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We consider the Virtual Element discretization of the Navier—Stokes equations coupled with the heat
equation where the viscosity depends on the temperature. We present the Virtual Element discretization of
the coupled problem, show its well-posedness, and prove optimal error estimates. Numerical experiments
which confirm the theoretical error bounds are also presented.
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1. Introduction

In this paper, we consider the stationary flow of a viscous incompressible fluid, in the case where
the viscosity of the fluid depends on the temperature. Such a fluid-thermal coupling appears in many
physical phenomena and it is involved in wide range industrial applications, e.g. cooling processes in
steel industries, industrial furnaces, boilers, heat exchangers and nuclear power plants.

Due to its importance in many practical applications, the numerical approximation of coupled
Navier-Stokes and heat equations have been widely studied. In [41] a generalized Boussinesq prob-
lem modelling the motion of a nonisothermal incompressible fluid subject to a heat source has been
discretized by means of mixed finite element methods. A spectral discretization of the Navier-Stokes
equation coupled with the heat equation has been proposed in [3], in the stationary case, and in [4] in the
unsteady one. Finite Element approximation of the time dependent Boussinesq model with nonlinear
viscosity depending on the temperature has been studied in [6]. Recently, the finite element approxi-
mation of the heat equation coupled with Stokes equations with nonlinear slip boundary conditions has
been analyzed in [35]. Finite element methods for Darcy’s problem coupled with the heat equation has
been studied in [23].

In this paper we are propose to discretize the coupled thermo-fluid dynamic problem based on em-
ploying the Virtual Element method (VEM). The VEM belongs to the family of polytopal element
methods, i.e., finite element methods that can support polygonal/polyhedral meshes and is a gener-
alization of the Finite Element method that takes inspiration from modern Mimetic Finite Difference
schemes [5, 18, 19]. In the context of fluid mechanics problems, the VEM has received substantial
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attention in the last ten years, because it can support approximation spaces preserving the underlying
physical models’ fundamental properties (e.g., the divergence-free constraint for incompressible flow
problems). More specifically, Virtual Element approximations of Stokes and Navier-Stokes equations
have been proposed and analyzed in [9, 13, 15, 16, 44]; we refer, e.g., to [11, 20, 22], for the devel-
opment of VEM for convection dominated problems. On top of the already mentioned fluid mechanics
problems, we also mention that VEMs have received substantial attention also for a wide range of prob-
lems stemming from other Engineering and Applied Science applications; we refer to the recent book
[10] where the current state of the art on the Virtual Element Method is presented, collecting contri-
butions from many of the most active researchers in this field. We also mention that, in the context
of fluid mechanics, other polytopal element methods have been also successfully developed in the last
decades thanks to their intrinsic flexibly in handling complicated geometries; we mention, for example,
polygonal FEMs, polygonal and Hybridizable Discontinuous Galerkin, Hybrid High Order methods
[2,7,8,27, 32,33, 34, 39, 40].

The remaining part of the manuscript is organized as follows. Section 2 describes the coupled
thermo-fluid dynamic problem together with the theoretical results. Section 3 is devoted to the Vir-
tual Elements discretization. The existence of discrete solutions is established in 4 whereas the a priori
convergence analysis is presented in Section 5. In Section 6 we present some numerical experiments
to test the practical performance of the proposed VEM scheme. Finally, in Section7 we draw some
conclusions.

We close this introduction with some standard notation. Let Q C R? be the computational domain,
we denote with x = (x1, x») the independent variable. With a usual notation the symbols V and A denote
the gradient and the Laplacian for scalar functions, while A, V, € and div denote the vector Laplacian,
the gradient, the symmetric gradient operator and the divergence operator, whereas div denotes the
vector valued divergence operator for tensor fields. Throughout the paper, we will follow the usual
notation for Sobolev spaces and norms [1]. Hence, for an open bounded domain @, the norms in the
spaces W, (@) and LP(®) are denoted by ||-||W]§<w) and ||-||z»(e) respectively. Norm and seminorm in

H*(®) are denoted respectively by ||-||s.o and ||s.¢, While (+,)¢ and || - || denote the L-inner product
and the L2-norm (the subscript @ may be omitted when  is the whole computational domain Q).

2. Continuous problem

Let Q C R? be a polygonal bounded domain with a Lipschitz-continuous boundary Q. We consider
the following coupled thermo-fluid dynamic problem

—div(v(®)eu))+ (Vu)u—Vp=f in Q,
divu =0 in Q,
—div(kVO)+u-Vo =g in Q, 2.1
u=20 on dQ,
%=1 on 0Q,

where the unknowns u, p and ¥ represent the velocity, the pressure and the temperature of the fluid
respectively; the function v is the temperature depending viscosity of the fluid, x is the thermal con-
ductivity, f and g stand for the the external volume source terms and ¥p is the Dirichlet datum for the
temperature.
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Equation (2.1) models the stationary flow of a viscous incompressible fluid (governed by a Navier-
Stokes equation), where the viscosity of the fluid depends on the temperature (governed by an elliptic
equation).

For sake of simplicity we here consider Dirichlet homogeneous boundary conditions for the velocity
field, different boundary conditions can be treated as well. Moreover, the analysis of the three dimen-
sional case could be developed with similar arguments. From now on, we assume that the model data
satisfy the following assumptions.

(A0) Data assumptions:

« the conductivity k is positive and bounded, i.e. there exist K, k" > 0 s.t.
0< Kk <k(x)<k" forallxeQ;
« the viscosity Vv is positive, bounded and Lipschitz continuous, i.e. there exist V., V¥, Viip > 0 s.t.

O<v, <v(¥) <Vv* for all ¥ € R,
|V(191)—V(132)‘ SV]ip|19]—192| for all ¥1,% € R;

« the external loads satisfy f € [L*(Q)]?, g € L*(Q);
« the Dirichlet datum satisfy 9p € H'/?(9Q).

Let us define the continuous spaces
V= [H(Q)], 0:=13Q) = {q € 12(Q) st / gdQ = o},
Q
r:=H'(Q), Zo:=HM}Q), Ip:={ccH(Q)sLt Ojoo = Up},

endowed with natural norms, and the forms

ay(): ExV XV SR, ay (9;u,v) = /év(ﬁ)e(u):e(v)dg, 2.2)
ar(-): ExXE R, aT(ﬁ,a):z/vaG-WdQ, 2.3)
cy(5+): VXV XV =R, cy(w;u,v) = /Q(Vu)w~vd£2, (2.4)
cr(5): VXEXE SR, cr(u; 9,0) ::/QwVﬁo'dQ, 2.5)
b(-,-): VxQO—R, b(v,q) ::/quivde. (2.6)

Notice that under the assumptions (A0) the forms are well defined, furthermore the following hold

(P0) Stability properties of the continuous forms:
e for any ¥ € X the bilinear form ay (¥; -, ) is coercive and continuous, i.e.

ay (% v,v) > v*|v|iQ, ay (V; u,v) < viulio|v|ia, forallu,veV,;
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o the bilinear form ar (-, -) is coercive and continuous, i.e.

ar(0,0) > koliq, ar(9,0) <k*[¥1glolio, foralld, o €X;
e the convective trilinear forms cy (+; -,-) and cr(+; -, -) are continuous with continuity constant Ceopy,
ie.

cy (W; u,v) < Cconv|w

CT(“Q 1976) < Cconv|u

1elulialviia, forallw,u,veV,

17Q||’L9||17Q|(7|1Q7 fOI‘al]uEV,ﬁGW,GEZQ;

e the bilinear form b(-,-) is continuous and realizes the inf-sup condition with inf—sup constant § > 0,
ie.

b(v,q) < vliallqlloq forallveV and g € O,
b(v,
09)  Blgloe forageo.
vev [Vl

The variational formulation of Problem (2.1) reads as follows:

find (u, p, %) € V x Q x Ep, such that

ay (O, u,v)+cy(u;u,v)+b(v,p) = (f,v) forallveV, @
b(u,q) =0 forall g € O, '
ar(¥,0)+cr(u;%,0) = (g,0) for all o € X.

