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sequences corresponding to clockwise, and counterclockwise, bouncing.

We also investigate the geometrical structure of an allowed orbit in terms of special
sub-patterns, called Z-paths, pointing out the allowed lengths of different Z-paths in a
same orbit. This is of independent interest, and is related to the configurations known as
switching components, that play a crucial role in discrete tomography, and in problems
concerning image reconstruction.
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Structural sequence

1. Introduction

In this paper we consider rectangular billiard tables having vertices with integer coordinates, and side lengths equal
to integer multiples of the norms of the side directions. We also require that all the bouncing points of a billiard ball
belong to the integer lattice Z2. In particular, the billiard ball is allowed to move only along lines having rational slopes,
and, when it hits the boundary of the billiard, then it changes its direction according to the mirror law, namely the angle
of incidence equals the angle of reflection. Due to the integer constraint, the resulting path is called integer orbit of the
billiard table. A singular orbit is an integer orbit that hits a vertex of the billiard.

Polygons where all angles are rational multiples of 7 are said to be rational polygons, and are extensively studied in
the literature concerning billiard tables (see, for instance [1,12,16,18]). However, we are here intrigued about the integer
constraint on the billiard ball, and on the points where it hits the boundary of the billiard table, since this impose a severe
limitation on the existing orbits, and motivates the study of their geometric, numerical and combinatorial structure. This
leads to a number of questions that, differently from the continuous cases, are strongly related to the integer nature of
the set of points we are considering. We list below a few of them.
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Question (1) Which orbits are allowed in a lattice billiard table? Which parameters are involved? How these characterize
the different orbits?

Question (2) Can the number of bouncing points of an integer orbit be computed by the only knowledge of the starting
direction of the billiard ball?

Question (3) How clockwise and counterclockwise bounces of the billiard ball mutually alternate during its traveling?
Can the corresponding structural sequences be determined in advance, namely before the orbit propagates?

Question (4) Is there a meaningful geometrical characterization of the zig-zag sub-paths of an integer orbit?

Moving from the above questions, we provide several combinatorial, numerical and geometrical answers concerning
the structure of the integer orbits in a lattice billiard table.

On one side, the obtained results can be interpreted as a discrete version of properties of a billiard flow in the unit
tangent bundle to a polygonal billiard, where the reflections in the boundary correspond to discontinuities. From this
point of view, our proposal could be considered as an additional contribution to the rich literature concerning polygonal
billiards (see for example [1,2,6,9,12,17,18,20] and the included bibliographies), where, however, the focus is mainly on
the properties of sets of orbits, rather than on the structure of single orbits.

On the other side, our approach represents a complete generalization of the so-called arithmetic billiards (also
known under the name of Paper Pool), considered in recreational mathematics, where the angle of incidences is always
at 7, and questions concerning bouncing points and the shape of the orbits are studied (see, for instance, [19]).
Here, differently, we allow any possible angle of incidence related to discrete directions, and we also investigate on
different problems, as outlined in the previous questions. Rational constraints in billiards are considered also in some
different papers. For example, rational lines are adopted in the so called plaid model, which however has different aims,
representing a combinatorial model for orbits of outer billiards on kites [21], and it is connected with polytope exchange
transformations [15], as well as with renormalization and continued fractions [22].

We also comment briefly on possible applications of our results to the area of discrete tomography, where the orbits
can be reinterpreted as special paths called switching components. These configurations play a crucial role in discrete
tomography, since are responsible of possible ambiguous reconstructions of the image of an unknown object by means of
X-rays (see [13,14] for a general overview of discrete tomography). In particular, we give a rigorous proof of a property
that has been always considered as true in the folklore, even if a bit disputed after the publication of some results in [10],
which instead can be now confirmed.

The paper is organized as follows. In Section 2 we provide the main notations, definitions, and preliminary results. In
Section 3, Theorem 5, we give a complete characterization of the allowed integer orbits in a given lattice billiard table.
Thanks to this result, we describe in Section 4 all the parameters that are involved in the different orbits. By means
of Theorems 7, 10, and 15, we show how to distinguish among degenerate, singular, elementary windows and twisted
integer orbits, so providing a complete answer to Question (1), as well as a few additional remarks. In Section 5 we
consider Question (2) and Question (3), so providing a quantitative description of how admissible orbits are displaced in
a lattice billiard table, thanks to a complete characterization of their structural sequences. Theorem 36 summarizes such a
characterization. Although the geometry of integer orbits is investigated throughout the whole paper, detailed answers to
Question (4) can be obtained by means of Lemma 17 and Corollary 31, while Remark 32 points out a link with hv-convex
polyominoes, In Section 6 we resume the obtained results, also commenting on their possible extension in other works.

2. Notations and preliminaries
2.1. Lattice billiard tables

A rational direction is a vector il = [uq, U], with u;, u, € Z,u; > 0, and uy, u, coprime if uy, u, # 0, or u, = 1 if
uy =0, or u; = 1if u; = 0. A lattice line is a line with rational slope, namely a line having equation ax + by + ¢ = 0, with
a,b € Z, c € R. The horizontal and the vertical directions are denoted by h, v, respectively, while L;(x) is the lattice line
in direction u through the point x € R?.

As a general approach, we define a lattice billiard (table) to be any rectangle having vertices with integer coordinates,
sides of rational slopes, and side lengths equal to integer multiples of the norms of the side directions.

Fora,b € N, a > b, and a direction i = [u, U], Uy, uy > 0, let §2,,(il) be the rectangular lattice billiard having a
vertex at the origin, and sides of lengths al|ii|| and b||ii|| in directions i and i, respectively, where ||ii|| denotes the norm
of i, and ut = [1,0] if & = [0, 1]. In particular, if ii = h, then we say that the billiard table is in canonical position. The
two sides parallel to 1 contain a + 1 lattice points, while the sides parallel to i contain b + 1 lattice points (vertices are
counted on both sides). Note that £2, (11) = £2p 4(1i*). A corner point of the billiard is one of the four vertices Vy, Vs, V3, V4
of the rectangle, namely,

Vi =(0,0)
V, = (bl|ull cos g, blu| sin o)
V3 = (b||ui]| cos ay — a||it]| sinoeg, b||il|| sin oy + a|it]| cos o)
V4 = (a||u| sin oz, al|t] cos oz).
We denote by C the set of corner points, and by 32, (1) the boundary of the billiard table.
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2.2. Switching components

A set of points A C Z? is horizontally convex (resp. vertically convex) if, for each p € A, the set L;(p)NA (resp. Ly(p) N A)
is connected. A set that is both horizontally and vertically convex is shortly called hv-convex. A polyomino is a finite set
of points in Z? whose elements are 4-connected, namely, any two points of a polyomino can be connected by a path
consisting of only horizontal and vertical steps (see [11] for additional details concerning polyominoes and [5] for classes
characterizations and related enumerative results). When no confusion with previous notations arises, then (x, x,), and
[x1, x2], are also adopted without further explanation to mean, respectively, the open and the closed intervals having x1, x
as endpoints.

A pair S = (5%, S1) of sets of points is an hv-switching if S° NS = @, |S°| = |S'|, and S°, S! have the same number of
points on each horizontal, and on each vertical line. Each set S° and S! is indicated as hv-switching component. A discrete
set A contains an hv-switching component if S° € A and S' N A = #. In this case, we consider A = Y U S°, with Y being
a (possibly empty) discrete set; we define the set A’ = Y U S! as the dual of A, and we say that the hv-switching S is
associated to A and A'. Switching components have a prominent role when studying discrete sets of points having the same
number of elements lying on each horizontal and vertical line, one of the main topics in Discrete Tomography [13,14]. In
case A, A’ are dual hv-convex polyominoes, then S is said to be an hv-convex switching component (actually, the notion of
hv-convex switching component can be slightly generalized, see [8, Definition 4]). In particular, an hv-convex switching
component can be traveled by a sequence of horizontal and vertical steps. In case the clockwise, or the counterclockwise
orientation changes during the walk, then the switching component is said to be a curl (an example of polyomino-classes
characterizations and study according to different curls see [3]). As shown in [7,8], a curl can be uniquely associated to a
couple of integers a and b that count the number of points that lie, respectively, on the NE-side, and on the SE-side of an
hv-convex polyomino. To this, the notation Curi(a, b) is adopted.

