
Computer Methods in Applied Mechanics and Engineering 432 (2024) 117368 

0
(

Contents lists available at ScienceDirect

Comput. Methods Appl. Mech. Engrg.

journal homepage: www.elsevier.com/locate/cma

Two Nitsche-based mixed finite element discretizations for the
seepage problem in Richards’ equation
Federico Gatti a,∗, Andrea Bressan a, Alessio Fumagalli d, Domenico Gallipoli b,
Leonardo Maria Lalicata b, Simone Pittaluga c, Lorenzo Tamellini a

a Consiglio Nazionale delle Ricerche – Istituto di Matematica Applicata e Tecnologie Informatiche ‘‘E. Magenes’’
(CNR-IMATI), 27100, Pavia, Italy
b Department of Civil, Chemical and Environmental Engineering, University of Genoa, 16145, Genoa, Italy
c Consiglio Nazionale delle Ricerche – Istituto di Matematica Applicata e Tecnologie Informatiche ‘‘E. Magenes’’
(CNR-IMATI), 16145, Genoa, Italy
d MOX, Department of Mathematics, Politecnico di Milano, 20133, Milan, Italy

A R T I C L E I N F O

Keywords:
Richards’ equation
Seepage problem
Nitsche’s method
Signorini problem
Mixed finite elements
Hybridized finite elements

A B S T R A C T

This paper proposes two algorithms to impose seepage boundary conditions in the context of
Richards’ equation for groundwater flows in unsaturated media. Seepage conditions are non-
linear boundary conditions, that can be formulated as a set of unilateral constraints on both
the pressure head and the water flux at the ground surface, together with a complementarity
condition: these conditions in practice require switching between Neumann and Dirichlet
boundary conditions on unknown portions on the boundary. Upon realizing the similarities
of these conditions with unilateral contact problems in mechanics, we take inspiration from
that literature to propose two approaches: the first method relies on a strongly consistent
penalization term, whereas the second one is obtained by an hybridization approach, in which
the value of the pressure on the surface is treated as a separate set of unknowns. The flow
problem is discretized in mixed form with div-conforming elements so that the water mass is
preserved. Numerical experiments show the validity of the proposed strategy in handling the
seepage boundary conditions on geometries with increasing complexity.

1. Introduction

One of the difficulties in the simulation of ground water flows is dealing with changing regimes at ground surface. Where the
soil is not saturated, water infiltrates; conversely where the soil is saturated either water accumulates forming ponds, or it runs
off depending on the terrain geometry. In the following, it is assumed that the ground surface of interest is a slope so that the
formation of ponds is excluded, and the saturated regions result in the formation of seepage faces, i.e. spring-like regions where
ground water exits the terrain and becomes surface-water. The incorrect determination of seepage faces causes incorrect prediction of
key parameters such as pore water pressures, effective stresses, and shear strengths within soil masses, and impacts the assessment of
the stability of slopes [1–3], embankments [4,5], and other geotechnical structures. Therefore, the correct determination of seepage
faces is of paramount importance for identifying and mitigating potential hazards such as landslides and slope failures, which pose
substantial risks to infrastructure and lives [6]. The motivation of this work is indeed the detection of rainfall-induced landslide
triggering: to this end, the ground water flow model needs to be coupled with stability analysis algorithms (either limit equilibrium
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models such as [7,8] or stress-based method), and the effects of the landslides can be assessed by landslide runout simulations, see
e.g. [9–12].

The ground water flow is mathematically modeled by the Richards’ equation, and the different ground surface flow regimes
orrespond to different types of boundary conditions: the water flux entering the unsaturated region is modeled with a Neumann
ype boundary condition, whereas water runoff on the surface of the saturated region is modeled by imposing that the value of the
ressure head be zero, i.e. a homogeneous Dirichlet type boundary condition. We remark that we do not know in advance on what
ortions of the boundary each condition must be imposed, which will finally imply solving a non-linearity in the final system of
quations.

To address the determination of seepage faces in the solution of Richards’ equation, several finite element algorithms have been
roposed in the geotechnical literature. Starting from the pioneering work of [13], which presents one of the first three-dimensional
inite difference models in the presence of seepage faces, an iterative algorithm for finite element schemes has been proposed in a
eries of papers, including those by [14–16]. More recent attempts to generalize the algorithm can be seen in works such as [17]. This
lgorithm employs an iterative procedure based on the switching between flux-type (Neumann) and head-type (Dirichlet) boundary
onditions to determine seepage faces and locate the so-called ‘‘exit points’’, i.e., the locations on a slope (such as the downstream
ace of an earth dam or embankment) where the phreatic line intersects with the surface, where seepage water exits the earth body.
ore in details, the iterative algorithm begins each time step by setting all potential seepage faces to a flux-type boundary condition

nd computing a first-attempt solution. Once pressure heads are available, the algorithm: (a) searches for subregions of the ground
urface where the pressure is positive; (b) forces the corresponding pressure degrees of freedom to zero, imposing homogeneous
irichlet boundary conditions; (c) computes a new proposed solution, iterating these three steps until no positive pressure on the

urface is detected. However, this heuristic procedure has several drawbacks from a mathematical perspective. Primarily, it lacks
well-established mathematical theory to address convergence and stability issues, and furthermore it may exhibit water mass

onservation problems.
In this paper, we propose two new strategies to accurately determine seepage faces, by drawing similarities between the boundary

onditions discussed above (to which we will refer in the rest of this work we as seepage conditions for brevity) and the Karush–
Kuhn–Tucker conditions arising in contact mechanics problems, together with their numerical treatment discussed in the series of
works [18–21]. Specifically, we consider a mixed finite element formulation [22] of the Richards’ equation, and the first strategy that
we propose consists in imposing the seepage conditions with a ‘‘Nitsche-inspired’’ approach, where the conditions are imposed in a
weak way relying on a penalization term. The second strategy that we propose is to move further to a hybridized formulation [23],
in which the pressure head on the boundary is treated as a separate unknown of the problem. The cost of adding further degrees
of freedom on the potential seepage faces is demonstrated to be advantageous as it frees the computation from the choice of the
penalization parameter appearing in the first strategy.

As already mentioned, the methods that we propose are based on the scheme developed in the series of works [18–21] for
the simulation of contact problems in linear elastic equations, in which a variant of the Nitsche’s method is used to impose the
contact boundary conditions in a weak way. The Nitsche method has been designed as a valid alternative to the standard Lagrange
multiplier approach [24–26] in the field of contact problems and has gained popularity as a fully consistent penalization method.
Later, this contact algorithm has been applied in the framework of fluid–structure interaction problems [27–30] and in the field
of fractured porous media [31]. The mixed finite element scheme, together with the control-volume finite elements [32] and the
finite volume methods [33], is among the classical conservative discretizations used for the approximation of the elliptic equations
arising in porous media analysis.

Through numerical experiments on both simplified and realistic terrain models, we validate the efficacy of our two proposed
approaches in imposing the seepage conditions on increasingly complex cases. Furthermore, we conduct a comparative analysis
between the proposed discretization approaches to highlight their respective strengths and potentials. In details, our findings are
that while both approaches work well, the hybridized approach is generally to be preferred, since the quality of the solution does
not depend on the tuning of the penalization parameter. Moreover, in certain situations the temporal evolution of the pressure and
flux field predicted by the non-hybridized scheme shows a non-negligible delay, whereas this issue is not affecting the hybridized
scheme if a suitable relaxation of the seepage conditions is introduced.

The subsequent sections of this paper are structured as follows: In Section 2, we present the governing equations; Section 3 is
dedicated to discussing the discretization methods, encompassing both the mixed finite element discretization for Richards’ equation
and the our two strategies for the seepage problem. In Section 4, we showcase numerical experiments of increasing geometric
complexity, ranging from a simple rectangular soil column to a realistic topography derived from a Digital Terrain Model (DTM).
These examples aim to demonstrate the versatility and applicability of our proposed methods across a spectrum of real-world
scenarios, beyond academic settings. Finally, in Section 5 we draw some conclusions and future perspectives.

2. Problem statement

From the physical point of view the simulation domain 𝛺 is a 2D vertical section of the terrain, extending from the ground surface
to possibly below the unsaturated zone. The boundary of the computational domain 𝜕𝛺 is partitioned in three disjoint regions: 𝛤top
is the ground surface (possibly a slope), 𝛤bot is the base of 𝛺, and 𝛤 lat is the vertical part of the boundary, see Fig. 1. We assume
that no ponding can occur on 𝛤top (for example, this is reasonable when 𝛤top is inclined). We also assume that there is no water flux
through 𝛤lat. More physically realistic conditions depends on the specific application, see e.g. [34] for an example in the contest of
slope stability. The main topic of this article is modeling the water flux on 𝛤top, where the flux cannot exceed a given precipitation
(rainfall) and, at the same time, pressure cannot be positive (the seepage conditions already discussed in the introduction).
2 
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Fig. 1. Sketch of the porous domain 𝛺. The arrows represent the rainfall on the ground surface, that is modeled as a vector field 𝐩.