Let us introduce the kernel of the bilinear form b(-,-) that corresponds to the functions in V with
vanishing divergence, i.e.
Z:={veV st divv=0}.

Then, Problem (2.7) can be formulated in the equivalent kernel form:
find (u,9%) € Z x Xp, such that
ay (O, u,v)+cy(u; u,v) = (f,v) forallv e Z, (2.8)
ar(%,0)+cr(u;%,0) =(g,0) for all o € Xo.

We can observe by a direct computation, that, for a fixed w € Z, the bilinear forms cy(w; -,-) and
cr(w; -,-) are skew symmetric, i.e.

cy(wiu,v) = —cy (w;v,u) forallu,veV, 29)
cr(w;%,0) = —cr(w;0,9) forall ¥, o € X. .
Therefore, for w € Z, the forms cy (w; -,-) and cr(w; -, -) can be equivalently defined as follows
1
XY (w; u,v) = 3 (cv(w; u,v) —cy(w; v,u)) forallu,veV, (2.10)
1
XY (w; 0, 0) = > (cr(w; ©,0) —cr(w; 0,9)) forall ¥, o € X. .11

However, at the discrete level cy (w; -, -) and c?,kew(

to different bilinear forms, in general.

w;-,-) (resp. cr(w; -,-) and XV (w; -, -)) will lead
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In the context of the analysis of incompressible flows, it is useful to introduce the concept of
Helmholtz—Hodge projector (see for instance [38, Lemma 2.6] and [36, Theorem 3.3]). For every
w € [L*(Q)]? there exist wy € H(div; Q) and { € H'(Q)/R such that

w=wy+V(, (2.12)

where wy is L2-orthogonal to the gradients, that is (wo, V) = 0 for all ¢ € H'(Q) (which implies, in
particular, that wy is solenoidal, i.e. divwy = 0). The orthogonal decomposition (2.12) is unique and is
called Helmholtz—Hodge decomposition, and & (w) := wy is the Helmholtz—Hodge projector of w.

Combining the argument in [3, Theorem 2.2] and the definition of Helmholtz—Hodge projector, the
following existence result holds.

Theorem 1 Under the data assumptions (A0), Problem (2.7) admits at least a solution (u,p,?) €
V X Q X Xp. Moreover the solution satisfies the bound

uli o+ ||19||%,9 < Coy <|<@(f)\%1,g + |g|2,179 + ||'9D||%/2,39) (2.13)

where the constant Ces depends on the domain Q and on the constants K., K* and v, in the data
assumptions (A0).

Assuming suitable bounds on the data of the problem and on the velocity solution it is possible to
establish the following uniqueness result [3, Proposition 2.3]

Theorem 2 Under the data assumptions (A0), there exist two positive constants Cgya and Cyop de-
pending on the domain Q and on the constants k., K" and V. in the data assumptions (A0) s.t.

if

i) the data of the problem satisfies
2 2 2 2
Cha (12 (NP 10+ 18210+ 90l 200) < 1. (2.14)

ii) Problem (2.7) admits a solution (u,p,¥) with u € qu (Q) where g > 2 and the following bound
holds
Csol Viip \u|[qu Q)2 <1 s (2.15)

then this solution is unique.

3. Virtual Elements discretization

3.1. Notation and preliminaries

We now introduce some basic tools and notations useful in the construction and the theoretical analysis
of Virtual Element Methods.

Let {Q;}), be a sequence of decompositions of the domain © C R? into general polytopal elements
E where h := supgcq, he. We suppose that {Qy}), fulfils the following assumption.
(A1) Mesh assumption:
there exists a positive constant p such that for any £ € {Q;};,
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» E is star-shaped with respect to a ball Bg of radius > p hg;
» any edge e of E has length > p hg.

We remark that the hypotheses above, though not too restrictive in many practical cases, could possibly
be further relaxed, combining the present analysis with the studies in [21, 28, 30].

Using standard VEM notations, for n € N and s € R™ and p = 1,...,+oo let us introduce the
spaces:

« P,(): the set of polynomials on @ C Q of degree < n (with P_;(w) = {0}),
o Pu(Q):={q€L?(Q) st gqlg€Py(E) forallE€Q},
o Ws(Qu):={vel?*(Q) st vlpeWs(E) forallEecQ;}

equipped with the broken norm and seminorm

W= & Wlee Dlhygy = & b, #1<p<e
EG.Q.h EGQh
P - P : _
” HWs @) max Hv” (E)> |V|WI§(Qh) = Errggl)); ‘V‘ng(E)a if p=co.

Let E € Qy, we denote with kg the diameter, with |E| the area, with xg = (xg,1,xg2) the centroid. A
natural basis associated with the space P, (E) is the set of normalized monomials

M, (E) := {mq, with |@| <n}

where, for any multi-index & = (0, o) € N?

o (xi—xpi\ % .
ma =[] » and |af ::Z{ai.
i=

i=1

Moreover for any m < n we denote with
I@n\m(E) = span{mq, with m+1 <|et| <n}.
Furthermore, we introduce the following notations: let {2 E } Ecq, be a family of forms
2 H§=1 W;_'; (E) — R, then we define
[ A
A HW[,j Qh —)R %(ul, . [) = Z %E<M17...,ug), (3.1)
J=1 EcQy,

for any u; € W;f(Qh) and j=1,...,L
For any E, let us define the following polynomial projections:

« the L2-projection ITy* : [2(E) — P,(E), given by
/ gu(v—TI%EV)dE =0 for all v € L*(E) and g, € P,(E), (3.2)
E

with obvious extension for vector functions Iy : [L2(E)]* — [P,(E)]? and tensor functions
IO : [L2(E)2  [B, (£)P*:
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« the H'-seminorm projection I} * : H'(E) — P,(E), defined by
/ Vgn-V(v—TIVEVdE =0 forallve H'(E) and g, € Pa(E),
E

/a (v—IIVEv)ds =0,
E

with extension for vector fields ITy = : [H'(E)]? — [P (E)]?.

In the following the symbol < will denote a bound up to a generic positive constant, independent
of the mesh size &, but which may depend on €, on the “polynomial” order of the method k and on the
regularity constant appearing in the mesh assumption (A1).

We finally recall the following well know useful results:

» Poincaré inequality [42, Theorem 1.3.3]

lolhaSlelia  forany ¢ € Hy(Q); (3.3)

« Sobolev embedding H'(Q) C L”(Q) [42, Theorem 1.3.4]: let 2 < p < oo, then

10l Sllellie  forany ¢ € H'(Q); (3.4)

» Polynomial inverse estimate [29, Theorem 4.5.11]: let 1 < g, p < oo, then for any E € Qy,

|PullLaey S hi/q_z/pHPnHLP(E) for any p, € P,(E); (3.5)

o Bramble-Hilbert Lemma [29, Lemma 4.3.8]: let 0 <7 <s<n+1, and 1 < g,p < oo such that
s—2/p>t—2/q, then for any E € Q,

| — Hg’E‘P|W5(E) < hjE_t+2/q_2/p|(P|W;(E) for any ¢ € W (E). (3.6)

The present section is devoted to the construction of the proposed virtual elements scheme. In
Subsections 3.2 and 3.3 we present the inf-sup stable divergence—free velocities-pressures pair of spaces
and the temperatures spaces, respectively. In Subsection 3.4 we define the discrete computable forms.
Finally in Subsection 3.5 we show the virtual elements discretization of Problems (2.7) and (2.8).

