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Abstract: In this paper the steel internal damping due to both the thermoelastic and the magnetoe- 6 

lastic phenomenon has been investigated through a formulation based on thermodynamical poten- 7 

tial joints with a hysteretic damping model. With the aim of focusing on the temperature transient 8 

in the solid, a first configuration has been considered, characterized by a steel rod with an imposed 9 

alternating pure shear strain in which only the thermoelastic contribution was studied. The magne- 10 

toelastic contribution was then introduced in a further configuration, in which a steel rod in free 11 

motion was subjected to torsion on its ends in presence of a constant magnetic field. A quantitative 12 

assessment of the influence of the magnetoelastic dissipation in steel has been computed according 13 

to the Sablik and Jiles model by giving a comparison between the thermoelastic and the prevailing 14 

magnetoelastic damping coefficient. 15 

Keywords: Internal damping, magnetoelastic effect, thermodynamic formulation, thermoelastic 16 

damping 17 

 18 

1. Introduction 19 

Damping capability represents an important criterion for the selection of the materi- 20 

als for machines and components undergoing vibrations. The internal damping for me- 21 

tallic materials for engineering applications can be ascribed to different physical phenom- 22 

ena. 23 

One of the main causes of the damping is the plastic strain, but this occurs only at 24 

stress levels greater than the usual design values. Another cause of the internal damping 25 

is given by the thermoelastic effect and by the diffusion of interstitial atoms that becomes 26 

important only beyond a critical frequency, that is over the frequency range involved in 27 

the vibration typically characterizing mechanical components. 28 

The thermoelastic effect is the basis of thermography, a very common technique to 29 

analyze the stresses in components subjected to time-varying loads.  30 

The temperature variations that occur in a homogeneous elastic solid are associated 31 

with the in-time variation of the stresses, and in the case of materials of common engi- 32 

neering interest such as steel and aluminum, they are generally of the order of 0.1 °C÷0.01 33 

°C. Since these temperature values are related to the internal damping characteristics of 34 

the material, the heating rate measurement, together with the energy input, was used in 35 

the literature, as in [1], for the evaluation of the intrinsic material damping capacity. In 36 

particular, recent developments  [2] and [3] show a particular interest in the evaluation of 37 

thermoelastic damping in micro beam resonators, as it is an important source of intrinsic 38 

energy dissipation and crucial to the design of the micro/nano devices. 39 

The potential of the thermographic technique for the evaluation variation over time 40 

of the stress field in a component subjected to cyclic load includes both the ability to de- 41 

scribe the physical phenomenon of the local dissipation of energy in the solid due to the 42 

thermoelastic effect, which through the Fourier equation allows to calculate the temporal 43 

variation of the temperature distribution, and a high degree of sensitivity in the measure- 44 

ment with infrared techniques of the temperature distribution in the area of interest. 45 
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The physical phenomenon of the local dissipation of mechanical energy into thermal 46 

energy can be defined through the definition of a constitutive law or based on a thermo- 47 

dynamic analysis of the mechanics of solids. 48 

Finally, in a ferromagnetic materials, the magnetoelastic damping gives  a significant 49 

contribution to the overall material damping, even at low stress levels and low frequency. 50 

The magnetoelastic aspect of damping has been previously analyzed in literature, as in [4] 51 

in which the damping capacity of highly magnetostrictive Fe-Ga solid-solution alloys was 52 

evaluated, or in [5], where dynamic stability of a soft ferromagnetic beam-plate in a trans- 53 

verse magnetic field was investigated, taking into account magnetoelastic interaction and 54 

magnetic damping. Moreover, in [6] measurements of the magneto-mechanical damping 55 

were  evaluated in crystalline pure iron, nickel and cobalt bars, whereas in [7] it was ana- 56 

lyzed for a cylindrical permalloy layer subjected to magnetic fields while performing free 57 

torsion oscillations. In recent developments, magneto-mechanical hysteresis damping be- 58 

havior of Fe-Ga-La alloys has been studied in detail [8] and damping ratio based on mag- 59 

neto-thermoelasticity considerations was investigated [9] for Micro-Beam Resonators. 60 

The magnetoelastic energy dissipation during a stress cycle can be interpreted in 61 

terms of two distinct magnetic phenomena: the magnetic hysteresis and the formation of 62 

local parasite currents [10]. A thorough physical interpretation of these phenomena can 63 

be found in literature, as in [11], [12], and [13], but the treatment of magnetoelastic dissi- 64 

pation from the quantitative point of view is still under investigation. 65 

The treatment from the physical point of view is based on Weiss’ model, considering 66 

that a ferromagnetic material is divided into magnetic subdomains, and that for the mag- 67 

netic moment, deriving from natural magnetization, is close to saturation and is oriented 68 

along one of the most easily magnetizable directions of crystalline structure. 69 

In the absence of external magnetic field, the magnetic moments of the single domain 70 

are casually oriented so that the total magnetic moment is zero or very low. After the 71 

application of a stress field, the followings occur: 72 

1. a reversible rotation of the domain along the direction of the applied stress, 73 

2. a reversible displacement of the contour of the domain, 74 

3. a not reversible displacement of the contour of the domain. 75 

The variation of the topology of magnetic domains due to the application of the stress 76 

field leads to a condition in which the vector resultant of the overall magnetic moment is 77 

still zero. However, a rotation of the magnetic moment of each domain occurs and a con- 78 

sequent magneto-strictive deformation that sums up to the purely mechanical defor- 79 

mation and, as a matter of fact, makes the material appear more deformable (∆E effect). 80 

