checked that, arguing as above, one estimates
_ 1 _
u(t) = iPx(BA) (¥ (g(@®) — Di(E)), (4.16)
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which is analogous to (4.9), for any ¢ such that g(¢) € (0, 1). Similarly as before, we define
0 <1 <tysuchthat 2(f)) = 1 — g(#) and ¥ (g(51)) = ¥ (g(t2)) = 2D, (E’). Therefore,
using (4.16) and the concavity of ¥, arguing as before one estimates
n|B*|
4

v(r) = V(g(®)) Vi e [h, i, (4.17)

which is analogous to (4.13).

Let
1 1
w, n
A:=-P B)L n —1 .
) A( )<<|B}‘|> >>U

We claim that there exists € = £(n, A) > 0 such that if Dy (E) < € then

A _
v(t) > 3 forae. t € (0, 1]). (4.18)
Indeed, since Dy (E’) < C1D;(E) and ¥ (g(f;)) = 2D; (E’), then for any w > O there is

& = g(n,A) > 0 such that g(f]) < o whenever D, (E) < &. Applying Lemma 4.1 with
F = E’, for almost every ¢ € (0, 7;) we find

- 1 A Wp " - n—1 ,
v(t) = 5 Pr(B) <|B*|> (I—g@) = —1—-Dy(E)
1
1 onp \" o=t ,
SPr )((W') (1-2a@)™ —1—DA(E)) (4.19)

- 1P (B)‘) Wy, %(1 )n—l l—cCia) > A
— —w)n —1—-Ci¢ —,
z b B e] =3

provided ¢ is small enough.
Therefore, assuming without loss of generality that Dy (E) < &, since g'(t) = v(r)/ |B*|
we estimate

\

v
I
.
=
>

_ @1 4 g 4.18) 2 [h I
Hh < fH+-— g_() d < — ﬁ(t)dl+f/ —
nJi ¥(g®) A Jo nJo ¥ (4.20)
<2|B)‘|+4 LS| )
— — =1a'(n, ).
A nJjo ¥
The rest of the construction follows analogously as above by defining
. o __ n|B*|Dy(E")
D=minit >t : gt) <1, v(t)ff ,
estimating T, — f; < B(n, A), hence finally taking the set
1
L'_ ' (E'N{x, < T)). 4.21)
[E" N {xy < T2}

Up to translation along d H, the set defined in (4.21) yields the final one satisfying the claim
of the lemma. O

Corollary 4.3 (Non-quantitative stability) For any &€ > 0 there exists 8§ =68, x, &) > 0such
that if E C R™\ H is a Borel set such that D) (E) < §, then o, (E) < &.
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Proof By scale-invariance of the asymmetry and of the deficit, it is sufficient to prove the claim
assuming also | E| = | B*|. We argue by contradiction. Suppose there exist a number & > 0
and a sequence of sets {E;};, with E; C R"\H and |E;| = | B*|, such that Dy (E;) < ll and
a, (E;) > eforalli € N. Let us consider the sequence of sets {Elf},-, with E[ C QIN(R™\H)
and IE;I = | B*|, given by Lemma 4.2. Moreover the Lemma assures that oz,\(Elf) > g/2 for
large i, and D, (E}) — 0. Since each set E; is contained in the same Q;, by Corollary 3.9

L! . . .
we can assume, up to a subsequence, that E; — E' for some set E’ of finite perimeter with

|E’| = |B*|. By the lower semicontinuity of the perimeters we get P; (E’) < P, (B*), hence
E’' = B*(|B*|, x) for some x € 9 H N Q; by uniqueness of minimizers. The convergence of
E] to E’ implies that |[E]AE’| — 0, against the assumption a; (E}) > 5. O

Corollary 4.4 There exist Ay, T, n > 0 depending on n, ) such that for any set of finite
perimeter E C R" \ H with ‘|E| — |B}‘|’ <nand D, (E) < n there holds

H' N EN{x, =1}) = Ay,
for almost every t € (0, T),).

Proof Let us prove the inequality assuming |E| = | B*| first. Fix T)f > 0 such that

n—1

| ot
on \* [, 1BA(BH.0) N < T\ T
1— = l+a,
(WJ( |B7] =

for some a > 0. By Corollary 4.3, for any w > 0 there is > 0 such that if D, (E) < n then
|EN{x, < T/}l < |B*(|B*],0) N {x, < T} + w. For such a set E, Lemma 4.1 implies
that for almost every ¢ € (0, T/\’) there holds

1 O\ EN{x, "
HNEN (5, = 1) = 5 PA(BY) (<|:*|> (1—%) —1—DA(E))

1 n—1
1 oy \" IB*(IB*,0) N {x, < T/} +w) "
- pP,.(B* i 1— 2 —1-7].
=37 )(<|B*|> < |B7] !

Hence for sufficiently small n > 0 the right hand side in the previous estimate is bounded
below by some constant A} (1, A) > 0.

Fora generic set E such that || E| — |B*|| < nand Dy(E) < n,theset E' = (|B’\|%/|E|%) E

has measure equal to | B*| and deficit D; (E") < . Up to decreasing 7 > 0, applying the first
part of the proof to E’, the desired estimate holds on E for T, = 7, /2 and A = A} /2. 0O

4.2 Reduction to (n — 1)-symmetric sets

In this section we prove that, in order to prove Theorem 1.1, it is sufficient to further reduce
to show (1.6) among (n — 1)-symmetric sets, i.e., sets which are symmetric with respect to
reflection across n — 1 orthogonal hyperplanes, each one orthogonal to {x,, = 0}. The results
are analogous to [46, Section 6].

Lemma4.5 Let E C R" \ H be a Borel set with finite measure, symmetric with respect
tok € {1,...,n — 1} orthogonal half-hyperplanes H; = {x e R"\H : (x,v;) = 0} for
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1 < j <k where|vj| =1and (vj,e,) =0forany 1 < j < k. Then

min |[EABM(|E|, x)| < min |[EAB*(|E|, y)| <3 min |[EAB*(|E|, x)|.
xedH )’EaHﬂm_];:l H/' xeoH

(4.22)
Proof We can suppose for simplicity that Vj € {l,...,k} we have v; = e¢;. If
x0 = (f,...,x% ,,0) is such that a; (E) is achieved by B*(|E|,x°), then ay(E) is
achieved also by B}‘(|E|,)EO), where 0 = (—x?,...,—x,?,x,9+l,..., x,?_l,O). Since
|B*(|E|, x°)AB*(|E])| < |B*(|E|, x®)AB*(|E|, x°)| we have
|[EAB*(|E))| < |EAB* (|E]. x°) | + |B* (|E|. x°) AB*(|E])|
<|EAB*(|E|,x°) |+ |B* (|E|, x") AB* (|E|, %) |
<|EAB*(|E|,x°) |+ |B* (|E|, x") AE| + |[EAB* (|E|, ) |
=3|EAB* (IE|, x°)|.
[m}

Given a Borel set E C R" \ H with finite measure and a unit vector v with (v, e;) = 0,
we denote by H" = {x € R" : {x, v) > ¢} an open half-space orthogonal to v where t € R

is chosen in such a way that
E
|[ENH| = %

We also denote by r,, : R" \ H — R" \ H the reflection with respect to H, := dH,', and by
H; :=r,(H}") the open half-space complementary to H\. Finally we write E := ENHE.
Observe that

Dy (EX Ur,(EE)) < 2D, (E). (4.23)
Indeed
P(Ef Ury(EY)) — P.(BM(|E)) < 2P, (E) — Pu(EJF Ury(E)) — Pr(BM(E))
= 2(P,(E) — P.(B*(IE]))) + P.(B*(IE])
— P(ET Ury(E]))
< 2(P.(E) — Py(B*(|E]))).

where in the last inequality we used the isoperimetric inequality of Theorem 3.3.

Lemma4.6 There exist C2, 8, > 0 depending on n, A such that, if E C R* \ H is a Borel
set with finite measure such that D; (E) < 85, and if v and v, are two orthogonal vectors,
with (v;, e,) = 0, such that H,, and H,, divide E in four parts of equal measure, then there
existi € {1,2} and s € {+, —} such that, setting E' = Ef,i Ury, (Ef)’,), there holds

o, (E) < Cra(E)). (4.24)

Proof By scale-invariance of Fraenkel asymmetry, it is sufficient to prove the claim assuming
also |E| = |B*|. If i € {1,2}and s € {+, —}, let E; denote the sets obtained by reflecting

Ej, along H,, and let Bi)"s = B*(|B*|, x}) be four spherical caps such that

|ESABM|= min_ |ESAB*(|B), x).

erviﬂE)

@ Springer



Quantitative isoperimetric inequalities for classical... Page210f49 225

For i = 1, 2, by the triangular inequality we have
min |[EAB*(B*|, x)| < |[EAB]|
= (EAB} )N H |+ (EABF ) N H, |
(EABS)NHF |+ (EABF )N Hy |+ (BN ABS )N H |

IA

1 1 o -
§|EW+AB}+|+E|E;AB}’ |+§|Bf*+AB}- I (4.25)

Once we show that if D, (E) is sufficiently small then there exists ¢, , > 0 such that at
least one the following

IBFTABMT| < 2c,,,x(|E;TABf'+| + IE:,I_AB{\’T)
) . S (4.26)
BRI ABRT| < 2cn,,\(|EVJ2rABz’+| + |EU;A32"|)

holds, then we soon conclude the proof. Indeed, assume for example that the first inequality
in (4.26) holds. Then, from (4.22) and (4.25) with i = 1, we get

‘ 4.25) , / _
min [EABH(B. 0| = (eon+ 1/D(1ES B} I+ ES ABIT)
“.22) ; "+ A B (| B : "— A RA(| R
< 3(c,m+1/2)( min |E;FAB* (1B, x)| + min |E,” AB*(1B |,x)|>,
xedH xedH

thus proving (4.24) with C> = 6(cy 5 + 1/2) and E’ equal to E, or E, .
_ Observe that, given & > 0, Corollary 4.3, (4.22) and (4.23) imply that there exists
82(n, A) > 0 such that if D, (E) < &, then

|EEAB!
max {aA(E), V’“T{ D= 1,2} < &. 4.27)

Thanks to (4.27), we can show that the caps B[’\ = get closer and closer to the optimal ones
for E, as 8, decreases.

