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Abstract

We introduce a multi-species diffuse interface model for tumor growth, characterized by its incorpora-
tion of essential features related to chemotaxis, angiogenesis and proliferation mechanisms. We establish the
weak well-posedness of the system within an appropriate variational framework, accommodating various
choices for the nonlinear potentials. One of the primary novelties of the work lies in the rigorous estab-
lishment of the existence of a weak solution through the introduction of delicate approximation schemes.
To our knowledge, this represents a novel advancement for both the intricate Cahn—Hilliard—Keller—Segel
system and the Keller—Segel subsystem with source terms. Moreover, when specific conditions are met,
such as having more regular initial data, a smallness condition on the chemotactic constant with respect to
the magnitude of initial conditions and potentially focusing solely on the two-dimensional case, we provide
regularity results for the weak solutions. Finally, we derive a continuous dependence estimate, which, in
turn, leads to the uniqueness of the smoothed solution as a natural consequence.
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license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

MSC: 35K35; 35K57; 35K86; 35Q92; 35Q35; 92C17; 92C50

Keywords: Multiphase tumor growth model; Angiogenesis; Cahn—Hilliard equation; Keller—Segel equation; Existence
of weak solutions; Regularity results

* Corresponding author.
E-mail addresses: abramo.agosti @unipv.it (A. Agosti), andrea.signori @polimi.it (A. Signori).

https://doi.org/10.1016/j.jde.2024.05.025
0022-0396/© 2024 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).


http://crossmark.crossref.org/dialog/?doi=10.1016/j.jde.2024.05.025&domain=pdf
http://www.sciencedirect.com
https://doi.org/10.1016/j.jde.2024.05.025
http://www.elsevier.com/locate/jde
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:abramo.agosti@unipv.it
mailto:andrea.signori@polimi.it
https://doi.org/10.1016/j.jde.2024.05.025
http://creativecommons.org/licenses/by-nc-nd/4.0/

A. Agosti and A. Signori Journal of Differential Equations 403 (2024) 308-367

1. Introduction

Suppose 2 C R?, d € {2, 3}, be a smooth and bounded domain, and let 7 > 0 be a given final
time. Then, we introduce and analyze a tumor growth model that characterizes the dynamics of
tumor development in the presence of chemotaxis and angiogenesis. The system assumes the
form of a multiphase Cahn—Hilliard—Keller—Segel (MCHKS) model and it reads as follows:

3 — div (m(p, ga, 1) (Vi — X, Vn)) =8 in Q, (1.1)
pn=—Ap+F'(p) in Q, (1.2)
3 @a — div (pam(@a, ©)V(log(ga) — X4¢)) =84 in Q, (1.3)
dn— An— X0 =8, in Q, (1.4)
dc—Ac— Xapa =8, in Q, (1.5)

where Q := Q x (0, T), m, n are positive mobility functions, F’ is a local interaction poten-
tial and 8, §,, S, and 8, indicate some source terms accounting for the interplay between the
different variables ¢, u, ¢4, n, and ¢ whose meaning will be discussed in the section to follow.
Meaningful biological for the source terms examples will be depicted in the next sections. Be-
sides, we anticipate that the magnitude of the chemotaxis sensitivities X, and X, will play a role
in the forthcoming mathematical analysis, and will be chosen accordingly. As for the initial and
boundary conditions, after setting ¥ := 92 x (0, T'), we require that

O = (M@, @q, M)V -1 = (Pan(@q, )V (0g(@y) — X40)) -1
=0yn=0,c=0 on %, (1.6)
90 =¢", @ (0)=¢2, n© =n’ cO)=c in Q, (1.7)

with n indicating the outer unit normal vector to 9€2.
Notice that as m = 1, at least for sufficiently regular solutions, equation (1.3) can be rewritten
in the following equivalent forms:

0r@a — div(pa V(10g(pa) — X 4€)) = 0r9a — A + X o div(e, V)
= 8,04 —div(Ve, — X,Ve) = 8,. (1.8)

In the following, after deriving the model (1.1)—(1.7) from basic principles of Mixture Theory
and variational principles of Thermodynamics, we will suggest relevant biological constitutive
assumptions for the source terms and other nonlinearities in the system. Then, combining a
Faedo—Galerkin approximation scheme along with further regularizations for the occurring non-
linearities, we will prove, under proper assumptions on the regularity of initial data and on the
growth laws of the source terms, the existence of global weak solutions. The main challenge
lies in devising a reliable methodology to address the intricate nonlinear couplings between the
Cahn—Hilliard system and the Keller—Segel system, which is a novelty in the literature. Here,
we propose a robust discretization and regularization scheme that not only exploits the intrinsic
dissipative nature of the equations but also ensures the preservation of critical maximum and
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minimum principles governing the variables n and c. These properties are needed to recover dis-
crete and regularized energy estimates and to control the chemotactic nonlinear couplings and
the source terms. Ultimately, we will provide regularity results for the weak solutions, together
with their continuous dependence from data, under stronger assumptions on initial data and in
the two-dimensional setting, which lead to the uniqueness of the solution.

1.1. Modeling considerations and relevant biological choices

In this section, we derive the multiphase model for tumor growth with angiogenesis and
chemotaxis in (1.1)—(1.5). The above model describes a diffuse-interface mixture composed by a
tumor component, a liquid component and an angiogenetic component, coupled with two mass-
less chemicals representing a perfectly diluted nutrient and an angiogenetic factor. The system
is a three-phase reduction of the multiphase model introduced and calibrated on patient-specific
data in [2], which considered the tumor phase as composed by viable and necrotic components,
typically observed in neuroimaging data, which exchange mass in hypoxic conditions. Since here
we are interested in obtaining analytical results for the proposed model, we reduce its complexity
by considering a single tumor component, hence neglecting the dynamics of necrosis formation.
This does not modify the mathematical structure of the underlying PDEs system, which, as in the
model proposed in [2], takes the form of a Cahn—Hilliard—Keller—Segel system for the mixture
components with reaction-diffusion equations for the chemicals; yet, in the present work we will
state and consider more general constitutive assumptions than the ones considered in [2], iden-
tifying the general conditions which will let us obtain analytical results regarding existence and
regularity of solutions.

The model (1.1)—(1.5) is derived from variational principles complying with the second law of
thermodynamics in isothermal situations. In the following, we will only present the main steps
of the derivation, referring to [2] for more details. Let us consider a saturated, closed and in-
compressible mixture in €2, composed by a tumor phase with volume fraction ¢, a liquid phase
composed by liquid, healthy cells and normal vasculature, with volume fraction ¢;, and an angio-
genetic phase composed by tumor-induced new vasculature with volume fraction ¢,. We assume
that all the phases have a constant density y, equal to the water density (since the cells are mostly
composed by water). The mixture dynamics is coupled with the evolution of massless chemicals,
comprising a nutrient species, with concentration (number of moles) n, and an angiogenetic fac-
tor, with concentration (number of moles) c¢. Each mixture component satisfies a mass continuity
equation, while the massless nutrient and chemical species satisfy generic transport equations:

F(ﬂ(‘pv (pla (paana C)

0y + div(pv) +div(J,) = (1.9)
I pa + div(gav) + div(Ja) = Lalp. 01 @0, ), (1.10)
drgp1 + div(grv) + div(l)) = M, (1.11)
on +div(nv) + F, = 8, (¢, @1, ¢a,n, ¢), (1.12)

orc +div(ev) + Fe = 8.(9, @1, 9asn, €), (1.13)
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subject to the constraints ¢ + ¢, +¢; = 1 and 'y +T', +I'; = 0, with fluxes J, = ¢ (vy, —v), Jo =
@a(vy —v),and J; = ¢;(v; — v). Here, 'y, I'y, and T stand for source terms, v = pvy, + @0, +
¢ v; is the volume-averaged mixture velocity, which satisfies the incompressibility condition

dive =0, (1.14)

as a consequence of the saturation and the closedness properties of the mixture. The terms — F},
and —F, are generic transport terms to be determined in relation with the specific free energy
of the system, while the source terms S, and S, represent source and consumption terms for the
chemicals and must be constitutively assigned. On the other hand, the source terms I'y, and T,
represent cells proliferation and death, while we take I';: = — (F(p + Fa). We make the following
modeling assumptions:

e The interaction among tumor cells predominates over the adhesion between tumor cells and
the host tissue;

e The endothelial cells of the tumor-induced vasculature constitute a self-interacting phase in
the mixture which can migrate to regions with higher angiogenetic factor concentration, being
coupled to the angiogenetic factor by a chemotactic term;

e The tumor cells can migrate to regions with higher nutrient concentration, being coupled to
the nutrient by a chemotactic term.

Remark 1.1. In [12], a prototype tumor growth model with nutrient diffusion and chemotaxis,
further developed and studied in multiple subsequent works (see, e.g., [8,10,11]), was intro-
duced. There, the nutrient dynamics was constrained as a modeling assumption to satisfy a mass
continuity equation. This leads to a cross-diffusion term in the nutrient equation, representing a
nutrient flux towards regions with higher cells concentration, which, as noted in [27] (see also
[13]), may have an nonphysical interpretation. Moreover, with this term the nutrient equation
does not satisfy the minimum and maximum principles, and the nutrient concentration may as-
sume nonphysical values. In [27], a different modeling approach was employed by assuming that
the nutrient dynamics satisfy a mass continuity equation in the form of a Keller—Segel equation,
coupled with a Cahn—Hilliard equation for the tumor concentration. The latter approach makes
the nutrient flux towards regions with higher cells concentration proportional to the nutrient con-
centration, representing chemotactic aggregation of nutrients following the cells gradient, and
also enforces a minimum principle for the nutrient. We observe that this picture of the nutrient
dynamics is non-standard, since typically the dynamics of massless and passive chemicals are
driven by random motion, with no self-aggregation, plus advection and source terms. Hence, in
our modeling approach we constrain the massless chemicals to satisfy generic transport equa-
tions, in the form of reaction-advection-diffusion equations which satisfy both minimum and
maximum principles, while we enforce the mass continuity equation for the mixture components
which contribute to the mixture mass.

With the given modeling assumptions, the free energy of the system, expressed as its internal
energy minus its entropy, takes the following general structure

E((ﬂ,soa,n,c)=/e(¢,¢a,n76)=/A((F(<ﬂ)+Ka<0a(10g(<pa)— D)
Q Q
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e 2, Dn 2 Dc 2
+ | A ?|ng)| +7|Vn| —X(pn<p+7|Vc| — Xa@ac |, (1.15)

where e(@, ¢4, n, ¢) is the free energy density per unit volume. Note that, due to the assumptions
that the tumor cells prefer to adhere to each other than to the host tissue and that the endothelial
cells self interact, and also thanks to the relation ¢; = 1 — ¢ — ¢,, the variable ¢; does not appear
in the free energy (1.15), and there is no need to solve the corresponding continuity equation
(1.11), which does not enter in the final model. Here, A is the Young modulus of the tissue,
in units of [Pa]. The term —k,¢,(log(¢,) — 1) is the entropy associated to the self-interacting
endothelial cells, with «, a positive adimensional coefficient. The term % |Vo|? represents the
diffuse-interface internal energy between the tumor cells and the host tissue, with €, in units of
[m] denoting the interfacial thickness. The terms %anP and % |Vel|? represent the contribu-
tion to the internal energy from the random motion of the chemical species resulting in diffusive
behaviors along concentration gradients, where D,, and D, are the isotropic mean deviations of
the displacement of the particles, with units of [mm? / Molz]. The terms —X yn¢ and —X ¢, c are
interaction terms associated to chemotaxis, with positive chemotactic coefficients X, and X, in
units of [Mol~!]. Finally, the term F(¢) represents the entropy minus the internal energy asso-
ciated to the binary interaction between the tumor cells and their surrounding. A typical choice
is represented by the Flory—Huggins potential which can be written as

S (rlogr 4+ (1 —r)log(l —r)+Fr(1—r), if r € [0, 1],

Faw(r) == .
v 0, otherwise,

(1.16)

with 0 < ¢ < ¢ adimensional parameters and, due to its singularities, it enforces the tumor con-
centration to take values in the physical range [0, 1]. In applications, (1.16) is often substituted
by its double-well smooth polynomial approximation

Freg(r) = %rz(r — 1% >0, reR. (1.17)

Another possibility is to consider singular and nonregular potentials like the double obstacle
potential

Fan(r) {637‘(1—}’), it r € [0, 1], 1s)

+o00, otherwise,

with ¢3 > 0 an adimensional parameter. We observe that the smooth potential (1.17) does not
enforce the tumor concentration to take values in the physical range [0, 1]. In biological applica-
tions, when cells interaction is predominant with respect to the adhesion between the cells and
surrounding tissues, a single-well cellular potential of Lennard—Jones type is used, which ex-
presses infinite repulsion when the cells are infinitely tight together (i.e., in the situation ¢ = 1)
and attraction when they are far apart (i.e., for small values of ¢). The attraction must go to zero
with no cells, with the potential having an unstable critical point at ¢ = 0. In [2], the following
phenomenological form for the single-well potential is used
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(1 — ¥ )= (= (] — ~
Fo(r) i= A—=r9logl—r)—5 —A—=r"5 —A—-r“r+«, ifrel0,1),
00, otherwise,

(1.19)

where ¥ > 0 and r* € (0, 1) corresponds to the volume fraction at which the cells would be
at mutual equilibrium. Note that (1.19) enforces the tumor concentration to take values in the
physical range [0, 1).

We now give general constitutive assumptions such that the equations (1.9)—(1.14) satisfy the
second law of thermodynamics in isothermal situations and with source terms, which takes the
form of the following dissipation inequality (see [12,17])

d r r
- e<— / Je-n+ f <—(pm¢+—ama+8nmn+scmc), (1.20)
dt y %

R(t) AR(t) R(t)

for each material volume R(¢) C €2, where n is the outer normal to d R(¢), with the energy flux
JE and the multipliers my, mq, my, and m. to be determined. Following similar calculations as
those reported in [2, Section 2.1], we obtain

P=Dp+ U+ pmapa +nn+0c, (1.21)
v=—k(Vp— (Vo + 1aVoa +nVn+6Vo)), (1.22)
Jo==b(@,@a,n,0)Vpu, (1.23)
Ja==ba(¢, @a,n,c)Via, (1.24)
F,=ay,n, (1.25)
F.=a.0, (1.26)
Je = udy + 1tada + € (3:9) Vo + (31) D, Vi + (3c) De Ve
+ (U9 + papa + M +0c+p—e)v, (1.27)
My =[L, Mq=a, Mp=1, Mc=0, (1.28)

where p is the scalar Lagrange multiplier of the constraint (1.14), k is a positive friction param-
eter, with units of [mm?2 /(Pas)], a,, o are positive coefficients related to the time scales of the
dynamics of the chemical species, in units of [Mol2 /Pas], b, b, are positive mobilities, and

SF , 5 SFE
M:6—2A<F (w)_é A(p—X¢n>, Ma :=—=A(Ka10g(§0a)—xac)» (129)
@ 8¢a
SF SE
nzzng(—DnAn—wap), 0:=—C=A(—DCAC—Xa<pa). (1.30)

Inserting (1.21)—(1.27) in (1.9)—(1.14), we get the following system of equations

v=—k(Vp—(uVe+ 11aVea +nVn+6Vc)) in Q, (1.31)
divv =0, in , (1.32)
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I
orp +v-Vo —div (b((p,(pa,n,c)Vu)z 2 in , (1.33)
Y
. Iy .
09y +v - Vo, —div (ba((p, Qg 1, c)V,ua) = 7 in €2, (1.34)
w=A (F’(<p) N an) inQ, (1.35)
Ha = A (kqlog(@a) — Xac), (1.36)
n+v-Vn—a,DyAn —a,Xpp =8, in , (1.37)
0ic+v-Ve—acDeAc— acX 00 =8¢ in , (1.38)

which we endow with the homogeneous boundary conditions
boppt =by Opplg = 0pp =pn =9hpc=v=0 on 9€2, (1.39)
which imply that
Je-n=0 on 0%2,

and with initial conditions

9(0)=¢", 0, (0)=¢2, n(0)=n" c0)=c" inQ. (1.40)

Let us point out [21], where a related multiphase system with velocity field subject to Darcy and
Brinkman laws is analyzed.