Let k > 2 be the “polynomial” order of the method. The lowest order case k = 1 can be treated as
well using a slightly different approach [9]. We recall that, in standard finite element fashion, the VEM
spaces are first defined elementwise and then assembled globally. In the following we will denote by
E a general polygon having £, edges e, while ng will denote the unit vector that is normal to JE and
outward with respect to E.

3.2. Virtual Elements velocities space and pressure space

In the present section we outline an overview of the divergence-free Virtual Elements spaces for the
Navier-Stokes equation [15, 16, 44].
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We consider on each polygonal element E € €, the “enhanced” virtual space
Vi(E) = {vh € [CY%(E)]? s.t. (i) Avy, + Vs € x' P, (E), for some s € L3(E),

(ii) divvy, € Py (E),

3.7
(iii) vy € [Px(e)]* Ve € JE, G-

. v ~ ~ =
(iv) (v =I5 Fvp, Xt Pro1)E = 0 Vi € Pr_1\k—3(E) } ;
where x* = (x2,—x;). We here summarize the main properties of the space V,(E) (we refer to [16] for
a deeper analysis).

(P1) Polynomial inclusion: [P;(E)]* C V,(E);
(P2) Degrees of freedom: the following linear operators Dy constitute a set of DoFs for V,(E):

Dy1 the values of v, at the vertexes of the polygon E,
Dy2 the values of v, at k — 1 distinct points of every edge e € JE,
Dy3 the moments of v

1
E /Evh -m mgdE for any mg € My_3(E),

where m* := t(xz —X2E, —X1 +X1E),

Dy4 the moments of divyy,
h
é/ divv, mg dE for any mgq € My_(E) with || > 0;
E

(P3) Polynomial projections: the DoFs Dy allow us to compute the following linear operators:
" Vi(E) = [B(E), T VV(E) — [P (E).

The global velocity space V, is defined by gluing the local spaces with the obvious associated sets of
global DoFs:
Vi={vw, eV st VhE € V,(E) forallE € Q,}. 3.8)

The discrete pressure space Qj, is given by the piecewise polynomial functions of degree k — 1, i.e.
On:={qn€Q st qnie € P (E) forallE€Qy}. (3.9)
The couple of spaces (V, Q) is inf-sup stable [15], and we denote with E > 0 the inf-sup stability

constant, i.e. 8 is such that

b
sup (Vi aqn)

> Bllgnllo.e for any g, € Q. (3.10)
v EV) ‘Vh|l-,Q

Let us introduce the discrete kernel

Z, .= {vh eV, st b(vh,qh) =0 forallg, € Qh} 3.11)
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then recalling (i) in (3.7) and (3.9), the following kernel inclusion holds
Z,CZ, (3.12)
i.e. the functions in the discrete kernel are exactly divergence-free.

3.3. Virtual Elements space for the temperatures

In this section, we briefly introduce the H'-conforming virtual space for the temperatures, that consists
on the so-called nodal “enhanced” virtual space [5]. We thus consider on each element E € Q, the space

S4(E) = {oh € CU(E) s.t. (i) Aoy, € P(E),
(ii) Ohle € Pi(e) Ve € JE, (3.13)

(iii) (04 — L, F oy, pr)E = 0 Vpi € @k\kfz(E) } -

We here summarize the main properties of the space X;(E) (see [3]).

(P4) Polynomial inclusion: P (E) C X, (E);
(P5) Degrees of freedom: the following linear operators Dy constitute a set of DoFs for X (E):

Ds1 the values of o}, at the vertexes of the polygon E,
D52 the values of o}, at k — 1 distinct points of every edge ¢ € JE,
Dy3 the moments of oy,

1
— / o,mgdE for any mg € My _»(E);
E] JE
(P6) Polynomial projections: the DoFs Dy allow us to compute the following linear operators:
)7 Sy(E) = Pu(E),  TIE: VER(E) — [Pt (E)].

The global velocity space ¥, is defined by gluing the local spaces with the obvious associated sets of
global DoFs:
Yy :={o, €X st OnE € Yu(E) forall E € Q},

with its homogeneous boundary counterpart
ZOJ, = {Gh €Xy st OhjoQ = 0}. (3.14)

In order to treat non-homogeneous Dirichlet data, accordingly to the data assumptions (A0), let us
consider the “quasi”-interpolant ¥p , of ¥p defined by:

pn €CY(AQ) st Uph|, € Py(e) for any edge e C dQ. (3.15)

Obviously, in case Ip € C?(9Q) the usual nodal interpolant can be employed to build Ip p.
Then the discrete counterpart of the space Xp is defined as follows:

ZDJ, = {Gh €Xy st Gh‘ag = 1.91)"}1} . (3.16)
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3.4. Virtual Element forms

The next step in the construction of our method is the definition of discrete versions of the continuous
second order forms in (2.2) and (2.3), of the convective forms in (2.4) and (2.5) and the approximation
of the right-hand side terms. It is clear that for an arbitrary function in V, or ¥, the forms are not
computable since the discrete functions are not known in closed form. Therefore, following the usual
procedure in the VEM setting, we need to construct discrete forms that are computable by means of the
only knowledge of the DoFs.
In the light of properties (P3) and (P6) we define the computable discrete forms.

e Discrete second order forms (cf. (2.2) and (2.3))

a‘€7h(‘l9h;u]1,\)]1) Z:/EV(H%E‘I%,) Hgfle(uh)ZHgLEIE(Vh)dE+S€(19h;uh,Vh), (3.17)
a (B4, 0) = /xnk VO, - TIE Vo, dE +5E (0, o), (3.18)

where the VEM stabilizing terms are given by
sE (O up, vy) = v(HOEﬁh)SV((I 0 Yy, (1T )vy) (3.19)
F (O, on) := (T " x) S5 (1 —TF) 0y, (1= T1)F)a3,) | (3.20)

and where SE(+,+): V,(E) x V4 (E) — R and SE(-,-): 4(E) x £4(E) — R are computable symmetric
discrete forms satisfying
il 5 S SE(vp,vn) < |Vh|%,E forallv e V,(E) ﬂkerH%E, 321)
(643 5 < S5 (0n,01) S loull s for all o, € T (E) Nker TI0E '

Many examples can be found in the VEM literature [12, 18]. In the present paper we consider the so-
called dofi-dofi stabilization defined as follows: let %, v, and 5;1, Oy, denote the real valued vectors
containing the values of the local degrees of freedom associated to uy, v, in the space V, and to 9, and
oy, in the space X, respectively, then

SE (up,vi) := i, -V, SE(Sy,00) == )-8y

e Discrete convective forms (cf. (2.4) and (2.5))
cﬁh(wh; up,,vy,) ::/E[Hgfl (Vuh)Hg’Ewh] ~H2’Evth, (3.22)
& (u: Oy, 03) 1= / (00w, - 10, v, 1 6, dE | (3.23)
’ JE

and their skew-symmetric formulation (cf. (2.10) and (2.11))

—

skew,E

Cyp (Wi up,vy) = (Ce,h(wh;uh,Vh)*Cg,h(Wh;Vh,uh))7 (3.24)

2
1
e Wiz O, 01) = 5 (Wi D1, 0) = cf, (Wns 0, Bn)) 3.25)
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e Discrete external forces
Fup =T f, gne =",  forallE€Q, (3.26)

The global forms, defined accordingly to the notation (3.1), satisfy the following.