2.3. Integer orbits

A billiard ball is a point (p, q) € Z2, moving along lattice lines. We also require that all the bouncing points of a billiard
ball belong to the integer lattice Z2. When the billiard ball hits the boundary of the billiard, then it changes its direction
according to the mirror law, namely the angle of incidence equals the angle of reflection. Due to the integer constraint, the
resulting path is called integer orbit of the billiard table. A singular orbit is an integer orbit that hits a vertex of the billiard.
Any orbit of a billiard table £2,,(t), that is not reduced to a single segment parallel to 1, hits the side of the billiard table
containing i1 in some points x = (c||u|| cos az, c||u]| sinog), where ¢ € [0, b] NN, and ay is the smallest angle betweenﬁ
and . In particular, when the billiard table is in canonical position, namely when 1 = h, then x = (c, 0). Denote by S.(k)
the orbit of £2, b(h) passing through x, and having direction k= [k1, ka].

A point (x1,x3) € ﬁB.Qa_b(h) is a horizontal bouncing point of Sc(k) if x, = 0 or x, = a. Analogously, it is a vertical
bouncing point of S.(k) if x; = 0 or x; = b. Note that, the reflection law implies that, after the reflection in a bouncing
point different from a corner point, the new direction of the orbit is of the form p(k) = [%kq, k], where the signs
depend on the considered bouncing point. An orbit stops if it reaches a corner point, so identifying corner points with
billiard pockets. In this case the orbit is said to be singular. An integer orbit is said to be degenerate if it reduces to a single
segment, namely ke {h v} (if k= h the notation Sc(h) is still adopted, but ¢ denotes the vertical coordinate of the two
bouncing points). In case Sc(k) N C = ¢, and the orbit is not degenerate, then Sc(k) closes. Differently, we say that the
sub-path of S.(k) starting at (c, 0) is a singular forward orbit, since it consists of a portion of a singular orbit, the other
portion being the backward singular orbit S.(v(k)), where v(k) = [—kq, k2]. A non-singular and non degenerate orbit has
s > 4 bounces. In case s = 4, the orbit is said to be an elementary window. We say that a non degenerate non singular
integer orbit is twisted if it is different from an elementary window(see Fig. 1).

Let Sc(k) be a non-degenerate integer orbit of a lattice billiard £2, 5(h). Suppose to select any bouncing point x of Sc(k)
and start traveling the orbit by moving from x clockwise (or counterclockwise). A bouncing point p of Sc(k) is said to be
a counterclockwise point if, crossing p, implies a counterclockwise change of direction. Differently, p is a clockwise point.
So, visiting one vertex after the other, we can group them in ordered lists of consecutive clockwise and counterclockwise
points.

Once an orientation of an integer orbit has been chosen, let p be a bouncing point where the orientation changes.
Starting from p, compute the lengths Ly, Ly, ..., L, of the lists of consecutive vertices having, alternatively, the same
and the opposite orientation as p. The resulting sequence of integers (Ly, Ly, ..., L;) is said to be the structural sequence
associated to the orbit.

The structural sequence is considered cyclically arranged, namely, its first entry can be selected arbitrarily among

Ly, ..., L, and then listing the other entries by preserving the given order. If the sequence (L4, L, ..., L) is the s time
repetition of a sequence & = (Ly, ..., Ly), then we denote (L, L, ..., L,) by (7 ), being n = n’ - 5; if s = 1, we omit such
index.

Remark 1. In [8, Theorem 26], Curl(a, b) has been shown to be the concatenation of d = gcd(a, b) equal hv-convex
paths. By [8, Theorem 26] we also know that all hv-convex path of Curl(a, b) have the same sequence of clockwise and
counterclockwise alternation of their turning points. Such a sequence (77 ), (denoted by m; in [8]) is obtained by repeating
twice a generating sequence , explicitly computed by means of [8, Algorithm CompSeq].
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c ' C

Fig. 1. Different orbits in the lattice billiard table (214,8(F1). Left: Singular orbit S¢([1, 2]). The solid line is the singular forward orbit, while the dashed
line is the backward singular orbit. Middle; A degenerate orbit. Right: A twisted orbit.

2.4. Computation of the generating sequence

In Section 5, the sequence (), is explicitly used. Therefore, for the readers’ convenience, we resume how the
generating sequence 7 can be computed:

1. Label the points of Curl(a, b) from 1 to 2(a + b), and identify each point with its label (mod 2(a + b));
2. Define the horizontal operator H : Curl(a, b) — Curl(a, b), and the vertical operator V : Curl(a, b) — Curl(a, b), as
follows:

H(x) =2a+1—x (mod 2a + 2b);
V(x) =1 —x (mod 2a + 2b);

3. Assume h = | -2 |, and compute @ = 2h + 1, y = 2h + 3, N, = 2(h + 1)a — 2(h + 2)b, N, = 2(h + 1)b — 2ha.
Then, by adopting the simplified continuous notation (a, b], (instead of (a, b] N N), define the following intervals of
(integer) labels:

Lo (M U (0% U (a0 Foat b+ M |U(a+ 20, % +a -+ 20]
L[t %]ular1-%a]ufa+b+ tarb+ Flul2atbr1- % 2a4b];

4. The generating sequence 77, and consequently the sequence (i ), is then computed according to Algorithm CompSeq
in [8], that we rephrase as Algorithm 1: GenSeq below.

Remark 2. In what follows, the term integer is sometimes omitted, but when we write orbit we always mean integer
orbit.

Example 3. For the sake of clarity, we provide an example of how CompSeq runs using a = 27 and b = 19 as input
parameters (see also [8, Example 27] for additional details). We haved =1, h =2, =5,y =7, N, 10, and N,, = 6,
and consequently

I, =(3,8]U(19, 24] U (49, 54] U (65,70] and I, = [1, 3] U [25,27] U [47,49] U [71,73].
The for loop provides (see Fig. 2)

i=l:x=1el, =2a(1)=7.y=H V3(1)=71,i=1isodd, sox =V(71)=1—71= —70 (mod 92) = 22;
i=2:x=22¢€l, =n(2)=5.y=(VH)?(22)=98 (mod 92) =6, i = 2 is even, so x = H(6) = 55 — 6 = 49;
i=3:x=49¢l, =n3)=7 .y = (HV)3(49) = 70 + 49 (mod 92) = 27,i = 3 is odd, so x = V(27) = 1 — 27
(mod 92) = 66;

i=4:x=66¢l, = n(4)=5.y = (VH)*(66) = 76466 (mod 92) = 50, i = 4 is even, so x = H(50) = 55—50 = 5;
i=...:

The for loop runs from 1 to Notly _ 8, returning the vector 7g = (7,5,7,5,5,7,5,5). The final output is 7 = (7g), =

(7,5,7,5,5,7,5,5,7,5,7,5,5,7,5,5).
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Algorithm 1: GenSeq

Input: two integers a and b, with a > b.
Output: The sequence (), associated to a and b.

compute d = gcd(a, b);
_a p_b.

a=gb=7

compute h, o, ¥, Ny, N, I, and I, ;

create an empty vector of length %, 7 =(7(1),..., 7(%2)), and set x = 1;

d
. Ng+N-
forz:l:%do

if x € I, then

(i) =o;

y = (VH)"(x);
else

(i) =1y;

y = (HV)""(x);
end if
if i even then

x = H(y);
else

x=V(y)
end if

end for

return (7 ); = (n(l), 71(%))2 % (), is the concatenation of two 7w sequences;

i [ 2 22 i
i g/ e i
-
- 1 31 ,.4?‘
3 Yy
e ~
| X =66 |
R . S

Fig. 2. The first four segments of the generating sequence considered in Example 3. The first segment starts at x = 1, and has y = 7 clockwise
turns. The second segments starts at x = 22, and has 5 counterclockwise turns. The third segment starts at x = 49, and has 7 clockwise turns. The
fourth segments starts at x = 66, and has 5 counterclockwise turns.

