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Summary

The solution of reactive CFD simulations is accelerated by the implementation
of a hybrid CPU/GPU Finite Volume solver based on the operator-splitting strat-
egy, where the chemistry integration is treated independently of the flow solution.
The integration of ordinary differential equations (ODEs) describing the finite-rate
chemical kinetics is solved by an adaptive multi-block explicit solver on Graphics
Processing Units (GPU), while the load of the fluid solution is distributed on a multi-
core CPU algorithm. The resulting speed-up for reactive CFD simulations is up to
10x; the performance gain increases with the size of the mechanism. The proposed
implementation is general and can be applied to any CFD problem where the govern-
ing equations for the fluid transport are coupledwith anODE system. Code validation
is performed against reference solutions on a selection of test cases involving react-
ing flows.
KEYWORDS:
combustion modeling, hybrid CPU/GPU solver, GPGPU chemistry, HPC, computational engineering,
OpenFOAM

1 INTRODUCTION1

The solution of systems of stiff ordinary differential equations (ODEs) is of key importance in advanced multiphysics CFD2

simulations, for example where the fluid transport is coupled to Lagrangian Particle Tracking (LPT), to the deformation of3

solids in aeroelastic calculations or to the solution of finite-rate chemistry problems in reactive flow simulations. The large and4

ever-increasing size of detailed reaction mechanisms makes reactive flow simulations with finite-rate chemistry computationally5

very expensive. Reaction mechanisms for fuels relevant to aeronautical and aerospace propulsion systems, such as hydrogen,6

liquid methane, or ethylene, may involve a large number of species [1, 2, 3]; a surrogate mechanism for liquid fuels may include7

hundreds of chemical species and thousands of elementary reactions [4]. The different characteristics and properties of the sub-8

problems to be solved in reactive flows with finite-rate chemistry pose great challenges to the efficient treatment of the highly9

non-linear partial differential equations (PDEs) used to describe the evolution of reacting flows [5, 6, 7, 8, 9, 10]. In solvers10

using the operator-splitting technique, the solution process is divided into separate problems, namely the fluid transport and11

the chemical mass action. For each Control Volume (CV), the chemical kinetics is integrated over the specified time step Δt12

as a system of Ns+1 stiff ordinary differential equations (ODEs) to compute the reaction rates and the heat released by the13

reactions. The results from the fluid transport and the chemical mass action are finally combined to provide the overall solution.14

The technique of the operator splitting, also selected in this work, is widely applied in reactive flow simulations with finite-rate15

chemistry because it is very stable and second-order accurate [11]. An alternative is the Method of Lines (MOL), where the16
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underlying system of PDEs is discretized in space to give a system of ODEs in time [12, 13]. A discussion about the accuracy17

of the two methods is reported in [14].18

In reactive flow simulations with finite-rate chemistry, massive parallel computing can significantly reduce the computational19

cost and is becoming a very attractive solution, but: a) high-fidelity simulations use very fine grids and a large number of cells,20

that pose more stringent constraints on the time-step advancement through the CFL criterion; b) the finite-rate chemical kinetics21

forces additional limitations to the time steps for stable solution: when the chemical time scales (that are proportional to the22

inverse of the eigenvalues of the chemical Jacobian) become too large, it is very difficult to maintain a well-conditioned matrix23

and the local CFL number time step of integration must be limited; c) chemistry integration causes strong load unbalancing24

in the regions where integration of the chemistry problem is performed. The computational time required by such kind of25

simulations is therefore the primary bottleneck in industrial and academic studies today and in the foreseeable future even on26

large computers unless CFD algorithm developments are made which allow significant time step acceleration. ODE systems27

connected to finite-rate chemistry can be stiff for different reasons, namely: rapid decay of some species, strong coupling among28

different concentration rates, or for large time steps. Small mechanisms can present large stiffness as well. Algorithms to remove29

stiffness via reduced chemistry have been developed in [15, 16]. Solvers that are designed for stiff ODEs, known as stiff solvers,30

often exploit high-order implicit functions based on backward differentiation formulas (BDFs) and they involve expensive linear31

algebra operations. The pay-off is that their integration time step and their numerical stability are larger compared to the nonstiff32

(often explicit) solvers. For a given mechanism, non-stiff solvers imply the use of extremely small time steps. New algorithmic33

and computer science techniques have been implemented through the years in the form of chemistry acceleration tools: In-situ34

Adaptive Tabulation (ISAT) [17], Chemistry Agglomeration (CA) [18], Dimension Reduction and Dynamic Cell Clustering35

(DCC) [19], Dynamic Adaptive Chemistry (DAC) for on-the-fly mechanism reduction during reactive flow calculations [20],36

chemistry tabulation [21, 22]; recently, the training and the application of Artificial Neural Networks to estimate the solution of37

the chemistry problem is under investigation [23, 24, 25]. An overview of the available methods for realistic chemistry in large-38

scale computations is provided in [15]. In modern days, the research for methodologies to reduce the cost of integration of the39

finite-rate chemical kinetic ODEs, as well as to speed up the overall reactive-flow computation, has increased the awareness in the40

combustion and software developer community to exploit the available fine-grain parallelism provided by Graphics Processing41

Units (GPUs). In GPUs, a large number of cores is available at low cost and with sufficiently large bandwidth; that allows large42

user-base access to high-power parallel applications. Calculations of the reaction rates in direct numerical simulation (DNS) of43

reactive flows onGPUhave been presented in [26]. A speedup of 22x in single precision calculations and of 9x in double precision44

was obtained for a 22 species mechanism by a Runge-Kutta (RK) solver running on GPU. An explicit 4tℎ order RK solver to45

calculate detailed hydrogen/air mechanisms in hypersonic conditions was applied in [27, 28] with a speedup of 75x. Similarly,46

two methods based on explicit Runge-Kutta algorithms for the treatment of chemical kinetic ODEs to be used with moderately47

stiff problems have been discussed in [29]: the Runge-Kutta Cash-Karp (RKCK) [30] and the Runge-Kutta Chebyshev (RKC)48

[31, 32]. Both solvers showed a substantial speedup (up to 126x) for a large number of reactions against CPU calculations. For49

a stiff problem and with small time steps, the RKC was able to fasten the simulation up to 17x. Moreover, a 4tℎ order Runge-50

Kutta-Fehlberg (RKF) with adaptive time step was presented in [33], where a 25x acceleration on a 19 species/15 non-stiff51

reaction mechanism was obtained, under the application of a quasi-steady approximation of some radicals and reduction for52

fast elementary reactions in the chain. In [34], domain regions are a priori decomposed according to the chemical kinetic time53

scales of their reactions; then, a hybrid ODE solver simultaneously runs on the GPU (explicitly) and the CPU (implicitly). All54

the mentioned works make use of explicit high-order Runge-Kutta solvers [35] that allow for good accuracy even for moderately55

stiff initial value chemical problems.56

1.1 Motivation of this research57

There is renewed interest in aerospace towards green propulsion systems, with engineers working to bring new designs to58

market in the upcoming years. In order to meet regulatory requirements and market expectations, aircraft engines will need to59

operate within noise and climate constraints and to be able to operate on synthetic fuels generated from renewable energy. The60

research described in this paper is motivated by the need to speed up combustion simulations with finite-rate chemistry, where61

chemical non-equilibrium effects are imperative, in order to predict the pollutant emissions with different fuels and combustion62

modes. Heterogeneous supercomputing [29, 36] potentially represents a very effective solution to achieve this task: the chemistry63

problem can be computed on the GPU, while fluid transport and turbulence are computed on conventional CPU-based hardware64

technologies.65
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1.2 Goals and highlights66

We describe the development of a GPGPU solver for reactive flow simulations with finite-rate chemistry to run on heterogeneous67

supercomputers. Direct Integration (DI) of finite-rate chemistry problems on GPUs is linked to an implicit reactive flow solver68

for all flow speeds [37] based on the operator splitting technique. Main features are:69