The stress-strain curve, for low values of stress beyond which the phenomenon achieves 81 

saturation, has, indeed, a non-linear trend, and in case of time variable loads, it causes 82 

dissipation. 83 

From the electromagnetic point of view, the reversible rotation of the domains and 84 

the reversible displacement of their contours give rise to a reversible rotation of the mag- 85 

netic moment of the single domain. The not reversible displacement of domains’ contour 86 

causes dissipative phenomena that, although due to the interaction among the magnetic 87 

moments, are generally described as caused by the friction among the contours of the 88 

magnetic domains themselves. In the presence of an externally applied constant magnetic 89 

field, the application of a time dependent stress due to the dissipative phenomena related 90 

to the magnetic interaction among domains gives rise to magnetic hysteresis. The appli- 91 

cation of a stress results, in a way, in being equivalent to the application of an equivalent 92 

(apparent) magnetic field [11] 93 

In this work a thermodynamic formulation of the magnetoelastic phenomenon is 94 

coupled with a thermodynamic formulation of the thermoelastic one [14], [11]. The model 95 

allows to estimate the internal damping, both thermoelastic and magnetoelastic of steels 96 

and puts into evidence how, at low values of stress and frequency, the internal damping 97 

is mainly of a magnetoelastic nature. 98 

 99 
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2. Thermoelastic problem 100 

As reported in [15], it is possible to express the thermodynamic potentials that concur 101 

to form the internal energy of the system (Free energy (A); Gibbs potential (G), enthalpy 102 

(H)) as functions of only three significant state variables, for example the temperature (T) 103 

, the cubic strain (𝑒𝑣) and the conventional octahedral tangential component of the strain 104 

(𝑒̅), and to obtain an expression of the Fourier equation for heat transfer capable of provid- 105 

ing a quantitative evaluation of the associated thermoelastic effect and of the energetic 106 

phenomena: 107 

β∇2T-ρ cv

∂T

∂t
- [ψ

1

∂ev

∂t
+ψ

2

∂ē

∂t
] (T+T0)=0 (1) 

 108 

where the specific heat is: 109 

 110 

cv=𝑐𝑣
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ρ
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d2K

dT2
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ρ
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dT2
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2+
16

3

d2G

dT2
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ψ
1
=3α

𝑑(KT)

dT
-

dK

dT
ev (3) 

ψ
2
=

32

3

dG

dT
ē (4) 

K=
E

3(1-2υ)
 (5) 

 111 

Strains are intended to be measured with respect to the reference configuration, 112 

which is characterized by the condition of zero stress and the base temperature T0 (i.e. 113 

T = 0). 114 

The thermodynamic analysis that leads to the Fourier equation for an isotropic elastic 115 

solid in the form of Equation (1) considers explicitly the dependence of the elastic modulus 116 

on temperature in the expression of the strain energy volumetric density [16]: 117 

dL=σ̄ dev+4 τ̄ dē (6) 

where: 118 

σ̅ is the octahedral normal stress, 119 

τ̅ is the octahedral tangential stress, 120 

ev is the cubic strain, 121 

e̅ is the tangential octahedral strain.  122 

 123 

The dependence of the elastic modulus of the material on temperature introduces a 124 

phase shift between the individual components of the strain tensor and the related com- 125 

ponents of the stress tensor, which results in the presence of coupling terms between the 126 

tensor field of the strains and the scalar field of temperatures. This means that, strictly 127 

speaking, the description of solids stressed with fatigue in an isothermal environment 128 

cannot be assigned to the equations of isothermal elasticity when considered separately 129 

from the heat equation, but rather requires the solution of the thermoelastic problem con- 130 

sidered as a whole. 131 

It can be observed that the approach based on thermodynamic potentials represents, 132 

in energetic terms, the phase shift between the components of the stress and strain tensor 133 

that, in the works of Zener [17] and [18] on internal damping, had instead been described 134 

through the introduction of a complex component of the elastic modulus. 135 

Equation (1) can also be compared with the equation proposed by Biot [19] for the solution 136 

of the thermoelastic problem: 137 
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 138 

Biot's equation can be obtained from Eq. (1) considering the elastic modulus as not 139 

dependent on temperature and must be interpreted as an equation of limited validity, able 140 

to describe the problem only as a first approximation. 141 

The variational formulation of the Biot thermoelasticity relations doesn’t allow, in 142 

fact, to realistically include a class of basic problems of the solid mechanics, such as those 143 

characterized by zero values in the hydrostatic component of stress or deformation, or in 144 

any case small with respect to the values of the deviatoric component of stress or strain. 145 

If the equation proposed by Biot were unconditionally valid, in torsional stressed isotropic 146 

elastic solids there should be no thermoelastic effect and therefore the material stressed 147 

under these conditions would have zero internal damping. 148 

3. Effect of stress on magnetic hysteresis 149 

The application of a stress to a ferromagnetic material placed in a magnetic field, 150 

causes a variation in the intensity of magnetization that leads to its anhysteretic value [20]. 151 

As experimentally revealed, the factors that influence the variation of magnetization are 152 

the following: 153 

1) how much the magnetization is lower or higher than its anhysteretic state, 154 

