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Abstract—Electromagnetic torque harmonics commonly exist 

in electrical drives due to inverter modulation, current harmonic 

propagation, etc. They excite torsional vibrations on the shaft 

which are reflected in the electrical quantities, such as stator line 

currents. In this paper, the existence of current harmonics 

originating from both voltage harmonics due to inverter 

modulation and mechanical oscillations in a surface-mounted 

permanent magnet synchronous machine (SPMSM) drive is 

analysed in depth. An analytical model which can accurately 

predict current harmonic amplitudes is presented. The theoretical 

development is also useful for detecting incipient torsional 

resonance or for identifying the natural frequencies of the 

electrical drive, both analytically and experimentally. An 

experimental setup consisting of a 6.9 kW SPMSM coupled to a dc 

generator is used to validate the theoretical studies. 

 
Index Terms—Vibrations control, torsional resonance, PWM 

harmonic, shaft torque harmonic, resonant frequency. 

I. INTRODUCTION 

LECTRICAL drives are subject to mechanical vibrations 

originating from mechanical and electrical sources [1]. 

The most common causes of torsional vibrations are 

perturbations in the motor power supply [2], non-sinusoidal 

back-emf [3], mechanical imperfections (shaft misalignment, 

eccentricity [4]), load oscillations, bearing and/or gearbox 

faults [5], slip-stick phenomenon [6]. In a variable frequency 

drive, torsional vibrations increase audible noise [7], accelerate 

shaft fatigue, reduce the drive-train lifetime, and can cause 

mechanical damage with shaft breakdown as the worst outcome 

[8]. Therefore, understanding and monitoring the vibrations, as 

well as applying suitable damping techniques is essential for 

any electrical drive. 

Various techniques have been employed for measuring 

torsional vibrations beyond the common ones (strain gauges, 

torque meters) [9]. Recently, a wireless on-shaft unit with high 

performances has been proposed for online vibration 

monitoring [10]. Another non-invasive method consists in 

using the electromagnetic torque signature [11], or the cogging 

torque for stator circumferential vibration [12]. Since 

measuring the air-gap torque directly is not easy, estimating it 

from measured voltages, currents and estimated resistance is 
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proposed [11]. The stator current harmonics are often used as 

an indicator of torsional vibrations and mechanical faults. The 

current envelope, combined with a time-frequency analysis, 

provides sufficient details for monitoring torsional vibration 

due to gearbox faults [13], blade imbalance [14], load torque 

oscillations [15]. Current signature is also used for identifying 

bearings defects [16] and inter-turn faults [17]. A thorough 

analysis of the torsional vibrations in a permanent-magnet (PM) 

machine drive is presented in [18]. However, neither a 

methodology nor guidelines are proposed to compute the 

amplitude of the current harmonics. 

All the above-mentioned papers assume a mechanical torque 

harmonic at a frequency fm which, regardless of its origin, is 

reflected on the electrical side giving rise to two current 

harmonics at frequencies |f1 ± fm| (current “paired” harmonics), 

f1 being the fundamental frequency of the supply voltage. A 

detailed graphical representation of the relationship between 

mechanical and electrical quantities and the corresponding 

frequencies is given in [19]. On the other hand, a simple 

analytical model is presented in [20], regarding both SPMSM 

and induction machine. It was experimentally proved that the 

amplitudes of these paired current harmonic components 

change proportionally to the twisting torque, enabling dynamic 

monitoring of the shaft torsional vibration. Reference [20], 

however, does not analyse how the individual amplitude of each 

paired harmonic changes with frequency. In [21], the machine 

model was modified to account for a ripple in the rotor speed 

and predict the line current harmonics. However, the procedure 

is iterative, it refers to an induction machine only, and does not 

consider the mechanical coupling between the motor and the 

drivetrain. In [22], torque and speed harmonic quadrature 

magnitudes are related to a pair of harmonic current quadrature 

amplitudes by a unique relationship that accounts for stator 

copper losses. However, the model uses a one Degree-of-

Freedom (DOF) mechanical system, which is not suitable for 

analysing torsional vibrations. In [2], a multiple synchronous 

rotating frames-based drive model is employed to obtain a 

relationship between injected voltage and resulting current 

harmonic: this relation depends on motor speed and drive 

control. This approach involves low-pass filters and additional 
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controllers which cause delays and stability problems, 

especially in presence of speed harmonics, as shown in [23].   

The existing literature exhibits some gaps which need 

addressing: 

1) no complete analytical model of a SPMSM drive 

including the voltage-source inverter (VSI) and 

mechanical load is available to predict current harmonic 

amplitudes due to voltage harmonic excitation near 

mechanical resonance; 

2) no comprehensive explanation can be found for the 

origin of paired current harmonics due to a single voltage 

harmonic and for their correlation with electromagnetic 

and shaft torque components; 

3) overlook in the interpretation of current harmonic 

amplitude behaviour around critical operating points. 

This paper will present a comprehensive model of an 

SPMSM electrical drive at torsional resonance. A voltage 

harmonic originating from VSI modulation gives rise to current 

and, consequently, torque harmonics. The paper will explain in 

detail how this voltage harmonic propagates through the control 

and affects the overall drive response. The proposed model can 

predict current “paired” harmonics at mechanical resonance: 

their amplitudes vary with the operating conditions (speed and 

load) and hence, can be used to forecast torsional resonance.  