(P7) Stability properties of the discrete forms:
e for any ¥ € X the bilinear form Cl\/’h(ﬁ; -,+) is coercive and continuous, i.e.

av,h(ﬁ; Vi, V) > OC*V*|Vh|iQ, av,h(ﬁ; up,vy) < a*V*\uhh,Q\th,Q,

for all uy, v, € Vy;
o the bilinear form ar (-, -) is coercive and continuous, i.e.

ar 4 (On,0p) > ﬁ*K*|Gh|%7Q7 ar (B, 0n) < B K" [%|1.0l0h1,0,

for all ¥, oy, € Xp;
e the convective trilinear forms ¢{<¥(+; -, ) and % (-; -, -) are continuous, i.e.

ci}f}jw(w; u,v) < fconv|w|1ﬁg|u|1,g|v|lyg, forallw,u,vevV,
5% (u: 9,0) < Coonvlul.0]9]1.0/0]1.0 forallu €V, 9 €%, o € Xy,

where a., a*, B., B*, @mw are positive constants depending on the domain Q, on the “polynomial”
order of the method k and on the regularity constant appearing in the mesh assumption (A1).

Remark 1 Notice that the discrete convective forms ci}fzw(-; ) cSTleW(~; -+) in (3.24) and (3.25)
represent the VEM counterpart of (2.10) and (2.11) respectively, in particular are forced to be skew-
symmetric. Indeed, even if wy, € Z;, the forms c{ih(wh; ) c’%’h(wh; ++) in (3.22) and (3.23), as
opposed to the continuous case, in principle are not skew-symmetric, since the projections can spoil
the divergence-free property of the discrete functions. Different choices for the approximation of the
trilinear forms have been proposed in [11, 20] for convection dominated problems.

3.5. Virtual Element problem

Having in mind the spaces (3.8), (3.9), (3.16) and (3.14), the discrete forms (3.17), (3.18), (3.24), (3.25),
the form (2.6), the discrete loading terms (3.26), the virtual element discretization of Problem (2.7) is
given by

find (up,, pp, On) € Vi, X Op X Xp . such that

ay (O, un, i) + 5" (s wn, i) + b (Vi p) = (£ V) v, €V,
b(up,qn) =0 Vi € Oh,

(up; On,0n) = (8n,0On) Yoy € Xo .

(3.27)

ar j(On,0n) + CSTk,ZW

Recalling the definition of the discrete kernel Z, in (3.11), the previous problem can be also written in
the kernel formulation, i.e.

find (uy, %) € Zj, x p p, such that

ay i (On, wn,vi) + S5 (uns wn,vi) = (Frovn) Vi € Zn, (3.28)

skew

arp(On,0n) + 7" (U On,01) = (8, 00)  VOR € Zope



12 P. F. ANTONIETTI, G. VACCA AND M. VERANI

4. Existence of discrete solutions

In the present section we establish the existence of discrete solutions.

Proposition 3  Under the data assumptions (A0), there exists Cex; depending on the domain Q and the
shape regularity constant in assumption (A1) s.t. if

||19D,h||1/2,9§2 S Ceximin{v*aK*} (41)

then Problem (3.27) admits at least a solution (uy,, pp,®,) € Zy x Qp X Ep . Moreover, the following
bound holds

|uh|%,9+ (| O

2 ~2 2 2 2
L0 <G (I3, + 18P 10+ 1901 2.00) (42)
where the constant @sl depends on the domain Q and on the constants K., K" and v, in the data

assumptions (A0) and the shape regularity constant in assumption (A1).

Proof . Let 19}? € Xp , be the solution of the following auxiliary problem

find 9 € Ep 1, such that

/ Vo) Vo, dR=0 Vo, € S
A |

Then, by Lax-Milgram Lemma, 19,;) satisfies the bound

197 11,0 < Call9pnlli/200- (4.3)
Notice that Problem (3.28) can be equivalently formulated as follows

find (uy,0)) € Zj, x Lo, such that
ay (O + 07, up, vi) + s (uns up, vi) = (fr,v)  ¥vi € Zi, (4.4)
ar n(Of + 07, 0n) + 5 (un; 07 + 97, 04) = (g4, 0n)  VOu € Zop-
We now prove that Problem (4.4) admits solutions. Let 1 := Z;, x Yo, and, for any (up, 19,2’) € Jlet

o0 1 - R given by

M(“hﬁ/{f)(vh, on) == ay () + ﬁha, u,,vy) +c§,lfﬁw(uh; wp,vy) — (fp,vn) “s)
+aT,h(ﬁﬁ+19/?70h) +C¥fzw(“h§ﬁf+19;?70h) — (&n> o)

for all (v;,0;,) € 3. Then employing property (P7) and the skew-symmetry of the convective forms
Y and c55¥ (cf. (3.24) and (3.25)) we obtain

o 00 (wy, ) > o Vilup|i o+ Bk |97 |1 o — 1 fnllz; w0 “6)
—lgnl-1.0l0F|-1.0 +arn(87, 07) + ™ (wy: 07, 7).
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From property (P7) and (4.3) it holds that

arn(0y,97) > —aru (97, 97)" 2 arn(97,97)"* > —B" k" Ca ||Vl 2.0 19 1.0,

~

X ~ C
Y (w07, 99) > —Ceon|| 97 1.0 [unl1.0l 05|10 > *%Cg 19pnll1 2.0l o+ 0711 q) -

4.7
Therefore inserting (4.7) in (4.6), we infer
0 . . 14
o909y, 0f) > minfon B} min v}~ 1m0 20 ) Gl o+ 197 )+
(4.8)
— (U£allZ; +1gn 10072+ B k" CallOnllij0) (sl o+ 185 ).
Let us set )
Co < min{ o, f.}
ex1 = ~ bl
CeonvCa
then from (4.1) and (4.8) we get
0 I . .
%(uh,ﬂh)(uh, 07) > Emln{oc*,ﬁ*}mln{v*, K*}(|uh|ig + |6}?|%$Q)+ @)
— (£, + 184 1. 0)' 2+ B K" CallBbnll 20 ) (sl o+ 197 )
Let
(IFallZ; +1gnl21 o)+ B* K*Call P nlli 2.0
pi=2 i (4.10)

min{ ¢, B, } min{v,, k. }

and. :={(vj,04) €3 st |uyl7 o+ 917 o < p?} then (4.9) implies

S0, 89) 20 forany (u, 35) € 0.7,

Employing the fixed-point Theorem [37, Chap. IV, Corollary 1.1] there exists (up, ;) € .77 s.t.
o O )(v;nch) =0 for all (v,05) € 3, i.e. Problem (4.4) admits solution. Let ¥, = 07 + 19,;9, then
(up, By) € Zj, x o, is a solution of Problem (3.28). Bound (4.2) follows from (4.10) and (4.3) and the
definition of ..

Finally, the existence of solutions (uy, pj, 97) € V, x Qj X Lo, of the equivalent Problem (3.27) is
a direct consequence of (3.10) (see for instance [24]). O

Remark 2 Notice that, differently from the continuous problem, in order to establish the existence
result for the discrete problem (3.27) we need that the conductivity k and the viscosity v are sufficiently
large with respect to the Dirichlet datum Up (cf. bound (4.1)). A careful inspection of the proof of
Theorem 1 (see [3, Theorem 2.2]) shows that the differences between the continuous and the discrete
case are:

1. the different construction of the (skew-symmetric) convective forms cr(u; -,-) and csTlfzw(uh; )5

2. the presence of the projection terms within the trilinear forms;
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3. the existence by the Hopf Lemma of an extension 0° of the boundary datum p s.t. |0°]1.q <
[9pl1/2,00 and ||198||Lq(9) arbitrary small (for 2 < g < +e).

Item 2 in the list above represents the main obstacle in the proof and makes condition (4.1) a peculiarity
of VEM w.r.t. standard inf-sup stable FEM.

We now investigate whether Problem (3.28) admits a unique solution. We introduce the analysis
with the following lemma.