2) how approaching to anhysteretic state is sensitive to the stress, 155 

3) how the anhysteretic magnetization changes with stress. 156 

In order to describe the effect of stress on the magnetic hysteresis the physical model 157 

of Jils and Atherton [21], subsequently extended by Sablik and co-workers [22], [23] is 158 

considered for polycrystalline magnetic materials when subjected to uniaxial stress (σ) 159 

aligned with the magnetic field. Both models refer to a condition in which the applied 160 

stress is constant, and the magnetic field is variable with time. The model proposed does 161 

not consider eddy currents effect, thermal viscosity, and demagnetization, but due to its 162 

relative simplicity and physical backgrounds.is one of the most used ones. 163 

In the anhysteretic state, that describes the thermodynamic equilibrium, a polycrys- 164 

talline ferromagnetic element is considered a canonical ensemble of interacting magnetic 165 

moments. The effect of the interaction among the domains is represented as a contribution 166 

to the magnetic field, so that the effective magnetic field results as: 167 

He=𝐻̅+𝛼̅Ma+Hσ (8) 

where, 𝐻̅ is the applied magnetic field, the contribution 𝛼̅Ma is due to the magnetic inter- 168 

action among the domains, while the contribution Hσ is due to the interaction among the 169 

domains, for the presence of the stress field. 170 

The thermodynamic (or anhysteretic) expression for the magnetization Ma is obtained by 171 

means of the methods of statistical mechanics, considering the material as composed by 172 

pseudo-domains having defined contours. This hypothesis is compatible with the fact that 173 

the points of the anhysteretic curve correspond to thermodynamic equilibrium status, and 174 

every variation on that curve must be reversible, therefore it cannot involve variations of 175 

the contour of the domain. It is: 176 

Ma=Ms𝐿̅(He/a) (9) 

in which the material constant (a) is partially dependent on the microstructure. The con- 177 

tribution Hσ can be obtained considering that, in the case stress and magnetic field are co- 178 

axial, from thermodynamics we have: 179 

G=U-TS+(3/2)σ λ(Ma) 

U=(1/2)𝛼̅μ
0
Ma

2 

A=G+μ
0
𝐻̅Ma (10) 

and the magnetoelastic energy is expressed as: 180 
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Eσ=
3

2
σλ(Ma) (11) 

The effective magnetic field can be consequently written as: 181 

He=
1

μ
0

(
∂A

∂Ma
)

T

=𝐻̅+𝛼̅Ma+
3

2

σ

μ
0

(
∂λ(Ma)

∂Ma
)

T

 (12) 

from which the following can be obtained: 182 

Hσ=
3

2

σ

μ
0

(
∂λ(Ma)

∂Ma
)

T

 (13) 

The irreversible contribution to magnetization deriving from the shift of the contours of 183 

the magnetic domains can be described as due to the presence of microstructural obsta- 184 

cles. The magnetic domains, during their displacement, engage with and disengage from 185 

such obstacles giving rise to a dissipative phenomenon (boundaries friction). The irre- 186 

versible magnetization can be written as: 187 

Mi=Ma-kδ' (
∂Mi

∂Be
) (14) 

where δ’= +1 or -1, when 𝐻̅ respectively increases or decreases and in which Be=μ
0
He.  188 

In Equation (14) the second term, with the opposite sign with respect to 𝐻̅, acts analo- 189 

gously to a mechanical friction term, giving rise to a dissipation. Equation (14) can be re- 190 

written to obtain a differential equation whose solution delivers the irreversible magneti- 191 

zation: 192 

∂Mi

∂𝐻̅
=

(Ma-Mi)

δ'k
μ

0

- (𝛼̅+
3σ
2μ

0

[
∂2λ(Ma)

∂Ma
2 ]) (Ma-Mi)

 
(15) 

From Equation (15) it results that the derivative of irreversible magnetization is a function 193 

of both the deviation of magnetization from its anhysteretic value (Ma-Mi) and the factor 194 

(’k), that introduces the irreversibility and consequently the hysteresis. The given model 195 

includes a term that considers the bending of magnetic domains between two microstruc- 196 

tural obstacles. Also, this term is a function of the deviation of magnetization from its 197 

anhysteretic value (Ma-Mi) through a constant (c) representing the ratio between initial 198 

magnetic susceptibility (not magnetized status) and the related anhysteretic value. 199 

Total magnetization can then be written as the sum of the irreversible magnetization and 200 

the last introduced contribution: 201 

M=Mi+c(Ma-Mi) (16) 

Based on Equation (15) it can be remarked that the presence of a constant applied stress 202 

implies a variation of the slope of the hysteretic loop. Such variation is due to the contri- 203 

bution of the stress to the value of the effective magnetic field, and it is determined by 204 

magnetostriction λ(Ma). 205 

4. Magnetic hysteresis of a cylindrical solid subjected to torsion 206 

The Sablik-Jiles model, originally formulated for the case of coaxial stress and mag- 207 

netic field, was subsequently extended to the case of a cylindrical solid undergoing con- 208 

stant torsion in presence of a magnetic field directed along the axis of the cylinder and 209 

time variable (Figure 1.a) [24]. 210 

From the physical point of view, the application of a couple in presence of a magnetic 211 

field 𝐻̅ causes a rotation () of the magnetization vector M (Figure 1.b). In the case of a 212 

material such as steel, showing a positive derivative of the total magnetostriction with 213 

respect to magnetization, the magnetization vector rotates towards the direction along 214 

which the traction component acts, and it leaves the direction along which the compres- 215 

sion component acts. 216 



Materials 2021, 14, x FOR PEER REVIEW 6 of 18 
 

 

The magnetoelasticity energy is defined as the sum of the contributions due to the 217 

traction and the contribution due to compression, both not coaxial with the magnetic field. 218 

This can be written as: 219 

Eσ=
3

2
σ[λ(Ma(σ))](cos2 θ -v sin2 θ)+

3

2
(-σ)[λ(Ma(-σ))](sin2 θ -v cos2 θ) (17) 

where λ(Ma(σ)) is the magnetostriction due to the traction component () and λ(Ma(-σ))  220 

is the magnetostriction due to the compression component (-). 221 

 222 

 