- Optimal co-design of novel algorithms for direct integration of the finite-rate chemistry problem on GPUs by algebraically70

stabilized explicit approach based on Runge-Kutta method with adaptive time-stepping [38], to handle sensible levels of71

chemical stiffness, is selected. While implicit schemes are characterized by unconditional stability, they are not the best72

solution for optimal GPU performance, unless large and dense matrix systems are solved [39]. This is due to the required73

divergence and higher memory traffic typical of implicit ODE integrators [40].74

- Parallelization is utilized for both chemical kinetics and fluid mechanics. The parallelization of the chemistry problem occurs75

across both the mesh size and mechanism dimensions.76

- The approach does not necessitate any pre-processing nor tuning, maintaining its generality across various geometries,77

chemical mechanisms, and thermodynamic conditions.78

Algorithmic developments have been implemented in the form of a dynamic compilation unit written in the form of C++79

and CUDA libraries that can be linked to any reactive flow solver available within the open-source C++ software OpenFOAM80

[41]. The NVIDIA Tesla V100 GPU card has been the selected hardware for the tests because of its capability to perform fast81

double-precision calculations. The employed CPU cores are Intel® Xeon® Gold 6242R. Each node is composed of 40 cores.82

Input data for chemical kinetics and species thermodynamic properties of the mechanism are converted into the OpenFOAM83

format from Cantera [42] by the in-house developed canteraToFoam converter tool. Effectiveness of the method is evaluated84

against implicit and explicit Direct Integration of the finite-rate chemistry problem on conventional hardware architectures. The85

proposed methodology can be applied to any flow solver (either implicit or explicit) based on the operator-splitting technique86

and can be combined to any combustion model.87

1.3 Paper structure88

The paper is organized as follows: the governing equation of the reactive flow problem are described in Sec. 2; the methodology89

for the implicit solution of the flow transport at all speed, its implementation and the description of the discretization techniques90

are discussed in Sec. 3 and 4 with details in Appendix A. The solution method of the chemistry problem in a hybrid CPU-91

GPU system and its implementation are described in Sec. 5. The strategy followed for domain decomposition in CPU/GPU92

heterogeneous systems is the topic of Sec. 6. Code validation against reference solutions is discussed in Sec. 7 for auto-ignition93

in single-cell batch reactors and multi-cell domains. The advantages of the implemented methodology are demonstrated, in94

particular as the size of the chemical mechanism becomes larger. Conclusions are drawn in Sec. 8.95

2 GOVERNING EQUATIONS FOR REACTIVE FLOW PROBLEMS96

The sequential solution of the governing equations for the flow transport is carried out by the Finite Volume (FV) discretiza-97

tion using semi-discrete, non-staggered central schemes for colocated variables prescribed on a mesh of polyhedral cells. The98

standard governing fluid equations in an Eulerian frame of reference read:99

)�
)t
+ ∇ ⋅ (�U ) = 0 (1)

) (�U )
)t

+ ∇ ⋅ (�UU ) = −∇p + ∇ ⋅R + SU (2)
)(�E)
)t

+ ∇ ⋅ (�UE) + ∇ ⋅ (U p) = −∇ ⋅ q + ∇ ⋅ (R ⋅ U ) + Q̇ + Se (3)
being �,U , p and T the fluid density, velocity, pressure and temperature respectively.R is the viscous part of the stress tensor.100

The total energy density isE = e+|U |

2∕2, being e the specific internal energy. The diffusive heat flux q ∶= �∇T (where � is the101

thermal conductivity of the flow) is defined as positive for cooling. The terms SU and Se are sources and sinks for momentum102

and energy, respectively; Q̇ is the heat released by the combustion. In addition to the governing equations for the fluid flow, a103
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set ofNs −1 convection-diffusion partial differential equations (PDEs) is solved to determine the local mass fraction Yi of each104

of theNs chemical species transported by the reactive fluid mixture in each Control Volume (CV):105

)
(

�Yi
)

)t
+ ∇ ⋅ (�U ) Yi = ∇ ⋅

(

�Di∇Yi
)

+ !̇i for i ∈ [1, Ns − 1] (4)
The mass fraction of the inert speciesNs is determined as:106

YNs
= 1 −

Ns−1
∑

i=1
Yi (5)

In Eq. 4, Di is the mass diffusion coefficient; in reactive simulations, !̇i is defined as:107

!̇i = Ki !̇i (6)
where the reaction rate of the i-th specie !̇i108

!̇i = Wi

NR
∑

j=1
�i,jQj (7)

is scaled by a specific set of coefficients Ki depending on the selected combustion model, to account eventually for the109

interaction between turbulent mixing and chemistry in the CV. With laminar combustion, the laminar finite-rate model is used110

and Ki=1 in Eq. 6. In Eq. 7,Wi is the molecular weight of the i-th species; �i,j is the i-th species stoichiometric coefficient, Qj111

is the non-equilibrium reaction rate of the j-th reaction:112

Qj = �f,j(T , p)
∏

i∈P

(

�Yi
Wi

)�′i,j
− �r,j(T , p)

∏

i∈R

(

�Yi
Wi

)�′′i,j (8)
In Eq. 8, �f,j(T , p) and �r,j(T , p) are the forward and reverse rate constants at the local fluid dynamic conditions [43], while113

the ratio �Yi
Wi

is the molar concentration of the i-th species, that will be named ci in the following:114

ci =
�Yi
Wi

(9)
The heat released by the combustion Q̇ is finally obtained as:115

Q̇ =
Ns
∑

i=1

(

!̇i Hf,i

)

(10)
where Hf is the enthalpy of formation. To achieve the closure of the system, constitutive relations are needed; their116

formulation depends on the properties of the continuous medium. The following set of constitutive relations is used:117

- the generalized form of the Newton’s law of viscosity:
R = �

[

∇U + (∇U )T
]

+
(2
3
�∇ ⋅ U

)

I (11)
in which � is the dynamic viscosity and I is the identity matrix.118

- a nine-coefficient polynomial computes the thermodynamic properties in standard-state for the i-th gaseous species, as done119

in the NASA chemical equilibrium code [44], to define the internal energy as function of the pressure and temperature.120

- the Equation of State (EoS) for the gas, that is assumed as a mixture ofNs species:

p = �R0T
Ns
∑

i=1

Yi
Wi

= �
R0
W
T with 1

W
=

Ns
∑

i=1

Yi
Wi

(12)

where W is the mean molecular weight of the mixture. All the species of the mixture are treated as perfect gases with121

common temperature T; each species is described by Mendeleev–Clapeyron EoS pk = �k R0Wk
T , being R0= 8.314 J/(mol K)122

the perfect gas constant, pi and �i partial pressure and density of the i-th species, with p = ∑Ns
i=1 pi (Dalton law). Despite the123

assumption of mixture of perfect gases is applied in this work, the solver natively supports also the real-gas formulation.124
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- Eddy-viscosity based models for turbulence closure.125

Transport properties, (mass diffusion coefficients, thermal conductivity and viscosity of the species) and thermochemical data126

for the gas phase are imported from the Cantera transport database through the in-house developed canteraToFoam utility.127

3 IMPLICIT SOLUTIONMETHODOF THE FLOWTRANSPORT FORALL FLOW SPEEDS128

The flow transport problem (Eqs. 1 to 4) is solved by a SIMPLE-type pressure-based compressible unsteady segregated flow129

solver [45] for unstructured polyhedral grids for all flow speeds [37]. The solution method is shown in Fig. 1: the linearized130

equations for velocity components, specie transport, energy and pressure correction are solved in turn, until the coupling of the131

primary variables is reached. Being all terms discretized by a fully-implicit scheme, non-linear terms (fluxes and source terms)132

are linearized and computed at the new time level, while equations are solved iteratively. The governing equations implemented133

in the solution method are reported in detail in Appendix A.134

Start simulation

End simulation

GPU

FIGURE 1 solution method employed in the SIMPLE-type GPGPU pressure-based compressible unsteady segregated flow
solver. In this work, the calculation of the chemical mass action !̇i at each time step is performed on the GPUs.

