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Abstract

Geodesy can provide valuable information on marine current estimation based on the combination of gravity and altimetry.
Gravity is standardly used to estimate the geoid undulation, i.e. the height of the geoid over a given reference ellipsoid. As it
is well known, the geoid undulation over the oceans is closely related to the Mean Sea Surface (MSS) with discrepancies that
can reach 1-2 m at global scale. By satellite altimetry, one can get the MSS and then estimate the Mean Dynamic Topography
(MDT) as the difference between the MSS and the geoid undulation. As the MDT is related to the ocean circulation,
information on the ocean circulation to be compared with oceanographic estimates can be provided using these geodetic
measurements. In this context, the GeoMed2 project aims at estimating a high-accuracy and high-resolution geoid model for
the Mediterranean Sea based on land and marine gravity data and on recent Global Geopotential Models. In this paper, the
processing methodology based on the well-known remove—compute—restore approach for the determination of the geoid in
the Mediterranean area is presented. In a pre-processing step, all available gravity observations for the wider Mediterranean
basin have been collected, validated, homogenized, and unified in terms of their horizontal and gravity system. In this way,
a reliable gravity database to be used for the determination of the geoid has been prepared. This data set has been used in
computing a gravimetric geoid estimate based on which the MDT over the Mediterranean Sea was obtained. The results of
this computation were then revised, commented and compared with other existing MDT solutions. By these comparisons, it
can be concluded that the geodetic computed MDT is not yet satisfactory since it is too noisy. This is possibly due to some
inconsistencies still present in the gravity data used for estimating the geoid undulation and to the adopted MSS which seems
to be too smooth over the Mediterranean area.
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1 Introduction

The geoid is the so-called mathematical surface of the Earth
(Heiskanen and Moritz 1967). By definition, it is the equipo-
tential surface of the Earth gravity field that can be approxi-
mated by the Mean Sea Level (MSL). Nowadays, the geoid
is estimated using gravity data that are collected on ground
or via airborne/marine observation campaigns. Over the
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ocean, gravity data can be obtained from altimetry data that
are densely known. Furthermore, satellite dedicated missions
have been performed in the last decades, e.g. the GOCE gra-
diometric mission (Drinkwater et al. 2003), that have remark-
ably improved the knowledge of the long-wavelength compo-
nents of the Earth gravity field and of the geoid.

Global estimates of the geoid are provided either from
satellite data only or in combination with ground-based data.
Satellite-based global models are provided in spherical har-
monic expansion up to degree and order (d/o) 300 while
high-frequency models can be at d/o 2190.

Methods for estimating the gravimetric geoid, i.e. the
geoid estimated from the gravity data, have been refined
in the years. Particularly, the remove—compute-restore
approach (Barzaghi 2016) has been proposed and applied
for estimating high-precision geoid undulations. This
approach is applied as a standard in combination with the
Stokes formula (Heiskanen and Moritz 1967; Sanso and
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Sideris 2013) or with the collocation method (Tscherning
2015; Sanso and Sideris 2013).

The geoid undulations are commonly used for getting
the orthometric height from Global Navigation Satellite
System (GNSS) observations. As it is well known, using
GNSS the ellipsoidal heights & are obtained relative
to a given ellipsoid. So, in all the applications where
the orthometric heights H are needed, a conversion is
required. This is based on the knowledge of the geoid
undulation N that is related to the ellipsoidal height &
and to the orthometric height H by the simple formula
h = H + N. Thus, by knowing % and the undulation N, one
can estimate H in the so-called GNSS/levelling. This is the
method that is applied in many nations all over the world
(e.g. Smith et al. 2013) replacing, in technical applications,
the time consuming and expensive spirit leveling.

Over the ocean, precise geoid estimates are required
to estimate the Mean Dynamic Topography (MDT)
that is related to the ocean circulation. This is done in
combination with altimetry that provides the instantaneous
Sea Surface Height (SSH) with respect to the ellipsoid.
In this context, several projects have been carried out
all over the world (e.g. Rio and Mulet 2014; Jahanmard
et al. 2022). In this paper, the GeoMed2 project, which
is dedicated to the geoid estimation in the Mediterranean
area, is introduced. GeoMed?2 is the continuation of the
GeoMed project that has been carried out in the years
1991-1994. GeoMed?2 is an international project that
started in 2015. A first estimate has been computed in
2018 (Barzaghi et al. 2018) and new computations
are foreseen in 2024. In this paper, a review on geoid
computation is given, the GeoMed2 results are revised
and the future perspective for the geoid computation in
the Mediterranean Sea are described.