 

a) b) 

Figure 1. (a) Cylindrical solid subjected to torsion, principal stresses, and magnetic field 223 

oriented along the axis of the cylinder.; (b) Relative position of the magnetic vector 𝐻̅, of 224 

the magnetization vector M and of the principal stresses due to the applied torsional mo- 225 

ment. 226 

 227 

Several formulations, both empirical and physical, have been proposed for the func- 228 

tion λ(Ma). The model under investigation derives the expression of the magnetostriction 229 

as a function of magnetization from the minimization of the internal energy with respect 230 

to the deformation and, in the case of a biaxial stress condition due to torsion, the mag- 231 

netization is given by: 232 

3

2
λ(Ma(σ))= 

|b|

b
{[(

2

3

bϑ(σ)

Y
)

2

+
2

Y
(Φmag(Ms)-Φmag(Ma(σ)))]

1/2

- [(
2

3

bϑ(σ)

Y
)

2

+
2

Y
Φmag(Ms)]

1/2

} 

(18) 

where b is the isotropic magnetoelastic coupling constant and: 233 

Φmag(Ma(σ))=
1

2
μ

0
α[Ma(σ)]2 (19) 

𝑏𝜗(𝜎) = 𝑏(1 + 𝑣) (1 −
1

2
𝑠𝑖𝑛2 𝜗)  

𝑏𝜗(−𝜎) = 𝑏(1 + 𝑣) (1 −
1

2
𝑐𝑜𝑠2 𝜗) (20) 

Since the trend of Ma(σ)with respect to 𝐻̅ is hysteretic, also the behavior of λ(Ma(σ)) 234 

with respect to 𝐻̅ exhibits a hysteresis, but with a symmetric behavior across the λ axis. 235 

The effective magnetic field, acting along the direction of magnetization is then: 236 

He=𝐻̅ cos(π/4-ϑ) +𝛼̅Ma+Hσ (21) 

where: 237 
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Hσ=
3

2

σ

μ
0

[
∂λ(Ma(σ))

∂Ma
(cos2 θ -v sin2 θ)-

∂λ(Ma(-σ))

∂Ma
(sin2 θ -v cos2 θ)] (22) 

Assuming, according to the definition of λ(Ma(σ)) and λ(Ma(-σ)): 238 

 

∂λ(Ma(σ))

∂Ma
  →  

∂λ(Ma(σ))

∂Ma(σ)
 

 

 

∂λ(Ma(-σ))

∂Ma
  →  

∂λ(Ma(-σ))

∂Ma(-σ)
 (23) 

in the considered case the component of the magnetization acting along the direction of 239 

application of the magnetic field is given by: 240 

Mz=M cos (
π

4
-ϑ) (24) 

and Equation (15) becomes: 241 

∂Mi

∂𝐻̅
=

(Ma-Mi) cos(π/4-ϑ)

δ'k
μ

0

- (𝛼̅+
3σ
2μ

0

[Λ(σ)]) (Ma-Mi)

 
(25) 

where: 242 

𝛬(σ)=
∂2λ(Ma(σ))

∂Ma(σ)2
(cos2 θ -v sin2 ϑ)-

∂2λ(Ma(-σ))

∂Ma(-σ)2
(sin2 θ -v cos2 ϑ) (26) 

To get the angle of rotation of the magnetization with respect to the direction of the ap- 243 

plied magnetic field, when the cylindrical solid is subjected to torsion, the potential energy 244 

is considered: 245 

Ω=-μ
0
𝐻̅Ma cos ( π/4-ϑ)-Eσ (27) 

The condition dΩ/dϑ =0 delivers the value of ϑ for the configuration of equilibrium cor- 246 

responding to the magnetic field and to the applied torsional moment. The following is 247 

obtained: 248 

ϑ=
1

2
sin-1 {

-1+√1+4A'

2A'
} (28) 

where: 249 

A'=8 {
3

2

σ(1+v)

μ
0
𝐻̅Ma

(λa(σ,-σ))}

2

 (29) 

λa(σ,-σ)=
1

2
[λ(Ma(σ))+λ(Ma(-σ))] (30) 

The initial value (ϑ0)  of the angle ϑ is a function of the initial anhysteretic magnetization. 250 

Subsequently, for increasing torsion torque, ϑ decreases with respect to its initial value. 251 

5. Torsional pendulum with hysteretic damping model 252 

The calculation of the internal damping is carried out for a configuration in which a 253 

circular cylindrical solid is inserted in a torsional pendulum device for the measurement 254 

of the internal damping and subjected to a constant magnetic field equal to the earth mag- 255 

netic field and acting along the axis of the cylindrical solid. 256 

The torsional pendulum is a measurement technique that exploits the free vibration of the 257 

system made by the solid under testing that corresponds to the torsional stiffness of the 258 

system, and a disk corresponding to the torsional moment of inertia of the system. The 259 

configuration is reported in Figure 2. 260 

 261 
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 267 

Figure 2. Torsional pendulum for damping measurement (dimensions for f=15 Hz). 268 

The internal damping (), related to a given n-th cycle of oscillation, evaluated from the 269 

evolution of the angular oscillation of the disk, can be expressed as a function of logarith- 270 

mic decrement, as the ratio between two consecutive peaks of the n-th and n-th+1 cycles: 271 