A solution of system (1.31)—(1.38), supplemented with the boundary conditions (1.39), for-
mally satisfies the following energy equality

dE 1
et P [ (BIRP 4 bl ViaP 4 e + ) (141)
Q Q

r I
2/ <_§0M+ _aﬂa +8n7/+809) .
5 14 14

We then need to complement the system (1.31)—(1.38) with particular forms for the mobility

functions b, b, and to assign biologically meaningful forms to the source terms %, % 8,, and
8. The former task, following [2], is accomplished by applying the Onsager Variational Prin-
ciple (OVP) [25], which defines the irreversible non-equilibrium dynamics for near-equilibrium
systems in terms of linear fluxes-forces balance equations. In isothermal situations, the OVP
takes the following form: given a set of slow state variables x;,i = 1, ..., n, the dynamics of
the system is described by the thermodynamic fluxes which minimize the Onsager functional
Ox;) = D) + E(xi, X;), where @ is the dissipation functional, which is quadratic in X; as a
near-equilibrium approximation, and E stands for the free energy of the system. We thus mini-
mize (1.41) with respect to the variables vy, v,, v;, given the following quadratic approximations
for the viscous dissipative terms in (1.41):

314



A. Agosti and A. Signori Journal of Differential Equations 403 (2024) 308-367

/b«o,wa,n,c>|vm2=/M¢k(go,<oz,n)|v¢ — v, (1.42)
Q Q

fbaw,goa,n,cnwuz:/ Maikai (@as 91, €)|va — vi )
Q Q

+ f Mavka(@as 9, )va — v, (143)
Q

where My, My, and M, are positive friction parameters, related to the friction between the
tumor cells and the liquid phase and between the endothelial cells and both the liquid and the
tumor phases respectively, and k(¢, @1, n), ka1 (¢aq, @1, ), and kqy (@4, @, c) are generic friction
functions, whose form depends on the nature of the filtration processes driven by the drag be-
tween the mixture phases, to be empirically determined. The dependence of k, k,;, and k4, On
their arguments will be described later on. We note that here the drag laws (1.42) and (1.43) are
more general than the ones introduced in [2, Section 2.1], where it was assumed k (¢, ¢;, n)=¢
and kq1(@q, @1, ¢) = kay(@a, @1, )=¢,. Substituting (1.42) and (1.43) in (1.41), with similar cal-
culations as those reported in [2, Section 2.1], we find that the first order conditions with respect
to variations in the variables vy, v,, and v, take the form of the following Darcy type laws:

1—
vy — v =— d=9) Vi, (1.44)
Myk(p, o1, n)(1 + ¢q)
Vo= Gpy ve—vy=—— P yp (1.45)
¢ Maikai(@a, @1, ) @ ¢ v Mavkay(@a, @, €) ¢
Inserting those in (1.42) and (1.43) produces
2 2
(-9
b(p, pq,n) = , (1.46)
PEC T Mak(g 0. m (1 + 00)?
02
ba(@a,n,c) = = (1.47)

Maikai(@a, @1, ¢) + Mavkay (@a, @, ) ’

Considering (1.42) as the viscous dissipation due to a Darcy flow of the liquid phase through
the porous-permeable solid matrix associated to the soft material of the tumor phase, a general
expression for the friction function k can be given as

2!

k(g,¢1,n) = ————,
p(p, g1, 1)

where vy is the viscosity of the liquid phase and p (¢, ¢;, n) the intrinsic permeability of the tumor
phase, assumed to depend on the tumor, the liquid and the nutrient concentrations. A possible
expression for p can be derived by assuming that the tumor tissue consists of homogeneous and
isotropic parallel cylindrical pores, and the Poiseuille formula for a capillary tube [19] yields that

r(@, o) @

p(@, @1,n) =E&(n) YR
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where &(n) is an empirical positive and finite geometrical parameter, whose value may depend
on the nutrient availability, r is the effective radius of the pores, depending on ¢ and ¢y, and § is
the tortuosity factor. Since the tumor is a soft tissue, its permeability should also depend on the
strain level in the material [19], which is neglected in the current modeling framework. A general
expression for r is of the form (see, e.g., [5])

A
M%¢ﬂ=c(ﬂ>,
@

where C is a positive parameter related to the specific internal surface area of the pores and X is
a positive empirical parameter. With the latter relations, (1.46) becomes

B> (1 — 9)*(1 — ¢ — )
(14 ¢q)?

b(@, ¢a,n) = , (1.48)

where B, is a positive parameter related to friction and geometrical coefficients.

Remark 1.2. We observe that the degeneracy of (1.48) for ¢ + ¢, = 1 enforces the condition
¢ + ¢4 <1 in the dynamics described by (1.31)—(1.38). This, together with the conditions 0 <
¢ < 1, enforced by the cellular potential (1.19), and ¢, > 0, enforced by the particular form of
g in (1.29), allow us to interpret the solutions ¢ and ¢, of (1.31)—(1.38) as concentrations,
implying also the validity of the saturation condition for the underlying mixture model. We also
observe that, in the case A = 1, which corresponds to the well-known Kozeny—Carman law for

the intrinsic permeability [22,4], the mobility (1.48) does not degenerate at ¢ = 0.

To derive general expressions for the friction functions k,; and k,,, we start by the relations

PV
pal(¢aa wl’ C) '

PVy

kav(@a, @, ¢) = —————,
Pav(Pa, ¢, €)

kai(@a, @1, ¢) =

where vy, v, are the viscosity of the liquid and the tumor phase respectively and o4, pqv are the
intrinsic permeability of the endothelial cells phase with respect to the liquid and tumor cells
filtration processes respectively. Assuming that the network of tumor induced vasculature made
by endothelial cells is described by a random fractal of dimension two with no axis of symmetry
embedded in the three dimensional space, the permeability of the endothelial cells network takes
the form [7]

1% 4
pal(‘pa» 1, C) = A(‘Pa» C)_7 pav(ﬁaa’ @, C) Z-A(q)a’ C)—7
Pa Pa

where A(g,, c) is a positive and finite parameter related to geometrical quantities and to the pore
cross-sectional area, which may generally depend both on ¢ and ¢, . Introducing the function

A(@a; €)

n(gq,c) i= ——— ",
Ya Mgv; + Mav‘)zp

we can write
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ba(@a, €) = @am(@q, ©), (1.49)
with
0<mp<n(p;,c)<M, (1.50)

for given positive real numbers my and M. We finally assign biologically meaningful forms for
the source terms r—‘”, %, 8y, and 8. Following [2,12], we assume that the tumor cells proliferate,
with a rate v, proportionally to the nutrient concentration, as long as the nutrient concentration is
above the hypoxia threshold §,,. Moreover, they die by apoptosis at a rate R;. Hence, we write

r
7“’ =v(n —8,)+h(9) — Rag, (1.51)
where i : R — [0, 1] is a continuous function which interpolates linearly between /(0) = 0 and
h(1) =1, and is extended as constant outside of the interval [0, 1]. The source term for the
endothelial cells is expressed as

a

Iy 2
— = ((c = 80)+(1 — h(9)) + ¢) (ko®a — Koo ®): (1.52)

with ¢ > 0. This means that new vessels form by accumulation of endothelial cells from the
existing vasculature following a logistic growth, describing the growth of a population of self-
interacting particles with saturation [26]. This process is driven by random detachment of en-
dothelial cells from their basement membrane, at a (small) rate ¢ xg; outside of the tumor mass, it
is driven by the angiogenetic signal, when the concentration of the angiogenetic factor is greater
than a proliferation threshold §,. The nutrient supply is described by the law

Sn=38n(9, ¢a,n) = Ry(n —n)(1 — @) + Ra(n — n)pa — Cpen, (1.53)

where 7 is the typical nutrient concentration inside the capillaries. Nutrients are released from
the normal vasculature at a rate R, as long as n < i1, with the normal capillaries being destroyed
as the tumor cells proliferate, and consumed at a rate C,,. Moreover, nutrients are supplied by the
tumor induced vasculature proportionally to ¢,. Finally, for what concerns the source term of the
angiogenetic factor, it is released by the tumor cells at a rate R, when the nutrient concentration
is below the hypoxia threshold and the angiogenetic factor concentration is below its saturation
level ¢, and it is consumed by endothelial cells at a rate C.. Hence, we have

8¢ =8c(@, @a,n, ) = Reh(9)(8, —n)4 (¢ —c) — Cepqe. (1.54)
We substitute now (1.48), (1.49) and (1.51)—(1.54) in (1.31)—(1.38). We consider the limit of
high viscosity of the mixture, which corresponds to k — 0 in (1.31), (which is appropriate for

the description of the tumor dynamics, see, e.g., [1]). Furthermore, we rearrange the terms by
introducing a new chemical potential

B=—e"Ap+ F'(p), (1.55)
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inserting the chemotactic term as a chemotaxis flux in (1.33). In order to derive an adimension-
alized version of (1.31)—(1.38), we also introduce the functions

—~ Ma
m = —,
A

b - ~
—, = (Mgyvi+ Magyvp)n, g =
B‘/’

S)

I
S| S
oo

the nutrient penetration length

the parameters 3§, := %", 8y = RT, Ko = KTO, and Koo = 2 and the change to adimen-

sional space and time variables x = i»and 7 =1tv. Then, system (1.31)—(1.38) becomes, without
reporting the hat superscripts for ease of notation,

)m|§”

~
,m =
X

AB, AXyByii .
orp — —;p d1v(rrn(<p, Das I’Z)V/,L) + # d1V(1rn(<p, Das n)Vn)
vi; vi;
=(n—8y)+h(p) —mg in Q,
€2 , .
n=—r g+ F(y) in Q.
n
9 A div (9am(@a ©)V (kg 102(g0) — Xaic))
— 1V n(eq, o -
tPa (M1 +MavV¢)Vly% PaIUPq, C Kq 108(Qq aCC
= ((c = 8a)+ (1 = h()) + &) (Ko®a — Koo®2) in 0,
" anAXy R, R, _
—n— An — =21 -n1- 41 - - in Q,
C n n ic, 4] Cn( n)( ¢)+Cn( n)@q — ¢n 0
v a.D.Cp acAX, R. .
— 3¢ — Ac — = —h(p)(S, — l—¢)— }
c. ic %D, C. c aC. ®a c. (@ —n)y (1 —c) —gsc inQ

Given the values of the optimized parameters reported in [2, Section 4], we observe that the fol-
lowing adimensional combination of parameters, which will play a role in the analysis developed
in the forthcoming sections, take values of the order of magnitude

AX AX
270 001 <1, 2279 0001 < 1. (1.56)
nCy, cC,

All other adimensional combination of parameters in (1.56) do not play a significant role in the
analysis, so we can take them, without loss of generality and for ease of notation, as equal to
one by choosing o, =, =1,D.,=D,,C,=Cc,=v=R, =R, =R;,,n=c=1,],=€=1,

_ _ 1 _ _ :
A=v,By,= e 1, and «, = 1. Therefore, we obtain

drp — div (]m(go, Da, n)Vy,) + Xy div (Im((p, Ca, n)Vn)
= —68,)+h(p) —my in Q, (1.57)
w=—Ag+ F'(p) in Q, (1.58)
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09 — div (ﬂDam(Qoas )V (log(ga) — Xac))

= ((c = 82)+(1 = h()) + ¢) (Ko®a — Koo ) in Q, (1.59)

on—An—Xoo=00-n)1—-9)+ 1 —n)p, —en in Q, (1.60)

9ic — Ac = Xa@a = h(9) (6 —n)4+(1 —¢) — ¢qc in Q, (1.61)
Onp= (@, ga,n)V) -0 = (Panr(¢q, )V (10g(¢a) — Xac)) - 1

=0pn = 0yc =0 on X, (1.62)

p=¢", @, (00=¢2, n©0)=n’, c©0)=c" in Q, (1.63)

where we still maintain the properties (1.56), i.e., we require that
O0<Xy<1, O0<X,<l (1.64)
2. Notation, assumptions and main results

To begin with, we assume the set €2 to be a bounded, connected and smooth open subset
of ]Rd, d € {2, 3}, with boundary I' := 9€2. Given a final time T > 0, we set, for every ¢ € (0, T],

0, =2x(0,1), %X:=I'x(@,1), Q:=0r, X:=2X2r.

Let X denote a Banach space. We indicate by | - ||x, X*, and (-, -)x its norm, its dual space,
and the associated duality pairing in the order. As for the classical Lebesgue and Sobolev spaces
on 2, for 1 < p < oo and k > 0 we use LP(2) and Wk’P(SZ), with the standard convention
H*(Q) := W52(Q) and norms ||| r(@) = Il p Il lwe.p(q)» and [I-]| g5 ()~ Similar symbols are
employed to denote spaces and norms constructed on Q, I' and X. For convenience, we set

H:=L*Q), V:=HYQ), W:={veH*):0,v=0ae. onTl},
and endow them with their corresponding norms ||-|| := ||-|| g, ||-|lv, and ||-||w, respectively. As

usual, H will be identified to its dual so that we have the following continuous, dense, and
compact embeddings:

WesVes Hes V*

along with the identification

(u,v)v=/uv, ueH,veV.
Q

Finally, for every v € V*, we employ (v)q := Ilﬁl (v, 1)y to indicate the generalized mean value
of v. Sometimes, when no confusion may arise, we simply use vg instead of (v)g. We then use
Vo, Hp, and V(;" to denote the closed subspaces of functions with zero spatial mean of V, H, and
V*, respectively. Then, the operator —A with homogeneous Neumann boundary conditions may
be considered as
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(=A):V = V*, ((—A)v,z)V::/Vv-Vz, v,zeV.
Q

It follows that it is invertible when restricted to act on functions with zero spatial average.
Namely, —A : Vo — V' is invertible and we denote its inverse by N := (=A) L Vo — V.
It is well-known that

0" [l := VOO | = (Vo) VU 2 = (0, No*)1 /%, v e Vi,

yields a Hilbert norm on V(;‘. In addition, it holds that
<_AU»NU*)V=<U*7I))V1 (U*,Nw*>V:(U*,w*)*, v e VO? U*v w*e VO*’

where the symbol (-, ), denotes the standard inner product of V*. Furthermore, if v* €
HY 0, T; Vé“), we have, for a.e. r € (0, T'), that

1d
(Bv* (1), Nv*(0))y = an*mui.

Finally, let us introduce the notation (-)+ for the positive and negative part function, respectively.
Namely, (-)+ : R — [0, 4+00) are defined as

(r)+ :=max{r,0}, and (r)_:=—min{r,0}, reR.
Let us also mention here the following standard result that will be useful later on.

Lemma 2.1. Let f, g € L! (0,7), go €R, and, for any o € C°([0, T)), let

T T

—/Q’(T)g(f)df+/Q(T)f(f)dr—Q(O)go=0-

0 0

Then, it holds that

t
g(t) — g(s) + / Fo)dr =0,

fora.e.t,s €[0,T), including s =0, provided we replace g(0) with go.