2.1. Richards’ equation

The unsaturated flow in 𝛺 for the time interval [0, 𝑡fin] is modeled by Richards’ equation that describe the relation between two
fields: the Darcy velocity 𝐪(𝐱, 𝑡) ∶ 𝛺 × [0, 𝑡fin] → R𝑑 and the pressure head 𝜓(𝐱, 𝑡) ∶ 𝛺 × [0, 𝑡fin] → R, specifically:

𝐊−1(𝜓)𝐪 + ∇𝜓 + ∇𝑧 = 𝟎 in 𝛺 × (0, 𝑡fin),

𝜕𝑡𝜃(𝜓) + ∇ ⋅ 𝐪 = 0 in 𝛺 × (0, 𝑡fin),

𝜓(𝐱, 0) = 𝜓0 in 𝛺.

(1)

The quantity ∇𝑧 is the unit vector 𝐞𝑧 and it identifies the direction opposite to gravity. The permeability tensor 𝐊(𝜓) and the water
etention curve 𝜃 = 𝜃(𝜓) are given by Van Genuchten constitutive laws, see [35]. In detail, letting [⋅]− = min(0, ⋅), defining

𝜃̂(𝜓) ∶=
[

1 + (−𝛼[𝜓]−)𝑚
]− 𝑚−1

𝑚

nd noting that 0 < 𝜃̂(𝜓) ≤ 1, the water content is taken as

𝜃(𝜓) = 𝜃𝑅 + 𝜃̂(𝜓)(𝜃𝑆 − 𝜃𝑅),

where 𝜃𝑅 and 𝜃𝑆 are respectively the residual and saturated water-content, and the permeability is assumed to be isotropic,
i.e., 𝐊 = 𝐾(𝜓)𝐈, where 𝐈 is the identity matrix,

𝐾(𝜓) = 𝐾𝑆 𝜃̂(𝜓)1∕2
(

1 − (1 − 𝜃̂(𝜓)
𝑚
𝑚−1 )

𝑚−1
𝑚

)2

where 𝐾𝑆 is the saturated permeability.

2.2. Boundary conditions for the seepage problem

The system (1) is closed given proper boundary data. To fix the ideas, we consider that there is no flux through 𝛤lat and 𝛤bot
(Neumann type), and that the precipitations on 𝛤top is modeled as a vector field 𝐩 ∶ 𝛤top × (0, 𝑡fin) → R2, see Fig. 1. Let 𝛤flux be the
part of the boundary where the water flux is given, i.e., 𝛤flux = 𝛤lat ∪ 𝛤bot for the considered case; if needed, imposing the pressure
head on 𝛤bot or on another part of 𝜕𝛺 can be done using standard techniques. As already hinted in the introduction, neither the flux
nor the pressure head alone can be considered as given on 𝛤top. Indeed, the sole imposition of the flux does not exclude ponding
ecause it does not constrain the pressure head; similarly, imposing the pressure head can lead to paradoxical results where the
ater influx exceeds the precipitated water. To accommodate these considerations we introduce

𝑄(𝐪) = (𝐩 − 𝐪) ⋅ 𝐧,

hat is the disparity between the precipitation rate and Darcy flux across the surface, and we impose the following conditions

𝜓 ≤ 0, 𝑄 ≤ 0, 𝑄𝜓 = 0 (2)
3 
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which represent the mathematical formulation of the already-discussed seepage conditions. Note that 𝑄 ≤ 0 allows outward flow
as necessary. Crucially, the third condition, a complementarity requirement, ensures that at least one of the two constraints is zero.
In other words, we either impose a Dirichlet boundary condition (𝜓 = 0) or a Neumann boundary condition (𝐪 ⋅ 𝐧 = 𝐩 ⋅ 𝐧). These
conditions bear conceptual resemblance to classical frictionless contact conditions, specifically the Karush–Kuhn–Tucker conditions
encountered in contact mechanics; see, for instance, [36–38] for further elaboration.

3. Discretizations

In this section we describe the two already-mentioned discretizations for the seepage face condition: we will refer to the first one
as ‘‘non-hybridized’’ and to the second one as ‘‘hybridized’’. Both variants are described in Section 3.2, with details on their numerical
resolution (specifically, non the treatment of the non-linearities that they contain) being provided in Section 3.3. Section 3.1 contains
instead preliminary material such as the discretization of the domain and the discretization of the problem with prescribed pressure
head on 𝛤top, from which the two discretizations are obtained by adding the imposition of the seepage face boundary condition.

3.1. Mixed finite element discretization

Let 𝛺ℎ denote a triangulation approximating the domain 𝛺. The set of mesh edges in the triangulation is denoted by  . Each
element 𝑇 of the triangulation is assumed to conform to the subdivision of the boundary into 𝛤bot, 𝛤lat, 𝛤top, thereby producing
the corresponding discrete boundaries 𝛤bot,ℎ, 𝛤lat,ℎ, 𝛤top,ℎ. Throughout, quantities with the subscript ℎ indicate the corresponding
spatial discrete quantity.

Regarding the time discretization, we use a superscript 𝑛 to denote time discrete quantities, where the time corresponding to a
generic 𝑛 is 𝑡𝑛 = 𝑛𝛥𝑡. Consequently, fully-discrete quantities are indicated with both the subscript ℎ and superscript 𝑛. For instance,
the discrete counterpart of the pressure head 𝜓 at time 𝑡𝑛 is denoted as 𝜓𝑛ℎ . Throughout the rest of the paper (⋅, ⋅)𝛴 denotes the
𝐿2(𝛴)-scalar product.

On the triangulation 𝛺ℎ we introduce the finite element spaces 𝐕ℎ and 𝑊ℎ for approximating the Darcy flux 𝐪 and pressure
head 𝜓 , respectively. We choose the div-conforming inf-sup stable pair [23] given by the lowest order Raviart–Thomas for 𝐪 and
the space of piecewise constant functions for 𝜓 , so that the water mass is conserved. Specifically,

𝐕ℎ = {𝐯 ∈ RT0(𝛺ℎ) ∶ 𝐯 ⋅ 𝐧|𝛤flux,ℎ = 0}, 𝑊ℎ = P0(𝛺ℎ). (3)

Additionally, we denote by {𝝓𝑖}
dim𝐕ℎ
𝑖=1 the set of basis functions for 𝐕ℎ and by {𝜙𝑖}

dim𝑊ℎ
𝑖=1 the set of element-wise constant basis

functions for 𝑊ℎ.
Using an implicit Euler scheme in time, the weak form of (1) in the space 𝐕ℎ and 𝑊ℎ leads to the following nonlinear problem

that relates (𝐪𝑛+1ℎ , 𝜓𝑛+1ℎ ) to (𝐪𝑛ℎ, 𝜓
𝑛
ℎ):

Weak form 1 (Richards’ equation). Find (𝐪𝑛+1ℎ , 𝜓𝑛+1ℎ ) ∈ 𝐕ℎ ×𝑊ℎ such that for all (𝐯ℎ, 𝑤ℎ) ∈ 𝐕ℎ ×𝑊ℎ,

𝑎(𝐪𝑛+1ℎ , 𝐯ℎ;𝜓𝑛+1ℎ ) + 𝑏(𝜓𝑛+1ℎ , 𝐯ℎ) + 𝑒(𝜓𝑛+1ℎ , 𝐯ℎ) = 𝑑(𝐯ℎ),
−𝑏(𝑤ℎ,𝐪𝑛+1ℎ ) + 𝑐(𝑤ℎ, 𝜓𝑛+1ℎ ) = 𝑐(𝑤ℎ, 𝜓𝑛ℎ),

(4)

where
𝑎(𝐪𝑛+1ℎ , 𝐯ℎ;𝜓𝑛+1ℎ ) = (𝐊−1(𝜓𝑛+1ℎ )𝐪𝑛+1ℎ , 𝐯ℎ)𝛺ℎ , 𝑏(𝜓𝑛+1ℎ , 𝐯ℎ) = −(𝜓𝑛+1ℎ ,∇ ⋅ 𝐯ℎ)𝛺ℎ ,

𝑐(𝑤ℎ, 𝜓𝑛+1ℎ ) = 1
𝛥𝑡

(𝜃(𝜓𝑛+1ℎ ), 𝑤ℎ)𝛺ℎ , 𝑑(𝐯ℎ) = −(∇𝑧, 𝐯ℎ)𝛺ℎ ,

𝑒(𝜓𝑛+1ℎ , 𝐯ℎ) = (𝜓𝑛+1ℎ , 𝐯ℎ ⋅ 𝐧ℎ)𝛤top,ℎ .

