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1. Introduction and main results
1.1. The problem and its context

Let N > g > 1 be fixed. We consider a Kolmogorov-Fokker-Planck (KFP, in short) operator of the form

q N
Lu = Z aij(x,t)ﬁzwju + Z bikwrOz,u — Osu, (z,t) € RNFL (1.1.1)
ij=1 k,j=1

The first-order part of the operator, also called the drift term, will be briefly denoted by
N
Yu= Z bikTrOz,u — Osu. (1.1.2)
k=1

Throughout the paper, points of RN*! will be sometimes denoted by the compact notation

§:(£E,t), n:(yas)'
We will make the following assumptions:

(H1) Ag(z,t) = (aij(z,t))];—; is a symmetric uniformly positive matrix on R? of bounded coefficients
defined in RV, so that

q

vIEP < > ai(m, )68 < v (1.1.3)

ij=1

for some constant v > 0, every £ € R?, every € RY and a.e. t € R. The coefficients will be assumed
measurable w.r.t. ¢ and Holder continuous w.r.t. z, in a sense that will be made precise later. (See
Assumption (H3).)

(H2) The matrix B = (bij)?fj:l satisfies the following condition: for my = ¢ and suitable positive integers
maq, ..., my such that

mog>mi>...>mp>1 and mg+mi+...+mp =N, (1.1.4)
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we have
©) 0O O
B O ...
O O ... B, O
where every block B; is an m; x m;_; matrix of rank m; (for j =1,2,... k).

We explicitly note that, when ¢ < N, the operator L is ultraparabolic; in this context, the model operator
is the so-called Kolmogorov operator K, which arose in the seminal paper by Kolmogorov [16] on Brownian
motion and the theory of gases. Assuming that the ambient space R has even dimension, say N = 2n,
this model operator I has the following explicit expression

K=A,+{(u,Vy,)— 0, withu,veR"andteR.

Clearly, K can be obtained from (1.1.1) by choosing

0, 0O

q=n<N, Ay=1d,, mog=mi=n, B= <Idz ©Z>
Even if it fails to be parabolic, one can easily check that KC satisfies Hormander’s rank condition, and thus
K is C*°-hypoelliptic by Hormander’s hypoellipticity theorem [13]; however, this fact was implicitly proved
by Kolmogorov himself several years prior to [13] by exhibiting the explicit fundamental solution for K. It
is worth mentioning that, in the introduction of his paper [13], Hérmander presents the operator K as the
main ‘inspiration’ for his study: in fact, IC is a hypoelliptic operator not satisfying the sufficient conditions
for the hypoellipticity established by Hormander himself in his previous work [12]. That condition, much
stronger than the famous Hérmander’s rank condition given in [13], applies to special operators which can
be seen as “small local perturbations” of hypoelliptic constant coefficient operators.

Starting with the results by Hérmander, at the beginning of the '90s the class of KFP operators with
constant coefficients a;; (of which the degenerate Kolmogorov operator K is a particular example) has been
deeply studied by Lanconelli and Polidoro [18] under a geometric viewpoint. More precisely, they proved
that the operator

q
— o2
Lu = E ij 07,0, u+Yu
ij=1

possesses the following rich underlying geometric structure:

(a) L is left-invariant on the non-commutative Lie group G = (RV*1 o), where the composition law o is
defined as follows

(y,8) o (z,t) = (x + E(t)y,t + s)
(y> 3)71 = (7E(75)ya 78)7

and E(t) = exp(—tB) (which is defined for every t € R since the matrix B is nilpotent). For a future
reference, we explicitly notice that

(y,8) to(x,t) = (x — E(t —s)y,t — s), (1.1.6)
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and that the Lebesgue measure is the Haar measure, which is also invariant with respect to the inversion.
(b) L is homogeneous of degree 2 with respect to a nonisotropic family of dilations in RV*1 which are
automorphisms of G and are defined by

D(\)(z,t) = (Do(N)(2), \2t) = ANz, ..., Az, A2t), (1.1.7)
where the N-tuple (q1,...,qn) is given by

(g1, qn) = (1,...,1,3,...,3,....2k+1,..., 2k + 1).
——

——
mo mi mp
The integer
N
Q=i >N (1.1.8)

is called the homogeneous dimension of RV, while Q + 2 is the homogeneous dimension of R¥ 1. We
explicitly point out that the exponential matrix E(t) satisfies the following homogeneity property

E(\2t) = Do(A\)E(t) Dy (%) (1.1.9)

for every A > 0 and every ¢t € R (see [18, Rem. 2.1.]).

Actually, in [18] the Authors study constant-coefficients KFP operators corresponding to a wider class
of matrices B, which are not nilpotent; these more general operators are hypoelliptic, left-invariant with
respect to the above operation o, but they are not necessarily homogeneous. For these operators, an explicit
fundamental solution is exhibited in [18]. We refer to the introduction of the paper [4] for more details and
references about the quest of a fundamental solution for KFP operators before the paper [18].

After the seminal paper [18], more general families of degenerate KFP operators of the kind (1.1.1),
satisfying the same structural conditions on the matrices Ay and B but with variable coefficients a;; (z,1),
have been studied by several authors. In particular, Schauder estimates have been investigated first by
Manfredini [23] and later, under more general assumptions on B, by Di Francesco-Polidoro in [8], on bounded
domains, assuming the coefficients a;; Holder continuous with respect to the intrinsic distance induced in
RN+ by the vector fields 0,,,...0,,,Y. We point out also the papers by Lunardi [22], Priola [28], Imbert-
Mouhot [14], Wang-Zhang [30], Henderson-Snelson [10], Anceschi-Zhu [1], and the references therein, on
related issues about Schauder estimates for KFP operators.

We recall that motivations to study KFP operators come both from the theory of stochastic differential
equations, as well as from collisional kinetic theory. For a brief discussion of the first motivation, the reader
is referred to [2, §2.1] and references therein. As to kinetic theory, we quote the essay [29] for a thorough
introduction, or [25].

Recent research, especially in the field of stochastic differential equations (see e.g. [27]), suggest the
importance of developing a theory allowing the coefficients a;; to be rough in ¢ (say, L>°), and Holder con-
tinuous (in a suitable sense) only w.r.t. the space variables. The Schauder estimates that one can reasonably
expect under this mild assumption consist in controlling the Hoélder seminorms w.r.t. = of the derivatives
involved in the equations, uniformly in time (we will be more precise in a moment).

For uniformly parabolic operators, partial Schauder estimates, i.e. the control of the supremum in ¢ of the

Holder quotient in space of 5%_ u, under the analogous assumption on the coefficients and the right-hand

T

side of the equation, have been proved already in 1969 by Brandt [5]. In 1980 Knerr [15] proved that, under
the same assumptions, 8§i$ju are actually Holder continuous also in time, on bounded cylinders. See also
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the paper [19] by Lieberman, 1992, containing a unified presentation of these and related results. More
recently, Krylov and Priola [17], 2010, have extended partial Schauder estimates (on the whole space) to
parabolic operators with lower order unbounded terms while Lorenzi [20], 2011, has proved similar global
estimates for operators with possibly unbounded coefficients. We also point out the more recent paper [9] by
Dong-Kim, 2019, containing further generalizations to operators with coefficients merely measurable w.r.t.
several variables.

In the present paper we establish global partial Schauder estimates for degenerate KFP operators (1.1.1)
satisfying assumptions (H1)-(H2), with coefficients a;; Holder continuous in space, bounded measurable in
time (see Assumption (H3) here below and Theorem 1.7 for the precise statement). We also show that the
second derivatives &%ﬂju (for i,5 = 1,2,...,q) are actually locally Holder continuous also w.r.t. time, so
extending to this degenerate context the result proved for uniformly parabolic operators by Knerr [15].

Our technique to establish partial Schauder estimates is deeply rooted in the study of the model operator

q N
Lu = Z aij(t)aiixju + Z bjkw0p,u — Opu, (1.1.10)

i,j=1 k,j=1

with coefficients only depending on time (in a merely L way), which has been started in [4]. In that paper,
an explicit fundamental solution is built for operators (1.1.10). This fundamental solution will be the key
tool used in the present paper.

Partial Schauder estimates for degenerate KFP operators have been proved also in the recent paper [6]
by Chaudru de Raynal, Honoré, Menozzi, with different techniques and without getting the Holder control
in time of second order derivatives.

We also quote two other papers on KFP operators with coefficients Holder continuous in space and L
in time: [21], by Lucertini, Pagliarani, Pascucci, dealing with the construction of a fundamental solution for
these operators, with consequent results about the Cauchy problem; and the preprint [11], by Henderson
and Wang, containing partial Schauder estimates for a special class of KFP operators, with applications to
the Landau equation. The results in [21], [11] are independent from and do not contain our results.

Finally, we point out the paper [24] by Menozzi, containing L? estimates for the second order derivatives
for KFP operators with coefficients a;; continuous in space and L* in time.

1.2. Assumptions and main results

We can now start giving some precise definitions which will allow to state our main result.
Let us introduce the metric structure related to the operator £ that will be used throughout the following.
The vector fields

X1 =04, Xg =09, X0 =Y

form a system of Hérmander vector fields in RV*+!, left-invariant w.r.t. the composition law o. The vector
fields X; = 0., (with ¢ = 1,...,q) are homogeneous of degree 1, while Xy = Y is homogeneous of degree 2
w.r.t. the dilations D()\). As every set of Hormander vector fields with drift, the system

X ={Xo, X1,...,X,}

induces a (weighted) control distance dx in RV*!; we now review this definition in our special case. First
of all, given & = (x,t), n = (y,s) € R¥*! and § > 0, we denote by C¢ ,(8) the class of absolutely continuous
curves

¢ =:10,1] — RN *!
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which satisfy the following properties:

(i) ©(0) = ¢ and (1) = n;
(ii) for almost every ¢ € [0, 1] one has

@' (t) = 2o ai(t)pi(t) + ao(t) Yo,
where a, ..., aq : [0,1] — R are measurable functions such that
la;(t)| <6 (fori=1,...,q) and |ag(t)| < 6° a.e. on [0, 1].

Here ¢; are the components of the vector function ¢ and Y, ;) stands for the vector field Y evaluated at
the point ¢(t). We then define

dx(&n) =inf {0 >0: F g€ Ce¢p(d)}.

Since X, X1, ..., X, satisfy Hérmander’s rank condition, it is well-known that the function dx is a distance
in RV*! (see, e.g., [26, Prop. 1.1]); in particular, for every fixed &, € RN*! there always exists § > 0 such
that C¢ ,(0) # @. In addition, by the invariance/homogeneity properties of the X;’s, we see that

(a) dx is left-invariant with respect to o, that is,
dx (&) = dx (17" 0&,0) (1.2.1)
(b) dx is jointly 1-homogeneous with respect to D(A), that is
dx(D(AN)&, D(N)n) = Mdx (&, 1) for every A > 0. (1.2.2)

As a consequence of (1.2.1), the function px (&) := dx (&, 0) satisfies

(1) px(£71) = px(8);
(2) px(§on) < px (&) + px(n);

moreover, by (1.2.2) we also have

(1) px(§) 20 and px(§) =0 & £ =0;
(2)" px(D(N)E) = Apx (),

and this means that px is a homogeneous norm in RN+,
We now observe that also the function

N
p(&) = pla,t) = ||zl + /1t = Z |z |9 + /]] (1.2.3)

is a homogeneous norm in R¥*1 (i.e., it satisfies properties (1)’-(2)" above), and therefore it is globally
equivalent to px: there exist c¢1,co > 0 such that

c1px(€) < p(€) < c2px(§) V¥ EE RN
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As a consequence of this fact, the map

d(&m) = p(n~" o) (1.2.4)

is a left-invariant, 1-homogeneous quasi-distance on RV 1. This means, precisely, that there exists a ‘struc-
tural constant” k£ > 0 such that

d¢,m) < k(&) +d(n,¢) V&N eRNTY (1.2.5)
d(&,n) < kd(n,€) Y E&ne RV (1.2.6)

The quasi-distance d is globally equivalent to the control distance dx; hence, we will systematically use this
quasi-distance d and the associated balls

B.(§) == {UGRNH 2 d(n,&) <r} (for £ € RN+ and r > 0).
Remark 1.1. For a future reference, we list below some properties d.
(1) Owing to (1.1.6), we see that d has the following explicit expression

d(e.m) = |l — Bt — )yl + /T~ . (1.2.7)

for every & = (x,t), n = (y,s) € RN+L,
(2) Since E(0) = Id, from (1.2.7) we get

d((x,t), (y,t)) = ||z — y|| for every z,y € RY and t € R, (1.2.8)
from which we derive that the quasi-distance d is symmetric when applied to points with the same t-

coordinate. We explicitly emphasize that an analogous property for points with the same z-coordinate
does not hold: in fact, for every fixed 2 € RY and ¢,s € R we have

d((z,1), (z,5)) = o — E(t = s)z|| + /|t — s| # V]t — 5.

(3) Let £ € RN*! be fixed, and let r > 0. Since d satisfies the quasi-triangular inequality (1.2.5), if
11, M2 € Br(§) we have

d(m,m2) < 2kKT.

(4) Taking into account the very definition of d, and bearing in mind that p is a homogeneous norm in
RN+ it is readily seen that

Bp(§) =€0Bp(0) =¢o0 Dy (B1(0)) VEERNT > 0. (1.2.9)

From this, since the Lebesgue measure is a Haar measure on G = (RV*! o), we immediately obtain
the following identity

B, (&)] = |B(0)] = wr?*? (1.2.10)

where w := |B1(0)| > 0. Identity (1.2.10) illustrates the role of @ + 2 as the homogeneous dimension of
RN+ (w.r.t. the dilations D())).
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The quasi-distance d allows us to define the Holder spaces which will be used in the paper. We are
interested both in Hélder norms which measure the joint continuity in (x,t) and in Holder norms which
measure the continuity in x alone, for fized t.

Definition 1.2. For —co < 7 < T < +oo, let Q = RN x (7,7), and let f : O — R. Given any number
€ (0,1), we introduce the notation:

£ (&) = f(n)

| flca (o) ZSUP{W : 5777€Qand§7é77}

[fles @) = fisésk:upsup { |§El;2) (f( ))3| ca,ye RNz # y}
(

z,t) — f(y,t)]

|z —yll®

—esssupsup{|f :x,yeRN,x;éy}

te(r,T)

(where the last equality holds by (1.2.8)). Accordingly, we define the spaces C*(2) and C%(Q2) as follows:

CQ):={feCONL®EQ): |flcaw) < oo} (1.2.11)
Co(Q) :={f e L®(Q): |flco) < oo} (1.2.12)

Remark 1.3. The space C*(f2) endowed with the following norm

| fllce) = [ fllze @) + | floe) (f € C*(Q))

is a Banach space. Analogously, the space C%(2) endowed with the norm
[fllce@) = [fllLe) + | floe — (f € C5(2))

is a Banach space.

We can now make precise our regularity assumption on the coefficients a;;.
(H3) There exists a € (0,1) such that

a;; € Cy (RN+1) for every 1 <14,j <gq.
In all the estimates appearing in next sections, the number
A= ,max laijllce®n+1), (1.2.13)

together with the ellipticity constant v in (1.1.3), will quantify the dependence of the constants on the
coeflicients a;;.

We now turn to define the functions spaces to which our solution u will belong.
Definition 1.4. Throughout the following, given T" € R we set
Sr:=RY x (=00, T).

We then define S°(S7) as the space of all functions u : Sz — R such that
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(i) u e C(Sr) N L=(Sr):
(ii) for every 1 <4, j < g, the distributional derivatives 8ziu78§ixju € L*™(St);
(iii) the distributional derivative Yu € L*°(St).

Moreover, given any number « € (0,1), we define
S*(Sr):={ue SO(ST) 2 O, Uy Opye,u, Yu € CF(ST) for 1 <4, 5 < g}
Finally, given any 7 € R with 7 < T', we define

S T) = {u e S°(Sr) : u(z,t) =0 for every t < 7},
S(r;T) == S*(Sp) NS (m;T) (for a € (0,1)).

Remark 1.5. On account of assumption (H3), we immediately obtain the following facts which shall be
repeatedly used throughout the rest of the paper.

(1) If u € 89(Sr), then Lu € L>®(St).
(2) If u € S*(Sr), then Lu € CY(St).
(3) If u € 8°(S7) and 8§imju, Lu € CY(Sr) (1 <4i,j<q), then Yu e C¥(Sr).