The solution of the chemical mass action (finite-rate chemistry problem) is solved separately for each CV before the flow135

transport. Reaction rates from calculations of the finite-rate chemistry are passed to the fluid transport problem (Fig. 1) as a136

source term in the species transport equations (Eq. 4). The reaction rate is also used by the combustion model to compute the137

source term Q̇ (Eq. 10), which in turn is added to the energy equation (Eq. 3). In this work, finite-rate chemistry computations138

are performed on Graphical Processing Units (GPUs), as it will be discussed in Sec 5.139

4 VARIABLES POSITIONING AND DISCRETIZATION OF THE OPERATORS140

The Finite Volume Method on a collocated grid arrangement is used for spatial discretization (Fig. 2a). Primary flow variables141

are defined at the cell centers and their derivatives are computed as follows:142

- Temporal derivatives of a quantity Ψ, e.g. )Ψ
)t
,

∫
V

()Ψ
)t

)

dV =
(3
2
Ψn+1 − 2Ψn + 1

2
Ψn−1

) V
Δt

(13)
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are discretized by the Second-Order Backward Euler, a two-step Adams-Moulton method [46] where a linear combination143

of the current-time and the old-time derivatives is used. In Eq. 13, n + 1, n and n − 1 are the times of the updated, of the144

current and of the old solution respectively. First order implicit schemes are also eventually supported.145

- Diffusive term (Laplacian) of a quantity Ψ, e.g. ∇ ⋅ (Γ∇Ψ):

∫
V

∇ ⋅ (Γ∇Ψ) dV = ∫
S

(Γ∇Ψ)f ⋅ ndS ≃
∑

f
ΓfSf ⋅ (∇Ψ)f =

∑

f
Γf |Sf |∇nΨf (14)

where ∇nΨf is the surface normal gradient ofΨ. The subscript f in Eq. 14 indicates the cell-to-face interpolated quantities.
In the present work, linear cell-to-face interpolation has been applied; for irregular polyhedral meshes, interpolation is
generalized by defining a weight w for each face:

	f = w	P + (1 −w)	N (15)
where Ψf is the face-interpolated quantity. Subscripts P and N indicate values at the centers of two neighboring cells.146

face

P N

(a)

P

N

face

(b)

FIGURE 2 a) collocated grid arrangement of primary variables: velocity fluxes are interpolated at the face center; b) computa-
tion of the surface gradient: non-orthogonal correction [47].

For the non-orthogonal grid of Fig. 2a in a collocated variable arrangement, the surface gradient of a quantity Ψ is
decomposed onto an orthogonal part and a non-orthogonal correction (see Fig. 2b):

∇nΨn+1f = �(Ψn+1P − Ψn+1N )
⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟

implicit

+ (nf − �d) ⋅ (∇nΨ)nf
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

explicit

(16)

where � = 1
nf ⋅d

and ∇nΨf is the uncorrected normal gradient from the two values of the two cells sharing the face. The
explicit part is computed from Eq. 15 as:

∇Ψnf = w∇Ψ
n
P + (1 −w)Ψ

n
N (17)

being the interpolation weight w = 0.5 in this work; the normal gradient is computed as:
(∇nΨ)nf = ∇Ψ

n
f ⋅ nnf (18)

- Gradient terms: the Green-Gauss theorem yields:
∇ΨP =

1
VP

∑

f
ΨfSf (19)

being VP the volume of the polyhedral cell P, and Sf the surface vector of the f-th face of the cell.147

- Non-linear terms (convective terms): the convective term in the momentum balance equation is linearized using the Picard
approach: the mass flux is treated explicitly and the non-linear term is approximated by:

(�U ) Ψ ≃ (�U )nΨn+1 (20)



F. Ghioldi, F. Piscaglia 7

The index n in Eq. 20 denotes that the values are taken from the result of the old time-step. A technique for momentum-based
interpolation of mass fluxes on cell faces [48, 49] is used to mimic the staggered-grid discretization to prevent checkerboard
effects. By using the divergence theorem, the convective terms are rewritten as:

∫
V

∇ ⋅ (�UΨ) ≃
∑

f
(�m−1f U n

f ) Ψ
n+1
f (21)

In Eq. 21, the density �m−1 comes from the previous outer iteration m − 1 (Fig. 1); the velocity Uf is interpolated via the148

same approach of Eq. 15; a second-order central differencing scheme is used for the fluxes.149

5 MULTI-CELL APPROACH TO ACCELERATE THE CHEMICAL SOLUTION ON150

HYBRID CPU-GPU SYSTEMS151

Combustion simulations with finite-rate chemistry involve the solution of a chemical kinetics system of ordinary differential152

equations (ODEs). The cost of the computation is proportional to the number of species, the number of reactions, and that of grid153

points in the domain. Non-linearity in the formulation of reaction rate variables and the contemporary presence of species with154

very different characteristic time scales lead to very stiff ODE systems: the smallest scales control the size of the integration time155

step to ensure convergence of the solution, which can impact the computational cost significantly. The time step of integration156

Δtfluid of the Partial Differential Equations (PDEs) describing the fluid transport problem must comply with the CFL condition,157

while the integration of the ODE system of the kinetic problem is performed over a time interval Δtchem that must ensure158

computational stability [31]. If Δtchem < Δtfluid, a time step sub-cycling strategy is used and the reaction rate !̇i is computed159

over Δtfluid = tn+1 − tn, as:160

!̇i =
(

cn+1i − cni
) Wi

Δtfluid
= �n

(Y n+1i − Y ni )
Δtfluid

(22)
being cni the molar concentration of the i-th species at tn, and cn+1i that at tn+1. The update of the species concentration in161

the CV from time n to n + 1 is computed by the selected ODE integrator. It is important to note that chemistry integration for162

each CV is assumed to occur for a fixed mass of fluid at a constant pressure; therefore, both the density and volume change163

during integration. When species source terms are computed, they must relate exactly to the mass of fluid considered during164

integration in order for mass to be conserved; this is achieved by multiplying the mass fractions that results from integration by165

the old-time density, as that relates to the mass in the cell volume. As a consequence, chemistry integration over a time-step has166

no dependence on new-time properties of the fluid.167

Implicit ODE solvers relying on variable-coefficient methods usually have good performance for the integration of the finite-168

rate chemistry problem, as they are capable of extending the time-step if the fast modes of the ODE system have already reached169

their asymptotic values. Conversely, explicit solvers are characterized by smaller integration time-steps but avoid the iterative170

solution and associated matrix inversions required for implicit integration, so they have an intrinsically parallel nature. They171

are therefore well-suited to the GPU massive parallel architecture that is optimized to perform a large number of independent172

operations repeated multiple times [26, 36, 40, 50]. Additionally, their locality reflects on memory usage [51], which is very173

low if compared to implicit solvers. In this work, explicit RK methods with adaptive time-stepping [38] have been selected to174

solve the ODE system. Embedded Runge-Kutta formulas [52, 53] have several advantages: a) they can be used to construct175

high order accurate numerical methods by few evaluation functions; b) their truncation error can be easily estimated and used176

to compute the next step size. The explicit Runge-Kutta Cash-Karp method (Eq. 24) linked to the butcher tableau [30] of Tab. 1177

has been implemented in CUDA. Inputs of the integration algorithm are flow conditions and the global time step of integration.178

By considering179

y = [Y , T ] (23)
a vector of Ns + 1 variables, under the assumption of isobaric integration (dp∕dt = 0) within the time interval Δtnfluid ∈180

[tn; tn+1], one has:181



8 F. Ghioldi, F. Piscaglia

y1 = yn + Δtchem
(

a2,1
dyn

dt

)

yj = yn + Δtchem

(

aj+1,1
dyn

dt
+

j
∑

i=2

(

aj+1,i
dyi−1
dt

)

)

j ∈ [2, 5] (24)

yn+1 = yn + Δtchem

(

b1
dyn

dt
+

6
∑

i=2

(

bi
dyi−1
dt

)

)

0 0 0 0

c2 a21 0 1
5

1
5

0

c3 a31 a32 0 3
10

3
40

9
40

0

c4 a41 a42 a43 0 3
5

3
10

− 9
40

6
5

0

c5 a51 a52 a53 a54 0 1 − 11
54

5
2

− 70
27

35
27

0

c6 a61 a62 a63 a64 a65 0 7
8

1631
55296

175
512

575
13824

44275
110592

253
4096

0

b1 b2 b3 b4 b5 b6
37
378

0 250
621

125
594

0 512
1771

(5th order)
b̃1 b̃2 b̃3 b̃4 b̃5 b̃6

2825
27648

0 18575
48384

13525
55296

277
14336

1
4

(4th order)

TABLE 1 Runge-Kutta Cash-Karp extended Butcher tableau (right) with its reference notation (left).

