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Abstract
We introduce a new measure for the stability of structures, such as the cross-section of
the deck of a suspension bridge, subject to a 2D fluid force, such as the lift exerted by a
laminar wind. We consider a wide class of possible flows, as well as a wide class of structural
shapes. Within a suitable topological framework, we prove the existence of an optimal shape
maximizing the stability. Applications to engineering problems are also discussed.

Mathematics Subject Classification 35Q35 · 76D05 · 74F10

1 Introduction

Let L > H > 0 and consider the rectangle R = (−L, L) × (−H , H). Let B ⊂ R be a
compact domain having barycenter at the origin (x1, x2) = (0, 0) and such that diam(B) �
L, H . We study the behavior of a stationary laminar (horizontal) fluid flow crossing R and
filling the domain � = R\B with possibly asymmetric inflow and outflow. The fluid is
governed by the steady 2DNavier–Stokes equations with inhomogeneousDirichlet boundary
conditions on ∂� = ∂B ∪ ∂R, see Fig. 1.

A parameter λ ≥ 0, proportional to the Reynolds number, measures the strength of the
inflow-outflow. For U ∈ {0, 1}, we consider the boundary-value problem

− �u + u · ∇u + ∇ p = 0, ∇ · u = 0 in �,

u|∂B = u|�b = 0, u|�t = λUe1, u|�l = λVine1, u|�r = λVoute1,
(1.1)

where �b, �t , �l , �r denote the sides of R (respectively, bottom, top, left, right) and the
couple (Vin, Vout) belongs to a suitable class of compatible inflow-outflow shapes, see Defi-
nition 2.1 in Sect. 2. Throughout the paper we refer to λ(Vin, Vout) as the flow, to (Vin, Vout)
as the flow shape, and to λ as the flow magnitude.

It is known [1] that if the solution (u, p) to (1.1) is regular enough, which is the case
when B is of class C1,1, the (transversal) lift force exerted by the fluid on the body B may
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Fig. 1 The fluid domain � = R\B and the laminar inflow-outflow

be computed through the formula

LB(u, p) = −e2 ·
∫

∂B
T(u, p)n, (1.2)

where T(u, p) = ∇u + ∇uT − pI is the fluid stress tensor and n is the unit outward normal
vector to ∂� which, on ∂B, points towards the interior of B. If the solution (u, p) is not
regular, for instance when B is merely Lipschitz, the integral in (1.2) is not defined but one
can still compute the lift in a weak sense (see [2, 3]) by

LB(u, p) = −e2 · 〈T(u, p)n, 1〉∂B , (1.3)

where 〈·, ·〉∂B denotes the duality pairing between W−2/3,3/2(∂B) and W 2/3,3(∂B).
An apparent paradox in fluid mechanics shows that a perfectly symmetric laminar flow

hitting a perfectly symmetric body may generate a transversal lift force, orthogonal to the
flow direction. This paradox is only apparent because it is the asymmetric vortex shedding
arising leeward which generates the transversal force. In [2] an “anti-paradox” was shown,
namely that there is no lift force if the flow has sufficiently small Reynolds number, with an
explicit (but far from being sharp) upper bound: the Reynolds number needs to be so small
that it may also be undetectable numerically. Subsequently, this anti-paradox was used to
study equilibrium configurations for fluid–structure interactions (FSI) problems in perfectly
symmetric frameworks [4–7]. Recently, in [3] we considered asymmetric frameworks andwe
determined a threshold for the Reynolds number under which the equilibrium configuration
is unique, although not symmetric. What is missing to give up invoking the idea of paradox is
to establishwhether an asymmetric body under the action of an asymmetric flow canmaintain
its barycenter at the original symmetric position in x2 = 0.

The present paper should be seen as a connection between theoretical results and appli-
cations. A first approach in the study of stability of suspension bridges, or other structures
interacting with air flows, consists in wind tunnel experiments where artificial laminar flows
simulating winds are created and interact with a scaled model of a symmetric structure. Typi-
cally, the flows vanish at the top�t and the bottom�b of the inlet–outlet, as for Poiseuille-type
flows. Mathematically, this translates into the boundary-value problem (1.1) with U = 0.
However, this artificial “best-case” scenario does not occur in nature because neither winds
nor the shape of bridges are perfectly symmetric and one is led to investigate more gen-
eral configurations. In fact, for winds hitting real bridges a Couette-type flow appears more
appropriate, which mathematically translates into U = 1 in (1.1).

The paper is divided in three parts. In Sect. 2 we introduce the topological tools needed
to rigorously tackle the other two parts. We define the classes of admissible bodies and
flow shapes and we show their compactness in a suitable sense. Then, we derive continuous
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dependence results for the solution to (1.1) and the associated lift (1.3) with respect to
variations of both the body shape B and the flow λ(Vin, Vout).

If the body has a symmetric shape (with respect to the horizontal line x2 = 0) and the flow
has an even shape, there is no lift exerted by the fluid when the flow magnitude λ is small,
see [2]. But if the flow shape is asymmetric, a nonzero lift may appear also on symmetric
bodies [3]. In Sect. 3 we prove a punctual zero-lift result, which has a direct application in
wind tunnel experiments. For a given flow magnitude, we construct asymmetric bodies and
flow shapes for which the lift (1.3) vanishes.