The main contributions are:  

1) An all-inclusive 7th-order mathematical model of an 

electrical drive including speed/current control, SPMSM 

electrical equations and 2DOF mechanical model to 

describe drive’s behaviour at torsional resonance; 

2) Prediction of electromagnetic and shaft torque harmonics 

as well as paired current harmonics at resonance 

originating from VSI modulation;  

3) Novel interpretation of the amplitude similarity between 

torque and current harmonics at resonance; 

4) Analysis of the effect of load torque, inertia and current 

loop bandwidth on the model robustness as well as on the 

torsional resonance severity. 

Torsional resonance can be detected by monitoring the shaft 

torque waveform acquired by a torque meter, that is not 

typically employed in electrical drives. Among the model 

advantages highlighted in this paper is the possibility to predict 

the resonance by monitoring only the line current.  

The paper is organised as follows. The analytical model is 

presented in Sec. II. An extensive sensitivity analysis is 

performed in Sec. III. In Sec. IV an experimental setup 

consisting of a 6.9 kW SPMSM machine coupled with a dc 

generator which supplies a passive load is used to validate the 

theoretical model. Conclusions are presented in Sec. V. 

II. ANALYTICAL MODEL OF AN SPMSM DRIVE 

A. Assumptions 

The electrical drive considered in this paper is shown in Fig. 

1 and consists of a SPMSM coupled to a load and supplied by 

a VSI. To describe the drive mathematically by suitable 

differential equations, the following assumptions are made:  

1) The machine is a surface-mounted PM one (thus, Ld = Lq 

= L), with nearly-sinusoidal air-gap flux density 

distribution, and constant PM flux linkage PM, np pole 

pairs and resistance R.  

2) Magnetic saturation as well as the effect of the stator 

teeth and slots on the air-gap torque are neglected. 

3) Mechanical coupling is non-ideal, i.e. the joint has finite 

stiffness K and non-zero damping B; the motor and load 

moments of inertia Jm, JL are considered separately. 

4) Decoupled inner current and outer speed control based 

on PI regulators (parameters kpI, kiI, kp, ki) are used, 

enforcing maximum-torque-per-ampere conditions. 

Regardless of the modulation technique, the SPMSM supply 

voltage will contain harmonic components [24], which generate 

current harmonics, and consequently torque ripple. This causes 

oscillations of the rotor angular position and machine speed 

[25], which are fed back to the control. The sinusoidal 

oscillation, superposed to the constant terms in the SPMSM 

dynamical model in the dq-frame, leads to a nonlinear system 

[26], which is linearized around a steady-state operating point. 

B. Mathematical Model 

The system in Fig. 1 is based on a second-order electrical 

machine model, a second-order mechanical model and a third-

order control model.  

The machine model in the -frame is (p=d/dt): 

 ( )
  ψ

v

ref dist

h
v v R i p  

+ = +  (1) 

 

The quantity ( )v

dist

h
v

  denotes a generic harmonic voltage 

input disturbance of order hv deemed to arise in the abc-frame 

as a result of the inverter modulation (either due to switching or 

overmodulation).  

 
( ) ( )( )1cos 0;  120 ; 12ˆ 0

v

dist

h vabc h
v V h t= + −  +  ,(2) 

 

 

Fig. 1.  System under study: electrical drive consisting of a dc power source, VSI, PMSM, load and control system. 
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where ω1 is the fundamental angular frequency. These are 

treated as “inputs” and their mapping into the dq-frame will be 

explained in Sect. II.C. Voltage refv
 represents the voltage 

imposed by the current controllers and may include harmonics 

propagated through the control. 

The mechanical model is a second-order one (Fig. 1), where 

viscous damping torque Bmωm and BLωL are usually neglected: 

{
𝐽𝑚 𝑝𝜔𝑚 = 𝑇𝑒𝑚 − 𝐾(𝜃𝑚 − 𝜃𝐿) − 𝐵(𝜔𝑚 − 𝜔𝐿) − 𝐵𝑚𝜔𝑚
𝐽𝐿 𝑝𝜔𝐿 = 𝐾(𝜃𝑚 − 𝜃𝐿) + 𝐵(𝜔𝑚 −𝜔𝐿) − 𝑇𝐿 − 𝐵𝐿𝜔𝐿

 (3) 

 

The control system in a dq-frame consists of current and 

speed PI controllers: 

 
Ω;  ;  ref ref ref

id d d iq q q m mp i i p i i p    = − = − = − (4) 

 

 

( )

( ) ( )

( )Ω Ω Ω

ref ref

d pI d d iI id p m q

ref ref

q pI q q iI iq p m PM d

ref ref

em p m m i

v k i i k n Li

v k i i k n Li

T k k

 

  

  

 = − + −



= − + + +


= − +

(5) 

 

The inverter is represented by a time constant Tsw. 

 𝑣̄𝑑𝑞 = (1 + 𝑝𝑇𝑠𝑤)
−1 𝑣̄𝑑𝑞

𝑟𝑒𝑓
 (6) 

 

By applying the small signal analysis about a steady-state 

condition (subscript 0), the following model in matrix form 

derives, linking up the control part with the electrical and 

mechanical drive dynamics (1)-(6) (see [1] for further details): 

 𝑠 ⋅ Δ𝑥 = 𝑨𝒔𝒚𝒔 ⋅ Δ𝑥 + 𝑩𝒖 ⋅ Δ𝑢 (7) 

 

where Asys (6x6) and Bu (6x2), as given in (8), are system and 

control input matrices, respectively, s is the Laplace variable, 

Δx is the vector of state variables variations and Δu is the vector 

of inputs (Sect. II.C), as given in (9). 