For each step in Eq. 24, the ai and bi constants are specific for the chosen Runge-Kutta method; in this context, the values
come from Tab. 1 (left-to-right comparison). Also, for each step, an update

dyi
dt

= f

(

tn + ciΔtchem , yn + Δtchem
i−1
∑

j
ai,j

dyj
dt

)

is needed; for the Runge-Kutta Cash-Karp, the ci constants are reported in Tab. 1. An error erry for each variable in y
(chemical mass fractions and temperature) is computed at the end of the procedure shown in Eq. 24:

erry = Δtchem

(

e1
dyn

dt
+

6
∑

i=2

(

ei
dyi−1
dt

)

)

(25)

With reference to Tab. 1, ei = bi − b̄i; in particular, bi and b̄i are the weights associated with the 5th and 4th order respectively.
Finally, the maximum error

errmax = max(erry) (26)
is determined. Eq. 25 is calculated locally in the computational cell, thus convergence is local to each GPU block and the GPU182

calculation is asynchronous. This limits the synchronization overhead and promotes the maximization of hardware performance.183

The procedure develops as follows. Data required by the GPU to perform GPU-ODE integration are copied from host to184

device. The device performs ODE integration and computes: a) the reaction rates; b) a guess of the next time step integration185

for the chemical ODEs. As soon as the kernel calculation is over, the reaction rates and the time step advancement for each cell186

are first stored into the global GPU memory and then copied back to the CPU host (see Fig. 1). In reactive flow simulations,187

the GPU solutions are eventually updated (on CPU) by the flow solver. Since the solution of chemistry is decoupled from188

the fluid transport, the novel GPU-ODE chemistry integrator can be combined any flow solver (compressible, incompressible,189

multiphase) where the operator splitting technique is applied.190

As shown in Fig. 3, there are three levels of tasks in the CUDA framework, namely the grid, the block and the thread. The191

grid is made of several blocks that are launched by a GPU kernel. Blocks can be handled asynchronously by the same Streaming192

Multiprocessor (SM); being all the resources between blocks shared, the communication among blocks is expensive. Each193

block can execute a certain number of threads. There is only a lightweight synchronization overhead between the threads in a194

block. All threads in a block run in parallel, in the Single Instruction Multiple Threads (SIMT) mode [54]. More precisely, each195

block contains multiples of 32 threads called warps. Threads in a warp are executed concurrently on a multiprocessor. Modern196

general-purpose GPUs have a large amount of (slow) global memory and a small amount of (fast) shared memory. Best practice197

guidelines to improve the performance of a GPU solver suggest: a) to saturate the GPU with computational work and to balance198
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the load among all the threads; b) to reduce data transfer/communication as much as possible between CPU and GPU; c) to199

limit the access of threads to the global memory, if possible. The chemistry solver presented in this work addresses some of200

these issues based on profiling outputs. Load balancing, communication overhead, latency, synchronization overhead, and data201

locality are important factors that may affect performance. To hide latency, asynchronous GPU/CPU data transfer is adopted.202

To reduce the synchronization overhead, the number of tasks running asynchronously should be maximized. To accelerate data203

access, the use of shared memory is quite critical [55]: it limits the threads’ access to the global memory and favors an increase204

in the efficiency of the algorithm, but it might lead to possible threads’ divergence [56]. To avoid threads’ divergence, the code205

has been written in branchless form. Also, because of its limited size, the chunk of GPU shared memory is dynamically allocated206

at the beginning of the simulation and it is used by the GPU for: a) the progressive explicit update of chemical concentrations207

and temperature; b) the calculation of production/consumption rate and c) the determination of the maximum error. For the208

methodology proposed in this work, the fat thread approach [57] has been applied with some effects on data structure and209

organization: data access time is minimized by relying on shared memory and registers, where data required by the threads are210

stored. To reduce the communication overhead of data transfers between the CPU and the GPU, time-dependent quantities are211

stored in the dynamic global memory, they are accessed in a coalesced manner and progressively stored in chunks of shared212

memory for the amount of time needed for their use: these are defined as dynamic data. Conversely, constant data are stored when213

the constant memory is allocated, i.e. at the beginning of the simulation only. Molecular weight of the species, stoichiometric214

coefficients and exponents of the reaction mechanism, the ODE solver settings, and the parameters of the Butcher tableau are215

initialized on the host and copied and stored in the GPU’s constant memory. Settings of the ODE solver include solution controls216

(tolerances and maximum number of iterations), scaling factors and time scaling controls. Thanks to the optimization of the217

memory access time and latency from the threads, the fat thread approach results to be very fast because it allows to achieve a218

double parallelization of the chemistry problem: a) the ODE system is solved in parallel for the computational cells (on CPUs,219

this operation is done in serial); b) for each computational cell (i.e. block), each species in the reaction mechanism is handled in220

parallel on multiple active threads (Fig. 3). If the amount of data to be transferred overcomes the maximum memory availability221

of the GPU(s), the chemical problem gets automatically split into mesh chunks, each containing a cluster of cells. If the mesh222

dimension overcomes the maximum number of cells that can be concurrently treated by the GPU streaming multiprocessors, a223

queue is automatically generated and the overall computational lag and latency is limited thanks to asynchrony. Besides, a GPU224

block-level control over the cells is done to avoid unnecessary operations. Chemically reactive cells are identified through their225

local temperature, that must be higher than a given threshold. No ODE integration is performed on the other cells, that are cast-226

off. Finally, the chunk of memory allocated for each GPU block is freed as soon as the relative ODE system is solved to allow227

the handling of another cell.228

6 FURTHER NOTES ABOUT DOMAIN DECOMPOSITION IN CPU/GPU229

HETEROGENEOUS SYSTEMS230

The GPU ODE solver is dynamically linked to the reactive flow solvers available in the open-source framework (Fig. 3). Two231

independent partitionings have been applied to the chemistry problem and the flow domain respectively. The computational mesh232

is decomposed into a series of ordered subgroups by a parallel domain decomposition algorithm over the available CPU proces-233

sor cores. This procedure involves the use of MPI libraries and it is independent of the subsequent treatment of the chemistry234

ODE system. Memory allocation for the transfer of data to the device is produced automatically: this ensures correct memory235

allocation for each processor, based on the available dynamic memory at the beginning of the simulation. Each CPU processor236

solves fluid transport, energy, and species transport equations over the assigned subdomain mesh. In the hybrid GPGPU solver,237

computation is distributed across many MPI ranks on CPUs. In each computing node, each MPI rank nominates a single mas-238

ter thread which will handle all communication with the GPU. In order to specify how the global system is distributed across239

the MPI ranks, communication maps are set. This procedure to combine the data into single large datasets in an efficient mode240

and to transfer data onto GPUs is handled automatically in the presented algorithmic developments. On GPUs, the decompo-241

sition of the chemical problem is done independently and relies on a double subdivision over blocks and threads. In particular,242

each cluster of cells is represented by a series of blocks where the chemistry problem is solved in parallel; for each block, the243

solution of the reaction mechanism is parallelized over multiple threads. On GPU, synchronization is only required within the244

block. In this approach, each CUDA block is handled asynchronously, while operations are fully synchronous within the CUDA245

block. As a result, a double parallelization of the calculation of the chemistry problem on cells/blocks and on species/threads is246
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achieved. A three-level parallelization is therefore globally employed, as shown in Fig. 3: a) parallelization of the fluid dynamic247

problem over CPU processor cores/mesh subdomains; b) simultaneous solution of the chemistry problem over clusters of cells;248

c) simultaneous/parallel solution of the reaction mechanism in the block threads. The limit on the maximum number of threads249

per block can be a potential bottleneck for parallelism. This is usually not the case in reactive unsteady CFD simulations, where a250

1024-species mechanism is considered a very large mechanism to be solved at run-time. For problems involving larger numbers251

of species (over a thousand), the thin thread approach [58] is preferred.252

FIGURE 3 decomposition method for hybrid CPU/GPU computations. The heterogeneous solver employs a three-level paral-
lelization on the fluid dynamic problem, the chemistry problem and the reaction mechanism.