If the pressure head on 𝛤top,ℎ was given, replacing 𝜓𝑛+1ℎ with it in 𝑒 would result in the standard weak imposition of the Dirichlet
data for a problem in mixed form. Adding a similar term for 𝛤bot or 𝛤lat allows dealing with prescribed pressure head values on
other parts of boundary. The non-hybridized and the hybridized formulations differ in how the term 𝑒(𝜓𝑛+1ℎ , 𝐯ℎ) is modified to get a
system that completely determines (𝐪𝑛+1ℎ , 𝜓𝑛+1ℎ ) so that a discrete version of (2) is satisfied. Note that in addition to the non-linearity
of the seepage boundary condition (2) (due to the fact that we do not know the extent of the Neumann and Dirichlet portions of
𝛤top,ℎ), both methods must also cope with the nonlinear behavior of 𝑎 and 𝑐 that depend on the Van Genuchten constitutive laws.

3.2. Numerical treatment of the seepage faces

In this section, we describe how the mixed finite element formulation introduced in Section 3.1 is modified to accommodate the
conditions (2) at the top of the soil domain. As already mentioned, our approach is inspired by the Nitsche-based finite element
scheme for contact problems developed in [18–21].

We begin by noting that, as proved in [18], for any pair of real numbers 𝑎, 𝑏 the condition 𝑎, 𝑏 ≤ 0 and 𝑎𝑏 = 0 is equivalent to

𝑎 = −1 [𝑏 − 𝛾𝑎]+,
𝛾

4 
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where 𝛾 > 0 and [⋅]+ = max (0, ⋅). The seepage conditions (2) on 𝛤top are then equivalent to any of the following

𝜓 = −1
𝛾
[𝑄 − 𝛾𝜓]+, (5)

𝑄 = − 1
𝛾hyb

[𝜓 − 𝛾hyb𝑄]+, (6)

where 𝛾 and 𝛾hyb are positive functions 𝛤top → R>0. These are used in the discretized weak form setting 𝛾 and 𝛾hyb to edge-wise
constant functions

𝛾 = 𝛾0ℎ𝑒, 𝛾hyb = 𝛾0,hyb∕ℎ𝑒,

where ℎ𝑒 is the edge length and 𝛾0, 𝛾0,hyb are positive parameters.
The non-hybridized scheme is obtained by replacing 𝜓𝑛+1ℎ with the expression in (5) for the boundary term in (4) leading to the

ollowing nonlinear equations that determines 𝐪𝑛+1ℎ , 𝜓𝑛+1ℎ :

eak form 2 (non-hybridized Richards’ equation with seepage conditions). Find 𝐪𝑛+1ℎ , 𝜓𝑛+1ℎ ∈ 𝐕ℎ×𝑊ℎ such that for all (𝐯ℎ, 𝑤ℎ) ∈ 𝐕ℎ×𝑊ℎ

𝑎(𝐪𝑛+1ℎ , 𝐯ℎ;𝜓𝑛+1ℎ ) + 𝑏(𝜓𝑛+1ℎ , 𝐯ℎ) + 𝑒(−
1
𝛾
[𝑄𝑛+1ℎ − 𝛾𝜓𝑛+1ℎ ]+, 𝐯ℎ) = 𝑑(𝐯ℎ),

−𝑏(𝑤ℎ,𝐪𝑛+1ℎ ) + 𝑐(𝑤ℎ, 𝜓𝑛+1ℎ ) = 𝑐(𝑤ℎ, 𝜓𝑛ℎ).
(7)

The accuracy of this scheme depends on the choice of the parameter 𝛾0 that must be ‘‘sufficiently small’’ (we will come back to
this aspect in Section 3.3).

The hybridized scheme relates instead the Dirichlet value of 𝜓𝑛+1ℎ on 𝛤top,ℎ with the flux 𝐪𝑛+1ℎ by introducing an auxiliary variable
𝜆𝑛+1ℎ ∈ 𝑁ℎ = P0(𝛤top,ℎ) (which represents the value of the pressure head on 𝛤top,ℎ), and then using Eq. (6). The basis of 𝑁ℎ is {𝜙𝑙𝑖}

𝑁𝑏
𝑖=1,

with 𝑁𝑏 the number of mesh boundary edges. The equations that determine 𝐪𝑛+1ℎ , 𝜓𝑛+1ℎ and 𝜆𝑛+1ℎ for the hybridized formulation are:

Weak form 3 (hybridized Richards’ equation with seepage conditions). Find 𝐪𝑛+1ℎ , 𝜓𝑛+1ℎ , 𝜆𝑛+1ℎ ∈ 𝐕ℎ × 𝑊ℎ × 𝑁ℎ such that for all
(𝐯ℎ, 𝑤ℎ, 𝜂ℎ) ∈ 𝐕ℎ ×𝑊ℎ ×𝑁ℎ

𝑎(𝐪𝑛+1ℎ , 𝐯ℎ;𝜓𝑛+1ℎ ) + 𝑏(𝜓𝑛+1ℎ , 𝐯ℎ) + 𝑒(𝜆𝑛+1ℎ , 𝐯ℎ) = 𝑑(𝐯ℎ),
−𝑏(𝑤ℎ,𝐪𝑛+1ℎ ) + 𝑐(𝑤ℎ, 𝜓𝑛+1ℎ ) = 𝑐(𝑤ℎ, 𝜓𝑛ℎ),

𝑒(𝜂ℎ,𝐪𝑛+1ℎ ) + (𝜂ℎ,−
1
𝛾hyb

[𝜆𝑛+1ℎ − 𝛾hyb𝑄
𝑛+1
ℎ ]+)𝛤top,ℎ = 𝑒(𝜂ℎ,𝐩𝑛+1ℎ ).

(8)

The hybridization procedure adds further degrees of freedom on the discrete domain boundary 𝛤top,ℎ, but as shown later, its
convergence does not depend on 𝛾0,hyb.

.3. Solving the non-linear equations

To determine 𝜓𝑛+1ℎ and 𝐪𝑛+1ℎ satisfying either Weak form 2 or 3, an iterative scheme with linear iterations is employed at each
time step; let 𝑘 denote the iteration index of such iterative scheme. More specifically, starting from the pair (𝐪𝑛+1ℎ,0 , 𝜓

𝑛+1
ℎ,0 ) = (𝐪𝑛ℎ, 𝜓

𝑛
ℎ)

a new pair (𝐪𝑛+1ℎ,𝑘+1, 𝜓
𝑛+1
ℎ,𝑘+1) is obtained by solving a linear system involving (𝐪𝑛+1ℎ,𝑘 , 𝜓

𝑛+1
ℎ,𝑘 ) till a convergence criteria are achieved,

i.e. (𝜓𝑛+1ℎ ,𝐪𝑛+1ℎ ) is the first pair in the sequence (𝐪𝑛+1ℎ,𝑘 , 𝜓
𝑛+1
ℎ,𝑘 ), that satisfies the convergence criteria. As already hinted, there are two

sources of nonlinearities: the Van Genuchten constitutive laws and the seepage face boundary conditions: the proposed method uses
a different linearizations for each.

Van Genuchten non-linearities. The constitutive laws are either linearized using an 𝐿-scheme [39–41], which is a fixed-point iteration,
or the Newton method [42,43]. A robust combination of both, as recently proposed in [44] is also possible.

Concerning the stability of the two nonlinear solvers, it has been shown in [41] that, under the condition 𝐿 ≥ 1
2 sup𝜉∈R 𝜕𝜓𝜃(𝜉),

the 𝐿-scheme converges irrespectively of the initial guess, the time-step size and the mesh size. However, its convergence rate is
greatly influenced by the parameter 𝐿 that appears in Eq. (11) below, see [41,45]. In this work, we will make use of the adaptive
𝐿-scheme strategy as described in Appendix A of [44] when dealing with this scheme.

Regarding the Newton method, it usually suffers from the choice of the initial guess. For a 𝑟-Hölder continuous 𝜕𝜓𝜃 function
(𝑟 ∈ (0, 1]), in [46] it has been shown that Newton method exhibits (1 + 𝑟)th order convergence if the following condition is met

𝛥𝑡 ≤ 𝐶𝜃
2+𝑟
𝑟

𝑚 ℎ𝑑 , (9)

where ℎ is the mesh size, 𝑑 is the spatial dimension, 𝐶 > 0 is a constant that depends on the problem at hand, and 𝜃𝑚 ∶= inf 𝜕𝜓𝜃 ≥ 0.