  Ωψ ψ Δ Δε Δε Δε
T

d q id idx  =    

  Δ Δ Δ
T

d qu v v=  (9) 

 

where Δψd and Δψq are flux variations, Δω is motor electrical 

speed variation, Δεid, Δεiq and ΔεΩ are variations of the 

controller integral errors.  

Solving (7) yields transfer functions ( )in

outG s  between the 

inputs (in = Δid , Δiq ) and the state variables (out = Δψd , Δψq , 

Δω ). Hence, each state variable variation depends on two 

terms, related to both inputs: 

 

{
 
 

 
 𝛥𝜓𝑑(𝑠) = 𝐺𝛥𝜓𝑑

𝛥𝑣𝑑(𝑠)𝛥𝑉𝑑(𝑠) + 𝐺𝛥𝜓𝑑
𝛥𝑣𝑞(𝑠)𝛥𝑉𝑞(𝑠)

𝛥𝜓𝑞(𝑠) = 𝐺𝛥𝜓𝑞
𝛥𝑣𝑑(𝑠)𝛥𝑉𝑑(𝑠) + 𝐺𝛥𝜓𝑞

𝛥𝑣𝑞(𝑠)𝛥𝑉𝑞(𝑠)

𝛥𝜔(𝑠) = 𝐺𝛥𝛺
𝛥𝑣𝑑(𝑠)𝛥𝑉𝑑(𝑠) + 𝐺𝛥𝛺

𝛥𝑣𝑞(𝑠)𝛥𝑉𝑞(𝑠)

 (10)  

 

Current variations Δid and Δiq are simply Δidq = Δψdq / L.  

C. Inputs u of the system in the dq-frame 

It is assumed that, due to the voltage harmonic 𝑣̅𝛼𝛽(ℎ𝑣)
𝑑𝑖𝑠𝑡 , the 

motor angular speed oscillates about its steady state value and 

thus the electrical angle  is as follows: 

 𝜃 = 𝜔1𝑡 + 𝜃̂ℎ𝑠𝑖𝑛(ℎ𝜔1𝑡 − 𝜑𝛺,ℎ) = 𝜔1𝑡 + 𝛥𝜃
𝑑𝑖𝑠𝑡,(11) 

 

where θ̂h
 is the ripple amplitude. Positive and negative 

sequence harmonics produce h=hv–1 and h=hv+1, respectively. 

To map disturbance voltage (2) into the dq-frame, one can 

linearise operator exp(-jθ) with respect to ripple amplitude θ̂h

:  

 ( )( )1 1θ ωθ

1 Ω,
ˆ1 θ sin ω φ

dist
j t j j tj

h h
e e e j h t

− −  −−
=  − − (12) 

 

Applying the power-invariant Park transform to ( )v

dist

h
v

  in (2) 

with (11) and (12), and ignoring 2nd-order vanishing terms such 

as “ ˆ
h hV  ”  yields:  

 
( ) ( ) ( ) ( ) ( ) 

v v

j tdist dist

dq h h
v t v t e





−
= =   

 ( ) ( ) 1 1     3 / 2  ˆhV cos h t jsin h t = + +  (13) 

 

where h=hv 1 for positive/negative sequence.  

So, it can be assumed that the input voltage variations due 

to 𝑣̄𝛼𝛽(ℎ𝑣)
𝑑𝑖𝑠𝑡  disturbance are: 

 
( )

( )

1

1

Δ 1.5 cos  

 Δ 1.5   ,

ˆ

ˆ

d h

q h

v V h t

v V sin h t





=

=
 (14) 

𝑨𝒔𝒚𝒔 =

[
 
 
 
 
 
 
 
 
 −

𝑅

𝐿
−

𝑘𝑝𝐼

𝐿(1+𝑠𝑇𝑠𝑤)

𝑠𝑇𝑠𝑤

1+𝑠𝑇𝑠𝑤
𝜔0

𝑠𝑇𝑠𝑤

1+𝑠𝑇𝑠𝑤
𝜓𝑞0

𝑘𝑖𝐼

1+𝑠𝑇𝑠𝑤
0 0

−
𝑠𝑇𝑠𝑤

1+𝑠𝑇𝑠𝑤
𝜔0 −

𝑅

𝐿
−

𝑘𝑝𝐼

𝐿(1+𝑠𝑇𝑠𝑤)
𝑎23(𝑠) 0

𝑘𝑖𝐼

1+𝑠𝑇𝑠𝑤

𝑘𝑝𝐼𝑘𝑖Ω

𝑛𝑝𝜓𝑃𝑀(1+𝑠𝑇𝑠𝑤)

0 𝑎32(𝑠) 0 0 0 0

−
1

𝐿
0 0 0 0 0

0 −
1

𝐿
−

𝑘𝑝Ω

𝑛𝑝
2𝜓𝑃𝑀

0 0
𝑘𝑖Ω

𝑛𝑝𝜓𝑃𝑀

0 0 −
1

𝑛𝑝
0 0 0

]
 
 
 
 
 
 
 
 
 

 

1 0

01 

0 0

0 0

0 0

0 0

 
 
 
 

=  
 
 
 
 

uB  

 

( )
( ) ( )

2

2

32 2

PM L

p

m L m L m L

J s Bs K
a s n

L J J s B J J s K J J

 + +
=

+ + + +
  and  ( )

( )
Ω

23 0 2
1 1

pI psw

d

sw p PM sw

k ksT
a s

sT n sT



= − −

+ +
 

 

(8) 
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where h is the harmonic order in dq-frame.  