7 VALIDATION253

Three mechanisms differing in the number of species, reactions, and stiffness level have been used for validation, namely:254

- Hydrogen combustion (H2/air): the use of Hydrogen fuel is widespread in space industry for rocket propulsion applications255

because of its high specific impulse. Its oxidation kinetics involves very fast mass diffusivity and low molecular weight, and256

it represents a valid option to decarbonize high-emission industries, aviation, and other hard-to-abate sectors [59]. Hydrogen257

combustion is an example of a non-stiff mechanism [1, 60, 61];258

- Methane combustion (CH4/air): the GRI-Mech 3.0 by the Gas Research Institute (GRI) [62] is a very-stiff mechanism, with259

its 53 species and 325 reactions. It is used to predict NOx emissions in aeronautical combustors operating in diffusion mode;260

- Ethylene combustion (C2H4/air): a series of mildly-stiff mechanisms [63, 64, 65] used for scramjet engines; ethylene glycol261

is also used as antifreeze in de-icing processes in aeronautics; different reaction mechanisms of different sizes are available262

in the literature for Ethylene combustion.263

Reaction mechanisms were tested on multiple test geometries that were selected for the computations, namely:264

- auto-ignition in a single-cell batch reactor, to check the solution of Direct integration (DI) of kinetic mechanisms without265

the computation of the fluid transport. The results and performance of the GPGPU algorithm are compared against: a) an266

equivalent CPU version of the ODE solver [41]; b) an implicit ODEs integrator contained in OpenFOAM; c) the solution267
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from the Cantera software [42]. This set of simulations is used to evaluate the impact of latency from data transfer on the268

overall time of the computation and to also show that all the used ODE solvers provide similar results, for a fair comparison.269

- Reactive flow simulations on multi-cell domains, to test the overall performance of the GPGPU solver with fluid transport270

in presence of multi-domain parallelization. A one-dimensional laminar flame speed propagation and a two-dimensional271

low-Mach-Number unsteady laminar counterflow diffusion flame are selected as validation test cases. Calculations from the272

GPGPU solver are compared against results from the CPU-ODE solver.273

All calculations on the GPUs were performed in double precision. The following quantities have been monitored through the274

simulations:275

- the spatial distribution of temperature and species mass fraction;276

- the computational time required by the calculation;277

- the cumulative mass fraction of the chemical species:

Ȳi =
1
Δt

t

∫
0

Yi dt (27)

Time integral values of Ȳi are used to calculate the error of the solution against Cantera [42], that is assumed as reference:

erri,CPU =
|

|

Ȳi,CAN − Ȳi,CPU ||
Ȳi,CAN

⋅ 100 (28)

erri,GPU =
|

|

Ȳi,CAN − Ȳi,GPU ||
Ȳi,CAN

⋅ 100 (29)

Finally, the difference of the results between GPU and CPU is calculated as:
diffi =

|

|

Ȳi,CPU − Ȳi,GPU ||
Ȳi,CPU

⋅ 100 (30)

7.1 Auto-Ignition in Single-Cell Batch Reactors278

Direct integration of kinetic mechanisms in single-cell batch reactors is used to verify the accuracy of the CPU/GPU method279

in solving the chemical ODE systems. For each studied mechanism, the solutions produced by the hybrid CPU/GPU code are280

compared against Cantera [42]. Starting from a set of initial conditions, data are synchronized between the CPU and the GPU at281

each time step of integration (see Fig. 4). Synchronization between CPU and GPU is the main performance bottleneck and it is282

in principle unnecessary for single-cell batch reactor cases, where fluid transport equations are absent. This set of simulations is283

meant to be used to estimate the time required by data transfer and to compare it to the overall time required for the integration.284

GPU

Start simulation

End simulation

FIGURE 4 solution of the autoignition in single cell batch reactors: structure of the hybrid solver.

Hydrogen combustion. The first set of calculations involves a stoichiometric Hydrogen-air mixture reacting at a constant285

pressure of 2.0 bar and an initial temperature of 1000 K. The mechanism is made of 10 species and 27 reactions [60]. The lack286
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of stiffness is due to both the particular chemistry considered and the small global time step used. Fig. 5 shows the evolution287

over time of the temperature and the mass fraction of selected chemical species. A good agreement is noted between the results288

produced by CPU solvers and the hybrid CPU/GPU integrator. Limited differences with respect to the reference solution from289

Cantera (Eq. 28 and 29) are reported for each of the tracked species in Fig. 6a.290
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FIGURE 5 Hydrogen/air auto-ignition predicted over time by the direct integration of the chemistry problem via the hybrid
CPU/GPU code, explicit and implicit CPU integrators and by Cantera [42].
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FIGURE 6Hydrogen/air batch reactor: (a) cumulative mass fraction discrepancy based on Eq. 28 and 29; (b) difference between
CPU and CPU/GPU based on Eq. 30.
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FIGURE 7 Hydrogen/air batch reactor: evolution over time of the three largest discrepancies reported in Fig. 6b.
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Fig. 6a shows that the maximum discrepancy for this test is contained below 1.5%. The result includes the new hybrid solver.291

Also, the largest reported discrepancies between explicit CPU and GPU computing are linked to intermediate species whose292

mass fraction is very small throughout the development of the reaction. In this regard, Fig. 6b shows discrepancies always293

below 0.2%. They are present because: a) the developed GPGPU approach does not consist in a one-to-one porting of the CPU294

algorithm onto GPU; b) the order of the operations is rearranged to better suit GPGPU computing; c) GPU computing implies a295

different parallelization strategy compared to the serial CPU treatment; d) algebraic libraries on the two architectures (CPU and296

GPU) are not the same [27]; e) rounding and truncation errors may produce small yet non negligible effects on the prediction297

of the subsequent time advancement returned back from the GPU to the CPU.298

For completeness, Fig. 7 illustrates the evolution of the three largest differences between explicit CPU and CPU/GPU inte-299

grations over time. The peak around t ≈2×10−4 s stems from a marginal, albeit non-zero, discrepancy in time marching between300

CPU and GPGPU ODE integration. This difference diminishes rapidly due to the integral nature of Ȳ , swift consumption of301

intermediate species, and the overall similarity in areas under the explicit CPU and CPU/GPU curve (Fig. 5b).302

Methane combustion. The 53-species, 325-reaction mechanism GRI-Mech 3.0 which models natural gas combustion is303

selected as stiff mechanism. In the proposed test, a stoichiometric Methane-air mixture reacts in a batch reactor at a constant304

pressure of 13.5 bar and with an initial temperature of 1000 K. To guarantee good levels of accuracy, the tolerance criteria for305

explicit integration are now stricter compared to those used for the Hydrogen test case. Explicit CPU and CPU/GPU integrations306

are performed using the same settings.307
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FIGURE 8 Methane/air (GRI-Mech 3.0) auto-ignition predicted over time by the direct integration of the chemistry problem
via the hybrid CPU/GPU code, explicit and implicit CPU integrators and by Cantera [42].