Some of the results in the next sections are proved under the assumption that v € S°(S7) and Lu €
C2(St); this is slightly weaker than assuming u € S*(St).

Remark 1.6 (Regularity of functions in S*(St)). We will prove in the subsequent sections the following
‘higher-regularity’ results:

(1) if uw € 8°Sr), then u and 9;,u,...,0;,u are locally Holder-continuous in the joint variables (see,
precisely, Proposition 4.3);
(2) if u € §S¥(S7) for some o € (0,1), then the distributional derivatives 8§izju (for 1 < 4,5 < q) are
actually continuous (and locally Holder continuous in a weaker sense) on St (see Theorem 4.9).
As a consequence, every function u € S*(St) actually has classical continuous derivatives &Eiu,@fcﬂju
(for 1 < i,j < q); instead, the distributional derivative Yu is continuous in space for every fixed ¢, but it
may be only L* w.r.t. time.

We are finally in position to state our main result.

Theorem 1.7 (Schauder estimates). Let L be an operator as in (1.1.1), and assume that (H1), (H2), (H3)
hold, for some a € (0,1).
Then, the following Schauder-type estimates hold true.

(1) For every T > 0 there exists a constant ¢ > 0, depending on T, «, the matriz B in (1.1.5) and the
numbers v and A in (1.1.3)-(1.2.13), respectively, such that

q q
Z ||35imju|\Cg(ST) + IYullce(sy) + Z [0z, ullca(sey + lulloaisry < c(lLulloa sy + lulloo(sy))
ij=1 i=1

for every function u € S*(St).
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(2) For every T > T > —oo and every compact set K C RY there exists a constant ¢ > 0, depending on
K, 7,T,a,B,v, A, such that

107,,u(6) = 02 o, u()| < e(lLullog (sr) + Nulloacsy) (A€ )™ + [t = s*/9)

for every £ = (x,t), n = (y,8) € K x [1,T] and every u € S*(Sr). Here, the number qn is the largest
exponent in the dilations D(N), see (1.1.7).

Remark 1.8. (i). As observed in Remark 1.6, the finiteness of the quantities

as well as the finiteness of the space-time Holder quotient in point (2) of the above theorem, are not obvious
a priori for a function in S*(St), but they will be actually proved.

(ii). While 83iz7_u (i, = 1,2,...,q) are locally Holder continuous in space and time, note that a similar
property cannot be assured, in general, for Yu. To see this, it is enough to consider an equation of the kind

Lu(z,t) = f(t)

with f bounded discontinuous function, and u independent of x.
(iii). Since, in the degenerate case, ¢y > 3, the term |t; —t5|*/9V in the right-hand side of (3.5.1) is larger
than the ‘expected’

[t1 — t2|a/23

(at least when |t; — t2] < 1). Also, the constant ¢ > 0 depends on the fixed compact set K x [r,T] C Sr.
On the other hand, we observe that this mild ¢-continuity of 02,
assumption on Lu. Moreover, from the proof of Theorem 3.18 it will be apparent that in the uniformly

o, W is obtained without any t-continuity
J

parabolic case (B =0 and ¢ = N) our argument would give exactly

10, u(€) — 03 u()| < c{| L case } (lz =yl + [t —s]°7).

g (sr) T llul

Our result is therefore consistent with the classical result by Knerr [15] which holds for uniformly parabolic
operators on bounded cylinders.

1.3. Structure of the paper

After a short section of preliminaries (§2), the paper will proceed in two main steps: the study of the
model operator (1.1.10) with coefficients only depending on ¢ (§3) and the study of operators (1.1.1) of
general type (§ 4). In section 3 we deepen the study of the fundamental solution for model operators
(1.1.10) computed in the previous paper [4]. Thanks to the stronger assumption that we make in this paper
on the matrix B with respect to those assumed in [4] (the corresponding operators with constant a;; in
this paper are both left invariant and homogeneous, while in [4] they are only left invariant) it is possible
to sharpen the estimates on the fundamental solutions. Actually, in § 3.2 we establish sharp upper bounds
on the fundamental solution and its space derivatives of every order, and other relevant properties of this
kernel. These upper bounds and properties allow us to establish, in § 3.3, suitable representation formulas
for a function u and its derivatives agmu in terms of Lu. In turn, thanks to these representation formulas
we will establish Holder estimates in space for 821%_11 in § 3.4, and local Holder estimates in space and
time for 331-%-“ in § 3.5. These results are established with techniques of singular integrals, and refer to
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operators with coefficients only depending on ¢. Starting with these results, in §4 analogous results are
established for operators with coefficients a;; (x,t), exploiting the classical perturbative method used for

Schauder estimates. First, in §4.1, Holder estimates for 3§i o, W are proved for functions with small support.
Then, in § 4.2, some interpolation inequalities on first order derivatives are proved, which allow to get, in §

4.3, global Schauder estimates in space, extended in § 4.4 to Holder estimates in space and time on 3:%,;%%

Acknowledgments. We wish to thank Sergio Polidoro for several useful discussions on the subject of this
paper. We also wish to thank the anonymous Referee who careful read the paper, gave useful suggestions,
and pointed out to us several relevant bibliography items.

2. Preliminaries and known results

The following mean value theorem, which is well known for systems of left-invariant homogeneous Hor-
mander vector fields, will be useful.

Theorem 2.1. There exist an absolute constant ¢ > 0 and a number § € (0,1), depending on Kk in
(1.2.5)-(1.2.6), such that, for every fived & € RN'L, every r > 0 and every f Lipschitz-continuous in
B, (&), one has

q

> 10n, F12 + d(€.€0)*  sup [V F])),

i=1 Br(&o)

(€)= fleo)l < e(d(&,&0) - sup

Br(éo)

for every & € B,.(&). Moreover, one also has

q
102 S +d(&m)? - sup |V )

i=1 Br(éo)

&) = f(m)| < e(dlgm) - sup

Br(&o)

for every &,m € Bs-(&0)-

The next geometric lemma follows by standard computations in doubling metric measure spaces, recalling
(1.2.10).

Lemma 2.2. Let a > 0 be fized, and let Q be as in (1.1.8). Then, there exists a constant c, > 0 such that,
for every &€ € RN*! and every r > 0, one has

1
digm@r e =0
{n:d(&,m)<r}

o (2.0.1)

1 Ca

ra’
{n:d(&m)>r}

We also state the following simple fact which shall be repeatedly used throughout the rest of the paper.

Lemma 2.3. There exists an absolute constant 9 > 0 such that, if £&,& and n are points in RN*L which
satisfy d(&1,m) > 2k d(&1,&2), one has

O d(&2,m) < d(€1,m) < Dd(E2,m). (2.0.3)

Here, k > 0 is the constant appearing in (1.2.5)-(1.2.6).
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Thanks to Lemmas 2.2-2.3 we can establish the following C'* continuity result about “fractional integrals”
which will be useful in our estimates.

Proposition 2.4 (Fractional integrals). Let Q be as in (1.1.8) and § € [1,Q + 2). Moreover, let k = k(£,n)
be a kernel satisfying the following properties:

(1) there exists a constant ¢1 > 0 such that

k(&) < d(“;% V¢ #n e RVHL (2.0.4)

(2) there exist constants o, ca > 0 such that

[k(€1,m) = k(& m)| < e25 W82 (e, ) > o d(6r, ). (2.0.5)

(517 n)QJr?:*ﬁ

For every fized £ € RNT and r > 0, we introduce the function space
Xoo(B, (&) :=={f € L*(RV™"): f=0 a.e.in RV T\ B ()},

and we define the linear operator

Koo (B,(E)) > f = TF(€) = / K(E,m) f () di.

RN+1

Then, for every a € (0,1) there exists an ‘absolute’ constant ¢ > 0, depending on «, 8 but independent of
f,€,7 and of the kernel k, such that

1T fll e oy < crr 1Nl o (Bacey) (2.0.6)
T flea(p@) < el + 02)Tﬂ_a||f||Loo(BR(E))~ (2.0.7)

Proof. Let f € X (B,(§)) be arbitrarily fixed. Using (2.0.1) and (2.0.4), and taking into account Re-

mark 1.1-(3), for every £ € B,(§) we have

C
rrol< | g ol
{d(n,&)<r}
1
< allfllp=(s,@) e marzs N
{d(n,&)<r}
1
< allfllp=(s, @) € marzs

{d(§m)<2kr}

< 6105(216)'67“6||f||L°°(BR(5))’

hence

”TfHL‘x’(Br(Z)) < ClClTﬁHfHLoc(BR(E)) (with ¢’ := Cﬁ@“)ﬂ)a

which is (2.0.6). Moreover, for every &1,& € B,.(£) one has
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[T16) = THE < Il imm @y | K1) = kol dr
Br(§)

- HflLOQ(B,r(Z))( / + / >{"‘}d77 (2.0.8)

{n:d(&1,m)>0d(€1,€2)}  {neB,(€):d(¢1,m)<od(£1,62)}
= £l (s, - (A+B).

Next, by (2.0.1), (2.0.5) and Remark 1.1-(3), we get

d(§1,62) C2 a d(&,n)'
A<c / Wdﬂﬁo—a'd(fb&) / Wdﬁ
B1(8) B.(8)

C2 o 1
< o d6 &) / s dn (2.0.9)
(derm<anry

(by (2.0.1), since 0 < a < 1 < f3)
< cd(&, &)

As to B, again by (2.0.1) and (2.0.4) we get

B < /<|k<§1,n>|+|k<§2,n>|dn
B! ()
1 1
<d(§1777)Q+27ﬁ * d(fz,ﬂ)QH*B)dn

1
= 01< / d(&1,m)Q+2=8 a

{d(&1,m)<od(€1,62)}

IA

C1

|
N

(2.0.10)

1

————d
- d(&1,m)@+2-8 77)
{d(&2,m)<K?(0+1)d(&1,€2)}

<ed(&,6)”
(by Remark 1.1-(3), since &1, &, € B,.(€))
< cd(&r,6) 7

Due to the arbitrariness of &1,& € B, (), by (2.0.8)-to-(2.0.10) we get
|Tf|Ca(BT(E)) < CTB?O‘HJCHLOO(BT(E))v
so the proof is complete. 0O
We end this section with another useful technical lemma.

Lemma 2.5. There exists an absolute constant ¢ > 0 such that

IE()z| < epla,t) =c(|lz]| +]t]) VY2eRM teR. (2.0.11)
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Proof. First of all, since the function (z,t) ~ ||E(t)x| is continuous on R¥*! it is possible to find a
constant M > 0 such that

|E(T)E| < M for every ||€]| <1 and |7] < 1.

We then fix (z,t) € RN\ {(0,0)} and define

A=z ++Jt] and (¢ 7):= (DO (%) z, %) .

Since || - || is Do-homogeneous of degree 1, it is immediate to recognize that ||£||, |7| < 1; thus, by (1.1.9) we

wetmon o) (1) () o

get

= S IB @)l

so that
|2l < MA = e (ll2] + V) .

and this gives the desired (2.0.11) for (x,t) # (0,0). Since this estimate is clearly satisfied when x =t = 0,
the proof is complete. O

3. Operators with measurable coefficients a;; (t)
3.1. Known results on the fundamental solution

Throughout this section, we consider an operator £ of the form (1.1.1) and satisfying (H1)-(H2), with
bounded measurable coefficients a;; only depending on ¢, that is,

q N
Lu = Z ai; (t) 8§i1ju + Z bikr10p,u — Osu, (x,t) € RN*L, (3.1.1)
ij=1 k=1

In [4], an explicit fundamental solution for £ is computed, and its properties are studied. The next theorem
summarizes some results in [4] that we will need.

We point out that, since our assumption (H1) on the matrix B is stronger than the one made in [4] (here
the model operator with constant a;; is both left invariant and homogeneous, while in [4] it is only left
invariant), here we specialize the formulas and results to our simpler situation.

Theorem 3.1 (Fundamental solution for operators with t-variable coefficients). Under assumptions (H1)-
(H2) above, let C(t,s) be the N x N matriz defined as

C(t,s) = /E(t —0)- (Aoéa) 8) "Bt —o0)do (witht > s) (3.1.2)

S

(we recall that E(o) = exp(—oB), see (1.1.5)). Then, the matriz C(t,s) is symmetric and positive definite
for every t > s. Moreover, if we define

D(z,t:y,5) = ! o= H(C(9) " (@ B(t—s)y), 2~ B(i—s)y)

(4m)N/2,/det C(t, s)

“Lissy (3.1.3)
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(where 14 denotes the indicator function of a set A), then T' enjoys the following properties, so that T is
the fundamental solution for £ with pole at (y, s).

(1) In the open set O = {(z,t;y,s) € R2N+2 . (x,t) # (y,s)}, the function T is jointly continuous in
(z,t;y,8) and C with respect to x,y. Moreover, for every multi-indexes o, § the functions

are jointly continuous in (x,t;y,s) € O. Finally, T’ and 82‘85 I" are Lipschitz continuous with respect to
t,s in any region R of the form

R={(z,t;y,8) e RN H <s54+5<t< K},

where H, K € R and § > 0 are arbitrarily fized.
(2) For every fived y € RN and t > s, we have

lim T(z,t;y,s)=0.

|z|—=+o0
(3) For every fized (y,s) € RN*T! we have
(LT(5y,8))(z,t) =0 for every x € RY and a.e.t.

(4) For every fived x € RN and every t > s, we have

/ D(x,t;y,s)dy = 1. (3.1.4)
RN
(5) For every f € C(RN) N L*(RY) and every s € R, the function
u(z,t) = /F(m,t;%s)f(y) dy
RN

is the unique solution to the Cauchy problem

{Eu =0 in RY x (s,00) (3.1.5)
u(-, 8) =f
In particular, u(-,s) — f uniformly in RY ast — s+.

Finally, the function T*(xz,t;y,s) := T(y,s;x,t) satisfies dual properties of (2)-(4) with respect to the
formal adjoint of L, that is,

* N
L= Z;‘I,jzl aij(5)0y,y; — Zk,j:l bjkykOy, + Os,

and thus I'* is the fundamental solution of L*.
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The precise definition of solution to the Cauchy problem (3.1.5) requires some care, see [4, Definitions
1.2 and 1.3] for the details. Let us now further specialize our class of operators to the model operators with
constant coefficients a;;. Keeping our assumption (H2) on the matrix B, let

q N
Lou= aZaﬁmu + Z b0, u — Opu (3.1.6)
i=1 k=1

for some a > 0. Then the results of the above theorem apply in a simpler form. Actually, the following facts
are proved already in [18].

Theorem 3.2 (Fundamental solution for operators with constant coefficients). Let a > 0 be fized, and let T',,

be the fundamental solution of the operator Lo in (3.1.6), whose existence is guaranteed by Theorem 3.1.
Then:

(1) Ty is a kernel of convolution type, that is,

Fa(x7t;y7s) = FQ(CL'—E(t - S)yvt_ 5;030)

(3.1.7)
=T, ((y7 8)_1 © (l‘, t)7 0, 0)7
(2) The matriz C(t,s) in (3.1.2) takes the simpler form
C(t,s) = Co(t —s), (3.1.8)
where Co(T) is the N x N matriz defined as
I, 0 T
Co(r)=a | E(t—0)- 0 0 -E(t—o0)'do (r>0).
0
Furthermore, one has the ‘homogeneity property’
Co(1) = Do(v/7)Co(1) Do (\/7) V>0 (3.1.9)
In particular, by combining (3.1.3) with (3.1.8)-(3.1.9), we can write
1 —LzTc )"tz
Iy (z,t0,0) = e” 1T ~0
(4ma)N/2\/det Cy (1)
(3.1.10)
_ 1 o~ (Co(1) 71 (Do()), Do()2)

(4ma)N/2tQ/2 /det Cp(1)
In [4, Thm.1.7], the next useful comparison result is proved.

Theorem 3.3. Let T be as in Theorem 3.1, and let v > 0 be as in (1.1.3). Then, for every s,t € R with s < t,
one has the following estimate

vCo(t—s)"' < C(t,s)™ <v 10yt — )71, (3.1.11)
in the sense of quadratic forms in R™. As a consequence, we obtain

1
vNT (z,t;y,5) < Tz, tyy,s) < — Lv1(z,t5y,5), (3.1.12)
v
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where Ty, is the fundamental solution of the operator L, in (3.1.6).
8.2. Sharp estimates on the fundamental solution

Taking into account all the results recalled so far, we now aim at proving sharp Gaussian estimates for
the space derivatives of the fundamental solution I' of the operator £. As we shall see, these estimates will
play a key role in our argument.