3. Determination of integer orbits

Leta,b € N,a > b > 1, and consider a lattice direction k= [k1, k2]. We aim in understanding conditions under which
the integer orbit S.(k) is allowed in a given lattice billiard table £2, ,(il). Also, in case Sc(k) exists, then we are interested
in finding the coordinates of all its bouncing points. Up to rotations, we can always assume il = h, so we focus on the
case when the billiard table is in canonical position. Therefore, the lattice billiard table £24 ,(h) has horizontal and vertical
sides, lying on the lines y = 0,y = q, and x = 0, x = b, respectively.
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For what concerns degenerate orbits, we have the following easy characterization.

Lemma 4. An orbit Sc(k) of §2,, b( ) is degenerate if and only lfk € {[-b, al, [b,a]} and x = (c,0) € C, or ke {h v} for all
X e aﬂa,b(h)

Proof. Suppose that SC(E) is a degenerate orbit, namely, a segment where x € BQa,b(h) is one of the endpoints. If the
segment is not horizontal, or vertical, then its endpoints must be two opposite corner points, which implies that x € C
and k € {[-D, a], [b, a]}. Differently, the segment is horizontal, or vertical, and, due to the reflection law, it must reflect
on itself. Therefore, the angle of incidence must be equal to 7, so k € {h, v}

Conversely, if x € C, and k € L—b al, [b, al}, then Sc(k) 1s the segment that joins two opposite corner points, so the
orbit is degenerate. In case ke {h, v}, then the reflection law implies that, for all x € 32, (h), the orbit reduces to a
single horizontal or vertical segment having x as an endpoint, so the orbit is still degenerate. O

Due to Lemma 4, in what follows we can assume that SC(E) is a non-degenerate orbit, in particular that k ¢ {h, v}. This
leads to the following characterization of the allowed non-degenerate integer orbits.

Theorem 5. Letx = (¢, 0), for some c; € [0, b]NN and k= [k1, ko], with kq, k; > 0. Then, Sq(k) is a non-degenerate integer
orbit of Qaﬁb( if and only if ky divides c; and b, and k, divides a.

Proof. Consider any non-degenerate integer orbit Scl(f<) of Qa,b(h), and suppose that c; # b. Then we can always assume
that the orbit is walked moving from x = (cq, 0) in the direction of the positive x-axis, meaning that kq, k; > 0. In case
c1 = b, then the same holds after translating along the vector [b, 0] the lattice billiard table, so, up to such a preliminary
translation, we can always assume c; # b. Therefore the first bouncing point after x = (¢4, 0) is of the form (b, q1), or of

the form (cy, a), = "2“,’1 ) 50 ky

divides b — c¢;. In the second case, ¢; = 1a +¢q, 50 ky d1v1des a.
b— C]

In the first case, let p; = After the first reflection on the line x = b, we have n; > 0 further reflections on

the vertical sides, alternating on the lines x = 0 and x = b, where n; is the greatest integer such that a — q; > n1bllj1
Therefore, three cases arise.

(a) n; = 0. In this case, after touching the vertical bouncing point (b q1), and using the reflection law, the orbit reaches

the bouncing point (c,, a), where " ’“ ;:2 namely ¢c; = b — —a + p1k1. In particular, k, divides a.

(b) ny is even. This implies that the last vertical reflection before reachlng the side lying on the line y = a occurs on
the line x = b, so, the orbit reaches the bouncing point (c;, a) such that

k
a—qy —mbg ks
b— C k] ’
sothatc, = (ny+1)b— llj—;a + p1ki, and k; divides a. Also, in this case k; divides b, so, since k; divides b — cq, then
ki divides c;.

(c) ny is odd. This implies that the last vertical reflection before reaching the side on the line y = a occurs on the line

x = 0, so, the orbit reaches the bouncing point (c;, a) such that

k

a—qy —mbg ka
C k]

so that ¢; = %a — p1ky — nqb. Still, k, divides a, and k; divides b, so k; divides c;.

In any case, a bouncing point of the form (c;, a) is obtained. .
Now we repeat the above argument by moving from (c,, a), in direction p(k), where
k < 4 and ny is odd.

o p(k) = [ki, —ka] if 2 <
o p(k) =[—kq, —k;] 1n case n1 = 0 or n; is even;

The new bouncing point on the horizontal line y = 0 is of the form (c3, 0), where c3 is computed differently according
as p(k) = [ky, —k3], or p(k) = [—kq, —ky]. If p(k) = [k1, —k,], then c3 is simply obtained as in the above formulas for c;,
where pq is replaced by p, = b;—fz g1 by ¢» = p-k», and, when ¢, < q, then n; is replaced by the greatest integer n, such
thata — q; > nzbk—2

If p(Tc) = [—kq, —k>], then p, must be computed as p, = 72, meaning that k; divides c,. Note that, in this case, the first
possible vertical bouncing point is now on the line x = 0. Consequently, c3 is computed by considering mod (b) the same
formulas as above, once p1, g, n; are replaced by p», g2, n,, respectively, and by exchanging the cases corresponding to
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the parity of n; when reflections on both vertical sides occur. Therefore, we get

3 = —k—la +c in case q; > a.
Cc3 = 1a — pakq in case qg; < aand n, = 0.
(1)
k1 . .
C3=pa— paky — nab in case q; < a, and n, is even.

c3=(ny+1)b— "‘ Sa + pok1 incase g; < a, and n, is odd.

By repeating the argument we get that, after any horizontal bouncing point having c; as the first coordinate, k; divides
b — ¢, or ky divides c;, according as the first component of the reflected direction is k; or —k;. Since x is not a corner
point, then the orbit can be traveled by moving from x in the direction having the first component either equal to k;, or
to —kq, so k; must divide both b — ¢; and ¢;, so it divides also b. In any case k, divides a.

Conversely, suppose that k; divides c; and b, and k, divides a, for some choice of a, b, ¢; as stated. With the same
argument as above we get that the coordinate c;,; of the horizontal bouncing point found at the (i 4+ 1)-th step depends
on the coordinate c; of the horizontal bouncing point at the ith step as follows

® Ciy1 = iia—i-c,- if g > a;
o i = (fa+piki) (mod b)ifg <a

where p; = [pi1, piz] is the moving direction computed after the ith step. Since k; divides c¢; and b, then k; divides b — c;.
Therefore, k; divides b — ¢, or ¢, and, by iterating the argument, at each step we get that k; divides b — ¢; or ¢;. But k;
divides b, so, at each step, k; divides both ¢; and b — ¢;. Since k, divides a, then any horizontal bouncing point has integer
coordinates.

Concerning the vertical bouncing points, the above arguments show that:

e if pj; = ky, and i is odd, then we have a first bouncing point of the form vy = (0, g;), while, if i is even, then
vo = (0, a — g;). In addition, we get the other vertical bouncing points vy = (0, q; + 2jn;), vai—1 = (b, (2j — Dny), for

1<j=<ng

e if pjy = —kq, and i is odd, then we have a first bouncing point of the form vg = (b, g;), while, if i is even, then
vo = (b, a — g;). In addition, we get the other vertical bouncing points vy; = (b, q; + 2jn;), vaj—1 = (0, (2j — 1)n;), for
1<j=<m.

Being g;, n; integer numbers, than any vertical bouncing point is a lattice point.
Consequently, all bouncing points have integer coordinates, so S, (k) is a non degenerate integer orbit. 0O

For a given lattice point x = (c,0) € 8.(2,1’,,(71), a lattice direction k = [k1, k2] that satisfies all the assumptions of
Theorem 5, is said to be admissible for the lattice billiard £2, ,(h). We also say that the integer orbit S.(k) is admissible for
the given lattice billiard. In particular, a singular orbit joins two different corner points, so any lattice billiard contains
precisely two singular orbits for any admissible direction k. We define k-singular path the union of the two singular orbits
in direction k. Note that, for any a, b € N, a > b, the lattice direction [1, 1] is always admissible, so Theorem 5 includes
as a special case the trajectories of any arithmetic billiard (see [19]).

As a matter of fact, Theorem 5 provides an answer to the first part of Question (1).

4. Classification of integer orbits

In the previous section we have investigated when an orbit Sc(fc) is admissible in a given lattice billiard. Now, we wish
to find conditions that allow to distinguish singular from twisted orbits. Also, in case the orbit is non singular, we want
to understand when it is an elementary window.