Seepage conditions non-linearities. The seepage face conditions are linearized by a semismooth Newton method. Here semismooth
refers to the fact that the Gateaux derivatives with respect of 𝜓 and 𝐪 of both (5) and (6) are discontinuous, and equal to zero on
5 
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the subset of 𝛤flux whenever both 𝜓 and 𝑄 are zero. This leads to a case by case computation, i.e. the method reduces to an active
set strategy [31,47,48]. To give more details on this procedure, we need to write the linear system to be solved at each iteration of
the iterative algorithm. To this end, we start by defining the terms that do not depend neither on the choice to consider Weak form
2 or 3, nor on the choice of the method employed to solve the Van Genuchten non-linearities:

[𝐀(𝜓𝑛+1ℎ,𝑘 )]
𝑖,𝑗

= 𝑎(𝝓𝑖,𝝓𝑗 ;𝜓𝑛+1ℎ,𝑘 ) = (𝐊−1(𝜓𝑛+1ℎ,𝑘 )𝝓𝑖,𝝓𝑗 )𝛺ℎ ,

[𝐁]𝑖,𝑗 = 𝑏(𝜙𝑖,𝝓𝑗 ) = −(𝜙𝑖,∇ ⋅ 𝝓𝑗 )𝛺ℎ ,

[𝐂(𝜓𝑛+1ℎ,𝑘 )]
𝑖

= 𝑐(𝜙𝑖;𝜓𝑛+1ℎ,𝑘 ) − 𝑐(𝜙𝑖;𝜓𝑛+1ℎ ) = 1
𝛥𝑡

(𝜃(𝜓𝑛ℎ) − 𝜃(𝜓
𝑛+1
ℎ,𝑘 ), 𝜙𝑖)𝛺ℎ ,

[𝐃]𝑖 = −(∇𝑧,𝝓𝑖)𝛺ℎ ,

[𝐄]𝑖,𝑗 = 𝑒(𝜙𝑙𝑖 ,𝝓𝑗 ) = (𝜙𝑙𝑖 ,𝝓𝑗 ⋅ 𝐧ℎ)𝛤top,ℎ .

(10)

he terms depending on the Van Genuchten linearization scheme are

[𝐍]𝑖,𝑗 =
1
𝛥𝑡

⎧

⎪

⎨

⎪

⎩

(𝐿𝜙𝑖, 𝜙𝑗 )𝛺ℎ , for the 𝐿-scheme,

(𝜕𝜓𝜃(𝜓𝑛+1ℎ,𝑘 )𝜙𝑖, 𝜙𝑗 )𝛺ℎ , for the Newton method,

[𝐁]𝑖,𝑗 =
1
𝛥𝑡

⎧

⎪

⎨

⎪

⎩

[𝐁]𝑗,𝑖, for the 𝐿-scheme,

[𝐁]𝑗,𝑖 + (𝜕𝜓𝐊−1(𝜓𝑛+1ℎ,𝑘 )𝜙𝑗 ,𝐪𝑛+1ℎ,𝑘+1 ⋅ 𝝓𝑖)𝛺ℎ , for the Newton method,

(11)

where 𝐿 is the 𝐿-scheme parameter. The blocks common to both the non-hybridized and the hybridized method are then the matrix
A and the vector B

A ∶=

[

𝐀(𝜓𝑛+1ℎ,𝑘 ) 𝐁
−𝐁 𝐍

]

, B ∶=

[

𝐃
𝐂(𝜓𝑛+1ℎ,𝑘 ) + 𝐍𝜓𝑛+1𝑐,𝑘

]

. (12)

ote that in the definition of B we used the symbol 𝜓𝑛+1𝑐,𝑘 to denote the vector of finite element degrees of freedom representing
he finite element function 𝜓𝑛+1ℎ,𝑘 ; analogous notation (i.e., replacing the subscript ℎ with 𝑐) will be used throughout the rest of this
ection with the same meaning for the other unknown fields 𝐪 and 𝜆. We are now ready to discuss the treatment of the seepage

boundary conditions. For convenience, we now split the discussion in two blocks: first the non-hybridized method (Weak form 2),
and then the hybridized one (Weak form 3). We also provide some comments on their well-posedness in Appendix.

Non-hybridized method. The blocks corresponding to 𝑒(− 1
𝛾 [𝑄

𝑛+1
ℎ,𝑘 − 𝛾𝜓𝑛+1ℎ,𝑘 ]+, 𝐯ℎ) and to its Gateaux derivatives with respect to 𝐪𝑛+1ℎ,𝑘

and to 𝜓𝑛+1ℎ,𝑘 are denoted respectively by 𝐇no-hyb, 𝐇(𝐪)
no-hyb and 𝐇(𝜓)

no-hyb, whose expressions are:

[𝐇no-hyb(𝐪𝑛+1ℎ,𝑘 , 𝜓
𝑛+1
ℎ,𝑘 )]

𝑖
= ( 1

𝛾
[𝑄𝑛+1ℎ,𝑘 − 𝛾𝜓𝑛+1ℎ,𝑘 ]+,𝝓𝑖 ⋅ 𝐧ℎ)𝛤top,ℎ ,

[𝐇(𝐪)
no-hyb(𝐪

𝑛+1
ℎ,𝑘 , 𝜓

𝑛+1
ℎ,𝑘 )]

𝑖,𝑗
= 1
𝛾
(1
𝛤 no-hyb

top,ℎ
𝝓𝒋 ⋅ 𝐧ℎ,𝝓𝒊 ⋅ 𝐧ℎ)𝛤top,ℎ ,

[𝐇(𝜓)
no-hyb(𝐪

𝑛+1
ℎ,𝑘 , 𝜓

𝑛+1
ℎ,𝑘 )]

𝑖,𝑗
= (1

𝛤 no-hyb
top,ℎ

𝜙𝑗 ,𝝓𝒊 ⋅ 𝐧ℎ)𝛤top,ℎ ,

(13)

where 1
𝛤 no-hyb

top,ℎ
is the characteristic function of 𝛤 no-hyb

top,ℎ = {𝑄𝑛+1ℎ,𝑘 − 𝛾𝜓𝑛+1ℎ,𝑘 ≥ 0} ⊆ 𝛤top,ℎ. Notice that 𝜓𝑛+1ℎ,𝑘 is piecewise constant so
its value on 𝛤top,ℎ (its trace) can be chosen as its value in the middle of the mesh elements touching 𝛤top,ℎ, for any 𝐪𝑛ℎ ∈ 𝑉ℎ the
corresponding quantity 𝑄𝑛ℎ = (𝐩𝑛ℎ − 𝐪𝑛ℎ) ⋅ 𝐧ℎ is edge-wise constant on 𝛤top,ℎ and consequently it is in P0(𝛤flux,ℎ), so that 𝐇no-hyb does
not have projection errors. We have now all terms that define the non-hybridized iteration:

Ano-hyb

[

𝐪𝑛+1𝑐,𝑘+1

𝜓𝑛+1𝑐,𝑘+1

]

= Bno-hyb,

Ano-hyb ∶= A +

[

𝐇(𝐪)
no-hyb(𝐪

𝑛+1
ℎ,𝑘 , 𝜓

𝑛+1
ℎ,𝑘 ) 𝐇(𝜓)

no-hyb(𝐪
𝑛+1
ℎ,𝑘 , 𝜓

𝑛+1
ℎ,𝑘 )

𝟎 𝟎

]

,

Bno-hyb ∶= B +

[

𝐇(𝐪)
no-hyb(𝐪

𝑛+1
ℎ,𝑘 , 𝜓

𝑛+1
ℎ,𝑘 )𝐪𝑛+1𝑐,𝑘 +𝐇(𝜓)

no-hyb(𝐪
𝑛+1
ℎ,𝑘 , 𝜓

𝑛+1
ℎ,𝑘 )𝜓𝑛+1𝑐,𝑘 +𝐇no-hyb(𝐪𝑛+1ℎ,𝑘 , 𝜓

𝑛+1
ℎ,𝑘 )

𝟎

]

.