Lemma 1 Let 05, Op2 € Xpp, let vy, € Vy, such that vy, € [W,}(Qh)]2 with g > 2. There exists a

positive constant CA”hp only depending on Q, k, and the shape regularity constant in (A1) such that for
anywy €V,

|av.1(On13 Vi, Wh) = av.i(0n2; Vi, Wi)| < CiipViip|On.1 — On2 1.0 [Vil w1 )2 Wl 1.0 (4.11)

Proof . From definition of ay(-,-) (cf. (3.17)) we have

lavn(On,15Vh,Wh) — ayp(On2; v, wp)| < Z ‘S\b;(ch,ﬁvh,wh)—SE(Gh,z;VMWh)’+
EcQy

4.12)
+ Z /E|V(H2’E6h’]) — V(HQ’EG;,QH ‘Hgfls(vh)]‘ﬂgfls(whﬂdE =M + n.
EGQh

Concerning the term 1y, from (3.19) and (3.21), and recalling property (P0), we infer

m< Y v ou1) — vy F o) |SE (1 - T yvh, (1 -0 )w,,) |
EEQh

~ Viip 0 h,l — Oh2 — 1L )vplLE U — 1L )WhLE -
Svip Y, T5" (01— 0n2) | [(1 = TR vl e | (1 = TE wy |
EGQ/I

Then employing the inverse estimate (3.5) and the Bramble-Hilbert Lemma (3.6)

-2 0, 1-2
M Svip Y g P00 (0n1 — 0n2) ey b /qIVhl[wqugh)]z (Wi,
EcQy,

LE

where p is such that 1/p+1/¢g = 1/2. Therefore, since Hg'E is continuous with respect to the LP-norm,
from the Holder inequality for sequences we infer

M S Vip Y, 110n1 = Oh2lleee) IVl e (Wal.e
EEQ/I

1/p
S V11p< Z ||Gh,1 - 0-11,2”?;:(5)) (

EcQy,

1/q , 1/2
Z |vh|([1wa(gh)]2> <Z |wh|l,E>

EEQh EE.Qh
S ViipllOna = On2lle(@) [valw) @, Wil1a-
Then, since p > 2, from the Sobolev embedding (3.4) we obtain

M S Viipl On1 = Onal1.0 Vil w2 Wal10- (4.13)
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For what concerns the term 7, in (4.12), using similar argument to that used for 1y, we have

< ¥ [V o) v o) | [T €)1 )0
EcQy,

0,E
Svip Y, 1007 (0h1 = 0n2)ller ) [valwy o, Wal1e (4.14)

EcQy,

< Viip| O = On2 1.2 Vilwy @, 2 IWhl 10
The thesis follows combining (4.13) and (4.14) in (4.12). O

We now state the following result concerning the uniqueness of the discrete solution, which is
obtained under suitable assumptions (cf. (4.15)-(4.17) and Remark 3).

Proposition 4 Under the data assumptions (A0), there exist two positive constants édm and Cy
depending on the domain Q, on k, on the constants K., k" and V, in the data assumptions (A0) and on
the shape regularity constant in assumption (A1) s.t. if

i) the data of the problem satisfies

2
Cdata (|fh|%h* + |gh|271,£2 + ||19D,h| %/2789) <l, (4.15)

it) Problem (3.27) admits a solution (wy, py,9;) with uy, € [qu (Q1)]? where q > 2 and the following
bound holds

o~

Cot Viip |41 jy1 0,2 < 1 (4.16)

then, referring to (4.2) and (4.11), this solution is unique, provided that

CeonC. Ci
K = —comest <1+ fip ><1. (4.17)

Ol Ve 6data B* K Csol
Proof . We limit to sketch the proof since it follows the guidelines of the proof of [3, Proposition 2.3].
Let (uyi,Oni) € Zj, x Xp, with i = 1,2 two solutions of Problem (3.28) and let
On:=up) —upy €Zy, Chi=On1 — 2 €Xop-

Then from (3.28), employing the skew-symmetry of the convective forms c%}fﬁw and cSTkZW, we infer

ar (s Gn) = =5 (801, G) (4.18)
and
ayp(Ona, 8,8,) = —C?/lf;w@h; w1, 8n) — (av(On1, wn1,84) — avp(Onz, un1,65)) . (4.19)
Recalling properties (P7), from (4.18) we derive

Bk |G

2 ~
1,Q S Cconv|8h

1ollPnillielhlia-
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Thus recalling that (u, |, Uy 1) satisfies bound (4.2), from (4.15)

Cconv Cest

1Ghlie < =
ddtdB* K

|64l1.0- (4.20)

In a similar way, employing properties (P7) and Lemma 1, from (4.19) we infer
(X*V*|5h\ig < 6conv|uh,l |1,Q|5h|ig +aipvlip\uh,1 |[qu @ilGilieldnlia-

Using again (4.2) and (4.15), from (4.16) and (4.20) we derive

‘6 |1 Q Chp Cconvcest

data data B* K

| h|17Q )
that is

84T <K|8nliq-
Now the proof follows from (4.17). O

Remark 3 (On (4.16)) The validity of (4.16) requires the existence of a sufficiently small positive
constant Csol, which, in combination with the validity of (4.17), asks for the existence of a sufficiently
large constant Cqara. This latter requirement turns out to be equivalent to assuming sufficiently small
data (cf. (4.15)).

5. Convergence results: a priori analysis

In present section we derive the rate of convergence for the proposed VEM scheme (3.27). We prelim-
inary recall some optimal approximation properties for the discrete temperatures spaces X 4, Xp , and
the velocities space V, that can be found in [17, 31] and [16] respectively.

Lemma 2 (Approximation property of Yo, Xpp) Under the assumption (A1) for any T € oN
HSH(Qy,) (resp. Ep NHTL(Qy,)) there exists T € o, (resp. Ep ) such that for all E € Qy, it holds

It —1llog+helt—tlie ShE Tl e
where 0 < s <k.

Lemma 3 (Approximation property of V)  Under the assumption (A1) for any v € VN [H1(Q)]?
there exists vi € V, such that for all E € Q, it holds

where 0 < s < k. Furthermore if v € Z it holds v; € Z,.

1.E ShSE+1\V|s+1.E

In order to derive the error estimates, we state the following assumption on the solutions and on the
data of Problem (2.1).

(A2) Regularity assumptions:
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« the solution (u, p, ) satisfy u € [H**1(Q;)]%, p € [H* ()], © € [HT()],
« the viscosity v, the conductivity x satisfy v(9) € W2(Qy), k € WE(Qp),
« the external loads f and g satisfy f € [H**1(Q;,)]%, g € [H*T1(Qp)).

for some 0 < s < k.

In the following Z(-) will denote a generic constant independent of %, but depending on the norms
of u, p, 9, v, k, f and g in the aforementioned spaces, on Q, on the “polynomial” order k of the method
and on the regularity constant appearing in the mesh assumption (A1).

Proposition 5 Under the assumptions (A0), (A1) and under the assumptions of Theorem 2 and Propo-
sition 4, let (u, p, ) be the solution of (2.7) and (uy,, p,, ) be the solution of (3.27). Assume that v,
and K, in assumptions (A0) are such that

~

oLV CeomvCest  CeonvCest Clip
* Vi = -
Cdata Caata  Csol Bk

>0. (5.1)

Assuming moreover (A2) the following error estimates hold:

lup —uli o+ [|0 — 1o < Z(u,9,v, k) h* + Z(f,8)h* 2,
P —pulloa < Z(u,p, v, k)1 +Z(f,g)h*">.

