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RESUME

Nous étudions la version non locale du systéme d’Abels-Garcke-Griin (AGG), qui
décrit ’évolution d’un mélange de deux fluides incompressibles. Il est constitué
du systéme de Navier-Stokes-Cahn-Hilliard incompressible caractérisé par des
densités et viscosités dépendant de la concentration, et d’un terme de flux
additionnel dt a la diffusion d’interface. En particulier, la dynamique de Cahn-
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Hilliard de la concentration (champ de phase) est gouvernée par la compétition
aggrégation/diffusion de I’énergie libre de Helmholtz non locale avec potentiel
singulier (logarithmique) et mobilité constante. Nous démontrons d’abord existence
globale de solutions fortes dans un domaine borné de dimension deux, ainsi que
leur unicité lorsque la donnée initiale est strictement séparée des phases pures. Les
points clefs sont un nouveau résultat sur le caractére bien-posé de solutions fortes de
I’équation de Cahn-Hilliard convective avec potentiel singulier et mobilité constante
sous une hypotheése intégrale minimale sur le champ de vitesse incompressible et
une nouvelle estimation d’interpolation en dimension deux pour le contréle L*(€2)
de la pression dans le probleme de Stokes stationnaire. Dans un deuxiéme temps,
nous montrons que toute solution faible, dont I’existence est déja connue, est définie
globalement, propage la régularité et converge vers un équilibre (i.e., une solution
stationnaire) lorsque ¢ — oco. De plus, nous montrons 'unicité des solutions fortes
et leur dépendance continue par rapport a des données initiales générales (pas
nécessairement séparées) dans le cas de densités égales et viscosités différentes
(i.e., the modeéle H non local avec viscosité variable, potentiel singulier et mobilité
constante). Finalement, nous donnons une estimation de stabilité entre les solutions
fortes du modele AGG non local et le modeéle H non local en terme de la différence
des densités.
© 2023 The Author(s). Published by Elsevier Masson SAS. This is an open access
article under the CC BY-NC-ND license (http://

creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction and main results

In the Diffuse Interface theory, the motion of a mixture of two incompressible viscous Newtonian fluids
and the evolution of the interface separating the bulk phases have been originally modeled by the so-called
Model H (see, e.g., [7,41,43]). This leads to the following Navier-Stokes-Cahn-Hilliard system

poru + p(u- V)u —div (v(¢)Du) + VII = —div (Vo ® V),
divu =0,

O+ - Vo = div (m(6)Vp),

p=—0¢+V(g),

(1.1)

in Q x (0,00). Here, Q is a bounded domain in R?, d = 2,3, u represents the (volume averaged) velocity,
Du = (Vu+ (Vu)T)/2 is the symmetric strain tensor, IT denotes the pressure and ¢ is the order parameter
(i.e., the relative concentration difference of the two mixture components). Also v(-) > 0 is the viscosity of
the mixture, p is the constant mixture density, m(-) > 0 is the mobility function, and ¥ is the Flory-Huggins
double-well potential defined by

U(s) = S (1 +s)In(1+s)+ (1 —s)In(l —s)) — %52 = F(s) — %32, Vse[-1,1], (1.2)

@
2
where the two positive parameters «a, o satisfy the relations 0 < « < «q. This potential, in particular,
ensures the existence of physical solutions, that is, solutions such that ¢ € [—1,1]. One of the fundamental
modeling assumptions of (1.1) is that the densities of both components match and thereby the density of
the mixture p is constant. This restricts the applicability of the model to those fluid mixtures having a non-
negligible difference between the two densities p1, p2 > 0. To overcome it, the so-called Abels-Garcke-Griin
(AGG) system has been introduced in the seminal work [9] as a thermodynamically consistent generalization
of the Model H, allowing to treat fluids with unmatched densities. The AGG model reads as follows
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F(p(P)u) + div (u @ (p(p)u+J)) — div (v(¢) Du) + VI = —div (V¢ © V¢),

divu = 0,

(1.3)
6 +u- Vo = div (m(¢)Vp),
in 2 x (0,00), where
14 1- -

p(6) =ttt Tl 3= P P (1.4)

System (1.3) is usually supplemented with the boundary and initial conditions
{u:O, Ond = O =0,  on I x (0,00), 1.5)

u|t=0 = Up, ¢|t=0 = ¢0a in 97

where n is the unit outward normal vector to 0f2.

In both Model H and AGG model, the fluid mixture is driven by the capillary forces —div (V¢ @ Vo),
accounting for the surface tension effect, together with a partial diffusive mixing. The latter is assumed in
the interfacial region and it is modeled by div (m(¢)Vu). The specificity of the AGG model compared to
the Model H lies in the presence of the flux term J. In contrast to the one-phase flow, the (average) density
p(¢) in (1.3) does not satisfy the continuity equation with respect to the flux associated with the velocity
u. Instead, the density satisfies the continuity equation with a flux given by the sum of the transport term
p(¢)u and the term J, which is due to the diffusion of the concentration in the unmatched densities case’
(see also [37] and the references therein). Notice that we recover (1.1) when p; = po in (1.3)-(1.4).