The proof of Lemma 2.1 is a consequence of the fundamental lemma of the calculus of varia-
tions [20, Lemma 1.2.1], see also [23, Lemma 3.1] for a similar result.

To conclude, let set a useful convention for the appearing constants. From now on, the capital
C will be used to denote a generic constant whose actual values may change from line to line
and even within the same line and depend only on structural data of the system. When specific
constants enter the computations, like § for instance, we will employ self-explanatory subscripts
like Cjs to indicate that the constant depends on the parameter §, in addition.
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Let us now make some preliminary remarks on the qualitative properties satisfied by Sys-
tem (1.57)—(1.61), with the constraint (1.64), which will be justified throughout the forthcoming
calculations. In particular, we observe that:

e In the case with a smooth potential like (1.17), the variable ¢ is not guaranteed to satisfy the
pointwise property 0 < ¢ < 1. As a consequence, a solution to (1.60) does not formally satisfy
the maximum and minimum principles 0 <n < 1;

e A solution of (1.59) formally satisfies the minimum principle ¢, > 0 due to the logarithmic
term in the free energy;

e A solution to (1.61) formally satisfies the minimum and maximum principles 0 <c < 1. As
we will see in the following, this property is fundamental to ensure the coercivity of the
chemotaxis term —X, fQ @qc arising in the free energy E.

Remark 2.2. In [27], a generalized logistic growth for (1.59) of the form

Iy » .
— XK0Pa — Koo®q  With p € (1, 2]
14

was considered for the Keller—Segel system. Considering the latter growth law in our model, a
source term for (1.61) of the form

8c=8:(¢, 9arn, ) = Reh(9)(8y —n)4 (€ — ) — Copl e,

should be considered. In this situation, the property ¢ < 1 would be valid also for 1 < p <2 only
if we can ensure that 0 < ¢, < 1. This property is not always trivial to obtain, but can be reached,
for instance, assuming in System (1.57)—(1.63) a degenerate mobility m(¢, ¢, n) as in (1.48)
(see Remark 1.2). With a non-degenerate mobility m(¢, ¢,,7n) and p < 2, in order to ensure
the coercivity of the chemotaxis term — X, fQ @qc, we would need to introduce the property that
¢ <1 as a constraint in equation (1.61), e.g., by adding to the free energy (1.15) the indicator
function of the set ¢ < 1.

In light of the above properties, we will make different structural assumptions corresponding
to the cases with a smooth or a singular potential. Before diving into listing the mathematical
assumptions on the system, let us point out that the following structural assumptions on the
source terms are motivated by the aforementioned discussion. From a mathematical perspective,
instead of specifying a particular form for these terms, it suffices to postulate specific growth
conditions. However, it is worth noticing that this approach is only applicable in certain cases (cf.
(3.56)—(3.59)), and these conditions may vary when dealing with regular and singular potentials.
To simplify the technical aspects as much as possible, we opt to adopt a specific structure for the
sources that maintains a high degree of generality and facilitates the analysis.

Al In the case of a smooth potential, we postulate that F' is defined on the whole real line,
FeC Z(R), and there exists ¢; > 0 such that

|IF'(| <1 (F(r)+ 1), F(r)>0, r eR. 2.1

Besides, F enjoys the decomposition F' = B\—i- 7, where E is convex and 7 is concave, and
there exists ¢ > 0 such that
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7' <ea(Irl? +1), reR, withg €[0,4). 2.2)

We observe that the smooth potential (1.17) satisfies Assumption (2.1).

In the case of a singular potential, we postulate F' to be decomposed in a singular, proper, and
convex part ,E and a nonconvex, smooth, perturbation 7 with a quadratic growth. Namely,
we require that

F :R — (—o0, +00] enjoys the splitting F = 34— 7, where 2.3)
E: R — [0, +00] is proper, convex and L.s.c. with subdifferential 8 := 8,3\,
and fulfills 8(0) 20, Bis C 2 in the interior of its domain D(B), 24
whereas
7:R>R, 7eC'R), n:=7"1is Lipschitz continuous, and 2.5)
Ol <a(r?+ 1D, |[r@<c(rl+D, |7/¢)|<c, reR, (2.6)

for some nonnegative constants ¢y, ¢z, and c3.

Remark 2.3. We note that both the double well potential (1.16) and the single-well potential
(1.19) satisfy Assumptions (2.3)—(2.5), while Assumption (2.6) is satisfied by (1.16) only.
Hence, we will treat the single-well potential (1.19) by adopting a proper truncation proce-
dure to let its truncated form satisfy Assumption (2.6). In particular, the single-well potential
(1.19) can be decomposed as Fgy = E + 7, where

By — !—(1 —r9log(1—r) ifrelo,1),

+00 otherwise,
r3 r2
T(r) = —3 = ¢! —r*)? —(1=rr+k, rekR,

with k > 0 and r* € (0, 1). For this latter, the growth of the corresponding perturbation 77
is of third order instead of second order. Thus, we will consider a quadratic truncation of 77
which preserves its regularity and concavity, defined as

7(0) + r7(0) + 27 (0) for r <0,
T(r):=37(r) forO<r <1,
() + (= D)+ S2Lx/(1) forr > 1.

Hence, we will consider a truncated form Fgy = //3\+ 7, which satisfies (2.4)—(2.6). Since
we will prove that 0 < ¢ < 1, actually Fsw (@) = Fsw(@).

It is well-known that g yields a maximal monotone graph in R x R with corresponding
domain D(B) ={r € D(B) : B(r) # ¥} with D(B) ={r e R: B(r) < +0o0}.
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A2 We suppose the interpolation function /# : R — [0, 1] to be continuous and such that

0, r=<0,
h(ry=qr, re(,1),
1, r>1.

A3 We assume that S, possesses a logistic growth of the form

84 =84(9, Yu, €) =V (9, ) (k0Pa — Koo®?2), 2.7)
where
9 (@, ¢) == ((c = 8)+(1 —h(p) +¢), 84 €[0,1], ¢, k0, koo > O.

We observe that ¥ = 9 (¢, c¢) is strictly positive and, due to A2, it is also uniformly bounded
if the condition 0 < ¢ < 1 is fulfilled. Moreover, we assume that

Sc =8¢(¢, @a, ) = h(9)(6p —n)4.(1 — ¢) — @ac. (2.8)

A4 For what concerns the source terms for the variables ¢ and 7, since the property 0 <n <1 is
valid only in the case with a singular potential, we will need to make different assumptions
discerning the cases of smooth and singular potentials. In particular, the source terms (1.51)

and (1.53) will be properly truncated in the case with a smooth potential.
For these reasons, we postulate

8=8(p,n)=H(p,n) —mp, m=>0, 2.9

where, for §, € [0, 1],

_J(h(n) — 8n)+h(p) when the potential is smooth,

J—f:ﬂ-f((p’n) = L. (2.10)
(n—68,)+h(p) when the potential is singular.
Besides, when the potential is singular, we require the compatibility condition
H o- H o+ B
—— = (¥ )g» — +(¢)g belong to the interior of D(B),
m m
where H := || H|loo = ||(n — 8,)+1(¢)]l0o. Furthermore, in the case of a smooth potential,
we assume that
Sn =8n(®, @a,n) = (1 = h(m))(1 — h(®) + @a) — ¢h(n), (2.11)
while, in the case with a singular potential, we assume that
Sp=38n(g, ¢a,n) =1 —n)(1 = h(9) + ¢a) — ¢n. (2.12)
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A5 We assume m € CY(R?) and n € C°(R?) to be globally Lipschitz continuous and there exist
positive constants mg and M such that

0<mo <m(p, @z, n),n(pg,c) <M <+00, ¢,n,ceR, g, >0. (2.13)

A6 For the chemotaxis sensitivities X, and X, we require that

| Xe =0, Xa€(,1) with smooth potential,

KXo, Xg:
g Xoe(0,1), X,e(,1) with singular potential.

The first result we are going to present concerns the existence of weak solutions in both two
and three space dimensions.

Theorem 2.4 (Existence of weak solutions, d € {2, 3}). Suppose that AI-A6 hold. Moreover, let
the initial data fulfill

eV, F"elL' (). @"aeD®), (2.14)
d>0ae. inQ, ¢ log@) el (), (2.15)
nev, LevnL®Q), 0<c <1 ae. ing. (2.16)

Besides, let the threshold Sobolev exponent
o = arbitrary in (1, +00) ifd =2, and 0 :=6ifd = 3. 2.17)

Then, the multiphase Cahn—Hilliard—Keller—Segel model (1.1)—(1.7) admits at least a weak so-
lution. Namely, there exists a quintuple (¢, ¢4, L, 1, ) such that

@e HY O, T; V*)YNL>®0,T; V)NL*O0,T;: W)NL*©0, T; W>° (Q)), (2.18)
0a(x,1) >0 fora.e (x,1)€Q, (2.19)
¢a € CO0, TY; (WHH(Q)") N LT (0, T; W (@), (2.20)
@alog(¢a) € L=(0,T; L'(Q),  ¢log(ga) € L'(0,T; L' (), (2.21)
weL*0,T;V), (2.22)
ne H' (O, T; HYNL®,T;V)NL*O0,T; W), (2.23)
cel®(Q): 0<c(kx,t)<1 fora.e.(x,t)€Q, (2.24)
ce H'(0,T; HYNL>®(0,T; V)NL*(0, T; W). (2.25)

Besides, it fulfills the pointwise formulation
w=—-Ap+ F'(p) a.e.inQ,
where, in the case of a singular potential, F'(¢) =& + 7 (@), with
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£eL*0,T;L°(Q)

(2.26)

and & € B(p) a.e. in Q, along with the weak formulations, recall the definition of the source

terms in (2.7)—(2.12),

(8t§0,v>v+/Im((p,(pa,n)v,u-Vv—wam(w,wa,n)Vn~Vv=va,
Q

/@a(t)w + /lﬂ(%, Vg -Vw — X, / Yai(@q, c)Ve - Vuw
Q (o o

=f¢2w+/8aw,

Q O

8,nv~|—/Vn Vv—X(/,/gov f
Q
8,6v+fVc Vv—Xa/(puv:/SLv,
Q Q

for almost every t € (0, T), every v eV and w € Wy, where Wy is defined as

Syv,

Wy = Whit2(Q).
Moreover, the initial conditions in (1.7) are fulfilled in the sense that

e =¢°% nO0)=n", )= aeinQ,
0a(0) =) in (WhH@Q)*.

Q

(2.27)

(2.28)

(2.29)

(2.30)

2.31)
(2.32)

Remark 2.5. We notice that in case of the regular potential (1.17), the second condition in (2.14)
is already fulfilled. In fact, we have F(r) = O(r*) as |r| — 400 as well as V < L7 () with o

as defined in (2.17).

Besides, in case of singular potentials like (1.16) and (1.18), we have D(B)

order parameter ¢ belongs to the physical range, that is,

weL®(Q): 0<oekx,1)<1 forae.(x,t)€ Q.

In that case, it also holds that

nel®(Q): 0<n(x,t)<1 fora.e.(x,t)€ Q.

= [0, 1] and the
second condition in (2.14) imposes the initial datum ¢° to be uniformly bounded and such that
0 < ¢(x) < 1 for almost every x € Q2. Moreover, the singularity of the potential yields that the

Remark 2.6. The prescribed form of 8 in (2.9) is the typical choice one encounters in the Cahn—
Hilliard—Oono equation, where the function H reduces to a constant H € (—m, m). We are aware
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of the recent contribution [16], where the authors show that the last average condition in (2.14)
can be actually relaxed a little bit allowing pure phases to be considered as initial data. Due to
the complexity of our system, the result does not directly apply and we left that problem open
for possible future research.

Remark 2.7. Let us highlight some differences to the work referenced as [27]. The first one lies in
the choice of the source 8, as observed in the Remark 2.2. In contrast, our different formulation
of the chemotaxis coupling has allowed us to deduce somewhat improved regularities for ¢, (cf.
(2.20)). This improvement is further manifested in a more consistent variational framework (cf.
(2.28)): it is worthwhile to compare the two setting of test functions related to the chemotactic
variable.

Assuming a more regular initial datum @2 and a smallnes condition for the chemotactic sen-
sitivity X, with respect to the magnitude of the initial datum and other parameters of the model,
we can derive some regularity results in the two space dimensions.

Theorem 2.8 (Regularity result, d = 2). Suppose that AI1-A6 hold and let d =?2. Moreover, in
addition to (2.14), suppose that

oQeH. (2.33)

Suppose further that the following smallness condition on the chemotactic parameter,

1
1+C—-1\"
xa<<%> , (2.34)

is satisfied, where C is a positive parameter depending only on the domain 2, on the parameters
Koo and mq and on proper norms of the initial conditions (cf. (4.7)).

Then, the components ¢, and c of the weak solution obtained from Theorem 2.4 enjoy the
additional regularities

9o € HY(0,T; V)N L™, T; HYNL*©0,T; V), (2.35)
ce LY0,T; W), (2.36)

and the weak formulation (2.28) can be equivalently reformulated as

(B,gaa,v)v+/m(g0a,c)Vgoa~Vv—Xafwam(wa,c)Vc~Vv=/Sav,
Q Q Q

0

almost everywhere in (0, T) and for every v € V. Besides the initial condition ¢,(0) = ¢, is

fulfilled almost everywhere in 2.
Next, provided that the initial data is more regular, the mobility functions are constant, and
the space dimension is two, we can show that there exist more regular weak solutions. Here, the

first regularity result follows.
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Theorem 2.9 (Regularity result on n and c, d € {2,3}). Suppose that AI-A6 and (2.34) are
fulfilled, and assume that, besides to A2, it holds that h € WI'OO(R). Moreover, in addition to
(2.14) and (2.33), suppose that

n’ e H2(Q), e H* Q). (2.37)

Then, there exist components n and c of a weak solution (¢, ¢4, &, |4, 1, ¢) such that

newh®0,T: HYNH' (0, T; V)NL®0,T; H*(Q)NL*0,T: H} (), (2.38)
ce H (0, T; HYNL>®(0, T; H*(Q)) N L*(0, T; H*(Q)). (2.39)

Theorem 2.10 (Regularity result, d = 2, constant mobilities). Suppose that AI-A6 and (2.34)
hold and let d = 2 and that m =n = 1. Besides, in addition to A2, we suppose that h €
WL2(R). Moreover, in addition to (2.14), (2.33), and (2.37), suppose that

Pew, uli=-ap’+F@ev, @ev. (2.40)

Then, there exists a weak solution (¢, ¢4, &, L, n, c) such that

e e Wh®, T; VHYNHY0,T; V)NL®©, T; W>° (Q)), (2.41)
£€L®0,T;L°(Q), (2.42)
neL®0,T;V), (2.43)
9o € H'(0,T; HynC°([0,T1; V) N L%0, T; H*(Q)), (2.44)

with o being defined as in (2.17).

Finally, in the case with a singular potential, if the convex part of the double-well potential
enjoys the following estimate

Jep>0:  |B(N| <ePWPOHD - reD(p), (2.45)
we can obtain another regularity improvement. The above condition is known to be fulfilled in
the two dimensional setting, for instance, by the singular logarithmic potential (1.16). Notice
that a similar version holds for the single-well potential (1.19) when its argument is close to one.
Namely, for (1.19), condition (2.45) holds for every r € (1/2, 1) instead.