Definition 6. An integer orbit Sc(k) of a lattice billiard £2,, b( ) is said to be equivalent to an integer orbit S/ (k’) of a lattice
billiard 24 1 (h) if S (k) Se (k’) are described by the same structural sequence.

For example, the orbits in Fig. 3 are both described by the same sequence = = (3, 3). Indeed, up to change the starting
point, we can travel the orbits by turning 3 consecutive times clockwise, followed by 3 consecutive counterclockwise
turns.

Thgorem 7. Let k= [k1, k2] be an admissible direcg’on for the lattice billiard Qa.b(l;). Then, for any admissible integer orbit
Sc(k) of §2q.p(h) there exists a lattice billiard Q¢ y(h), and some integer orbit S¢([1, 1]) in 2y y(h), such that S¢([1, 1]) is
equivalent to S¢(k).
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Fig. 3. Left: The orbit Sg([4, 3]) in the lattice billiard .(213‘12@). Right: The orbit S4([2, 5]) in the lattice billiard .(215112(5).

Table 1

Bouncing points in the §2,,(h) billiard of the non singular orbit S.([1, 1]) when § and %
are odd.

Bottom side on y =0 X = n2d + (—1)"c 0O<n< %
Right side on x = b y= n2d+d—c, n2d+d+c 0§n§%
Top side on y = a X= n2d+d—c, n2d+d+c 0<n<t
Left side on x =0 y= n2d + (—1)"c 0O<n< %
Table 2

Bouncing points in the Qﬂ_b(ﬁ) billiard of the non singular orbit Sc([1, 1]) when % is even
and ? is odd.

Bottom side on y =0 X = n2d 4+ (—1)"c 0<n< %
Right side on x =b y= n2d4+d—c, n2d+d+c 0<n< &
Top side on y =a X = n2d + (—1)"c USHS%
Left side on x =0 y= n2d + (—1)"c 0<n< L

Proof. Consider the following affine change of coordinates

X =%
ol 5 (2)
Y =i

The transformation o fixes the horizontal and the vertical directions, and changes the direction k= [k1, k2] in the direction
[1, 1]. Also, the lattice points V,(b, 0) and V4(0, a) are changed, respectively, in the points V, (% 0) and V, (0, ﬁ) Since

k is admissible for .Qa,b(fl), then kq divides b, and k; divides a, so V,, V are still lattice points. In addition, singe c €0, bj
then o changes c to ¢’ = é By Theorem 5, k; divides c, so (c’, 0) is a lattice point. It follows that the orbit S.(k) of £2, ,(h)

becomes the orbit S./([1, 1]) of the lattice billiard .Qa/’b/(ﬁ), where a’ = % b = %

If @ > b/, then, by Theorem 5, o provides a one-to-one correspondence between the bouncing points of SC(E) and
of S¢/([1, 1]), In particular, on the horizontal and on the vertical sides of both billiards there is the same number of
bouncing points. Since o preserves the orientations, then the corresponding orbits have the same structural sequences,
and consequently the two orbits are equivalent.

If @ < b/, then we apply a rotation of 7. counterclockwise, which provides the lattice billiard Qp «(v), with S¢/([1, 1])
replaced by the admissible orbit Scv([1, 1]),_ where ¢” = |a' —¢’| (mod a'). Since structural sequences are cyclically
arranged, then the orbit Si/([1, 1]) of 2 y(h), and the orbit Sc([1, 1]) of £ (V) are equivalent, and the statement
follows also in this case. O

-

Thanks to Theorem 7, in order to investigate the structure of any admissible orbit of any lattice billiard £2,,(h),
it suffices to focus on the orbits having direction [1, 1]. In [19], the authors explicitly computed the bouncing points’
coordinates of the non singular orbit S¢([1, 1]) on a lattice billiard 2, (h), according to the parities of % and g being
d = gcd (a, b) and ¢ varying from 1 and d — 1, i.e., being the first bouncing point on the bottom side. The values are listed
in Table 1 and in Table 2. Note that both § and g cannot be even; we can assume w.lLg. that 5 may be even.
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Table 3 .

Computation of the bouncing points of the 215 12(h) billiard w.r.t. Sg([4, 3]).
The points are obtained after shifting the problem on the smallest billiard
$26.3(h) w.r.t. Sy([1, 1]). The point to point correspondence on each side is

highlighted.

S,([1, 11) in £26,3(h) Ss([4, 31) in 215, 12(h)
Bottom side (2,0) (8,0)
Right side (3,1)  (3.5) (12,3)  (12,15)
Top side (2,6) (8,18)
Left side 0,2) (0, 4) (0, 6) (0,12)
Table 4

Computation of the bouncing points of the integer orbit Si4,0)([2, 5]) in the

billiard £2;512(h). The points are obtained after shifting the problem to

the integer orbit S(,0)([1, 1]) in the smallest billiard £23¢(h), then rotating
by 3 counterclockwise and obtaining the integer orbit S(10)([1, 1]) in the
billiard £253(v).

Si([1,11) in 263(9) S4([2,51) in 215,12(h)
Bottom side (1,0) (4,0) (8,0)
Right side (3,2) (3,4) (12, 10)
Top side (1,6) (2,15) (10, 15)
Left side (0,1) (0,5) (0,10)

So, instead of using the iterative construction exploited in the proof of Theorem 5, the coordinates of the bouncing
points of a generic non singular orbit S.(k) of a lattice billiard §2,(h), can be simply computed by applying Theorem 7,
then using Tables 1 and 2, and then coming back to the original billiard table by multiplying the two coordinates of each
bouncing point by k;, and by k,, respectively.

Example 8. Let us consider the lattice billiagd le,lz(ﬁ), and ¢ = 8 be the starting bottom side position of a bouncing
point that moves along the lattice direction k = [4, 3].

According to Theorem 7, we shift the problem on .Qa/,b/(Fl) such that @’ = % =6,b=2L=3 =L =2andtoits

non singular orbit Sc([1, 1]). “ “

In particular, d = ged(a',b’) = 3, % = 2 is even, and Z% = 1 is odd, so, by computing the bouncing values using
Table 2 with @', b’, ¢/, d’, we get the coordinates in Table 3, second column.

Now, we move back to the initial billiard by magnifying the a’ sides (and the lying bouncing points accordingly) by a
factor k, = 3, and both the b’ sides and ¢’ by a factor k; = 4. The resulting bouncing points are in Table 3, third column.
Fig. 3, on the left, depicts the situation.

Example 9. We focus on the lattice billiard be 915,12@1), ¢ = 4 and the non singular orbit S.([2, 5]). Again Theorem 7
allows us to shift the problem to §£2y (h) such that @’ = % =3 b = % =6, ¢’ = - =2 and to its non singular orbit
Se([1, 1]). Now, @’ < b', so, as in the proof of Theorem 7, we consider a counterclockwise 7 -rotation of the billiard table
Qg,a(ﬁ), so obtaining the billiard table $2¢3(v). Now, with @’ = 6, b” = 3, and ¢’ = |a@' — ¢/| (mod d') = 1, we compute
d’ = gcd(a”, b”) = 3, so that 3—7, = 2 is even, and Z—:i = 1 is odd. Therefore, Table 2, with a”, b”, ¢”, d’ can be applied, so
obtaining the values in Table 4, second column. Fig. 3, on the right, shows the situation.

Moving to the original billiard, we apply the following transformation: first the billiard table is clockwise rotated in
order to get the original position of the sides. Finally, the resulting coordinates are multiplied by k; = 2, and by k, =5,
respectively, which provides the bouncing points of the orbit S.([2, 5]) of £215.12(h) as in Table 4, third column.

Note that, by Theorem 5, the direction [1, 1] is always admissible. The following theorem provides a characterization

of singular orbits.

Theorem 10. Let k = [1, 1], and let SC(E) be a non degenerate orbit of Qa,b(ﬁ). Then, SC(E) is singular if and only if gcd(a, b)
divides c.

Proof. Since SC(E) is not reduced to a single horizontal segment, then bouncing points on both the horizontal sides of the
lattice billiard exist.