D. Current harmonics in the abc-frame 

By superposing the effects of both inputs Δvd and Δvq on the 

same state variable in the frequency domain, shown in (10), 

currents Δid and Δiq and the motor electrical speed can be 

expressed back in the time-domain as: 

 

( )

( )
( )

1 ,

1 ,

1 Ω,

Δ cos ω φ

Δ cos ω φ ,

Δω ω

ˆ

ˆ

ˆ cos ω φ

d dh id h

q qh iq h

h h

i I h t

i I h t

h t

 = −



= −


= −

 (15) 

 

where amplitudes Îdh, Îqh,  and ω̂h , and phases φid,h, φiq,h, and 

φΩ,h depend on all the parameters in the system matrix Asys and 

are computed by evaluating the trigonometric sum of the 

transfer functions in (10) at the exciting frequency hω1, as 

shown in [27]. 

By taking the magnetic axis of phase a as the origin for the 

rotor angle, the instantaneous line current ia is computed using 

(15) and (12): 

 𝑖𝑎 = 𝑅𝑒[(𝑖𝑑𝑞0 + 𝛥𝑖𝑑𝑞)𝑒
𝑗𝜃] ≈ 𝑖𝑎(1) + 𝛥𝑖𝑎, (16) 

 

where the fundamental component is: 

 ( ) ( )(1) 0 1 0 1cos sina d qi i t i t  − , (17) 

 

and the line current ripple Δia consists of several terms: 

 ( ) ( )1 1cos ω sin ωa d qi i t i t   −   

 ( ) ( )0 1 0 1  θ sin ω θ cos ω .dist dist

d qi t i t− −   (18) 

 

Each product in (18) gives rise to two current components at 

frequencies (h±1)ω1, as in (19). Mapping them back into the 

abc-frame, for a positive sequence voltage disturbance input 

( )v

dist

abc h
v , results in current harmonics at frequencies hvω1 and 

(hv-2)ω1, respectively, as per (20). Only one of them matches 

the disturbance input voltage harmonic order, while the other 

one is entirely due to the torsional vibration. To compute the 

corresponding amplitudes Ihv and Ihv-2, simple trigonometric 

formulae can be applied to sum up all the components in (19) 

which contribute to the same current harmonic: 

 ( )1 ,cos
vha v ia hvi I h t   − +  

 ( )( )2 1 , 2cos 2
vh v ia hvI h t − −+ − − . (20) 

 

Similarly, for a negative-sequence input harmonic voltage 

disturbance 𝑣̅𝑎𝑏𝑐(ℎ𝑣)
𝑑𝑖𝑠𝑡  of order hv, it is h=hv+1 and the harmonic 

pair appears in the line current at frequencies hvω1 and (hv+2)ω1 

respectively. 

Equations (14) to (20) show how a generic harmonic voltage 

input disturbance 𝑣̅𝑎𝑏𝑐(ℎ𝑣)
𝑑𝑖𝑠𝑡 of order hv in the abc-frame generates 

two paired current harmonics (expressed by (20), if 𝑣̅𝑎𝑏𝑐(ℎ𝑣)
𝑑𝑖𝑠𝑡 is 

of positive sequence). A simplified graphical representation of 

these mathematical steps is shown in Fig. 2. The harmonics 

resulting from the product of two variations ΔxΔy are 

considered negligible. 

E. Simplified analytical study 

A few simplifying hypotheses help providing some 

analytical insight on the correlation between torque and current 

components.  

 

 

Fig. 2.  Generation of paired current harmonics due to a positive sequence voltage harmonic disturbance ˆ dist

hvV  in the abc-frame.

( )( ) ( )( )1 , 1 ,0.5[ cos 1 ω φ cos 1 ω φˆ ˆ
a dh id h dh id hi I h t I h t  − − + + − +  

( )( ) ( )( )1 , 1 ,sin 1 ω φ sin 1 ω φˆ ˆ
qh iq h qh iq hI h t I h t+ − − − + − +  

( )( ) ( )( )0 1 Ω, 0 1 Ω,θ cos 1 ω ˆφ θ cos 1 ω φˆ
d h h d h hi h t i h t− − − + + − +  

( )( ) ( )( )0 1 Ω, 0 1 Ω,θ sin 1 ω φ θ sin 1 ω φ ].ˆ ˆ
q h h q h hi h t i h t− − − − + −  

(19) 
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With Tsw=0 (ideal inverter), id0=0 (MTPA, maximum torque 

per ampere strategy), kp= ki=0 (torque control only), B=0 (no 

mechanical damping), the same procedure as in (10)(18) 

yields: 

 𝐺
𝛥𝜓𝑑

𝛥𝑣𝑞(𝑠) = 𝐺𝛥𝜓𝑞
𝛥𝑣𝑑(𝑠) = 𝐺𝛥Ω

𝛥𝑣𝑑(𝑠) = 0,  

 𝐺𝛥𝜓𝑑
𝛥𝑣𝑑(𝑠) = 𝐺

𝛥𝜓𝑞

𝛥𝑣𝑞(𝑠), (21) 

The amplitudes of the dq current harmonic of order h are: 

 

𝐼𝑑ℎ = 𝐼𝑞ℎ = (|𝐺𝛥𝜓𝑞
𝛥𝑣𝑞(𝑠)| /𝐿) 𝑉̂ℎ      

= |
𝑠

𝑠2+((𝑅+𝑘𝑝𝐼)/𝐿)𝑠+𝑘𝑖𝐼/𝐿
| 𝑉̂ℎ, (22) 