The impossibility to prevent the appearance of the lift on a prescribed body shape inde-
pendent of the flow λ(Vin, Vout), suggests to characterize the shapes of the body B that are
more stable. In Sect. 4 we define a new measure for the instability of a structure immersed
in a planar fluid, we introduce a quantity capturing the instability of a structure in terms of
the lift acting on it in a given range of flow magnitudes λ. Stability is meant as minimization
of the absolute value of the lift (1.3) considering a suitable class of flows λ(Vin, Vout) with a
prescribed range of magnitudes. We prove the existence of an optimal body shape, minimiz-
ing the instability in the class of admissible body shapes. The application to bridge design is
straightforward: the optimal shape corresponds to the most stable cross-section for the deck
of a suspension bridge.

2 Preliminary topological setting

2.1 Admissible flow and body shapes

We define the classes of flow and body shapes that will be used throughout the paper.

Definition 2.1 Let U ∈ {0, 1}. We say that (Vin, Vout) is an admissible flow shape with
controlled norm r > 0 if

(1) (Vin, Vout) ∈ W 1,∞(−H , H)2 with ‖Vin‖W 1,∞(−H ,H) + ‖Vout‖W 1,∞(−H ,H) ≤ r ,

(2) Vin(−H) = Vout(−H) = 0 and Vin(H) = Vout(H) = U ,

(3)
∫ H
−H Vin(x2)dx2 = ∫ H

−H Vout(x2)dx2 = 1.

The set of the admissible flow shapes with controlled norm r > 0 is denoted by Fr ,U .

Physically, the controlled norm r > 0 in Definition 2.1 measures the maximum
strength of the flow by taking into account also its gradient. By the compact embedding
W 1,∞(−H , H)2 � L∞(−H , H)2 and the weak lower semi-continuity of the norm, the set
Fr ,U is closed in the weak-∗ topology.

Proposition 2.2 Let U ∈ {0, 1} and r > 0. Assume that a sequence {( fn, gn)}n∈N ⊂ Fr ,U

converges weakly-∗ in W 1,∞(−H , H)2 to some ( f , g) ∈ W 1,∞(−H , H)2. Then ( f , g) ∈
Fr ,U .

Next, we confine the bodies to a proper subregion of R. This choice is motivated by the
applications to wind-bridges interactions: the range of possible shapes of the cross-section
of a bridge deck lies in a confined region, typically a rectangle. Moreover, in wind tunnel
experiments the deck has to be built far away from the walls ∂R.

Definition 2.3 Let D ⊂ R be a closed rectangle homothetic to R and let 0 < α < |D|. Let
CD be the set of nonempty compact convex domains contained in D. We say that B ∈ CD is
an admissible body shape if |B| = α and we then write B ∈ Cα,D .
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Let dH (·, ·) denote the Hausdorff distance between two sets. We say that a family of sets
{Bε}ε>0 ⊂ Cα,D converges to B ∈ Cα,D as ε → 0 in the sense of Hausdorff if

dH (Bε, B) → 0 as ε → 0 (notation : Bε
H−→ B).

Physically, α > 0 measures the amount of concrete used to build the cross-section of the
deck.

Remark 2.4 In Definition 2.3, the rectangle D can be replaced by any compact subdomain
of R without altering the results in this paper. For instance, the fact that all the domains of
the family {Bε}ε>0 are contained in a compact set D ⊂ R still allows to obtain uniform
bounds in the proofs of Theorems 2.8 and 2.9 below. Also the convexity request on the
admissible body shapes can be relaxed by considering, instead, uniformly Lipschitz shapes
since the next compactness result holds also within this class. Convexity is assumed in order
to avoid pathological limit configurations with no interest for applications in wind-bridges
interactions.

This class of admissible body shapes has a crucial compactness property:

Proposition 2.5 Let D ⊂ R and 0 < α < |D| be as in Definition 2.3, then Cα,D is a compact
subset of CD for the Hausdorff metric.

Proof It follows by combining [8, Section 2] with [9, Theorem 1.8.20]. ��

In the next subsections, we prove some continuity results of the lift (1.3) with respect to
admissible flow and body shapes.

2.2 Continuity of the lift with respect to the flow

The functional spaces needed to establish well-posedness for (1.1) are the Sobolev spaces
H1
0 (�) of vector fields and

H1∗ (�) = {u ∈ H1(�) | u = 0 on ∂B},
defined as the closure of C∞

0 (R\B) with respect to the Dirichlet norm ‖∇ · ‖L2(�). Since
the Poincaré inequality holds in this space, see [2], the Dirichlet semi-norm is a norm also
in H1∗ (�). We also introduce the associated Sobolev constants

S∗(�) = min
u∈H1∗ (�)\{0}

‖∇u‖2
L2(�)

‖u‖2
L4(�)

, S0(�) = min
u∈H1

0 (�)\{0}

‖∇u‖2
L2(�)

‖u‖2
L4(�)

. (2.1)

Note that S∗(�) ≤ S0(�) and that both constants are non-increasing with respect to the
inclusion of domains. We then consider their subspaces of solenoidal vectors

V∗(�) = {u ∈ H1∗ (�) | ∇ · v = 0 in �}, V (�) = {u ∈ H1
0 (�) | ∇ · v = 0 in �}

and we recall that for f ∈ V∗(�) ∪ V (�), g ∈ H1(�) and h ∈ H1
0 (�) we have

∫
�

( f · ∇g) · h = −
∫

�

( f · ∇h) · g. (2.2)
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The scalar pressure in (1.1) is defined up to the addition of a constant and, hence, will be
sought within the space of zero-mean functions

L2
0(�) =

{
p ∈ L2(�)

∣∣∣∣
∫

�

p dx = 0

}
.