Theorem 2.11 (Regularity result, d = 2, separation property). Suppose the assumptions of the

Theorem 2.10 are fulfilled and the double-well potential enjoys (2.45). Moreover, in addition to
(2.14), (2.33) and (2.40), suppose that

e HYQ), wWew. (2.46)
Then, there exists a weak solution (¢, ¢4, &, i, n, ¢) such that
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e Wb, T; H)NHY0, T; H*(Q))NL®0, T; HY(Q) NW>°(Q)),  (2.47)
weL®0,T; H ()N L0, T; H(Q)), (2.48)

with o as defined in (2.17). Besides, if (2.45) is fulfilled, then there exist 8., 8* € (0, 1), §, < &%,
such that the separation property holds:

0<8y<opx,t)<8* <1 forevery (x,t) € Q. (2.49)

Finally, in case the potential is single-well and fulfills (2.45) for every r € (1/2, 1), then there
exist 8* such that the separation property holds:

0<e(x,t)<8*<1 forevery (x,t) € Q. (2.50)

The last result we are going to address concerns the uniqueness of solutions. This is obtained
as consequence of a suitable continuous dependence estimate that is fulfilled by regular solutions
that enjoy the regularities listed in the above theorems.

Theorem 2.12 (Uniqueness, d = 2, constant mobilities). Suppose the assumptions of Theo-
rem 2.11 are fulfilled. Besides, the source term 8, possesses the simplified form, compare with
22.7), 8q4 = 84(0a) = KoPa — Koo(pg. Then there exists a unique weak solution (¢, ¢4, |4, 11, C) to
the system (1.1)—(1.7). Moreover, let {(@;, ¢a, i, ni,ci)}i, i = 1,2, denote a couple of weak solu-
tions as obtained from Theorem 2.11 associated to initial data {((p? , €02,,-, ;1,?, n?, c?)}i fulfilling,
fori=1,2,(2.14), (2.33), (2.40), and (2.46). Then, it holds that

g1 — o2 — (WD — (W) llL=©.1:v) + eDe — (@2)ellL=©.r)+Hle1 — 20 1200.7:v)
+ ll9a,1 — @a2 — ((a,)Q — (@Wa,2)2) L0, ;v )nL20,7;: 1) T 1(@a, D2 — (@a,2)llL*©,1)
+ It = nallpeeo,7; mynezo,7:v) + llct = e2llpeoo,7: mynczo.7:v)
< K(llg} — 93 — (¥)a — @N)llv: + (@)e — (¥D)eal)
+ K (llo) 1 — 92, = (@) Da — @) Dllv: + 19 Do — (0 el)
+ K (1§ =3l + 1l = 311), @2.51)

for a positive constant K only depending on the data of the system.
3. Existence of weak solutions

In this section we establish the validity of Theorem 2.4. Our approach begins with the intro-
duction of an approximation for System (1.57)—(1.63), which allows us proving the existence of
a local in time solution through a Faedo—Galerkin scheme. Subsequently, we expand this local
solution into a global-in-time solution using a combination of a-priori estimates, which remain
uniform with respect to the discretization parameter, and temporal continuity arguments. Finally,
we pass to the limit letting the regularization parameter goes to zero, recovering a solution to
the original system. Since the Assumptions A1, A3 and A4, and the qualitative properties of
solutions of System (1.57)—(1.63), differ between the cases of F being smooth or singular, i.e.,
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satisfying (2.1)—(2.2) or (2.3)—(2.5), respectively, we adopt two distinct regularization approaches
depending on the assumed regularity of the potential F.

In this direction, let us introduce some preliminary tools. To begin with, given L, M € R with
L < M, we define the truncation function 77, s as

Tp m:R—[L,M], Tp m(r):=max{L,min(r, M)}, reR, 3.1

and notice that Ty p € W (R). Following standard regularizing approaches in the Keller—
Segel literature (see, e.g., [18]), we define the function & p : R — R, with €,y € C%(R),
such that

& uTe ) =1, reR. (3.2)

Namely, if L <1 < M we impose E/L,M(l) = &r.m(1) =0, and find that

Lol rilog(L)—1,  r<L,
E’IZ’M(r) = % L<r<M, E’L,M(r) = { log(r), L<r<M,
ﬁ, r>=M, 4 +log(M) —1, r>M,
2oLy og(L)— Dr+1,  r<L,
Er.m():=1 (og(r) — r +1, L<r<M,
CoME L (log(M) — r+1,  r=M.

We recall the following properties concerning the functions 77, » and €y, y, which are derived
in [18] and which will be useful in the forthcoming calculations:

ELm(r) =4, r<0,Leeh), (3.3)
rép ) <28, m(r)+1, reR, Le(O, e b, (3.4)

Moreover, we give the following properties, which can be directly verified by computation and
which will be useful later:

Irl <& 1) +e—1, Le(©,e Y, reR, (3.5)
(N3E, 1) +2e)' =0, Le(0,e), reR, (3.6)
M3 =C(M3e), 0 +Co™)

a0 o, 2 _uc
tmax (e © (C+2762>,eC . Le(o0,e € ), rer, (37

for any positive constant C.
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3.1. Approximation

The primary challenge in introducing an approximate scheme is associated with the necessity
of obtaining uniform (in the approximation parameters) a-priori energy estimates for the Keller—
Segel system, which are tipically derived only at a formal level in the literature (see, e.g., [30,27]).
In our case the energy estimate for the coupled system (1.57)—(1.63) is related to the formal dis-
sipative equality (1.41), and in order to control the chemotactic coupling term —X, |, Q $ac in the
free energy (1.15) the boundedness of ¢ is needed. Moreover, some of the source terms in (1.41)
can be controlled thanks to the boundedness and the nonnegativity of certain variables. Hence,
another challenge in the design of our approximate scheme is related to the need to maintain the
physical boundedness (min-max conditions) and nonnegativity characteristics of the aforemen-
tioned variables also at the approximation level. This is achieved starting from the introduction
of a proper regularization of the entropy density associated to the variable ¢,, following [18].
We observe that in [18] the chemotactic coupling between the cell density and the chemical con-
centration was complemented by the introduction of an artificial cell diffusion in the chemical
concentration equation; this avoided the need to control the chemotactic coupling term in the
a-priori estimates. The design of our approximation schemes relates on three main ingredients:

e The introduction of a truncation of the variable ¢, in the chemotactic flux in equation (1.59);

e The introduction of proper truncations and positive parts of some variables involved in the
source terms;

e The introduction of a proper regularization of the possibly singular potential in equation
(1.58).

In the case with a smooth potential F satisfying (2.1)—(2.2), we introduce the following regular-
ized and truncated version of System (1.57)—-(1.63), depending on the regularization parameter
ee€(0,1):

¢ — div (m(e, ga, 1) Vi) + Xy div (m(e, @q, n)Vn)

= (h(n) —8n) 4 h(p) —mg in Q, (3.3)
n=—Ap+ F'(p) in Q, (3.9)
000 — div (10 )V ) + Xa div (T, o1 () 1(ga. ) V)

= (Tt 1401 (©) = 8a)4 (1 = h(9)) +€) (k0% — Koo(ga)2) i Q. (3.10)
n —An —Xep = (1 —h(n)(1 = h(p) + (¥a)+) — ph(n) in Q, (3.11)
0rc — Ac — Xa(@a)+

= h(@)Gn =) (L= Tt 1o 1(©)) = @)+ Tt 1 4e1(c)  in Q. (3.12)

As for the boundary and initial conditions, they will be selected later on for the unified approx-
imated system. To define the regularization of System (1.57)—(1.63) in the case with a singular
potential F satisfying (2.3)—(2.6), we introduce the Moreau—Yosida regularizations (see, e.g., [3,
pp- 28 and 39]) of the functional Eand the graph B, depending on a parameter ¢ € (0, 1), i.e., we
set
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11—/ _
por=——". Je=U+ep)

~ 1 ~
0=<B:(r) :=min{—|t —r|2+,3(f)}, reR,
reR | 2¢

being I the identity operator. From classical theory of convex analysis and Assumption A1 we
have that, for every ¢ € (0, 1),

1

B. is monotone and —-Lipschitz continuous with 8,(0) =0,
e

|Be(r)| < |B°(r)| forevery r € D(B),

where 8°(r) indicates the element of the section B(r) having minimum modulus. Moreover, it
readily follows that

Be(r) = §|ﬂa(r>|2 +BUr),  reR,

from which, since J.(r) belongs to the proper domain of ,B\ and using the Young inequality, we
get that

|ﬁ8(r)|5§(76;(r)+1), reR, ee(0,1). (3.13)

Then, we introduce the following regularized and truncated version of System (1.57)—(1.63),
depending on the regularization parameter ¢ € (0, 1):

o — div (Irn(go, D, n)Vy,) + Xy div (IIIl((p, Das n)Vn)

= (T_e-1 14e1 (1) = 8) , h(p) —me inQ.  (3.14)
n=—Ap+ B:(p) + () in 0, (3.15)
O ¢a — div (n(@a, OV@a) + Xa div (T, -1 (9a)(@a, ) Ve)

= ((T_¢=1156-1(0) =)+ (1 — h(@)) + ) (K0¢a — Koo(®a)3) in Q, (3.16)
dn — An — Xy(9)+ (3.17)

=(1=T_ 1 1510-1(M) A = (@) + (@) 1) — (@)1 T_—1 11 -1(n) inQ, (3.18)
0rc — Ac— X (@a)+

= h(@) G~ = Tt 1 (@) = @)1 T et (@) Q. (3.19)

Remark 3.1. We observe that in the source terms of equations (3.12) and (3.19) (and also of
equation (3.17)), we took the positive part of ¢,, (¢, respectively), instead of their truncations
by two primary reasons: firstly, to maintain the integrity of the min-max principles within the
equations, and secondly, to enable the reconstruction of the term — X, % /s o PaC, and the analo-
gous term involving ¢ and 7, in the a-priori estimate. The latter point could not be afforded if we
considered the truncation of the variable ¢, (¢, respectively), instead of their positive part in the
chemotactic terms in equations (3.12) and (3.19) (equation (3.17), respectively).
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For ease of notation, we have omitted to indicate with a subscript ¢ the dependence of the
solutions of (3.8)—(3.12) and (3.14)—(3.19) on the regularization parameter ¢.
Given ¢ € (0, 1), we can prove the existence of a solution to (3.8)—(3.12) and (3.14)—(3.19) at
least locally in time, e.g., by means of a Faedo—Galerkin approximation strategy. To unify the
discussion, we introduce the functions g., p and F;, defined on R, as

h(r), if F is smooth, r, if F is smooth,
qe(r) := e p(r) = e
T_ g1 141 (r), if F issingular, ry, if F is singular,
and
F(@r) if F is smooth,

Fs<r>:={A Py
Be (@) +7 (@) if F is singular.

We observe that g, is bounded for any € € (0, 1) and is Lipschitz continuous. Moreover, thanks
to (2.1), (3.13) and the polynomial growth (2.6), we have that there exists C > 0, eventually
depending on ¢ in the case with a singular potential, such that

|F.(r)| < C(Fe(r)4+1), Fe(r)>0, reR. (3.20)

Let us now fix the boundary and initial conditions. For those, we consider no-flux Neumann
boundary conditions for all the variables and as initial conditions we will consider the H-
projection of the original initial data as detailed below.

Let {¢;};en be a family of eigenfunctions of the Laplace operator with homogeneous Neu-
mann boundary conditions, that is, for i =0, ..., k, ¥; are weak solutions to

—AYi=0a;y; inQ, GY; =0 onT,
with 0 =g < @] <--- < g < ... > oo the reordered sequence of eigenvalues. The sequence
{i}ieN can be chosen as an orthonormal basis in H and an orthogonal Schauder basis in V, and,

thanks to the properties of T', it holds that {y;};cny C W. Then, we introduce the H-projection
operator

Py .V — Vi i=span{to, Y1, ..., ¥x}, k€N,

and notice that | J;2, Vi is dense in both V and in H. Accordingly, we make the Galerkin ansatz

k k k
e(x,0) =Y afOYi(x), e, 0= biOVi(x),  gar(x, 1) =Y cfO)ix),

i=0 i=0 i=0
k k

nk(x, 1) =Y dfOYi(x), D= efOix), (3.21)
=0 =0

for unknowns vector-valued functions
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ak=(@af,....dd), v =@k ... b)), F=(ch, ... ),
dc=(dh,.....d, e =, ... eH,

to approximate the solutions ¢, i, ¢4, 1, ¢ of systems (3.8)—(3.12) and (3.14)—(3.19), and project

the equations onto Vi, obtaining the following Galerkin approximation of systems (3.8)—(3.12)
and (3.14)—(3.19):

/3t‘Pk Vi +/1m(§0k, Pa e OV (r — Xpni) - Vi

Q Q
_ / (@ (1) — 8) - h(px) — mei) i, (3.22)
Q
/ ki = / Vor - Vi + / Fl(o) Vi, (3.23)
Q Q Q
/@%,k Vi + / W Paks k)VPak - VYi—Xa / T, o1 (@a ) Pa i, ck)Vek - Vi
Q Q Q
= / ((T_g1 o1 () = 82) (1 — h(@)) + ¢ ) (KoPa k — Koo(@a i) ) Vi (3.24)
Q
/ doni i+ / Vi - Vi — X, f (o) i
Q Q Q
= f ((1 = ge () (1 — h(@x) + @a ) +) — PP)ge (m0)) Vi, (3.25)
Q
/ duck i + / Ver- Vi — X / @)+ Vi
Q Q Q
= / (@) (B — i)+ (1 = T_ 1 o1 (1) — @ai)+ T -1 146-1(c)) Vin  (3.26)
Q
in [0, ¢], withO <t < T, fori =0,...,k and with initial conditions
ok(0) = Pe(9®),  9ak(0) = Pe(p)), ni(0) = Pe(n®), cx(0) = Pe(c®). (3.27)

We note that thanks to the introduction of the functions g, and F; we have written a unique
Galerkin approximation (3.22)—(3.27) which is valid for both the systems (3.8)—(3.12) and
(3.14)—(3.19).

Remark 3.2. The Galerkin ansatz for the variables ¢, and ¢ implies that both ¢, x and cj satisfy
homogeneous Neumann boundary conditions. This is compliant with the boundary conditions
(1.39) employed in the derivation of the model and with the constitutive assumption (2.13).
Indeed, given the homogeneous Neumann boundary condition for the variable ¢ in (1.39) and the
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assumed positivity of the mobility function n, the second boundary condition in (1.39) implies
that 9,9, = 0. Nevertheless, we highlight the fact that in the limit system (2.28), the validity of
the boundary condition for the variable ¢, is lost due to its low space and time regularity.