From Fig. 8, the evolution of temperature in time predicted by the different methods is similar. Cumulative relative308

discrepancies against the computation from Cantera for GRI-Mech are reported in Fig. 9a and 9b for main species.309

Cumulative relative discrepancies on mass by the CPU code (Eq. 28) and the hybrid CPU/GPU code (Eq. 29) are limited310

below 1%. The explicit CPU/GPU solutions (green bars in Fig. 9a) exhibit strong agreement with explicit CPU results for most311

species. Notably, even in this context, differences between hybrid CPU/GPU integration and explicit CPU integration remain312

modest. Fig. 9b reports a peak of approximately 1% for an intermediate species characterized by rapid creation and depletion,313

with limited mass fraction throughout the simulation. For all other species, the cumulative difference remains below 0.3%.314

Fig. 10 shows the evolution of the three main differences over time for the GRI-Mech 3.0 mechanism. Peaks of differences315

are located in correspondence of the sudden rise of the mass fractions of the intermediate species; the differences quickly reduce316

even for the GRI-Mech 3.0 test case.317

Ethylene combustion. The third auto-ignition test is performed on an Ethylene chemical chain composed by 57 species and318

268 reactions [63]. This mechanism is categorized as mildly-to-very stiff because of its large number of species and reactions.319

In this specific test, a mixture of Ethylene and air reacts in a batch reactor at a constant atmospheric pressure and an initial320

temperature of 1000 K.321

In Fig. 11, the temperature profile from direct integration by the CPU/GPU code closely follows the calculation performed322

on the CPU. Mass fractions confirm that the hybrid CPU/GPU code performs similarly to CPU explicit and implicit direct323
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FIGURE 9 Methane/air (GRI-Mech 3.0) batch reactor: (a) cumulative mass fraction discrepancy based on Eq. 28 and 29; (b)
difference between CPU and CPU/GPU based on Eq. 30.
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FIGURE 10 Methane/air (GRI-Mech 3.0) batch reactor: evolution over time of the three largest discrepancies reported in Fig.
9b.
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FIGURE 11 Ethylene/air auto-ignition predicted over time by the direct integration of the chemistry problem via the hybrid
CPU/GPU code, explicit and implicit CPU integrators and by Cantera [42].

integration. As for the other mechanisms tested, cumulative and comparative discrepancies (see Fig. 12a and 12b) are reported.324

Cumulative discrepancies of the solution performed by the different methods are limited and comparable.325

Once again, the largest reported errors remain below 1%. They are primarily associated with intermediate species (CH3, CH4,326

C3H8, HCO) exhibiting small mass fractions, active only briefly around t ≈0.02 s, whose generation and depletion is rapid. The327

reported errors in Fig. 12a correspond to differences smaller than 0.5% in Fig. 12b. For other reported species, the discrepancies328

between CPU and hybrid CPU/GPU computing are marginal (Fig. 13). Despite employing identical tolerances and integration329

settings for both explicit CPU and CPU/GPU ODE integrators, discrepancies persist due to previously mentioned factors.330
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FIGURE 12 Ethylene/air batch reactor: (a) cumulative mass fraction discrepancy based on Eq. 28 and 29; (b) difference between
CPU and CPU/GPU based on Eq. 30.
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FIGURE 13 Ethylene/air batch reactor: evolution over time of the four largest discrepancies reported in Fig. 12b.

Performance metrics. Tests on single-cell batch reactors have proved that Direct Integration on the GPU provides a reliable331

and accurate solution for both non-stiff and stiff reaction mechanisms. Code profiling shows a very low device occupancy for332

auto-ignition calculations. With mechanisms of less than 32 species, only one warp and a single GPU block are used, because333

of the fat-thread approach. Therefore, the potential of the GPU card is not fully exploited. Nevertheless, a significant speed-up334

is achieved (Fig. 14a): explicit direct integration on GPU is 10x faster for the Hydrogen mechanism, 83x faster for the Methane335

(GRI-Mech 3.0) chemical chain, and 148x faster for Ethylene, compared to the same process done via CPU. The speed-up336

increases with the computational load on the GPU, and latency in data access on GPU becomes proportionally less important.337

Code profiling shows that a very small percentage of the available bandwidth is used for these three simulations: the small size338

of the vectors transferred and the use of the fat thread approach reduces the bandwidth usage. As expected, repeated data transfer339

between CPU and GPU represents a serious bottleneck (see Fig. 15). For this reason, the optimal configuration for the hybrid340

CPU/GPU code for single-cell batch reactor simulation would employ the following procedure: a) load the GPU kernel APIs341

as the simulation starts; b) transfer data between CPU and GPU for direct integration at the beginning and at the end of the342

computation; c) unused GPU memory must store intermediate solution for subsequent post-processing. Clearly, this is out of343

scope for the present investigation.344

7.2 Multi-cell reactive flow simulations345

Reactive flow computations on one- and two-dimensional domains are presented. A one-dimensional laminar flame propagation346

and a two-dimensional low-Mach-Number unsteady laminar counterflow diffusion flame are simulated. The laminar finite-rate347

model is applied in the simulations to compute the chemical source terms. The presented algorithmic developments are natively348

compatible with the turbulence-chemistry interaction models already available in OpenFOAM for the simulation of turbulent349

combustion [41]. The choice of laminar combustion test-cases does not have any impact on the generality of the presented350

results, being the aim of this section the testing of the performance of the GPU solver in reactive flow computations and the351

comparison of the results against a reference solution from CPU calculations.352
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FIGURE 14 average time to perform ODE integration compared to implicit (a); speed-up factor related to sole ODE integration
(b).
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FIGURE 15 normalized clock time of the tasks of the hybrid ODE integration, single cell batch reactor cases. Time for data
transfer from CPU to GPU is larger as the number of inputs passed from the CPU is larger than the number of the outputs from
the GPU.

1D laminar flame speed propagation. One-dimensional laminar flame propagation is selected as a validation test case to353

account for the fluid dynamic and the chemical kinetic problem simultaneously. The scheme of the one-dimensional shock tube354

used for this investigation is proposed in Fig. 16. The computational domain is uniformly discretized along the elongation axis,355

and specific cell refinements are chosen to emulate problems of increasing computational demand. Simulations are performed356

at different grid sizes, ranging from 800 to 20000 cells. Multiple chemical mechanisms for Hydrogen and Ethylene are used.357

In the simulations, the fuel inlet is placed at one end of the domain; the fuel has a prescribed velocity and an inlet temperature358

Tin = 1350 K (Tab. 2 and 3).359

Results from the hybrid CPU/GPU code are validated against the direct integration achieved on the CPU by an explicit and360

an implicit method, the latter of which is used as reference. The analysis proposed in Fig. 17 highlights the evolution of relevant361

quantities in space and time for the Hydrogen mechanism proposed in [1]. Time evolution of temperature and mass fraction362

of the chemical species are shown in Fig. 17. Flame front and temperature evolution in the domain are computed on the axis363

centerline.364

The hybrid and the reference solutions show a good agreement for all the simulations. Minor discrepancies are visible in Fig.365

17a and 17b. The propagation of the laminar flame is presented in Fig. 17c.366
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FIGURE 16 Flame propagation 1D test. Domain
length L = 0.06 m. Mesh resolutions: 800, 3200,
9600, 15000, 20000 cells over the axial x-direction.

Parameter Hydrogen case Ethylene case Unitvalue value
|

|

Uin
|

|

0.4 0.4 [m/s]
Tin 1350 1350 [K]
Yfuel 0.026 0.058 [-]
YO2 0.204 0.198 [-]
YN2

0.77 0.744 [-]
TABLE 2 Inlet BC for the one-dimensional flame propagation
test.

Parameter Hydrogen case Ethylene case Unitvalue value
Tif 300 600 [K]
pif 101325 101325 [Pa]

TABLE 3 Internal field conditions for the one-dimensional
flame propagation test.
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FIGURE 17 Hydrogen/air reaction [1] in the 1D shock tube of Fig. 16; the probe to collect time-varying quantities is located
at 15% of the domain elongation.
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There is no sensible difference between the flame front position provided by the hybrid methodology and that of the reference.368

To conclude the analysis, the speed-up factors for the studied 1D shock tube configurations are proposed in Tab. 4.369

Mechanism Authors Species no. Reactions no. Speed-up at number of cells
800 3200 9600 15000 20000

Hydrogen
Hong et al. [60] 10 31 1.84 2.02 2.06 2.01 2.01
Sánchez [61] 11 23 2.06 2.30 2.31 2.27 2.27
Burke et al. [1] 13 27 2.10 2.27 2.30 2.29 2.28

Ethylene UCSD [63] 57 268 2.42 2.50 2.50 2.48 2.56
Laskin [64] 75 529 2.56 2.59 2.65 2.59 2.60

TABLE 4 speed-up factor for the 1D shock tube test; mixture of Hydrogen/air or Ethylene/air at atmospheric pressure and inflow
temperature Tin = 1350 K.