(14)

For edges contained in 𝛤 no-hyb
top,ℎ we obtain the following equation, where 𝛾 acts as a ‘‘penality’’ parameter for the weak imposition

of the homogeneous Neumann boundary condition and thus influences the accuracy of the solution:

𝐀(𝜓𝑛+1ℎ,𝑘 )𝐪𝑛+1𝑐,𝑘+1 +
1
𝛾
𝐪𝑛+1ℎ,𝑘+1 ⋅ 𝐧ℎ = 1

𝛾
𝐩𝑛+1ℎ ⋅ 𝐧ℎ. (15)

If an edge is instead not contained in 𝛤 no-hyb
top,ℎ , the corresponding entries in 𝐇(𝐪)

no-hyb(𝐪
𝑛+1
ℎ,𝑘 , 𝜓

𝑛+1
ℎ,𝑘 ),𝐇(𝜓)

no-hyb(𝐪
𝑛+1
ℎ,𝑘 , 𝜓

𝑛+1
ℎ,𝑘 ), 𝐇no-hyb(𝐪𝑛+1ℎ,𝑘 , 𝜓

𝑛+1
ℎ,𝑘 )

are null and the system above for the (𝑘 + 1)th iterate reduces to the weak imposition of the homogeneous Dirichlet boundary
condition on 𝛤 .
top,ℎ
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Hybridized method. The method with the hybridization procedure on the boundary 𝛤top, i.e., the nonlinear set of Eq. (8) contains the
blocks corresponding to (𝜂ℎ,−

1
𝛾hyb

[𝜆𝑛+1ℎ − 𝛾hyb𝑄𝑛+1ℎ ]+)𝛤top,ℎ and to its derivatives with respect to 𝐪𝑛+1ℎ,𝑘 and to 𝜓𝑛+1ℎ,𝑘 , which are denoted

respectively by 𝐇hyb, 𝐇(𝐪)
hyb and 𝐇(𝜓)

hyb, and whose expressions are:

[𝐇hyb(𝐪𝑛+1ℎ,𝑘 , 𝜆
𝑛+1
ℎ,𝑘 )]𝑖 = ( 1

𝛾hyb
[𝜆𝑛+1ℎ,𝑘 − 𝛾hyb𝑄

𝑛+1
ℎ,𝑘 ]+, 𝜙

𝑙
𝑖)𝛤top,ℎ ,

[𝐇(𝐪)
hyb(𝐪

𝑛+1
ℎ,𝑘 , 𝜆

𝑛+1
ℎ,𝑘 )]𝑖,𝑗 = −(1

𝛤 hyb
top,ℎ

𝝓𝒋 ⋅ 𝐧ℎ,𝝓𝒊 ⋅ 𝐧ℎ)𝛤top,ℎ ,

[𝐇(𝜓)
hyb(𝐪

𝑛+1
ℎ,𝑘 , 𝜆

𝑛+1
ℎ,𝑘 )]𝑖,𝑗 = − 1

𝛾hyb
(1
𝛤 hyb

top,ℎ
𝜙𝑗 ,𝝓𝒊 ⋅ 𝐧ℎ)𝛤top,ℎ ,

(16)

where 1
𝛤 hyb

top,ℎ
is the characteristic function of 𝛤 hyb

top,ℎ = {𝜆𝑛+1ℎ,𝑘 − 𝛾hyb𝑄𝑛+1ℎ,𝑘 ≥ 0} ⊆ 𝛤top,ℎ. Its linear iteration is defined by

Ahyb

⎡

⎢

⎢

⎢

⎣

𝐪𝑛+1𝑐,𝑘+1

𝜓𝑛+1𝑐,𝑘+1

𝜆𝑛+1𝑐,𝑘+1

⎤

⎥

⎥

⎥

⎦

= Bhyb,

Ahyb ∶=
⎡

⎢

⎢

⎣

𝟎
𝟎

𝟎 𝟎 𝟎

A ⎤

⎥

⎥

⎦

+

⎡

⎢

⎢

⎢

⎣

𝐄𝑇
𝟎

𝐄 +𝐇(𝐪)
hyb(𝐪

𝑛+1
ℎ,𝑘 , 𝜆

𝑛+1
ℎ,𝑘 ) 𝟎 𝐇(𝜓)

hyb(𝐪
𝑛+1
ℎ,𝑘 , 𝜆

𝑛+1
ℎ,𝑘 )

𝟎 ⎤

⎥

⎥

⎥

⎦

,

Bhyb ∶=
[

B
𝟎

]

+

[

𝟎
𝐄𝐩𝑛+1𝑐 +𝐇(𝐪)

hyb(𝐪
𝑛+1
ℎ,𝑘 , 𝜆

𝑛+1
ℎ,𝑘 )𝐪

𝑛+1
𝑐,𝑘 +𝐇(𝜓)

hyb(𝐪
𝑛+1
ℎ,𝑘 , 𝜆

𝑛+1
ℎ,𝑘 )𝜆

𝑛+1
𝑐,𝑘 +𝐇hyb(𝐪𝑛+1ℎ,𝑘 , 𝜆

𝑛+1
ℎ,𝑘 )

]

.

(17)

In this case, on the faces belonging 𝛤 hyb
top,ℎ the iteration scheme imposes the homogeneous Neumann boundary conditions strongly

and the homogeneous Dirichlet weakly on the proper subset of edges. Indeed, for an edge not contained in 𝛤 hyb
top,ℎ the quantities

𝐇(𝐪)
hyb(𝐪

𝑛+1
ℎ,𝑘 , 𝜆

𝑛+1
ℎ,𝑘 ),𝐇

(𝜓)
hyb(𝐪

𝑛+1
ℎ,𝑘 , 𝜆

𝑛+1
ℎ,𝑘 ), 𝐇hyb(𝐪𝑛+1ℎ,𝑘 , 𝜆

𝑛+1
ℎ,𝑘 ) nullify, and the third row reads

𝐪𝑛+1ℎ,𝑘+1 ⋅ 𝐧ℎ = 𝐩𝑛+1ℎ ⋅ 𝐧ℎ, on 𝛤top,ℎ ⧵ 𝛤
hyb
top,ℎ, (18)

whereas if a mesh edge is contained in 𝛤 hyb
top,ℎ the system imposes the Dirichlet condition

𝜆𝑛+1ℎ,𝑘+1 = 0, on 𝛤 hyb
top,ℎ. (19)

Differently from what happens for the discretization (14), both (18) and (19) do not depend on the penalty parameter 𝛾0,hyb. This
is a great advantage of the hybrid method because no penalty parameter have to be calibrated and any 𝛾0,hyb > 0 guarantees the
proper imposition of the seepage face conditions. The stability of the method with respect of 𝛾0,hyb is verified by the numerical
examples in the next section.

4. Numerical examples

The two methods described above have been implemented in the open-source Python toolbox PyGeoN [49], which is built on
top of the Python library PorePy [50]. PorePy itself utilizes Gmsh [51] for meshing procedures. The sparse linear systems (14) and
(17) that arise at each nonlinear iteration are solved using the direct solver implemented in SciPy’s spsolve routine [52].

The stopping criteria for the nonlinear solver is

𝜂𝑘+1lin ∶= |||𝜓𝑛+1ℎ,𝑘+1 − 𝜓
𝑛+1
ℎ,𝑘 ||| ≤ 𝜖𝐴 (20)

where 𝜖𝐴 is the absolute error tolerance (if not otherwise stated we will take 𝜖𝐴 = 10−7 in the simulations we present below), and
||| ⋅ ||| is the particular 𝐻1(𝛺ℎ) equivalent-norm associated with the scheme chosen to solve the-linearities, i.e., either the 𝐿-scheme
or the Newton method as discussed in Section 3.3. Such norm is defined as follows:

𝜂𝑘+1lin =

(

∫𝛺ℎ
L(𝜓𝑛+1ℎ,𝑘+1 − 𝜓

𝑛+1
ℎ,𝑘 )2 + 𝛥𝑡

|

|

|

|

√

𝐾(𝜓𝑛+1ℎ,𝑘 )(𝐊−1(𝜓𝑛+1ℎ,𝑘+1)𝐪
𝑛+1
ℎ,𝑘+1 −𝐊−1(𝜓𝑛+1ℎ,𝑘 )𝐪𝑛+1ℎ,𝑘 )

|

|

|

|

2
)

1
2

,

L =

{

𝐿, for the 𝐿-scheme,
𝜕𝜓𝜃(𝜓𝑛+1ℎ,𝑘 ), for the Newton method.

(21)

ote that the norm above encapsulates the entirety of the linearization error, as shown in Section 5 of [53].
Various domain complexities will be considered to test the performance of the proposed discretization schemes to deal with

he seepage conditions on 𝛤top. In Section 4.1 we first consider the simplest case, which corresponds to the domain in Fig. 1 with
orizontal top surface (i.e., a rectangular domain). Then, in Section 4.2, we consider a more realistic scenario consisting of two

lateaus with different height, connected by an inclined surface (artificial slope). Finally, in Section 4.3, we show the ability of the

7 
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Fig. 2. Left panel shows of the permeability curve 𝐾(𝜓) for the various soil types. Right panel reports of the water content curve 𝜃(𝜓) for the various soil types.

proposed schemes to deal with natural slopes taken from DTM data. Regardless of the geometry of the domain, the precipitation
will be assumed to be aligned with the vertical direction, i.e., 𝐩 = −𝑝𝐞𝑧, where 𝑝 > 0 is the actual rainfall that we assume constant
and uniform.