In order to clearly state our results, we first introduce an ad-hoc multi-index notation which shall be
useful to deal with differential operators acting on the 2N wariables z,y € RY. For a multi-index

L= (gla"ngN) € NQN,
let

wa,y) f(l‘, y) = (8901)£1 T (aIN)EN <8y1 )eN_H U (ayN)ZQNf(x’ y)

Moreover, setting v = (q1,...,9N8,q1,---,9N) € R2N (where the ¢;’s are the exponents appearing in the
dilation Dg()), see (1.1.7)), we define

|| := Zfivl ¢; and w(l) = 22251 vil;.
We will refer to |€] and w(£) as, respectively, the length and the order of £.

Remark 3.4. Throughout the rest of the paper, we will sometimes need to give a meaning to w(a) when o
is a multi-index in N that is, a = (v, ...,ay). By analogy, if this is the case we agree to define

w(@) == w(@ = (,0)) = XN @ig:.

Using the notion of length, we can introduce an order relation between multi-indexes: if £ =
(b1,...,0aN), & = (K1,...,k2n) € N2V we say that

L<K
if one of the following conditions is satisfied:
(i) € <lxl;

(i) €| = || and £1 < K1;
(iii) |£] = |k| and there exists 1 <4 < 2N — 1 such that

l = Klyew- 7&' =k; and €i+1 < Ki41-
After all these preliminaries, we can state our first main result.
Theorem 3.5. Let I be as in Theorem 5.1, and let v > 0 be as in (1.1.3). Moreover, let o = (v, cvg) € N2V

be a fized multi-index. Then, there exist ¢ = ¢(v,a) > 0 and a constant ¢; > 0, independent of v and «,
such that
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Dg, D& m)| = [D2 DT ()|

< (t—s)ﬁ Leyp-1(&m) (3.2.1)

c
< - -
—d(gm)@tele)

for every €,m € RN with t # s. The resulting inequality

a . c
D(a:,y)r(§777) S d(é-,n)Qer(a)

actually holds for every €, € RN with £ # 1.

Remark 3.6. Let (y,s) € RV*! be fixed. Since we know from Theorem 3.1-(3) that (LT(-;y, s))(z,t) = 0 for
every # € RY and a.e. t, we can express

XDy 1) (for every a € N2V)

as a combination of quantities that, by (3.2.1) and the exponential decay of the right-hand of this inequality
as t — st (with o # y), are locally essentially bounded in R¥*1\ {(y, s)}. In particular, the same is true
of Y(DZ, 1)

Before proving Theorem 3.5, we establish the following technical lemma.

Lemma 3.7. Let A = (a;;));—, and B = (bi;);;—; be two N x N symmetric and positive definite matrices

such that, in the sense of quadratic forms, one has

A<cB for some ¢ > 0. (3.2.2)
Then, denoting by || - || the mazimum norm of a matriz, we have
[All < 2¢[|B]|. (3.2.3)

In particular, if G is any N x N matriz with real coefficients, then
|GAGT|| <2¢/|GBGT. (3.2.4)
Proof. First of all, since (3.2.2) holds in the sense of quadratic forms, we have
(BE,€) <c(Ag,6)  VEeRN. (3.2.5)

As a consequence, choosing £ = e; (for i = 1,..., N) and reminding that both A and B are positive definite,
we readily have

0 < a; <cby < cmax |bri| = c|| B|- (3.2.6)
On the other hand, choosing { =e; ¢; in (3.2.5) (with ¢ # j), we get
az; +aj; £ 2a;; < c(bii + bj; £ 2bij) < 4c||BJj;

from this, since a;;, a;; > 0, we derive
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lai;| < 2¢|B]. (3.2.7)

Gathering (3.2.6)-(3.2.7), we immediately obtain (3.2.3). To prove (3.2.4) we observe that, if G is any N x N
matrix, from (3.2.2) it easily follows that

GAGT < ¢GBGT;
hence, the desired (3.2.4) is an immediate consequence of (3.2.3). O
Using Lemma 3.7, we can now give the proof of Theorem 3.5.

Proof (of Theorem 3.5). We first observe that, if v = 0, estimate (3.2.1) is already contained in Theo-
rem 3.3; hence, we can assume in what follows that

a #0.

We now fix once and for all s,t € R satisfying s < ¢ and we notice that, by using the explicit expression of
" given in (3.1.3), we can write

F(xatayas) = (ft,s Opt,s)(x7y) any S RNa (328)
where the functions f; ; and p; s are given, respectively, by

1
S = Z ’ d
o) = oV Jamews” ™

prs(,9) =~ (C(t9) ™ (@ = Bt = s)y),w = Blt - s)y).

Starting from (3.2.8), and exploiting the multivariate version of the Faa di Bruno formula established in [7,
formula (2.1)], we obtain

(C;;’y) F(.’E,t, Y, S) = Da’ y (ft,s Opt,s>(xvy)

Mot 3 3 T P rotr )™

A=1m=1p,, (\a)i=

(3.2.9)

where 7 := |a| > 1 and

PN a) = {(k1, .. ki by, ..o L) € N 5 (N2N)™ 2 | > 0,
0<4£;---<4£, and Zzy‘llki:/\’ Z:’;lklﬂl:a}

We now observe that, since the function p; , is a homogeneous polynomial of degree 2 in the variables z,y,
one obviously has

Df pes=0 ¥ Le NN with ¢ > 3;

hence, formula (3.2.9) can be rewritten as follows

Dg T(w,tiy,s) = DY Hk, G DE sl )™ (3.2.10)

Am)ES pm (N, ax) i=1
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where § is the subset of {1,...,7} x {1,...,r} defined as
S = {(/\,m) ;] <2 forall (k1,...,km;l1,. .. 8m) Epm(/\,a)}.

Then, by combining formula (3.2.10) with the global pointwise estimates for T' contained in Theorem 3.3,
for every z,y € R™ we obtain

|DGpy D@, sy, 8)| < eDy-r(z,ty, s Z Z H‘D(xy Prs(z,y)

(Am)ES pm (X a) i=1

" (3.2.11)

where ¢ > 0 is a constant only depending on a and v. On account of (3.2.11), in order to prove (3.2.1) we
need to provide precise estimates for

|D€x,y) pt,S(x7y)| (Whel’l 0< |£‘ < 2)

To this end, we distinguish some different cases. In what follows, we denote by the same ¢ any positive
constant which depends only on v and a.

Case I: £ = (e;,0). In this case, a direct computation gives

1 _
D£z7y pt,s(xvy) = amipt,s(xay) =35 [C(ta 8) 1(x - E(t - S)y)]i;
(z,y) 9

hence, setting v := x — E(t — )y and reminding that
[DO(/\) ] = Ny,

we obtain the following chain of inequalities:

|D(Iy)ptsxy - H ]i|:m”DO(Vt_S)C(uS)_lUL‘
(setting M (t, s) := Do(v/t — 5)C(t,s) ' Do(vt — 5))

C

S

< C
- (t — 3)%‘/2 ‘

2(t.9)]- Do (=)

Now, by combining (3.1.11) with Lemma 3.7, we readily infer that

=: (%).

1M(t, )] < 207 Do(VE — 5)Colt — 5) ™ Do(VE =)
(see identity (3.1.9))
=207 Co(1) 7l

as a consequence, we obtain

(%) < =572 [P0 (=) @~ e = 5|

In particular, since ¢; = w(£), we conclude that
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1D,y Prs(@,9)| < = w(e 7 ‘DO(\/tl——s)(x — E(t —s)y)|. (3.2.12)

Case II: £ = (0, e;). In this case, we first rewrite p; s as follows:

Pus(,y) = — 3 (Clt, ) Bt — 5)(y — Bls — 1)), Bt — 5)(y — (s — 1))
(setting C(t,s) = E(t — s)TC(t,s) "E(t — s)) (3.2.13)

(G 5)y — B(s — 1)),y — (s — t)a);

hence, by proceeding exactly as in Case I, we get

1Dy P 0)] = 10,090 < G 1T, -[ o L Yu| = (%),
where w :=y — E(s — t)z and
M(t,s) == Do(Vt — 5)C(t, s) Do (VE — 3).
Now, using again (3.1.11) and Lemma 3.7, we get

137 (t,9)l| = ||[(Do(VE=5)E(t — 5)T] C(t, 8) 7 [E(t — 5)Do(VE—3)]
<207 H|[(Do(VEt = $)E(t — 5)"] Co(t — s) " [E(t — s)Do (vt — 5)] ||
(see identities (1.1.9) and (3.1.9))
=207 B(1)T Co() T EQ)|;

as a consequence, we obtain

() < (= z)qi/g Do tl_ ) (v — E(s — )a)
= o [Po( =) B = 1) (o= Bt = )
(again by (1.1.9))
c 1
= e E(A)DO(ﬁ) (x—E( - s)y)]
S -
In particular, since g; = w(£), we conclude that
Dy sl )] < sz |Pof \/i—s)@ ~ Bt - s)y)| (3.2.14)

Case III: £ = (e; + e;,0). In this case, a direct computation gives
Dfm,y) pt,s(x7 y) = aiixjpt,s(l', y) __C(t S)Z] )

hence, setting C(t,s) ™! := (v (t, S>)hNk:1’ we get
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|wa,y) prs(@,y)| < clvij(t, s)l

Now, taking into account (3.1.11), for every € > 0 we have

Yii(t, s +52'y-- t,s) £ 2ev;,(t,s) = C’t,s_1 e; tece;) e tee;
Jj J J J

<yt (Hiz‘(t —-$)+ gQij(t —5) 20, (t — s))7

where we have used the notation

OO (7')71 = (ehk (T)) hN,kzl.

From this, since C(t,s)~! and Cy(t — s)~! are positive definite, we obtain

1 /1
1 (t, 8)| < 5 =0t — s) +€0;;(t — s) + 2(03;(t — )] ).
2v\e

To estimate the rhs of (3.2.16) we remind that, by (3.1.9), one has

_ 1 _ 1
Gt = o) o)
as a consequence, we obtain
1
Ot — 5)] = L) V1<hk<N.

(t — S)(Qh+Qk)/2

Gathering (3.2.16)-(3.2.17), and choosing ¢ := (t — s)(%~9)/2 we then derive

c
1vij (t, 8)] < (t—s)(W'

Finally, since ¢; + ¢; = w(£), from (3.2.15) and (3.2.18) we conclude that

2 C
| Dy ) Prs(:y)| < =5 @2

(3.2.15)

(3.2.16)

(3.2.17)

(3.2.18)

(3.2.19)

Case IV: £ = (0,e; + e;). In this case, using the expression of p;s given in (3.2.13) (where Clt,s) =

E(t—s)TCO(t,s)"1E(t — s)), we readily infer that
1~
D(Zz,y) pt,s(mv y) = aiyjpt,s(xa y) = _§C(tu S)ij;

hence, setting C(t, s) := (Anx(t, S))hNk:17

we get
D¢, ) Prs(@,9)] < c|Fi;(t, )]

Now, taking into account (3.1.11), it is easy to see that

C(t,s)=E(t—s)TC(t,s) 'E(t — s)

< v Bt —$)TCo(t — s) ' E(t — s) = v ' Co(t — s);

from this, by arguing ezactly as in Case III, for every € > 0 we obtain

(3.2.20)
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A~ 1 /1~ ~ ~
i3 (8,9)| < 5 (Z0ualt = )+ 2035t = ) + 20035t = )1, (3.2.21)

where we have used the notation

Co(r) = B(r)TCo(r) T B(r) = (Bni(7) 4y

In order to estimate the rhs of (3.2.21), we observe that

~

Co(t —5) = E(t —5)TCy(t — s) " E(t — s)
(see (3.1.9))
1

—E(t—s)T m)]E(t — )

(see (1.1.9))
1 ~ 1
= D= ) oo 7=):

DO(\/%)CO(l)‘lD()(

—

as a consequence, we obtain

é\hk(l)

1Oni(t = 5)| = (t — 5)(antan)/2

V1<hk<N. (3.2.22)

Gathering (3.2.21)-(3.2.22), and choosing ¢ := (t — 5)(%~9)/2 we then derive

c

i (¢, s)| < =yt (3.2.23)
Finally, since ¢; + ¢; = w(£), from (3.2.20) and (3.2.23) we conclude that
2 C
| Dy Ptos (T, 9)| < (D rCE (3.2.24)

Case V: £ = (e;, €;). In this last case, a direct computation gives
ng;,y) pt,s(xa y) = 6iiyjpt,s(m7 y) = ayj (611.]?1575) (.f, y)
1 _
=0, (510 @ - Bt -5)y)],)

[C(t,s) 7 Bt - 5)],, (3.2.25)

n
Z Yik(t, s) exj(t — s),

l\:>|>—l | —

where we have used the notation

Clt,s) = (ma(t:9))p o, and  E(r) = (en(r) ;.

We now observe that, on account of (1.1.9), we have

enslt =) = [E(t = 5)],, = [Do(vVi—9)EWDo (=] |

= (t—s) =)/ 2¢;, (1) V1< hk<N;

(3.2.26)
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thus, by combining (3.2.26) with (3.2.18), we get

n
‘Z%k (t,s) e, tfs‘ thkts | ler;(t — )]
k=1
n

1

ZW (t — 5)(@e=9)/2¢, (1)

k=1
C

< ———
= (t — s)laita;)/2
From this, since ¢; + ¢; = w(£), we immediately conclude that

C

1 n
0
| Dy ) Pt,s (T, y)| < 5‘ D vikltss) et —s)| < (t— 5@

k=1

(3.2.27)

Now we have estimated all the non-vanishing derivatives of p; s (with respect to both  and y), we are ready
to complete the proof. Namely, by combining estimate (3.2.11) with (3.2.12), (3.2.14), (3.2.19), (3.2.24) and
(3.2.27), we get

m

D& D, tsy,8)| <Dyl tsy,s) > Y H kw(@ 73 ol aD

(A,m)ES pm (A, ax) i= 1

<cel(ztiy,s) D Z klw(ei)/a o[ iz Ghi kil
(Am)ES pm (A, a)

where we have used the simplified notation

1
Vi—s

On the other hand, owing to the very definition of p,, (), ), we have

@)}jmm&y2=%w(§:ma)=w@@m;

WZDJ )@—Ea—@w

—lal.

As a consequence, we obtain

(a2 . C
|D(w,y) F(l‘, t, Y, S)‘ S 7(t — S)w(a)/2 X

22— || (3.2.28)

X Fufl(xvt;yﬁg) Z ‘DO(

=)= B =)
(A,m)eS

We explicitly stress that, if (A,m) € S, one has 2\ — || > 0. In fact, taking into account the very definition
of S, we know that

k; >0and 0 < \£1| <2V (kl,...,km;ﬂl,...,ﬂm) epm()\,a);

this, together with identity (b), immediately implies that 2\ — || > 0.
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Now, using the explicit expression of I', given in Theorem 3.2, together with the fact that the matrix
Co(1)~! is positive definite, we easily see that

22 —| |

! )(m — E(t—s)y) <cl.-1(z, by, ), (3.2.29)

Vi—s

where ¢; > 0 is an absolute constant independent of v and «. Then, by gathering (3.2.28) and (3.2.29), we
obtain the first inequality in (3.2.1).

To prove the second inequality in (3.2.1) we will show that for every a > 0 and w > 0 there exists a
constant ¢ > 0 such that, for every (z,t), (y,s) with ¢ # s one has

Fufl(xat;yas) ! ‘DO(

1 c
e (PN PRk

where > 0 is the homogeneous dimension of R, see (1.1.8).
To this aim, we first observe that, since the matrix Co(1)~! is (symmetric and) positive definite, by
combining (3.1.7) with (3.1.10) we get

Loz, t;y,s) = I‘a(x — E(t—s)y,t —s;0,0)
< =g (— | A=) @ - Be—sm])

where ¢y > 0 is a suitable constant depending on «; as a consequence, taking into account the explicit
expression of d provided in (1.2.7) (and since || - || is Do-homogeneous of degree 1), we obtain the following
estimate

d((x, ), (y, )+

(t—s)“’/Q ~I‘a(x,t;y,s)
w+Q
(o= B9yl + V=)
— (t—s)‘*’/Q : a(xat7y78)

Y B — s +1) " Tate 0. 9)

.
< COU(DO<\/%)($ —EBE(t— 3)1/))7

where we have introduced the notation
Uz) = (||| + 1)""‘*‘26_60'2'2 (z € RY).