We may now state well-posedness of (1.1) for small flow magnitudes:

Proposition 2.6 Let B ∈ Cα,D, � = R\B and (Vin, Vout) ∈ Fr ,U with U ∈ {0, 1}. There
exists 	 = 	(r , D) > 0 such that, for λ ∈ [0,	], (1.1) admits a unique weak solution
(u, p) ∈ V∗(�) × L2

0(�) with flow λ(Vin, Vout), satisfying both the bounds

‖∇u‖L2(�) < S0(�), ‖∇u‖L2(�) ≤ Cλ, ∀λ ∈ [0,	],
for S0(�) as in (2.1) and some C = C(r , D) > 0. In particular, the first bound gives rise to
a uniform bound with respect to �.

Proof From [2, Theorem 3.1] we know that there exists a unique solution to (1.1) satisfying
the first bound of the proposition. Since B ∈ Cα,D , we have that R\D ⊂ � and S0(�) ≤
S0(R\D), hence yielding a uniform bound.

In [3, Theorem 2.2] we showed uniqueness for λ ∈ [0,	] with 	 = 	(Vin, Vout,�) > 0
and derived the bound

‖∇u‖L2(�) ≤ Cλ

for some C = C(Vin, Vout,�) > 0. More precisely, both 	 and C continuously depend on
theW 1,∞(−H , H)2-norm of (Vin, Vout) and, forU = 1, also on the inverse of the Euclidean
distance d(∂B, ∂R). Since (Vin, Vout) ∈ Fr ,U and B ∈ Cα,D , we have that (Vin, Vout) is
uniformly bounded in W 1,∞(−H , H)2 and d(∂B, ∂R) ≥ d(∂D, ∂R). Thus, we obtain a
uniform uniqueness threshold 	(r , D) and the second bound of the proposition follows. ��

In view of Proposition 2.6, unless otherwise specified, from now on by solution of (1.1)
we intend a weak solution (u, p) ∈ V∗(�) × L2

0(�).

Remark 2.7 The uniqueness threshold 	 = 	(r , D) in Proposition 2.6 is a map defined on
R+ × CR , where CR is the set of nonempty homothetic rectangles contained in R ordered by
the inclusion of domains. We have that 	(·, D) is a decreasing function, with 	(r , D) →
0 as r → +∞, and that 	(r , ·) is a non-increasing function. Moreover, when U = 1,
	(r , D) → 0 as D approaches R.

Next, we study how the lift LB(u, p) in (1.3), associated with the unique solution (u, p)
to (1.1), behaves if we modify the flow. In [3, Proposition 5.1] we proved the Lipschitz
continuity of the lift with respect to the flow magnitude. Here, we prove its continuity with
respect to the admissible flow shapes.

Fix B ∈ Cα,D , U ∈ {0, 1} and λ ∈ [0,	]. Then consider the cascade of boundary-value
problems in � = R\B

− �uε + uε · ∇uε + ∇ pε = 0, ∇ · uε = 0 in �,

uε |∂B = uε |�b = 0, uε |�t = λUe1, uε |�l = λV ε
ine1, uε |�r = λV ε

oute1,
(2.3)

with (V ε
in, V

ε
out) ∈ Fr ,U for any ε > 0. We then show the continuity of the lift with respect

to the weak-∗ convergence of the flow shapes.
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Theorem 2.8 Let B ∈ Cα,D, � = R\B, (Vin, Vout) ∈ Fr ,U with U ∈ {0, 1}, and 	 as in
Proposition 2.6. Given λ ∈ [0,	], let (u, p) ∈ V∗(�) × L2

0(�) be the unique solution to
(1.1). If {(V ε

in, V
ε
out)}ε>0 ⊂ Fr ,U weakly-∗ converges to (Vin, Vout) in W 1,∞(−H , H)2 as

ε → 0, then (2.3) admits a unique solution (uε, pε) ∈ V∗(�) × L2
0(�) for any ε > 0 and

lim
ε→0

‖LB(uε, pε) − LB(u, p)‖C([0,	]) = 0. (2.4)

Proof Using the compact embedding W 1,∞(−H , H)2 � H1/2(−H , H)2, we have that
(V ε

in, V
ε
out) strongly converges to (Vin, Vout) in H1/2(−H , H)2 as ε → 0. Replying the

same estimates as in the proof of [2, Theorem 3.5] yields the existence of a unique solution
(uε, pε) to (2.3) for λ ∈ [0,	], see also Proposition 2.6. Moreover, there exists a constant
C = C(r , D) > 0 such that

‖∇(u − uε)‖L2(�) + ‖p − pε‖L2(�) ≤ Cλε ≤ C	ε.

Since 	 is independent of ε (again by Proposition 2.6), we infer that

lim
ε→0

(‖∇(u − uε)‖L2(�) + ‖p − pε‖L2(�)

) = 0 (2.5)

uniformly with respect to λ ∈ [0,	]. By linearity of the lift (1.3) with respect to (u, p) and
by continuity of the traces, we use (2.5) to deduce (2.4). Note that here LB(u, p) does not
vanish as in [2, Theorem 3.7] since we deal with configurations that may be asymmetric with
respect to the line x2 = 0. ��

2.3 Continuity of the lift with respect to the body shape

We study here how the lift LB(u, p) in (1.3), associated with the unique solution (u, p) to
(1.1), behaves if we perturb the body shape but not its measure. Consider a family of domains
{Bε}ε>0 ⊂ Cα,D and the related problems, set in �ε = R\Bε:

− �uε + uε · ∇uε + ∇ pε = 0, ∇ · uε = 0 in �ε,

uε |∂Bε
= uε |�b = 0, uε |�t = λUe1, uε |�l = λVine1, uε |�r = λVoute1.