2 The geoid estimate based on gravity data
and its application

Nowadays, the geoid estimate is usually based on grav-
ity data by solving the geodetic boundary value problem.
Analytically, this means that we have to estimate the
anomalous potential 7(P), harmonic outside the masses,
given the gravity anomalies that are observed on the Earth
surface. By reducing the gravity data for the topographic
masses, one can state the so-called Stokes problem, i.e.
to estimate the harmonic function 7(P) outside the geoid,
regular at infinity, given the boundary condition (here in
its spherical approximation)

= Ag, 1)

or ' | mean Earth sphere
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where Ag is the gravity anomaly and r is the spherical radial
position.

The solution of this boundary value problem is the well-
known Stokes’ formula

T(P) = % / S(wpo)dog @)

being S (y/PQ) the Stokes’ function (see, e.g. Heiskanen and
Moritz 1967) and ¢ the unit sphere.

Once the anomalous potential T(P) is given, the geoid
undulation N(P) can be obtained according to the Bruns’
formula (Heiskanen and Moritz 1967) as

_I®
7))

where y(Q) is the absolute value of the normal gravity field
onto the ellipsoid (that is completely known in analytical
form, see, e.g. Moritz 1989).

More rigorously, although with a much larger numerical
effort, one can solve the Molodensky problem for the
estimation of the anomalous potential 7(P) given the gravity
data directly on the Earth surface itself (the so-called free-
air gravity anomaly). As an example, one can consider the
simple Molodensky problem, i.e. to find the potential 7(P),
harmonic outside the telluroid S (Heiskanen and Moritz
1967), regular at infinity, satisfying the boundary condition

N(P) 3)

- 27| =ag @)

where Ag is the free-air anomaly (Heiskanen and Moritz
1967).

Once the potential is known, one can get the height
anomaly {(P) as

_I®
Q)

Another standard method for solving these geodetic
boundary value problems is collocation. This is a method
based on the stochastic hypothesis for the anomalous
potential T(P) and the Wiener—Kolmogoroff principle
(Moritz 1989). Having observed the values of linear
functionals of the anomalous potential L, (T) at points P;,
the collocation estimate of any other functional Lp(T) of
T(P) at a given point P is

¢(pP) &)

-1
LuT) = Y Crp,, (PPy) [Cry, (PiP) + 2| (Lo (T + ),

(©6)
where C; ; (P,P;) are the covariances between the

functional to be predicted Lp(7T') and the observed functionals
Lp(T), the Cy, 1, (P;, Py) are the covariances between the
t i Tk
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observed functionals Lp(T) and Lp (T) and n;, is the noise at
point P,. As an example, the collocation estimate of the
height anomaly based on gravity data is

-1
{GEDY Ceyng, (P-P;) [CAg,,,.Agpk (Pi.Py) + 551] (Dgy +my),

@)
where Cy 45, is the auto-covariance of the Ag values and C; 5,
is the cross-covariance between ¢ and Ag.

Finally, another way that is currently applied to get the
geoid estimate is the Radial Basis Function method that
models the gravity field as linear combination of harmonic
basis functions (see, e.g., Schmidt et al. 2007).

The practical numerical computations of the
estimation approaches are usually based on the
remove—compute—-restore method. This technique, as
applied to the estimation of the geoid undulation from
gravity values, is summarized in the following steps:

(i) Remove step: the observed gravity data Ag,,,(P) are
reduced for their low-frequency features as well as for
their high-frequency components. The low-frequency
components Agsyv(P) are those accounted for by a
Global Geopotential Model that is given in terms of
a spherical harmonic expansion (see, e.g., Pavlis et al.
2012). The high-frequency part of the gravity field
spectrum Agprc(P) is related to the topography signal
and is estimated via a Digital Terrain Model up to 100
+ 200 km from each data point (Forsberg 1984). In
this way, the residual gravity values Ag, are obtained

A8 (P) = Agoys(P) — Agoam(P) — Agrrc(P)- (8)

(ii)) Compute step: the residual values are then used
as input values in one of the geoid estimation
approaches listed above to get the residual
component of the geoid undulation N,(P) (or the
residual component of the height anomaly ¢,.(P)).