In all cases, the domain 𝛺 is considered filled just by one soil type, that in the proposed tests will be one of clay, slit, or sand,
that are characterized by the following Van Genuchten parameters:

Material 𝜃𝑆 𝜃𝑅 𝛼 𝑚 𝐾𝑆
Clay 0.4 0.04 0.2 m−1 1.5 10−6 m∕s
Silt 0.4 0.08 0.1 m−1 1.2 10−8 m∕s
Sand 0.4 0 2 m−1 3 10−4 m∕s

In Fig. 2 we plot the permeability and water content curve for the various soil types considered. The simulations are performed
ith a MacBook Air laptop (M1, 2020) with 8GB of RAM.

4.1. Rectangular domain

Let us consider a simple rectangular domain 𝛺 = (0, 0.1) × (0, 5) m2, and set uniform and constant rainfall conditions on 𝛤top
such that 𝑝 does not depend on space and time. On the bottom 𝛤bot we apply homogeneous Dirichlet boundary conditions, and on
the lateral boundaries 𝛤lat we apply no-flux boundary conditions. The initial condition is set equal to hydrostatic ranging from 0
m to the bottom to the value of −5 m at the top. The material filling 𝛺 is assumed to be clayey soil. Concerning the numerical
discretization, we choose a uniform mesh size equal to 0.05 m. We set a maximum number of iterations of the nonlinear solver
equal to 200, that is never reached for the simulations in this subsection. To solve the Van Genuchten nonlinearities we use the
𝐿-scheme with a tolerance on the stopping criteria 𝜖𝐴 = 10−5, cf. Eq. (20).

In the following we consider various rainfall scenarios by changing the value of 𝑝∕𝐾𝑆 , i.e., of the ratio between rainfall and
saturated permeability. In particular, if 𝑝∕𝐾𝑆 < 1 the rainfall is not ‘‘strong enough’’ to saturate the soil at the surface, which
means that we expect the pressure head to remain negative on 𝛤top: therefore a simple Neumann condition on 𝛤top would be able
to simulate correctly this scenario and can be used as a reference solution to which our approaches should be compared (i.e., a
consistency test). Conversely, if 𝑝∕𝐾𝑆 > 1 the rainfall exceeds the absorption capacity of the soil, such that runoff will happen and
the soil will saturate starting from 𝛤top. Our approaches are expected to correctly capture this physics, whereas a Neumann boundary
condition would incorrectly predict a positive pressure head on 𝛤top, indicating ponding.

Case 𝑝∕𝐾𝑆 < 1. The first test we carry out is characterized by a rainfall-to-saturated permeability ratio smaller than one,
i.e., 𝑝∕𝐾𝑆 = 0.1. The final simulation time is set equal to 𝑡fin = 100 h, and we divide the simulation in 10 time steps, i.e. 𝛥𝑡 = 10 h.
In Fig. 3 we report the results of the numerical solution extracted along the vertical line at 𝑥 = 0.05 m; here and in the following
analogous plots, the arrows indicate the trend of the pressure/flux profiles as time increases. In the top row we compare the results of
the simulation with the non-hybridized and hybridized schemes’ results at various time instants with the solution obtained imposing
Neumann boundary conditions. Here and in the next sets of plots, the quantity 𝑞𝑧 is the vertical component of the water flux. The
results shown are obtained by setting the parameter 𝛾0 = 10−10 for the non-hybridized scheme: the importance of choosing a very
small value of 𝛾0 is evident in the panel in the bottom row, where we present a sensitivity analysis to 𝛾0 of the numerical solution

at 𝑡 = 𝑡fin.
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Fig. 3. Rectangular domain. Test with 𝑝∕𝐾𝑆 = 0.1. Top row: comparison between the Neumann, no-hybridized and hybridized scheme’s solutions at time instants
0 h, 10 h, 20 h, . . . , 90 h, 100 h. Bottom row: sensitivity analysis on the numerical parameter 𝛾0 for the no-hybridized scheme on the simulation’s result at final
time.

Conversely, we do not report any sensitivity analysis on 𝛾0,hyb appearing in the hybridized scheme, that here is set to 𝛾0,hyb = 1.
Indeed, as shown in Section 3.2, the solution of the discrete system of the hybridized method does not depend on it. We will
nonetheless give numerical evidence supporting this statement later on, in the more relevant case 𝑝∕𝐾𝑆 > 1. The absolute error
computed in 𝐿∞(𝛺)-norm with respect to the Neumann solution is approximately 10−3 for the no-hybridized scheme with 𝛾0 = 10−10,
while 10−4 for the hybridized one.

Case 𝑝∕𝐾𝑆 = 1. This case is a limit case, in which the rainfall saturates the soil without runoff, and the saturation front proceeds
downward from 𝛤top with the rate given by the incoming rainfall flux. In this case we can still compare the results of our approaches
to the solution obtained with a Neumann boundary condition; note however that in this case, contrary to the previous one, the switch
between Neumann and Dirichlet is expected to happen in our approach. The final simulation time is set equal to 𝑡fin = 50 h, and
we take a time step 𝛥𝑡 = 5 h, and the corresponding results are reported in Fig. 4. Again, the panel in the bottom row reports a
sensitivity analysis that shows the importance of 𝛾0; the results in the top row are obtained with 𝛾0 = 10−10.

The two proposed methods, the non-hybridized and hybridized one, can accurately reproduce the expected solution given by the
imposition of the Neumann boundary condition on 𝛤top. The absolute error computed in 𝐿∞(𝛺)-norm with respect to the Neumann
solution is approximately 2 ⋅ 10−3 for the no-hybridized scheme with 𝛾0 = 10−10, while 6 ⋅ 10−4 for the hybridized one. Again, for the
ybridized scheme the convergence to the Neumann solution does not depend on the choice of 𝛾0,hyb so that we take it equal to 1.

Finally, in Fig. 5 we show the number of nonlinear iterations during the simulation time for the three simulations performed on
he left panel, and the ratio between the number of nonlinear iterations performed when considering Neumann boundary conditions
ver the number required by the no-hybridized and hybridized scheme on the right panel. This shows that the number of iterations
equired by the three methods are comparable.

ase 𝑝∕𝐾𝑆 > 1. In the last test of this sequence, we consider a rainfall-to-saturated-permeability ratio equal to 𝑝∕𝐾𝑆 = 10. Again,
he final simulation time is set equal to 𝑡 = 50 h, and we take a time step 𝛥𝑡 = 5 h. In Fig. 6 we report the results of our analysis.
fin
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Fig. 4. Rectangular domain. Test with 𝑝∕𝐾𝑆 = 1. Top row: comparison between the Neumann, no-hybridized and hybridized scheme’s solutions at time instants
0 h, 5 h, 10 h, . . . , 45 h, 50 h. Bottom row: sensitivity analysis on the numerical parameter 𝛾0 for the no-hybridized scheme on the simulation’s result at final
time.

Fig. 5. Rectangular domain. Test with 𝑝∕𝐾𝑆 = 1. Left panel: number of iterations. Right panel: ratio between the number of nonlinear iterations performed by
he Neumann approximation over the number required by the no-hybridized and hybridized scheme.
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Fig. 6. Rectangular domain. Test with 𝑝∕𝐾𝑆 = 10. Comparison between the Neumann, no-hybridized and hybridized scheme’s solutions at time instants 0 h, 5
h, 10 h, . . . , 45 h, 50 h.

Table 1
Rectangular domain. Test with 𝑝∕𝐾𝑆 = 10. The error indicates the difference in 𝐿∞(𝛺)-norm
between the no-hybridized (with 𝛾0 = 10−10) and hybridized approximation for various values of
the Nitsche parameter 𝛾0,hyb.

𝛾0,hyb error

1 1 ⋅ 10−4

1010 1 ⋅ 10−4

10−10 2 ⋅ 10−4

We have considered 𝛾0 = 10−10 and 𝛾0,hyb = 1. The imposition of the non-positivity of the pressure head on 𝛤top is clearly effective.
hile the simulation evolves the pressure head profile approaches zero, and furthermore starting from time 𝑡 = 40 h the domain 𝛺

is completely filled by water as the pressure head becomes numerically zero everywhere.
In this third case, which is remarkably the most important from an application viewpoint, we show a table concerning the

sensitivity analysis varying the parameter 𝛾0,hyb. This is to corroborate the theoretical result found at the end of Section 3.2
concerning the independence of the approximate solution with respect to the choice of 𝛾0,hyb. In Table 1, we report the difference
in 𝐿∞(𝛺)-norm between the solution computed with the no-hybridized scheme with 𝛾0 = 10−10 and three approximations given
by the hybridized method for three different parameters 𝛾0,hyb. As the reader can notice, the three errors are of the same order of
magnitude thus not varying significantly among each other.