 

while the amplitude of the harmonic angular oscillations 

becomes: 

𝜃̂ℎ = |
𝜔̂ℎ

𝑠
| = |

𝐺𝛥𝛺
𝛥𝑣𝑞(𝑠)

𝑠
| 𝑉̂ℎ 

=
𝑛𝑝
2  𝜓𝑃𝑀

𝐽𝑚
|
𝑠2+𝜔𝑎𝑁,𝑚𝑒𝑐ℎ

2

𝑠2[𝑠2+𝜔𝑁,𝑚𝑒𝑐ℎ
2 ]

| |𝐼𝑞ℎ| (23) 

𝐽𝑒𝑞 =
𝐽𝑚⋅𝐽𝐿

𝐽𝑚+𝐽𝐿
, 𝜔𝑎𝑁,𝑚𝑒𝑐ℎ = √

𝐾

𝐽𝐿
, 𝜔𝑁,𝑚𝑒𝑐ℎ = √

𝐾

𝐽𝑒𝑞
, (24)  

 

Transfer function (23) depends on the anti-resonance aN,mech 

and resonance N,mech angular frequencies and on the current 

harmonic Îqh, i.e. it has the poles of the current loop. 

Now, the line current harmonics are: 

 ( )1cˆ os ω φa qh v idqi I h t  + +  

 ( )0 1 Ω,0.5 θ cosˆ ω φq h v hi h t+ + +  (25) 

 ( )( )0 1 ,0.5 θ cos 2 ωˆ φq h v hi h t + − +  

 

In (25), the current harmonic component of order (hv-2) 

depends only on amplitude θ̂h
 of the motor rotor position 

oscillation, while the θ̂h
-related term in the harmonic current 

of order (hv) is largely dominated by the Îqh-term when the 

system is far from the mechanical resonance. Two key 

consequences follow.  
First, the line current harmonic I(hv) can be approximated by 

only the first term in (25), hence I(hv) ~ Δiq, and, for a SPMSM 

Tem(h) = npψPMΔiq ~ Δiq ~ Îqh. Thus, it can be concluded that the 

current harmonic of order hv is proportional to the 

electromagnetic torque: I(hv) ~ Tem(h).  

Secondly, the current harmonic component of order (hv-2) 

can be considered as representative of the shaft torque Tsh and 

then is a possible indicator of incipient resonance. In fact, from 

(3), the shaft torque harmonic can be expressed as: 

 𝑇𝑠ℎ(ℎ)(𝑠) = 𝐾 (𝜃𝑚(ℎ)(𝑠) − 𝜃𝐿(ℎ)(𝑠)) = 

 = 𝜃𝑚(ℎ)(𝑠) ⋅ 𝐾 ⋅ 𝑠
2/(𝑠2 + 𝜔𝑎𝑁,𝑚𝑒𝑐ℎ

2 ) (26) 

 

Since transfer function ( )2 2 2

,/ aN mechs s +  in (26) equals 

one for ω > ωaN,mech, the shaft torque harmonic becomes roughly 

proportional to the motor rotor position harmonic 

( ) ( )1 Ω,θ θ θ coˆ s ω φh hm h
h t=  = + . Regarding the line 

current harmonic I(hv-2) given by the last term in (25), it is 

obviously proportional to θ̂h
. Hence, I(hv-2) ~ Tsh(h). 

A simplified flowchart of the method proposed in Sect. II is 

shown in Fig. 3 to ease procedure understanding. 

 

 
Fig. 3. Simplified flowchart of the proposed analytical method 

for computing paired line current harmonics at resonance 

originating from a voltage harmonic. Dashed lines highlight 

amplitude trend correlations between the variables. 

III. SENSITIVITY ANALYSIS AND DISCUSSION 

To highlight the correlation between current and torque 

harmonics an in-depth sensitivity analysis based on the 

proposed analytic model was carried out using the data of an 

experimental setup (Sect. IV) with electrical and mechanical 

drive parameters as given in Appendix I. The switching 

frequency was fsw=5kHz. The mechanical resonant angular 

frequency (24) is ωN,mech=2158.5rad/s – see Fig. 11 in Section 

IV. Thus, as a baseline scenario, the speed-loop cut-off 

frequency was set at a much lower value – i.e. fc,Ω=0.1Hz – to 

avoid instability caused by the phase lag due to the resonance 

peak, while the current loop cut-off frequency was set at 

fc,I=300Hz. For any value of the load torque and, thus, of current 

iq0, the overall natural frequency due to the mechanical and 

control system interaction [27] is practically equal to ωN,mech. 

Both in the following evaluations and in the experimental 

tests, we injected a positive-sequence harmonic voltage 

disturbance ( )v

dist

h
v

  of order hv=13 and amplitude Vh=0.2 p.u. 

into the VSI reference voltages. We swept the fundamental 

frequency over a range so that the resulting frequency range for 

harmonic hv included the mechanical resonant frequency fN,mech. 

We recorded the amplitude trends of torque harmonics of order 

h=hv-1=12 and current harmonics hv=13 (originating from the 

voltage harmonic input) and hv-2=11 (entirely due to torsional 

resonance). We repeated these fundamental-frequency sweeps 

for different current iq0, load inertia JL and current loop cut-off 

frequency fc,I values.  

All the plots in this Section are obtained in Wolfram 

Mathematica by using the analytical model proposed in Sect. II. 

Simulations were carried out by Matlab/Simscape, where a 

traditional FOC-drive with MTPA control strategy was 

implemented to emulate the experimental drive from Sect. IV. 