We observe that equation (3.23) allows us to represent b solely in terms of a*. Consequently,
with this substitution, the collective system (3.22)—(3.27) defines a collection of initial value
problems for a system of coupled normal first-order ODEs in the variables ak (), k1), d¥ (),
and X (t). Due to the Assumptions A1, A5 on the regularity of the functions m, n, F, and 4, the
regularity of the Moreau—Yosida approximation and the regularity in space of the eigenfunctions
Y;, the structure function of the ODEs system depends continuously on the independent variables
and on the coefficients. Hence, we can apply the Cauchy—Peano existence theorem to infer that
there exist a sufficiently small #; with O < #; < T and a corresponding local solution (af, e, ef.‘)
of (3.22)~(3.27), fori =0, ..., k. Here, the unknown b¥ can be readily obtained by using a* and
equation (3.23). Upon combining (3.21) with the properties of the eigenfunctions, this readily
produces local solutions ¢y, [k, @q.k, 1k and cx. We now deduce a-priori estimates, uniform in
the discretization parameter k, for the solutions of system (3.22)—(3.27), which can be rewritten,
combining the equations over i =0, ..., k, as

/azfﬂk v+ / m(@x, @ak, 1)V (k — Xpnk) - Vv
Q

Q
Z/((%(Vlk)—Sn)+h((/’k)_m¢k)v» (3.28)
Q
/ukv=/V¢k-Vv+fF;(<pk)v, (3.29)
Q Q Q

azwa,kar/Jn(qoa,k,Ck)Vwa,k~Vv—XafTg,g—l(%,k)m((pa,kmk)VCk~Vv
Q Q

KJ\

= [ (Tt 1ot (er) = )+ (1 = 7(@1)) + ¢ ) (k0@ k — Koo ($a )3V, (3.30)

Q
/B,nkv+/Vnk~Vv—X¢/p((pk)v
Q Q Q
= / ((1 = ge () (1 = h(@r) + (Pak)+) — P(@K)ge (1)) v, (3.31)
Q
/akaerfWk-Vv—Xa/(wa,k)+v
Q Q Q

= / (@) G = 1)+ (1 = T_ g1 11 (k) = (Pa i)+ Tp1 -1 (ck)) v, (3.32)
Q
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for almost every ¢ € [0, #1] and for all v € Vi, with initial conditions defined in (3.27). We take
V= — Xpng + @ in (3.28), v = —0;¢x in (3.29), v =@, & in (3.30), v = Oy ny + 2(Xé + Dny
in (3.31) and v = 9;cg + ¢k in (3.32), sum all the equations and manipulate some terms, to obtain
that

d (1 2, 1 2 1 2 2 2
ar Ellfﬂkll +§||V<Pk|| + | Felor) — Xy <ﬂknk+§||¢a,k|| + (X5, + Dlingll

1 2 1 2 1 2 2 2 2 2
+2||Vnk|| +2||Ck|| +2||VCkII +ml@ell” + 10nell” +2(Xy, + DI Vgl

+ 18k ll* + IVerll* + / Mk, Pa ko 16V ik - Vi
Q

+X(p/1m(¢ks§0a,kvnk)vnk'Vnk+/m(‘/’a,ksck)v¢a,k'V(ﬂa,k

Q Q
. / (Tt et 0 — 80+ (1 — h(@) +€) (i)
Q
>0

#2024 1) [ (1= b0 + @a)s) areoms
Q

>0

+ / (@) B = 1)+ + (Pai)+) Tg1 1o (CR)Ck
Q

>0

=2X¢/m(¢k,¢a,k,nk)vﬂk -V —fm(wk,fpa,k,nk)vuk - Vg
Q Q
+ Xy / (@, Pa k> M) Vg - Vor + /(C]e(”k) = 8w)+h (o) (i — (ni)e)
Q Q
+ /(Cle(nk) —8p) 1 h(e) (o — Xy /(qs(nk) — 8n)+h(gr)ng
Q Q

~I—/(Cls(nk) — 8p)+h (o) ek —m/%(,uk — (u)) —m|L(ea () a
Q Q

+ X (m + 2002 + 1) / o — Xa [ T, o1 Qa0 @as OV ek - Vepuk
Q Q

+Ko/((T_g—1,1+g—1(Ck)—Sa)+(1 —h(wk))-l-f)(ﬂaz,k
Q
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+ [0 = ) (1= b0 + (as)s) i
Q
+202 +1) / (1= h(@) + @ai)+) me
Q

- / P(@)qe (ni) Bymx + 2060 + Dng) + X, / (p(pr) — 1) Brng + 20X, + Dng)
Q Q

+ X f (@) +drck + Xa / (Ga) sk
Q Q

+ / () G — )+ (1 =Tyt 111 (1)) Brc
Q

+/h(§0k)(8n — M)+ Ck — /(Qﬂa,k)-i-ng—',]Jrg—'(Ck)atck- (3.33)
Q Q

To bound the fifth and eighth terms on the right hand side of the above identity, we need to obtain
estimates for |(ux)q| and |(¢x)q|. Taking v = 12/~ 1 in (3.29), which is allowed since it belongs
to Vo, and using the property (3.20), we easily obtain that

(sl <€ / Fooo) +1]. (334)
Q

Similarly, taking v = 12|71 in (3.28), using Assumption (2.9) and introducing the variable y :=
(¢r)q and the constant H := || (g (nx) — 6,)+h(@r) |l L%(Qy)» We obtain the differential Gronwall
inequality

—H<y +my<H,

which gives that
y(0)e™™ 4+ (1 —e™™) <—%> <y =y ™ +(1—e™™) <%) , (3.35)

forevery ¢ € [0, t;]. Hence, given the assumed regularity on ¢°, and the properties of the projector
operator, we obtain that

[(p)al < C@).

Using these facts in (3.33), together with the Poincaré—Wirtinger, the Cauchy—Schwarz and the
Young inequalities, integrating in time (3.33) between 0 and ¢ € [0, ¢1] and employing Assump-
tions A3-A6, the regularity properties of the Moreau—Yosida approximation and of the initial
data (2.14)—(2.16), we obtain that
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1 2, ] 2 1 2 2 2, 1 2
eI+ S1Ver ] +/Fe(§0k(t))+§”§0a,k(t)” + X + DIne 1 + 51V ()]
Q

t

+ e + 2iveor? 2+ 113 + 1 Vrell® + 11ecx |
S llex SIVe@I?+ [ (mlgel® + 1omill® + 1 Vnil® + 12, cx
0

t
+/<||Vck||2+mo||wk||2+x¢monwk||2+mo||wa,k||2>
0

1
< C@’ g n", <)+ L lonl®
p 1 1
my mo
+ Xg il +/ (7”%”2 + S IVga il + S lonll® + §||azck||2>

1
1 2, 1 2 1 2 2
+C(e) 4||<ﬂ/<|| +2||V§0k|| + Fs(wk)-l-zll%,kll + lInkll
0 Q

t
1 2 1 2 1 2
+C@) [ SIVall”+ Slleell™ + SIVerl™ | + €. (3.36)
0

for any ¢ € [0, t1]. An application of the Gronwall lemma then yields, for any ¢ € [0, #{], that

llorllLoo 0,5 vy + ||Fa(§0k)||L00(o,;;Ll(Q)) + ||‘/’a,k||L°°(0,z;H)mL2(0,t;V)

FIVirll 20.0:m) + 1kl 10,0 ynLoe 0.0:v) F ISkl a1 0.0 )AL 0.y < €. (B.37)

The bound (3.37), together with (3.34) and the Poincaré—Wirtinger inequality, gives that, for any
t €0, ],

|kl 20,0y < C. (3.38)

A comparison argument in (3.28) and (3.30) finally produces, for any ¢ € [0, #1],

10: @il 20, 0:v%y < Cs N10t0a,kllL2(0 v+ < C. (3.39)

Next, we take v = —Any in (3.31), v = —Acy in (3.32) and sum the two contributions, using
(3.37), integrating in time between O and ¢ € [0, #;] and employing Assumption A4 and the
regularity properties of the initial data (2.16). We obtain that

t
1 1
19O + 519 + [ (18nd + 18c) < Cin. )
0
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t

t
1
+€ [ (10t + 1l + hgast?) + 5 [ (13me1P + 1861P)
0

0
1

1 2 2
§C+2 lAnll” + | Ackll” ),
0

from which, using also the assumption on the initial data c® and n°, along with elliptic regularity
theory, we get the bounds, for any 7 € [0, #1],

Ikl L2000 wy + ekl 20,0 wy < C- (3.40)
Taking now v = —Agy in (3.29), we obtain that

/|A<ok|2+/ﬂ;<¢k)|wk|2s IV el —/n’(wknwuz.
Q Q

Q
[ —
>0

In the case with a smooth potential, thanks to Assumption (2.2), we have that

/ 7 (00 Ver 2 < c/ (1+ lgel?) Vi 2,
Q Q

with g € [0,4). Observing that g > 1 when ¢g < 4, using standard Sobolev embeddings, the
Young inequality and (3.37), we obtain that

4+q

- q 4
[ 1019l < v < Cloay (o + 1ap?)
Q

2(q+4)

2 = 1
<Clel v + el ™ + 5||A<ok||2 <C+ §||A(Pk||2~

In the case with a singular potential, thanks to Assumption (2.6), we have that

/|n’<<pk)||wk|2 < ClIVerl*.
Q

Due to the previous computations and using (3.37), we obtain that

IA@l? < CUIV gl + 1).

Squaring both sides, using again (3.37) along with elliptic regularity theory yield, for any ¢ €
[0, 711,

ekl L0,y < C. (3.41)
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The constants in the right hand side of (3.37)-(3.39) depend on the initial data, on the do-
main €2, on the regularization parameter ¢ but not on the discretization parameter k. Thanks
to the a-priori estimates (3.37)—(3.39), we may extend by continuity the local solution of sys-
tem (3.22)—(3.27) to the interval [0, T'] and pass to the limit in a standard way as k — 00 in
(3.28)—(3.32), obtaining the existence of a weak solution (¢, i, ¢4, 1, ¢) to the regularized sys-
tem (3.8)—(3.12) on the whole time interval [0, T]. This solution has the regularity

@e HY(0,T; V*)YNL®©,T;V)NL*0,T; W),

neL*0,T;V),
0a € HY(O,T; V*YNL®,T; HYNL*0,T; V),

ne HY0,T; HYNL®,T; V)NL*0,T; W),

ce H'(0,T: HYNL>®(,T; V)N L*0,T; W), (3.42)

and satisfies the limit system

(9@, v)v +/M(¢,¢a,n)V(M—X<pn)‘Vv=/((qs(n)—Sn)+h(<ﬂ)—m<ﬂ)v, (3.43)
Q Q

/,uv :/w -V +/Fg(¢)v, (3.44)

Q Q Q

(3100, 0}y + / (0, OV - Vo—Xq / T, o1 ()10, Ve - Vo (3.45)
Q Q

=/((T_£—1,1+g—1(0)—5a)+(1 — h(9)) +¢) (K0Pa — Koo (@) 3V,

Q
/B,nw—/Anw—X(p/p(go)w
Q Q Q
= / (I = ge(m)(1 = h(9) + (a)+) — P(®)g:(n)) w, (3.46)
Q
/atcw—fAcw—Xa/(¢a)+w (3.47)
Q Q Q

= / (@) (B =)+ (1 = T 14p-1(0)) = (@) 4+ T_p1 1401 (0)) W,
Q

for almost every ¢ € [0, T'], for all v € V, w € H, with initial conditions defined in (3.27). We
now want to obtain a-priori estimates for the solutions of System (3.43)—(3.47) which are uniform
in ¢, in order to study the limit problem as ¢ — 0 and obtain an existence result for the original
System (1.57)—(1.63). In the process of obtaining these estimates we will sometimes need to
consider separately the cases with a smooth potential or with a singular potential. We start by

339



A. Agosti and A. Signori Journal of Differential Equations 403 (2024) 308-367

obtaining a maximum and a minimum principle for equation (3.47), valid both in the cases with a
smooth or a singular potential, which gives that ¢ € [0, 1] almost everywhere in Q. This condition
is expected in view of the physical interpretation of ¢ as a concentration, and allows us to prove
the coercivity of the chemotaxis term — X, fQ @, c in the free energy of the system uniformly in

€.

Minimum principle. To begin with, let us address the minimum principle. Let us define f_ :=
¢_ = —cX{c<0) and point out that {¢ < 0} := {x € & : c(x) < 0}. Then, we take w = —f_ in

(3.47) to find that

1d
Mnf_n2 + IV () I* + / h(@)(Sn =)+ (1 = T_y1 1 o-1(0)) f-
Q

- / (®a)+T_g=1 14e-1(c) f— =0.
Q

Besides, it holds that the fourth and the fifth integrals on the left-hand side are nonnegative as

well. In fact, we have that

/h(¢)(5n =)+ (1 =T_g—1 11 -1(0) f-

Q

_ / B@) a1 (1 =Tyt 120 1(0) (—0) 20,
—_— ——

QN{c<0} >0 -1 >0
and similarly
- / (Pa)+T g1 1e-1(0) f- = — / (Pa)+ (T_g=1 14¢-1(0)) (=€) = 0.
~—_—— =
Q QN{c<0} >0 <0 >0

Going back to the first identity, this entails that
f-()=0 foreveryte[0,T]anda.e.in Q
from which we conclude that

c(x,t)>0 fora.e.(x,t) € Q.

(3.48)

Maximum principle. Next, we set fi := (¢ — 1)1 = (c — 1)X{¢>1) and take w = f in (3.47)

to find that

1d
M||f+||2+ / Vel + / @)+ (T_g1 1 1e1(0) = Xg)(c = 1)
QN{c>1} QN{c>1}
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+ / h(@) Sy — )4 (T_g 1 o1 (0) = 1) (¢ — 1) =0,
QN{c>1}

>0

where in the third term on the left hand side of the last equality we used the compatibility condi-
tion X, € (0, 1) in A6. Similarly as above this yields that

f+(@) =0 foreveryt e[0,T]anda.e.in 2,
meaning that
c(x,t) <1 fora.e.(x,t)€ Q. (3.49)
Upon combining (3.48) and (3.49), we finally infer that

O0<c(x,t)<1 fora.e.(x,t)€Q, (3.50)

uniformly in ¢. Note that, as a consequence of (3.50) and the definition (3.1), we have that

T_ -1 4e-1(0)=c,
uniformly in ¢.

Remark 3.3. We observe that in (3.47) the choice of taking the positive part (¢,)+ in the chemo-
tactic and in the source terms implies the validity of the minimum and the maximum principles
for ¢ for any value of . Indeed, given ¢ € (0, 1), a solution ¢, for the regularized system
(3.43)—(3.47) is not necessarily nonnegative, hence to enforce the minimum and maximum prin-
ciples for ¢ we need to truncate ¢, to nonnegative values in the chemotactic and in the source
terms.

In the case with a singular potential it is possible to obtain also a maximum and a minimum
principle for equation (3.46). This condition is also expected in view of the physical interpre-
tation of n as a concentration. Recalling p(¢)=(¢)+, g:(M)=T_.-1 1, .-1(n), Xy € (0, 1), and
observing that 1 — h(p) + (¢4)+ > 0, we may apply the same calculations as the one employed
to prove the maximum and minimum principles for equation (3.47), obtaining that

0<n(x,t)<1 fora.e.(x,t)e Q. (3.51)

We again observe that the choice p.(¢)=(¢)+ implies the validity of the minimum and the max-
imum principles also at the approximation level, where the singular potentials are approximated
by polynomial type potentials. In fact, given € € (0, 1), a solution ¢ is not necessarily nonnega-
tive, nor confined in the physical range [0, 1]. In the limit ¢ — 0 the solution ¢ will turn out to
be nonnegative only in the case with a singular potential, so the property n € [0, 1] is valid only
in the latter case. Due to (3.51) and the definition (3.1), we have that

T o1 j1g1(n)=n,
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uniformly in ¢, and accordingly

h(n) if F is smooth,

9= (M=q (M= if F is singular,

with g(n) € [0, 1]. We then redefine the source terms in (3.43)—(3.47) as follows

8(p.n) = (q(n) — 8,) +h(p) — mp=:P(p.n) — mg, (3.52)
8a(@. @a. €)= ((c = 82)+ (1 — h(@)) + ¢ ) (Ko@a — Koo($a)?)

=1(¢, ) (K0¢a — Koo(@a)?), (3.53)
80(@. @a.n) = (1 — q(m)(1 = h(®) + (ga)+) — p(P)q(n), (3.54)
8c(@. @arn, ) =h(@)(8n —n)3(1 — ) — (ga) +c. (3.55)

and observe that there exist constants C, C,, C3 > 0 such that

|P(p,n)| <C1, ¢,neR, (3.56)
< P(p,0)<1+¢, ¢eR,cel0,1], (3.57)
180(@, @a, M < C2(lol + (@a)+ + 1), @.@a,n€R, (3.58)
18¢(@, ¢a.n, ) = C3((@a)+ + Inl+1), ¢, 0a,n R, ce0,1]. (3.59)

We now move to obtain a-priori estimates for System (3.43)—(3.47).