Proof. We preliminary observe that under the assumptions of Theorem 2 (resp. Proposition 4) and
recalling (2.13) (resp. (4.2)) the following hold

2 2 Cau 2 2 2 t
€S es
lulf o +119]1a < 2 lun|i o+ 1OnllT o < ~ - (5.2)
data Cdata
The proof follows the following steps.
Step 1. Interpolation error estimates.
Let us introduce the following error quantities
e :=u—u, op:=9—"1, p1:=p—pr,
ey =u;—uy, Oy := U — Uy, Ph =PI = Ph

where ¥ and u; are the interpolant function of ¥ and u of Lemma 2 and Lemma 3 respectively and
pr € Qy is defined elementwise by py|gp = Hgfl p forany E € Qy, (cf. (3.2)). Therefore from Lemma 3,
Lemma 2 and Bramble-Hilbert Lemma (3.6), we have

letha<Z)h’, o< Z(O)r, lprll1.0 < Z(p)h*. (5.3)

Notice now that since u € Z, from Lemma 3 it holds that e, € Z;,. Whereas from Lemma 2, o}, € X ,.
Step 2. Error equation for the temperature.
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Employing Property (P7) and manipulating the second equation in (2.8) and (3.28) we obtain

ﬁ*K*|Gh|ig < ary(0n,0n) = ar (O, 0n) — arn (S, On)
= (arn(Vr, 0n) —ar(®,04)) + (ar (S, 6,) — ar (O, 01))
= (arn(O1,04) —ar (¥, 0n)) + (C%Zw(“h; O, 03) — ¢ (u; 9, O'h)) + (8 —&n on)
=!MNa,r + Ne,r + Ng-
54
We now estimate the three terms above.

e estimate of 1, 7: we split 1, 7 into local contributions 1757. Recalling definitions (2.3) and (3.18) and
the property of the L2-projection we have

Nty = /E KTI2E Vo, - TIE Vo, dE + 5E (0, o) —/EKst-Vcth
- /E K (I Ve, — Vo) - 11 Vo, dE — /E KV (1 —TIE Vo, dE + sE (8, o)
= /E K (15, Vo, — Vo) -HgfIVcth—/E(I—Hgfl)(xvm-Voth+s‘%(19,, on).
Then from Property (P0), (3.20) and (3.21), employing Bramble-Hilbert Lemma (3.6), we obtain
Ner < (K* T, VO = VO log + (1 — 15 (5 VO o, + K[ (1 — HQ’E)15‘1|1,E) |Onl1,E

1
< (I 10 T3]+ 0= TEE) VD) o+ ) ol

Kllws E
<t (o +0lee + P 5] o

1LE -
Therefore summing the local contributions and employing (5.3) we obtain
Nagr < Z(0,K) 1 |on)1,0- (5.5)

e estimate of 1), 7: employing the skew-symmetry of cST'fZW(-; -,+) (cf. (3.25)) we have

Nes = csTleW(uh; Oy, 0p) — cSTlfzw(u; 0, 0p) JrcsTle”V(zt; B,05) — ¥ (u; ¥, 03) 56)
= —c75" (up: 07, 00) — 5 (0 — s O, 0p) + S5 (w3 9, 03) — 7V (w3 9, 0,) .
From Property (P7), bounds (5.2) and (5.3) we have
T (s 01,00) + 5 (u— w3 9,63) < Coony (a1, 0l|07][1.0 + [u—unl1 0[8[h.0) [ow]1.0
CeonvC. CeonyC.
< 2 67|10l onl 1.0+ CZ,LeSt (lerli,0 +lenli.0) |on]1.0 (5.7)
data data .

< 7|eh|1$g|6h‘17g +<%’(u, ﬁ)hs |Gh|1"g.
ata
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Furthermore employing [16, Lemma 4.3]

5 (s 9,04) — Y (w3 O, 04) < Z(u, 0) h* [on 1.0 (5.8)
Therefore collecting in (5.6), bounds (5.7) and (5.8) we obtain
CeonvC. ,
Ner < %kahh,ﬂ‘chh,ﬂ +Zu,9) 1’ |oy1 0. (5.9
data

e estimate of 1),: employing the definition of L?-projection (3.2) and Bramble-Hilbert Lemma (3.6) we
infer
Mg < Z(g) 7 |oul1a- (5.10)

Finally combining (5.5), (5.9) and (5.10) in (5.4) we get

< Cconvcest
o Cdataﬁ* K
Step 3. Error equation for the velocity.
We now analyse the velocity error equation. Combining the first equation in (2.8) and (3.28) together
with Property (P7), we have

1o+ Z(u, 0, k)b +RZ(g) . (5.11)

|onl1,0 e

o VelenlT o < av(On: en,en) = ay;(On; ur, en) — av(On: un, ep)
= (ayn(On: ur,en) —ay (9; u,ep)) + (av (9: u,en) — ay (% up, ep))

(5.12)
= (av,h(ﬁh; uj,e;) —ay(%; u»eh)) + (Ciflfzw(“h; up,ep) —C%/kew('ﬁ u,eh)) +(f = fnen)

= na,\/ +nc,V +nf

We now estimate each term above.
e estimate of 1), y: we split the term into local contributions nf_v. Recalling definitions (2.2) and (3.17)
we have

nk, ::/v(Hg’Eﬁh)l'Igfqul-HgflVeth—ks\E/(ﬁh;ul,eh)—/ v(9)Vu-Ve,dE
’ E E

- /E V(I E ) (N1, Vaay — V) -TIF Ve, dE + 55 (0 uy, e,) + 513

—/ v(ﬁ)Vu-(I—HQfl)Veth+/(v(H%Eﬂh)—v(ﬁ))VungfIVe,,dE
E E
=G

Recalling Property (P0), the stability bounds (3.19) and (3.21), and the definition of Lz—projection (3.2),
the first three sub-terms can be bounded as follows

3
Y OF < (VVITRE Vo = Vallo.g + (1= TR (v(8) V) o.g + V7 (1 = TE ur| 1) lenr
i=1

% 1
<" (lerle 10Tl =T (9) Valoe ) sl

V() lws (E)

SVihg <|81|1,E+u|s+1,E+ e |u||s+1,E) lenl1E -
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Therefore

3
Z ZCiE <Zu,v)h'les|1a-

E€Qy,i=1

(5.14)

For the term {4, employing similar computations to that in (4.14) (recalling that p is such that 1/p+

1/q=1/2) we infer
CF < ViplITTY S — Bl 1y )2 el 1.2
< Viip (|\H2’E(l9h =)y + 11— Hg’E)ﬁHLp(E)) |l g)2lenh
< Vi (1190 = Blluoey + 19 ey iz ) 1l 2 lenl e

< Viip (HGhHLP(E) +llotllzr &) + 19wy () hi) [t w1 ()2 lenl1

where we also used the continuity of the L?>-projection w.r.t. the LP-norm and Bramble-Hilbert (3.6).

From the Holder inequality for sequences and the Sobolev embedding (3.4), we infer

Y, & S vip (ol + llorllie +2(9)h°) |uly g, plenl.o-
EG.Q.h

Therefore from (5.3) and (2.15)

Y egh

EcQ, sol

1.0 +Z(0)1 ey o

for a suitable positive constant Cj;p. Collecting (5.13) and (5.14) in (5.15) we obtain

G
Nay < (u,0,v)1 |ey|1 0.

lip
Csol
e estimate of 1)y : direct application of [16, Lemma 4.3 and Lemma 4.4] yields

CoonyCes
Ney < wkhﬁ,g +Z(u)h’ |en]1 -

data

e estimate of 7)y: using the same argument used above for 1), we obtain

Ny < Z(f)1 " |enl 1

Collecting (5.16), (5.17) and (5.18) in the error equation (5.12) we obtain

CeonC. C
o Viler|io < Z(u, 0, V)E + R ()T + 2| o +

data sol

Step 4. Error estimates for the velocity and the temperature

.
P |onl1.a-

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)
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Now employing the estimate (5.11) in (5.19) we infer

R CeonvCest CeonvCest Clip
x Vk T ~ -
Ciata Caata  Csol ﬁ* K

) ler]1.0 < Z(u, 9, v, k)0 +Z(f,g)h* .
Therefore from (5.1) we get
ler|i.o < Z(u, O, v, K)h* +Z(f,g)h* . (5.20)
We finally collect the estimates (5.20), (5.11) and the error bounds (5.3) obtaining
u—upli o+ |0 — [0 < Z(u,0,v,K)h +Z(f,g)h . (5.21)