Concerning the mathematical analysis of the AGG model (1.3)-(1.5), the existence of global weak solutions
were proven in [5] and [6] in the case of strictly positive and degenerate mobility m(-), respectively. The
existence of global weak solutions has been extended in [4] to viscous non-Newtonian binary fluids (with
constant mobility) and in [31] to the case of dynamic boundary conditions (with strictly positive mobility).
The convergence of a fully discrete numerical scheme to weak solutions was shown in [42]. More advanced
issues related to the well-posedness, regularity and longtime behavior have obtained a renewed interest in
the last years. In [12], the local well-posedness of strong solutions has been proven in three dimensions for
polynomial-like potentials ¥, and strictly positive mobility. We point out that the solution in [12] may not
satisfy |¢(z,t)] <1 in the space-time domain. In [37], the well-posedness of (local-in-time) strong solutions
in two dimensional bounded domains has been obtained for the logarithmic potential (1.2) and constant
mobility. In this case, ¢ takes its values in the physical range [—1, 1]. If the boundary conditions are periodic
then the strong solutions are globally defined in time (see [37]). The case of bounded three-dimensional
domains has been investigated in [38], where the well-posedness of local strong solutions is shown. More
recently, the propagation of regularity in time of any weak solutions in three dimensions and its stabilization
towards an equilibrium state as ¢ — oo have been achieved in [8] in the case of constant mobility (see also
[2,39] for the matched density case). In the latter, the authors also discussed the global well-posedness in
bounded two-dimensional domains and the deep quench limit. We conclude this part by mentioning that
the realm of Diffuse Interface (phase field) models for fluid mixtures has been widely deepened in the past
decades. Several models have been proposed to describe binary mixtures with non-constant density relying
on different assumptions. We refer the interested reader to the models derived, e.g., in [16,36,45,51,56,59]
and the analysis carried out in [1,3,15,40,47].

! Indeed, p = p (¢) satisfies the continuity equation d;p + div (pu+J) = 0.
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The evolution of the phase-field variable in both Model H and AGG model is modeled by the local
Cahn-Hilliard equation driven by divergence-free drift. The chemical potential p in (1.3) is defined as the
first variation of the Ginzburg-Landau free energy

uc(0) = [ 5IVF + ¥(0) o (1.6)

Q

The free energy Eoc(¢) only focuses on short range interactions between particles. Indeed, the gradient
square term accounts for the fact that the local interaction energy is spatially dependent and varies across
the interfacial surface due to spatial inhomogeneities in the concentration. Going back to the general ap-
proach of statistical mechanics, the mutual short and long-range interactions between particles are described
through convolution integrals weighted by interactions kernels. Based on this ancient approach (see [55]),
Giacomin and Lebowitz ([33-35]) observed that a physically more rigorous derivation leads to a nonlocal
dynamics, which is the nonlocal Cahn-Hilliard equation. In particular, this equation is rigorously justified
as a macroscopic limit of microscopic phase segregation models with particle-conserving dynamics. In this
case, the gradient term is replaced by a nonlocal spatial interaction integral, namely

Euac(®) = [ Fo@)do =5 [ [ K@= y)o@ot) dedy, (1.7
Q Q Q

where K is a sufficiently smooth symmetric interaction kernel. As shown in [34] (see also [29] and the
references therein), the energy &, can be seen as an approximation of Ejoc, as long as we suitably redefine
U as U(z,s) = F(s) — (K % 1)(z)s%/2. The physical relevance of nonlocal interactions was already pointed
out in the pioneering paper [55] (see also [46, 4.2] and references therein) and studied for different kind of
evolution equations, mainly Cahn-Hilliard and phase field systems, see, e.g., [14,18,27,28,30,48-50]. In this
context, the nonlocal AGG model we want to analyze reads as

9 (p(¢)u) +div (u@ (p(¢)u+J)) — div (v(¢) Du) + VII = uV,
divu =0,

¢ +u- Vo =div(m(¢)Vuy),

p="F(¢)— K=*o,

in Q x (0,00), where F, p and J are given in (1.2) and (1.4). System (1.8) is endowed with the boundary
and initial conditions

{u—(), Ot =0 on 990 x (0, 00), (1.9)

uli—o = ug, Bli=0 = ¢o in Q.

Regarding the mathematical analysis of the nonlocal AGG system, there are much fewer contributions
than in the local case. The nonlocal AGG system (1.8)-(1.9) has only been analyzed so far in [22] and in
[23]. In the former, the existence of weak solutions is shown in the case of singular (logarithmic) potential
and strictly positive mobility in two and three dimensional bounded domains. In the latter, the existence of
weak solutions is proven in the case of singular potential and degenerate mobility. Another nonlocal variant,
focused on fractional diffusion, has been investigated in [10], where the authors proved the existence of
weak solutions in two and three dimensional bounded domains in the case of a singular nonlocal free energy
and strictly positive mobility. More precisely, the “diffusive” term |V¢|2 in Ey is replaced by a singular
nonlocal operator which controls the H 2 (Q) norm of the concentration ¢ for o € (0,2) (as a consequence,
A¢ in (1.3)4 is replaced by a regional fractional Laplacian). More recently, the authors in [11] have shown
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that such weak solutions converge to those of (1.3) in the setting introduced in [19]-[20]. In addition,
in [23, Theorem 3.5], the author also proved that, under suitable assumptions on the initial datum, the
kernel K, the potential F' and the degenerate mobility, the concentration function ¢ enjoys the regularity
L*(0,T; H*(Q))NH*(0,T; L*(£)) in two dimensions (cf. Theorem 1.3 for weak solutions reported below). In
particular, it is worth pointing out that the assumptions (A4) and (A1b) in [23],i.e. m(-)F"(-) € C*([-1,1])
such that m(-)F"(-) is strictly positive, allows to rewrite (1.8)3 4 as