Remark 3.4. In order to rigorously obtain a-priori estimates uniform in the regularization param-
eter ¢ for System (3.43)—(3.47), we should need to consider a time regularization of (3.43)—(3.47)
with time regularized functions ¢-, ¢, , depending on a regularization parameter 7, where, given
a function u : Q — R, we define:

t

us(x,t):= % / u(x,t)dr,

-t

with u¢ (x, 1): = u®(x) for r < 0. In this way, if u € H'(0, T; V*) N L?(0, T; V), we have that

T
/<8tursU>V =/8zurv-
0

Q

Since, with the given regularities of ¢ and ¢, in (3.42), it readily follows that ¢, — ¢ strongly
in C([0, T1; V), @ar = @q strongly in L2(0, T; V) and 8;¢; — 8,9, 8;¢ar — 8;@q strongly in
L2(0,T; V*) as T — 0, we should easily pass to the limit as T — 0 in the aforementioned 7-time
regularized version of (3.43)—(3.47). Since this procedure is standard, see, e.g., [9, Lemma 2], in
the following we implicitly assume to have performed a time regularization of (3.43)—-(3.47) to
obtain a-priori estimates, avoiding to report all the details for simplicity.
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First estimate. We now take v = — Xyn + ¢ in (3.43), v=—0;¢ in (3.44), v = 8/5’8_1 (0q) —

Xgcin (3.45), w = 0in + 2(Xé + Dn in (3.46) and w = 9;¢ + ¢ in (3.47), sum all the equations
and rearrange some terms as in (3.33). Using the identity

T o1 (@) VE, 1 (¢a) = Vs, €€(0,1), (3.60)
we find that
d{1. ., 1 5
o Ellwll +5||V<p|| + [ Fe(p) =Xy [ on+ [ Eo-1(@a) —Xa | @ac
Q Q Q Q

1 1 1
+ (G + DIl + S1Vnl® + Sllel” + 5||Vc||2) +mllgl? + 19:n]?

+20X + DIIVal® + 9;cll* + ||Vc||2+/m(<o,<oa,n>w~w
Q

+X¢/Irr1(¢,¢a,n)Vn-Vn+/<oo/z9(<o,6)(¢a)i8’(<pa)
Q Q

+ / T, o1 (9a)n(@q, )V (5;571 (9a) — Xac) -V (8;’8,1 (9a) — Xac)
Q

+20X7 +1) / (1 —h(p) + (ga)+) q(m)n + / (h(@)(n — 1)+ + (@a)+) ¢
Q Q

>0 >0

=2X¢/m(¢,¢a,n)VM-Vn—/m(<p,<pa,n)VM-V<p
Q Q

+X¢/m(¢,<ﬂa7n)Vn'Vfﬂ+/P(q&,n)(u—usz)Jr/P(w,n)usz
Q Q Q

—Xfp/P(w,n)nJr/P(w,n)w—mfcp(u—usz)—mmlwszusz
Q Q Q

Xy m+ 200 + 1)>fgon 2 f (@a)s — goa)atc+xofﬂ(go,cm8’<<pa>
Q Q Q

— ko / 9 (0, )ac + koo Xa / (. ) pa)c + f 81 (¢, 9 n)3ym
Q Q Q

#2041 [ A= bty + @rom+ X [@aree =203+ [ p@rgim
Q Q Q
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+ Xy / (p(9) — ) (B +2(X2 + D) +/SC<¢, Gasn, )djc
Q Q

+/h(<p)(F8n —n)4ec. (3.61)
Q

Here, we need uniform estimates for g and ¢gq in order to bound the fifth and ninth terms on
the right hand side of (3.61). We obtain them separately for the case with a smooth potential and
the case with a singular potential. In the former case, we proceed with similar arguments as in
(3.34) and (3.35), taking v = 12|71 in (3.43) and (3.44) and using Assumption (2.1). We are then
lead to

el =C /Fe(‘P) +1], (3.62)
Q
and
lpa(t)| < C foreverytel0,T], (3.63)

uniformly in ¢. For what concerns the singular potential case, the compatibility condition in A4
plays a crucial role in constraining the mass dynamics. Setting y := ¢q, H := || P(¢, n)||L>(0)
and testing (3.43) by v =|Q|~!, we arrive at the inequalities in (3.35), from which, thanks to the
compatibility in A4, produces

¢q(t) belongs to the interior of D () for every ¢ € [0, T']. (3.64)

To control the mean of u, we test (3.44) by v=1 to find that

1Qllnal < I1F (@)1 (3.65)

Let us notice from Assumptions (2.3)—(2.6) it holds that

IE @)l < 1B @)l + I (@)1 < 1B (@)l + Cllol* + 1). (3.66)

Thus, it is enough to control the term involving the regularized singular part B.. We test (3.44)
by ¢ — g to find that

/ﬁs(w)(w—wsz)+/7r(¢))(¢—¢)sz)+ ||V§0||2=/M((P_(/)SZ)- (3.67)
Q

Q Q

On the other hand, using the mass property in (3.64) and arguing as in [24], we find positive
constants Cr and cg such that

/ﬁe(‘ﬁ)((ﬂ —9q) > CrllB(@)l1 — cF. (3.68)
Q
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Thus, using (3.67) in (3.68) and Assumption (2.6), the Poincaré—Wirtinger and the Young in-
equalities we deduce that

CrlBe@)lt < CIVullIVell +cr + Cllpl? +1). (3.69)

Hence, collecting (3.56) and (3.65)—(3.69) and using the Young inequality, we obtain that

mo
fP(go,an < C1|Ql gl < CLIIFL()I1 < anuz +ClIVel* + Cllel* +1). (3.70)
Q

Using (3.50), (3.51), and (3.64), (3.70) in (3.61), together with the Poincaré—Wirtinger, the
Cauchy—Schwarz and the Young inequalities, integrating in time between 0 and ¢ € [0, T'] and
employing Assumptions A3—A6 and the regularity properties of the initial data (2.14)—(2.16), we
obtain that

1 1
Ellfp(t)||2+§||V<p(t)||2+/Fe(fp(t))+/3g,e—l(<ﬂa(t))

Q Q

2 2 1 2
—Xa/%(t)C(l)+(X¢,+1)Iln(l)|| +3IVr@I
Q

t
1 1
+ Enc(r)u2 + 5||Vc<t)||2 +/<m||<p||2 + 131> + VAl + 13.cll* + | Vel
0

t
+MO||VM||2+X¢m0||Vn||2> + koo / / 20, LEL 1 (90)
0 Q

t
+ / / T, a1 @) OV (€] 1(90) = Xa€) -V (€] 1 (90) = Xac)
0
t

1 mo 1 1
< C@’ g n", ) + eI + XG0 +/ (ﬂwnz + 7 19m] + Znafcnz)
0

t
I 1 2 Iz, 1 2
+C [\ slel”+51Vel”+ | Fe(o) + Slnl”+ SlIVal® ) +C
4 2 2 2
0 Q

t t t
+ X / / ($a)+ — 90 e+ o / / 80, a1 (90) — Ko / / 29, )pac
0 Q 0 Q 0 Q

:;]I] =ZI[2 =I]I3
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t
+Kooxa//z?(go,c)(goa)ic+/sn(go,wa,n)azn+/sc(<p,¢a,n,c)a,c
0 Q Q Q

=, =I5

t t
20 [ [wser20 40 o+ [ [warcac (G.71)
0 Q Q 0 Q

=:Ig

for any ¢ € [0, T']. The term I; can be bounded using (3.3), the Cauchy—Schwarz and the Young
inequality. Namely, it holds that

t

t t
1
|H1|sxa//|(¢a)f||afc|5gfnazcn?+4X2e//88,84<<pa>.
Q 0

0 0 Q

Using (3.4) and (3.50), we can bound I, as

t
2| < 2k0(¢ + 1)//88,5—1(%) +ko(¢ + DIKQIT.
0 Q

For what concerns the term I3, we rewrite it as

t t
I =—Koxa//ﬁ<¢,c><<pa)+c+xoxa//z?«o,c)«pa)_c,
0 Q 0 @

>0

hence, using (3.3), (3.50), the Cauchy—Schwarz and the Young inequality, we obtain that
\ €+
koXq (g +
T3] <koXa(C + 1)8f/35,871(%) + #IQIT.
0 Q
The term I4 can be bounded using (3.7) and (3.50), leading to

1 1
Ll =kata40) [ [@? <5 [ [ (waie oo+ o)+ crar.
0 Q 0 Q

Finally, 15 can be bounded using (3.7), (3.50), (3.58), (3.59), the Cauchy—Schwarz and the Young
inequality, obtaining that
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t

t t
1 1
Ls+ilel < [0t + 5 [10c?+C [ (1ol + i +1)
0 0

0

t
4 _
[ [ (@i, o+ o)+ ciar.
Q
Thanks to (3.5), we can treat the chemotactic term in (3.71) by noticing that

xa/%c < X4 / 0al < Xa f €0 o1 () + Xale — I,
Q Q

Q

Using the previous results in (3.71), adding to both sides the quantity

t
Koo
%/'/ﬁ((/”c)
0 Q

and considering (3.6), we obtain that

1 1
eI + LI + f Fu(@() + (1 — Xa) / €0 ot (0al0)
Q

Q

2 1 2 1 2
+ @1 + S IV O + S le@1,
; 1
+/(m||¢||2+5||atn||2+||Vn||2+ larcl? + | Vel? + 22 ||vm| +X¢mollvn||>

1
¢t / / (@R 00+ oot [ [0
0 Q

>() >0

ff P (9a)11(@a, )V (8/ ~1(@a) — ) -V (8;‘8_1 (¢a) — XaC)

t

5C(wo,fpg,no,co)+C+C/<—|I<p|| + = ||V<p|| +/Fe(<p)>

0 Q

t
1 1 1
C/<(1 - Xa) f € o 1(9a) + lIn|* + Enwn2 + §||C||2 + Euvfsuz), (3.72)
0 Q
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for any ¢ € [0, T']. An application of the Gronwall lemma and of the properties (3.5), (3.7), then
yields that

lelliLe©.7:v) + 1 Fe(@) Lo, 7: 1)) + 1PallLoo,7:11@)) + @)+l 20,7, 1)

IVl 20,71y 10l a1 0,1 mynL=©.7:v) +lclluro.r mor=@.rv) < €. (3.73)

Also, as a consequence of property (3.3) and of (3.72), we have that

10a)— 10,50y < 2 / €, o1 (pa) < Ce. (3.74)
Q

Combining (3.73) with (3.74), we get that

||<Pa||L2(0,T;H) <C. (3.75)

In the case with a smooth potential, the bound (3.73), together with (3.62), gives that
lugllLe©,ry < C, whereas, in the case with a singular potential, the bounds (3.65), (3.66),
(3.69) and (3.73) just give that [|ugll12,7) < C. Hence, the bound (3.73), together with the
Poincaré—Wirtinger inequality, gives, in both cases, that

el L2 0,7:vy < C. (3.76)

Second estimate. Next, taking w = —An in (3.46), w = —Ac in (3.47), which are feasible test
functions due to (3.42), and summing the two contributions, using (3.73) and (3.75), integrating
in time between 0 and 7 € [0, T] and employing (3.58), (3.59) and the regularity properties of the
initial data (2.16), we obtain that

t
1 1
SIVROIP + 51 Ve +f (nan1? +12cl?) = €. )
0
t

1
1
4 [ (1P + iR +a12) + 5 [ (1ani? + 1aci?)
0

0
t

[ (naniP -+ 1aci?).
0

from which, using also elliptic regularity, we get the bounds

<C+

N =

||”||L2(O,T;W) + ||C||L2(0,T;W) <C. (3.77)
Third estimate. A comparison argument in (3.43) then produces
10: @1l 20, 1:v+) < C. (3.78)
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Fourth estimate. We observe that the estimate (3.41) is uniform in ¢, so we get that

lellzao.r:wy < C. 3.79)
In the case with a smooth potential, thanks to (3.79), given the assumed regularity of F and the

bound (3.76), we have that || — F/(<p)||Lz(0’T;LU @) < C, with o as defined in (2.17). Hence,
elliptic regularity theory applied to (3.44) gives that

lelliz20.7:w2e @) = C- (3.80)

In the case with a singular potential, we can consider (3.44) as a family of time-dependent elliptic
problems with maximal monotone perturbations as follows:

—AQ+ Be(9) = fp = —1(p) in Q,
o =0 onT.

Since Assumption (2.6) and the above computations ensure that the forcing term f, €
L?(0,T: V), standard arguments (cf., e.g., [14, Thm. 2.2]) allow us to infer that

el L20.7:w2e @y + 1Be @l 20, 7:L0 ) < C> (3.81)

where we also use elliptic regularity theory and the continuous embedding V < L (2) with o
as defined in (2.17).

Fifth estimate. To conclude, we test (3.45) by S’E o1 (¢q) to obtain that
e, +mo [ il VeodP + (@a)3EL 1 (Pa)
di e,e~1(@a mo e.e—1\Pa Pa {Koo $a)yCp o—1(Pa
Q Q Q

S_Xa/‘pa AC+KO(1+§)/¢aE;’6—I(§0a)
Q Q

sC(||Ac||2+||¢>a||2>+f<o<1+z>f|¢a|8;,€_.(¢a>
Q
< 2x0(1 +§)/85,871(§0u)+C§C.
Q

This allows us to deduce the additional bound

I -1 @) ? Veull 20,758 < C- (3.82)

Sixth estimate. Let us now obtain some information on the time derivative of ¢,. In this direc-
tion, let us notice that (3.72) yields, recalling (2.13), in particular that
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”Ts,g*] (@a)1(Pa, C)V(E/e‘g—l (@a) — Xac)”L%(Q)

1/2 1/2 ’
< MI(T, o1 @) 2o 1 (T o1 (900)) P V(EL 1 (90) = XaO)ll 20y < €. (3.83)

On the other hand, we obtain that, for z € W1 ’4(9), it holds that

/ Ts,e—' (o) (g, C)V(g/g’s_, (pq) — Xac) - Vz
Q

< T, o1 (@a)na(@a, OVIE, 1 (9a) — Xa0)ll4l1Vzll4

< MIT, -1 (@) (T, -1 (0 )2 V(E, 1 (9a) = XaO) 1zl w1y < C.

Besides, we owe to the continuous embedding WL4(Q) < L®(), to derive that

/ (9. ©) (ko®a — Koo (9a)3)2 < C(L+ [l@al3)1zlloo < CL+ ll@allD) 12l ia(gy-
Q

Combining the above estimate it is then a standard matter to derive from (3.45) that

10t @all 1o, 7; (w14 =< C- (3.84)
3.2. Passing to the limit

In this section, we aim at detailing the passage to the limit ¢ — 0. Hence, we now employ a
rigorous notation (¢°, ¢, u®, n®, ¢®) to indicate the approximate solutions. Given that the limit
passage as € — 0 is standard for the majority of terms, our emphasis will be directed towards the
novelties that necessitated ad hoc treatment. Consequently, our primary attention will be focused
on the equation involving the chemotactic variable ¢,,.