4.1.1. Relaxation of the seepage conditions for certain soil types
When moving from clayey to silty soil, the temporal evolution of the pressure and flux profiles shows some temporal discrepancies

among the different discretization schemes, that can be fixed by relaxing the seepage conditions. This relaxation approach is similar
to what has been done in fluid–structure interaction works [27,30]. More specifically, we increase the largest pressure head allowed
on the surface, replacing (2) with

𝜓𝑛+1ℎ ≤ 𝜖, 𝑄𝑛+1ℎ ≤ 0, 𝑄𝑛+1ℎ (𝜓𝑛+1ℎ − 𝜖) = 0, (22)

where 𝜖 is a positive threshold beyond which the existence of significant water ponding is acknowledged. An example case where
relaxing the seepage conditions improves the solution is the following. We set the limit case 𝑝∕𝐾𝑆 = 1 so that we can compare the
results with the exact solution given by the solely imposition of the Neumann boundary conditions on 𝛤top. We discretize the domain
with a mesh spacing equal to 0.1 m, and set a final time 𝑡fin = 1 000 h with a time discretization 𝛥𝑡 = 1 h. The maximum number of
nonlinear iteration is set equal to 20. To solve internal nonlinearities in the Richards’ equation we employ the 𝐿-scheme. In Fig. 7
we report the results of our analysis. In the top row we show the results obtained in case 𝜖 = 0 m for the three solutions considered
Neumann boundary condition, seepage conditions by non-hybridized method, seepage conditions by hybridized method). As one
an notice, both the hybridized and non-hybridized discretizations present a delay with respect to the limit case obtained by imposing
eumann boundary conditions on 𝛤top. In the bottom row we show the results obtained by setting 𝜖 = 10−2 m. As the reader can
otice, while the solution obtained by the non-hybridized scheme does not change significantly, the hybridized version completely
ompensates the delay accumulated with respect to the Neumann solution.
11 
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Fig. 7. Rectangular domain. Relaxation of the seepage conditions for certain soil types. Top row: results obtained by imposing 𝜖 = 0 m on the two proposed
discretizations, i.e., the no-hybridized and hybridized one. Bottom row: results obtained in case 𝜖 = 10−2 m. The curves are at times instants 0 h, 100 h, 200 h,
. . . , 900 h, 1000 h.

4.1.2. Sensitivity analysis on the choice of the soil parameters
The goal of this test is to show that our approaches can deal with various kind of soils even in the most relevant case for the

application, i.e., 𝑝∕𝐾𝑆 > 1 (so far, we have discussed this case only for clayey soils). Thus, we fix 𝑝∕𝐾𝑆 = 10 and we consider either
silty or sandy soil (note the test in Section 4.1.1 was considering silt but in the case 𝑝∕𝐾𝑆 = 1).

The key observation of this test is that we found that the 𝐿-scheme converges to a non-physical solution for the sandy soil (not
reported here), such that using the Newton method is necessary for this kind of soil. Conversely, both the 𝐿-scheme and the Newton
method were found to be adequate to compute the solution in the case of silty soil (within the constraint of the time-step for Newton
discussed in Section 3.3). The results reported here for the silty soil are obtained with the 𝐿-scheme.

We set a final time 𝑡fin = 6 h, and a time step 𝛥𝑡 = 1 800 s. The domain 𝛺 is discretized with a mesh size of 0.01 m. For the case
of sandy soil, we do not consider any relaxation on the seepage conditions, i.e., we set 𝜖 = 0 in Eq. (22). In Fig. 8, we report the
results of this simulation, where the curves are temporally spaced by 1 800 s. We particularly point out how both proposed schemes
avoid ponding on 𝛤top, since the pressure on 𝛤top is null and the flux is non-zero. The relative difference between the two computed
solutions in 𝐿∞(𝛺)-norm is of the order of 10−15.

When considering the silty soil, we set the relaxation parameter 𝜖 in Eq. (22) to 𝜖 = 10−2 m. Fig. 9 shows the results of this
analysis. Again, we note that both proposed discretizations can handle the seepage conditions, as the pressure head never rises above
𝜖. However, it is evident that the temporal evolution of the non-hybridized scheme is slower than that of the hybridized scheme, as
already observed in Section 4.1.1 for the case 𝑝∕𝐾 = 1.

4.2. Artificial slope domain

In this section we face a so-called artificial slope geometry. The aim of this test, along with the one presented in the next section,
is to demonstrate the ability of the proposed discretizations to handle various domain complexities. We consider the domain 𝛺
12 
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Fig. 8. Rectangular domain. Sensitivity analysis on the choice of the soil parameters. Sandy soil. The curves are at times instants 0 h, 0.5 h, 1 h, . . . , 5.5 h, 6 h.

Fig. 9. Rectangular domain. Sensitivity analysis on the choice of the soil parameters. Silty soil. The curves are at times instants 0 h, 100 h, 200 h, . . . , 900 h,
1 000 h.

depicted in Fig. 10, which features a characteristic mesh size of 0.05 m on 𝛤top and 0.3 m on 𝛤bot. The total number of mesh
elements is 5 189.

We consider a uniform and constant rainfall scenario with a ratio 𝑝∕𝐾𝑆 = 10 and a domain filled with clayey soil. We perform two
tests with different initial conditions: a uniform initial condition corresponding to a pressure head of 𝜓(𝑥, 𝑧, 0) = −20 m throughout
the domain, and a hydrostatic initial condition with the water table being at toe of the slope, i.e., 𝜓(𝑥, 𝑧, 0) = (2−𝑧) m. In both cases,
we impose a Dirichlet boundary condition on 𝛤bot to ensure compatibility with the initial data. In particular, the second variant of
this test is designed to demonstrate how the proposed method can automatically locate the position of the exit point on the potential
seepage face 𝛤top. In the first test, the phreatic line is expected to advance from the top to the bottom of the domain, whereas in the
second test, we anticipate the phreatic line to intersect the boundary 𝛤top at some point during its evolution, thereby identifying
the exit point. We perform the simulations up to 20 h with a time step of 5 h. We solve the Van Genuchten nonlinearities using the
𝐿-scheme with a tolerance for the stopping criteria of 𝜖𝐴 = 10−5. Below, we report only the results of the non-hybridized scheme
with 𝛾0 = 10−10, as we do not observe significant differences between the hybridized and non-hybridized solution schemes.

The first test we performed took roughly 23 s to complete, and required around 60 iterations of the nonlinear solver to converge
for each time step. In Fig. 11, we show the results of the simulation. We present the isolines of the pressure head 𝜓 and the vectors
of 𝐪 at the final time. As the reader can observe from the isolines, water infiltrates from the top of the domain, and a wetting front
parallel to the ground surface develops, moving from the top to the bottom of the domain (look at the vectors representative of the
vector flux 𝐪) [54–56]. We finally note that how the pressure head on the top boundary 𝛤top approaches zero.

The second test we performed took roughly 6 s to complete, and required around 20 iterations of the nonlinear solver to converge
for each time step. In Fig. 12, we show the results we obtained. The reader can observe the evolution of the phreatic line as we
isolate the domain corresponding to a positive pressure head 𝜓 (the region in red corresponds to the unsaturated zone). We display
the evolution of the phreatic line over the simulation time. The top left panel shows the initial condition, top right panel the state
13 
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Fig. 10. Artificial slope domain 𝛺 and the computational mesh.

Fig. 11. Artificial slope domain. First test. We report the isolines of the pressure height 𝜓 together with the vector field 𝐪 at final time 20 h.

at 5 h, bottom left panel at 10 h, and bottom right panel at 20 h. The portion of the phreatic line within the domain evolves, starting
from the position 𝑧 = 2 m, and moves upwards until it fully coincides with the boundary 𝛤top at the end of the simulation. Observe
that at the toe of the slope water exits the domain 𝐪 ⋅ 𝐧 > 0, which is consistent with the conditions listed in Eq. (2) since 𝑄 ≤ 0
allows water to exit as long as the pressure head 𝜓 is null (complementarity condition); this is here correctly simulated.

4.3. Natural slope domain

In this test we consider a realistic topography profile coming from a DTM. The slope we consider is taken from Ville San Pietro,
which is a small village in Liguria (Italy) situated at about 500 m a.s.l. on the right of the Impero River, refer to [57,58] for a
geotechnical description of the site. The depth of the rock substrate, assumed to be impermeable, was interpolated by ordinary
14 
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Fig. 12. Artificial slope domain. Second test. Top left panel is at initial time, top right panel is at time 5 h, bottom left is at time 10 h, bottom right panel is at
time 20 h. We report the isolines of the pressure height 𝜓 together with the vector field 𝐪. (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of this article.)