Simulation results are close to those from the analytical model 

but are not presented here because of space limitations.  
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A. Impact of current iq0 

By varying current iq0, the air-gap torque Tem(h=hv-1=12) as well 

as the current I(hv=13) maintain their typical trends, although with 

different p.u. values (Fig. 4); the same occurs for shaft torque 

Tsh(h) and the current I(hv-2=11) (Fig. 5). 

B. Impact of load inertia JL 

By varying the load inertia JL while keeping the motor 

inertia Jm constant, the mechanical natural angular frequency 

ωN,mech changed. In any case, the coupling damping was set to 

one per cent of the critical damping B=0.01Bcr. Like in the 

previous case, shaft torque harmonic Tsh(h=12) and current 

harmonic I(hv-2=11) show the same trend (Fig. 6 and Fig. 7).  

C. Impact of current loop cut-off frequency fc,I 

Another crucial parameter significantly affecting the drive 

response is the current loop cut-off frequency fc,I. It was varied 

from 1 to 500Hz, so that both lower and higher values than 

fN,mech are tested. The drive response is shown in Fig. 8 and Fig. 

9. At very low fc,I, the amplitude trend of all the observed 

harmonics is almost invariable. By increasing fc,I, both Tem(h) and 

I(hv) are damped at any operating frequency, while Tsh(h) and I(hv-

2)  reach only lower peak at resonance.  

D. Discussion 

A few rather useful conclusions can be drawn from this 

analysis. Obviously the mechanical resonant frequency fN,mech 

does not depend on the control loops and can be identified by 

 

 

 
 

 
 

Fig. 4.  Impact of iq0 on air-gap and shaft-torque harmonics of 

order h=hv-1=12 due to a positive sequence voltage disturbance 

of order hv=13. Results from the analytical model (Sect. II, A-

D). 

 
 

 
 

Fig. 5. Impact of iq0 on current harmonics of order hv=13 and 

hv-2=11 due to a positive sequence voltage disturbance of order 

hv=13. Results from the analytical model. 

 

 
Fig. 6. Impact of JL on the shaft-torque harmonic of order h=12, 

due to a positive sequence voltage disturbance of order hv=13. 

Results from the analytical model. 

 

 
Fig. 7. Impact of load inertia JL on current harmonic of order 

hv-2=11, due to a positive sequence voltage disturbance of order 

hv=13. Results from the analytical model. 
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Fig. 8. Impact of current loop cut-off frequency on air-gap and 

shaft torque harmonics of order h=12, due to a positive 

sequence voltage disturbance of order hv=13. Results from the 

analytical model.  

 

 
 

 
 

Fig. 9. Impact of fc,I, on current harmonics of order hv=13 and 

hv-2=11, due to a positive sequence voltage disturbance of order 

hv=13. Results from the analytical model. 

 

the notch in the Tem(h) amplitude or in iq, given the proven 

approximate proportionality between Tem(h) and iq,. On the other 

hand, an exact reconstruction of iq(h) requires a precise 

measurement of the angular position , which can be difficult 

due to rotor oscillations. A simpler way of detecting fN,mech 

during characterisation tests is by searching the notch in the line 

current harmonic of order hv caused by a voltage harmonic 

disturbance of the same order hv. Line currents are typically 

measured by the drive current sensors, while a desired voltage 

perturbation can be applied by a dedicated routine of the drive 

software. The current harmonic hv should then be monitored at 

different speeds. According with the top subplot in Fig. 5, 

however, the variation and notch in I(hv) may not be clearly 

visible. 

The mechanical resonance frequency fN,mech can be detected 

by the peak of the shaft torque harmonic Tsh(h). However, the 

knowledge of Tsh requires a torquemeter, usually not present in 

industrial drivetrain. The proposed analysis offers more 

attractive way of detecting fN,mech by tracking down the peak of 

the line current harmonic of order hv-2 caused by a supply 

voltage harmonic disturbance of order hv. 

This property can be used for mechanical parameter 

identification but might also be exploited for future 

development of real-time monitoring algorithms for incipient 

resonance caused by VSI harmonics during the operation of the 

drive.  

IV. EXPERIMENTAL RESULTS 

To verify the analytical model proposed in Sect. II, a 

laboratory setup was created, consisting of an SPMSM supplied 

by a VSI and coupled to a dc machine (Fig. 10). The main 

parameters of such an electrical drive are given in Appendix I; 

the procedure adopted to estimate the mechanical parameters is 

in Appendix II. The electromagnetic torque was reconstructed 

through the current iq, obtained by measuring the line currents 

ia, ib, ic (by current transducers, 50kHz bandwidth) and the 

motor angular position (2-channel 1024 pulse/rev incremental 

encoder). The shaft torque was measured directly by a rotating 

torque transducer AEP RT8 25Nm±0.2%, 1kHz bandwidth. To 

acquire all the signals, a National Instruments board NI 6225 

was used with 25kHz sampling frequency and FFT analysis was 

performed offline to extract the relevant harmonics. The 

drivetrain control unit was DSP TMS320F28377D.  