Step 5. Error estimate for the pressure.
In the last step we briefly study the convergence error for the pressures. From the first equation in (2.7)
and (3.27), simple computations yield

b(vi, pr) = b(vi, pr) — b(vi, pr) = b(vi, p) — b(vi, pr) — b(vi, pr)

= (av(On; up,vy) —ay (9 u,vy)) + (C;}fzw(uh; up,vy) — e (u; u,vh)) +

(5.22)
+(f = Fnsvn) = b(vi, pr)
=Yayv + Yev + Yr +%-
e estimate of 7y, y: the estimate of ¥,y follows the same steps for the bound of 1,y
. Ciip p
Yoy < Vi u—upliolvalio+ Co 10— lialvilio+Z U, O, v) R v q
SO.
therefore from (5.21) we have
Yoy < (B0, v, €)1+ Z(f.8) " ?) vl 1.0 (5.23)
e estimate of 7y, y: simple computations yield
Yew = (c?;lff,w(uh; wp,vy) — 5 (u; u,Vh)> + (c?fZW(u; u,vy) — ey (u; u,vh))
(5.24)

= (ci}fﬁw(uh —u; up,vp) —|—c§,1f,e1w(u; u,— u,vh)) + (ci}fﬁw(u; u,vy) — & (u; u, vh)) .

Employing Property (P7) and bounds (5.2) and estimate (5.21), we have

skew . skew
y (uy —ws wp,vp) 4y,

(s up, —u,vy) < 6conv (|ul1,0+ |unli,0) |u—urli.0|vali0

)

Cet = G
< Ceonv et +ALSt ‘u—uh|1‘§2|vh|1.9 (5.25)
Caata Cdata ) i

< (#(u,9,v, ) 1° + Z(f,8)*?) v

1.Q-
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Whereas applying [16, Lemma 4.3] we have

c?}fzw(u; u,v,) — c?,kew(u; u,vp) < Zu)h' |vylia. (5.26)

Therefore (5.24), (5.25) and (5.26) implies
Yev < (2w, 0,v,€)1° +Z(f,8) ) [vil 1.0 (5.27)

e estimate of Y5 + ¥: the term ¥y can be bounded as 1. The term 7, can be bounded, recalling Property
(P0), by Bramble-Hilbert Lemma 3.6. Then we have

T+ < (2D +Z(p) 1) [vil 1o (5.28)
Employing the inf-sup stability (3.10), from (5.23)—(5.28), we obtain

n b(v ) s s
ﬁthHO,E S sup M S%(u719ap7v7’<)h +‘%(f7g>h+2

wev, [Valio
The pressure error estimates follows from the previous bound and (5.3):
lp—pallog < 2,8, p,v, )1 +Z(f,g) B>
O

Remark 4 Note that the proposed VEM scheme (3.28) has the following favorable property that
extends to the context of coupled problems the convergence result obtained for the Navier—Stokes equa-
tion: the error components partly decouple. In fact the velocity and the temperature errors do not
depend directly on the discrete pressures, but only indirectly through the approximation of the loading
and convection terms and such dependence on the full load is much weaker with respect to standard
mixed schemes. In some situations the partial decoupling of the errors induces a positive effect on the
velocity/temperature approximation (see for instance Test 2).

6. Numerical results

In this section we present two numerical experiments to test the practical performance of the proposed
VEM scheme (3.27) and the possible advantages related to the divergence-free velocity solutions. In
the numerical tests we set k = 2.

6.1. Fixed point iteration

We describe the linearization strategy based on a fixed-point iteration adopted to solve the non-linear
coupled problem.

LINEAR FIXED POINT ITERATION
Starting from (&), p?) = (0,0), for n > 0, until convergence solve

¢ HEAT equation

{ﬁnd O+ € £p 5, such that

skew

ar (O, o) + 5 (ugy: O3 01) = (8, 0n) Yoy, € Zop,
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e OSEEN equation

find (u n+17 PZH) €V, X Oy, such that
ay (O Wt )+ Y (s T ) b ns P ) = (Frove) R E Vi

b(u™ qn) =0 Yy € Op.

Notice that at each step of the fixed-point iteration the solution uj, is still divergence-free, therefore the
linearization procedure does non affect the divergence-free property of the final discrete solution. At
each iteration we need to solve two linear systems with dimension

k(k—1)

N_DoFs HEAT =Ny + (k—1)Ng + >

NPa
k(3k—1)
N_DoFs OSEEN=2Ny+2(k—1)Ng+ — Np+1,

where Ny, Ng, Np denotes the number of internal vertices, internal edges and polygons in € respec-
tively. The dimension of the linear system for the OSEEN equation can be significantly reduced
considering the so-called reduced spaces (see [16]). We now derive the convergence of the fixed-point
iteration.

Proposition 6 Under the assumptions (A0), (A1) and under the assumptions of Proposition 4, let
(un, pu, On) be the solution of (3.27). Then the sequence {(u}},p},8})}, generated by the LINEAR
FIXED POINT ITERATION satisﬁes
1 —ull = i — n = 1 —_pt =
Jim Ju, —uplio =0 lim [ = Slio=0  lim |[py —phlloo =0.
Proof. We only sketch the proof since it can be derived using similar technique to that in the proof of
Proposition 4. For any n > 0, let us introduce the error quantities
pi=uy =y, Oy =00 =, py=ph—p
Note that 8}, € Z;, and 0]' € ;. Simple computations yield
aTh(Ghn_H GI?-H) C;!(CW( 0,0 n+1).

Therefore form Property (P7) and bound (5.2) we obtain.

C C.
B*K*|o-h+l|1 conv CSt|8 | Q (6.1)

ddtd

For the velocity we can derive the following equation

1 1 1 1 1
avn (O 8 8 = 5 (8w, 87) — (avn (97w, 817) — avn(n; i, 817 )
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Then, employing properties (P7) and Lemma | we infer

12
Vi 87 o < Coonlunli 871,018, |1Q+Cth11p|uh|W1(gh lop il 8, la-

Using (5.2) and (4.16), from (6.1) we derive

n+1 Cconvceit Cllp Cconvcest
Vil 8y 1o < —x——[8hl10+ 7‘8h|1,97
data dataﬁ* *
that, recalling (4.17), corresponds to
1851,
Therefore, since u2 =0 from (5.2), we have
é\est é\convc t -1
18310 < =—K" lophe< = — K"
Caata dataﬁ x K

Concerning the pressure we derive

b(vi, P ) = av (s wp, vir) — av (S5 w T v) +

+c§/kzw(uh; u,vp) — c?,kzw(uh, uZ“,vh)

!
= (avn(On; up,vi) — av (085 up,vi)) — av (075 857 v)

skew skew 8 n+1

—Cyn (52§"havh) Cv.h (up; Vi)

Lemma 1 implies

~

ay 5 (Ons wn,vi) — avu (O up, vi) < GipViip| o) ™! [1.alunlw) @plvalie;
whereas Property (P7) yields

—ay, (9 81 ) < @ vi I8 Ll

5 (8 wn,vn) — 5 (s 8 ) < Coon (18710l 10+ 187

Then recalling (4.16) and (5.2) from (6.3), (6.4) and (6.5), for any v, € V', we have

v Pt Gy C. C.
( mPh ) < ,\hp |6;ll+1 |1’Q + a*v* +Cconv Aest ‘82+1 est |8 |1 q.
| Vi | 1,Q Csol data data

Therefore from the inf-sup stability (3.10) and (6.2) we have

~ n+1 < 6 é‘\ezst 1 C]ip K" O K"+1
ﬁ”ph ”QQ = Ceonv =5 + = + ( )
data CsolB* K

Now the thesis follows from (4.17). [

iie) Wilie.