Indeed, let us assume by contradiction that there exists > 0 such that for every j € N
there exist E;, with |E;| = |B*|, D,(E;) < } with B} := B*(|B*|, x;) realizing the

asymmetry of E;, but fori € {1,2} and s € {+, —},if Bl’x; := B*(|B*|, xfyj) is such that

|E® ,AB}7|= min |E" /AB*(|B*|,x)],
Jovi ’ xeH jNOH  J.v;
i

where E ; 1s given by reflections of truncations of E; along orthogonal subspaces H;, H;,
JsV; 1 2

then |xfyj - xj| > n forsomei € {1,2},s € {+, —} and any j. Without loss of generality
we can assume that thati = 1 and s = +.

Letus translate every set in the above contradiction assumption by —x ;. Without relabeling
the objects involved, up to subsequences, we have that E; — B())‘ = B’\(|B)‘|, 0) in L' We

can show that F ’f s B{} as well. Indeed, up to a rotation we can further assume that
JsV

1
Hv]j:{(aj,O,...,O)-i-ef'], V{:€1, VJ’
with a; € R. By the definition of ij,we have
1

2 2
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Then {a;} is bounded and, up to subsequence, converges to ao, = 0 because, if as, # 0,
then

E;n{x; >a;}— B&ﬂ{xl > doo)

; — B Finally by (4.27)

78
with |B())‘ N{x; > aoo}| #* %. In particular E'*
J>V1

> min_ {|B*(|B*,x)AB}} =1 C(n) > 0.

&|B*| > lim |E'" ,AB]T
j J.vi x€dH,|x|>n

Lj
j ]

But for j sufficiently large, since D, (E;) — 0, by (4.27) we can choose & such that g|B*| <
C(n)/2, getting a contradiction.

We observe that for &€ > 0 sufficiently small, that is for 5 >0 sufficiently small, there
exists ¢,,3 > 0 such that for all possible choices of s, t € {4, —} there holds

A, At
| B TABZ |
Cn, )

We only sketch the argument for (4.28). Letting Q := (H‘f1 N Hlﬁz) and Bi(h) =
B*(|B*|, hx}), Ba(h) := B*(|B*|, h x}) for h € [0, 1], one can compute

(B ABY') N (HS, NH! )| > (4.28)

d
L\ Biwasmyno| = / (B 3t — i) !
dh 3B (WNB(HNQ

+/ (WBM x5 xbydH !
By (h)NB1(h)NQ

_ (/ <v31(h) Xy —x) >
9B1 (NBy (HNQ ¥} — x5

x5 — x!
A T e
B2 (WNB) (HNQ Xy — x5

_ / (UBl(h)ﬂBz(h)7 Ui2t> dH"! xS — x|
9(B1(MNB2(M))NQ

> clx} — x5,

where v]th is obviously defined, provided £ is small enough, for some ¢ = ¢(n, A) > 0 that
will change from line to line. The last estimate follows since (v Bi(mnBa(h) v“lv‘2’> > (O pointwise
and, for & small, centers x7, xé are so close that (vBl(h)ﬂBZ(m, vizt) can be estimated from

below by a positive constant on a set of 74"~ -measure uniformly bounded from below away
from zero. On the other hand one can estimate

A, At 3 t
(B} *ABY")| < clx{ — xb).

Hence
La
|(By ABY") N (HS, N HL) :[0 @‘(Bl(h)ABz(h)) N Q|dh > clx} — x}

> c|(B}* ABY")),

and (4.28) follows.
Letting

Si=BrTNHHUBI NH), S= BT NH)UBY NHy),
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we deduce

5 ' WS A it s ‘ |31MA32M|
IS1AS2| > [(S1A82) N (Hy, N H, )| = [(B"ABy") N (Hy NHY)| > e,
n,

In particular we have

A, A= A, A, A, A=
Bl TABY T < |BYTABY T 4 By TABYT] < 20408148,

(4.29)
1By Y ABY T < By YABY T+ B TABY | < 20,3 1S1AS,].
If by contradiction (4.26) were false, then
A+ A,—
’ ’ B ’ AB ’
|E;FABY T+ |EABPT| < 1By ABy and
26,1,)L
, . _ |BMTABMT
|E,FABY Y+ |E, ABYT| < 2272 (4.30)
Cn,a
Hence
1 2
ISIAS:| < |SIAE| +EAS: | =3 ) (|EJAB}’+| + |EW’AB;\’_|>
i=1
2
4.30) 1 _ 429
< X IBITABNT S Is1AS),
mhio
getting a contradiction. O

Lemma 4.7 (Reduction to (n — 1)-symmetric sets) There exist C3, 82 > O depending on n, A
such that, if E is a Borel set with E C R"\ H, E C Qy, |E| = |B*| and D;(E) < &,
there exists a Borel set F C R*\H, F C Q»y, |F| = |B*|, symmetric with respect ton — 1
orthogonal half-hyperplanes (each orthogonal to 0 H) and such that

@ (E) < Cra; (F), Dy (F) <2"'D;(E).

Proof Let us define 8, := §,27"=2) where &, is the constant appearing in Lemma 4.6. We
can apply Lemma 4.6 n — 2 times to different pairs of orthogonal vectors in {eq, ..., e,—2}
normal to corresponding pairs of affine hyperplanes splitting the measure of E in two halves.
Therefore, also recalling (4.23), we find an (n — 2)-symmetric set E’ such that |E’| = |B*|
and

a,(E) < C3 . (E'), Di(E') < 2" 2 Dy(E).
To perform the last symmetrization, let us consider a half-hyperplane H,,_; orthogonal to
en—1 and dividing E’ into two parts of equal measure. For simplicity let us assume that
H,_| = {x,_1 = 0} \ H. We denote by E * (resp. E ~) the set obtained by the union of
E'N{x,—1 > 0} (resp. E’ N {x,_1 < 0}) with its reflection along H,_;. By (4.23) we have

Dy (E™*) < 2D, (E") < 2" Dy(E).
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Regarding the asymmetry of E'= note that since E’ is symmetric with respect to the first
n — 2 coordinate hyperplanes, E ™ and E ~ are (n — 1)-symmetric. By Lemma 4.5 we get

|B*|a; (E') < |E'AB*(|B*))|
= [(E'AB*(IB*))) N {xy—1 > O}| + [(E'AB*(IB*)) N {xy—1 < O}

1 / ’_
S(IE*ABHB )| + |E~AB (B*)))
3|B%| . .

= o (aE) +anED)).
Therefore at least one of the sets £+, E'~ has asymmetry greater than %oz)\(E ") and, denoting
by F this set, we have
D;.(F) < 2D (E') < 2"~ Dy(E)
a,(E) = G 2 (E') = 3C5 2 (F),

Finally, the inclusion ¥ C Q9 follows since F was obtained by performing reflections
of E C Q along affine hyperplanes of the form {x; = a;} for j = 1,...,n — 1 with
aj € (=1, 0. O

4.3 Reduction to Schwarz-symmetric sets

In this section we observe that, in order to prove Theorem 1.1, it is sufficient to further reduce
to show (1.6) just among Schwarz-symmetric sets. The proof is analogous to [26, Proposition
4.9].

Lemma 4.8 (Reduction to Schwarz-symmetric sets) There exists Cz = C3(n, A) > 0 such
that the following holds. Let E C R"\ H be a set of finite perimeter with |E| = | B*|. Suppose
that E is symmetric with respect to the coordinate hyerplanes {x1 =0}, ..., {x,—1 = 0} and
that

D;,(E) <1, EC Qy,
where | = [(n, M) is as in in Lemma 4.2. Then
|[EAE*| < C3+/Dy(E) and D;(E*) < D;(E), (4.31)

where E* denotes the Schwarz symmetrization of E with respect to the n-th axis.

Proof The second inequality in (4.31) follows from the fact |E*| = |E|and P, (E*) < P, (E).
Exploiting Lemma 2.4, we may assume

H' ((x € ¥E\ H : vE(x) = £en)) =0, (4.32)

and thus that vy € WHI(R). Indeed, if E; is given by Lemma 2.4 and the claim is proved for
E;, by the contractivity of Schwartz rearrangement ( [47, Exercise 19.14]), for every € > 0
and with i sufficiently large, we get

|[EAE*| < |EAE;| + |E;AE]| + |EfAE*| < 2|EAE;| + |E;AE]| < 28 + C3y/ Dy (E)),

and the last term tends to C3/D; (E) asi — o0.
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For H'-a.e. t € (0, 00) denote
ve(t) = H" (X e R L (1) € EY),
pE@) :=H'"20*x e R"! 1 (X, 1) € E)),
and employ analogous notation for E*. Since [0*E NdH| = [3*E* N dH|, we get
Py(E) — P.(B*) = P\(E) — P,(E*) = P(E,R" \ H) — P(E*, R" \ H).