δn= ln
An

An+1
 (31) 

where An represents the amplitude of the n-th peak and An+1 represents the amplitude of 272 

the subsequent peak of the oscillation. 273 

The introduction of a dissipative term in Eq (1) allows to apply the equation to the 274 

calculation of the temperature distribution, and therefore of the internal damping, of the 275 

cylindrical solid with circular cross section that represents the test sample inserted in a 276 

torsional pendulum. 277 

As shown by experimental evidence [25], the internal damping is mainly due to the 278 

relaxation phenomenon, strongly dependent on temperature and frequency, and to me- 279 

chanical hysteresis, which demonstrates a strong dependence on the amplitude and does 280 

not show a significant dependence on the frequency. 281 

In the present work temperature values for which relaxation is an unimportant phenom- 282 

enon are taken into account and the dissipative term to be introduced in Eq. (1) is ex- 283 

pressed on the basis of a hysteretic model [26]. 284 

This model describes the internal damping as a phenomenon due to irreversible transfor- 285 

mations in the elastic solid subjected to cyclic deformations. Furthermore, it provides that 286 

the area between the stress-strain curve in the loading phase and the one in the unloading 287 

phase is proportional to the dissipated energy and doesn’t depend on the frequency at 288 

which the load cycle is covered but depends on the amplitude. The hypotheses of fre- 289 

quency independence and amplitude dependence find physical confirmation respectively 290 

in the fact that the stress-strain laws can be assumed to be independent of time and in the 291 

fact that, since hysteresis is a non-linear phenomenon, the dissipation of energy per cycle 292 

must necessarily increase as the amplitude of the deformation increases. 293 

Given φ̄=φ
r
+iφ

i
 the angle of rotation of the pendulum and K̄φits torsional stiffness, the 294 

torsional torque is written as:  295 

Mt=K̄φ×φ̄=Kφ(1+iχ)φ (32) 

where the axis φ is assumed as real axis, the parameter χ is the hysteretic damping factor 296 

with the condition χ<<1. 297 

The torsional torque Mt is then given by the composition of a component in-phase with 298 

the angle of rotation (Kφ⋅φ)) and of a component 90° out-of-phase (χ⋅Kφ⋅φ) that gives rise 299 

to a mechanical energy dissipation into thermal energy for a cycle that can be expressed 300 

as the sum of a thermoelastic and a magnetoelastic contribution: 301 

ΔW=(χ⋅Kφφ
0

2π)thermoelastic+ΔWmagnetoelastic (33) 
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The dissipated energy ΔW corresponds to the area of the hysteresis cycle which, for the 302 

assumed damping model, is elliptical with a major axis equal to φ
0
 and a minor axis equal 303 

to χ⋅Kφ⋅φ
0
. 304 

6. Thermoelastic solution for a rod subjected to alternating pure shear strain 305 

With the aim of analyzing the trend of the temperature transient, the configuration of a 306 

steel rod with an imposed alternating pure shear strain was initially analyzed, in which 307 

only the thermoelastic contribution was studied.  308 

The associated principal strains of a pure shear strain () are: 309 

e1=
r

2R
sin(2πft)+αT    

e2=αT   (34) 

e3=- 
r

2R
sin(2πft)+αT    

where f indicates the frequency of the imposed strain cycle. In such conditions the follow- 310 

ing is obtained: 311 

 312 

ē=√
2

3


r

R
sin(2πf t) (35) 

ev=3αT (36) 

The presence of imposed strains allows to focus attention on the temperature variation of 313 

the cylindrical solid. Eq. (1) can consequently be expressed as: 314 

β∇2T- [ρcv+(T+T0)ψ
1

(3T
dα

dT
+3α)]

∂T

∂t
-ψ

2
(T+T0) (√

2

3


r

R
2πf sin(2πf t)) =0 (37) 

with the following boundary conditions: 315 

for t=0 T=0 

for r=0 
∂T

∂r
= 0 

for r=R 
∂T

∂r
+htT=0 

where ht is the heat exchange coefficient. 316 

The solution of the problem can be carried out analytically or numerically. In the follow- 317 

ing a numerical solution was applied to the case of a cylindrical solid, with a diameter of 318 

3.5 mm, 7 mm, and 14 mm in 2¼Cr-1Mo steel whose mechanical and thermal  character- 319 

istics as a function of temperature, for a range between 25 °C and 300 ° C, are reported in 320 

Table 1. 321 

Table 1. Dependence on temperature of elastic and thermal parameters [16]. 322 

E  (215 – 0.085 T )  e+09 N/mm2 

𝑮̅  (85 – 0.036 T )  e+09 N/mm2 

cv  (425 + 0.416 T ) J/(kg °C 

   (11.3 – 0.014 T-1 10-5 T2 )  e-06 1/°C 

  (35.75 – 0.0223 T-1 10-4 T2 ) W/(m °C) 

ht   10 W/(m2 °C)] 

 323 

The equation for the computation of the temperature distribution in the cylindrical solid 324 

subjected to torsion was solved by means of a finite difference numerical method. The 325 
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numerical solution considers the temperature of the solid as a function of the radial coor- 326 

dinate r, and takes into account the dependence on the temperature of the elastic constants 327 

of the material and of the quantities that govern the heat exchange. Once the temperature 328 

distribution is known, the local entropy density along the radial coordinate r is then cal- 329 

culated from the following equation: 330 

P(q)=(T+T0)P(s)=β
(gradT)

2

T+T0
 (38) 