(2.6)

We prove the continuity of the lift with respect to the Hausdorff convergence of the body
shapes on which the lift acts.

Theorem 2.9 Consider a family {Bε}ε>0 ⊂ Cα,D and B ∈ Cα,D such that Bε
H−→ B as ε → 0.

Let �ε = R\Bε , � = R\B, (Vin, Vout) ∈ Fr ,U with U ∈ {0, 1} and 	 as in Proposition 2.6.
Given λ ∈ [0,	], let (u, p) ∈ V∗(�) × L2

0(�) be the unique solution to (1.1). Then, for
any ε > 0, (2.6) admits a unique solution (uε, pε) ∈ V∗(�ε) × L2

0(�ε) with λ in the same
interval. Moreover,

lim
ε→0

LBε (uε, pε) = LB(u, p). (2.7)

Proof Since {Bε}ε>0 ⊂ Cα,D for any ε > 0, Proposition 2.6 yields the existence of a unique
solution (uε, pε) ∈ V∗(�ε) × L2

0(�ε) to (2.6) for any λ ∈ [0,	] and the related uniform
bound with respect to ε.

We study the convergence of (uε, pε) to (u, p) as ε → 0. Let us first consider the case
when B is a domain of class C1,1. Then we know from [3, Theorem 2.2] that the unique
solution to (1.1) is a strong solution, that is, (u, p) ∈ H2(�) × H1(�).
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Since Bε
H−→ B without an “order” (for instance, Bε outer-approximating B as in [2]), the

solution (u, p) may not be defined in �ε and/or the solution (uε, pε) may not be defined in
�. In order to compare u and uε, we extend them by zero, respectively, in B and Bε, so they
are both defined in the whole rectangle R: we maintain the same notation for their extension.
In particular,

u ≡ 0 in �ε\� and ‖u‖H1/2(∂Bε\�) = 0. (2.8)

Arguing as in [2] and using the embedding H2(�) ↪→ C0,ν(�) for any ν ∈ (0, 1), we
obtain the uniform continuity of u in � which guarantees that there exists σε > 0, with
σε → 0 as ε → 0, such that ‖u‖H1/2(∂Bε∩�) ≤ σε. Combined with (2.8), this implies that
‖u‖H1/2(∂Bε)

≤ σε. Moreover, there exists a solenoidal vector field sε ∈ H1(�ε) and a
constant C > 0, independent of ε, such that

sε |∂R = 0, sε |∂Bε
= u|∂Bε

, ‖∇sε‖L2(�ε)
≤ C‖u‖H1/2(∂Bε)

≤ Cσε. (2.9)

Let v := u − uε − sε ∈ V (�ε). Since u and uε weakly solve, respectively, (1.1) and (2.6),
we infer that v satisfies∫

�ε

∇v : ∇ϕ +
∫

�ε

(v · ∇v) · ϕ +
∫

�ε

∇sε : ∇ϕ +
∫

�ε

fε · ϕ = 0 ∀ϕ ∈ V (�ε),

(2.10)

where fε = v · ∇(uε + sε) + (uε + sε) · ∇v − sε · ∇sε . Taking ϕ = v in (2.10) and using
(2.2) yields

‖∇v‖2L2(�ε)
= −

∫
�ε

∇sε : ∇v −
∫

�ε

(v · ∇u) · v +
∫

�ε

(sε · ∇sε) · v. (2.11)

Since u ≡ 0 in �ε\�, we have the uniform bounds

‖∇u‖L2(�ε)
≤ ‖∇u‖L2(�), ‖u‖L4(�ε)

≤ ‖u‖L4(�). (2.12)

By the Hölder inequality, the continuous embeddings H1
0 , H1∗ ⊂ L4 with constants (2.1) and

the bounds (2.12), we estimate the right-hand side of (2.11) by
∣∣∣∣
∫

�ε

∇sε : ∇v

∣∣∣∣ ≤ ‖∇sε‖L2(�ε)
‖∇v‖L2(�ε)

,

∣∣∣∣
∫

�ε

(v · ∇u) · v

∣∣∣∣ ≤ ‖∇u‖L2(�ε)
‖v‖2L4(�ε)

≤ 1

S0(�ε)
‖∇u‖L2(�)‖∇v‖2L2(�ε)

,

∣∣∣∣
∫

�ε

(sε · ∇sε) · v

∣∣∣∣ ≤ (‖sε − u‖L4(�ε)
+ ‖u‖L4(�ε)

) ‖∇sε‖L2(�ε)
‖v‖L4(�ε)

≤ 1√S0(�ε)

(‖∇sε‖L2(�ε)
+ ‖∇u‖L2(�ε)√S∗(�ε)

+ ‖u‖L4(�)

)
‖∇sε‖L2(�ε)

‖∇v‖L2(�ε)

≤ 1√S∗(�ε)

(‖∇sε‖L2(�ε)
+ ‖∇u‖L2(�)√S∗(�ε)

+ ‖∇u‖L2(�)√S∗(�)

)
‖∇sε‖L2(�ε)

‖∇v‖L2(�ε)
.

Whence, (2.11) yields
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‖∇v‖L2(�ε)
≤ ‖∇u‖L2(�)

S0(�ε)
‖∇v‖L2(�ε)

+
[
1 + ‖∇sε‖L2(�ε)

+ ‖∇u‖L2(�)

S∗(�ε)
+ ‖∇u‖L2(�)√S∗(�)S∗(�ε)

]
‖∇sε‖L2(�ε)

.