It is therefore possible to reproduce the computation in [26, Proposition 4.9] verbatim up to
[26, Eq. (4.29)] to estimate the right hand side in the last equation from below. We include
the computation for the convenience of the reader. By [47, Theorem 19.11, (19.30)] one has

P,(E) — P,(B*) > P(E,R"\ H) — P(E*,R"\ H) > /oo <\/p§ +vf - \/p%;* + v;?) dr
0

t

.
\/PE+”§+\/1’E*+U§

1
> (fo \/p%—p%*dz)

fooo\/p%-f—vg-i-\/p%*-i-vgdz
00 2
1
> 2 _ Z*dl
—(/0 VPE = PE )P(E,R"\H)—FP(E*,R"\H)
00 2
|
2 2
= ([ Vi) 5

where in the last inequality we used Corollary 2.5. Since D, (E) < 1 and pg > pg=, we
have P, (E*) < P,(E) < 2P (B*) and

o 00
PE — DE*
D)\(E)ZC/ p%—p%*d[:(,/ pE+pE* /pE*\/Td[
0 0 *

(4.33)
o0 — *
> N/EC/ PE* u dr
0 PE*

for some constant ¢ = c¢(n, 1) > 0 changing from line to line. Note that (E*); isa (n — 1)-
dimensional ball with the same " ~! measure of E,. Then the quantity

PE(t) — pE+(1)
PE*(t)
is the classical isoperimetric deficit in R"~! of E, with respect to the standard perimeter.

By standard the quantitative isoperimetric inequality in R”~! [29], the fact that E; is n — 1
symmetric with (E*); centered at the center of symmetry of E; and Lemma 4.5, we have

H'(EAE]) PE() = ppr (1)
1 P <c(n) .
H"H((E™)) pEx(1)
By (4.33) and the inclusion £ C Q»; we conclude

pE*(t) n—1 * c o n—1 * ¢ *
\/D)L(E)>C/ e 1((E*))H (E,AE})dt > 7/0 H'UEAE! di = S |EAEY).

[}
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Putting together Lemmas 4.2, 4.7 and 4.8, one immediately gets the following corollary.

Corollary 4.9 There exist S4,0 > 0 depending on n, A such that for every 0 < § < 84, if
the quantitative isoperimetric inequality (1.6) holds (with some constant depending on n, )
for every Schwarz-symmetric set F, with |F| = |B*|, contained in a cube Q7 and with
D, (F) < 6, then (1.6) holds for any measurable set of finite measure (up to changing the
multiplicative constant, depending on n, X only).

5 First quantitative isoperimetric inequality
5.1 Coupling

We start by recalling the general definition and properties of the restricted envelopes intro-
duced in [17].

Definition 5.1 [17, Deﬁnitioné.l] Let K C R”" be a compact convex set, E C R" be a
bounded openset,andu € C%E)NC%(E).The K -envelope of u is the function X : R” — R
given by
ik (x) :=supla+(£,x) : £ €K, a+(£y) <u(y) VyeE).
The desired coupling corresponding to a competitor E will be essentially the K -envelope

of the solution to the elliptic problem (3.3), for K equal to the closure of the optimal bubble
B*.

Definition 5.2 [17, Definition 29] Let K C R”" be a compact convex set, E C R" be a
bounded open set and u € CO(E) N C2(E). Given x € R" and ¢ € K, we define

Se 1= argmin{u(x) — (£, x)}
xeE

and

" I<m<n+1
H(x, £ K) = inv%(si) : ?lf' EESOS OX]:;" =1 ,
=l x—Y aisi € NE K)
where N (£, K) is the normal cone of K at &, defined as
NE, K):={veR" : (v,§ —&) <0forall &' € K}.
We will need the following

Proposition 5.3 [17, Proposition 3.10] Ler K C R" be a compact convex set, E C R" be a
bounded open set, and u € C°(E) N C2(E). Assume that for any & € K it holds Se CE,
then i* : R" — Ris a CY! convex function such that

vk (R") = vik (E) = K.
Moreover, for any x € R" and any H, € H(x, ViX (x), K) # 0, it holds V2iK (x) < H,.

We will need to associate a coupling only to Lipschitz-regular connected competitors,
having C! relative boundary in R” \ H. This is established in the next result, whose proof is
analogous to the one in [17].
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Proposition 5.4 There exists ¢ = é(n, A) > 0 such that the following holds. Let E C
R"™\ H be a connected bounded open set. Suppose that E has Lipschitz boundary and that
dE N {x, > 0} is a hypersurface of class C' with boundary.

Then there exists a 1-Lipschitz convex function ¥ : R" — R of class C' such that
AV < Pﬁ(f) and such that V¥ (R") = VW(E) = B* up to negligible sets. Moreover, if
|E| = |B*| and D; (E) < 1, then

/ V2 —id|dx < C/D,(E) (5.1)
E

/ (1= |VU)dH""! < €D, (E). (5.2)
I*EN(R"\H)

Proof Let us assume first that dE \ d H is a smooth hypersurface with smooth boundary
intersecting d H orthogonally. Let # : E — R be a solution of (3.3) and (K;);eN a sequence
of compact convex sets such that K; CC K i+1 and U;en K = B*. We showed in the proof
of Theorem 3.3 that for any £ € B* the minimum of u(x) — (£, x) cannot be achieved on the
boundary of E. Moreover, at any point x € E such that Vzu(x) > 0, it holds

P, (E)

0 < VZu(x) < Au(x)id = E]

id.

Therefore, recalling Remark 3.2, by Proposition 5.3 we get that % is a sequence of 1-
Lipschitz functions, being suprema of 1-Lipschitz functions, that is uniformly bounded in
C"! on compact sets; hence up to subsequence it converges to a limit function ¥ in C lloc R™).
Since ViXi (R") = ViXi (E) = K;, then VU (R") = VW(E) = B*, U is a convex function
of class C!'!, and writing the inequality Auki < % in the sense of distributions, one
checks that it readily passes to the limit as i — +oo for the function W.

To prove that |[VW (E YAB*| =0,let Z C Ebea compact set and notice that

\Viki(E\ Z)| < c(n, |E|, PA(E))|E \ Z|,
\Viki(2)| = |VaXi (E\ (E\ 2))| > |Va®i (E)| - |Vu®i (E\ Z)| = |K;| — ¢|E \ Z|.

Passing to the limit we find

IVW(Z)| =

lim sup ViiXi (2)
i

> limsup [Vi"i (2)| = |B*| = c|E\ Z|,
i

hence letting Z ' E, we get that VW (R") = VW(E) = B* up to negligible sets.

Suppose now that E is a generic connected set as in the assumptions. If n > 3 we can
apply the above argument to a sequence of sets E; approximating E given by Lemma 2.4,
suitably modified connecting possibly disconnected components with thin tubes vanishing in
the limit. If » = 2, then d E \ 3 H is a union of C' curves, which thus can be approximated by
smooth ones touching d H orthogonally preserving the connectedness of the set. Applying
the first part of the proof on the approximating sequence E; we get a corresponding sequence
of functions W; uniformly bounded in C'-! on compact sets, hence converging in Clloc up
to subsequence to a convex function W of class ct! with AW < P(E)/|E|. Also, since
V¥; (R") = B*, then V¥ (R") C B* by Clloc—convergence. Moreover, since E has Lipschitz
boundary, there exists a sequence of compact sets Z; C E such that Z; C E; foranyi > i;
and such that Z; ' E. Hence one can repeat the above argument with ¥;, E, Z; in place of
aki E, 7, respectively, to deduce that

IVW;(Z))| = |B* = c(n, |Eil, PA(E))E; \ Zj| = |B*| — c(n, |E|, P,(E))|E; \ Zj].
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Lettingi — oo first, and then j — oo, we getthat V¥ (R") = VW(E) = B* up to negligible
sets.

We now prove (5.1) and (5.2). The symbol C shall denote a positive constant depending
on n, A changing from line to line. By the area formula, the arithmetic—geometric mean
inequality and the properties of ¥ we get

|B*| = |[VU(E)| < / det(V2W) dH"
E
Aw\" PUE)\" . [ (PAE)"
S/;;(T) de/E(n|E|) dx_/E(,HB”) dx (5.3)

_ P)»(E) " A nyph
= (P,\(B*)> |B*| = (1 + Dy(E))"|B*|.

Hence

P(E)\" A
/ (( A|(EI)> —det(vz‘I’)) dx < [B*(1+ Dy(E)" — |B*| < CDu(E).  (5.4)
E n

By [17, Lemma A.1] applied with m = n, A1 = -~ = Ay = 1, (x1,..., x) equal to the

eigenvalues of V2W and ¢ = 12|(EE|) = P?((Ii)) > 1, we obtain

V20 —id)? < 2|V2W — cid|*> + 2|(c — Did|?

Pi(E)\" 5 P,(E) —n|E|\*
<<mm>'“mvwg+%<‘7ﬁrf> 5.5)

¢ ((P*(E)) — det(V2W) + DA(E)Z) .