The material internal damping is expressed through the damping coefficient : 331 

η=
ΔW

Ξ
=2δ (39) 

where: 332 

ΔW  is the mechanical energy dissipated in heat in a period, 333 

Ξ is the amplitude of the function describing the elastic energy stored in the volume 334 

material into which the dissipation takes place, 335 

  is the logarithmic decrement (Eq. 31). 336 

 337 

At local scale, indicating with t* the period of the oscillation, the following holds: 338 

W= ∫ P(q)⋅dt
t*

0

 (40) 

From Eq. (39) it is possible to calculate the local damping coefficient through a simple time 339 

integration. 340 

The results relating to cycle with imposed strain are shown below, the amplitude of 341 

which is defined by a maximum value of the pure shear strain on the contour of the cir- 342 

cular section max = 1200 10-6. Once the strain cycle was fixed, two different values of the 343 

frequency of the strain cycle, equal to 15 Hz and 150 Hz, were examined and the absolute 344 

temperature of the solid equal to 300 K was assumed. 345 

Figure 3 shows the temperature transient and the entropy production on the section of the 346 

cylindrical solid considering the frequency of 15 Hz. The trend, represented for different 347 

number of cycles, is deeply influenced by the heat exchange at the external surface, whose 348 

temperature remains constant and equal to 300 K. The temperature transients and the vol- 349 

umetric density of the entropy production in the node placed on the axis of the rod, and 350 

in the node placed at a distance from the axis equal to R/2 are reported respectively in 351 

Figure 4 and Figure 5. A similar thermal transient is observed, but the entropy production 352 

on the axis of the rod is negligible. 353 

The values of the local internal damping as function of the radial coordinate, obtained 354 

production of the cycle, are shown in Table 2. 355 

The temperature transient and the entropy production on the section of the cylindrical 356 

solid considering the frequency of 15 Hz are reported in Figure 6. Moving from 15 Hz to 357 

150 Hz, a faster thermal transient on the section with higher temperature values, can be 358 

observed. 359 

With the aim of analyzing the influence of the strain cycle amplitude on the results, the 360 

frequency was fixed at 15 Hz, a second value of the imposed strain cycle amplitude (max 361 

= 600 ) was considered in addition to the value considered previously (max = 1200 ). 362 

The trend of the temperature and of the volumetric density of the entropy production on 363 

the cylinder section are shown in Figure 7, in which it is possible to observe the significant 364 

decrease of both maximum temperature variation and of the entropy production as the 365 

amplitude of the strain cycle decreases with cycles. 366 
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(a) (b) 

Figure 3. (a) Temperature variation on the section of the cylindrical solid, max = 1200 , f = 15 Hz; 367 
(b) Entropy production on the section of the cylindrical solid, max = 1200 , f = 15 Hz. 368 

  

(a) (b) 

Figure 4. (a) Temperature transient in the central node, max = 1200 , f = 15 Hz; (b)Transient of the 369 
Entropy production on the node adjacent to the central node max = 1200 , f = 15 Hz. 370 

  

(a) (b) 

Figure 5. (a) Temperature transient on the node located at 0.5 R max = 1200 , f = 15 Hz; (b) Transi- 371 
ent of entropy production on the node located at 0.5 R max = 1200 , f = 15 Hz. 372 

Table 2. Local damping coefficients as a function of radial coordinate, values are expressed in 10-4 373 

Node location 0.1 R 0.2 R 0.3 R 0.4 R 0.5 R 0.6 R 0.7 R 0.8 R 0.9 R 

 Damping η 0.38 1.06 1.21 1.30 1.32 1.34 1.44 1.66 1.67 

 374 
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(a) (b) 

Figure 6. (a) Temperature variation on the section of the cylindrical solid, max = 1200 , f = 150 Hz; 375 
(b) Entropy production on the section of the cylindrical solid max = 1200 , f = 150 Hz. 376 

  

(a) (b) 

Figure 7. (a) Temperature variation on the section of the cylindrical solid, max = 600 , f = 15 Hz; (b) 377 
Entropy production on the section of the cylindrical solid max = 600 , f = 15 Hz. 378 

A numerical experimentation was also conducted for the calculation of the overall damp- 379 

ing of the cylinder considering its diameter as variable, to evaluate the influence of the 380 

dimensions of the specimen on the results obtained. The overall damping values for a 381 

cylinder with diameters of 14 mm and 3.5 mm are shown in the following table and com- 382 

pared with the results obtained for the diameter of 7 mm previously analyzed. 383 

Table 3. Overall damping coefficients as a function of the diameter, values are expressed in 10-4 384 

Diameter (mm) 3.5 7 14 

Damping  3.0 1.3 0.1 

 385 

7. Solution for a rod subjected to torsion in free motion 386 

With the aim of analyzing the dissipated energy of a thermoelastic nature and, of a 387 

magnetoelastic nature, for the evaluation of the damping in the oscillation cycles, the con- 388 

dition of free motion was considered, with the hypothesis of hysteretic damping. 389 

The equation of free motion of the torsional pendulum, with the hypothesis of hys- 390 

teretic damping described by the hysteretic damping factor (χ), is written as: 391 

Mφφ̈+Kφ(1+iχ)φ=0 (40) 

The solution presented in [27], for the calculation of the only component of thermoelastic 392 

damping, is herein reported and can be expressed as: 393 
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φ=φ0 exp {-ωt [
√(1+χ2)-1

2
]

1/2

} ⋅ cos {ωt [
√(1+χ2)+1

2
]

1/2

+ϕ} (41) 

where φ0 and ϕ are two constants to be determined based on the initial conditions, and 394 

the logarithmic decrement is given by: 395 

δ=
2 π χ

1+√(1+χ2)
≅2πχ (42) 

having assumed χ <<1. 396 

Considering Equation (41) and assuming as unit rate the term (
√(1+𝜒2)+1

2
)