For all configurations, the use of the newly presented hybrid CPU/GPU methodology is convenient compared to its CPU370

counterpart. The computational time is more than halved. As the chemical reaction chain becomes more complex, the compu-371

tational advantage increases. As the number of cells grows, the computational advantage enhances, up to a maximum which is372

case/configuration dependent.373

Two-dimensional counter flow flame. To further extend the analysis carried out onmulti-cell cases, reactive flow simulations374

are now developed on the two-dimensional counter flow flame configuration of Fig. 18. Boundary conditions are in Tab. 5.375

Simulations are initially performed on grids of different resolutions, namely of 800, 3200, 9600, 15000, and 20000 cells.376

FIGURE 18 Two-dimensional domain for laminar flame
test: length L = 0.06 m; mesh resolutions are 800, 3200,
9600, 15000, 20000.

Parameter Patch Value Unit
|

|

Uin
|

|

fuel and air inlet 1.0 [m/s]
Tin fuel and air inlet 293 [K]
YCH4

fuel inlet 1 [-]
YO2 air inlet 0.23 [-]
YN2

air inlet 0.77 [-]
Tif internal field 2000 [K]
pif internal field 1e5 [Pa]

TABLE 5 Initial and boundary conditions for the two-
dimensional counter flow flame test.

377

Initially, a non-stiff single reaction composed of 5 species is investigated. The mechanism corresponds to the global methane
reaction:

CH4 + 2O2 → CO2 + 2H2O (31)
Quantities in Figs. 19a-19d are defined at different positions over the axis centerline of the domain as function of time. The378

flame front is defined from the evolution of the mass fraction of the chemical species and of the heat released Q̇: at the flame379

front, the concentration of reactants decreases, while new products are formed (Fig. 19c) and the heat released increases (Fig.380

19d). For further clarification, a two-dimensional view of the temperature distribution at two different timesteps is reported in381

Fig. 20. In there, the results obtained via the GPU-ODE integrator are in good agreement with those produced by the legacy382

CPU code. Also, Fig. 19e and 19f show a speed-up greater than 1.5X: that already accounts for memory allocation, data copy383

and two-way data transfer for each fluid dynamic iteration. The apparently limited gain in performance is clearly linked to the384

small mechanism and the reduced grid sizes of this test. The adopted GPU (NVIDIA Tesla V100) can concurrently handle up385
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to 16 cells/blocks per streaming multiprocessor; only 5 threads per block are used in this situation, corresponding to a load of386

about 50%.387
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FIGURE 19Methane/air single global reaction in the two-dimensional counter flow flame domain of Fig. 18: (a-b) time varying
quantities collected by a probe located at the center of the domain; (c-d) data at end time t = 0.5 s over a center line spacing
through the domain from inlet to outlet; (e) cumulative mass fraction discrepancy based on Eq. 28 and 29.

Performance is expected to improve for larger problems in which the two-level parallelization and the fat-thread approach388

play an important role. The same setup is tested with the GRI-Mech 3.0 mechanism. Since the correct handling of the GRI chain389

is validated for single-cell batch reactor tests, a simulation of 10-3 s is considered here to ease the profiling of the data. Initial390

conditions ensure that chemical reaction occurs in this time interval (see Fig. 21b). Fig. 21 shows the evolution of temperature391

over time by an internal probe located at the center of the domain, the distribution of the mass fraction of an intermediate product392

(CH3) along an axial line, and the obtained speed-up.393
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FIGURE 20 Methane/air single global reaction in the two-dimensional counter flow flame domain of Fig. 18: contour plot of
temperature distribution.
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FIGURE 21 Methane/air (GRI-Mech 3.0 chain) reaction in the two-dimensional counter flow flame domain of Fig. 18; time
varying quantities (a) collected by a probe located at the center of the domain.

Results from hybrid CPU/GPU computations are reported in Fig. 21a and 21b. As expected, the speed-up factor with large394

mechanisms is significant (Fig. 21c). The hybrid CPU/GPU solver is more than 5 times faster than its CPU counterpart for the395

very coarse mesh. For the domain composed of 3200 cells, the speed-up factor is 8.27x, and for finer meshes it reaches a value396

greater than 9.5x, with a peak of 10x for the domain with 15 thousand cells. The speed-up factor is therefore dependent on the397

number of reacting cells, the number of involved chemical species and the complexity of the chemical chain. This also indicates398

that the speed-up grows as the number of cells increases, thanks particularly to those contained in the thin flame front region399

which spaces along the spanwise direction.400

Further details about performance. Reactive flow simulations are now conducted on refined versions of the counter flow401

flame mesh. Cases are denoted XS, S, M, L, XL. The coarsest and finest meshes comprise 1 and 3 million cells, respectively,402

with intermediate meshes progressively refined by adding 500 thousand more cells. Meshes XS to M are studied using 1 node403

(CPU only) or 1 node + 1 GPU (CPU/GPU configuration); meshes M to XL are investigated using 2 nodes (CPU only) or 2404

nodes + 2 GPUs (CPU/GPU configuration). CPU-only results employ explicit or implicit ODE integration. For an adequate405

comparison, the explicit ODEs integrator is the Runge-Kutta Cash-Karp; the implicit integrator is an extrapolation-algorithm406

based on the linearly implicit Euler method with step size control and order selection. The selected chemical mechanisms are407

the Hydrogen chain of Burke et al. [1] and the Methane mechanism GRI-Mech 3.0 [62]. The maximum Courant number is set408

to 0.3. Results of the performance tests are reported in Fig. 22.409

All data required for solving the chemical ODE system can reside concurrently on the GPUs and be managed by the devices.410

Fig. 22a demonstrates that, across all tested conditions, the hybrid CPU/GPU approach outperforms CPU-onlymethods. For both411
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FIGURE 22 performance of the hybrid approach on refined meshes of the counter flow flame test case; normalization with
respect to slowest run; for each mesh configuration, lower is better.

single-node andmulti-node hybrid configurations, the speedup consistently ranges around 3x compared to explicit CPUmethods412

and 4x to 4.5x against implicit ODE integration. On average, the time advancement for the Hydrogen chain is approximately413

5×10−6 s (for mesh XS) and 10-6 s (for mesh XL); for the Methane chain, these values are about 4×10−7 s (for mesh XS)414

and 2×10−7 s (for mesh XL). More lenient tolerances are used for the Hydrogen chain integration compared to the stiffer415

GRI-Mech 3.0 chain. With less restrictive tolerances, one reduces the number of rejected and repeated integrations (err >416

tol) in the considered timestep. That positively affects the speedup, but potentially impacts the stability of explicit integration417

(both on CPU and GPU). Lenient tolerances pose almost no threat to non-stiff chains; more stringent tolerances are required418

for stiff ODEs integration. At the same time, GPGPU computing benefits from increased GPU load (more species, reactions)419

because of the double parallelization. The number of cells that can be concurrently handled by the GPU is hardware dependent.420

For increasing number of cells in the computational domain, the queue on the GPU lengthens; that contributes to reduce the421

achievable performance gain. For the considered GRI-Mech 3.0 cases, GPGPU computing produces a performance gain of about422

5x and 9x against explicit and implicit ODEs integration respectively (Fig. 22b).423

8 CONCLUSIONS424

The algorithmic co-design of a GPGPU solver for heterogeneous system architectures for the rapid solution of reactive flow425

problems is presented. In the computations, a three-level parallelization is employed: the fluid dynamic problem is split over426

multiple CPU processor cores, while the chemistry problem is solved on the hardware accelerators in clusters of cells, where427

blocks and threads execute the simultaneous/parallel solution of the reaction mechanism. As a result, the explicit 5tℎ order428