IA
o}

IA

n|E|
Therefore by (5.4) and (5.5) we get

/ IV2W —id|? dx < CD,(E),
E

which implies (5.1).
Arguing as in (5.3), by the divergence theorem and using that (VW, —e;,) < —2 since
VY (R") C B, we get

INA Py(E)"! Py (E)"!
|B| 5/ — ) dx < L/ AV dx = %/ (Vw, vEy !
E\ n n"|E"=1 Jg n"|E"=1 Jyep

Pu(E)"!
57};'(&)"_1 (/a - (VW, vE)dH"_l—i—/a ) (VW, —en)dH”_1>
*EN(R"\H) o*ENOH
Pu(E)"!
< “7)_1 (/ (VW vEy — 1dH" ! + P,\(E)>
n"|E|" J*ENRM\H)

P.(E)"  Py(E)"!
S )\( ) - _ )L( ) - / (1_|qu|)dH}’l—1.
n"|E|"~ n*E"0 Jo<en®e\H)

Rearranging terms, since Dy (E) < 1 and | E| = | B*|, we obtain

/ (1 — |vw|ydrr—t < PE = PLBYY" ¢ Dy (E).
9* EN(R"\ H) N Py (E)"—! -
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‘We now want to translate the quantitative estimates obtained on the coupling in Proposition
5.4 into quantitative estimates on the asymmetry of a competitor. We will need some technical
results first.

The next lemma is analogous to [17, Lemma 6.2], but with a varying range of parameters
that here must depend on A.

Lemma5.5 Let E C [0, 00) be a 1-dimensional set of locally finite perimeter with |E| < 00
and set

r)\::min{ 1—k2,l—A}, R)L::max{\/l—)nz,l—)h}.

There exists ¢ = ¢(n, A) > 0 such that for any %I’A <l< %RA there holds

/ e <é / t”’ldt+/ M= dHO ). (5.6)
EA[0.1] [0.2\E *E

2

Proof It holds EA[O, 1] = ((I, 00) N E) U ([0, []\E). We claim that

max / Ml dr, / "l dr
[1,00)NE [%.\E

<&@, 1) </ t”*ldt-i-/ t”lll—tldHO(t)). (5.7)
(0.3 ]\E 0*E

We will estimate the two terms on the left-hand side separately.

Without loss of generality, suppose [/, o0) N E # @. Since |E| < 00, then 9*E N [1, 00)
is nonempty and we can assume it has finite supremum ¢ (otherwise the right hand side in
(5.7) equals +00). In particular the right-hand side in (5.7) is finite. It holds

t
/ "y sf Ml <=1 </ N =11 dH0 1),
[l,00)NE l 0*E

and the first term in the left-hand side of (5.7) is bounded as wished.
Let us now consider f %] \E "~ dr. Its value is a priori bounded by (%R;\)n. If 0*E N

[ 7 4r;\] # () and 7 is one of its elements, then

—1
n—1ly _ 0 ny 12 ”l N 2 "
/8*Et =t dH(1) = " |l — 7| > (4) gz e <8Rl

> é(n, k)/ e,
[ I\E

So from now on we can assume that 9*E N [%, %r)\] = 0. 1If [%, %m] \E # {, then
EN[%, fr)\] % and

/ "1 dt+/ t”_]ll—tld’HO(t)z/ "l dr = é(n, h)
(0.3 ]\E OE (%.%]

7R_7
)

2 472
S n) 9 n=l 9 1
c(n, = Ry — =
= g )
> &(n, A) "y
[%.\E
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So we can further assume [ %, %rk C E.If0*EN[%,1] =0, then[%,!] C E and there is
nothing to prove. Finally, if 9* E N %, l] # @, let us denote by ¢ the infimum of 3* EN [%, l].
Then

1 l n—1
/ o dr < f P Vdr < g = N — <;> < e ) — 1]
[ 1\E : :

<&, N N = 1 dHO ().
*E

This concludes the proof of the claim (5.7). Hence

/ 1 dr < max / t"_ldt,/ "L +/ Ly
EAI0,1] [l,00)NE [%.I\E [0.2\E

S, n—1 n—1 0 n—1
< ¢n, ) " dr + "L — | dH () ) + "7 dt,
[0.2\E *E [0.2\E

* 2

and the proof follows. O

We shall also need the following standard technical result stating that a Vol’pert property
holds for the intersections of a set of finite perimeter with rays from the origin, cf. [52]. The
proof follows, for example, by adapting the proof of [25, Theorem 3.21] working in polar
coordinates rather than in Cartesian coordinates.

Lemma5.6 Let E C R" \ H be a set of finite perimeter with |E| < +o0. If 9 € =1 n
(R™\ H), we define

Ey ={t>0: 19 ekE}.

Then, for H" '-almost every 9 € S~ N (R" \ H), Ey is a 1-dimensional set of locally
finite perimeter such that

FEyN{t>00={t>0: 10 ed*E).

Moreover, if n € L! (0*E) is nonnegative, we have

/ ndH"! 3/ (/ t”’ln(tﬁ)dHo(t)> dH (). (5.8)
9*E\H si-\H \Jo*Ey

Combining Lemma 5.5 with Lemma 5.6 we get the following result that estimates the
symmetric difference of a competitor with a bubble that is just close to a standard bubble
B)‘(v, x). The result is analogous to [17, Proposition 6.1].

Lemma 5.7 There exist €, ¢ > 0 depending on n, ) such that the following holds. Let E C
R" \ H be a bounded set of finite perimeter. If‘E N B% (0)’ > % ‘B% (0)\H‘, then

[EA(B1(x0) \ H)| = 5/ Y Ilx = xol — 11dH" " (x),

9*E\
for any xo € R" such that |xo — (0, ...,0,—=1)| < e&.

Proof 1f ¢ is sufficiently small, depending only on 7, A, then for any # € S"~! N (R" \ H)
the set { > 0 : |t} — xp| < 1} is an open segment (0, #(¢)), with (¢ close to the number

Tﬁe[min[ 1—)L2,1—A},max{ 1—12,1—/\]] = [ R
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such that | Ty + Ae,| = 1. In particular, if ¢ is sufficiently small, then %Rk > 1) > %r,\
for any 9 € S"~! N (R"\ H).
As before, for any © € S"~! \ H let

Ey ={t>0: 10 ek}

By coarea formula we get

|[EAB(x0) N (R"\ H)| :/ </ z"—ldr> dH" 1 (9). (5.9)
S"=I\H \JE3A[0,1(9)]

By Lemma 5.5 we obtain

|E ABi(xo) \ H|

<c(n, 1) / Ml dr +/ M @) — 1| dHO | dHTT (9).
st=I\H \J[0,%]\Ey 3*Ey
(5.10)
For every ¢t > 0, we claim that
[1t9 — xol — 1] = c(n, M|t — t(D)]. (5.11)

Note that there exists § = 8(n, A, €) € (0, r;/8) such that for t € [1(9) — 8, t(}) + 5] there
holds

d
‘alm —xol| = (P — x0) /|19 — xol, 9)| = c(n, A, &) > 0.

Then, fort € [t(¥) — 6§, t(¥) + 6],
[1(9) —t] < c(n, MY — xo| — 1,
and in this case the claim follows. Regarding the remaining cases, note that
[0 —xol — 1]
|1 () — 1]

and the claim follows for r > R = R(n, A, ¢) > 0 big enough. Finally, if 0 < # < R and
t & [t(®)—38,t(9)+ 8], then

[1t9 — xo| = 1| = c(n, 1,8) >0
[t(¥) —t] <c(n, A, R)

— 1 as|t] > 400

hence the claim follows as well.
Therefore

/gl\/ "=t @) dHO (1) dHTN ()
n— H *El?

.11 n—1 0 n—1
< e 9 — xol — 11dHO() dH " @), (5.12)
St=I\H J3*Ey

By Lemma 5.6 we deduce

/ lx = xol — 1] dH"™ (x)
I*E\H

(5.13)
z/ <f N9 — x| — 1|dH0(t)> dH" ' ().
sr=1\H \J3*Ey
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Since ||x — xg| — 1| > ¢(n, A) > 0in B% (0), by coarea formula and relative isoperimetric
inequality we get

fSH_I\H (f[og]\Eﬂ e dt) dH @) = ’(B%(O) \VH)\ E’

n—1 1

:’(B%(O)\H)\E " )(B%(O)\H)\EJE
(5.14)
<c(n, A) dH"!
B*EO<B%\(O)\H)
<cn, A [lx — xo| — 1] dH" " (x).
8*E\H
(5.10), (5.12), (5.13) and (5.14), the proof follows. ]

We can finally show that if a suitably regular Schwarz-symmetric set satisfies a trace
inequality, then the quantitative estimates in Proposition 5.4 imply a quantitative isoperimetric
inequality.

Proposition 5.8 There exists 85 = 85(n, ) > 0 such that for any ct > 0 there exists
y =y (n, A, cr) > 0such that the following holds. Let E C R\ H be a bounded connected
open set with |E| = |B*|. Suppose that E has Lipschitz boundary and that 3E N {x, > 0}
is a hypersurface of class C' with boundary. Assume that E is Schwarz-symmetric with
respect to the n-th axis and that there exists a constant ct such that for every function
f € BV(R") N L°°(R") there is a constant ¢ € R such that the following holds

/E d[Df[(x) = CT/ tre(lf — ) dH" ' (x). (5.15)

*EN(RM\H)
If D, (E) < 8s, then
o} (E) < y Di(E).
Proof Let W be given by Proposition 5.4. By (5.15) and (5.1) we get

/ [(VW — x) + x0l dH"~ (x) <c@, A, cr)VDi(E),
9* EN(R"\ H)

where xp = (xé, ..., x() is the vector whose i-th component is the constant ¢ of (5.15)
corresponding to the i-th component of V¥ — x. Therefore
f ||xfxo|71|dH"*1<x)s/ V¥ — (x = x0)| + [1 = VW[ dH" " (x)
d* EN(RM\H) F* EN(RM\H) (5.16)
5.2

< c(n,x, cr)v Dy(E).