As a first step, the drive was characterised from a mechanical 

point of view: the transfer function between Tem(h) and Tsh(h) was 

experimentally derived, and the mechanical natural frequency 

fN,mech was found. The characterisation test consisted in setting 

the reference current 𝑖̃𝑞(ℎ) = 𝐼𝑞(ℎ) sin(2𝜋𝑓𝑡) with a very low 

amplitude to limit the torsional oscillations and varying the 

frequency in the range f  [1, 400]Hz. The electromagnetic 

torque Tem(h) was simply evaluated as Tem(h) = npψPM iq(h) by the 

measured current iq and the shaft torque Tsh(h) was obtained by 

the torque meter. The harmonic amplitude of interest was 

evaluated offline through FFT analysis at steady state at 

different frequency f. In this way, the transfer function 

Tsh(h)/Tem(h) was plotted (Fig. 11) and fN,mech=158Hz was 

identified. In this test the switching frequency was kept at 

fsw=5kHz, the current loop-bandwidth fc,I=500Hz, and the speed 

loop was disabled (kpΩ=kiΩ=0). 
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Fig. 10. Laboratory setup consisting of a PMSM connected to a 

dc generator through a torquemeter. 

 

 
 

Fig. 11. Mechanical characteristic of the drivetrain in Fig. 9. 

Experimentally obtained transfer function between Tem(h) and 

Tsh(h). 

 

Assuming the inertias Jm, JL are known (see Appendix II), and 

Bm=BL=0, the estimated coupling damping B and stiffness K 

were obtained from the measured mechanical characteristic 

Tsh(h) /Tem(h) (in Fig. 11) through the following steps [28]: 

• Identify the mechanical resonant frequency 

ωN=2πfN,mech; 

• Using the resonant amplification factor AFres (the peak 

value of the measured magnitude frequency response), 

estimate the damping ratio: 𝜉𝑒𝑠𝑡𝑖𝑚 = 1/(2 ∙ 𝐴𝐹𝑟𝑒𝑠); 
• Estimate the coupling damping B: 

𝐵 = 2 ∙  𝜉𝑒𝑠𝑡𝑖𝑚 ∙ 𝐽𝑒𝑞 ∙ 𝜔𝑁; (Jeq = Jm JL/( Jm+JL) ); 

• Estimate the coupling stiffness: 𝐾 = 𝐽𝑒𝑞 ∙ 𝜔𝑁
2 . 

To validate the model and the sensitivity analysis from Sect. 

III, a voltage harmonic 𝑣𝛼𝛽(ℎ𝑣) of order hv=13 was injected into 

the VSI reference voltages; its amplitude was limited to avoid 

excessive shaft vibrations. In practice, this voltage harmonic 

may originate from sinusoidal PWM, either in the linear region 

with frequency modulation index mf =15 (hv= mf – 2, see [1]) or 

in overmodulation with much higher mf (hv is one of the low 

order harmonics occurring in overmodulation). For the 

current/speed loop fc,I=300Hz, and fc,Ω=0.1Hz, while fsw=5kHz 

and iq0=0.4Iqn were chosen. The pair of current harmonics of 

interest, I(hv) - I(hv-2), both computed and measured at varying 

fundamental frequency, are presented in Fig. 12 with respect to 

the rated current In; additionally, the electromagnetic torque 

Tem(h) and the shaft torque Tsh(h) are also reported.  

Some conclusions can be drawn: 

● Regarding both paired line current and torque harmonics, 

the theoretical values exhibit the same trend of the 

experimental ones and reflect the actual location of the 

resonance peak. Thus, the model can accurately predict the 

torsional resonance. Moreover, the current harmonics 

evaluated by the model can indicate the resonance, even in 

absence of a torquemeter. 

● Current harmonic I(hv-2) shows the same trend as the shaft 

torque harmonic Tsh(h), with a peak at resonance frequency. 

This matches the conclusions in Sect. III-D and confirms 

that I(hv-2) is a reliable indicator of incipient resonance. 

● Both current harmonics I(hv) and I(hv-2) have a magnitude 

below one percent of the rated current value, thus it is 

difficult to assess whether the mismatch between calculated 

and test values is because of modelling or measuring issues. 

● As for the electromagnetic torque harmonic Tem(h) and shaft 

torque harmonic Tsh(h), the mismatch between calculated and 

test values is significant, but the model overestimates the 

actual values, and this is in favour of safety. 

The proposed analytical model deals with inverter harmonic 

𝑣̄𝛼𝛽(ℎ𝑣)
𝑑𝑖𝑠𝑡  originating from the modulation technique, which 

generates torque harmonics that, in turn, excite the torsional 

resonance at some critical speed. Since the natural frequency is 

typically low, to have it excited by this type of 𝑣̄𝛼𝛽(ℎ𝑣)
𝑑𝑖𝑠𝑡 , the drive 

operating speed must be rather low. The relationship between 

speed, excitation voltage and drive’s natural frequency is 

commonly analysed by the well-known Campbell diagram, 

which identifies critical operating points.  

The experimental tests here were restricted to steady-state 

operation, to comply with the developed mathematical model. 

In principle, this condition can also be interpreted as a slowly 

varying speed ramp. 

 

 

 
 

Fig. 12. Top. Current harmonics of order hv=13 and hv-2=11 

due to a positive sequence voltage disturbance of order hv=13. 