We know from [8] that the embedding constants in (2.1) are continuous with respect to the
Hausdorff convergence of domains. In particular, there exists δε > 0, with δε ↘ 0 as ε → 0,
such that S0(�ε) ≥ S0(�) − δε and S∗(�ε) ≥ S∗(�) − δε . It follows from (2.9) and the
previous estimate that(

1 − ‖∇u‖L2(�)

S0(�) − δε

)
‖∇v‖L2(�ε)

≤ C

(
1 + Cσε + ‖∇u‖L2(�)

S∗(�) − δε

+ ‖∇u‖L2(�)√
(S∗(�) − δε)S∗(�)

)
σε. (2.13)

By the first bound in Proposition 2.6, there exists ε0 > 0 such that, for any ε ∈ (0, ε0), the
parenthesis in the left-hand side of (2.13) is uniformly strictly positive and the parenthesis
in the right-hand side is uniformly bounded with respect to ε. Using again (2.9) and the fact
that σε → 0 as ε → 0, we infer that

‖∇(uε − u)‖L2(�ε)
≤ ‖∇sε‖L2(�ε)

+ ‖∇v‖L2(�ε)
→ 0 as ε → 0. (2.14)

Furthermore, by arguing as in [2] we know that there exists C > 0, independent of ε, such
that

‖pε − p‖L2(�ε)
≤ C(1 + ‖∇uε‖L2(�ε)

+ ‖∇u‖L2(�ε)
)‖∇(uε − u)‖L2(�ε)

.

Thanks to (2.12), the uniform bound in Proposition 2.6 and the convergence (2.14), we then
conclude that

lim
ε→0

(‖∇(uε − u)‖L2(�ε)
+ ‖pε − p‖L2(�ε)

) = 0. (2.15)

Next, we focus on the lift (1.3). We rewrite it as

LB(u, p) = e2 · 〈T(u, p)n, 1〉∂R − e2 · 〈T(u, p)n, 1〉∂� (2.16)

where, by arguing as in the proof of [3, Theorem 2.2], the first term in (2.16) can be treated
as an integral. By linearity of the stress tensor, we obtain

LBε (uε, pε) − LB(u, p)

= e2 ·
(∫

∂R
T(uε − u, pε − p)n −

∫
�ε

∇ · T(uε, pε) +
∫

�

∇ · T(u, p)

)

= e2 ·
∫

∂R
T(uε − u, pε − p)n −

∫
�ε

uε · ∇uε,2 +
∫

�

u · ∇u2.

Moreover, since u ∈ V∗(�) and uε ∈ V∗(�ε), an integration by parts gives∫
�

u · ∇u2 −
∫

�ε

uε · ∇uε,2 =
∫

∂R
u2u · n −

∫
∂R

uε,2uε · n = 0,

where the last equality follows from the fact that u = uε on ∂R. Therefore,

LBε (uε, pε) − LB(u, p) = e2 ·
∫

∂R
T(uε − u, pε − p)n (2.17)
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and we now estimate the term on the right-hand side of (2.17).

Since Bε
H−→ B as ε → 0, there exists a domain �0 ⊂ �ε with interior boundary of

class C1,1 such that ∂�0 ∩ ∂�ε = ∂R for any ε ∈ (0, ε0) (with a possibly smaller ε0).
From [3, Theorem 2.2] we know that (u, p) and (uε, pε) belong to H2(�0) × H1(�0) for
any ε ∈ (0, ε0) and, using again [3, Theorem 2.2] and the convergence (2.15), we have
that ‖uε‖H2(�0)

and ‖pε‖H1(�0)
are uniformly bounded with respect to ε ∈ (0, ε0). This

implies that also ‖uε − u‖H2(�0)
and ‖pε − p‖H1(�0)

are uniformly bounded with respect to
ε ∈ (0, ε0). We combine this fact with (2.15) and, by interpolation, we obtain that uε → u in
H3/2(�0) and pε → p in H1/2+r (�0) with r > 0 as ε → 0. From trace-regularity results
(see [10, 11]) we know that

uε → u in H1(∂R) and pε → p in L2(∂R) as ε → 0, (2.18)

and, using the Hölder inequality, we estimate the right hand side in (2.17) by∣∣∣∣e2 ·
∫

∂R
T(uε − u, pε − p)n

∣∣∣∣ ≤ C
(‖uε − u‖H1(∂R) + ‖pε − p‖L2(∂R)

)

with C > 0 independent of ε. Thanks to (2.18), we finally conclude that (2.7) holds.
If B is not aC1,1-domain, we use a density argument. From the previous analysis, we know

that, given τ > 0, there exists δ > 0 such that, for a domain K1 ∈ Cα,D and a C1,1-domain
K2 ∈ Cα,D with dH (K1, K2) < δ, we have

|LK1(uK1 , pK1) − LK2(uK2 , pK2)| <
τ

2
,

where (uKi , pKi ) is the unique solution to (2.6) in �i = R\Ki for i = 1, 2. Taking ε

sufficiently small such that dH (Bε, B) < δ, it is possible to construct a C1,1-domain Kε ∈
Cα,D with dH (Bε, Kε) < δ and dH (Kε, B) < δ. It follows that

|LBε (uε, pε) − LB(u, p)|
≤ |LBε (uε, pε) − LKε (uKε , pKε )| + |LKε (uKε , pKε ) − LB(u, p)| <

τ

2
+ τ

2
= τ

and (2.7) holds also if B is not C1,1. ��
In the next two sections, we present two different applications of the continuous depen-

dence results proved in this section. The first can be used to study stability of artificial
configurations in wind tunnels, the second has a direct application in the stability analysis of
real-life configurations.