First, let us recall that ¢, 5, u®, n®, and ¢ satisfy the estimates established in the previous
section with a positive constant C that it is independent of e. From those, Banach—Alaoglu the-
orem entails the existence of limit functions ¢, ¢, i, n, and ¢ such that, up to a not relabelled
subsequence, as ¢ — 0,

¢° — ¢ weakly-starin L*°(0,T; V),
and weakly in H' (0, T; V)N L*©0, T; W) N L0, T; W>° (),
¢i— @, weakly in L>(0, T; H),
uf — . weakly in L0, T; V),
n® —n weakly-starin H'(0, T; H)NL*>®(0,T; V)NL*©,T; W),
¢ > ¢ weakly-starin H'(0, T; H)NL>®(0, T; V)NL?*(0, T; W) N L*°(Q),

and, in the case with a singular potential, the existence of a limit function & such that, up to a not
relabelled subsequence, as ¢ — 0,

350



A. Agosti and A. Signori Journal of Differential Equations 403 (2024) 308-367

Be(9®) > £ weakly in L2(0, T; L° (RQ)),

with exponent o be defined as in (2.17). Besides, the min-max property in (3.50) is valid for c,
whereas the min-max property (3.51) is valid for n in case of singular potentials. Then, standard
compactness arguments imply that, as ¢ — 0,

¢°,c%,n® — @, c,n strongly in c’(0, T, H'="(Q) N L*(©0,T; V) for every n > 0,

and almost everywhere in Q. From the strong convergence of ¢ and the pointwise convergences
at disposal, it is a standard matter to recover in the limit the inclusion & € B(¢) a.e. in Q. Now,
to pass to the limit in the nonlinear terms involving ¢ in (3.45), also strong convergence of ¢},
to ¢, has to be shown. This can be achieved upon combining (3.84) with some information on

the gradient V. and the Aubin-Lions theorem. Thus, from the aforementioned bounds and the

interpolation L®(0, Tz H) N L2(0, T; V) < L>T> (Q), we infer that

IV 2w+ <C.
L d (Q)

Besides, from the above estimates, we infer that || 7, -1 (@) |l 12(@) < € which yields, using the
above bound, that

& &
1T, VN g <C

It is worth noticing that, for d € {2,3}, 1 < % < % < %. Combining this latter with the bound
(3.83) and the identity (3.60), we obtain that

&
Ve, IIL%(Q) <C. (3.85)

Therefore, (3.84) and (3.85), along with the generalized Aubin—-Lions theorem in the form [29,

Cor. 4, Sec. 8], produce, as ¢ — 0,

d+2
i o swonglyin £ 0.7 L0, ge[1, 462

The range of exponents mentioned above, for which 2 < 17—5 < % <4, is actually not so

crucial as the above strong convergence allows us to infer that 92 — ¢, also almost everywhere
in Q, in particular. Thus, in view of the previous bounds along with Vitali’s theorem, as ¢ — 0,

@ — @, strongly in LP(Q), p <2.

Upon combining the properties in A5 with the above strong and almost everywhere conver-
gences, we find that, as ¢ — 0,

m(e®, ¢z, n°) > m(p, ga,n), (g, ) > nlga,c) strongly in LY(Q), g € [1, 00),

and a.e. in Q. Next, we consider w € Wy, multiply (3.45) by a function o € C2°([0, T')) and
integrate in time between 0 and 7', obtaining, after integration by parts, that

351



A. Agosti and A. Signori Journal of Differential Equations 403 (2024) 308-367

— /Q’gogw + /Q n(es, )Vl - Vw—Xan T, -1 (@p)n(@;, )Vt - Vw
0 0 0

=Q(0)/<P§(0)w+/QSa(¢s,¢Z,C£)W- (3.86)
Q 0

Then, let us show how to pass to the limit in all the delicate terms. The first terms on the left-hand
and right-hand sides readily pass to the limit by using the above strong convergence for ¢’ and
that Wy — L°°(£2), considering also that o € C°([0, T')). As the second integral is concerned
we first notice that, combining the pointwise convergences above with AS and the Lebesgue
dominated convergence theorem, n(¢¢, ¢®)Vw — n(¢,, ¢)Vw strongly in L9(0, T; L+2(R)),
q € [1, 00). Then, it readily follows that, as ¢ — 0,

/Q n(es, *)Ves - Vw — /Q n(@q, c)Vo, - Vw, weWy.
o 0

We now move to the third integral and notice that, as ¢ — 0,

Xa/Q T, o1 (PHmn(ps, )V - Vw — Xafgwam(¢a, co)Ve-Vw, weW,.
0 0

Actually, to pass to the limit, using the weak-strong convergence principle, it suffices that
w e W37 (Q) for some y > 0. In fact, we can combine the following properties: T, .—1(93)
converges strongly in L”(Q) for any p < 2, n(¢;, c¢®) converges pointwise and strongly in any
L?(Q), whereas V¢?, due to (3.73) and (3.77), converges weakly in L9 (0, T'; L92(£2)) for some
g1 > 2,2 < 6, so that it is enough that Vw € L3+7(Q) for some y > 0. The other integrals can
be treated arguing straightforwardly. In particular, the last one, which is quadratic in ¢/ due to
(2.7) can be dealt with by using the pointwise convergence of ¢ and the dominated convergence
theorem. Thus, letting ¢ — 0 in (3.86) leads to

_/Q/‘Paw+/Qm(‘Pavc)V(Pa'Vw—xcz/Q(ﬂam((Payc)vc’vw
0 0 0

=Q(0)/<ﬂa(0)w+/Q8a(<p,¢a,c)w, we Wy, 0€CX(0, 7)),
Q 0

which, thanks to the application of Lemma 2.1, gives (2.28) for almost every ¢ € (0, T'). Thus,
we can pass to the limit as ¢ — 0 in (3.43)—(3.47) to obtain (2.27)—(2.30), fulfilling the initial
conditions (2.31).

Let us then show how to use (3.84) to infer some continuity in time property of the variable ¢/,
and recover the initial condition in the sense of (2.32). The strategy is largely inspired by [27] so
that we just briefly repeat the main argument adapting the technique to our framework. Starting
from (3.45) using similar computations as above and that W; < L*°(R2), we have
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19: 05 w4y < CICT, o1 (@) P 14ll(T, -1 (0)) PV (EL 1 (@a) = Xa0) ]| +C
+CI@D+IP < ff+C+ 5,

where we also used (3.74), and it holds that || f7 || L 0.1 < C for a positive constant independent

of . Next, for r > 0, we set ®(r) = r8’5’5_1 (e + /1), observing that ® is convex and increasing.
Applying @ to the estimate above and integrating in time leads us to

T T
[ elaeiian e < [ o0 +c+ 5
0 0
T T
_c/¢Uﬁ+c+c/¢ub
0 0
T
scc [ocigP) <c. (3.87)
0

where in the last step we used (3.72), and the latter C > 0 represents a computable constant that
relies solely on the known data associated with the problem. Consider now 0 <7 <t < T and
notice that

les(®) = @5 @ llaw 3@+
ACRA AT f A Oy .

|t — 7

Using that ® is nondecreasing and convex, and applying Jensen’s inequality, we obtain

0z (1) — @5 (Ol (w14 (@)
q)( a |ta_t|( ( )) > (/—||8t(pa(r)“(Wl4(Q))* dr>

|t D (118,05 () [l 1.4y ) dr

T
=] / (1915 (M)l 14 @yy+) dr =< le—zl’
0

with the same C > 0 as in (3.87). Subsequently, using the strict monotonicity of ® once more,
we infer that

llos @) — @z (Ol wiaa)) - cb—l( C )
|t — 7 - |t — 7

whence
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_ C
650 = b O gy <1 =wlo™ (=)

Upon recognizing that ®~! is strictly sublinear at infinity, verified through a direct check, we
obtain an equicontinuity property: for any € > 0, there exists § > 0 such that for every ¢ € (0, 1)
andevery0 <t <t <T

lt—7l<é = lea(t) — (D)l wis <€

Due to (3.73), we also have

ozl oo o,7: 11 (2)) < C-

Hence, observing that LY(Q)cc(Wh4(Q))* with compact embedding, if we take as Z a generic
(reflexive) Banach space such that

L' (Q) cczcwhH@)),

using some interpolation one checks that Ascoli’s theorem can be applied to the sequence {¢’}
in the space C O([O, T1; Z) so to obtain

9f — ¢, strongly in C°([0, T]; 2)

and, in particular, in CO([0, T]; (W14(2))*).

We finalize the proof by demonstrating how the remaining regularity properties mentioned in
the theorem can be achieved. From (3.74), letting ¢ — 0, we infer by semicontinuity of norms
that

(pa)— =0 a.e.in Q, sothat ¢, >0 a.e.in Q,

which proves (2.19). Using this, along with the bound at disposal, allows us to employ the dom-
inate convergence theorem to infer that

Koo / 92108(¢0a) = Koo / (¢a)3 10g(a) = Koo lim / @3E. i@ <C
Q Q Q

so that (2.21) follows. Let us incidentally notice that this entails that ¢, € LZ(O, T; H), in partic-
ular. This concludes the proof.

4. Regularity results

In this section, our focus turns to exploring the regularity characteristics of weak solutions.
The proofs we are going to derive are related to the regularity of weak solutions and rely on suit-
able higher-order a-priori estimates. To derive these estimations, we follow a formal approach,
directly handling the original system (1.1)—(1.7), thus avoiding any unnecessary additional tech-
nicalities. Nevertheless, a rigorous approach would entail incorporating the previously introduced
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approximation. In this direction, let us also remark that similar results for a comparable system
have been obtained in [27]. Finally, let us recall that the results to follow are restricted to the two
dimensional setting d = 2, where better Sobolev embedding estimates hold.

Proof of Theorem 2.8. To begin with, we test equation (1.3) by ¢, to infer that

| &

l@all* +mol Veull* + ksollgall3 sC||<pa||2+xa/¢aVc~wa. (4.1)
Q

N =
QL

t

To handle the last term on the right-hand side we use the Young and LadyZhenskaya inequalities
(for d = 2) to obtain that

XafanC -V,
Q

12, . 1/2, 172

Y2 lgally llelly " llell g, I Veal

< XallgallallVellallVoall < X4 CF g ligall

3 172
< XaC oG5 gllelly*lleall 2 leall 2 + 1V all V2 (A + 1) Ve |

1/2 1/2
< XaCallel a1 Veall + XaCallely/* lgalll Acl 21V, |
1/2 1 3 1/2 1 3
+ X Callely*IeallZ 1V all® + XoCaliehy/*llgall2 [ Acl 21 Ve, |12, 4.2)

where Cj q is the positive constant in the LadyZhenskaya inequality and C» g is the positive
constant in the elliptic regularity estimates, both depending only on the geometry of the domain,
1

and Cq = Cf_QCZ7 o- We now observe that some a-priori estimates in (3.73) remain valid also
in the limit, as ¢ — 0, by the weak convergence and weak lower semicontinuity of norms. In
particular, we have that

||§0a||L°C(0,T;L1(Q)) + lInllLeo,7:v) + ||C||Hl(0,T;H)mLOO(0,T;V) < Co, 4.3)

where Cg := C(¢", gz)g, n, ¢%) + C arose from (3.72) and depends only on proper norms of the
initial conditions and on |€2|. Next, we test (1.5) by —Ac to infer

lac)® = —/(&c + Xa®a +Sc) Ac.
Q

Recalling Theorem 2.4, (2.8) and using the Cauchy—Schwarz and Young inequalities lead us to

3
IAC)? < (X2 + Dllgall® + 13:cl> + Inll* + ZnAcnz,
which gives, employing (4.3), that
I Ac> < 4(X2 + D lgall> +4C3. 4.4)
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Using (4.3) and (4.4) in (4.2), the Young inequality and keeping track of the exact values of some
constants when needed, we obtain that, upon introducing a positive constant ¢ < 1, that

X2C%Cy
xafsoaw-wa <motlVeall* + Cllgall* + %ncpauznmn
Q
27C3CE x4
— L lgal*lAc]?
4m0t
27C2CEX4 (X2 +1) &
Smol||V<Pa||2+C||€0a||2+C+( et = ) llgall®,
mgt Co

where & is an arbitrarily small positive constant. We then observe that the following interpolation
estimate is valid

2

3 1
lgall* = fgoazgoaz <llgal3lgall < Collgall 4.5)
Q

where in the last step we used (4.3). Collecting the previous results in (4.1), we end up with

1d 27C3CEX* (X2 + 1)
~—Ilgall* + (mo — DIIV@all* + | koo — 80 — —2—2121 lpall3
2dt mie3

<Cllgal*+C. (4.6)
Defining the constant

C = M 4.7)
: 34 ’ '
27C0CQ

which depends only on the parameters kg, M9, on the initial conditions through Cyp and on the
domain through Cgq, in the smallness hypothesis (2.34) we may integrate (4.6) over time, use
condition (2.33) on the initial data and the Gronwall’s lemma to get

@all o0, 7: HynL20,7:v)nL3(0) = C-

Moreover, squaring the inequality (4.4), using (4.5) and (4.6), employing also elliptic regularity
theory we obtain that

el L4, 7 m2 () = C-

From this it is a standard matter to derive from a comparison argument in (1.5) that
18:@all 20, 1:v%) < C
concluding the proof. O
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Remark 4.1. Unfortunately, even when the mobility n is constant, e.g., n = 1, we are unable to
establish the aforementioned theorem in three dimensions. Of course the crucial term is the last
on the right-hand side of (4.1). The same strategy fails to work due to the different Sobolev’s
embeddings in dimension three. Once can also notice that, using integration by parts,

X X
xafcpaw Voa= [ Ve VgD === / Acyy,
Q Q Q

but this does not help as for Ac we just have the L?-bound given in Theorem 2.4. This con-
trasts with the situation described in [27, Thm. 2.2], where the role of the variable ¢ in the
cross-diffusion term is played by an order parameter ¢ which solves a (singular) Cahn—Hilliard
equation instead of a parabolic one. Given that the Cahn—Hilliard equation is fourth-order in
space, it offers additional regularity for Ag, enabling the utilization of the aforementioned argu-
ment.

Let us now provide further details on the rigorous steps that should be undertaken in the proof
of Theorems 2.9, 2.10 and 2.1 1. The rigorous procedure would require acting on the approximate
problem introduced in the previous section. Given our smoothness assumption on £2, the eigen-
functions {v;};cN introduced in the proof of Theorem 2.4 exhibit sufficient spatial regularity to
validate the selection of test functions incorporating fourth-order spatial differential operators,
such as A%c. Regarding justification of differentiating some of the equations or testing by time
derivatives of certain variables, one should employ some temporal regularization arguments (cf.
Remark 3.4) or a finite difference scheme. Given that these passages primarily delve into techni-
cal details without introducing any novel insights, we have chosen to proceed formally only by
sketching out the main ideas.

Proof of Theorem 2.9. To begin with, we start with proving more regularity for the chemotactic
and nutrient variables. Consider equation (1.5) and observe that, due to the above results, it holds
that f. :=8; + X494 € L%(0,T: V). Testing then (1.5) by A%c = —A(—=Ac), integrating by
parts, using A4, and Young’s inequality produces

1d ) 2 1 s 1 2
3 1Al +IVACm = [ Vfe- VAc = SIVAC™+ SV fell™
Q
Thus, it readily follows after integration over time, using the second assumption on the initial
condition in (2.37), and elliptic regularity theory that ¢ € L>(0, T; H>(22)) N L2(0, T; H3()).

Next, we move to the chemotactic variable and differentiate (1.4) with respect to time, inte-
grate over time for an arbitrary ¢ € [0, T], and test the resulting equation by d;n to obtain

1 1
§/|azn<r)|2+/|vatn|2=Ef|atn<0>|2+/a,<sn)a,n+x¢/3,¢a,n.
Q 0, Q 0Oy [on

Now, the first term on the right-hand side can be readily bounded using comparison in equation
(1.4) and owing to the first condition in (2.37), whereas by Young’s inequality we bound the
second one as
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t

/a,(smatn:/(a,n 0,(80)) < /ua,nu2 +C/||at(8 2.

o 0

The second term on the right-hand side can be bounded, recalling A4 and using the assumption
on h, by

/naz(sn)ni < CUBI% + 18:all + 18:m11%).