N,(P) = CO(Ag,), )

where CO(:) is the “Compute operator” that is
applied to get the geoid undulation estimate. Having
reduced the data for the low- and high-frequency
components, one can prove that the CO(-) operator,
which should be applied to globally distributed
data, can be applied to gravity data in a local area
centered on the computation point P (nowadays this
area is of 1°+ 2° degrees) since the contribution of
the residual data outside this area to the solution is
quite negligible.

(iii)) Restore step: in this step, the final geoid estimate
is obtained by restoring the Nggy(P) low- and the
Ngrc(P) high-frequency of the geoid, adding them

to the residual component N,(P) estimated in the
Compute step.

N(P) = Nggm(P)+Ngrc(P) + N(P). (10

The different methods described above, if properly
applied, are substantially equivalent. This has been con-
firmed in the recent Colorado test on geoid computation
(Wang et al. 2021) where these geoid estimation methods
were applied in an area of the Rocky Mountains with sig-
nificant height variations (see Fig. 1).

The geoid estimation in an area like this is particularly
challenging and thus the test was really a significant
comparison among the different approaches.

Gravity data over the area, both ground-based and
aerogravimetric, where kindly supplied by United States
Geological Survey (USGS) to all the research groups
participating into the test. The detailed Shuttle Radar
Topography Mission Digital Terrain Model (Farr et al.
2007) was used in the computation of the terrain effect and
the precision of the different geoid estimates was tested on
geoid undulation values that were available along a levelling
line, named GSVS17 line (vanWestrum et al. 2021), that was
measured on purpose (see the red line in Fig. 1).

The standard deviation of the difference between gravi-
metric geoid estimates and observed data along the GSVS17
line points ranges between 2 and 4 cm. This can be consid-
ered as the nowadays reference value for the precision in
geoid estimates.

As described, the different approaches can provide the
geoid or the height anomaly estimates using gravity data.
The discrepancy between the geoid undulation and the height
anomaly is given by the following relationship

N-¢{=—"H (1)

y -
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Fig.1 The Colorado test area and the GSVS17 line (courtesy of
NOAA) (Color figure online)
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that is function of the Bouguer anomaly Agy, of the mean
normal gravity ¥ along the normal plumb line and of the
orthometric height H (Heiskanen and Moritz 1967). This
quantity depends on the topography and on the density of
the earth crust and it can reach maximum values of the order
of 1.5 m in high mountain regions.

Furthermore, in a point P, the ellipsoidal height A(P),
the orthometric height H(P) and the normal height H*(P)
are connected to the geoid undulation N(P) and the height
anomaly {(P) through the relationship (Heiskanen and
Moritz 1967)

h(P) = H(P) + N(P) = H*(P) + {(P). (12)

This is a simple but fundamental equation that enlightens
the relevance of the geoid (or height anomaly) in defining
the height of a point. Furthermore, Eq. (12) is applied in
the so-called “GPS/levelling” procedure. If a centimetric
geoid precision is available, orthometric heights H(P) can
be obtained from GNSS observations, that allow observing
h(P), as

H(P) = h(P) — N(P). (13)

This is currently done instead of using the time-
consuming (and thus expensive) spirit-levelling technique.
Although spirit levelling can reach millimeter precision, this
is not strictly required in most of the current engineering
applications that usually require a few centimeters precision
in the height determination.

The knowledge of a centimetric precision geoid is also
relevant in oceanography. On a point P over the ocean
surface it holds that the Sea Surface Height (SSH), which
can be obtained by radar altimetry (Wagner 1989), is given
as

SSH=h—-p=N+DOT, (14)

where & is known from the satellite orbit, p is the radar
observed range, N is the geoid undulation and the DOT is
the Dynamic Ocean Topography (see Fig. 2).