3 Asymmetry in wind tunnel experiments

In this section we introduce the FSI problem obtained by coupling the boundary-value prob-
lem (1.1) with the zero-lift condition, that is,

− �u + u · ∇u + ∇ p = 0, ∇ · u = 0 in �, (FSI)

u|∂B = u|�b = 0, u|�t = λUe1, u|�l = λVine1, u|�r = λVoute1,

LB(u, p) = 0,

with LB(u, p) as in (1.3). We know from [2, 3] that, when the body shape is symmetric
(with respect to the line x2 = 0) and the flow shape is even, (FSI) admits a unique solution
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for any λ ∈ [0,	]. However, for asymmetric flow shapes, the unique solution provided by
Proposition 2.6 may create a nonzero-lift on bodies with either symmetric or asymmetric
shapes. Our goal is to show the existence of asymmetric body shapes and asymmetric flow
shapes such that (FSI) admits a unique (zero-lift) solution. Although a “global” zero-lift result
(valid for any λ ∈ [0,	]) appears out of reach, we prove its “local” version, with fixed flow
magnitudeλ ∈ [0,	]. The flowmagnitude is usually fixed inwind tunnel experiments, where
engineers create ad-hoc flows that, typically, have top and bottom zero boundary conditions.
Thus, throughout this section we merely consider (FSI) with U = 0 and we prove

Theorem 3.1 Let 0 < α < |D|, r > 0, U = 0, and let 	 be as in Proposition 2.6. For
any λ ∈ [0,	] there exist an asymmetric body shape B̃ ∈ Cα,D and/or a non-even flow
shape (Ṽin, Ṽout) ∈ Fr ,0, such that (FSI) admits a unique solution in �̃ = R\B̃ with flow
λ(Ṽin, Ṽout).

Proof Fix λ ∈ [0,	]. Take any asymmetric B ∈ Cα,D and any non-even flow shape
(Vin, Vout) ∈ Fr ,0. We know from Proposition 2.6 that (1.1) admits a unique solution (u, p)
in � = R\B with flow λ(Vin, Vout). Then we compute the associated lift LB(u, p) in (1.3).

If LB(u, p) = 0, then the proof is completed by taking B̃ = B and (Ṽin, Ṽout) =
(Vin, Vout). If LB(u, p) �= 0, say LB(u, p) > 0, we consider the reflection of B with
respect to the x1-axis, that is,

Bref = {(x1,−x2) ∈ R; (x1, x2) ∈ B}
and the flow shape reflection (V ref

in , V ref
out ) defined by

(V ref
in (x2), V

ref
out (x2)) = (Vin(−x2), Vout(−x2)) for all x2 ∈ [−H , H ].

Byexploiting the symmetries, see [2], problem (1.1) in�ref = R\Bref with flowλ(V ref
in , V ref

out )

admits a unique solution (uref , pref ) and

LBref (uref , pref ) = −LB(u, p) < 0. (3.1)

The strategy of the proof consists in constructing a sequence of domains that goes from B
to Bref avoiding symmetric domains and a sequence of flow shapes that goes from (Vin, Vout)
to (V ref

in , V ref
out ) avoiding even functions.

We first construct a continuous family of domains {Bε}ε∈[0,1] such that

(i) B0 = B and B1 = Bref ,(ii) Bε is asymmetric for any ε ∈ [0, 1],
(iii) dH (Bε, Bε) → 0 as ε → ε for any ε ∈ [0, 1], (iv) Bε ∈ Cα,D for any ε ∈ [0, 1].
We present the details of the construction for a particular body shape B, but the method

can be easily adapted to other shapes. Given 0 < h < l < L and h < H , let B be the right
trapezium being the union of the closed rectangle r = [−l, l] × [−h, h] and the (closed)
right triangle T0 having vertices in (l,−h), (l, h), (l + γ, h) for some 0 < γ < l. All these
parameters are chosen in such a way that B ∈ Cα,D and the below construction maintains the
inclusion Bε ∈ Cα,D . For any ε ∈ [

0, 2
3

]
we modify T0 with the right trapezium Tε having

vertices in

(l,−h), (l, h),
(
l + γ

1+ε
, h

)
,

(
l + γ

1+ε
, h(1 − 2ε)

)

so that Tε degenerates into the original triangle for ε = 0, the area is maintained, i.e |Tε| =
|T0| = hγ for all ε ∈ [

0, 2
3

]
, and Bε = r ∪ Tε is a convex pentagon with |Bε| = α. In

particular, B2/3 has vertices in

(−l,−h), (−l, h),
(
l + 3γ

5 , h
)

,
(
l + 3γ

5 ,− h
3

)
, (l,−h).
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Fig. 2 The family of body shapes {Bε}ε∈[0,1]

Then, for any ε ∈ [ 2
3 , 1

]
wemodify T2/3 through a family of quadrilaterals Qε having vertices

in

(l,−h), (l, h),

(
l + 9γ (1 − ε)

15ε − 9ε2 − 1
, h

)
,

(
l + γ (6ε − 1)

15ε − 9ε2 − 1
, (1 − 2ε)h

)
.