Suppose that ¢ # b.

Setting ¢ = ¢y, and moving from (cy, 0), then the second horizontal point is of the form (c,, a), and it is reached after
a last bounce on one of the vertical sides. For some m € N, itresultsa=b—c;+mb+c;ora=b—cy+mb+b —cy,
according as the last vertical bounce is on the line x = 0, or x = b (see Fig. 4).
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Fig. 4. Consecutive horizontal bouncing points of an orbit in direction k= [1, 1], in two different lattice billiards.

Therefore, we have ¢, = %(a + ¢;) (mod b). By iterating the argument, the first coordinate ¢; of the ith horizontal
bouncing point of S.(k) is such that

G==x(a+c¢1)==Fx(ax(a+c¢2))=---=paxtc (modb),
for some p € Z. The orbit SC(Tc) is singular if and only if there exists i such that ¢; = 0 (mod b), that is

pat+c; =0 (mod b). (3)
Then (3) can be written as

pa + th = %4, (4)

for some t € Z. It is well known (see, for instance [4]) that a modular congruence ap + Bt = y, with «, 8,y € Z has
solution if and only if y is a multiple of the greatest common divisor between « and B. Therefore, Eq. (4) has solution
if and only if gcd(a, b) divides c;. Since the starting horizontal bouncing point of S.(k) has been chosen arbitrarily, then,
by the same argument we get that gcd(a, b) must divide the first coordinate of any horizontal bouncing point, and the
statement follows. . . .

Now, suppose that ¢ = b, then S.(k) is singular, and just the backward part is contained in £24,(h). Since S.(k) is not
degenerate, then a bouncing point exists of the form (c;, a), with ¢; ¢ {0, b}. Consequently, a bouncing point exists of the
form (cq, 0), with ¢; # b, so that Sc(k) = S¢, (k). Therefore, the statement follows by the same previous argument. [

Remark 11. By the proof of Theorem 10 it follows that, in order to show that gcd(a, b) divides the first coordinate of any
horizontal bouncing point, it suffices to check if gcd(a, b) divides the first component of an arbitrarily selected bouncing
horizontal point of the orbit.

Corollary 12. Let k = [k1, k2] be an admissible direction of Qa,b(ﬁ), and let SC(Tc) be a non degenerate orbit of Qayb(iﬂl). Then,
S (k) is singular if and only if gcd ( T ) leldes

Proof. By Theorem 7, SC(E) is singular if and only if S./([1, 1]) is singular in Qagb/(h) where a’ = , , k’:, i
Theorem 10, S¢/([1, 1]) is singular if and only if gcd(a’, b’) divides ¢/, and the statement follows. D

Remark 13. If gcd ( ) = 1, then any non degenerate orbit S.([kq, k.]) is singular. Also, any orbit of the lattice billiard

> ky

.Qa,b(h) is singular if and only if gcd(a, b) = 1, so, in this case, only the singular path exists.

Example 14. Since the proof of Corollary 12 bases on Theorem 7, then, in some cases the correspondence between an orbit
Sc([kq, k2]) in .Qa,b(h) and an orbit S¢/([1, 1]) in £24, bf(h) could be obtained up to a 7 counterclockwise rotation (as shown

[W gcd(ab ] and ¢ = 0, then the
set of bouncing points of Sc([k1, k;]) is {(0, 0), (%.a), (b, 0)}. Since @’ = i = ged(a,b), and b’ = > = 2gced(a, b) = 24,
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then after a 7 counterclockwise rotation we get {(O, 0),(d', d), (0, %)} which is the set of bouncing points of the orbit
Se([1, 1D.

We can now provide a characterization of the elementary windows.

Theorem 15. Let k = [k1, k2] be an admissible direction of a lattice billiard Qa,b(ﬁ). Then, an admissible orbit Sc(k) is an
elementary window if and only if § = "2 , and gcd(a, b) # 1.

Proof. Assume that Sc(k) is an elementary window. Then, by Remark 13, gcd(a b) # 1. Up to an affine transformation o
as in (2), we can consider k= [1, 1] in the lattice billiard 2, br(h) witha = &, b = ;>. Let S,([1, 1]) be an elementary

window in .Qa/’b/(h) Ifad =1,orb =1, then k; = q, or k; = b, meaning that S (k) is smgular a contradiction. Therefore,
we have @', b’ > 1. Setting ¢ = ¢y, with ¢; € (0, b’) NN, then the other bouncing points of S¢([1, 1]) are v; = (b/ b — cl)
hy = (2b'—d' — ¢, d'), and v, = (0,20’ — 2b' + ¢;). Since Sc([1, 1]) is an elementary window, then, by continuing in
traveling the orbit, the bouncing point after v, must coincide with hy, so it must be 2a’ — 2b’ 4+ ¢; = ¢4, and consequently,
a =Vb,thatis § = %

Conversely, assume that “ = .2, and gcd(a, b) # 1. Therefore, ' = % = % b’, and, being gcd(a, b) # 1,
by Remark 13 there exist non smgular orbits. Consider a non singular orbit S, ([1, 1]) in 24 b/(h) ¢ € (0,)NN
Then @ — (b' — ¢;) = ¢; < b/, so that the bouncing point after v; = (b/ b —c )) is the horizontal bouncing point
h, = (b/ —cq, a/), and the bouncing point after h, is the vertical bouncing point v, = (0, ¢;). Consequently, the bouncing
point after v, coincides with hy, and the orbit is an elementary window. 0O

The second part of Question (1) can be now answered. By the previous results, the possible structure of an integer
orbit S¢(k), k = [kq, k»], in a lattice billiard table 24 ,(h), can be summarized as follows

1. Sc(k) is degenerate if and only if k e { v, [a, b], [b, al}.
2. Sc(k) is admissible if and only if k; d1v1des c and b — ¢, and k; divides a (see Theorem 5),
)i

3. Sc(k is singular if and only if it is admissible, and (l L) divides i (see Theorem 10, and Corollary 12).

4, S, (k) is an elementary window if and only if it is adm1551b1e kz , and gcd(a, b) # 1 (see Theorem 15).
5. In any other case an admissible orbit is twisted.

5. Number of bouncing points and structural sequence of a generic integer orbit

In_this section we provide a quantitative description of how an admissible orbit Sc(k) is displaced in a lattice billiard
£2, b(h) In particular, we would like to compute the total number of bouncing points, their coordinates, as well as to
determine the structural sequence of S( k) from the only knowledge of k a, b.

As a first step, we introduce the following definition.

Definition 16. The path between two consecutive horizontal bouncing points of an orbit is said to be a Z-path of the orbit.
Excluding its endpoints, any Z-path consists of g+ 1 vertical points having alternating orientations, where q > —1 is said
to be the level of the Z — path.

So an orbit is a concatenation of Z-paths. Therefore, in order to investigate the geometric structure of an orbit, is
important to characterize the possible different lengths of its Z-paths.

Since orbits are closed paths, then for any admissible direction k there exists an integer number n = n(k) such that
any non singular orbit Sc(k) of .Qa,b(h) has the same number n of bouncing vertical points on both vertical sides of .Qa_b(h)
We wish now to investigate how these bouncing points distribute on each orbit.

Lemma 17. Let k = [k1, k2] be an admissible direction of £2q ( ) Then there exists an integer n(k) depending only on k, such
that any Z-path of any non singular orbit SC( ) of 24.p(h), has level q € {Zn(k) -1, 2n(k)}

Proof. Let P be a generic Z-path of the orbit Sc(k), and let n, m be the number of bouncing points of P on the left,
respectively the right, vertical side. Assume that n, m > 0. Let vp(L), v¢(L) (possibly vy(L) = v(L)) be, respectively, the
lowest and the highest bouncing point of P lying between the corner points Vy, V4, namely on the left vertical side of
£24,p(h). Analogously, let vp(R), v¢(R) (possibly vp(R) = v¢(R)) be, respectively, the lowest and the highest bouncing point
of P lying between the corner points V,, V3, namely on the right vertical side of §2,,(h). Denote by Ly, L, the distances
between v,(L) and V4, and between v¢(L) and V,, respectively. Analogously, let R, R, be the distances between v,(R) and
V,, and between v(R) and V3, respectively. Then we have

k2 k2
a=(n—12b" +Li+1Lp=(m— 12, +R +Rs.
1 1
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so that

ko
|m — n|2bk— =|L1 =R+ L —Ry| < |L1 — Rq| + |Lz — Ry|.
1

Since, independently of the Z-path, [l —Ry| = |l —Ry| = k , then |[n—m| < 1. The level of the Z-path is
q=n+m— 1, so, if we assume n(ﬁ) = min{n, m}, then q € {2n(k) - 1 2n( )}, and the statement follows.
In case n = 0 (resp. m = 0), then, of course, m € {0, 1} (resp.n € {0, 1}), and the statement holds for n(k) O

Corollary 18. The only integer orbits that can be traveled without changing the orientation are all elementary windows or,
possibly, singular orbits.