O +u- Vo = div (m(d)F"(¢)Vp — VK * ¢), in Q x (0,00), (1.10)

where the main diffusion operator is a second-order divergence form operator with positive and bounded
coefficients. On the other hand, if m is constant (or even non-degenerate) at the endpoints 1, the prod-
uct mF"(+) no longer enjoys the typical cancellation effect seen with phase segregation phenomena when
m (£1) = 0 (see [25]). In particular, the (variable) diffusion coefficient mF"(-) in (1.10) is highly singular
and unbounded since mF"(s) = am(1 — s?)~!, owing to (1.2). To the best of our knowledge, there are yet
no results concerning the global well-posedness for the nonlocal AGG model (1.8)-(1.9) in dimension two in
the case of singular potentials and constant mobility. As a matter of fact, the same open questions remain
still unresolved even for the nonlocal Model H with unmatched viscosities and logarithmic-like potential,
which corresponds to (1.8)-(1.9) with p; = po. In fact, beyond the global existence of weak solution for
the nonlocal Model H established in [26], the uniqueness of weak solutions, their propagation of regularity
and their longtime behavior in two dimensions has been discussed in [24] and [28] in the case of constant
viscosity only.

The aim of the present paper is to present the first well-posedness result concerning the nonlocal AGG
model (with unmatched densities and viscosities) in presence of singular-like potentials and constant mobil-
ity. In fact, following [29], we consider a general class of entropy potentials, commonly employed for complex
binary particle systems experiencing long range interactions. This class generalizes the classical logarithmic
density function (1.2). Recall that the latter is uniquely generated by Boltzmann-Gibbs statistics of macro-
scopic mixing of the fluid constituents. To this end, let us first state the main assumptions, which will be
adopted throughout our analysis:

(H,) Q is a bounded domain in R? with boundary 9 of class C?.
(Hy) The interaction kernel K € W11 (R?) is such that K(z) = K(—x) for all z € R?.
(H3) F e C([-1,1]) N C?%*(—1,1) fulfills

lim F'(s) = —o0, lim F'(s)=+00, F'(s)>a, Vse(-1,1).

s——1 s—1

We extend F(s) = +oo for any s ¢ [—1,1]. Without loss of generality, F(0) = 0 and F'(0) = 0. In
particular, this entails that F'(s) > 0 for any s € [—1,1].

(H4) We assume’ that F” is monotone non-decreasing on [l — g,1), for some gy > 0 and there exist
p € [2,00) and a continuous function h : (0,1) — R, h(8) = o(6*/?), as § — 0T, such that

F"(s) < CeClF" @17, for all s € (-1,1),

111
F"(1—25)h(6) > 1, forallég%o, (L.11)

for some C' > 0 and § € [1,2).
(Hs) The mobility is constant and equal to unity, i.e., m = 1.

2 Without loss of generality we also assume that F’’ is symmetric on (—1, 1), see [29]. Other statistical entropy density functionals
(that can be more singular at +1 than the logarithmic density (1.2)) from information theory are included in this study.
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(Hg) The density values p; and po are positive. The viscosity v € W1>°(R) satisfies

0<v.<v(s)<v*, VseR,
for some positive values v,, v*.

Remark 1.1. The logarithmic convex function F' in (1.2) fulfills (Hs) and (Hy) (cf. [29]). A common form
for the viscosity is the following

1+5Jr 1—s
v
2 ) )

v(s) =1 se[-1,1],

which can be easily extended on the whole R in such way to comply with ((Hg)). Many other examples of
entropy densities satisfying (Hs) and (Hy4) (including the Tsallis entropy) can be found in [29, Sections 6.2,
6.3].

Remark 1.2. Among radially symmetric kernels K that satisfy (Hs) are Newtonian, Bessel and Riesz like
potentials. For instance, consider for = € R?\ {0}, the Bessel potential

1—s

b (|2]) = (%)23/2;_(;“325) Ze—mn <t+§> s,

where I is the Gamma function and s > 0. Note that on R?, (I — A)fs/2 v = by *v. In particular, b, behaves
as the Riesz potential, asymptotically as |z| — 07, since

_LC=9 1 4,4y, io<s<2

bs (|z]) ospsl2 M

Logarithmically behaving kernels are also included in this analysis, as

1
ba (Jal) = — - log lal (1+0 (1)), as [a] 0%,

Other smooth kernels (i.e., either Gaussian or multimodal probability density functions) are allowed. We
also refer the interested readers to [13].