We observe that if ¢ = ¢(n, 1) is given by Lemma 5.7, then for §5 small enough depending

on ¢, we ensure that |xg — (0,...,0, —1)| < ¢. Indeed, if for every i € N there were E;
satisfying the hypotheses of Proposition 5.8 such that D, (E) < ll with corresponding xo ;
verifying |xg ; — (0, ..., 0, —A)| > ¢, passing to limit in (5.16) we would get a contradiction

with the fact that E; converges to B*(|B*)).
Hence we can apply Lemma 5.7. Since E is Schwarz-symmetric, we get

[EAB1(0,...,0,x5) N (R"\ H)| < |EABi(xp) N (R" \ H)|

<c(n, A, cr)v/Dy(E).

(5.17)
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Arguing as above, up to taking a smaller é5, we can assume that |x; + A| < |xo —
0, ...,0,—1)| is so small that

d 1 g =l
a|31(0,.--,0,l)\1'1| Ziwn—l(l—l )2,

forany t € [—|xy + Al, Ix(')’ + A|]. Hence

c(n, X, CT)\/D)L(E ||Bl(0 S0, x)\ H| — |E||
- !|Bl(0,...,o,x3>\H|—|Bl<o,...,o, —)\ H|
1
Z SO (1= Ixo + Al
which implies

lxg + Al < c(n, A, cr)y/ Dy(E), (5.18)
for a suitable constant. Therefore

|(B1(0,...,0,x{) \ H) A(B1(0,...,0,=0) \ H)| < c(n, V|x§ + Al
(5.18) (5.19)
< ¢, A, cr)vV Du(E),
where in the firstinequality we used that# — [(B1(0, ..., 0,H)\H) A (B1(0,...,0, —A)\H)|
is Lipschitz for some Lipschitz constant c(n, 1) > 0.
Finally

|[EAB)(0,...,0,x0) N (R" \ H)| = [B*(IB*DAE| — |(B1(0, ..., 0,x)\ H) A(By(0,...,0,—}) \ H)|

(5.19)
z @ (E) —cn, i, cr)y Dy(E).

In the next lemma we observe that optimal bubbles do satisfy trace inequalities.

Lemma 5.9 Thereexists¢ = ¢(n, X) > Osuchthat for every function f € BV (R")NL* (R")
there is a constant ¢ € R such that the following holds

/ dIDfI) = 6/ gy (f DT, (5.20)
B*(|B*|) dB*(IB*D\H

Proof The proof follows combining the classical Poincaré inequality [2, Theorem 3.44] with
the boundary trace theorem [2, Theorem 3.87]. ]

We now introduce a notion of C'-distance from B* (| B*|) for sets in the half-space R"\ H,
and we deduce that Schwarz-symmetric sets sufficiently close in C! to B*(|B*|) enjoy a
quantitative isoperimetric inequality.

Definition 5.10 Let ¢; : dB;\H — R be such that dB*(|[B*)\H = {py(x)x : x €
0B1\H}.

Let E C R" \ H be a bounded open set. Suppose that E has Lipschitz boundary and that
dE N {x, > 0} is a hypersurface of class C! with boundary. Assume that E is Schwarz-
symmetric. Suppose that there exists a C! functions

¢:0B]\H—>R
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whose graph parametrizes the boundary of E in R" \ H, that is
JE\H={px)x : x€dB; \ H}.

We define the C! distance of E to B*(|B*|) by dc1 (E, B*(1B*))) := [0 — @xllc1 (98, R\ 1)
A'sequence of sets E; as above is said to converge to B*(|B*|)in C! ifdei (Ej, B*(|B*))) —
0as j — +oo.

Corollary 5.11 There exist €,y > 0 depending only on n, A such that the following holds.
Let E C R"\ H be as in Definition 5.10. If dc1 (E, B*(|B*|)) < &, then

a}(E) < P(n, ) Dy(E).

Proof Let ¢, ¢, be as in Definition 5.10. If x : [0, +00) — [0, 1] is a smooth cut-off
function such that x(z) = 0 for ¢t < %min{\/l — 22,1 — A} and such that x(¢) = 1 for

t > % min{+/1 — A2, 1 — A}, we define the diffeomorphism
¢ (%)

W(xl)

Iy —idller < c8, Y(@B*(|B*)\ H) =9dE \ H,

Y :R'\H—>R'\H Yx) = 1= x(xD)+ x(xD x.

|=

Note that

for some ¢ = c(n, A, x), if dc1 (E, B*(|B*))) <& < 1.
Let g € Lip,.(R") and define f := g o . If ¢ is the constant in (5.20) corresponding to
f, then by area formula and (5.20) we get

f g —cldH"™ < Cln, m/ \f — el dH" < Cln, x)/ 1V /] d
*EN\H dBM\H B*

< C(n,m/ Vel dx.
E

Therefore, if £ is small enough, we can apply Proposition 5.8 with c7 therein depending on
n, A only, and we get

ax(E) < y(n, 1) Dy(E).

5.2 Proof of the first quantitative isoperimetric inequality

We are ready to prove the main quantitative isoperimetric inequality. Let us recall the fol-
lowing immediate result, completely analogous to [26, Lemma 5.3].

Lemma 5.12 The standard bubble B*(|B*|) is the unique solution, up to translations along
JdH, of

min {P,(F) + A |[|F| — |B*| : FCR"\ H},

forany A > n.
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Proof of Theorem 1.1 Let  (n, 1) be the constant given by Corollary 5.11 and let 84, [ be given
by Corollary 4.9. By Corollary 4.9 it is sufficient to prove that there exists § € (0, 4) such
that, if £ is a Schwarz-symmetric set contained in Q; such that |E| = |B*| and D, (E) < 6,
then oy (E) < 2y (n, A\)v/D; (E).

We argue by contradiction. Let { £} ; be a sequence of Schwarz-symmetric sets contained
in Q; such that | E | = |B*|, with P,(E;) — P5(B*) and

@i (Ej) > 29 (n, 1)/ DA(E;). (5.21)

For every j we consider a minimizer F; of the problem

min{ Py (F) + |, (F) — ;. (Ej)| + Al[F| — |Ej|| : F Schwarz-symmetric contained in Q;},
(5.22)

chosen large. Up to subsequence, F; converges in L' to a minimizer of F — P, (F) +
o (F)+ A ||F| — |B*||, hence, taking A > n, we have that F; converges to B*(|B*)) by
Lemma 5.12. Also, by comparison with with E;, we have that P, (F;) — P, (B*).

We prove that F; is a local (Ay, ro)-minimizer in R" \ H, for some Ay,rg > 0 and j
large. Let us consider a ball B,(x) cC R"\H, with r < min{rg, d(x, dH)}, and a set G
such that F;AG CC B,(x). Denoting by (-)* the Schwarz symmetrization with respect to
the n-th axisand by Z := G N O;, we have

P(F;,R"\ H) < P(Z*,R" \ H) + |a;(Z*) — as.(E )| — lax(F}) — . (E ;)]
+ AlZ] = |EjIl = [IFjl — |Ejll]
< P(Z,R'"\ H) + | (Z*) — o5, (F))| + A|ZAF;|
< P(G,R"\ H) + |ax(Z¥) — a;.(F))| + A|GAF;|.

For ro small enough and j sufficiently large we have that |G| > |Z| > c(n, A) > 0. Assume
for instance that o (Z*) > «; (F;) (the opposite case being symmetric), then

0 (Z*) — o, (F)) < |1Z|7' (1Z* AFj| + |F;AB*(|F;D)| + |1Z] — | Fjl|)
— |Fj|" " F;ABM(IFj D)
<c(n, VIZAFj|+cn, 2 (IFj| — |Z|) + | ZAFj)
<c(n, M|GAF;|.

Arguing analogously in case «; (Z*) < a;(F;), we deduce
P(F;,R"\ H) < P(G,R"\ H)+ A|GAF}|,

for some A1 = (A, n, A).

By Theorem A.3 we know that 9*F; N {x, > 0} isa Cl*% manifold and 0 F; N {x, >
0} \ 9* F; has Hausdorff dimension < n — 8. Since F; is Schwarz-symmetric, if there exists
apoint (r9,t) € 3F; N {x, > 0}\d*F; forsome r,t > 0,9 € S"=2 then (ro', t) € oF; N
{x, > 0}\0*F; for any ¥’ € S"2. Hence OF; N{x, > ON\0*F; C {te, : t > 0}. However
by Theorem A.3 for every ¢ > 0 the set 0 F; N {x, > ¢} converges to dB*(|B*) N {x, > &)
in C forany 0 < a < % Also, for j large we can apply Corollary 4.4 which implies
that H”’I(F_,' N{x, =t}) > A, forae.t € (0, T,), for some A,, T, > 0 depending on
n, L. Then points te, for t € (0, T} /2) are points of density 1 for F;, hence they belong to
the interior of F;. Therefore, for j large enough, 9 F; N {x, > 0}\d* F; must be empty and

0F; N {x, > 0} is an axially symmetric hypersurface of class C 53
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By the minimality of the F;, (5.21) and Lemma 5.12 we observe that

Pu(Fj) + A |IFj| — |BM|| + |ax(F)) — aa(E))| < Pu(E))

Py.(B*(|B*))) o?
< PUBMIBMD) + = o =S eR (E)) (5.23)
P, (B*(|B*)))
< P(Fj)+ A|lFj| - |BA|‘ + W 2(E i)
Therefore, we have that
P,.(B*(|B*
lox (Fj) — lea(Fj) —an(Ej)| < M i (E).