To complete the proof it suffices to show that the function i is globally bounded in RY . To this end, bearing
in mind the explicit definition of || - ||, we notice that

> 1/ wrQ e
ogu(z)g(ZM ql+1) e—co
i=1

N

c w+Q

_ [(2 :|Z|1/Qi+1)e*wa\z\2)} ;
=1

from this, since the map 7 — e g globally bounded on [0, 4+00) for every choice of a > 0 and 8 > 0,
we conclude that U € L>®(RY), as desired.
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Finally, combining the two inequalities in (3.2.1) we get

C
(z,t;y, s)Qtw(@)

Da’y)l"(x, t; Y, S) S d

for every (z,t),(y,s) with ¢t # s. However, for  # y and s — t~, the first bound in (3.2.1) shows that
Da

(rvy)l"(x, t;y,t) = 0, hence the above inequality actually holds for every (z,t) # (y, s), and we are done. O

We highlight a simple consequence of Theorem 3.5 and of (3.1.4) which will be repeatedly exploited in
the sequel.

Lemma 3.8. Let T be as in Theorem 3.5, and let a = (o, ..., an) € NV be a fived non-zero multi-index.
Then, we have

/ DST(z,t;y,8)dy =0 for every x € RY and every s < t. (3.2.30)
RN

Proof. Let x,s,t be as in the statement. Using the global estimates for DT given in Theorem 3.5, and
taking into account identity (3.1.4), we can perform a standard dominated-convergence argument, yielding

/ DYT (z,t;y, s)dy = DY (x — / D(z,t;y,s) dy) =0.
RN RN

This ends the proof. O
The next theorem will also be a key tool in our a-priori estimates.

Theorem 3.9 (Mean value inequality for fractional and singular kernels). Let T be as in Theorem 3.1, and
let n = (y,s) € RN*L be fived. Moreover, let

a = (ala"'aaN)
be a fized multi-index. Then, there exists a constant ¢ = c(a) > 0 such that

d(&q,
|IDZT(§1,m) — DeT(€2,m)| < Cd(§1, T(jclgfj()a)ﬂ

for every & = (x1,t1), & = (w9,t2) € RNFL such that

d(&1,m) > 4kd(&1,62) > 0.

Proof. Let &1,& € RY*! be as in the statement, and let r := 2d(£;, &) > 0. Owing to (1.2.5), one can
easily recognize that n ¢ B,(£2); thus, taking into account the regularity of T' stated in Theorem 3.1-(1) and
Remark 3.6, we are entitled to apply Theorem 2.1 to the function f := DXT'(-;n) on the ball B,.(&) 3 &1,
obtaining

[DET(&1,m) = DIT(&2,m)| = |£(§1) — f(&2)]

g (3.2.31)
< c(d(,&) sup |37 10, DET(m)2 +d(E,6)°  sup [VDET(5)]).
Br(&2) \| k=1 Br(£2)
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Now, since & € B,(&) and ¢ =1 for 1 < k < ¢, by Theorem 3.5 we have

q

q
sup Z |aIkD F |2 = sup Z |Dg+8kr(';n)|2
5.6\ (5 B(&) \ IS (3.2.32)

C
<c¢ sup < .
ceB,(e2) (¢, m)@FTW@FL = (g, ) QFwle)+l

We then claim that we also have

C
sup VDI ()] <
Br(£2) (El n)Q+w(a)+2

(3.2.33)

Taking this claim for granted for a moment, we can conclude the proof of theorem: indeed, by combining
(3.2.31), (3.2.32) and (3.2.33) we immediately obtain

1 d
|D§T(§1777) - D?F(§27n)| < Cd(glv€2) <d(§1 n)Q-{—w(cx)—i—l + d(fl éfg—fj()a)—lﬂ)

(since d(&1,7m) > 4kd(&1,£2))

d(glv £2)
= CqE, @

which is exactly what we wanted to prove.
Hence, we are left to prove the claimed (3.2.33). To this end we first notice that, since LI'(:;n) = 0 a.e.
in RN\ {5}, we can write

YDPT () = D (YT () + [V, DT (1 m)
=— Eq: aij(t)D?-i'eH-ejI‘(.; n) + [Y, DXL (1), (3.2.34)

i,j=1

where [Y, D] = YD — D2Y. Moreover, since the coefficients a,; are globally bounded (and ¢, = 1 for
every 1 < k < ¢), again by Theorem 3.5 we get

q
Z pDetete(ciy)| < Wiw(w V ¢ € B.(&). (3.2.35)

We now turn to estimate the term [Y, D&|T'(-;n). First of all, using the explicit expression of the vector field
Y in (1.1.2), it is easy to see that

N
[V, D] =YDZ — DY = Y bjrap Dterer,
Ji.k=1
where o = (ov,...,an) and the bj’s are the entries of the matrix B. On the other hand, taking into

account the specific block form of B in assumption (H2), it is not difficult to recognize that
4 — qr = 2 for every 1 S j»k S N such that bjk ;ﬁ 0.

As a consequence, using once again Theorem 3.5, we get
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1
d(¢, n)Q+W(a)+Qj —ak

N
[V, DSIC(Gim)| < e > [bjwl -
C

< A(C, )@@ V ¢ € B(&).

Finally, by combining (3.2.34), (3.2.35) and (3.2.36) we obtain

1 c
sup |YDIT((;m)| <c sup < :
(€EB(&2) ‘ ! ( >| CEB (&) d<C7n)Q+w(a)+2 d(gl, n)Q—i—w(a)—i—Q

which is precisely the claimed (3.2.33). This ends the proof. O

3.3. Representation formulas for v and ('ﬁi u in terms of Lu

T

We continue to consider an operator £ with coefficients a;;(t) satisfying (H1)-(H2), and its fundamental
solution T' (see Theorem 3.1). Here, we are going to establish some representation formulas for u and for its
derivatives in terms of Lu.

We start with the following proposition.

Proposition 3.10. Let T € R be fized, and let g : S — R be continuous and bounded. For every € > 0, we
consider the function

Ve : ST = R, ve(x,t) := / D(x,t;y,t —e)g(y,t —e)dy.
RN

Then, v, — g pointwise in St as e — 07T.

Proof. Let (x,t) € St. By combining (3.1.4) with (3.1.12), we can write
oxtovt) =gt 0] = | [ Tontint =) atont <) gt ) do
RN
1

SV_N Fy—l(l',t;y,t—E)'|g(y,t—€)—g($,t>|dy

RN
C —c A\ (z— 2
< gy [ PO gyt o) — gLt dy = (),
RN

where ¢g > 0 is a suitable constant only depending on v > 0. On the other hand, taking into account (1.1.9)
and performing the change of variables

y = E(—¢)z — Do(Ve)E(—1)z,

we derive

(%) = co / e~ 4| g(B(—e)a — Do(vE)E(=1)z,t — £) — gla.1)| dz,

RN

since det(E(—1)) = 1. Summing up, we obtain the estimate



S. Biagi, M. Bramanti / J. Math. Anal. Appl. 533 (2024) 127996 29

lve(z,t) — g(z,1)| < co / e~ = b (2) dz, (3.3.1)
RN

where we have introduced the simplified notation
he(z) = |g(E(7€):L' - DO(\/E)E(fl)Zﬂt - 5) - g($7t)|'

Now, since F(—¢) — E(0) = Idy and Dg(y/€) — On as € — 07 (see (1.1.7)), from the continuity of g we
immediately derive that

lim h.(z) =0 for every fixed z € RY.

Moreover, since g is globally bounded on S, we have

0 < |he(2)| < 21|gllLo(57)-

Gathering these two facts, we can apply the dominated convergence theorem in the right-hand side of (3.3.1),
yielding

|ve(z,t) — g(z,t)| = 0ase — 0.
By the arbitrariness of (z,t) € Sp, this completes the proof. O

Thanks to Proposition 3.10, we can now prove the next key result. Throughout the sequel, when dealing
with integral over strips we tacitly understand that

== / {--} when b < a.

RN x (a,b) RN x (b,a)

Theorem 3.11. Let T € R be fized, and let T < T. Moreover, let u € S°(;T). Then, we have the following
representation formula

u(z,t) = — / L(x,t;y,s)Lu(y, s) dy ds, (3.3.2)
RN % (7,t)

for every point (z,t) € St.

Proof. Since u € 8°(7;T), then Lu € L*°(Sr). Thus, taking into account (3.1.4) in Theorem 3.1, for every

(x,t) € St we get
t
/ Tz, t;y, ) Luly, s)| dy ds /(/F(x,t;y, 5) dy)ds
RN

RN x () T

< [ Lullzee(sr) =|t—7] <00, (3.3.3)

and this proves that the right-hand side of (3.3.2) is finite. Now, in order to establish the representation
formula (3.3.2), we proceed by steps.

STEP I. Let us first prove (3.3.2) by assuming that v € S°(7;T) satisfies the following additional prop-
erties:
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(i) ue C™(Sr);
(ii) there exists r > 0 such that

u(z,t) = 0 for every (z,t) € S with |z| > r.

Then, owing to (3.3.3) we have

/ T(x,t;-) Ludyds = hr(r)1+ / [(x,t;-) Ludyds; (3.3.4)
e—

RN x (7,t) RN x (1,t—¢)

moreover, since we are assuming that v € C*°(Sr), we can write

t—e t—e
RN x(1,t—e¢) T RN RN s

where we have written £ = Ly — 0Oy, that is,

N
Ly = Zg,j:1 @ij(8)0y,y; + Zj,k:l bjryr0y, -

Now, owing to Theorem 3.1-(1), we readily see that y ~ I['(z,t;y,s) € C®(RY) for every fixed point
(x,t) € St and every s < t — ¢; as a consequence, taking into account the additional assumptions (i)-(ii),
we have

RN RN
where L denotes the formal adjoint of Ly, that is,
* N
Ly = Zﬁjﬂ aij(s)ayiyj - Zj,k:l bjkykayj'

On the other hand, since from Theorem 3.1-(1) we also derive that s — I'(x,t;y, s) is Lipschitz-continuous
on (1,t —¢), again by (i)-(ii) we have

t—e t—e
/ D(x,t;) Osuds =T(x,t;y,t —e)uly,t —e) — / OsT(z,t; ) uds, (3.3.7)

where we have also used the fact that u € S°(7;T). Gathering (3.3.6)-(3.3.7), from the above (3.3.5) we
then obtain the following identity

/ D(z,t;-) Ludyds = — / D(z,t;y,t —e)u(y,t —e)dy
RN x (1,t—¢) RN

+ / (L + 05)T(z,t; ) udy ds.

RN x(7,t—e¢)

Then, taking into account (3.3.4), in order to establish formula (3.3.2) it is enough to prove the following
fact:
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/ (L5+0s)T (2, ;) udyds — / [z, t;y,t — e)uly,t —e) dy)
RN x (7,t—¢) RN (3.3.8)

— —u(z,t) for every (z,t) € S ase — 0.

To this end we first notice that, owing to Theorem 3.1, we have
(L5 + )0 (x,t;-) = LT (2,t;-) =0 a.e.on RY x (1, —&); (3.3.9)

moreover, since u € S°(7;T) (hence, in particular, u is continuous and bounded on the strip Sz), from
Proposition 3.10 we infer that

hr(r)l+ D(x,t;y,t —e)u(y,t —e)dy = u(x,t) pointwise on St. (3.3.10)
e—
RN

By combining (3.3.9)-(3.3.10), we immediately obtain (3.3.8).

STEP II. Let us now prove the representation formula (3.3.2) by dropping the additional assumption (ii)
on u, that is, we only suppose that

u € S T)NC(Sr).
To begin with, we fix a cut-off function ¢y € C5°(RY) such that

(a) 0< ¢ <1inRY;
(b) ¢o=1on {|z| <1} and ¢g =0 on {|z| > 2}.

Moreover, for every n > 1 we set ¢, () := ¢o(x/n), and we define

Up = U+ Pp.

Owing to (a)-(b), it is readily seen that u,, € S°(7;T) N C>®(Sr) and u,(x,t) = 0 for every (z,t) € St with
|z] > n; hence, by Step I we can write

Up(x,t) = — / I(x,t;-) Lup dyds for every (x,t) € St. (3.3.11)

R x (7,t)

We now aim to pass to the limit as n — oo in the above (3.3.11). By definition of ¢,,, we have

lim w,(z,t) = u(z,t) for every fixed (z,t) € Sr. (3.3.12)

n—oo

As to the right-hand side, instead, we rely on the dominated convergence theorem. First of all, since u €
C>(St) and ¢,, € C°(RY), we have

q
Lty = L(u¢n) = (Lu) - ¢n + - (Lop) +2 Y aij(£)0r, 100, b

4,J=1

moreover, since u € S(7;T) and ¢,, = ¢o(-/n), there exists a constant ¢ > 0, depending on v and ¢y but
independent of n, such that
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q
w- (£¢n) + 2 Z Qi (t)axluax] ¢n S

ij=1

d pointwise on St.
n
This, together with the fact that ¢, =1 on {|]z| < n}, implies
lim Lu, = Lu pointwise on St.
n—oo
On the other hand, since Lu € L*°(St) and 0 < ¢, < 1, we also have

c
|Lug| < || Lullpoo(sp) + - < ||Lul|ps(sp) +€=:¢"  for every n >1;

gathering these facts, and taking into account (3.1.4), we can then apply the dominated convergence theorem
in the right-hand side of (3.3.11), yielding

n— oo
RN x (r,t) RN x (7,t)

lim / I(x,t;-) Luy dyds = / I(x,t;-) Ludyds. (3.3.13)

Finally, by combining (3.3.12) and (3.3.13) we can let n — oo in (3.3.11), thus obtaining the desired
representation formula (3.3.2) for w.

STEP I1I: Let us finally prove the representation formula (3.3.2) for every u € S(;T).
To begin with, we fix a point £y = (zg, to) € St and we choose 0 < g9 < 1 in such a way that & € Sr_¢,.
Moreover, we choose a function J € C§°(RY*1) such that J > 0 pointwise in RN¥*1 supp(.J) C B;(0) and

/ J(n) dn:/J(n)dn: L, (3.3.14)

RN+1 By

where B1(0) = {n: d(n,0) < 1} is the d-ball with centre 0 and radius 1. We then define, for every fixed
0 < & < gy, the (¢, G)-convolution kernel

Jo(n) == E_Q_QJ(D(l/E)’I])

(where D(-) and @ > 0 are as in (1.1.7) and (1.1.8), respectively), and we consider the so-called mollifier
of u related to the kernel J., that is,

Ug : ST,80 — R,

ue(€) = / Jo(€ oYY uln) dn = / JQOu((DEC) 0 €) de.

ST B1 (0)

We explicitly point out, for the sake of completeness, that the definition of u. is meaningful: in fact, using
(1.1.6), (1.1.7) and (1.2.4) we easily see that

(a) for every fixed & = (x,t) € Sr_.,, one has

supp(n — Je(§o 7]*1)) C{n=_(y,8): |t—s|<e} CSr; (3.3.15)

(b) for every ¢ € B1(0) and £ € Sy_,, one has (D(e)("!) o & € Sp.
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We now claim that:
ue € St —e0; T — £0) N C™(Sr_cy)- (3.3.16)

Indeed, since J € C$°(RN*1) by a standard dominated-convergence argument we easily infer that u. €
C*(St—_c,); moreover, taking into account that u(xz,t) =0 for every (z,t) € St with ¢t < 7, by (3.3.15) we
derive that

ua(€) = / Jo(1) 0 (4, 5) ") u(y, s) dy ds = 0

{|t—s|<e}

for every & = (x,t) € Sr—e, with t < 7 — ¢¢. Hence, to prove the claimed (3.3.16) we are left to show that
the derivatives 8%7%, U, Yue, which exist pointwise and in the classical sense on St_.,, are globally bounded
in Sp_., (for 1 <i,j <gq).

To this end it suffices to observe that, since u € S(7;T) and since the vector fields d,,, ... ,Oz,, Y are
left-invariant with respect to o, we can write

B2, ue (€)= / J(Q) (@2, 0)(DEC Y og) . (fori=1,....q),

B1(0)
(3.3.17)
Yu©) = [ HOWDE 06 de,
B1(0)
thus, since 8%1,%,11, Yu € L*(Sr), from (3.3.14) we obtain
2 2 . )
||a$i$ju€|lL°°(ST750) < Haxiwju”L“‘(ST) (fOI‘ 1< 1,5 < q)7 (3318)

1Yue| poo(sr_.y) < Y ullzoe(sy)s

and this completes the proof of (3.3.16).