Thus, if the geoid undulation N is known over the oceans
and the SSH is obtained from altimetry, one can estimate the
DOT (the instantaneous values which is then averaged in
time to get the MDT) that is related to the ocean circulation
(Rio and Mulet 2014) as

DOT = SSH — N. (15)

In this kind of application, the geoid is frequently
estimated via a Global Geopotential Model (GGM) while
the SSH is obtained from global solution like the DTU17
(Andersen and Knudsen 2019).

Over the Mediterranean Sea and the surrounding land
areas, there are several gravity data collected since the 50s
and a dense set of altimetry data from different satellite

@ Springer
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Fig.2 The satellite altimetry scheme. SSH is the sea surface height,
N is the geoid undulation, DOT is the dynamic ocean topography. p
is the measured range satellite-sea surface and h is the height of the
satellite above the ellipsoid known from orbit

missions. It is thus possible to estimate a geoid which, in
principle, should be more detailed than a high-frequency
global model and compare this geoid undulation with a
detailed SSH based on the available Mediterranean Sea sat-
ellite data. This is the main goal of the GeoMed2 project that
will be described in the next section.

3 The GeoMed2 project for the geoid
estimation on the Mediterranean Sea

GeoMed?2 is the continuation of the GeoMed project that
was carried out in the nineties (Barzaghi et al. 1992). At that
time, due to restrictions in the computation facilities, the
geoid was estimated in three areas covering the Western, the
Central and the Eastern Mediterranean. The three solutions
were then merged to get a unique solution over the whole
Mediterranean Sea. This solution suffered for a poor data
distribution and for the adopted estimation methodology that
implied discontinuities due to edge effects that were only
mitigated by the patching procedure. Also, the GGMs and
the DTM/bathymetry data that were available at that time
were not so reliable in the Mediterranean area.

This situation has sharply changed in the last decades.
New GGMs based on satellite only data have been
estimated and the STRM DTM/bathymetry improved a
lot the knowledge of the topography, thus allowing a more
detailed computation of the high frequency component of
gravity and geoid. Furthermore, new gravity data either
on the Mediterranean Sea and the surrounding countries
are nowadays available. Finally, recent satellite altimetry
missions provided very valuable data (Egido and Smith
2017). Therefore, a new project for estimating the geoid
and the DOT in the Mediterranean Sea was promoted. This
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international project led to a first solution that is documented
in Barzaghi et al. (2018).

The collected gravity data (either ground- and marine-
based) were validated for outliers and a pre-processing of
some old marine gravity data was also performed (Lequen-
trc-Lalancette et. al. 2016). Gravity data were then reduced
for the low-frequency components by means of the EIGEN-
6C4 model (Forste et al. 2014) to d/o 1000. The high-fre-
quency part of the ground-based gravity data spectrum was
accounted for by the SRTM3 DTM while marine gravity
data were not reduced for the terrain effect. The obtained
residual values were then gridded on a regular 2’ x 2’ geo-
graphical grid over the area 10° S << 40° N and 29° E <
4 <48° E and are presented in Fig. 3.

The residual geoid component was computed using the
1D-FFT spherical Stokes convolution method (Haagmans
et al. 1993) and the final geoid undulation was obtained
by restoring the low- and high-frequency components as
previously described.

This geoid estimate was compared with the CNES-
CLS MSS (Pujol et al. 2018) to get the MDT over the
Mediterranean Sea. This MDT was then compared with the
one inferred from the same MSS and the EIGEN-6C4 GGM
to full resolution (i.e. to d/o 2190) which was assumed to be
the benchmark solution. As a whole, the locally estimated
geoid was less accurate than the EIGEN-6C4 model when
considering the computation of the inferred MDT. However,
in some parts of the Mediterranean Sea the local gravimetric
geoid was more accurate in the comparison between drifter-
observed and geoid derived geostrophic currents.

Thus, improvements are required to get a better geoid
solution allowing a more reliable estimate of the MDT. In
view of that, some experiments have been performed in the
Central Mediterranean area (see Fig. 4).