Proof. Let S (ﬁ) be an orbit of a lattice billiard £2, b(Fz) that can be traveled without changing the orientation. Then the orbit
must be a concatenatlon of Z-paths such that n(k) = 0. By using Eq. (2) we can assume k = [1, 1] in the lattice billiard

Qagb/(h) with @ i b= ” , Since n([1, 1]) = 0, then the bouncing points of the orbit alternate between horizontal
and vertical ones. Starting from the horizontal bouncing point h; = (c, 0), the orbit touches the billiard boundary in
bouncing points vy, hy, vo, and then reaches a bouncing point h3 = (c/, 0). If ¢’ = c, then the orbit is an elementary

window. Differently hs # hy, and, without loss of generality, we can assume that ¢’ > c. Since the orientation does not
change, then by continuing in traveling the orbit, the sequences of the first coordinate of the horizontal bouncing points
is increasing on the x-axis, and decreasing on the line y = a. Therefore, after a finite number of bounces, a corner is
reached, so a singular forward orbit is obtained. In case the opposite orientation is preserved when traveling also the
singular backward orbit from x = (c, 0) to the corresponding corner point, then a same orientation is preserved along the
whole singular orbit. O

Remark 19. In general, when traveling a singular orbit the orientation may change.

Since an elementary window consists of just four bouncing points having the same orientation, then the structural
sequence of an elementary window is simply # = (4), and, by Corollary 18, the elementary windows are the only
non-singular integer orbits whose structural sequence reduces to a single entry.

In view of the computation of the number of bouncing points of any other non degenerate integer orbit, and of the
characterization of the related structural sequence, we need a few preliminary results.

Lemma 20. Let a, b € N, a > b, and let w be an admissible direction of §245( ) Then, for any admissible orbit Sc(w) of §2,, b(h)
and for any lattice direction i = [uy, u,], there exists an equivalent orbit S./(h) in £24p(il)

Proof. Since i = [uq, uy] is a lattice direction, then also i+ = [uz, —u1] is a lattice direction. Therefore, by a rotation,
.Qa,b(h) can be mapped to a rectangle having sides in directions i and ti*. By means of a dilatation o3 of length |ju|| =

u% + uz, the lattice billiard £2, (1) = oa(.Qa’b(h)), is obtained. Since the resulting transformation preserves intersecting

lines, then the orbit S.(w) in .Qa.b(ﬁ), passing through x = (c, 0), and the orbit S.(og(w)) in £2,(1), passing through the
point o3(x) = (c||u|| cos g, c||ut]| sin 3 ), with « integer, have the same number of bouncing points on corresponding sides
of the two billiards. In addition, the clockwise and counterclockwise orientation of the bouncing points is also preserved
by o(i1). Therefore, the two obits are equivalent. O

Corollary 21. Leta, be N,a> b, and let k be an admissible direction of 24, b(h) Then the structural sequence ofany admtsstble
integer orbit Sc(k) of 24.p(h ) is the same as the structural sequence of an orbit S./ (h) in Q¢ p([1,—1]), whered = £, b =

Proof. By Theorem 7, the orbit SC(E) in .Qa’b(lql) is equivalent to some orbit Sc/([1, 1]) in the lattice billiard £2 /b/(fl)
Assuming w = [1,1], and u = [1, =11 by Lemma 20 there exists an orbit S¢/(h) in 2y y([1, —1]) having the same
structural sequence of Sy/(w) in 2y p(h). O

Remark 22. In order to have an easier way of computing the number of bouncing points of an integer orbit, we now adopt
the usual strategy of unfolding the billiard 2, ,(h) where a = gb+s,0 <s < b (see, for instance [2,12]). In particular,
thanks to Theorem 7, we can focus on the orbits in direction k = [1, 1] (see Fig. 5). By unfolding the billiard, the vertical
and the horizontal bouncing points of the orbit S.([1, 1]) (apart from their exact positions), can be represented as the
intersections of the line y = x — ¢ with the lines x = pb and y = ma, respectively, where p, m > 0. In particular, we call
vertical intersections of the orbit the points intersected on the lines x = pb, which correspond to vertical bouncing points
placed on x = 0 for p odd, and on x = b for p even. Analogously, we call horizontal intersections of the orbit the points
intersected on the lines y = ma, which correspond to the bouncing points on the horizontal sides of the original billiard,
placed on the lines y = 0, or y = a, according as m is even or odd, respectively.
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Fig. 5. Representing the orbits as lines in an unfolded billiard. The bottom-left rectangle corresponds to the original billiard table. Here, a = 10, b = 4,
so q =2,s = 2,r = 2. Three orbits are shown, the upper one being singular.
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Lemma 23. leta=qgb +5s, 0 <s < b, and let r be the smallest integer such that sr = 0 (mod b). If r is even, then %5 is an
odd integer.

Proof. §ince sr =0 (mod b), and r is even, then b is even. So, it holds b = 2¢8, with «, 8 € N, 8 is odd, a/nd by hypothesis,
r = 2% B/, where 8’ is odd. Since sr is the minimum multiple of b involving s, we have that s = 2*~* 8", with 8” odd.
Consequently 7 is odd. O

Remark 24. Let a = gb+5, 0 < s < b, and let r be the least integer such that sr = 0 (mod b). It holds that gcd(a, b) = %

Proof. By hypothesis it holds that ra = 0 (mod b), so there exists t > 0 such that ra = tb. By the minimality of r we

have t = , and, consequently, r =

_a _b
ged(a,b) ged(a,b)

Theorem 25. In any lattice billiard .Qa,b(ﬁ) the number of bouncing points of an admissible twisted orbit S¢([1, 1]) is twice the
number of bouncing points of an admissible singular orbit having the same direction.

Proof. Let a = gb + 5,0 < s < b, and let r be the least integer such that sr = 0 (mod b).

Consider a singular integer orbit S.([1, 1]). Since the unfolded billiard is invariant by a translations of the vectors
[b, 0], [0, a] or [b, a], then, up to such a translation, we can always assume that the singular orbit starts at ¢ = 0, so it
is represented by the line y = x. The second endpoint of the singular orbit corresponds to the first corner point reached
by the line y = x in the unfolded billiard, and consequently, it is of the form (ta, ta) for some integer t > 0. A corner
point in the unfolded billiard has coordinates (O (mod b), ta), so it must be ta = 0 (mod b). Since a = bq+s, then ts =0
(mod b), and consequently t = r. Therefore, the bouncing points of the singular orbit correspond (up to sign exchange of
the coordinates when needed) to the horizontal and to the vertical intersections of the line y = x in the set of horizontal
strips o, 0 <m <.

Now, consider a twisted integer orbit S.([1, 1]), and displace the orbit as the line y = x — c in the unfolded billiard.
For y = ra the line reaches the point (ra + c, ra). .

If r is odd, this corresponds to a bouncing point placed on the side y = a of the billiard table £2,,(h), different from
the starting point x = (c, 0), meaning that the orbit is not completed at this point. By continuing the line y = x — ¢ across
the strips o, for r < m < 2r, the point (2ra + c, 2ra) is reached. Note that 2ra = 2b (rq + %) so, by Remark 22, the line

S

x = 2ra corresponds to the side of £2, ,(h) placed on the line x = 0. Therefore, the point (2ra + c, 2ra) corresponds to the
bouncing point (c, 0) and the orbit S.([1, 1]) closes.