Before proceeding with the statements of the main results, we report the only available result for the
nonlocal AGG system (1.8)-(1.9), which concerns the existence of weak solutions on any fixed time interval
(0, T) proven in [22]. For the sake of completeness, we report it in the original form with the non-degenerate
mobility. We refer the reader to Section 2 for functional space notation. For instance, (-,-) will denote the
inner product in L*(Q;R?) and in L*(Q; R?*?).

Theorem 1.3. Let (Hy)-(Hs) and (Hg) hold and let m € CLL(R) such that 0 < m, < m(s) < m* for all

s € R for some m, and m*. Assume that ug € L2(Q) and ¢o € L>(Q) with F(¢g) € L*(Q) and |po| < 1.
Then, for any T > 0, there exists a weak solution to (1.8)-(1.9) in (0,T) such that
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(i) The pair (u, ) satisfies the properties

u € Cy ([0, T); L2(Q)) N L2(0,T; HY, (2)),
¢ € L= x (0,T)) N L*0,T; H(Q)) with |¢| < 1 a.e. in Q x (0,T), 1.1
B, (p($)u) € LE(0,T; V2, (Q)), o € L(0,T; H(Q)), '

= F'(6) - K x ¢ € L*(0,T; H'(Q)).
(i) The solution (u, @) fulfills the system in weak sense:
<at(p(¢)u)v W>V02)H(Q) - (p(¢)u ®u, DW) + (V(¢)Duv DW) - (uv (J : v) W) = - ((bv;uﬂ W) ’ (113)
(0i¢,v) 1 (@) — (00, Vv) + (m(9) Vi, V) = 0, (1.14)
for any w € Vi ,(Q), v € H'(Q) and almost everywhere in (0,T).

(iii) The initial conditions u(-,0) = ug and ¢(-,0) = ¢g hold in Q.
(iv) The energy inequality

+ V@],

L2(Q)

B(u(0). o) + [ [Vitemiue)|

holds for allt € [s,T) and almost all s € [0,T) (including s = 0), where the total energy is defined as

E(u, ¢) = %/p(¢)|u|2dx+/F(¢)dx—%/(K*q&)qﬁdx. (1.16)

Q Q Q

Remark 1.4. The result of [22, Theorem 1] actually holds for a slightly different model than (1.8). Indeed,
the nonlocal Helmholtz free energy considered in [22] is

Efro(6 / / Ko =) (6(0) — 0))" dody + [ F(0) = P da,

As a consequence, the chemical potential is u = ap — K * ¢ + F'(¢) — app. On the other, as explained
in [28] the two problems are strictly related and [22, Theorem 1] can be extended also to the problem in
our analysis. More precisely, the two models are equivalent as long as we suppose ag(z) = a(x), where
a(x) = K * 1, and the differences in the analysis provided in [22] are related only to lower order terms.

Our first main result concerns the global existence and uniqueness of strong solutions to (1.8)-(1.9).

Theorem 1.5. Let the assumptions (Hy)-(Hg) hold. Assume that ug € H&U(Q), b0 € HY(Q), with |po| < 1,
F'(¢o) € L*(Q) and F"(¢o)Vdo € L*(;R?). Then, there exists a global strong solution (u,II,$) : Q x
[0,00) — R* x R x [~1,1] to (1.8)-(1.9) such that:
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(i) The solution (u,II, @) satisfies the properties

uec BC([()? OO); H&,U<Q)) N LLQIIOC([()? OO); VvOQ,U(Q)) N HLllloc([Oﬂ OO>; L(2r<Q))7
I € L310.([0, 00); H) (),

uloc

¢ € BCw([0,00); H'(2)) N LY

uloc

L _
([0,0o),Wl p(Q))a q= p— 9 Vpe (2700)’ (1.17)
¢ € L®(0,00; L>®(Q)) :  |o(z,t)| <1 for a.a. x€Q,Vte[0,00),
v € L>(0,00; H(Q)) N L*(0,00; L*(2)), F'(¢) € L*(0,00; H'(Q)),

1t € BCyw([0,00); H' (2)) N Lo ([0, 00); H2(2)) N Hyyoe ([0, 00); H (2)).

uloc

(ii) (u, 11, @) fulfills the system (1.8) almost everywhere in 2 x (0, 00) and the boundary condition Onp = 0
almost everywhere on 0§ x (0,00).

(iii) (u,I1, @) is such that u(-,0) = ug and ¢(-,0) = ¢g in Q.

(iv) For any T > 0, there exists 6 = §(7) € (0,1) (depending on the norm of the initial datum) such that

sup [|¢(t)[|z=(0) <1 -0 (1.18)
te[r,00)

Moreover, if we additionally assume that |¢o||L-=(q) < 1 — do, for some do € (0,1), then there exists
0* > 0 such that

sup [[¢(t)[| g o) <1 — 0" (1.19)

te[0,00)

As a consequence, Oyp € L2,.([0,00); L*(Q)), and (u, ) is unique and depends continuously on the initial

data in L2(Q) x L*(Q) on [0,T), for any T > 0. More precisely, if (u;,1I;, ¢;) is the strong solutions to
(1.8)-(1.9) originating from the initial datum (u}), #})), j = 1,2, then

T
s (8) = wa(8)[1720) + [(1(t) = d2(t) |72y < C (||U(1) —ug||72(q) + lldo — ‘%Hizm)) elo A A7 (1.20)

for any t € [0,T], where C > 0 is a constant depending on the norms of both the initial data and

H(t)=C (1 +10eu2 (Ol () + VU2 ()l 7a () + u2(t) 72 () + ||V¢2(t)||i4(m) : (1.21)

Remark 1.6 (Unique continuation property). Let us consider two strong solutions according Theorem 1.5
which depart from the same initial data with ¢y not necessarily strictly separated. If there exists 7 > 0 such
that the two solutions coincide at ¢ = 7, they coincide over the entire interval [T, c0). In fact, since both
solutions are strictly separated in [7,00) by (1.18), the claim follows from (1.20).