Now we have established (3.3.16), thanks to Step II we know that the representation formula (3.3.2)
holds for the function u. on the strip St_,: in particular, since we have that {, = (zg, tg) € ST—<,, We can
write

ue(xo,t0) = — / I(xo,to; -) Lue dy ds. (3.3.19)

RN x (T—E(),to)

We then pass to the limit as ¢ — 0" in (3.3.19). As to the left-hand, since u is continuous and bounded on
St, it is easily seen that

lim ue(xo,t0) = u(zo, to). (3.3.20)

e—0t

As to the right-hand side, taking into account (3.3.17) and the fact that
(“)zimju,Yu € L>(Sr),

we can use a classical approximation argument to prove that 6% Ue —> ﬁﬁﬂju (for every 1 <i,j < q) and

Tj
Yu. =Y, in L (Sr—c,) as € — 0T; as a consequence, by possibly choosing a sequence &, — 0 as n — o,
we get
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q
lim Lu. = lim ( Z aij(-)aﬁixjue +Yu5> =Lu ae.in Sp_,.

e—0t e—0t =
i,j=1

On the other hand, using (3.3.18) and the fact that the coefficients a,; are globally bounded, we also have

the following estimate

|Lue| < Z laijllLoe®) - 103,00l Lo (57) + [V ull oo (57
3,j=1

=:c, for every 0 < € < g.

Gathering these facts, and recalling that J € C§°(R¥*1), we can then apply the dominated convergence
theorem in the right-hand side of (3.3.19), getting

Jim, / [(xg,to; ) Lu. dyds = / ['(zo, to;-) Ludyds (3.3.21)

RN X(T*&o,to) RNX(Tfso,to)
Finally, by combining (3.3.20)-(3.3.21) and by taking into account that
u=Lu=0ae.onRY x (—o0,7),

we can pass to the limit as e — 07 in (3.3.19), thus obtaining the desired representation formula (3.3.2) for
u. This completes the proof. O

Starting from the representation formula (3.3.2), we easily obtain the following representation formula
for the first-order derivatives of u.

Corollary 3.12. Let T € R be fived, and let 7 < T. Moreover, let u € S°(7;T) and let 1 < i < q be fized.
Then, we have the representation formula

Oz, u(x,t) = — / 0z, T'(z,t; ) Ludyds, (3.3.22)

RN X (7,t)
for every (x,t) € Sp. Moreover,
102, ull oo (57) < cllLullpoo(sp) - VT — 7. (3.3.23)

Proof. We start noting that, combining the global estimates for 9,,T" contained in Theorem 3.5, see (3.2.1),
with identity (3.1.4), we have, for every z € RY and every 7 < t,

( / Lep-1(z,t;) dy) ds

ds =2cVt—T. (3.3.24)

t

[t dyds <

RN x(7,t)

Let us now prove formula (3.3.22). To begin with, since u € S°(7;T'), we have Lu € L°(St); thus, from
(3.3.24) we get
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|02, T (z,t; )| | Luldy ds

<clLullps(syy - VIt=7l V¥ (2,t) € 57 (3.3.25)

RN x(7,t)
(where ¢ > 0 only depends on v), and this shows that the function
RN x (7,¢)

is well-defined on Sp. We then turn to prove that d,,u = g pointwise in Sy by an approximation argument.
To this end, we fix 0 < ¢ < 1 and we define

ue(x,t) := — / D(x,t;-) Ludyds.
RN X (1,t—¢)

Owing to the representation formula (3.3.2), it is readily seen that u. — u pointwise on St as ¢ — 0T
moreover, since t — s > £ > 0 when s < t — ¢, by simple dominated-convergence arguments based on (3.2.1)
(and on the regularity of ', see Theorem 3.1-(1)) we easily infer that

(i) ue. € C(St);
(ii) ue is continuously differentiable w.r.t. x; on St, and

Op,uc(x,t) = — / O, T, t;-) Ludyds Y (x,t) € Stp.
RN x(7,t—e¢)
Finally, by (3.3.24) we also have
|0g,ue (@, ) — g(a,t)| = / 102, (@, ;)| || Lull Lo (51 dy ds

RN x (t—e,t)

< c¢||Lullpoo(sp)VeE uniformly for (x,t) € Sr,

from which we derive that d,,u. — g uniformly on Sz as e — 07. As is well-know, all the above facts are
enough to conclude that

Oy, u =g on S,
and this is precisely (3.3.22). By (3.3.25), this also implies (3.3.23). O

With the representation formula (3.3.22) at hand, we now aim to prove a representation formula for the
derivatives Oy,5,u of a function u € S°(;T).
To this end, we first establish the following proposition.

Proposition 3.13. Let « € (0,1) be fized, and let 1 < i,j < q. Then, there exists a constant ¢ = c(a) > 0
such that, for every x € RN and every T < t, one has

/ |8§ile‘(:c7t; y,8)| - | E(s — t)x — y||* dy ds < et — 7)*/2. (3.3.26)

RN x(7,t)

As a consequence, we have
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102, T, t;y,9)| - | E(s — t)z — y||* dy ds — 0
RN x (t—e,t) (3.3.27)

uniformly w.r.t. (z,t) € RN as e — 07T,

Proof. Let z,7,t be as in the statement. Owing to the global estimates for 3:%7;sz in Theorem 3.5, see
(3.2.1), and taking into account (3.1.7)-(3.1.10), we have

C
| T (a:,t,y,s)| < mrclyfl(‘rat;ya 8)
(3.3.28)

- (t C)0Q/2+1 6_CO‘DO(“;’75)(I_E(t_S)y)|27
-8

where ¢y > 0 is a suitable constant only depending on the number v > 0. On the other hand, taking into
account (1.1.9), for every s < t we can write

Dy =) e = Bt = a)y) = [ o(-—

EW[D

) (t=9)|(B(s - )z - )

) E(s — )z — )]

As a consequence, since E(1) is non-singular, we get

e—co‘DO(\/f—s)(:c—E(t—s)y)F < e—CB‘DO(\/tI_—S)(E(S—t)QC—y)F’ (3329)

where ¢, > 0 is another constant only depending on v. Then, by combining (3.3.28) with (3.3.29), we obtain
the following estimate:

(@, t;y,8)| - [|1E(s — t)x — y||* dy ds

|wa

RN x (r,t)
1 —cq|D E(s—t)x— o
<o [ e A ey dy s
RN x(7,t)
/ 1
’ 2
=< | G ( [ el |E(s—t>x—yll“dy>ds
T iy RN
=: ().

To proceed further, we perform in the dy-integral the change of variables
y=FE(s—t)x — Do(v/t — s)z.

Reminding that det(Dg())) = A9 for every A > 0 (see (1.1.7)-(1.1.8)), and since the norm || - || is Do-
homogeneous of degree 1, we get

t

(%) :Co/m</e_célzlz|z|“dz)ds

T RN

— C—O(t—T)W(/e—céz2||z||adz>.
Q

RN
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To complete the proof of (3.3.26) we only need to show that the dz-integral is finite. To this end we observe
that, by definition of || - ||, we have

N
I = /6766\2\2”Z||ad2,: /6766|z|2(z|zi|1/q7¢) d

RN RN =1
N N
< c(a)z / €7c6|z|2|zi|a/qi dz < C(Q)Z / efcg|z|2|z|a/qi dz;
i=1g/n i=1g/n

from this, we immediately see that I < oo, and the proof is complete. O
With Proposition 3.13 at hand, we can now prove the following theorem.

Theorem 3.14. For T > 7 > —oco and o € (0,1), let u € S°(7;T) be such that Lu € CX(St). Then, we have

Ty

02 u(x,t) = / 8§i$jF(x,t;y, s)[Lu(E(s — t)x, s) — Lu(y,s)]| dyds, (3.3.30)
RN x(r,t)

for every (z,t) € Sy and every 1 <1i,5 <gq.
Proof. We first observe that, since Lu € C%¥(St), by definition we have
|Cu(B(s — )2, 5) — Luly, )] < [Lulcs sp) - |E(s — O — g, (3:331)

for every x,y € RY and every s,t < T. Thus, by Proposition 3.13 we get

/ |8§ﬂjf(a:, ty,s)| - [Lu(E(s — t)x, s) — Lu(y, s)| dy ds

RN x(7,t)

< |£u|0g<sT>\ [ 1 s G = = ol dyds
]RNX(T,t)

<c |EU|C;"(ST) . |t — 7'|0‘/2 A (x,t) (S ST

(where ¢ > 0 only depends on «), and this shows that the function

oo, t) = / 82, T, t:y,8) [Cul B(s — )z, 5) — Luly, 5)] dy ds
RN x (7,¢)

is well-defined on S7. We then turn to prove that 8§i1ju = ¢ pointwise in St by an approximation argument.
To this end, we fix 0 < ¢ < 1 and we define

ve(x,t) = — / Oz, T'(z,t;-) Ludyds.

RN x(7,t—e¢)

Now, arguing as in the proof of Corollary 3.12 and taking into account (3.3.22), we see that

(i) ve € C(Sr) and v. — 9,,u pointwise in S as € — 07;
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(ii) v, is continuously differentiable w.r.t. z; on Sr, and
03,0 (T,1) = — / agimjf(w,t; ) Ludyds V (x,t) € Sr.
RN x(1,t—¢)
On the other hand, owing to Lemma 3.8, we have
doet) == [ Tt Ludyds
RN x(7,t—¢)

= / 92 . Dz, tyy, s) [Lu(E(s — t)z,s) — Lu(y, s)] dy ds.

T35

RN x(1,t—¢)
As a consequence, by combining (3.3.31) with Proposition 3.13 we obtain
ronet) = glontl = [ 102 Dt [CuB(s — tha,s) — Lul dyds
RN x (t—e,t)

< | Cula (s / 02, T, )] - |1B(s — ) — y||* dy ds
RY x (t—e,t)

<c |£u|cg(ST)€°‘/2 uniformly for (z,t) € S,

from which we derive that d,,v. — ¢ uniformly on S as ¢ — 0%. As in the proof of Corollary 3.12 we then
conclude that

2

ZTiTj

u = 0y, (0z;u) = g pointwise in Sr,
and this gives (3.3.30). O
8.4. Schauder estimates in space

We now want to prove the following result:

Theorem 3.15 (Global Schauder estimates in space). Let T > 7 > —oco and « € (0,1). Then, there exists
¢ > 0, only depending on (T — 7),a, v, B, such that

q
Z 102, ull oo (sr) < ¢1Lulce (s (3.4.1)

ij=1

1Yullce sy < cllLullce sz (3.4.2)

for every u € 8(7;T) with Lu € CX(St).

The estimates in the above theorem will be generalized, in Section 4, in the context of operators with
coefficients a;;(z,t); hence, the core of this section consists more in the development of the tools necessary
to prove the above theorem, then in the result itself. Actually, these tools will be useful also in the following
parts of the paper. Also, it is worth noting that the proof of global Schauder estimates in the situation
considered in this section is much more straightforward than for coefficients also depending on z. However,
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note that for the moment we do not prove global estimates on the lower order derivatives d,,u and on u
itself.
To prove Theorem 3.15, we need the following auxiliary results.

Theorem 3.16 (Cancellation property of the singular kernel). There exists a constant ¢ > 0 such that, for
every 1 < 1,7 < q, one has the estimate

t

I (2,t) ::/ / 02 . T(x,t;y,s)dy | ds < c, (3.4.3)

TiTj

T {yeRN:d((z,t),(y,s)) > 7}
for every x € RN, 7 <t and r > 0.

Proof. Let x,7,t and r be as in the statement. We then distinguish two cases.

CASE I: t — 7 > r2. In this case we first observe that, taking into account the explicit expression of the
quasi-distance d given in (1.2.7), we have

d((z,t),(y,s)) = |le — Et—s)y|| + VEi—s>Vt—s>r,

for every T < s < t — r?; thus, by Lemma 3.8 we can write

T

t77’2
Loty = [ | [ r s as
RN
t

+ / / 8§ﬂj1"(x,t;y,s)dy ds

t—r? {yeRN:d((z,t),(y,s)) > r}

t
= / ‘ / Zﬁizjf(x,t; y,8)dy ‘ ds =: Jp r(x,t).
t—=r? {yeRN:d((z,t),(y,s)) >r}

In order to prove (3.4.3), we then turn to bound the integral J,.(z,t).
First of all, by combining the global upper estimates for 63@]_1“ in Theorem 3.5 with (3.1.7)-(3.1.10) (see
also (3.3.28) in the proof of Proposition 3.13), we get

t
Irr(z,t) < / / |8§ixjf(x7t;y7s)|dy)ds
1502 (yeRN: d((a0),(3,9)) 27}
t

< ds
< ¢ 7(t—s)Q/2+1x

t—r2

« / efcolDo(\/tlTS)(a:fE(tfs)y)‘z dy> —- (*,)7

{yeRN:d((a,t),(y,s))>7}

where ¢y > 0 is a constant only depending on v. From this, recalling (1.2.7) and using the change of variables

y=FE(s—t)x — E(s—t)z (3.4.4)
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in the dy-integral, we obtain

t
e [IGEH [ et

t—r2 {zeRN: || z||[+v/t—s>r}
(since det(E(s —t)) = e=2) 9B — 1 gee (1.1.5))

_ L elbo(A=)al g, g —
= Cp / me OIFVI=S dzds =: (2*)

{t—r2<s<t,||z||+t—s>r}

To proceed further, we now perform another change of variables, this time involving both z and s: taking
into account the Dy-homogeneity of || - ||, we set

(2,8) = (Do(r)w,t —r%c). (3.4.5)

Recalling that det(Do(r)) = 7%, we then get

1
1 —c )w
%) =0 [ g I Yo = o3
g
0 {weRN: ||w||+y/o>1}

Since the integral J is a constant, to complete the proof of (3.4.3) in this case it suffices to show that J < cc.
To this end, we perform yet another change of variables in the dw-integral: setting

w = Do(\/o)u,
and taking into account that det(Dgy(y/7)) = 0@/2, we obtain

1

J= /l< / e—co lul® du) do
o
0

{uweRN: Jul|> & ~1}

1/4 1
:/—h(") da+/—h<0) do =:Jy + 35,
g g
0 1/4

where we have introduced the shorthand notation

h(o) == e vl gy
{ueRN: flul|> J=-1}

We then turn to show that both the integrals J;, Jo are finite. As to J; we first notice that, since Oy ||u|| < |u
when |u]| > 1 (here, 5 > 0 is a constant only depending on the dimension N), and since

! —1>1 whenO<o <

1
75 S

we have the following estimate on the function h:
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+oo
h(o) < e—co |u|? du = wy / e_cop2pN—1 dp
{ueRN: [u] >0 (1)} on (5 —1)

(since e_COPQpN_l < 'ype_%op2 when N > 2)

+o0 R
_ 0,2 _ 09N (L _1y2
=ywy / pe” 2P dp=cye v
9N(ﬁ*1)

where ¢y := ywpn/co. As a consequence, we easily obtain

1/4
1 003, 1 e
Jlch/—e = (F Y 4o < .
o
0

As to Jo, instead, taking into account that the map u +— e—colul® g integrable on RY, we immediately get

1
1
Jy < /—(/e_c‘)'“Qdu>da§4/e“3°“|2 du < oo.
T BN

1/4 RN

Gathering these facts, we then conclude that J < oo, as desired.