1/2

, according to 397 

the hypothesis χ <<1 the strains tangential octahedral component can be expressed as: 398 

ē=√
2

3 

r

2
φ0 exp {-ωt [

√(1+χ2)-1

2
]

1/2

} ⋅ cos{ωt+ϕ} (43) 

Where r represents the radial coordinate of the circular cross section of the cylinder. 399 

Cubic strain, due solely to the effect of thermal expansion, is instead written as: 400 

ev=3αT (44) 

Fourier’s equation for the cylindrical solid with circular section that oscillates in free mo- 401 

tion with a model of hysteretic damping results in: 402 

β∇2T- [ρ cv+(T+T0)ψ
1

(3T
dα

dT
+3α)]

∂T

∂t
+ 

− ψ
2
(T+T0) (√

2

3
r φ0 ω exp{-hωt} [(-

dh

dt
t-h) cos{ωt+ϕ} -sin(ωt+ϕ)]) =0 

(45) 

where the damping ratio (h) is expressed as: 403 

h= [
√(1+χ2)-1

2
]

1/2

 (46) 

while the boundary conditions are the following: 404 

for t=0 T=0 

for r=0 
∂T

∂r
= 0 

for r=R 
∂T

∂r
+htT=0 

Where ht is the thermal exchange coefficient and R is the radius of the circular section of 405 

the cylinder. Equation (45) is solved numerically at finite differences considering the tem- 406 

perature function of the radial coordinate only and considering the dependence of the 407 

elastic constant on temperature and on the constants that regulate the thermal exchange. 408 

The calculus of the contribution ΔWmagnetoelastic  in Equation (33) has been carried out 409 

according to the model presented in Section 4, but considering the intensity of the mag- 410 

netic field oriented along the axis of the cylinder as variable, in accordance with the am- 411 

plitude of , and with the corresponding torque moment. 412 

From the numerical point of view, the procedure is as follows. Assuming the initial 413 

magnetic field is known, the relative value of the anhysteretic magnetization (Ma) and the 414 

initial value of the angle   is calculated. Subsequently, at each time step of Equation (45):  415 

1. the effective magnetic field (He) and the variation d𝐻̅ due to the increment of the ap- 416 

plied torque are calculated, from the knowledge of the value of , of the previous 417 

value of Ma and of the derivatives ∂λ/∂Ma(σ) and ∂λ/∂Ma(-σ); 418 

2. a new value of Ma can be calculated; 419 
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3. the variation dMi can be calculated from  and d𝐻̅ from the previous values of Ma and 420 

Mi; 421 

4. a new value of Mi is computed from dMi and from the previous Mi;  422 

5. M and the related component Mz are then calculated. 423 

Steps 1) to 5) are processed until a complete oscillation cycle of Mt, corresponding to the 424 

completion of a cycle of magnetic hysteresis, from which ΔWmagnetoelastic can be evaluated. 425 

The dissipated energy, of thermoelastic and magnetoelastic nature, enables to calcu- 426 

late the damping of the cycle of oscillation applied to the subsequent cycle of the pendu- 427 

lum. 428 

The results of a circular cylindrical solid with 5 mm diameter, made of steel 2¼Cr1Mo 429 

are presented. The natural frequency of the system is 15 Hz, the amplitude of the initial 430 

shear strain is assumed to be equal to 800 , 1000  e 1200 , and the temperature is 431 

27°C. 432 

The mechanical and thermal parameters of the considered material are reported in 433 

Table 1, considering their dependence on the temperature. The magnetic parameters are 434 

reported in Table 4. 435 

Looking at Figure 8, for the first oscillation cycle starting from 1200 , it can be ob- 436 

served that, depending on the applied torque, the angle  the axis of magnetization of the 437 

solid varies between 30° and 57°. The former corresponds to the maximum torque, in 438 

which the principal stresses assume the sign reported in Figure 1a), the latter corresponds 439 

to the first inversion of the torque. 440 

In accordance with the model herein proposed, since in Equation (39) both P(s) and  441 

Ξ have a different distribution depending on the geometry of the system and on the dis- 442 

tribution of stress (or strain), a local damping coefficient and a global damping coefficient 443 

of the entire system can be considered for the system in a specific configuration. 444 

The comparison between the damping thermoelastic coefficient and the magnetoe- 445 

lastic coefficient as a function of radial coordinate is reported in Figure 9, for the stable 446 

cycle corresponding to an initial maximum shear strain of 1200  . It can be remarked 447 

that the magnetoelastic local damping shows a limited variability with radial coordinate, 448 

and that it is prevailing with respect to the thermoelastic damping. The overall damping 449 

of the system is reported in Table 5 for the three different values of initial maximum strain. 450 

It is worth remarking that the overall damping can’t be described in a general way the 451 

damping independently from the examined configuration. 452 

The obtained results confirm that the internal damping is mainly of magnetoelastic 453 

nature. Both contributions to damping increase with the amplitude.  454 

Table 4. Magnetic parameters [23]. 455 

𝑯̅  36 Asp/m 

Ms  1.585 e+06 Asp/m 

λs  2.07 e-05  

c   0.15  

a  2350 Asp/m 
𝜶̅   7.09 e-05 W/(m °C)] 

k/ 0 2400 Asp/m 

 0 12.57 e-07 H/m 

b -0.242 e+07 N/m2 

 456 



Materials 2021, 14, x FOR PEER REVIEW 15 of 18 
 

 

  

(a) (b) 