The strategy of our proof relies on two new tools. First, we show a novel well-posedness result of strong
solutions to the nonlocal Cahn-Hilliard system driven by an incompressible velocity field:

hp+u-Vo=Ap, p=F(p)—K=x¢, inQx(0,00), (1.22)
Onp =0, ondNx(0,00), ¢(0)=¢y, inQ.

We recall that the regularity achieved in [28, Lemma 6.1] has been obtained by assuming that

uc L*0,T; L°(Q) N HY(0,T; L2(Q)).
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To the best of our knowledge, no other results in the case of singular potential and constant mobility are
available. In Theorem 4.1, we prove the existence and uniqueness of the strong solutions (1.22) under the
solely assumption that u € L*(0,T; L2 (€2)), which holds when u just belongs to the Leray-Hopf class. In
doing so, we exploit the specific form of the chemical potential y to rewrite the apparently unmanageable

term /u - Vo opdzr (cf. (4.35)). The second tool is a new interpolation estimate for the pressure of the

Q
Stokes operator given in Lemma 3.1 which improves [39, Lemma B.2]. Once these two preliminary results

are proven, the strong couplings in (1.8) are handled through a suitable approximation scheme to obtain
global-in-time higher-order Sobolev/energy estimates. Finally, we mention that it is unlikely to study the
three-dimensional case in the functional framework considered in Theorem 1.5. Indeed, assuming that pu
and u satisfy the properties (1.17), in three-dimensions the nonlinear term (V- V)u does not even belong
to L?(0,T; L?(S; R?)).

Our second main result regards the global behavior and propagation of regularity of any weak solution.
Weak uniqueness or weak-strong uniqueness results are not available in this context, therefore we need to
exploit a different proof to obtain that any weak solution enjoys an instantaneous propagation of regularity
and converges to an equilibrium, i.e., to a stationary state as time goes to +oc.

Theorem 1.7. Let the assumptions (Hy )-(Hg) hold. Assume that ug € L2(Q) and ¢o € L>(R) with F(¢g) €
LY(Q) and |¢o| < 1. For any T > 0, we consider a weak solution (u,$) to (1.8)-(1.9) defined on Q x [0,T)
given by Theorem 1.5. Then, (u, @) is uniquely extended to Q x [0,00) and, for any T > 0, (u, @) is a strong
solution on [T,400). More precisely, for any T > 0, (u,¢) satisfies

u € BC([r,00); Hy 4(9) N Ljoe ([, 00); V2, () N Hlye (7. 00): L2 (),
IT € L2, ([, 00); Hiy ().

uloc

e’} . 1 . 1,p _ _r 00
¢ € L (7,00 HY (@) N Lo, ([ 00l WH(Q), q= 275, Vp € (2,00), (1.23)

¢ € L™®(1,00; L=(Q)) . |d(z,t)| <1 for a.a. x € Q, Vit € [1,00),
Op € L (7,00, H'(Q)') N LP(7,00; L*()), F'(¢) € L=(7,00; H' (),
p € BCy([1,00); H () N Lijoc([7,00); H2(Q)) N Hyyoo ([, 00); H(2)'),

uloc

and the energy identity

ey T IVi()[72(0)) ds = E(u(r), (7)) (1.24)

B(®).00) + [ [VileEiDuGs),

holds for every 0 < 7 < t < co. Moreover, there exists a constant 6 = §(7) € (0,1), also depending on ¢q,
such that

sup  [[¢(t)|loe ) < 1—6.
te[r,+o00)

If, in addition, F is real analytic in (—1,1), then (u(t), ¢(t)) = (0, dso) in L2(Q) x L®(Q) as t — 400,
where ¢oo € L°(Q) N HY(Q) is a solution to the stationary nonlocal Cahn-Hilliard equation

Fl(¢00)_K*¢oo:Mooa in £,
1 _z (1.25)
I9] Q/(boo(x)dx—(bo, loo € R.
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Remark 1.8. The convergence to a single equilibrium stated in Theorem 1.7 also holds for the global strong
solutions constructed in Theorem 1.5.

Let us now consider the matched densities case, i.e. p = p; = p2. Both Theorems 1.5 and 1.7 remain true
for the nonlocal Navier-Stokes-Cahn-Hilliard (NSCH) system with unmatched viscosities, singular potential
and constant mobility (also called nonlocal Model H, see [24,28]). Thanks to the aforementioned novel
interpolation result (see Lemma 3.1 below), we prove the following continuous dependence estimate for
strong solutions to the nonlocal NSCH. In particular, this guarantees the uniqueness of strong solutions
(not necessarily “separated” as in Theorem 1.5) to the nonlocal NSCH system. This result has been an open
question since [24] where only the constant viscosity case was considered.