Notice that 15ε − 9ε2 − 1 > 0 and |Qε| = |T2/3| = hγ for all ε ∈ [ 2
3 , 1

]
. Thus, Bε =

r ∪ Qε is a convex hexagon with |Bε| = α. At the end, B1 = Bref is the symmetric
of the original trapezium B0 = B. See Fig. 2 for a qualitative construction, for the four
values δ ∈ {0, 2

3 ,
3
4 , 1}. We see that B0 = B (left) “Hausdorff-continuously” transforms into

B1 = Bref (right) maintaining the asymmetric property for each Bε . It is straightforward to
check that the properties (i)-(ii)-(iii)-(iv) are satisfied by this particular family of domains.

We have so constructed a path-connected family of asymmetric body shapes {Bε}ε∈[0,1] ⊂
Cα,D that starts in B and ends in Bref .

We now construct a family of flow shapes {(V δ
in, V

δ
out)}δ∈[0,1] such that

(a) (V 0
in, V

0
out) = (Vin, Vout) and (V 1

in, V
1
out) = (V ref

in , V ref
out ),

(b) V δ
in and V δ

out are non-even functions for any δ ∈ [0, 1],
(c) (V δ

in, V
δ
out)

∗
⇀ (V δ1

in , V δ1
out) in W 1,∞(−H , H)2 as δ → δ, for any δ ∈ [0, 1],

(d) (V δ
in, V

δ
out) ∈ Fr ,0 for any δ ∈ [0, 1].

To this end, we write the flow shapes as the sum of their even and odd parts, namely,

Vin,e(x2) = Vin,e(x2) + Vin,e(−x2)

2
, Vin,o(x2) = Vin,o(x2) − Vin,o(−x2)

2
, ∀|x2| ≤ H ,

and, similarly, for Vout. Hence, Vin = Vin,e+Vin,o and Vout = Vout,e+Vout,o.Wemodify only
the odd parts Vin,o and Vout,o in order to reach (−Vin,o,−Vout,o), avoiding even functions.
Therefore, at the end of the procedure, we have Vin,e−Vin,o = V ref

in and Vout,e−Vout,o = V ref
out .

Since (Vin, Vout) ∈ Fr ,0, the odd parts vanish at x2 = ±H . Focusing only on Vin, two
cases may occur: either it has a unique zero in (−H , H) at x2 = 0 or it has (at least) three
zeros, one at x2 = 0 and two symmetric ones at x2 = ±x∗, with x∗ ∈ (0, H). In the case of
(at least) three zeros, we define the modified odd part V δ

in,o by

V δ
in,o(x2) =

{
(1 − 4δ)Vin,o(x2) for x∗ ≤ |x2| ≤ H ,

Vin,o(x2) for |x2| < x∗ forδ ∈ [0, 1
2 ],

V δ
in,o(x2) =

{
−Vin,o(x2) for x∗ ≤ |x2| ≤ H ,

(3 − 4δ)Vin,o(x2) for |x2| < x∗ for δ ∈ ( 12 , 1].

See Fig. 3 for a qualitative construction in the case Vin,o(x2) = sin (2πx2) with H = 1, for
the five values δ ∈ {0, 1

4 ,
1
2 ,

3
4 , 1}.

We see that V 0
in,o = Vin,o (above, left) “W 1,∞-continuously transforms” into V 1

in,o = V ref
in,o

(below, right) maintaining the non-even property for each V δ
in,o. In fact, with this procedure
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Fig. 3 The family of the flow-shape odd parts {V δ
in,o}δ∈[0,1] in the case of three zeros in (−H , H)

Fig. 4 The family of flow-shape odd parts {V δ
in,o}δ∈[0,1] in the case of a unique zero in (−H , H)

V δ
in,e = Vin,e and V δ

in,o is an odd function for any δ. A similar construction can be repeated

for V δ
out and the properties (a)-(b)-(c) are satisfied by this particular family of flow shapes.

When the odd part has a unique zero in (−H , H), the strategy consists in creating two
additional zeros at some x2 = ±x∗, other than x2 = 0, and then use the symmetry-breaking
argument as in the previous case. For the sake of simplicity, we omit the details of the
construction and we refer to Fig. 4 for a qualitative description in the case Vin,o(x2) =
sin (πx2) when H = 1. In order to transform V 0

in,o = Vin,o (above, left) into V 1
in,o = V ref

in,o

(below, right), we maintain the non even-property (in fact, odd) for each V δ
in,o.

We still need to ensure condition (d). To this end, we slightly modify the construction by
setting

V δ
in = (Vin,e + V δ

in,o)‖Vin‖W 1,∞(−H ,H)

‖Vin,e + V δ
in,o‖W 1,∞(−H ,H)

and V δ
out = (Vout,e + V δ

out,o)‖Vout‖W 1,∞(−H ,H)

‖Vout,e + V δ
out,o‖W 1,∞(−H ,H)

so that, for any δ ∈ [0, 1],
‖V δ

in‖W 1,∞(−H ,H) + ‖V δ
out‖W 1,∞(−H ,H) = ‖Vin‖W 1,∞(−H ,H) + ‖Vout‖W 1,∞(−H ,H) ≤ r .

The construction is now complete within the class Fr ,0.
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It follows from Proposition 2.6 that for all (ε, δ) ∈ [0, 1]2 there exists a unique solution
(uε,δ, pε,δ) to (1.1) in �ε = R\Bε with flow λ(V δ

in, V
δ
out) for λ ∈ [0,	], and 	 > 0 is

independent of both ε and δ. We define the map

� : {Bε}ε∈[0,1] × {(V δ
in, V

δ
out)}δ∈[0,1] → R(

Bε, V
δ
in, V

δ
out

) �→ LBε (uε,δ, pε,δ).