CaSE II: t — 7 < 2. In this case, using once again the global upper estimates for aiiij in Theorem 3.5,
and taking into account (3.1.7)-(3.1.10), we get

t
Lot < [ ( / 62, D, t:y.5)| dy) ds
T {yE]RN:d((w,t),(y,s))Zr}
t

< ds
= (t — 5)Q/2+41 x

T

« / efcolDo(\/tli—s)(me(iffs)y)!2 dy> = (*)

{yeRN:d((@,t),(y,5)) 2}

Starting from this estimate, and performing the change of variables (3.4.4)-(3.4.5), we then obtain

t
1 _
(*)‘CO/@_S)W( / elPo(7=)=I" dz)
T {(2€RN: ||2]|4+v/F=5>1}

1 e Y2
= Co / Sa/ai e~ c0lPo(Jz)v dw)da =: (2%).
0

{(weRN: [lw|l+/7>1}

Now, since are assuming that t — 7 < r2, we have

o Q/2H1

1
(2%) < co/ ( / e*CO|D0(ﬁ)“"2 dw) do=cpJ, (3.4.6)
0 {weRN: [w]l+y/721)
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where J is the same integral considered in the previous case; as a consequence, since we have already
recognized that J < oo, from (3.4.6) we immediately derive (3.4.3) also in this case, and the proof is
complete. O

Theorem 3.17 (Hoélder continuity of singular integrals). For T > 7 > —oo and a € (0,1), let us introduce
the function space

CHr;T):={f e Cy(St): f(x,t) =0 for every t < 7},
and define, on this space C¢(7;T), the linear operator
f=Tif(z,t) = / 072, D(x,tyy, s) [f(E(s — t)z,s) = f(y,s)] dy ds.
RN % (7,t)
Then, there exists a constant ¢ > 0, depending on (T — 7) and «, such that
1T fllce(sr) < clflegsry  for every f e C(m;T). (3.4.7)

Proof. Let f € C%(r;T) be arbitrarily fixed. Since f(:,¢) = 0 for every t < 7, we have T;; f(z,t) = 0 for
every z € RY and ¢t < 7. Thus, we derive that

T3 fllce (s = T fllcs @), where Q:=RY x (7,T).

Hence, to prove (3.4.7) it suffices to study T}, f (z, t) for (z,t) € Q.
First of all, owing to Proposition 3.13, for every (z,t) € @ we have

|Tij f(z,t)] < / 02,2, T(2,t:y,8)| - | f(E(s = )z, 5) — f(y,s)| dyds
RN x (1,t)

< |flea(sm) / 1020, T (@, 15y, 9)| - | E(s — )z — y||* dy ds
RN x (r,t)

<clfleacspy - (E—7)2 <c|flcacsyy - (T —1)*2,
where ¢ > 0 is a constant only depending on «. From this, we derive
1755 fllzee(sr) < (T = 7,0) | floe (sp)- (3.4.8)

On the other hand, if (z1,t), (z2,t) € Q are such that ||z; — x2| > 1, thanks to estimate (3.4.8) we also
obtain the following bound

T3 f(21,t) = Tij f (22, t)| < 2| Tf oo (57) < (T = 7, 0) | floa(sp o — 22l
Thus, to prove (3.4.7) we are left to show that

T f(1,8) = Ty f (22, )] < (T = 7, 0)lzg — 2o (3.4.9)
for every (z1,t), (z2,t) € Q with ||z1 — 22| < 1. o

To this end, taking into account the definition of T'f, we write
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Tyfent) - Tyfloat) = [ (S Dontin [ (B~ 01,5) - f(0,9)

RN x(7,t)
= 02,4 D2, t59,9) [[(B(s = )2, ) = (y,5)] | dyds

= / {---}dyds (3.4.10)
{(y,8): d((@2,1),(y,s)) =4kp}

+ / {---}dyds
{(y,8): d((@2,1),(y,5)) <4wp}

=: A1 + Ao,

where k > 0 is as in (1.2.5)-(1.2.6) and

p = d((x2,1), (x1,t)) = [l1 — @2

We then turn to estimate A; and As.

- ESTIMATE OF A;. To begin with, we write A; as follows:

Ar= / {186 = 1.9 = 1(0.9] %

{(y,8): d((w2,t),(y,8)) >4Kp}

X [8iizjl"(x1,t;y, s) — Giﬂjl"(x%t; Y, s)] } dy ds

+ / {8§inF(ac2, t;y, s)X
{(y,9): d((z2,1),(y,5)) 24rp}
X [f(E(s = t)1,5) = f(B(s = t)za, )] | dy ds
= A11 + A12.

Estimate of Aj;. First of all we observe that, owing to the mean value inequalities in Theorem 3.9 (and
taking into account the definition of p), we have

|82 F($17t;y75) _8iiwjr(x25t;y78)‘

(@20, (@1,0) o=
(w2, (03D @~ (w2 0), (g, 5)

for every (y, s) € Q such that d((z2,t), (y,s)) > 4kp. Moreover, using the explicit expression of d in (1.2.7)
and the quasi-symmetry property (1.2.6), we get

|f(E(s —t)x1,8) — f(y,8)] < |flco(syllE(s —t)z1 —y[|*
< |f|C§}(ST)d((y’ 8)7 (xlvt))a
< K% [flea(smd((z1,1), (y,8))7,

where we have also used the fact that f € C%(7;T). Hence, by combining these estimates and by using
Lemma 2.3, we get
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‘f(E(S - t)l‘l’S) - f(ya S)‘ ' ‘ailzJF('rlatvyvs) - 8£ijr(x27tayvs)‘

d((z1,1t),(y,s))*
< clflegsmller — z2 - d(((‘,i%t)’)(y(?s)))c)2+3 (3.4.11)

1
< C‘f|Cg‘(ST)||m1 - .’EQH : d((ﬁﬂg t) (y S))Q+370‘7

for every (y,s) € RN x (7,t) satisfying d((z2,1), (y,5) > 4Kkp > 2kp. Owing to (3.4.11), and exploiting
(2.0.2) in Lemma 2.2, we finally obtain

! d
—
qEmTo e
{n: d(&,m)>4rp} (3.4.12)

[A11] < clfloa(sy) 71 — 22|

<clfleo(se lzr =zl - p*" = c|flee(sy ller — z2|
where ¢ > 0 is a constant only depending on «.

Estimate of Ajs. First of all, using once again the fact that f € CY(Sr), jointly with Lemma 2.5, we can
bound the integral Ay, as follows:

Al < [ 1B = m,5) = (B ~ 2,)]| - T(5)ds

t
< flezsn [ 1B =)@ = 22"+ T(5)ds (3.4.13)

t

<clflca(sr) / (Jlz1 — 22| + V= 3)a -J(s)ds,

T

where ¢ > 0 is an absolute constant and

J(s) := / 8§iwjf(x2, t;y, s) dy|.

{(YERN : d((w2,t),(y,5)) 24rp}

We now distinguish two cases, according to the value of 6 := t — 16k2p?.

(i) @ > 7. In this case, we start from (3.4.13) and we write

0

szl < elflescsn / (21 — 2]l + VE=3)" - T(s) ds

(3.4.14)

t

—+ C|f|C;‘(ST) / (”.Tl — ZL’QH +\t — s)a . j(s) ds.

0

We now observe that, when § < s < t, we have 0 < t — s < 16k2p?; thus, by using the cancellation property
of J in Theorem 3.16, we get
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t
/ (la1 — w2l + VI~ 3)* - T(s) ds
6

t
< (1+4r)*||z1 — x2||a/j(s) ds
)

(3.4.15)
t
< (1+4r) ||z — x2||“/J(s) ds
= (1+4k)* lo1 — 22| - Lirp,r (22,1)
< cllzy — 2|,
where ¢ > 0 is a suitable constant only depending on a.
On the other hand, when 7 < s < 6, by (1.2.7) we infer that
d((z2,t), (y,8)) >Vt —s>4kp VYV yeRY;
as a consequence, from Lemma 3.8 we obtain
0
/(H:c1 ol 4 VT8 T(s)ds
! , (3.4.16)
= / (Jlz1 — @2 + Vit — s)a . ’ / 8§ﬂjf(§1;y,s) dy|ds = 0.
T RN
Summing up, by combining (3.4.15)-(3.4.16) with (3.4.14), we conclude that
|A12| < c[floa(sy) |71 — 22|, (3.4.17)

for a suitable constant ¢ > 0 only depending on a.

(ii) @ < 7. In this case, starting from (3.4.13) and using once again the cancellation property of J in
Theorem 3.16, we immediately get

t

[Arz| < clfloa(sy) / (Jlzr — @2|| + Vit = T)a - J(s)ds

T

t
< e|fles (s 121 — acho‘/J(s) ds (3.4.18)

< C\f|Cg(ST)||3?1 — 22| Lyp,r(22,1)

<clfleasmllzr — =2,

where ¢ > 0 is another constant only depending on a.
All in all, by combining (3.4.12) with (3.4.17)-(3.4.18), we conclude that

|A1] < clflcesmllzr — 22|, (3.4.19)
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for a suitable constant ¢ > 0 only depending on a.

- ESTIMATE OF A,. We first observe that, since f € C¢(7;T), one has

|Ag| < |flee(sr) - (A2 4 Ag), (3.4.20)

where, for k£ = 1,2, we have introduced the notation

Ay = / 102, (ors 59, )T - | E(s — ), — y|* dy ds.

{(y,8): d((z2,t),(y,5)) <4dwp}
We then proceed by estimating the two integrals Aoy, Aso separately.

Estimate of Asy. First of all, by using the estimates for Qgimjf‘ given in Theorem 3.5, jointly with (1.2.7),
we get

[E(s — )z — y[|*
d((x1,1), (y, )9+

Ay <c dy ds

\

{(y,9): d((22,1),(y,5))<4rp}

d((yas)’(xl’ )) dy ds

=¢ (21, 1), (v, 5)) 3%

|
\

{(y,8): d((w2,t),(y,s))<4drp}
1
< dyds =: .
<c d((arl,t), (y,s))Q+2_"‘ Yy as (*)
{(y,8): d((w2,t),(y,8)) <4rp}

~

On the other hand, by the quasi-triangular inequality (1.2.5), we have

d((x1,t) (d( (z1,), (22,1)) +d((y, ), (x2,1)))
& (d((22, 1), (z1,1)) + d((z2,1), (. 9))) (3.4.21)
= n2 1+4K)p,

for every (y,s) € RV such that d((x2,1), (y,s)) < 4kp. On account of (3.4.21), and exploiting (2.0.1) in
Lemma 2.2, we finally obtain

1
= dyd
= d((z1,1), (1, 5)) @2 Y
{(y,5): d((z1,1),(y,5))<w>(1+4kK)p}
= L (3.4.22)
- dig marra "

{n:d(€m)<r?(1+4K)p}

< op® =cllry — 2|

Estimate of Ags. Using once again the estimates for 8gﬂjf in Theorem 3.5, together with (1.2.6)-(1.2.7)
and (2.0.1) in Lemma 2.2, we readily obtain
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IE(s — ey — y|°
Aoy <

2=c (w2, 1), (v, 5))+2
{(yvs): d(($21t)7(y73))<4’ip}

d((y, s), (@2,1)*

dy ds

<c
- d((x27t)’(yas))Q+2
{(y,s): d((z2,t),(y,s))<4kp} (3.4.23)
1
= e
‘ d(&, parz—«

{n:d(§,m)<4rp}

< ep® =cllzr — x2||*.
Summing up, by combining (3.4.22)-(3.4.23) with (3.4.20), we conclude that
|A2| S C|f|Cm‘3‘(ST)||x1 —£L'2||a, (3424)
where ¢ > 0 is a suitable constant only depending on a.

Now we have estimated A; and As, we are finally ready to complete the proof: in fact, gathering
(3.4.19)-(3.4.24), and recalling (3.4.10), we conclude that

Tij f(21,t) — Tij f (22, 0)] < |Ax| + [Az] < c[floasy)llzr — 22|,
which is exactly the desired (3.4.9). O
Thanks to all the results established so far, we can finally give the

Proof of Theorem 3.15. Let T, 7, « be as in the statement, and let u € S(7;T) be such that Lu € C2(S7).
By the representation formula (3.3.30), we have

Opo;u(z,t) = / 8§ixj1"(x,t; Y, 8) - [ﬂu(E(s —t)x,s) — Lu(y, s)] dy ds
RN x(r,t)

=T;;(Lu)(z,t) for every (z,t) € Sy and 1 <4,j <gq,
where Tj; is as in Theorem 3.17. Then, from (3.4.7) we infer that

||6Iinu||C§(ST) = ||ng(£u)||cg(ST) < C|£u|cg‘;‘(ST)7 (3425)
where ¢ > 0 is a constant only depending on (T'— 7) and «, and this is (3.4.1).

On the other hand, using the definition of £, and recalling that the coefficients a;;(-) are globally bounded
on R and independent of x, from (3.4.25) we also get

q
Yullcesy) = HEU* > ai 3z,;ij‘

1,j=1

C2(St)

q (3.4.26)
< | Lullco(sry + Y laijllze®) - 10z, ullce sr)
ij=1

< c|Lullca sy

This is (3.4.2), and we are done. O



48 S. Biagi, M. Bramanti / J. Math. Anal. Appl. 533 (2024) 127996

3.5. Schauder estimates in space and time

Theorem 3.15 shows that, for the derivatives 8§ixju (with 1 <4, < g) we can bound the C§-norm in
terms of the quantity |£u|cg( sr)- We now aim to show how to improve the previous result, giving a control
on the Holder norm of éﬁmu with respect to both space and time, without strengthening the assumptions
on Lu.

Theorem 3.18 (Local Schauder estimates in space-time). Let T > 7 > —oo, a € (0,1), and let K C RY be
a compact set.

Then, there exists a constant ¢ = c¢(K,7,T) > 0 such that, for every u € S°(7;T) such that Lu € C2(St),
one has

|3£,ixju(9317t1) - 8§ixju(3?2, ta)| <c |£U\Cg(ST)(d((fU1,t1)7 (w2,t2))" + [t1 — t2|a/(m) (3.5.1)

for every 1 <i,j < q and every (z1,t1), (x2,t2) € K x [1,T]. We recall that qn > 3 is the largest exponent
in the dilations Do(N), see (1.1.7).

To prove Theorem 3.18, we first establish the following technical lemma.

Lemma 3.19. Let K C RN be a fized compact set, and let T > 7 > —oo. There exists a constant ¢ =
(K, 7,T) >0 such that

|z — E(t —s)z|| < clt — st/ for every x € K and t,s € [1,T] (3.5.2)
|(E(t) — E(s))z|| < c|t — s/~ for every x € K and t,s € [1,T]. (3.5.3)

Proof. We begin with the proof (3.5.2). To this end, we fix x € K and t,s € [r,T], and we choose p =
p(K) > 1 such that K C {|z| < p}. Taking into account the explicit expression of | - || given in (3.2.22), we

have
N
|z — E(t — s)z Z Idy — Et—s)x’l/q‘
i=1
N (3.5.4)
1/q:
<02 =B = 9)ley
where || - [|op denotes the operator norm of a matrix. On the other hand, recalling that E(c) = e 5 (and
since 7 < t,s < T), we also have
|t —sl* IBIS
HIdN E(t—S ||Op < ZTP
- (3.5.5)

= (T =) Bl

<|t—s)_ o =1, T) - |t —sl.

k=1

Gathering (3.5.4)-(3.5.5), and recalling that 1 = ¢; < ... < gy, we then get

N
le — E(t = s)z|| < e(r, T)p- Y [t —s|"/% < et — |9,

i=1

where ¢ > 0 only depends on K, 7,T. This completes the proof of (3.5.2).
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We now turn to establish (3.5.3). To this end, we fix z € K and t, s € [, T]. By applying the Mean Value
Theorem to the function v(o) = E(o)x (and taking into account that (o) = e~7P), we have the estimate

((E() = E(s))x| = [(#) = ()] <[V (O)] - [t — s
=t —s| - |BE(0)z] (3.5.6)
<plt=s|-[IBE®)]op,

where 6 is a suitable point between ¢ and s, and p > 1 is as before. On the other hand, observing that
7 < 0 < T (as the same is true of ¢, s), we also get

0* HBIIkle

IBE(0)|lop < Z
(3.5.7)
max{|7|, ITI}’“ 1Bl

Z =:¢(1,T).

k=0

Gathering (3.5.6)-(3.5.7), we then obtain

I((E(t) — E(s))z| < ZI (s)) |/

< c(r,T>p~Z|t— s|V/9 < et — 5|/,

i=1

where ¢ > 0 only depends on K, 7,T. This completes the proof. 0O
With Lemma 3.19, we can now prove Theorem 3.18.