Theorem 1.9. Let the assumptions (Hy )-(Hg) hold. Suppose that (uy, Iy, ¢1) and (ug, s, ¢2) are two strong
solutions given by Theorem 1.5 with constant density p = p1 = pa > 0 corresponding to the initial data
(ud, #5) and (u2, ¢3), respectively. Then, there holds

() = w2 (t) 2 gy + 161(5) = G2(8) 371
1.26)
-1 -2 -1 —2|2 (
< C (Iud = w3121 g + 165 = GFl3cay ) €5 + R G — Bo| 5 + Ct |8 — Go | 5,

for allt > 0, where

t
=0 [ (14 I sy + el + 1 Dus(s) sy + V1)) ds
0

and

t
= [ (1P Gl + 1 (@) 12c@) ds
0

as well as some positive constant C' depending on the norm of the initial data.

Finally, we estimate the difference between the strong solutions to the nonlocal AGG model and the
nonlocal Model H originating from the same initial datum, in terms of the density values. In particular, the
following result gives a rigorous justification of the nonlocal Model H as the constant density approximation
of the nonlocal AGG model:

Theorem 1.10. Let the assumptions (Hy)-(Hg) hold. Given an initial datum (ug, ¢o) as in Theorem 1.5, we
consider a strong solution (u,II, @) to the AGG model and the strong solution (ug,y,dy) to the AGG
model with constant density p > 0 (nonlocal Model H). Then, for any given T > 0, there exists a constant
C > 0, that depends on the norm of the initial datum, the time T and the parameters of the systems, such
that

+
+‘p1 P2 pD. (1.27)

pL—p
sup (t) w0+ sup 1900 - H<t>||H1<ngc(‘ L)y |t

t€[0,T] 2

Remark 1.11. Assuming that p; = p and ps = p + ¢, for some (small) € > 0, estimate (1.27) reads

sup |lu(t) —up(t)l g1 ) + sup [|¢(t) — ()|l @) < Ce.
t€[0,T] te[0,T]
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2. Mathematical setting

Let © be a bounded domain of class C? in R%. The Sobolev spaces of functions u : @ — R and of
vector fields u : Q — R? (d € N) are denoted by W*P(Q) and W"?(Q; R?), respectively, where k& € N and
1 < p < oo. For simplicity of notation, we will denote their norms by || - [y +.»(q) in both cases. If p = 2, the
Hilbert spaces W*2(Q) and W*2(Q;RY) are denoted by H*(Q) and H*(Q;R?), respectively, with norm
|| Il 77 (2)- We will adopt the notation (-, -) for the inner product in L*(2) and in L*(£; R?). The dual spaces
of WHP(Q) and WFP(Q; R?) (as well as H*(Q) and H*(; R?)) are denoted by WP (Q)" and WP (Q; RY)’,
respectively, and the duality product by (-, )wrr) and (-, -)wr.r(o;re). In addition, we define the linear
subspaces

Li)(Q) = {u cL*(Q):u= wl) 0}, H)(Q2) = H'(2) N L, ()
and
Hgh@) = {u cHY(Q) (7= (u,1) = o} :

endowed with the norms of L?(Q), H'() and H'(Q)’, respectively. By the Poincaré-Wirtinger inequality, it
1

follows that (||Vu||2LQ(Q) + [@[*)® is a norm in H'((2), that is equivalent to ||u|| 1 (). The Laplace operator

Ag : H(lo)(Q) — H(_O)l(Q) defined by (Agu, v)H(lo)(Q) = (Vu, Vv), for any v € H(lo)(Q), is a bijective map

between H(lo)(Q) and H(B)I(Q) We denote its inverse by N' = A" : H(B)l Q) — H(lo)(Q), namely for any
u€ H(B)l (Q), Mu is the unique function in H(lo)(Q) such that (VNu, Vv) = (u, v)Hgo)(Q) for any v € H(lo)(Q).
As a consequence, for any u € H(B)l(Q), we set ||ull« := [[VNul||L2(q), which is a norm in H(_O)l(Q), that is

1
equivalent to the canonical dual norm. In turn, (|lu —a||? + [@|*)® is a norm H'(Q)', that is equivalent
to ||u|| g1(q)y . Moreover, by the regularity theory for the Laplace operator with homogeneous Neumann
boundary conditions, there is a constant C' > 0 such that

Lastly, we report the following Gagliardo-Nirenberg and Agmon inequalities

1 1
lullzea) < Cllul g lullZ o Vue H'(Q), (2.2)
1 1
lull e @) < Clull gyl 2y Vue H2(Q), (2.3)
1 1
lullwrs@ < Cllullie g lulfy: Ve H2(Q), (2.4)

for some suitable constants C' > 0 depending only on €.
Next, we introduce the solenoidal function spaces

LE(Q) ={ue LP(QR?) :divu=0in Q, u-n=0o0n 00N}, Vpe (1,0),
Wolf(Q) ={ue WH(Q;R?) :divu=0in Q, u=00n 90}, Vpe (1,00).