If r is even, then the point (ra + ¢, ra) corresponds to a bouncing point placed on the side y = 0 of the billiard table
2q(h). By Lemma 23, ¥ is odd. Therefore, by Remark 22, the line x = ra corresponds to the side of £2,(h) placed on
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Fig. 6. Changing a rectangular lattice billiard £2,,([1, —1]) in a lattice octagon £2(42,2)([1, —1]), where a = 7, b = 5. Left: The original billiard table.
Middle: Reducing the size and doubling the vertices. Right: The resulting lattice octagon.

the line x = b. Consequently, the point (ra + c, ra) corresponds to the bouncing point (b — c, 0), meaning that the orbit
Sc([1, 1]) is not completed at this point. By continuing the line y = x — ¢ across the strips oy, for r < m < 2r, the point
(2ra + c, 2ra) is reached. As in the case when r is odd, it corresponds to the bouncing point (c, 0) and the orbit S.([1, 1])
closes.

In any case, the line y = x — ¢ covers 2r strips, so the number of bouncing points of the twisted orbit is twice the
number of bouncing points of the singular orbit, and the statement follows. O
Corollary 26. Let Qa,b(ﬁ) be a lattice billiard, where a = gb + s, 0 < s < b. Any admissible singular orbits have N =
bouncing points, while admissible twisted orbits have 2N bouncing points,

a+b
gcd(a,b)

Proof. Let r be as in Remark 24. By the proof of Theorem 25, it follows that the line y = x has rq+ % vertical intersections
in the union of the r strips o, 0 < m < r. In addition, there exist r horizontal intersections. Since the line y = x
corresponds to a singular orbit, then, by Remark 22, the number of bouncing points is N =rq+r+ 3 = r(“;rb) = gc‘zliabb)'
which proves the statement for admissible singular orbits, and, by Theorem 25, also for admissible twisted orbits. m]

Remark 27. If gcd(a, b) = 1, thenr = b, so N = a+b. By Remark 13, since gcd(a, b) = 1, then for any admissible direction
k there exist only the two corresponding singular orbits. Therefore, in this case, the k-singular path visits all the points
of the billiard table, so it can be considered as a kind of ergodic property from the integer point of view.

Theorem 25 and Corollary 26 provide answers to Question (2). We now focus to Question (3), coming back to
Corollary 26 after determining the characterization of structural sequences of integer orbits.

Lemma 28. For any a,b € N, a > b, and any admissible direction k= [kq, ko), there exist precisely d’ + 1 different integer

orbits Sc(k) in 2q(h), where d’ = gcd (ﬁ %)

Proof. By a cardinality argument, we divide the total number of points of BQar,b/(Fl), by the number of points of each non
singular orbit. Precisely, we get 2(a’ + b') - m = bT By Remark 24 it holds b? = gcd(d’, b’) = d'. Since one of these
orbits is a singular path, it splits into the two singular orbits, reaching the total orbits’ number d’ + 1. O

Remark 29. The result stated in Lemma 28 can also be obtained by Theorem 7: for any integer orbit S¢(k), 0 < ¢ < b in
£2q,p(h), there exists an equivalent integer orbit S¢/([1, 1]) in 24 (h), where a’ = % b= % = ﬁ It is known that in
any arithmetic billiard .Qagbf(ﬁ) there exist precisely d’ — 1 closed integer orbits in direction [1, 1], where d’ = gcd(a’, b’)

(see, for instance, [19]). By adding the two singular orbits, the statement follows.

Lemma 30. For any a, b,c e N,a > b, 0 < ¢ < b, the set consisting of all integer orbits Sc(ﬁ) of the billiard table 2, 5([1, —1]),
together with the h-singular path, corresponds one-to-one to the set of hv-convex paths of Curl(a, b).

Proof. Reduce by one, in the [1, —1] direction, the size of the billiard table, then replace the bottom and the upper corner
points by a pair of horizontally adjacent lattice points, as well as replace the left and the right corner points by a pair of
vertically adjacent lattice points. This changes £2, 5([1, —1]) in a lattice octagon §24 2 »,2)([1, —11]), having two small vertical
sides, and two small horizontal sides, both with two lattice points, two sides in direction [1, —1] of length (b — 1)ﬁ, SO
containing b lattice points, and two sides in direction [1, 1] of length (a — 1)4/2, so containing a lattice points (see Fig. 6).

Starting from an arbitrary point of 3£2(,252)([1, —1]), and moving along the boundary, say counterclockwise, we
progressively label the lattice points of 9£2(2.5.2)([1, —1]) from 1 to 2a + 2b. Let S°, S! be, respectively, the sets of the
even and of the odd labeled vertices. Then, S° N S' = @, |S°| = |S!| = a + b, and S°, S! have the same number of lattice
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Fig. 7. Correspondence between orbits in §2,,([1, —1]) and hv-convex paths in Curl(a, b). Here, a = 6, and b = 4, so d = gcd(a, b) = 2. The two
singular orbits are glued together in a single hv-convex path.

points on each horizontal and on each vertical line. Therefore S = (5°, S') is an hv-convex switching convex component.
In particular, since a # b, then it is an hv-convex curl (see [7,8]), and consequently S = Curl(a, b), Therefore, the set of
lattice points of 9£2(42,5,2)([1, —1]) is in one-to-one correspondenceﬁwith the set of turning points of Curl(a, b).

Now, by Lemma 28, there exists precisely d + 1 integer orbits S.(h) in §2,([1, —1]), where d = gcd(a, b). In particular,
d — 1 are closed integer orbits, and two are singular orbits (see Fig. 7, left).

By Remark 1, Curl(a, b) consists of d different hv-convex paths of equal lengths (see Fig. 7, right). Note that, due to the
corner’s doubling, one of these d hv-convex paths corresponds to the h-singular path of §2,,([1, —1]), while each one of
the remaining d — 1 hv-convex paths corresponds to one of the d — 1 closed integer orbits, and the statement follows. O

Corollary 31. Any switching component of an hv-convex polyomino is the joining of Z-paths having only 2 different levels.

Proof. By Lemma 17. and Corollary 21, each Z-path has level q € {2n(71) -1, 2n(f1)} in £2,5([1, —1]), so the same holds
in the corresponding polyomino P. By Lemma 30 the statement follows, since any switching component of P identifies
with an orbit S.(h) of £2,,([1, —1]). O

Remark 32. Lemma 17 and Corollary 31 provide answers to Question (4). We emphasize that the property of Z-paths
having the same level had been already assumed for true in the folklore related to the research concerning hv-convex
polyominoes, but, as far as we know, it has been never proved explicitly. The results in [10] raised some doubts on its
truth, which, instead, can be now confirmed.

Remark 33. Consider the bouncing points A, B of a twisted orbit that are closest to the origin, and placed, respectively, on

the lines x = 0, y = 0. Since we always assume k = [kq, k] such that kq, k, > 0, then it follows that A, B have the same

orientation. Let 7 be the generating sequence of the twisted orbit computed by Algorithm 1: GenSeq. Since it is cyclically

considered, we can always list the entries stblch that the first one corresponds to the segment containing the bouncing
a

points A, B. Denote by n* = (7(1), ..., 7(%;>)) such a rearrangement of .

Theorem 34. Let a,b € N, witha > b, and d = gcd(a,b) > 1, and let n* = (7(1), 7 (2)..., n(%b)). Then, the
structural sequence of the twisted orbits of .Qa_b(ﬁ) is (7*),, while the structural sequence of singular orbits is &7’ = (7 (1) —
2,7(2)..., T(2)).

Proof. By the proof of Lemma 30, it follows that a twisted orbit of Qa,b(fl) corresponds to an hv-convex path of Curl(a, b),
where the clockwise and counterclockwise alternation of the turning points is preserved. By Remark 1, and Remark 33,
the structural sequence of a twisted orbit is (77*),.