Proof (of Theorem 3.18). Let u € S°(7;T) be such that Lu € C2(S7). First of all we observe that, owing
to Theorem 3.15 (and taking into account the expression of d given in (1.2.7)), there exists an absolute
constant ¢ > 0 such that

1020, ul(@1,t) = 05 4 ul@a, )] <107 4 ulcasp |1 — z2]|* < el Luloa(spyllar — 22|, (3.5.8)

for every (z1,t),(x2,t) € St. As a consequence of (3.5.8), and taking into account Lemma 3.19, to prove
(3.5.1) it suffices to show that

02,4, (s 1) — 02, ul,12)| < €| Luleg sy {d((@,t0), (@, 02))% + 11— 2]/} (3.5.9)

for every (z,t1), (x,t2) € K x [1,T], where ¢ > 0 is an absolute constant independent of u (but possibly
depending on the fixed K, 7,T). In fact, once (3.5.9) has been established, by combining (3.5.8)-(3.5.9) with
Lemma 3.19 we get

| TiT (.’1,‘17t1) - agixju($2,t2)|
— |6§im_7‘u(x1?t1) - aiil’ju(x2’t1)| + ‘8:3771_7'u(‘r27t1) - agirju(x27t2)‘
< c|Luloa(sy) (||5F1 — zo||* + d((22,t1), (x2,12))" + [t1 — t2|a/qN)

(by the explicit expression of d, see (1.2.7))
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< c|Lulco(sy) (71 — 22| + |lm2 — E(ty — ta)ma||® + [t1 — t2]*/% + [t — t2]*/™)
(recalling that, by assumption, gy > 3)
< c|Lulca(sy) (o1 — 22| + [t1 — 2 */9N) = (%);

from this, using the quasi-triangle inequality (1.2.5), we obtain

(%) < c|Lulce(sy (lz1 — E(ty — t2)aa||* + lve — E(ty — ta)a || + [t — t2]*/™)
< c|Lulca(sy) (71 — E(ty — ta)za||™ + [t — t2]*/9Y)
(again by the expression of d in (1.2.7))
< C|£U|Cg(ST)(d((xlatl)a (wa,t2))* + [t1 — t2|a/qN)a
which is exactly (3.5.1). Hence, we turn to prove (3.5.9).
This can be done adapting several computations exploited in the proof of Theorem 3.17. We will point
out just the relevant differences.

Let us fix two points (x,t1), (z,t2) € K x [r,T] and exploit the representation formula (3.3.30) for 8§ixju:
assuming, to fix the ideas, that to > t1, we can write

agﬂju(x, t1) — aimju(x, ta)

= [ {2t [LuEe - s - Lu(w.s)]
RN x(7,¢1)
- aimjl"(x, ta2; Y, S) [’CU(E(S - tg)l', 8) - Lu(yv S):I } dy ds
— / 8J2EMJ_F(:L‘, t;y, s) [Lu(E(s — t2)z, s) — Lu(y,s)] dyds

RN x (tl,tz)

= / {-- Ydyds

{(y75): d((w7t2)»(y)5))24’9p}

(3.5.10)

+ / {---}dyds

{(y,8): d((@,t2),(y,5)) <4kp}

_ / {--Ydyds

RN X(tl,tg)

=1 A1 + Ay — Ag,
where k > 0 is as in (1.2.5)-(1.2.6) and
p = d((x,t2), (z,11)).
We now turn to estimate the integrals Ay (for k = 1,2, 3).

- ESTIMATE OF A;. To begin with, we write A; as follows:

A= / { [Lu(E(s — t1)z, s) — Lu(y,s)] x
{(y,9): d((2,t2),(y,8))24rp}

X [8£,xjr(xa tl; Y, 8) - 82ijrl(x7 t2; Y, S)} } dy ds
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v / {02, D(a.tary. )
{(yas): d((zatZ)v(y75))Z4Rp}
x [Lu(E(s — t1)z, s) — Lu(E(s — t2)z, 5)] } dy ds
= Ay + A

Estimate of Ai1. This can be done analogously to what done in the proof of Theorem 3.17 for A;;, with
d((z,1), (2, £2)) now replacing |1 — z2]), getting

[Aqq] < c\£u|cg(ST)d((ac,t1)7(x,t2))a (3.5.11)

where ¢ > 0 is a constant only depending on .

Estimate of Ajo. First of all, using once again the fact that Lu € C2(Sr), jointly with Lemma 3.19, we can
bound the integral A5 as follows:

[Ao] < / |£u(E(s —t1)x,s) — Lu(E(s — to)x, s)| - J(s)ds

ty
< [Culcs ey [ 1B~ t) = B(s — ta))al" - T (s)ds
(since |s — t1],|s —ta] < T — 7 for all 7 < s < t7)

ty
< ¢|Lulog sy - [t — ta] /0¥ /J(S) ds =: (%)

where ¢ > 0 is an absolute constant and

J(s):= / (‘ﬁizjf(m,tg;y, s) dy|.

{yeRN:d((w,t2),(y,8)) >4kp}
From this, using the cancellation property of J in Theorem 3.16, we obtain
(%) < el Luleg (spltr — to*/® (3.5.12)

for a suitable constant ¢ > 0 only depending on «a.
By combining (3.5.11) with (3.5.12), we conclude that

1] < el Lulog sp {dl(a,t0), (@, 12))° + 12 — 2]/} (3.5.13)

for a suitable constant ¢ > 0 only depending on «.

- ESTIMATE OF As. This can be done analogously to what done in the proof of Theorem 3.17 for Ay, with
d ((z,t1), (z,t2)) now replacing ||z — 2|, getting

[Az| < ¢|Lulcg(sp) d(z, 1), (2,12))%, (3.5.14)

where ¢ > 0 is a suitable constant only depending on a.
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- ESTIMATE OF Aj. Using once again the fact that Lu € C(Sr), together with the estimate (3.3.26) in
Proposition 3.13, we immediately obtain

[As| < [Lulco sy / 02,0, T, ta3y,8)| - || E(s — t2)z — y|* dy ds
RN x (t1,t2) (3.5.15)
<clta—t1)™? < clfty — to|/9N
where ¢ > 0 only depends on «.
Now we have estimated A, Ay and As, we can complete the proof: in fact, gathering (3.5.13), (3.5.14)
and (3.5.15), and recalling (3.5.10), we conclude that

|8§szu($,t1) - 8§L$JU(1‘,'&2)| < |A1| + |A2| + |A3|
< c|Luloa(sy) (d((ffatl)a (w,t2))* + [t1 — tz\aﬂ)a
which is exactly the desired (3.5.9). O

4. Schauder estimates for operators with coefficients depending on (x, t)

Throughout this section we study operators (1.1.1) with coefficients a;; (z,t) depending on both space
and time, fulfilling assumptions (H1), (H2), (H3) stated in section 1.
Here we will prove our main result, Theorem 1.7, exploiting all the results proved so far.

4.1. Local Schauder estimates in space

Throughout this section we will consider metric balls B, (£) centred at points ¢ € RY x (0,T) but
possibly overlapping the hyperplanes t = 0 and ¢ = T (since these balls will eventually build a covering of
RN x (0,T)). Our functions u € S*(0;T), so that they are actually defined and jointly continuous in the
whole ball B, (£) N St; however, the derivative Yu is merely an L function of the joint variables.

Notation. Throughout this section, we will set
BZ(&) = B,({) NSt for every ¢ € RNV " and p > 0.
Theorem 4.1. Let L be an operator of type (1.1.1) satisfying assumptions (H1), (H2), (H3) stated in Section 1,
for some a € (0,1).
Then, there exist constants c¢,rg > 0 depending on T, «, the matriz B in (1.1.5) and the numbers v and

A in (1.1.3) and (1.2.13), respectively, such that, for every point € € Sy, r < ro and u € S*(St) with
supp(u) C B,.(£) N Sz, one has

102 e ull e s e < €1Luloe (s @) (4.1.1)
for every 1 < h,k < q. We stress that the constant ¢ in (4.1.1) is independent of the ball B,.(€).

Proof. Let » < 1 to be chosen later. For a fixed £ = (%,7), we consider the operator Lz with coefficients
a;j (T, t) (frozen in space, variable in time). Let I'" be its fundamental solution, as described in Theorem 3.1.
Let u € S¥(St) with supp(u) C B,.(£) N St; then Lzu € C¢(St) and, by Theorem 3.14, we can write
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., u(z,t) = / < / o T2, 0,8 )[Efu(E(s—t)x,s)—Efu(y,s)]dy)ds,

-1 RN
for every (x,t) € BT (€) (so that, in particular, [t — 7| < r < 1). Writing

we then have

aﬁkmh /t ( / 8§kzhff(x,t; Y, S) [[,u(E(s —t)x,s) — Lu(y, s)]dy) ds

t— RN

t
q
+ Z / / :Ck:chrm(x t ya S)'
WI=hI RN
. { [aij(T,s) — aij (E(s — t)x, 5)]8§iwju(E(s —t)x,s)
— [0 (@, 5) = aigly, )] 2., u(y, ) bdyds
q
i,j=1
For the term A we have, by Theorem 3.17,

Allca(sr) < e|lLulca(sy)- (4.1.2)

On the other hand,

/ / 030, L7 (2. 11y, 5) [fis (E(s — )z, 5) — fij(y, s)]dyds (4.1.3)

—1RN

with

fij (y’ S) = [aij (E’ S) — Q45 (yv 5)}831:8]“(% 5)7

hence, again by Theorem 3.17,

| Bijllca(sry < clfijlee(se)-

We point out that the constant ¢ in (4.1.2)-(4.1.3) is independent of the ball B,.(£), since supp(u) C B,.(€¢) C
{(z,t) : |t —t| <1}, so that we can apply Theorem 3.17 with T — 7 < 2.

We then turn to bound |fij|ca(s,).- We now exploit the fact that u has small support in space, namely
u(x,t) # 0 only if || — T|| < r; therefore we can assume that ||z — Z|| < r for k = 1,2. Hence, we have

fij(@1,8) = f(w2,8) = [aij (T, 5) — aij(w1,5)] 07,5 ular, s) = i (T, 5) — aij(wa,5)] 9, u(@2, 5)
= [aij(x2,5) — aij(x1,9)] 02, u(r1,s)

+[ai(@, 5) — aij(x2,9)] [07,5, ulw1, 8) — 07 5 ul@a, 5))-



54 S. Biagi, M. Bramanti / J. Math. Anal. Appl. 533 (2024) 127996

Then, writing briefly | - [, for |- |ca (s

|fij (21, 8) = f(22,8)| < laijlallze — 21| - sup |03, ul + |aij|ar®|03,,, wlallze — 1]

so that

10;

anUla +sup |07, ul < ¢|Lulo + c{laijlasup |07, ul + laijlar®|0F , ula }-

kTh

Exploiting again the fact that v has compact support, we have

Sulz |8£L$Ju| S |8§ixju|a(c7~)0‘)
Br(§)

so that

103

LrTh

ul| < c|Luly + claij|ar®0?

U|Oé +Sup|a§ :virju|0w

EZTh

and for r small enough we get (4.1.1). Note that the small number r and the constant ¢ are independent of the
fixed point . The independence of the constant on T also relies on the uniformity (in Z) of the upper bounds
on 82in I'". Actually these bounds depend on the coefficients a;;(z,t) only through the number v. O

4.2. Some interpolation inequalities

Interpolation inequalities are a typical tool to deduce global estimates starting with local estimates for
compactly supported functions. We will need the following;:

Theorem 4.2. For every r > 0 there exist ¢ > 0 and v > 1 such that for every ¢ € (0,1), £ € St and
ueS° (St),

q
Y MOsullca(sr@) + lulcasr @)
h=1
q ) C
<ed 2 1 ulloomr @) + IV uloomr@) ¢ + = Itlles s7.@) - (t2.1)

h,k=1

The proof of the above inequality will be reached in several steps. The first step is based on the analysis of
fractional integral operators carried out in Proposition 2.4 and has an independent interest, since it contains
a regularity result for functions in S° (St).

Proposition 4.3. (i) Let Ly be the constant-coefficient operator
Lo = g:l 9?2 +Y

and let R > 0 be fized. For every a € (0,1) there exists v > 2 and ¢ > 0 such that, for every € € Sp,u €
SO(St) with supp(u) € Br(&) NSt and every € € (0,1) we have:

&
10z, ullca sz @) + Iullos (5@) < €lLotllcomr@) + 5 lullcore)  fork=1,2...q

(The constant ¢ depends on r and o but not on €,u and ¢.)
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(ii) Let u € S°(St), € € St and R > 0. Then, we have

u, Op,u € C*(BE(E)) for every 1 <k < q.

Proof. Point (ii) will simply follow applying point (i) with € = 1 to the function u¢, where ¢ € C§°(Bar(§))

and ¢ = 1 on Bg(&). So, let us prove (i). This proof is inspired to [3, Prop. 7.1].
Let T° be the fundamental solution of £y and let us write

w(© = [ () Lou ) dy
alku (6) = /8Ik1—‘0 (67 77) Lou (7)) drn.
For a fixed € > 0 (that we can assume < min (1, R)) let k. ({,n) a cutoff function such that

Beya (§) < ke (§,7) < B:(€) -

We will prove the desired bound for \8zku|ca( Br(8)- A completely analogous proof, starting from the above
representation formula for u(§), gives an analogous bound for |u| s« (Br(®) possibly with a different exponent
~ in the constant ¢/&7. Since € € (0,1), the assertion then follows choosing the bigger exponent.

Let us write

0.0(6) = [ 00, (€1 ke (&) Lou ) d
+ [ 0T €)1~ ke 1)) Lou () dy
= [ 0.0 (€ ke (€m) Lo ) d (4.2.2)
+ [ €3 @I (€)1~ ke (€m)) ) d

= T1 (ﬁou) + T2 (u)

where
q
Ly=> 02, -V
i=1

Now we handle 77 as a fractional integral. Since the kernel

Kl (gﬂ 77) = amkro (57 77) ks (5777)

does not vanish only if d (£,n) < e, owing to Theorems 3.5-3.9 we see that, for every § € (0, 1), the kernel
K satisfies the bounds

055

C
1En S dEn

d(&1,62) s d(&1,62)
d(§1,77)Q+2 = d(&ﬂ?)QHM

when d (&1,7n) > 4kd (&1, &2).

K1 (€,m)] <

|K1 (§1,m) — K1 (§2,m)| < c
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For a fixed a € (0,1), choosing § < 1 — «, by Proposition 2.4 (applied by extending our functions equal to
0 out of St) we get

1Ty (Low)llca(pz @y < (R [1Loull ooz e - (42.3)
As to Ty (u), let us consider the kernel

We now claim that the kernel K5 (£, 7) satisfies the following fractional integral estimates:

1

K2 (& )| < jm (4.2.5)
|K2 (&1,m) — K2 (&2,n)] < 34 jgl’&) for d (&1,m) > 4kd (&1, &) . (4.2.6)

These bounds will be proved in Lemma 4.4. Taking these bounds for granted, by Proposition 2.4 we get

c(R
4

~—

1T (w)l| e (51 7)) < [ullco (1))

and then, by (4.2.2) and (4.2.3), for some constants ci, ¢, depending on R but independent of ¢, £ and wu,

C
102 ullce (53 @) < @1” [ Loull ooz ) + 5 Iulleo (m1e)) -

)

Rescaling c1e° = €1 we get

C
10z, ull oo (57 (8)) < €1 1 £oullco (57 @) + g lello (s e))

for some ¢ depending on R but not on £;. So the assertion is proved, with v = 4/6 and some fixed ¢ € (0, 1).
The analogous bound on ||u|| Co(BL () can be proved, with a completely analogous reasoning, starting
with the representation formula

u(€) = / I (¢, 1) Lou () di

= [0k (€m Coutnydn+ [ (£ (1°(€n) (1~ ke (6.)]) u o)y
=T} (Lou) + T3 (u)
where T}, T} are fractional integral operators with kernels K], K}, respectively, satisfying the following

bounds:

686

C
<
d&m® = d&nr
K] () — K (€] < o—te &) oo _d(E18)

K7 (&m) <

A& T d(E, @t
when d (&1,7n) > 4k (&1, &2)
K56 < 5 :

d(&mn*?



S. Biagi, M. Bramanti / J. Math. Anal. Appl. 533 (2024) 127996 57

(51752)
d(&,m)®
when d (&1,7n) > 4kd (&1, &2)..

K (&1,m) — Kb (61, m)] < %

The bounds on K are immediate, while those on K can be proved with the same reasoning used in the
proof of Lemma 4.4 here below, exploiting the corresponding upper bounds on the derivatives of I'°. The
upper bound on |[uf|sa (BL(©) leads to an exponent ' possibly different from the exponent  found in the
bound on Hamku”ca(Bg(Z))a but since ¢ € (0,1) it is enough to choose max (y,7'). O

Lemma 4.4. For every € € (0,1), the kernel Ko defined in (4.2.4) satisfies the bounds (4.2.5)-(4.2.6).