Refinements in the pre-processing of the Morelli marine
gravity data (Allan and Morelli 1971) were performed. A
track-by-track bias and tilt removal in the residuals between
these data and the EIGEN-6C4 model has been performed

Fig.3 The residual gridded
gravity field in the Mediterra-
nean area (values in mGal)

thus improving the consistency of the data of those marine
gravity campaigns (Lequentrc-Lalancette et. al. 2016).
Contrary to what was done in the previous computation, the
contribution of the bathymetric effect was considered in the
reduction of the marine gravity data. This has been done by
using the global bathymetry and topography grid SRTM15
(15 arc sec resolution) (Tozer et al. 2019) that has been
recently released. Furthermore, a new global geopotential
model, namely the XGM2019 GGM (Zingerle et al. 2020),
to d/o 1000 was used for reducing the low-frequency compo-
nent of the gravity data. The empirical covariance values and
the best-fit covariance model of the residual marine gravity
data Ag, are plotted in Fig. 5.

Finally, the collocation method (Moritz 1989; Sanso and
Sideris 2013) was applied in estimating the residual geoid

Fig.4 The gravity data in the test area (marine gravity in blue,
ground-based data in green) (Color figure online)
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Fig.5 The empirical covariance values and the best-fit covariance
model of the residual marine gravity data Ag,

component N,. The estimated geoid N(GEOMED,,) was
then compared with the DTU15 MSS (Andersen et al. 2016)
to compute the MDT in the central Mediterranean area (see
Fig. 6).

As one can see in Fig. 6, the computed MDT displays a
quite high-frequency pattern that requires a proper smooth-
ing before any use of this estimate in computing a reliable
ocean circulation pattern.

4 Conclusions

The estimate of a precise gravimetric geoid in the
Mediterranean area is a relevant topic in scientific
applications of geodesy and oceanography. The
comparison between the geoid undulation and the
altimetry derived MSS gives the estimate of the MDT that
is the base for estimating the ocean circulation. This is
of relevance in the Mediterranean Sea as this can be the
base for environmental research in this highly anthropized
area. To this aim, gravity data were collected, either on
ground and on the Mediterranean Sea, during two projects,
namely the GeoMed project and its recent continuation,
the GeoMed2 project. The availability of new reliable
GGM and of global bathymetry/DTM data allowed a
remarkable improvement in the geoid estimate over this
area (the solution obtained in the GeoMed project has a
precision which is around 50 cm, see Benciolini et al. 1991
and Barzaghi et al. 1993, while the one computed in the
GeoMed?2 project has a precision of 9 cm, see Barzaghi
et al. 2018). Nevertheless, as a whole, the solution that was
obtained in the framework of the GeoMed?2 project was still
quite poor if compared with the undulation coming from
the EIGEN-6¢4 GGM to full resolution (i.e. to d/o 2160).
As a matter of fact, the MDT based on the CNES-CLS
SSH and the EIGEN-6¢4 undulation was globally more
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Fig.6 The MDT in the central Mediterranean area computed as
MSS(DTU15)-N(GeoMed,,) (Values in m)

tes!

effective in representing the circulation in Mediterranean
Sea than the one obtained using the same SSH and the
GeoMed?2 geoid undulation. The refinement test presented
in this paper was still not completely satisfactory as, in the
comparison with the DTU15 MSS, a noisy pattern of the
MDT was obtained. Partially, this noisy pattern reflects
some geophysical signals that seem to be not adequately
contained in the smooth altimetric MSS. On the other
side, some noisy components are related to gravity data
inconsistencies (mainly along coastal areas) that must be
further investigated and checked.

Thus, a more detailed investigation has to be performed.
Particularly, a more thorough analysis of the available
gravity data must be operated as well as a more effective
gridding procedure has to be used. Furthermore, different
estimation procedures should be used in estimating the
geoid. This would allow having comparisons among the
different methods as it was done in the Colorado test, thus
having a deeper insight on the impact that possible data
inconsistencies can have in the geoid estimate.

Through these refinements, improvements in the
gravity geoid estimate and a detailed MDT pattern are
expected, which in turn will allow defining a reliable
ocean circulation pattern in the Mediterranean Sea.
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