By (3.1) and the continuous dependence results in Theorems 2.8 and 2.9, the generalized
Bolzano Theorem yields the existence of (̃ε, δ̃) ∈ (0, 1)×(0, 1) such that�(B̃ε, V δ̃

in, V
δ̃
out) =

0. Equivalently, denoting B̃ = B̃ε and (Ṽin, Ṽout) = (V δ̃
in, V

δ̃
out), there exists a unique solution

(u ε̃,̃δ, p̃ε,̃δ) to (FSI) in �̃ = R\B̃ with flow λ(Ṽin, Ṽout).
Using analogous arguments, the same result holds also when B is symmetric and

(Vin, Vout) is non-even and when B is asymmetric and (Vin, Vout) is even. ��

4 A newmeasure for the stability of bridges

Theorem3.1 states that, for a fixedflowmagnitudeλ ∈ [0,	], inwind tunnel experiments one
may create asymmetric flow shapes and/or asymmetric body shapes in order to “artificially”
obtain an equilibrium configuration in which no lift acts on the body. This local result is only
partially satisfactory since the target is to find a global result, namely the construction of a
body shape minimizing the lift action in a given range of flow magnitudes. In this section we
address this query.

Consider a fixed body shape B ∈ Cα,D . From [3] we know that the lift LB(u, p) in
(1.3) belongs to C([0,	]), with 	 > 0 possibly smaller than the uniqueness threshold in
Proposition 2.6. Fix U ∈ {0, 1} and consider the functional

LB : Fr ,U → C([0,	])
(Vin, Vout) �→ LB [λ(Vin, Vout)] = LB(u, p)

(4.1)

which maps the flow shapes to the lift exerted on B, seen as a continuous function of λ. We
restrict (4.1) to flow shapes that belongs toFr ,U , introduced in Definition 2.1. This set has an
evident physical interpretation: if a bridge of cross-section B is built in some region where
the winds are controlled by the parameter r > 0 (not necessarily small), then Fr ,U contains
all the “expected winds”.

Definition 4.1 Let r > 0, U ∈ {0, 1} and let D ⊂ R, 0 < α < |D|. We call instability
measure of the body shape B ∈ Cα,D the positive number

γr ,U (B) := sup
(Vin,Vout)∈Fr,U

‖LB [ · (Vin, Vout)]‖C([0,	]). (4.2)

The main result of this paper is the existence of a body shape of given area minimizing
the instability measure.

Theorem 4.2 Let r > 0, U ∈ {0, 1} and let D ⊂ R, 0 < α < |D| and Cα,D be as in
Definition 2.3. There exists B∗ ∈ Cα,D such that

γr ,U (B∗) ≤ γr ,U (B) for all B ∈ Cα,D . (4.3)
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Proof Wefirst claim that the supremum in (4.2) is attained, namely that, for a given B ∈ Cα,D ,
there exists (V in, V out) ∈ Fr ,U such that

‖LB[ · (V in, V out)]‖C([0,	]) = max
(Vin,Vout)∈Fr,U

‖LB [ · (Vin, Vout)]‖C([0,	]). (4.4)

To this end, consider a maximizing sequence {(V n
in, V

n
out)}n∈N ⊂ Fr ,U , that is,

‖LB [ · (V n
in, V

n
out)]‖C([0,	]) → sup

(Vin,Vout)∈Fr,U

‖LB[ · (Vin, Vout)]‖C([0,	]) as n → ∞.

Since {(V n
in, V

n
out)}n∈N is uniformly bounded in W 1,∞(−H , H)2, from the Banach–Alaoglu

Theorem we know that, up to a subsequence, (V n
in, V

n
out) weakly-∗ converges to some

(V in, V out) ∈ W 1,∞(−H , H)2, which also belongs to Fr ,U due to Proposition 2.2. By
Theorem 2.8 we then know that

‖LB [ · (V n
in, V

n
out)]‖C([0,	]) → ‖LB [ · (V in, V out)]‖C([0,	]) as n → ∞,

and that (4.4) holds.
By Theorem 2.9, we have that the lift LB(u, p) is a continuous function of B in the class

Cα,D , therefore γr ,U (·) is a continuous function in Cα,D . By Proposition 2.5, the generalized
Weierstrass Theorem guarantees the existence of a body shape B∗ ∈ Cα,D that minimizes
γr ,U in Cα,D , which proves (4.3). ��

The instability measure γr ,U (B), defined in (4.2), appears suitable to quantify the insta-
bility of B since, for a given range of flow magnitudes, it computes the maximum strength
of the lift exerted on B. Theorem 4.2 shows that, within the class Cα,D , an optimal shape
B∗ minimizing γr ,U (·) exists. Correspondingly, this shows that an optimal cross-section for
the deck of the bridge exists (maximizing its stability) but leaves open how to find it or, at
least, some qualitative features of it. In view of the results in [12], a conjecture could be that
the optimal profile has a front end shaped like a wedge of right angle, see also [13] for the
engineering point of view. Since in real applications the wind flow is of Couette-type, that
is, U = 1, we do not expect a symmetric body shape minimizing γr ,U .

For related results in the evolution case and for a moving body B, we refer to [6, 14].
In a forthcoming paper we intend to tackle the very same 3D problem with the rectangle R
replaced by a straight parallelepiped and the obstacle B replaced by a 3D object (the whole
deck of the bridge) making R\B a non-simply connected domain.
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