Figure 8. a) Rotation of the magnetization with respect to the maximum strain, in the first oscilla- 457 
tion cycle. b) Rotation of the magnetization vs time, in the first six cycles. 458 

  

(a) (b) 

Figure 9. a) Local thermoelastic damping coefficient  as a function of radial coordinate, sta- 459 
ble cycle. b) Local magnetoelastic damping coefficient as a function of radial coordinate, sta- 460 

ble cycle. 461 

Table 5. Internal thermoelastic and magnetoelastic damping coefficients varying the maximum 462 
strain amplitude. Values refer to the stabilized cycle. 463 

 800  1000  1200  

Thermoelastic damping 

coefficient  

4 10-4 6 10-4 9 10-4 

Magnetoelastic damping 

coefficient  

12 10-2 12.7 10-2 13.1 10-2 

 464 

9. Conclusions 465 

In the present work the internal damping due to both thermoelastic and magnetoe- 466 

lastic effects was calculated for a cylindrical solid subjected to torque and inserted into a 467 

constant magnetic field. 468 

To analyze the trend of the temperature variation in the solid, it was reputed more 469 

appropriate to firstly consider an alternating torsion configuration with imposed sliding 470 

rather than the free motion of the solid itself, by evaluating exclusively the thermoelastic 471 

effect. The results obtained show how the variation of the imposed cycle frequency af- 472 

fected the temperature field on the section of the solid, as an increase in frequency led to 473 

a similar trend of the temperature transient for higher temperature values. Also worthy 474 

of mention is the decrease in the maximum temperature variation of the specimen and in 475 

the production of entropy with the decrease in the amplitude of the deformation cycle. 476 
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It should be noted that the proposed solution, based on thermodynamic analysis and 477 

on a model of hysteretic damping, is of more general validity than that which would have 478 

been obtained with the Biot equation. 479 

This solution therefore shows how the internal damping of the material should not 480 

be interpreted as a mechanical characteristic, but rather as the result of thermodynamic 481 

phenomena strongly dependent on the boundary conditions of the system. 482 

In fact, the numerical calculations based on the proposed solution allow to obtain an 483 

evaluation of the energy dissipated by the irreversible processes, even in the case in ques- 484 

tion of a solid stressed with alternating torsion, for which the Biot solution would provide 485 

a null estimate of the thermal effect. 486 

Given the great importance of the magnetoelastic contribution to damping in mate- 487 

rials such as steel, it was however necessary to consider a configuration in which the solid 488 

was subjected to torsion in free motion. The magnetoelastic contribution to damping was 489 

evaluated adopting the model of Sablik-Jiles, that proved to be valid for the description of 490 

the magnetoelastic internal damping in a cylindrical solid subjected to torsion, in presence 491 

of a constant magnetic field directed along the axis of the cylinder. The results of the com- 492 

parison between the damping thermoelastic coefficient and the magnetoelastic coefficient 493 

show that the latter is characterized by a limited variability with radial coordinate and 494 

that, as expected, it is prevailing with respect to the thermoelastic damping. These out- 495 

comes confirmed that the internal steel damping is mainly linked to the magnetoelastic 496 

effect, making the in-depth treatment of the magneto-mechanical damping from a quan- 497 

titative point of view extremely relevant. 498 

 499 
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List of symbols 501 

A Free energy; 

E Young modulus; 

Eσ  Magnetoelastic energy; 

G Gibbs free energy; 

G̅ Tangential elasticity modulus; 

H Enthalpy; 

𝐻̅ Applied magnetic field; 

He Effective magnetic field; 

Hσ Contribution to magnetic field due to the magnetoelas-

tic domains interaction; 

K Bulk modulus 

𝐾𝜑 Stiffness of the torsional pendulum; 

L Mechanical energy; 

𝐿̅ Langevin’s function; 

M Total magnetisation; 

Ma Anhysteretic magnetisation; 

Mi Irreversible magnetisation ; 

Mt Torque; 

Ms Saturation magnetization value; 
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Mz Component of the total magnetization along the direc-

tion of the magnetic field; 

S Entropy; 

R Radius of the rod circular cross section; 

T Absolute temperature in the solid measured with re-

spect to base temperature; 
T0 Base temperature of the solid; 

U Internal energy;  

ΔW Mechanical energy dissipated in a cycle; 

a Energy of magnetoelastic coupling; 

b Isotropic magnetoelastic coupling constant; 

c Ratio between the susceptibility in the demagnetised 

status and the related anhysteretic value;  
cv Specific heat; 

cv
* Specific heat at the temperature (T) and zero strain; 

ev Cubic strain; 
e̅ Octahedral component of strain; 

h Damping ratio; 

k Constant of the material depending on the density of 

microstructural obstacles; 

t Time; 

Ξ Amplitude of the function describing the cumulated 

elastic energy in the volume in which the dissipation 

∆W takes place; 

 Potential energy 

𝛼̅ Parameter of magnetic interaction among domains; 

α Linear dilatation coefficient; 

β Thermal conductivity; 

 Hysteretic damping factor; 

 Logarithm decrement; 

δ' Parameter for the introduction of magnetic hysteresis; 

𝜑̅ Rotation angle of the torsional pendulum; 

 Shear strain; 

 Damping coefficient; 

λ Magnetostriction; 

μ
0
 Magnetic permeability in vacuum; 

ρ Density; 

σ Stress; 

σ̅ Octahedral normal stress; 
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 Rotation of the magnetization with respect to the direc-

tion of the applied magnetic field; 

τ̅ Octahedral shear stress 

ν Poisson’s coefficient. 

 Hysteretic damping factor; 
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