492(n, A)
Since a; (E ;) — 0 we get that

a; (Fj) N
a(Ej)

Let {ij} C (0, co) such that, setting I:“j = iij, then |I:“j| = |B*|. Clearly ij — 1 since
|Fj| — |B*|. Since Py, (Fj) — Py (B*(|B*|)) and A > n, for j sufficiently large we have
P)L(Fj) < A|Fj| and

Piu(F}) — P/\(F_/)‘ = Py (F;))

- 1‘ < PA(E,)‘X;— 1‘ §A‘X’j’- - 1‘ |Fj|
:A}|ij| —|Fj|‘.
Hence, by definition of A ;j and by (5.23) we get

Pu(F)) = PuCF)) + A |IFj| = Fjl| = PuCF)) + A [IFj] = B

.23) (5.24)

) A A
= P.(B*(|B |))+W

P,.(B*(|B*
(B (1B") 2(E)).

Since o (Fj) /oy (Ej) — 1 as j — oo we have oz;\(EA,-)2 < 2a,\(1:f,-)2 for j sufficiently
large. Hence from (5.24) we finally obtain

@y (Fj) > V29 (n, 1)y Di.(F)). (5.25)

Fort > 0 let
) = minxeaﬁl Y- {|x —te,l} if BF N{x, =t} # 9,
5 o

if 8F]ﬂ{xn—t}=@.

be the function measuring the distance of aF i N {x, = t} from the n-th axis, set to zero in
case 3 F i N {x, =t} = 0. For j large we can apply Corollary 4.4 again to deduce that there
exists Ty, A; > 0 such that H"~! (ﬁj N{x, =t}) > A, for almost every t € (0, 73). Since
F; ' is Schwarz-symmetric and its relative boundary in {x, > 0} is C! regular, then we can
write that go (t) > A’ > 0 for j large and for any ¢ € (0, 7;).

Recalhng that F; is a local (Ay, rg)-minimizer, by Lemma A.2 its boundary has gen-
eralized mean curvature bounded by A for any j. Since F; = = jFj with Y j — 1, then
AF; i N(R™\ H) is a hypersurface of class €2 with generalized mean curvature H, F; bounded
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by 2A for any j. Observe that if we locally parametrize 8ﬁ i N (R™\ H) with the graph of a
function @, then ®; weakly solves the mean curvature equation

V;

/14 |VD;[?

where Ng; is the unit normal corresponding to @ ; and H, 7 is evaluated along the graph of

div :(HBﬁj’Nqu)’

®;. Since Haﬁj is bounded, we get that @ is of class W2P for every p < oo (see [31]).

Fix po € 9F; N {x; > 0,0 < x, < T3} N spanfey, e,}. Since 3F; N (R"\H) is C"2,
there exists a curve y; = («;,0,...,0, 8;) : (a,b) — span{ey, e,} \ H such that the map
S"2 x (a,b) 3 (V1) — (aj ()0, Bj(t)) parametrizes 317"1- in a neighborhood of py. We
claim thato, B; € wp, up to reparametrization.

Indeed, we can also parametrize aF ; in a neighborhood U of py as the graph of a function
®; with domain contained in some affine hyperplane of the form pp + V, and without loss
of generality we can assume that either V = {x; = 0} or V = {x, = 0}. If n = 2, then the
claimed regularity immediately follows from the regularity of ® ;. Then assume n > 3, and
suppose for example that V = {x; = 0}. The image of the curve y; in U can be parametrized
as the graph of a function 7 + (f(¢),0,...,0, ). Writing as (x’, x,) € po + V the variable
for @, the fact that the distance from the n-th axis is constant on the intersection of oF b
with any horizontal hyperplane yields the identity

. 2
(@, x0) +disty, (p0))” + 1x'1> = f(xa)?,
where dist,, (po) denotes distance of py from the n-th axis. Since @ is of class Cland w2r
and dist,, (po) > 0 because ga; > A:\ > 0, inverting the above identity we find that f is of
J

class W2P_ hence so is ¥j, up to reparametrization. In case V = {x, = 0}, the observation
follows analogously relating & ; with a parametrization for y;.
We further observe that, for «, 8; : (a, b) — (0, 00) as above, since «, ; are of class

Wli’cp , up to reparametrization by arclength we can apply Lemma A.4 to get that

BiN o pro
H{)[?j (a; (9,8} (1)) = <(kj/j7 U) - (n - 2); (_ﬂ]ﬁa aj)»

in the notation of Lemma A.4. Recalling that (p;_ > A;\ > 0 on (0, 73), we have that
J
loej| > A} and thus
n—?2

-
A

lky;| <2A1+ (5.26)

Observe that the upper bound in (5.26) is independent of j and of the initially chosen point

Po- .
Fix now qo € 9F; N {x; > 0, x, = Ty} Nspan{ey, e, }, let yJQ : [0, lp) — span{eq, e, } be

part of a curve defined as before, parametrized by arclength, such that (y](.)(t), en) < T, for
any ¢. If lim,_, Iy y})(t) ¢ 0 H, the curve can be extended to a longer one, parametrized by
arclength, by joining yJQ with a curve defined as before for the choice pg = lim,_, Iy yj(-) ).
Hence we can consider o; : [0,L;) — span{ej,e,} the maximal extension of y;)

parametrized by arclength that parametrizes F i N{x; >0,0 < x, < Ty} Nspan{er, e,}.
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Since the perimeter P(F j» R" \ H) is uniformly bounded, then sup; L; < +o0c. Obviously
lim,_, L;j0j (t) € dH, for otherwise the curve could be further extended. By construction,
the uniform bound in (5.26) holds pointwise for the curvature of o;. Therefore o; can be
extended to a curve y; : [0, L;] — span{ey, e,} such that

v ”C“([O,Lj]) <C, (5.27)

with C independent of j, depending only on n, A, [ and the upper bound on the curvature
given by (5.26).

Up to a subsequence, since F = B*(|B*|) and we already know that for every ¢ > 0
the set 8ﬁj N {x, > e} converges to dB*(|B*) N {x, > €} in C1* for any 0 < o < %, the

bound (5.27) implies that F j converges in C ! sense to B*(|B*|) in the sense of Definition
5.10. Hence, by Corollary 5.11, for j sufficiently large there holds

@i (Fj) < 9(n, ) Dy(F)),

in contradiction with (5.25). O

6 Second quantitative isoperimetric inequality

We will need the following technical lemma, proving that if the energy P; (E;) a sequence
of sets E; converges to the energy of the limit, then the sequence strictly converges in the
sense of BV functions. The proof essentially follows by analyzing the equality case in the
Reshetnyak lower semicontinuity theorem, see [2, Theorem 2.38].

Lemma 6.1 Let {E;}icn be a sequence of sets of finite perimeter in R \ H such that E; — E
in L', for some set of finite perimeter E with |E| < +o00. If P,(E;) — P,.(E), then

lim P(E;,R"\ H) = P(E,R"\ H), lmH" '(3*E;NoH)=H"""(3*EN0H).
l l

Proof Let f(v) := |[v|—X{ey, v),forany v € R",andletv; := |D xg,|®3, & be ameasure on
R*\ H xS"!. Since |v; |[(R"\H x S"~1) < P(E;) < 2P, (E;)/(1— 1) by Corollary 2.5, up
to subsequence, v; weakly* converges to a finite measure v. Up to subsequence, also | D g, |
weakly* converges to a finite measure 1 on R” \ H. Denoting by = : R"\H xS$"~! — R"\H
the natural projection, we have wyv; = [D ;| — pn = mgv. Moreover, i > | D x| by lower
semicontinuity. By the disintegration theorem [2, Theorem 2.28], we can write v = & ® vy,
for a p-measurable map R"\H > x ~ v,, where v, is a probability measure on S"~!.
Analogously to [2, Eq. (2.30)], we observe that

/ vdvy (v) = vE(x)%(x), 6.1)
-1 w

at u-a.e. x € R"\ H.Indeed, for any continuous function g with spt(g) cC R"\ H we find
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/ g(x) / vdvy (V) du(x) = / g0 vdv(x, v)
R\ H sl RPN\ H xS~

= lim g(x)vdv;(x,v)
1 R”\HXS"’]

= —lim g(x)dDyE, (x) = —/
i JrRM\H R\
IDxE|

= / gV () 5= (x) dpe(x).
R\ H 12

g(x)dDyxE(x)
H

Since f is nonnegative, convex and continuous, by Remark 2.2 we find

tim P, (E) =tim [ 0 dIDxe, | = tim [ F@)dvi(x,v)
1 1 R”\H 1 R"\HXS”_I

> / £ ) dv(x, v)
R\ H xSn-1

= / F ) dve () dp(x) = / f( / vdvx(w) du(x) )
R\H Jsn-1 R™\H S

D
b / f(vE(x)ﬂm) du(x) = f FOE ) dIDxE|(x)
R\ H <8 R\ H
= PA.(E)’

where in the second inequality we applied Jensen inequality, and where the last equality
follows since f is positively 1-homogeneous. Since lim; Py (E;) = P, (E) by assumption and
since f is not affine, equality in Jensen inequality implies that the identity map S"~! 5 v > v
is constant vy-a.e., for pu-a.e. x € R*\ H. This means that v, = §, for some v, € S"~! for
p-a.e. x € R"\H. Hence (6.1) implies

D
vx:vE(x)| XE|

(x),

at p-a.e. x € R" \ H, and since |vy| = [vE(x)| = 1, then |Dxg|/m(x) = 1 at u-ae.
x € R"\H, and v, = vE (x) pu-almost everywhere. Inserting in (6.2) we deduce

Lor(r)ymm=[ ([ vonw)mw= [ rofeanio.
Rn\H R"\H sn—1 R\H

Since f(vE(x)) > 0and u > |Dxg|, we deduce that & = |D x|, and then |D x| weakly*
converges to |[Dxg|.