Runge-Kutta method employs the parallel integration of the chemistry ODEs on GPUs with significant speedups if compared429

to the corresponding CPU-based version. Main features of the proposed methodology are: a) it is fully automatic, it does not430

require any manual specific operation for pre-processing; b) its efficiency increases as the size and the stiffness of the kinetic431

mechanism becomes large; c) it can work on multiple CPUs/GPUs for high-fidelity simulations, but it also results advantageous432

when applied to small/medium size problems, since it makes use of the full potential of the hardware of modern workstations.433

For the mechanisms tested, the solution of the chemistry problem on the GPUwould be about two orders of magnitude faster than434

on the CPU. On the other hand, the performance gain is limited to about 10x, because of some bottlenecks: a) the slow transfer435

of data between CPU and GPUs, occurring at each time step of integration of the fluid solver in reactive flow computation;436

b) the stiffness of the ODE system: to take advantage of the parallel architecture of the GPU, the use of explicit integrators is437

favored. Future improvements include the coupling of the proposed approach with a stiffness reduction method operating on the438

GPU and the design of implicit GPU-ODE integrators, to take advantage of the upcoming unified memory capabilities of next439

generation GPUs.440
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APPENDIX586

A LINK BETWEEN DENSITY AND PRESSURE CORRECTION587

In the fully implicit unsteady solver, outer iterations (denoted withm in the following) are repeated multiple times while solving588

across the time interval [n; n+1]; the outer-loop ends when the entire set of non-linear equations satisfies the solver’s stopping589

criteria. These iterations are different from the inner ones which are performed on linear systems with fixed coefficients.590
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Similarly to the procedure employed by SIMPLE-type methods for incompressible flows [45], the momentum equations are591

used to calculate an intermediate velocity field U ∗:592

)(�U )
)t

|

|

|

|

∗

n
+ ∇ ⋅ (�m−1U n ⋅ U ∗) = −∇pm−1 + ∇ ⋅R + SU (A1)

In Eq. A1 the density �m−1 comes from previous outer iteration m − 1. If the flow viscosity depends on temperature or other593

variables, the viscous terms are also computed using quantities from the previous iteration. The velocity field U ∗ obtained via594

the linearized momentum equations structured on the old pressure and density values does not satisfy the mass conservation595

equation. In fact, when the mass fluxes computed using these velocities and the old density are inserted into the continuity596

equation, a mass imbalance is produced in the volume V and must be eliminated by a correction method:597
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(ṁ∗f + ṁ
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f ) = 0 (A2)

where:598

ṁf = ṁ∗f + ṁ
′
f = (�

∗ + �′)f (U ∗ + U ′)fSf = (�∗U ∗)f ⋅ Sf
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pressure correction ṁ′f

(A3)

The second-order term in Eq. A3 is neglected because is assumed to go to zero more rapidly than the other terms. Such an599

approximation doesn’t influence the convergence rate and doesn’t impact the final solution because it tends to zero at convergence.600

It follows that:601

ṁ′f = (�
∗U ′ + �′U ∗) ⋅ Sf (A4)

in which Sf is the surface normal vector; U ′ and p′ are defined from:602

Um = U ∗ + U ′ (A5)
pm = pm−1 + p′ (A6)

and for the density:603

�m = �m−1 + �′ (A7)
While the pressure gradient only corrects the flow velocity in low-Mach implementations, in pressure-based compressible604

solvers the pressure correction acts on the density. The first term of Eq. A4 is similar to the term for incompressible flows, while605

the second term includes a density correction, that goes to zero in low-Mach number cases.606

The intermediate velocity field U ∗ calculated from the predictor step (Eq. A1) must be corrected by a pressure gradient to607

enforce mass conservation in the domain. The combination of Eq. A2 and A3 written in differential form reads:608
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Eq. A8 is called pressure correction equation; its solution determines the correction to be applied to the mass fluxes computed609

via the use of the intermediate velocity field U ∗. Being the correction done through pressure, the thermodynamic state depends610

on the correction procedure as well. The time derivative in Eq. A8 can be decomposed as follows:611
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In Eq. A9,  is the fluid compressibility (see Appendix B), while theAP coefficient depends on the adopted time differencing612

scheme. For the three-time-level scheme (backward Euler method) AP = 3
2
, while for the two-level first order implicit method613

AP = 1. Also, being (Appendix B):614

∇ ⋅ (�′U ∗) = ∇ ⋅
(

U ∗ p′
) (A10)

and (Appendix C):615

∇ ⋅ (�∗U ′) = −�∗
(

Δt
AP

)

∇2p′ (A11)
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the final form of the pressure correction equation is written as follows:616
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(A12)
Eq. A12 includes an incompressible divergence term to correct the mass fluxes and a compressible convective term to correct617

the density. They alternatively become dominant when the flow is largely incompressible or compressible, respectively, making618

the pressure-correction strategy applicable over a wide range of applications at all flow speeds [37]. At low Mach number619

values, the ∇p′ correction term dominates, and Eq. A12 assumes an elliptic form for incompressible flow cases; at high Mach620

numbers, the contribution of the term containing p′ enlarges and Eq. A12 assumes an hyperbolic form. Upon solving the pressure-621

correction equation, velocity and density are updated to obtainUm and �∗; those values are used to solve the energy equation at the622

next step, from which the updated internal energy em is obtained. In turn, the temperature T m is determined via thermodynamics.623

The new density is computed from the EoS (see Appendix B):624

� =  T (A13)
and the velocity is updated:625

U n+1 = U ∗ + ∇p′ (A14)
Finally, if turbulence modeling is active, turbulence is solved and turbulent viscosity is updated. After a sufficient number of626

iterations, the corrections become negligible and the state m→ (n+1); the solver can then proceed to the calculation of the next627

time step.628

B LINK BETWEEN DENSITY AND PRESSURE CORRECTION629

The link between density correction and pressure correction is given by:630

� =
)�
)p

|

|

|

|T
p =  p (B15)

where631
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)�
)p

|

|

|

|T
(B16)

is the compressibility of the fluid. Being:632

�′ = �∗ − �m−1 =  pm −  pm−1 =  (pm − pm−1) =  p′ (B17)
if follows:633

�′ =  p′ (B18)

C LINK BETWEEN VEOCITY AND PRESSURE CORRECTION634

At the m-th outer iteration within the time step integration from time n to n+1, the momentum equation can be written as:635
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The corrected velocity and pressure must also satisfy:636
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By subtracting Eq. C19 from C20, it follows:637

1
Δt
APU ′ = −∇p′ (C21)
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being:638
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where639

AP =

{

1 with a 1st order two-time-level time differencing scheme
3
2

with a 2nd order three-time-level time differencing scheme
From Eq. C22, the time differencing scheme applied for temporal discretization appears in the coefficient AP only. Eq. C21640

can be manipulated and written as:641

�∗U ′ = −�∗
(

Δt
AP

)

∇p′ (C23)
being �∗ the density updated at the current outer iteration m (e.g. �∗ ≡ �m). Finally:642

∇ ⋅ (�∗U ′) = −�∗
(

Δt
AP

)

∇2p′ (C24)


	FronteRivista
	GHIOF_OA_01-24sf
	A hybrid CPU-GPU Paradigm to Accelerate Reactive CFD Simulations
	Abstract
	Introduction
	Motivation of this research
	Goals and highlights
	Paper structure

	Governing equations for reactive flow problems
	Implicit Solution Method of the Flow Transport for All Flow Speeds
	Variables positioning and discretization of the operators
	Multi-cell approach to accelerate the chemical solution on hybrid CPU-GPU systems
	Further notes about domain decomposition in CPU/GPU heterogeneous systems
	Validation
	Auto-Ignition in Single-Cell Batch Reactors
	Multi-cell reactive flow simulations

	Conclusions
	Acknowledgements
	CONFLICT OF INTEREST STATEMENT
	DATA AVAILABILITY STATEMENT
	References
	Appendix
	Link between density and pressure correction
	Link between density and pressure correction
	Link between veocity and pressure correction