We recall that LZ(Q) and Wol”f () corresponds to the completion of C§%,(2;R?), namely the space of
divergence-free vector fields in C5°(Q;R?), in the norm of LP(Q;R?) and W?(Q;R?), respectively. For
simplicity of notation, we will also use ||-||z»(q) and || - [[iw1.»(q) to denote the norms in L () and Wol,’f(Q),
respectively. The space Hj ,() = Wolf (€) is endowed with the inner product and norm (u,v)pg; () =
(Vu, Vv) and [[uflz; (o) = [[Vullz2(q), respectively. By the Korn inequality,
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[Vullzz@) < VallDull2@) < V2IValz),  Vu e H, (). (25)

The Stokes operator is A = —PA, with domain D(A) = V7, (), where Vi, (Q) := H*(;R?) N H} ()
and P is the Leray orthogonal projector from L?(Q2) onto L2 (). We denote by A™! the inverse map of the
Stokes operator. In particular, A" is an isomorphism between H; " (Q) = H; (€)' and H; ,(£2) such that,
for any u € H;'(Q), A~ u is the unique function in H&U(Q) such that (VA 'u, Vv) = (W, v)py () for
any v € Hj (). Then, it follows that |lull; := [[VA ™ u| 12(q) is an equivalent norm on H;'(f). By the
regularity theory of the Stokes operator, there exists a constant C' such that

[ullgz2) < CllAu||2), Yu € Vi, (). (2.6)

Then, we define [ullyz (o) = [[Aul|r2(q), which is a norm in VO%U(Q), that is equivalent to ||ul|g2(q).

Let X be a real Banach space and consider an interval I C [0, 00). The Banach space BC(I; X) consists
of all bounded and continuous f : I — X equipped with the supremum norm. The subspace BUC(I; X)
denotes the set of all bounded and uniformly continuous functions f : I — X. We denote by BCy(I; X)
the topological vector space of all bounded and weakly continuous functions f : I — X. If I is a compact
interval, then we simply use the notation C(I; X) or Cy,(I; X). The set C5°(I; X') denotes the vector space of
all smooth functions f : I — X whose support is compactly embedded in I. Given p € [1, 00], the Lebesgue
space LP(I; X) denotes the set of all strongly measurable f : I — X that are p-integrable/essentially
bounded. In particular, L, ([0, 00); X) is the set of all strongly measurable f : [0,00) — X such that

uloc

1Al

uloc

([0,00);x) = SUP || fll Lace,e41,x) < 00
t>0

The Bochner spaces W'P(I; X) consists of all f € LP(I; X) with 0;f € LP(I; X). If p = 2, then H'(I; X) =
W2(I; X). In a similar way, we also define H},.([0,00); X).

In the following sections, we will denote by C' a generic positive constant, which may even vary within
the same line, possibly depending on {2 as well as on the parameters of the system.

3. Interpolation estimate for the L*-norm of the pressure in the Stokes problem

The regularity theory of the Stokes operator ensures that, for any f € Li Q) c LQ(Q;RQ), there exist
u=A"'fe Vg, () and P € Hiy () such that

—Au+VP =1 ae inQ. (3.1)

We refer the reader to [32] and the references therein for the comprehensive theory. The LP-norms of
the pressure P are usually controlled by the norms of negative Sobolev spaces of the external force f
(see, for instance, [32, Lemma IV.2.1]). Notwithstanding these results are sharp from the viewpoint of
the regularity theory of steady Stokes flows, an estimate of the LP-norms of P in terms of the norms in
HHQ) = (H&U(Q))’ and in L2(Q) of f is more effective for some purposes in the context of evolutionary
Navier-Stokes flows. A first interpolation result for the L?-norm of the pressure P was established in [39,
Lemma B.2]. We present a novel interpolation result for the L*-norm of the pressure P, which improves the
one in [39, Lemma B.2]. This is essential to perform some crucial estimates in the sequel in order to deal

with the low regularity guaranteed by the nonlocal setting.

Lemma 3.1. Let Q be a bounded domain in R? of class C2. There exists C' such that
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1 1
1PNy < CIVAT 72 IflFaqy  VE € LT(Q), (3.2)
where P is the pressure in (3.1).

Proof. We know from [32, Lemma IV.2.1]) that there exists C' such that
1Pl < Clifllw-140); (3-3)

where W14 (Q; R?) = (W %(Q R?))" and Wolg (Q; R?) is the completion of C§°(€; R?) with respect to the
4

norm of Wl’%(Q; R?). In order to estimate the right-hand side in (3.3), let us consider v € W01’3 (4 R?).