Proof. Recalling that £ (I‘O (&, )) = 0 and the x and y derivatives of I'y commute, we have:
a
= (Z 82iyi - Y(y15)> (893kF0 ((ZL‘, t) ) (y’ S)) [1 - ké ((.’17, t) ) (ya S))])
i=1
- a'l/’l«FO ((LL' t (Z 82191 Y(y,8)> [1 - kE (({L‘, t) i (yu 8))] (427)

+225§ky L% (1), (y,9)) [1 = ke ((2,8) (3. 5))],, -

i=1

Exploiting the growth estimates of T'0 TV see Theorem 3.5) we get

TE'" TRYqi (

C c n c 1
d(&n)®t e dgn<? d(&n)°"

since Ko (£,n) vanishes for d (§,71) < £/2. So we have (4.2.5). In order to prove (4.2.6) we are going to bound
Oy, Ko for h =1,2,...,q and Y@t K, and then apply the mean value theorem with respect to the vector
fields. Note that the operator Ly has smooth coefficients, independent of ¢.

c c
K> (§,m)] < g§—4

C C C C C C
B A T LA P T L
c c c 1
< R 4.2.8
d(&m)®te® T etde,n? (428)

since K5 (&, n) vanishes for d (§,n) < £/2. Moreover, using the bounds for Y DT established in the proof of
Theorem 3.9, we have

(2,) 0 ¢ @t g c__ ¢
VIR0 < gyt WO T S e
Therefore, by (4.2.7) we obtain
Y@OE, (&,n)| < ¢ ‘ + ¢ <
B TP T
+ < ¢ + < <
d(gm@te dEm@te
c c

IN

(et )
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where we have used again the vanishing of Ks (§,n) for d (§,n) < €/2.
Hence, by Lagrange’ theorem (Theorem 2.1), (4.2.8)-(4.2.9) imply (4.2.6). This completes the proof of
Lemma 4.4 and therefore of Proposition 4.3. O

The second ingredient of the proof of Theorem 4.2 is the following inequality, which seems a standard
Euclidean result. The only difference is that the norms are based on metric balls.

Proposition 4.5. For every r > ¢ > 0 and u € C°(Ba,.(€) N St) possessing continuous derivatives 0., u and

02 . wu in By, (€) NSt for some 1 < h < q, we have

ThTh

2
HamhuHCO(BTT(E)) < 5H3§hmhu||00(35(z)) + EHUHCO(B{T(E))'
Proof. For a fixed ¢ € BT (E), let
F (@) =u(€+teey) for ¢t €10,1],

with e the h-th unit vector. Then the identity

gives

u(€+eep) —u(€) =0, u(€)+e [ (1—5)02 , u(é+ seey)ds.

ThTh

o _

Moreover, for £ = (x,t) ranging in BT (Z) and € < r, s € (0,1), we claim that
¢+ seep € By, ().

This fact is not trivial because B, are not Euclidean balls but balls w.r.t. the quasidistance d. Let us compute

d (& + seen, &) = ||v+seer, — E(t —1)T| + /|t — ]
=S |@—Et-17),["" +|(@—EB(t-1)7), +se|+/[t 7]
i#h

< (Sl B (-0, 4 ei]) o<

where we have exploited the fact that the h-th variable (for o = 1,2,...,¢) has homogeneity 1. Hence

&+ seep, € B, (€). Note also that £ and £ + seej, have the same t-component. Therefore

gsup |0y, u| < 2sup |u| + £2 sup 8ghzhu{
BT T T

B%- 27

as desired. O

We can now come to the
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Proof of Theorem 4.2. Let us first prove the result under the additional assumption that u € C2(BJ (£)).
Let Ly be as in Proposition 4.3, and choose ¢ € C§° (Bg,, (Z)) with ¢ =1 in B, (Z) To be more precise, we
can fix a “mother function” ® € C§° (Br (0)) with ® = 1 in B/, (0) and define ¢ (§) = @(E_l o ¢) so that,
by left invariance of £y and 9,, (h =1,2,..,q) the quantities

16llco (s, @) - 102 8ll o5, @) - €00l co (5 01

do not depend on the centre ¢ of the ball (they will depend on r, which however is fixed).
Applying Proposition 4.3 to u¢ we get, for every € € (0,1),h =1,2,..., ¢,

102, ull co (B @) + Nullco(prEy) < Hazh(U@HCQ(B @) T udllca(s1.8)

<ellLo(ud)llcocpr Lt 5 HU¢||CO(B (&)

q
SC@{ Y 0w, ullcogsg. @y + 1Y ulleosg, @)
hk=1

q
+ Y 10nullooisg @ + liloncog e
h=1

C
+ S llullcoss @)

(with ¢ independent of £, by the construction of ¢), by Proposition 4.5 (applied with ¢ = 1), which can be

applied because we are assuming u € C*(B7 (£)),

C
<ce Z 1 zkthHCO(Bgr(g)) Y ullcosg @) + lullcosr@) ¢+ 5 lulleosz @)
h,k=1

c
<ece Z H CEk-CEhuHCO(B;lTT(E)) + ||YUHCO(B4TT(E)) + =1 HUHCO(BIT(E)) :
k=1

Next, let u € 8% (Sr), extend it to 0 out of Sp and define its mollified version us as in the proof of
Theorem 3.11. Then us satisfies (4.2.1), however 9,, and ¥ commute with the mollification, so that

q
}; H(amhu)éHCQ(Bf(E)) + ||U6||ca(BI(E))

IN

C
€ Z 192 ) sl co 57 @) + 1Y Wsllco (57, 0 + = lusllco sz, @)
h,k=1

<e Z 107z ull oo (57 @) + 1Y ull o (57, @) +€%Hu”CU(B4TT(E))'
h,k=1

We already know that us uniformly converges to u, which is a priori continuous, on Sr_., for every g9 > 0.
The uniform bound on ||(9z,u)s ||CQ(BTT @) llusllco g (g)) implies that the functions us, (0, u)s are equicon-
tinuous and equibounded, then by Ascoli-Arzela’s theorem we can extract a sequence (9., u)s uniformly
converging to some function vy which must coincide with 0, u.
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The uniform convergence allows to get the bound

q
th 19z, 4l g (5720 ) + Itll g (570 )

q
&
<ed D 0% wlloosr @) + 1Y ulloosr, @) + 5 lulleosz @) -
k=1

Since this holds for every €9 > 0 with a constant ¢ independent of £y, we obtain (4.2.1), and we are done. O
4.8. Global Schauder estimates in space

Here we want to get global Schauder estimates on the strip S, starting with the local Schauder estimates
proved in Theorem 4.1 for functions which are compactly supported on small balls. To this aim, we will
basically make use of cutoff functions and the interpolation inequalities proved in the previous section.

We start with a brief discussion about how a control of C¢(St)-norm can be obtained starting with the
control of C%(B,(§;))-norms for a suitable family of balls {B,(&;)};.

Let us start defining, for some fixed small > 0, the seminorms

sup |f(.’E1,t) — f(fﬁg,t)‘

(21,8),(w2,t) EST |1 — 2o
0<||lz1—z2||<7

wp ) =7 ()

f o
| |CT (57) £1,62€S8T d(§17€2)a
0<d(&1,82)<r

[fles s

and let

||f||cg,,,,(sT) = |f|cg,7,(sT) + 1 fllcogsy -

Then the following holds:

Proposition 4.6. Let r > 0 and « € (0,1) be fized, then:
(i) There exists ¢ > 0, depending on a and r, such that
Ifllca(sey < cllflos (sr - (4.3.1)
(ii) Moreover, let { B, (El)}zl be a covering of St, then
‘f|cgm(ST) < SIZ}P [flee BT @) (4.3.2)
| flogse) < sup|floa sy, @) (4.3.3)
where 0 > 1 is an absolute constant.

Proof. (i) Noting that

wp 0 = f@a)

(z1,1),(w2,t)EST lz1 — 22]|®
|z1—z2||>7

2
< o fllgogsy
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we immediately derive

2
[flea(sy) < max <|fc;‘r(sT) e ||f||c°(ST)>

which in turn implies (4.3.1).
(ii) Next, for any two points (z1,t), (x2,t) € St such that ||z — @2 < 7, let (z1,t) € B,(§;,) for some
i1. Then (z3,t) € By, (&;,) for some absolute 6 > 1, and hence

‘f (xlat) — f(x27t)|

|z — 22|

< |floasr @,y -

Therefore

wp M@= (@)

(z1,t),(z2,t)EST 21 — 22]|®
0< ||z —z2|| <7

< sup |floe(p7 () »
1

which is (4.3.2). Analogously one can prove (4.3.3). O
We are now ready for

Theorem 4.7 (Global Schauder estimates). Let L be the operator (1.1.1) in St and assume (H1), (H2), (H3)
hold, for some a € (0,1).

Then, there exists a constant ¢ > 0, depending on T, «, the matriz B in (1.1.5) and the numbers v and
A in (1.1.3), (1.2.13), respectively, such that

q q
Z Haihzkuuc;(sT) + Y ull o sy + Z 10z ull oo (50 + el co(spy
h k=1 k=1

< e{I1Lullog sy + lulleogsy) }
for every u € 8% (St).

Proof. For a fixed r > 0, small enough so that the local Schauder estimates of Theorem 4.1 hold on balls
of radius 26r (with 6§ > 1 as in Proposition 4.6), let {B,(£;)}32, be a covering of Sr.

Let @ € C§°(B2or(0)) such that ® = 1 in By,(0), and let ¢;(§) = @(Z;l o ¢), so that ¢; €
cge (ngr (El)) ,¢; = 1 in By, (El) Moreover, by construction of ¢; and left invariance of Y and 0,
for k =1,2,...,q, the C® norms of ¢;, 0x, ¢i, L (¢;) are bounded independently of i. Throughout this proof
the constants involved may depend on r, which however is by now fixed.

To begin with, applying Theorem 4.1 to u¢; on Bag,(£;) we have

HaikmhuHCg(Bg"r(gi)) < Haika:h (uﬁbi)HCg(B%r(z ) <cl|L (U¢i)|C;(BQTeT(gi))7 (4.3.4)

i

where the constant ¢ > 0 is independent of the ball. On the other hand,

q
L (ugs) = (L) §s +u(Ldi) +2 Y apgdu,u- 0, i

h,k=1

hence, for some constant ¢ independent of &;,
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1L (ugi)lce Bz, €,) < C{||/3U||c;;(BZT z +Z 10, ull oo Bz, (€,)) + ”uCg(ngr(gi))} (4.3.5)

Inserting (4.3.5) in (4.3.4) and adding to both sides

q

Y 0sllca sy @) + lellon (a7 @)

k=1

(note that this quantity is finite by Proposition 4.3 (ii) since u € S° (S7)) we get:

Z 102,z ull o (57 +Z||8xku\|0a Br.€)) T lullce (7 @)
h,k=1 k=1

<c {||Eu|ca BT, (€ +Z 102, ull oo (B3, (2,)) T |u||Ca(B§9T(Z7:))}

by Theorem 4.2, for any ¢ € (0,1) (to be fixed later)

1
< cq 1Lulla sz, @ Z 102 entllosz, @) T 1YV uloo sz, @) | + = ltlloosz, @)
h,k=1

from the equation Yu = Lu — 37} | ank0;

Th lk

< c{ [1Lullca (b1, @)

t+e [ rew) Y | m“||c°(B§9T<a)>+|£“||00(ng,«<£¢>>}
h,k=1

1
IIUHC0 (BZ, (£.)) }

1
< C{ 1Lullca s,y + 16 Z 102, |CO(ST) T [ullcosy) }

h,k=1

We now fix ¢ > 0 small enough so that cc;e < 1/2, so that for every ball B, (El) of the fixed covering we
have

Z 102zl e (57 e, +Z||amku||ca 1@+l

h,k=1 k=1

O (B, (&)

< C{”ﬁ“”Cg(sT) + ull cospy } Z I ﬂ3kT«huHCO(ST) :
h =1

Finally, taking the supremum for ¢ = 1,2, 3... we get, by (4.3.2)-(4.3.2)

Z 102 el e (opy T Z 10l 1y + 12l 5
h,k=1

< C{H»CUHCg(ST) + ||U||00(ST)} Z | zkwh“HCO(sT)
hk 1
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so that

q
2
> 19zl

h,k=1

q
ce (Sr) + kz H‘?a:kUHcg(sT) + ||UHCg(ST) < C{HEuHcg(sT) + ||U||CO(ST)}
=1

and by (4.3.1) we conclude

q
102, 0 tll g sy + D 1Pertll sy + Nllasyy < e{1eullgaqsy + lullonsyy f - (4:3.6)
k=1

Finally, from the equation Yu = Lu — Zz,kﬂ ank0z, 5, u we also get

q
1Yullga(spy < ¢ 1Lullcags,y + Z 102, 2, ul
hok=1

Co(Srt)

with ¢ also depending on the Hélder norms of the coefficients a;;, and by (4.3.6)

< C{||£“Hcg(sT) + ||UHCO(ST)} :

So we are done. O
4.4. Schauder estimates in space and time

For an arbitrary set Q@ C S7, let us define the seminorms:

f (z1,t1) — f (22, L2
|f\cg(fz) = sup = oTan
(21,01),(z2.t2)€Q d (21, 11) , (%2, 2))" + [t1 — t2

(z1,t1)#(22,t2)
|f($1,t1) B f(x27t2)|
|f|cg{,,,(Q) = sup

(1 t0). (w2200 d((21,11), (w2, 82))" + [t1 — to] /7Y
0<d((.’l)1,t1),((l;2,t2))§7‘

Here the number gy is the largest homogeneity exponent in the dilations, see (1.1.7). Let also:

1fllcp @) = 1flep @) + 1 fllco@)
||f||c;§,n(9) = |f|C§fT(Q) 1 fllco ) -

Then the following holds, with a proof perfectly analogous to that of Proposition 4.6:

Proposition 4.8. Let r > 0 and o € (0,1) be fized, then:

(i) There exists ¢ > 0, depending on « and r, such that

||f||c;¥(sz) <c ”f”cgr(gz) . (4.4.1)
(ii) Moreover, let {B, (&;)}2, be a covering of ), then
[fleg, @) < suplfleesr @) (4.4.2)

where 0 > 1 is an absolute constant.
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We can now state our Holder estimate in space and time:

Theorem 4.9. Let L be the operator (1.1.1) in St and assume (H1), (H2), (H3) hold, for some o € (0,1). For
every T > 7 > —oo and every compact set K C RN there exists ¢ > 0 depending on K, 7,T, o, B,v, A such
that, for every u € S* (St) the derivatives 8§hzku satisfy the following local Hélder continuity in space-time:

2

ZTiTj

2
e 1 llovsn < e{1ullogsr) + elloossy |

In particular, even the second derivatives 8§imju are jointly continuous in St.

Proof. Fix a compact set K C RV, let T' > 7 > —oco and let ¢ () be a smooth function such that v () = 1
fort>7,¢p(t)=0fort<7—-1,0<9(t) <L

For & = (i, f), let us consider the frozen operator Lz with coefficients a;; (Z,t). Applying Theorem 3.18
to the operator Lz we get the existence of a constant, depending on K, 7, T, a, B, v but not on &, such that
for every u € 8%(St), since uwyp € S°(r — 1,T),

02z u (w1, tr) = 05 4 u (w2, t2)| < | Ly (u¥)lce (7 @) {d((xlatl) (@2, 12))" + [t — tz\a/qN}

i

for (z1,t1), (x2,t2) € K x [1,T]. However, since Lz (uy)) = ¥ Lzu — yu, we have

1Lz (W)loa (B2 ) < [VLatloa(sy) T [Pruloe sy

i

< |Lzulga(spy + ¢ luloe s

q
< Lul g (spy +Clulon s + 3 ‘[% (@, ) — ag; (-, 1) agﬂju‘cg(sﬂ.

ij=1
On the other hand, since
_ 2 2 2
s (70) = iy (0] Byl <M e Do oy 02,
<24 |22, 4 ,
o llcg (sT)

by Theorem 4.7 we conclude

33,-xju (z1,t1) — 5iixju (2172,152)‘ < C{HEUHC;;(ST) + ||UHCO(ST)} {d((l’l,h) (22, 12))" + [t — t2\a/qN} .

So we are done. 0O
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