Finally, for the last term, we observe that

t
xwfatgoatn: /atn d0) < /||8m||2 +C/||at<o||*.

o 0

Therefore, Gronwall’s lemma yields that n € W""O(O, THYNH 1 (0, T; V). Moreover, arguing
exactly as above, we also infer that n € L>(0, T; H*(Q)) N L?(0, T; H3(R)) concluding the
proof. O

Proof of Theorem 2.10. First, we differentiate equation (1.2) with respect to time to derive

dp=—Adp+ B (9)dp —rdp inQ. (4.8)

Then, we test (1.1) by o, u, the above (4.8) by 9;¢, (1.3) by 9,¢,, and add the resulting identities
to infer that

liuwn%na |} +fﬂ’(<p)l8 o> + 13, ||2+li||w 12
2.dt v ! rva 24t

= / S(p, n)dp — Xy / Vi - V(@) + (1+2) 190l
Q Q
5
—Xa f(v¢a -Ve+@aAc)0r9q + / (@, ¢)(Kowa — Koo(paz)at§0a = Z]Ii- 4.9
Q i=1

We point out that above, for convenience, we also add to both sides the term ||9;¢||>. Then, we
estimate the integrals on the right-hand side. Using integration by parts we obtain that

d
I =/S(¢),n)3zu= E/S(w,n)u—/ar(s(w,n))u- (4.10)
Q Q

Q

Now, the first term on the right-hand side can be moved on the left-hand side of the above identity,
whereas the other can be bounded by the Young inequality as
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— [ %@@.nmw = 8I3pl* + 19im) + Cs | ull?
t @, n))U = P tn SIS
Q

for every § > 0, due to the properties of & required in A4 which entails that J{ is uniformly
bounded. Besides, using the Young and Hoélder inequalities, we find

I3 < 8l13,9117 + Cslld: 02,
Ly < ClIVealIVelloolld:@all + Cligallall Acllalldrgal
<8113 pall® + Csllgallllclyos g

Is < 8118, @all> + Cs(1 + llall}),

where we also employ the embedding H3(Q) < W24Q) — L®() that entails 7
||c(t)||%v2,4(9) € L'(0, T) due to Theorem 2.9. For I, we need to integrate by parts. Thus, we
integrate (4.9) over time and notice that

t

/szxq,/wa,n).vu—x(p/w(z).vu(z)+x¢,/vn°.w°
0 o Q Q

1
< c/(|va,n|2 +IVaPy+; / V) + c/ Va2 + CAVROI? + IV iO)1%)
O Q Q

for an arbitrary ¢ € [0, T']. Then, for the first term on the right-hand side of (4.10) it holds that

1
—/S(so,n)/t:/s(w,n)(u—usz)—/S(go,n)/mz—glqullz—I/mI -C
Q Q Q

1
> —gnwu2 —c1(I1B@ 1l + llelh)

1
> —gnwuz — 1Bl — 2

for computable positive constants c1, ¢2. On the other hand, arguing as above by using (3.68) and
testing (1.2) by ¢ — ¢q, we infer that

CrliiB@l =CA+ IVl

with the same constant Cr.
To recover the full V-norm of ¢, we also test (1.3) by ¢, to get, after similar manipulations,

1d 2 2 2 2
37 19all” = Cllgall” + Xall@allslVeallliVells = CA 4 licl o) Ially-

Upon adding the above estimates, and integrating over time, we have
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1/1
3 (319801 =2 [ 8.0 0)u) + g o1}

Q
t
+<1—8>/||at<p||2v+(1—38)/|a,¢a|2
0 O
< C(ILI5 + 117 + NIy + 1715, )
t t
+Cs /nazgoni + Ca/(l +lelfyagg + el + IealliN eally -
0 0

Furthermore, due to the above observation we have

1
Enw(r)w —2f8(go(r>,n<t>)u<r)+ lpa (O

Q
3 2 ! 2
z g IVuOI” = CvVe®ll+ D+ ZleaOlly
1 2 1 2
Z IV + SlleaOlly — Cs

for a computable positive constant C,.. We then add to both sides the constant C,, adjust § € (0, 1)
small enough, and invoke Gronwall’s lemma to infer that

||VM||L°°(0,T;H) + ||€0a||1-11(0,T;1-1)mL00(0,T;V) + ||<P||H1(0,T;v) <C.

Next, comparison argument in (1.2) readily shows that pq is bounded in L*°(0, T') so that,
using Poincaré’s inequality we find

liallLoeco,7;vy < C.

Once this is at disposal, we can read (1.2) as an elliptic equation with forcing term bounded
in L®°(0, T; V) and thus obtain that

@l Lo, 7:w2e @y + I1B@ IL>©.7:00 ) =C

with o as in the statement. Finally, comparison in (1.1) readily entails that

0:@llL>©,7;v+ < C,

and elliptic regularity in (1.2) that

l@allz20,7: H2(0)) = C,
completing the proof. O
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Proof of Theorem 2.11. Here, we pursue a strategy akin to the one employed in the proof of
[27, Thm. 2.4]. Indeed, despite our model is of multiphase nature, the current result is mainly
focused on the Cahn-Hilliard structure so that the main ideas can be extended to the current
scenario.

First, using (2.45), we readily obtain that

18" (@)l ,7:10 () < C forany o €[1, 00).
Then, we differentiate (1.1), using (2.9), with respect to time to obtain

O — Adrjn = 0:(S(p, n)) = —mdrp + dpH(p, n)drp + 9, H(p,n)dn  in Q.

Now, as concerns partial derivatives of J{, we have

(h(n) — 8,)+h' (p) when the potential is regular,
0 H(p,n) = , L.
(n—68,)+h (@) when the potential is singular,
B (@) X (hin)> hen the potential i lar,
80 (. 1) = (m)h(@) X (hm)>s,) When the poten 1.a %s régu ar.
h(®) X {n>5,) when the potential is singular,

and notice that, due to the assumption on £, [[0,H (@, n) + 3, H(p,n)||L=0) < C for some
positive constant C. Testing it by ;¢ leads us to

1d 2 2 2
3 g 0ell”+ [ Vo - Vorp = CAI9:@ 1" + 19 ]17).
Q

For the second term on the left-hand side, we notice that

/ Vo - Vo = | Adgl* — / B (@) pAdip + AV, 0%
Q Q

Combining the above lines, we infer that
ld 2 2 2 2 /
EEIIEMPII + 1A pll” = Clorplly + 10r0all™) + | B ()00 Adp.
Q

On the other hand it holds that

1
/ﬁ/(w)atprazﬁO <ClIB @llslldellal Adroll < Clldplly + §||A3z</>||2~
Q
Then, we integrate over time, and use that 9,¢(0) = A wl — X(pAnO +8(¢°, n% e H to find that

10: @1l Lo o, 7; HynL2(0,7: H2 () = C-
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Thus, we now consider (1.1) as an elliptic equation in term of u and observe that the forcing
term is bounded in L%°(0, T; H) N L?(0, T; V) due to Theorems 2.9 and 2.10. It then follows
that

Il oo, 7; H2 @)Lz 0,1 H3 @)) = €

which also entails that, by Sobolev’s embeddings,

il ooy < C

Once this regularity is proved it is a standard matter to derive the separation principle by argu-
ing as done, e.g., in [6,28]. Of course, if the potential is of single-well type, we can derive the
separation just where the convex part of the potential explodes and infer (2.50). In this direction,
it worth noticing that H L0, T; W) is continuously embedded in C 0(E) so that the separation
property holds for every point of the parabolic cylinder and not just almost everywhere. 0O

Proof of Theorem 2.12. For the uniqueness result, we proceed following the same lines of ar-

gument employed in the proof of [27, Thm. 2.8] having care to handle the additional equation
involving n and c. First, we set the notation

(P:: 1 — @2, Pa :z(pa,l _(Pa,2a mi=p — K2, n:=nip—nj, ci=cC] —Cp,
8 :=8(pi.ni), 8, :=8,(0i,Pai:ni). SL:=8c(@j,ai.ci) fori=12.
Recall that, due to Assumption A4, there exists a positive constant C such that
18" =82 < Cllgl +InD). 18, =83l < Clo| + l@al + InD),
188 — 821 = Cllgl + Igal +lel).

Using this notation, we write (1.1)—(1.7) for the differences to realize that

dp — Au+X,An=8' — 8 in 0, 4.11)
n=—Ap+ F'(p1) — F'(¢2) in Q, (4.12)
01%a — A@a + Xq div(ga Ve + ¢a 2V 6) = ko9a — kooPa(@a,1 +¢a2) in O, (4.13)
dn— An— X0 =8 — 82 in Q, (4.14)
dc—Ac—Xqp, =81 — 82 in 0, (4.15)
On@ = Oyt = Op@q = Opn = dpc =0 on X, (4.16)

pO) =¢) -3, 0.0 =0¢) — ¢,
n) =nf—nd, 0 =c-c in Q. (4.17)

We observe that testing (4.11) by the constant ||~ produces the identity
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d 1
L=—pg=— | 8'=8)='-8q. 4.18
vo=Grva=ro [ ' =)=~ 8a (4.18)
Q
Multiplying the above by ¢q, one gets
1d 2 2 2 2
EEWQ' <lpal”+ Cdlel” + lnl). (4.19)

Then, we subtract (4.18) from (4.11) and test the resulting identity by N(¢ — ¢q) leading to

1d
sl - pall2 + /(u — 1) (@ — pg) = / (8" — 8% — (8" = 8%))N(p — ¢g)
Q Q
< Clgl*> + In1* + e — pall?), (4.20)

where we also used that [ ue (e — ¢o) = na [o(¢ — ¢e) = 0. On the other hand, for every
& > 0, it holds that

Cllgl?> < C(lg — gall® + leal®) < Clp — vallv e — vallx + lpal®)
<8IVel* + Csllg — pall? + Clpal*. “.21)

Moreover, the second term on the left-hand side of (4.20) can be bounded as

/(M — ue)(@ —¢o) = IVel* + f(F’(fpl) — F'(p2) (¢ — ¢0)
Q Q
so that, combining with (4.19), we obtain

1d
EZ(”‘/’ —pal? + lpal®) + (1 —28)|| Ve

< Csllg — gal2 + C(lnl? + lpal?) +/ Bo1) — B@2)llval,
Q

where we also estimate the nonconvex contribution of the potential as

f 17 (@1) — T (@)llp — pal < 8lIVel? + Csllg — pallZ + Clpal®.
Q

Next, we test (4.14) by n and (4.15) by c. Adding the resulting equalities leads us to obtain

1d
S (Il 4 el?) + 1Vl + | Vel

=/(S,ll—S,zl)n—l—X(p/(pn—i—/(Sl.—Sg)c—i—Xa/(pac
Q Q

Q Q
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<81IV¢l* + Csllp — palli + Cleal® + C(lnll* + llcl?)
+Cllga — (a2l +1(@a)al),

where we used the Holder and Poincaré inequalities, A4, as well as (4.21). Adding this to the
above inequality produces

| =

(llg — oall2 + loal* + 211 + licl?) + (1 = 38)[IVel* + [Vl + | Vel|*

N =
QL

t
2 2 2 * 2
= Gslle — gally + Cleal” + [(va)al?) + CTllga — (va)all

+C(lnl* + llel®) + / 1B(p1) = Blp)ll¢al. (4.22)
Q

for an explicit and computable constant that we term C*.
We then repeat similar arguments as above to handle the mean value of ¢,. Namely, we
multiply (4.13) by || ™! obtaining

d
(W)= - (Pa)2 =Ko(ga)o — Keolgg ) = ¥5 2)0- (4.23)

Then, we test the above by (¢,)q to infer that

1d
ﬁnmmz <1lla — (@)all* + Colllgar > + llga2l* + DI(a)al?,

for a positive constant 7, yet to be selected. Then, we subtract (4.23) to (4.13) and test the
difference by N(¢, — (¢4)q) to infer that

EE”% —(wa)ally + llga — (@)l

<X4 /((pavcl + (ﬂa,ZVC) . VN(% - ((pa)Q) +K0”§0u - (‘pa)Q”i
Q

— Koo f (021 =022 — @2 Da+ @2)2)N(@a — (9a)2).
Q

In the order, using the same computations as in the proof of [27, Thm. 2.8], we have

Xa /(%Vcl +¢a,2Ve) - VN(ps — (pa)2)
Q

<n(IVel® + lga = (@)l + Cnl@aal’ + Cylllet g, + le2llDlga — (@l
and
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- "00/ (%3,1 - <P2,2 - (903,1)52 + ((Piz)sz)N(% —(Pa)2)
Q

<nllga — @al? + Cyllcil* + leall* + Dllga — (@a)all2 + Cliga)al?,

so that
1d
M(nwa — @a)el2 +1@el®) = nllVel? + (1 = 2n)l¢a — (ea)oll*
< Cy(llerI* + lleall® + DIl
+Cy(lletll* + lleallg + et 26 + Dllva — (@a)ell:- (4.24)

We then choose § = 1/6 in (4.22). Then we add the resulting inequality tested by a positive
constant o yet to be selected to find that

1d
57 (@lle = pall +olgal +liga = oall +Iwaal + ol +wll?)
@ 2 2 . 2
+ SIVeIP + ol Val + (@ =) Vel

+ (1 =20l — (ga)oll*
< wCllg — ol + oClpal* + 1(@)al®) + oC¥llgs — (9l

+wC(|In)* + IICII2)+a)/Iﬁ(wl)—ﬁ(wz)llml
Q

+ Cyller* + leall® + Dl(ga)al®

+Cylllerll* + leallg + et 2.6y + Dliga = (@a)2ll3.
Finally, we select w = * := 1/2min{l1, 1/C*} so to absorb the term involving C* on the left-
hand side, and highlight that all the above constants C are now independent of w* as it is fixed.
It is clear that the only term that need to be handled is the last one on the right-hand side. The
simplest case occurs when H = H (¢, n) is a constant function and this has been analyzed in
[15] to deal with the Cahn—-Hilliard—-Oono equation, see the forthcoming Remark 4.2 below.

However, the scenario for more general % is more delicate and forced us to assume (2.49) or
(2.50), respectively. That entails that

1
B(p1) — B(p2) =Lp, with 51=/ﬂ/(S<P1 + (1 —s)p2)ds.
0

Thus, by the Holder and Young inequalities we find that

/Iﬁ(¢1) — B(@)lleal = lItlllellleal < I1€1le — vl — leaDleal
Q

= [€li(le = eall + lpaDleal < I€1(IVell + lpaDleal
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Cl)*

(,()*
< Tuww + Clpa*(Ie1* + 1) < Tuwn2 + Cloa* 1B (@D I* + 118" (@)II* + ).

We can now adjust n small enough, for instance n = 1/2min{w*/2, 1/4}, and apply Gronwall’s
lemma to conclude. 0O

Remark 4.2. When H = H(¢, n) is a constant function, (4.18) reduces to

¥g +meq =0.

This is the scenario one encounters, e.g., in the Cahn—Hilliard—Oono equation (see [15]). Testing
by sign ¢q produces

= =0.
2dtl(ﬂszl + leal

Thus, observing that

/ [B(e1) — B(@)llpal < CUIBM@D)II1 + 8@l ]eal,
Q

one realizes that the above integral can be controlled by the Gronwall lemma provided to make
use of the above identity and no additional properties are required for .
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