(6.2)

(6.3)

6.4)

(6.5)



VEM FOR THE NAVIER-STOKES EQUATION COUPLED WITH THE HEAT EQUATION 25

QUADRILATERAL TRIANGULAR VORONOI RANDOM

Figure 1. Test 1. Example of the adopted polygonal meshes.

Test 1. Error convergence In this test we examine the practical performance and the convergence
properties of the proposed scheme (3.27) in the light of Proposition 5.

In order to compute the VEM error between the exact solution uex and the VEM solution u;, we consider
the computable error quantities

err(up,H'):=sart | Y ||V —I1) Vi |3 | /|| Vitex|lo.
EEQh

err(up,L?) :=sqrt | Y |luex — T upllok | /lluexlo-
EGQh

Analogous error quantities are considered to measure the error between the exact solution .« and the
VEM solution %,. For the pressure error we take err(py,L?) 1= ||p — pillo.a-

In the present test we consider Problem (2.1) on the unit square Q = (0, 1)2, the viscosity is V() =
2 + 92, the conductivity is k(x,y) = 1, the load terms f and g and the Dirichlet boundary conditions
are chosen in accordance with the analytical solution

_ x( siny+4ycosy—uxsiny
Uex(x,y) = (—xcosy—ysiny—cosy) ’

Pex (x,y) = sin(7x) cos(4my),
Dex (x,y) = sin(47x) sin(7y) .

Notice that the viscosity v satisfies Property (P0) whenever || < ¥max. The domain Q is par-
titioned with the following sequences of polygonal meshes: QUADRILATERAL distorted meshes,
TRIANGULAR meshes, CVT (Centroidal Voronoi Tessellations) meshes, RANDOM Voronoi meshes (see
Fig. 1). For the generation of the Voronoi meshes we used the code Polymesher [43]. For each family
of meshes we take the sequence with diameter 7 = 272 9273 =4 275 276,

In Table 1 we show the dimensions of the linear systems solved at each iteration of the fixed-
point procedure and number of iterations needed for the adopted sequences of meshes. We iterate the
fixed-point procedure with the tolerance TOLL=1e-7.

In Fig. 2 we display the errors err(u,,H'), err(uy,L?), err(%,H"), err(®,L*) and
err(py,L?) for the the sequences of meshes aforementioned. We notice that the theoretical predic-
tions of Proposition 5 are confirmed, moreover we observe that the method is robust with respect to the
mesh distortion.
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QUADRILATERAL MESHES

1/h  HEAT OSEEN N.IT
4 49 147 6
8 225 643 6
16 961 2691 6
32 3969 11011 5
64 16129 44547 6

VORONOI MESHES

1/h HEAT OSEEN N_IT

4 63 175 [

8 315 823 )

16 1399 3567 6

32 5847 14767 5

64 23877 60043 6
TABLE 1

Test 1. Dimensions of the linear systems solved at each iteration of the fixed-point procedure

and number of iterations.

TRIANGULAR MESHES

1/h  HEAT OSEEN N_IT
4 129 403 6
8 605 1847 6
16 2547 7705 5
32 10331 31121 5
64 41985 126211 6
RANDOM MESHES
1/h HEAT OSEEN N_IT
4 69 187 6
8 307 807 6
16 1367 3503 6
32 5659 14391 5
64 22921 58131 6

10° 100
102 102 .»—‘-7:"""7:‘_:',.,,
& 8 J,ﬂﬁfﬁf»””
al oL T
B 10 pe e i 10 o
--err (0, H') e -e-err(0),,H")
10%F —‘—errgez,,[;;‘)) 108k e : 3 —o—errzgl.,lli;?)
— -«-err(uy, -«-err(uy,
-s-err(uy,L?) serr(uy,,L?)
. | -o-err (py, L?) . | -o-err (py, L)
10 o 10 107
h h
QUADRIALTERAL MESHES
100 10°
102F 102 s
gL " : =
e 8 —
E § =
10t o= fe-err (6, HD 104k eerr (0, HD)
. err(6),,L*) err(6),,L%)
,xrerr(uh,H“) werr(uy, H")
-o-err(uy, L?) s-err(uy;,L?)
10°F i -o-err (py, L) - o-err(pp, L)

h

VORONOI MESHES

.
107"
h

RANDOM MESHES

Figure 2. Test 1. Convergence histories of the VEM (3.27) for the adopted families of polygonal meshes.
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Fout

Figure 3. Test 2. Domain and boundary conditions description (left) and mesh with diameter 7z = 2~ (right).

Test 2. Convection-dominated transport of a passive scalar. The scope of the present test is to show
that divergence-free discrete velocity solutions might also be of advantage in coupled problems. We
investigate the behavior of the proposed method for the test proposed in [38, Example 6.6]. We consider
the following coupled problem on the domain Q = (0,4) x (0,2) \ [2,4] x [0, 1] with a flow field which
is governed by the Stokes equation

—vdiv(e(u))—Vp=0 in Q,
divu =0 in Q, (6.6)
—KAY+u-V =0 in Q,

coupled with the following boundary conditions (see Fig. 3 left)

u=(05y(2-y),0"  onTi,
(4 (y* 1)(2*)7)3 O)T on FOLI[?

y— 6.7)
u:O on 89\(Fm Urout)’

d=1 onlj,
kV3-n=0 ondQ\TI},

the viscosity is vV = 1e-2, the conductivity is Kk = 1e—6. The exact temperature solution is Uex = 1.

For the sake of the comparison with the results reported in [38, Example 6.6], the domain Q is
partitioned with a sequence of triangular meshes with diameter 7 = 2-1 272 23 2—4 25 (see Fig. 3
right).

The continuous convective form associated with the spaces satisfying the boundary conditions (6.7)
is not skew-symmetric, therefore in the discrete scheme we consider the convective form (3.23) in
the place of (3.25). Note that the heat equation for the temperature in (6.6) is convection-dominated.
However, it is worth stressing that, differently form [38], we do not employ any stabilization technique
to stabilize the discrete problem (we refer to [11, 20, 22] for the analysis of the stabilized method in the
VEM context both for the convection-dominated elliptic equations and Oseen equations). Fig. 4, Fig.
5 and Table 2 present the results of the numerical simulations. As exhibited in [38, Example 6.6] the
violation of the divergence constraint, as it appears in the classical mixed finite element, pollutes the
discrete temperature solution with strong spurious oscillations. By contrast, the proposed VEM scheme
with divergence-free velocity solution computes the temperature with high accuracy as depicted in Fig.
5 and Table 2.
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Figure 4. Test 2. Quiver of the numerical velocity u;, with h =27*.

1 1.0000000002
09 1.0000000001
1
09999999999
0.9999999998
0.9999999997
' 0.9999999996
0.9999999995

0.5890959904

04 0.9999999993

Figure 5. Test 2. Absolute value of the velocity |u| (left) and temperature 9, (right) with h = 274,

1/h 2 4 8 16 32
min(¥, —1) -7.88e-11 -2.78e-10 -2.87e-08 -4.47e-09 -3.23e-09
max(®, —1) +4.50e-11 +7.5le-11 +2.42e-08 +2.90e-09 +5.34e-09

TABLE 2 Test 2. Minimal and maximal of ¥ — 1 (DoF's values).

7. Conclusions

We presented a Virtual Element discretization of a thermo-fluid dynamic problem modeling the station-
ary flow of a viscous incompressible fluid (governed by a Navier-Stokes equation), where the viscosity
of the fluid depends on the temperature (governed by an elliptic equation). We have show the the dis-
crete problem is well-posed and prove optimal error estimates. Numerical experiments which confirm
the theoretical error bounds are also presented. Further developments may include the introduction of
uncertainty in the thermal conductivity k, based on the ideas of [25, 26] as well as the three-dimensional

extension, based on employing the three-dimensional VEM for Navier-Stokes proposed in [14].
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