Fig. 13. Natural slope domain 𝛺 and the computational mesh.

kriging [59] using information collected from eight boreholes located mainly in the central portion where a landslide is present and
from about thirty light penetrometric tests distributed over a larger area and some seismic profiles.
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Fig. 14. Natural slope domain. First test case. Solution at final time 50 h. The arrows represent the vector flux 𝐪.

We present two scenarios, both characterized by the same soil and rainfall conditions (𝑝∕𝐾𝑆 = 10) but with different initial and
boundary condition on 𝛤bot. While in the first test on 𝛤bot we enforce compatibility with initial data as boundary condition, on
the second test we consider no-flux boundary condition. In both simulations, the Van Genuchten nonlinearities are solved using a
tolerance 𝜖𝐴 = 10−5. In the first test we apply the 𝐿-scheme; in the second test we use a combined method where 𝐿-scheme iterations
are used until 𝜂𝑘+1lin < 10−3 and 𝑘 ≥ 100, at which point we continue with Newton iterations to reach the 𝜖𝐴 = 10−5 tolerance.

In Fig. 13 we show the domain 𝛺 that entirely consists of clayey soil. The domain is discretized with a mesh size equal to 0.25 m
at 𝛤top and 0.5 m at 𝛤bot. The total number of triangular mesh elements is 173 902. Below we present numerical results given by
the hybridized approach. However, we point out that similar results are obtained by considering the non-hybridized version (not
shown).

In a first test, we start from uniform initial conditions, i.e., 𝜓(𝑥, 𝑧, 0) = −20 m throughout the entire domain. We set a final time
of 50 h and a time step of 5 h. For each time step, the simulation took roughly 60 iterations of the nonlinear solver to converge to
the desired tolerance. The simulation took about 3 800 s to complete. In Fig. 14, we show the solution at 𝑡 = 𝑡fin. The results are in
line with expectations. Indeed, the behavior is similar to what observed during the seepage analysis carried out in the rectangular
domain and in the first test of Section 4.2. We note the presence of an advancing wetting front starting from the boundary 𝛤top,
which is corroborated by the arrows representing flux vectors 𝐪 pointing towards the boundary 𝛤bot.

In a second test, we consider the initial condition 𝜓(𝑥, 𝑧, 0) = 1 − 2
10 (𝑧 − 𝑧bot(𝑥)), where 𝑧bot(𝑥) is an equation identifying the

boundary domain 𝛤bot. This condition is chosen so that the phreatic line is inside the domain at 𝑡 = 0. As the simulation evolves,
the wetting front advances in the soil and eventually reaches the impervious bedrock: from this moment on, a positive pressure
builds up, leading to an increase of the water table level, leading to the formation of seepage faces, that are correctly detected by
the simulation. We set a final time of 40 h with a time step of 20 h, so that only two time steps are required. The simulation took
approximately 3 043 s to complete. The first time step required roughly 190 nonlinear iterations to converge, while the second one
about 150. In Fig. 15, we report the results of this analysis, presenting a zoomed-in view of a given spatial region. Similarly to the test
on the artificial slope (Section 4.2), the red region in the three panels represents the unsaturated zone, where 𝜓 ≤ 0. The first panel
shows the initial condition, while the middle and bottom panels show the solution at the two computed time steps. We particularly
note how the proposed method can determine the location of all exit points on a real-case topography. The presence of exit points
on the slope can be deduced and partly confirmed by field surveys. There are several areas of vegetation typical of saturated soils
and, in particular, for the exit points located approximately between 550 and 600 m from the origin, there is a phreatimeter close
to the profile. This has occasionally recorded the level of the water table coinciding with the topography.

5. Conclusions

In this work we have proposed two discretization schemes that are able to impose the seepage boundary conditions for the
Richards’ equation, taking inspiration from the contact mechanics literature. The first method relies on a strongly consistent
penalization term, whereas the second one is obtained by an hybridization approach, in which the value of the pressure on the
surface is treated as a separate set of unknown. Both methods can be understood as active-set methods, and are an improvement
over existing heuristic algorithms that inevitably lead to water mass loss. Having a method that can automatically treat both regimes
of the seepage conditions is particularly advantageous when coupling the solver with other models for, e.g., meteorological data
and slope stability.

We have discussed a sequence of numerical tests, that allowed us to showcase that both approaches can effectively deal with
the seepage conditions on computational domains of increasing realism. In general, the hybridized method is preferable since the
quality of the solution does not depend on the tuning of the penalization parameter, and possible delays in the temporal evolution
of the solution can be fixed by introducing suitable relaxations of the seepage condition.
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Fig. 15. Natural slope domain. Second test case. The red region corresponds to the fully unsaturated zone. The arrows represent the vector flux 𝐪. Top panel
shows the initial condition. Middle and bottom panels represent the solution at times 10 h and 20 h, respectively. (For interpretation of the references to color
in this figure legend, the reader is referred to the web version of this article.)
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Appendix. Comments on the well-posedness of the formulations (14) and (17)

At the continuous level, the well-posedness of the seepage problem in Richards’ equation remains an open question. In [60],
the authors present existence and uniqueness results for degenerate parabolic problems under standard Dirichlet and Neumann
boundary conditions. Richards’ equation belongs to the class of degenerate parabolic problems because the Jacobian of the water
content with the permeability tensor tends to zero as 𝜓 → ∞ and is exactly zero in fully saturated conditions. Existence of a weak
solution for the Richards’ equation is discussed in [61]. Regarding the well-posedness of the free surface Darcy problem, we refer
to [62] and the references therein. For the specific case of the seepage problem in the context of the dam problem with Darcy’s
equation, we refer to [63].

The analysis of the discrete weak formulation proposed in this work is also a delicate issue. A possible avenue for proving the
well-posedness of the discrete form is to prove that the Schur complement

𝐒no-hyb ∶= 𝐍 + 𝐁
(

𝐀(𝜓𝑛+1ℎ,𝑘 ) +𝐇(𝐪)
no-hyb(𝐪

𝑛+1
ℎ,𝑘 , 𝜓

𝑛+1
ℎ,𝑘 )

)−1 (
𝐁 +𝐇(𝜓)

no-hyb

)

associated with the non-hybrid formulation (14) is non-singular. To this end, one could start by assuming non-singularity of the
Schur complement of the mixed Richards’ problem with standard Dirichlet and Neumann boundary conditions, which simplifies to

𝐒 ∶= 𝐍 + 𝐁𝐀(𝜓𝑛+1ℎ,𝑘 )−1𝐁,

and trying to derive non-singularity of 𝐒no-hyb. In particular, one can notice that 𝐒no-hyb can be obtained by adding to 𝐒 the two
boundary perturbations 𝐇(𝐪)

no-hyb(𝐪
𝑛+1
ℎ,𝑘 , 𝜓

𝑛+1
ℎ,𝑘 ) and 𝐇(𝜓)

no-hyb. Taking a closer look, the first perturbation, i.e., 𝐇(𝐪)
no-hyb(𝐪

𝑛+1
ℎ,𝑘 , 𝜓

𝑛+1
ℎ,𝑘 ), does not

pose any issue when the -scheme is used, since 𝐀(𝜓𝑛+1ℎ,𝑘 ) is symmetric positive definite (the bilinear form associated to it is coercive),
𝐇(𝐪)

no-hyb(𝐪
𝑛+1
ℎ,𝑘 , 𝜓

𝑛+1
ℎ,𝑘 ) is a diagonal matrix with non-negative entries and therefore it is semi-positive definite, and 𝐁 = 𝐁𝑇 , therefore

the second term of the Schur complement is symmetric positive definite. However, the interplay between the two perturbations
and the Newton part of 𝐁 proves to be more challenging to control and one would need to do a fine-detailed analysis. Analogous
considerations are of course valid also for the hybridized formulation (17), whose Schur complement can be written as

𝐒 ∶=
(

𝐄 +𝐇(𝐪) (𝐪𝑛+1, 𝜆𝑛+1)
)

𝐀(𝜓𝑛+1)−1
(

𝐁 𝐒−1𝐁𝐀(𝜓𝑛+1)−1𝐄𝑇 − 𝐄𝑇
)

+𝐇(𝜓) (𝐪𝑛+1, 𝜆𝑛+1).
hyb hyb ℎ,𝑘 ℎ,𝑘 ℎ,𝑘  ℎ,𝑘 hyb ℎ,𝑘 ℎ,𝑘
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