Bottom: electromagnetic torque and shaft torque of order h=hv-

1=12.  Comparison between analytical and experimental 

results.  
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V. CONCLUSIONS 

The paper presented an overarching mathematical model of 

an SPMSM drive at/about torsional resonance, accounting 

altogether for the electric motor characteristics, mechanical 

properties and drivetrain control system. The model can predict 

harmonics in the stator currents, electromagnetic and shaft 

torque at mechanical resonance caused by a voltage harmonic 

from the VSI modulation. The major focus was on the line 

current and torque harmonic interaction: the model shows that, 

in general, any disturbance voltage harmonic of order hv, either 

applied on purpose or due to switching or overmodulation, 

gives rise to a pair of current harmonics of orders hv and hv-2 at 

resonance (hv being of positive sequence), both contributing to 

electromagnetic and shaft torque harmonic of order h=hv-1. The 

proposed model can accurately predict the amplitude trend of 

these harmonics at various operating conditions like drive speed 

and load. Moreover, both through a sensitivity analysis and 

simplified analytical approach, it was shown that the current 

harmonic of order hv-2 is proportional to the shaft torque: it is 

nearly zero except around resonance, where it exhibits a 

distinctive peak. On the other hand, the current harmonic of 

order hv showed the same amplitude trend of the 

electromagnetic torque, with an evident notch at the mechanical 

resonance. This amplitude similarity approach is one of the 

main novelties introduced in the paper. Monitoring the line 

current harmonics can be used for experimental identification 

of the drive mechanical characteristic: selected current 

harmonics can be excited and recorded at different frequencies. 

The model can also be used for forecasting the occurrence of an 

incipient resonance condition during drive operation. 

Experimental tests were performed on a small-scale SPMSM 

drive, which validated the system mechanical characterisation 

and the main model outcome. The discrepancies between 

computed and experimental results are deemed to be due to the 

relatively low current and torque values, hence may be 

attributed to both unmodelled parasitic effects and measuring 

issues.     

APPENDIX I 

TABLE I 

ELECTRICAL AND MECHANICAL PARAMETERS OF THE 

SPMSM DRIVE 
 

Electrical parameters of the SPMSM 

Rated power Pn [W] 6910 

Rated torque Tn [Nm] 22 

Rated frequency fn [Hz], Rated speed Ωn [rpm], 150; 3000 

Phase resistance R [Ω] 0.393 

Synchronous inductance (d,q axes) L [mH] 4.8 

Permanent magnet flux ψPM [Wb] 0.165 

Number of pole pairs np 3 

Rated voltage Vn [V] 296 

Current controller kpI, kiI (at fc,I=300Hz) 9.4, 3740 

Mechanical characteristics [24] 

Motor-side inertia Jm [kgm2] 3.0210-3 

Load-side inertia JL [kgm2] 12210-3 

Motor-side damping Bm [Nms/rad] 610-4 

Load-side damping BL [Nms/rad] 910-4 

Coupling damping B [Nms/rad] 34610-4 

Coupling stiffness K [Nm/rad] 2903 

APPENDIX II 

IDENTIFICATION OF SYSTEM MECHANICAL PARAMETERS 

The mechanical parameters of the laboratory setup in Fig. 10 

are shown here: 

 
Fig. AII.1. Detailed view of the components in the 

experimental drive in Fig. 10.  

 

To simplify the 5-DOF system to a 2-DOF, yet capturing the 

dominant natural mode, we computed the equivalent inertia and 

stiffness considering element series connection: 

 

𝐽𝑚 = 𝐽𝑃𝑀𝑆𝑀 + 𝐽𝑠ℎ,𝑚 + 𝐽𝑐1 + 𝐽𝑡𝑚/2 = 3.02 ∙ 10
−3kg ∙ m2 

 

𝐽𝐿 = 𝐽𝑡𝑚/2 + 𝐽𝑐2 + 𝐽𝑠ℎ,𝐿 + 𝐽𝑑𝑐 = 122 ∙ 10
−3kg ∙ m2 

 

The inertia parameters of the single elements can be found in 

their datasheets or can be evaluated by assuming a simple 

geometrical shape like solid cylinder. 

At steady state, accounting for machine viscous damping 

Bmωm, BLωL and constant friction torque, (3) can be written as: 

  

 0 = 𝑇𝑒𝑚 − 𝑇𝑠ℎ − 𝐵𝑚𝜔𝑚 − 𝑇𝑓𝑟,𝑚 (AII.1)  

 

 0 = 𝑇𝑠ℎ − 𝑇𝐿 − 𝐵𝐿𝜔𝐿 − 𝑇𝑓𝑟,𝐿 (AII.2)  

 

where the shaft torque is 𝑇𝑠ℎ = 𝐾(𝜃𝑚 − 𝜃𝐿) − 𝐵(𝜔𝑚 −𝜔𝐿). 
To determine BL and Tfr,L we operated the drive at no load 

(TL=0) with very low speed/current loop cutoff frequencies 

(fc,I=1.8Hz, ϕm,I=80o and fc,Ω=0.2Hz, ϕm,Ω=70o), so that the 

control system was not fast enough to follow and cancel the 

torque harmonics. We measured the average shaft torque at 

different speeds at steady state. We fitted the measured points 

by the least square method (LSM) and, comparing to (AII.2), 

obtained:   

 

𝑇𝑠ℎ(𝛺) = 𝐵𝐿 ∙ Ω + 𝑇𝑓𝑟,𝐿 = 4 ∙ 10
−4 ∙ Ω + 0.304  (AII.3) 

 

To obtain Bm and Tfr,m, we operated the dc machine as a motor 

driving the PMSM at no load. We varied the system speed 

through the excitation winding supply and measured Tsh and 

Tem. Again, using the LSM to fit the measured data and (AII.1), 

we obtained: 

 

𝑇𝑠ℎ(Ω) − 𝑇𝑒𝑚 = −𝐵𝑚 ∙ Ω − 𝑇𝑓𝑟,𝑚 = −9 ∙ 10−4 ∙ Ω − 0.218  

(AII.4) 
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