Consider now the singular orbit of £2,,(h) containing the origin. By Theorem 25, a singular orbit has half of the
bouncing points of a twisted orbit. Note that two of the bouncing points of a singular orbit correspond to corner points,
and consequently these do not contribute to the construction of the structural sequence. The singular orbit consists of
different segments, each one placed between parallel segments belonging to the twisted orbit through the points A, B
introduced in Remark 33, so it can be obtained by identifying both A, B with the corner point O(0, 0), and then walking
the singular orbit along segments parallel to the segments of the twisted orbit. Therefore, after half of the length of the
twisted orbit, we get 7/, which consequently reproduces the first part of the structural sequence of the twisted orbit, apart
the first entry 7(1), that must be lowered by 2, corresponding to the identification of A, B with the origin. This implies
that 7’ = (7 (1) — 2, 7 (2)..., n(%)). Let P be the second corner point belonging to the singular orbit through the origin.

Now, apply a rotation that moves to the origin one of the corner points of the second singular orbit of the same lattice
billiard. Then, by the same previous argument, we get that 7’ is also its structural sequence, and the statement follows. O

Thanks to this, and using h = | -2 |, =2h+ 1, y = 2h + 3, N, = 2(h + 1)a — 2(h + 2)b, and N,, = 2(h + 1)b — 2ha
(see Section 2), we get the following result.
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Theorem 35. Let a,b € N, a > b, and d = gcd(a, b). The structural sequence of any admissible twisted orbits Sx(fl) in
§24.5([1, —1]) consists of NT“ entries « = 2h+ 1, and NTV entries y = 2h+ 3. For the structural sequence of admissible singular

orbits the number of entries «, y is ';'—3 + 1, and ';—Z — 1, respectively.

Proof. By [8, Theorem 17], the sequence associated to Curl(a, b) is 4, and consists of N,, entries equal to o, and N,, entries

equal to y. Therefore, the number of entries @ and y corresponding to (%), is NT“ and NTV respectively. Note that, as
described in Section 2.4, the point having label 1, always belongs to the set I,,. This means that it always holds (1) = y.
As described in the proof of Lemma 30 (see also Fig. 6), such a point corresponds to a point of the lattice billiard closest
to a corner point. Therefore, by Remark 33, we can always assume that 7 (1) = y,

Consider now a singular orbit. By the above argument, and by Theorem 34, the first entry of 7’ is y — 2 = «, and the
statement follows. 0O

The following result summarizes the description of the structural sequences of any non degenerate integer orbit of
any lattice billiard £2, 5(h).

Theorem 36. Let k = [k1, ka1 be an admissible direction of .Qa_b(ﬁ). Then, as computed by Algorithm GenSeq, the sequence

7 consists of ”;b/ entries, where @' = % b = % d = gcd(d, b'). The structural sequence of an admissible orbit SC(E) is
(m*) = (mw(1), ..., n(“ff’))z ifSC(E) is twisted, and ' = (7w(1)—2, ..., n(%b)) ifSC(E) is singular The number of bouncing
points is % or %, according as the orbit is twisted or singular, respectively.

Proof. By Corollary 21, SC(E), is equivalent to the orbit SC/(H) in 24 y([1, —1]). By Algorithm GenSeq, applied with

entries a’, b’, it follows that 7w consists of ¢—b" entries. Therefore, if Sc/(ﬁ) is twisted, then its structural sequence is

d

(%), = (7(1), ..., w(%SL)),. By Theorem 35, among the 2“;”’ entries of (1), ’Z—‘f equal « = 2h + 1, and IZ—{, equal
y = 2h + 3, where h = L,”%b,J Therefore, we have a total amount of O‘N“d#NV bouncing points, namely
N, + yN 2h+1 2h+3 2d + b
oNa Ny _ CRAD o 1yg = a4 200) + 23 ot + 1) — 2ha) = HLHED
d d d d
bouncing points, and the statement follows for twisted orbits. The two singular orbits in direction k correspond to singular
orbits of 24 ,([1, —1]). By Corollary 21, each one has structural sequence =" = (7 (1) — 2, ..., n(%)) if Sc(k), and the

statement follows also for singular orbits. O

Example 37. Let us summarize the obtained results with an illustrative example. Assume k= [3,2] a=48,b =45, and
consider the non degenerate admissible orbits Sc(k) of £24g 45(h), where 0 < ¢ < 45 so that ¢ = 3t for some integer t > 0
(Theorem 5). R

Since % # ;% then the orbits S.(k) are not elementary windows (Theorem 15).

Since (% %) = (24, 15), and gcd(24, 15) = 3 then, by Corollary 12, Sc(ﬁ) is singular if and only if 3 divides ﬁ =t,
that is t = 3 s, and consequently ¢ = 9s, for some integer s > 0. Therefore, the two singular orbits are obtained when
c €1{0,9, 18, 27, 36, 45}, where three different values of ¢ correspond to different horizontal bouncing points of a same
orbit.

The other allowed values of ¢ correspond to twisted orbits.

Since d = gcd(a, b) = 3, then there exist d + 1 = 4 orbits, two of them are twisted and two are singular (See Fig. 8
for a representation of the orbits).

The structural sequence of any orbit is obtained as stated in Theorem 36, where @’ = 24, b’ = 15, and in particular,

being h = La/”f'b,J = 1, The structural sequence of a twisted orbit has & = w = 2 entries equal to a =

2h+1 = 3,and [;—7 = W = 4 entries equal to y = 2h+3 = 5, where d’ = gcd(d’, b’) = 3. The alternation of these

entries can be explicitly computed by means of Algorithm GenSeq, which returns = = (5, 5, 3) (see also [8, Example 29]).
a-b

Note that it consists of “7~ entries. The structural sequence of the twisted orbits is (7*), = (5,5, 3), = (5,5, 3,5, 5, 3),
while 7’ = (3, 5, 3) is the structural sequence of singular orbits. The two singular orbits have “'}”' = 13 different bouncing

points, while the twisted orbits have 26 different bouncing points. Note that the number N of bouncing points of the
singular orbits, and 2N for twisted orbits can also be computed by means of Corollary 26, referred to a’, b’ and the related
parameters. Indeed, we have 24 = 1- 15+ 9, and gcd(24, 15) = 3, so we get N = “3& = 13 bouncing points for the
singular orbits.

6. Concluding remarks

We have discussed several properties of rational orbits in rectangular lattice billiard tables, where the constraint that
all bouncing points must belong to the integer lattice Z? has been assumed. Differently from the continuous case, the
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(a) (b) (©)

Fig. 8. The orbits S.([3, 2]) in .(248,45@1). (a) The black path provides the twisted orbit corresponding to ¢ € {3, 15, 21, 33, 39}, having structural
sequence (5,5, 3);. (b) The red path provides the twisted orbit corresponding to c € {6, 12, 24, 30, 42}, also having structural sequence (5, 5, 3),.
(c) The solid and the dashed blue paths are the two singular orbits (corresponding, respectively, to ¢ € {9, 27,45}, and to c € {0, 18, 36}), where
(3,5, 3) is the structural sequence for both of them. These can be interpreted as the single k-singular path, k = [3, 2], having structural sequence
(3,5, 3),, up to identify the top-left and the bottom-right corners, and the top-right and the bottom-left corners (see the online version for the
different colors). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

main questions have a pure combinatorial nature, and the results strongly depend on the numerical properties of the
involved parameters. A complete classification of integer orbits has been provided, and different related problems have
been studied, in particular their existence in a given lattice billiard table, their geometric structure, the total number of
their bouncing points and the corresponding sequences of clockwise and counterclockwise turns. The main results are
summarized in Theorem 5, concerning the characterization of the allowed integer orbits, in Theorem 7 on their mutual
equivalence, in the characterization of singular orbits and elementary windows provided by Theorems 10 and 15, and
in Theorem 36 concerning the geometric and the combinatorial characterization of the structural sequences of integer
orbits. As an additional remark, when the orbits have direction [1, 1], then the properties concerning arithmetic billiards
(see [19]) can be included as special cases.

These results seem to be promising, and encourage us to deepen and generalize the study of integer orbits, even
exploring possible different paths. For example, one could try to extend the results to lattice billiard tables consisting
of convex polygons different from a rectangle, or even non convex polygons. Also, as we have already pointed out,
connections with polyominoes, as well as with some aspects usually considered in Discrete Tomography exist, so possible
additional applications of the obtained results could be further explored.
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