We can now fix an increasing sequence of Lipschitz bounded open sets 2; CC R"\H
such that U;Q; = R"\H and P(E;,0Q;) = P(E,3Q;) = 0 for every i, j. Hence
lim; P(E;, 2;) = P(E, ;) for any j. Moreover

1 N — E;
— (PA(EI) /Qj f >d|DxE,|>,

for any i, j. Applying Reshetnyak continuity theorem [2, Theorem 2.39] on 2; we get
1

P(E;,R"\ (HUQ))) <

limsup P(E;, R" \ (HU Q))) < FOEdIDygl
i I — (Al Jrm\(HUQ))
1 A
< 1+:A:P(E,R"\(Hus2,~)),
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for any j. Therefore

. " L+ A "
limsup P(E;, R \H)§P(E,Qj)+17mP(E7R \ (HUQj)),
; _

for any j. Letting j — oo, the proof follows. O
We will also exploit the concept of (K, rp)-quasiminimal set.

Definition 6.2 Let E C R" \ H be a set of finite perimeter with finite measure, and let
K > 1,r9 > 0. We say that E is a (K, rop)-quasiminimal set (relatively in R"” \ H) if

P(E,R"\ H) < KP(F,R"\ H),

forany F C R" \ H such that EAF CC B,(x), for some ball B,(x) C R" with r < ry and
x € {x, > 0}.

Quasiminimal sets have well-known topological regularity properties following from uni-
form density estimates at boundary points. We recall these facts in the following statement.
The proof follows, for example, by repeatedly applying [41, Theorem 4.2] with X = {x,, > 0}
in domains 2 = X N B, (x) for x € X, in the notation of [41, Theorem 4.2]. Observe that
in [41], the perimeter functional coincides with the relative perimeter in R" \ H, hence
the definition of quasiminimal set in [41, Definition 3.1] coincides with our Definition 6.2.
Alternatively, the proof follows by adapting the proof of [47, Theorem 21.11] working with
(K, rg)-quasiminimal sets instead of (A, rg)-minimizers.

Theorem 6.3 Let E C R"\ H be a (K, ro)-quasiminimal set, for some K > 1,ry > 0. Then
there exist m = m(n, K, ro) € (0, 1) and r, = r{(n, K, ro) € (0, ro] such that

_IENB O] _

m<-———>—<1-m VxedE\H, Vre(0,r]].
|B(x) \ H| ’
In particular the set EWV of points of density 1 for E is an open representative for E.

We will identify a (K, ro)-quasiminimal set with its open representative £ In order to
prove Theorem 1.2 we need two preparatory lemmas.

Lemma 6.4 For any K > 1,ry > O there exist §¢, Cs5, C¢ > 0 depending on n, A, K, ro
such that the following holds. If E C R"\H is a bounded (K, ro)-quasiminimal set with
|E| = |B*| and D, (E) < 8, then

dr (FENH, OB (B, )\ H) = Csa(E)", 6.3)
where B*(|B*|, x) is a bubble realizing the asymmetry of E. Moreover

Bi(E) < CoDj (E) . (6.4)

Proof Up to translation, we can assume that x = 0. Also, letting m, r(, be given by Theorem
6.3, up to decreasing ro we can assume that ro = r{,. Let p € d E\ H be such that

do = dist (p, 9B (B \ H) — max [dist (y, 9B*(|B )\ H) Cye W} .

Hence By, (p) N dB*(|B*|)\H = #. Then either By, (p)\H C B*(|B*|) or By, (p)\H C
R™\(H U B*(|B*|)). In the first case Theorem 6.3 implies

1
m|B,(x)\ H| < |B,(x)\ (HUE)| < |B*(|B*))\ E| = o (E)  Vr € (0, min{do, ro}),
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while in the second case Theorem 6.3 implies
1 .
m|B(x)\ H| < |B(x) N E| < |E\ B*(IB*)| = So.(E)  Vr € (0, min{do, ro}).

Since |Br(x)\H| > Cr", then min{dy, r9}" < Ca,(E), for C = C(n, X, K, rg). So by
Corollary 4.3, choosing ¢ small enough we have that e (E) is so small that min{dy, ro} = do
and then

di < Cay (E).

Since density estimates as those in Theorem 6.3 hold for B*(|B*)), repeating the above
argument exchanging the roles of E and B*(|B*), (6.3) follows.
From (6.3), we deduce that

JE\H C [y € {xy > 0) : dist (y, dB*(|BM) \ H) < CsaA(E)nl}.

Hence
H* (9* EAIB*(|B*)) N9 H)
< H! ({(x’,0> ER" 1 (1-2)? — Csan(E)r < x| < (1 —2D)7 + csmE)%})

< Cay(E)r < CDy(E) 7,

for some C = C(n, A, K, rg), where we used Theorem 1.1 in the last inequality. Hence (6.4)
follows. ]

Lemma 6.5 There exists 67, C7 > 0 depending on n, A such that for any measurable set
E C R\ H with |E| = |B*| and Dy(E) < 87 there holds

Bi(E) < C1D;(E) % 6.5)

Proof Fix A > n. Let Q C R”" be a large cube whose interior contains the closure of
B*(|B*]), and let F C Q\H be such that |B*|/2 < |F| < 2|B*|. Let G C R"\ H be such
that GAF CC B, (x),forx € {x, > 0}andry € (0, 1) to be chosen small. Let Z := GN Q.
Observe that

n—1

1 n— n—
I1Z] — IFIl = |ZAF| < |GAFIFIGAFI'T < ofr (1GI'T +1FIT)

(6.6)
< Cmro (P(G,R"\ H)+ P(F,R"\ H)),

where in the last inequality we used the relative isoperimetric inequality in a half-space (see
[14] for the sharp inequality). Let y, z € d H be such that

H"1 (0* FAdB*(|F|,y) N dH)
H'=1 (0B*(|F|, y) NdH)

H' 1 (9*ZAIB*(1Z],2) N3 H)
H=1 (0B*(1Z],2) N OH)

Br(F) = . B2 =
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Observe that y, z exist since F', Z C Q. Suppose, for instance, that 8, (Z) > B, (F). Then

H'1(9*ZAIBM(|1Z], y) NdH) W' (3*FAdB*(F|,y) NdH)
Bi(Z) — Bi(F) < e - ——ry A
H"=1(3B*(1Z], y) N O H) H"=1 (3B*(|F|, y) N 3H)
_ HL(@*ZA*F NaH) + H' (0* FAIB*(IF|, y) NaH) + H"~' (9B (IF|, y)AdB*(1Z], y) N dH)

- H =1 (0B*(1Z], y) N9 H)

H* (9* FAIB*(|F|, y) N9 H)
T T R T (0B*(Fl, y) N oH) (6.7)

RN @*ZA FnaH) | [H(8BM(IF|, y) N aH) — H" (9BM(1Z], y) N9 H)|

= 1T (9BM(1Z1, y) N 0H) H=1 (9B*(1Z], y) N IH)

1 1
H" 1 (9" FAOB*(|F|, y) N 9H . -
+ ( (FL») )<H”*'(BBA(|Z|,y)ﬂE)H) Hn! (’()B’\(lFl,y)ﬂBH)>

By a trace inequality [2, Theorem 3.87] we estimate
H'1(0*ZAd*FNaH) < C(n) (IZAF|+ P(Z,R"\ H) + P(F,R" \ H))
<C@) (IGAF|+ P(G,R"\ H)+ P(F,R"\ H))
<Cm) (P(G,R"\ H) + P(F,R"\ H)),

where the last inequality follows as in (6.6), and C denotes a constant depending on suitable
parameters that changes from line to line. For ry small, depending only on n, A, we can ensure
that

H" 1 (9B*(1Z], y) NaH) > C(n, 1) > 0.
Finally

(6.6)
< Cn, 1) (PG, R"\ H)+ P(F,R"\ H)),

for a suitable Lipschitz constant L = L(n, 1). Therefore (6.7) becomes
Bi(Z) = Bi(F) < C(n, 1) (P(G,R" \ H) + P(F,R" \ H)).

In case B, (Z) < By (F), the very same argument leads to an analogous estimate. Hence
1B1(Z) = Bu(F)| < C(n,2) (P(G.R" \ H) + P(F,R"\ H)). (6.8)

Up to taking a smallNer rg, we ﬁXlo =ro(n, A, A) € (0,1)and g9 = g9(n, A, A) € (0, 1)
such that 1 — [A| — g9C(n, 1) — AC(n)ry > 0, and we define

oo LEIA e0oC(n, 1) + AC(n)ro o
" 1= Al —&oCn, A) — AC(n)ro

Let 8¢, Ce be given by Lemma 6.4 corresponding to the parameters K, ro/2. We want to
prove that if §7 is sufficiently small, then

Bu(E) < 2C6D; (E) .

We argue by contradiction assuming that there exist sets £; C R"\H with |E;| = |B*| and
D; (Ej) < 1/j such that

Bi(E}) > 2CeDy(Ej) ™, 6.9)
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for any j. Up to translation, E; — B*(|B*|,0) and P,(E;) — P(B"). Since the trace
operator is continuous with respect to strict convergence of BV functions, see [2, Theorem
3.88], by Lemma 6.1 we deduce that g, (E;) — 0.

Let F; be a minimizer of the problem

min { P, (E) + &0l B1(E) — B (E)| + A ||E| — |Ejl| : E C Q}. (6.10)

By Corollary 3.9, up to subsequence F; converges to a limit set F in L!. If by contradiction
Bj(F;) # 0, by Lemma 5.12 for large j we would have that

P, (B*(|B*))) + €0Bi(E;) < P.(F)) + eolBp(Fj) — Bu(E)| + A || Fj| —

contradicting the minimality of F;. Hence B, (F;) — 0. It follows that, up to translation, F;
converges to B*(|B*|) in L'. Comparing with E;, we also see that P (F;) — P (B%).

We want to show that F; is (K, ro)-quasiminimal for j large. Indeed, |B)‘| /2 < |Fj| <
2|B*| for j large. Hence we can apply (6.6) and (6.8) with F = F;. Letting G C R"\H
such that GAF CC By, (x), for x € {x, > 0}, denoting Z := G N Q, by minimality of F;
for (6.10) we find

(1= [ADP(F;, R"\ H) < (1+ [A)P(Z,R" \ H) + &0 |Bi(Z) — B.(F))| + A || Z| — | F;l|
<+ A)P(G,R"\ H) + (805(11, 1)+ AC(n)ro) (P(G,R" \ H) + P(F;,R" \ H)),

proving that F; is (K, rp)-quasiminimal.
By minimality of F;, we have

Pu(Fj) + A||Fj| — |BA|| +80{,3A(Fj) — Bu(E))| < P.(E))

Therefore
P, (B)
IBL(Fj) = BL(Ej)| = NETART 21 ),
and then
25TV 1

Bi(E))

Next we select {)A»j} C (0, 00) such that, setting F; := ):.,-Fj, then |F;| = |B*|. Clearly
):j — 1 since |Fj| — |B*|. Since P.(F;) — P,.(B")) and A > n, for j sufficiently large
we have P, (F;) < AlF;| and

P(F}) — PA(Fj)‘ = Pi(F})

et - 1‘ < Pu(F)) ‘i’% . 1‘

-1 1Rl = AIF - 1F).
Hence, by definition of N j and by (6.11) we get
Pu(F)) < Pu(F)) + A |1Fj] = 1Fjl| = PuCFp) + A1) = 1B

6.11) i PuBY L,
= PhBYH+ 2Co)?

(6.12)

2 (E).
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Since B, (Fj)/Br(Ej) — 1 as j — oo and B, is scale invariant, we have ﬂA(E.,')z" <
ZﬂA(I:" j)Z” for j sufficiently large. Hence from (6.12) we obtain

Bi(Fp)> = 22=1C2 D, (F)),

that is ﬂ)\(ﬁj) > 217ﬁC6D,\(ﬁj)%. On the other hand, for j large, 15/- is (K,ijro)-
quasiminimal. As A j — 1, then F ' is (K, ro/2)-quasiminimal for j large. Moreover
D,\(I:“ i) — 0. By the choice of Cg above, Lemma 6.4 implies that

~ ~ L
Bu(Fj) < CeDy(Fj)m,
giving a contradiction. O

Proof of Theorem 1.2 By Lemma 6.5 it follows that for any A > 0 there exists C4 > 0 such
that for any set E C R" \ H with |E| = |B*| and H"~'(8*E N 9 H) < A there holds

Bi(E) < CaDy(E)%. 6.13)

Indeed, if D, (E) < 87, for §7 asin Lemma 6.5, then (6.13) follows with C4 = C7. Otherwise
we just have

Bi(E) < Cn,n) (K" '"(9*ENdH) +H"'(3*B*(|B*,0) N dH))
%

8 L
< C(n, 1, A)Z- < C(n, 1, A)DY".

%
n
87

Next we observe that, letting C, such that Py (B*) < CyH"~ (3 B*(|B*|) Nd H), then for
any set E C R"\ H with |E| = |B*| and H" ' (9*ENdH) > e~ (@B (|1B*) N9 H)
there holds

B(E) < CyDy(E), (6.14)
for a constant Cg = Cg(n, A) > 0. Indeed
1= MH"YG*ENOH) — C,H'" " (0B*(|B*) N 0H)

1—2a
TH"“(a*E NoH),

Pi(E) — P.(BY)

\

and

BA(E) < Cn,n) (K" "@*ENdH) +H""(3*B*(|1B*,0) N dH))
< C(n,a, CGYH" ' (3*E N H).

Setting now A := 221"~ (3B*(|B*|) N H) in (6.13), taking into account (6.14) we
conclude that for any set E C R" \ H with |E| = | B*| there holds

B.(E) < max{Cy, Cg} max {D,\(E), DA(E)ﬁ} .
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Appendix A. Auxiliary results
A.1. Regularity of (A, ro)-minimizers

We recall definitions and basic properties of local (A, rg)-minimizers of the perimeter. A
detailed account on the theory of (A, rp)-minimizers can be found in [47].

Definition A.1 Let Q@ C R” be an open set and let £ C R” be a set of finite perimeter. We
say that E is a local (A, ro)-minimizer of the perimeter in 2, with A, rg > 0, if

P(E, By(x)) < P(F, Br(x)) + A|[EAF],
whenever EAF CC B,(x) CC Qandr <ry.
It is well-known that local (A, rp)-minimizers have bounded mean curvature in a general-
ized sense. We could not find an explicit reference in the literature, hence we provide a proof

in the following result.

LemmaA.2 Let Q@ C R" be an open set and let E C R" be a local (A, ro)-minimizer of the
perimeter in Q. Then there exists H € L*°(P(E, ), R") such that || H ||~ < A and

/ divy X = —/ (X,H) VXecClQ,RY,
*E *E

where divy X is the tangential divergence of X along the (H"~'-a.e. defined) tangent space
of 0* E. We shall refer to H as to the (generalized) mean curvature of E.
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Proof Let X € C}.(B,(x)), with B.(x) CC Q and r < r¢. Let {g;};<|, be the flow of the
vector field X, and define F; = g;(E). Then EAF; CC B,(x). Let f; = gfl =g If
u € CH(Q), for t > 0 we have

/ lu(fi:(y) —u(y)ldy = /
By (x) ) (X)

/B()/ IVu(fs()I X (fs())dsdy

Jfs ()
Jfs(y) A

=d +0(1))/ / IVu(fsDN X (fsD] I fs(y) dyds

t
3s [u(fs(¥)]ds| d

// )IVu(fv(y))l X (s dyds

=(1 +0(l))/ / IVu(z)| |X(z)|dzds
0 JB(x)

= +0(1))t/ IVu(2)| [X(2)| dz,

B (x)

where o(1) — Oast — 0F.
Setting u = u, = xgx0e, then |Vu.|L" — P(E,-) as ¢ — 0 by [47, Proposition 12.20].
Also

J
/ lue (f; () = Xp0ey ()] T]{t dy < 2/ lug(z) — xe(2)|dz.

By (x) ! By (x)

Hence setting # = u, in (A.1) and letting ¢ — 0 implies
EaRI= [ lan el =asoin [ xiapE).
B, (x) B (x)
By (A, rp)-minimality we deduce

P(E, B/ (x)) — P(Fi, By (x)) = (1 —l—o(l))At/ IX|dP(E, ).
By (x)

Dividing by ¢ > 0 and letting t — 0" we get
—/ divp X dP(E, ) < A/ IX|dP(E, -).
9E 9E

Up to changing X with —X we obtain

/ divr XdP(E, ")
I*E

- Af X|dP(E. ),
o*E

that implies the existence of the generalized mean curvature H € L*°(P(E, -)LB,(x)) for E
in B (x) with ||H ||z~ < A. Since B, (x) was arbitrary in €2, by a partition of unity argument
the claim follows. O

Let us further recall the following fundamental regularity properties of local (A, rp)-
minimizers.

Theorem A.3 ([51], [47, Theorem 26.3, Theorem 26.6]) Let Q@ C R" be an open set. Let
E C Q be alocal (A, ro)-minimizer in . Then the set EV of points of density 1 for E is
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an open representative for E. Moreover, representing E with E M we have that 9*E N Q is
a Cl’% manifold and H*(JE N Q\d*E) = 0 for anyd > n — 8.

Let E; C 2 be a sequence of local (A, ro)-minimizers in Q2 that converges to E in LY(Q).
If OE N B(x) is of class Cz,for some B (x) C Q, then 0E; N B, 2(x) is of class Cl’% for
large i and converges to 0E N By j2(x) in CY forany a € (0, 1/2).

Thanks to Theorem A.3, we will always identify a local (A, rg)-minimizer E with the

open set EM,

A.2. Axially symmetric hypersurfaces

We recall a formula for the mean curvature of axially symmetric hypersurfaces of class W27,

LemmaA4 Let a < b. Let o, B : (a,b) — (0,00) be WP functions, with p €
(1, o0], parametrizing the curve y : (a,b) — span{ej,e,} C R" given by y(t) =
(a(1),0,...,0,B(t)), and assume that |y'(t)| = 1 and that inf 4 pya > 0. Let S be the
axially symmetric hypersurface around the n-th axis parametrized by

¢s:S" 2 x (a,b) > R"
ps (0, 1) = ()T, B(1)).

Then the vector

H= ((ky, V) —(n — 2)%) (=B'v.d),

for every ¥ and a.e. t, where ky, is the curvature of y and v(t) = (=p,0,...,0,a"), is the
(generalized) mean curvature of S. More precisely
/divTX = —/(X, H), (A2)
S S

forany X € C Ll (R"™, R™) such that sptX NaS = 0, where divr X is the tangential divergence
of X along S.

Proof If «, B are smooth, the claimed formula follows by a direct computation. The statement
then follows by approximating «, 8 in W2”. The approximating hypersurfaces S; converge
to S in C' and the measures H; H"~'L_S; converge to HH"~' LS in duality with compactly
supported continuous fields. Hence (A.2) passes to the limit. O
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