By using the integration by parts and the properties of P, we have

(f,v) = (]P(fA)Aflf,v):((fA)Aflf,JPv):(VAflf,VPv)f/(VAflfn) ‘Pvdo.  (3.4)
o0

Since f € L2(9), we observe from (2.6) that |A™"'f||s2(q) < C|/f||12(q). By using this fact, together with

4
(2.2) and the continuity of the projection operator P from Wol’ 3 (€;R?) onto whs (% R?)NLA(Q), we easily
infer that

(VAT VPV) < |[VA™ || (o B, ——

< C|VA~ 1f||L2 )||f||L2(Q)||V|| 3(9)

Next, by the interpolation trace estimate, there exists C' such that

||f||L2(6Q) S C||f|\zz(g)||f||§1(g), Vf S Hl(Q) (3~5)

Furthermore, we also report the following trace estimate (see [32, Thm IL.4.1], withn =2, m =1, ¢=4/3
and r = 2): there exists C' such that

[ fllz2(a0) < CHfHWl'%(Q)’ Vfewhs(Q). (3.6)

Thus, exploiting (3.5) and (3.6), together with (2.6), we obtain

/ VA 1fl’l -Pvdo SC”VA_lfHLz(aQ)||]P>VHL2(3Q)
Q

1 Pt
< CIVA ] ey VA8 7 0 | PV

whi(Q)
< CITA a8l V1,5
@'
Therefore, we deduce that
£ - EVL opva- )2 7
sy = s 0 < CITA M 81 (37)
0£vVEW, 3 (R?) W3 ()

which entails the desired conclusion in light of (3.3). O
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Remark 3.2. A similar result can be obtained in the three-dimensional case. Replacing the L*-norm with
the L3-norm of P and exploiting the corresponding Gagliardo-Nirenberg and trace estimates in dimension
three, one can repeat word by word the arguments of the above proof to obtain

1 1
1Plsc@) < CIVAT | g [l ey VE € Z2(Q).
4. The nonlocal Cahn-Hilliard equation with divergence-free drift

Let u be a divergence-free vector field. We consider the initial-boundary value problem for the nonlocal
Cahn-Hilliard equation with divergence-free drift

Op+u-Vo=Apu, p=F(¢)—Kx¢p  inQx(0,T),
Onp =0, on 9 x (0,7), (4.1)
(-, 0) = ¢o, in Q.

We present herein novel well-posedness and regularity results under minimal assumptions on the velocity
field for the system (4.1) (cf. with the analysis in [28]). Beyond its own interest per se, these statements will
play an essential role in the proof of Theorem 1.5.

Theorem 4.1. Let the assumptions (Hy)-(Hs) hold and let T > 0. Assume that u € L*(0,T;L%(Q)) and
do € L>=(Q) with F(¢g) € L*(Q) and |[¢o| < 1. Then, there exists a unique weak solution to (4.1) such that

¢ € C([0,T); L(Q)) N L0, T; HY(Q)) n H'(0,T; H(Q)),
HEL®Qx(0,T): b <1 ae inQx(0,T), (4.2)
p e L*(0,T;H' (), F'(¢) € L*(0,T; H' (),

which satisfies

(0:0,0) g1y — (P, Vo) + (Vp, Vo) =0, Vv e HY(Q), a.e. in (0,T),

(4.3)
pw=F'(p)— Kx*¢p, ae inQx(0,T),
and ¢(-,0) = ¢o almost everywhere in Q. The weak solution fulfills the energy identity
t t
Euacl0(®) + [ 19ur) 3y dr+ [ [6u-Vndedr = Guuclon), Vo€ 1) (@)
0 0 Q

In addition, given two weak solutions ¢' and ¢* corresponding to the initial data qS(l) and gbg, respectively,
we have

o' — ¢2||C([07T];H1(9)')
(4.5)

J— - 1 J— J—
< (}|¢3 ~ 8Bl z1 0y + |08 — B8] WA o,y + CTH |08 - ¢8]> exp (C (T + als oz, )

for allt € [0,T], where A =2 HF’((Z)l)HLl(Q) + 2 HF’ (¢2)HL1(Q) and C only depends on o, K and €.

Furthermore, the following reqularity results hold:



60 C.G. Gal et al. / J. Math. Pures Appl. 178 (2023) 46-109
(i) If additionally ¢o € H'(Q) such that F'(¢o) € L*(Q) and F"(¢o)Vo € L*(Q;R?), then

¢ € L>®0,T;L>°(Q): |ox,t)] <1 foraa ze€QVtel0,T],

€ L0, T; H(Q)) N LI0, T; W'P(Q)), q= z%’ Vp € (2,00),
0yp € L*0,T; H(Q)) N L2(0, T; LA(Q)), (4.6)
p € L>®0,T; HY(Q)) N L*(0,T; H*(Q)) N H'(0,T; H*(Q)),

F'(¢) € L*™(0,T; H'(Q)), F"(¢) € L>(0,T;L*(Q)), Vpe[2,00).

In particular, we have the estimates

IVl L= 0,712 (0))

1

2

T
< | 1F"(¢0)Vdo — VE 5 ol 20y + C /||U(T)||2Lz(m+||VM(T)||i2(Q)dT
0
T
X exp C/\|u(7)\|‘i4(9)d7 =: =,
0

T
/ 100220 + [T s g I
0
T
2
<C {17 (00)V00 = VE * 6ol + € [ uDle + Va0 ey dr | (@48)
0

T t
< (14 / [a(r)[4s dr | exp | © / Ja(r)l|4s o dr | = 55,
0 0

and the bounds

leell Loe 0,501 (90)) + Dl Lo 0,752 (90)) + 1F (D) || o< (0,501 (20)) < Q (€0, Ens || K [lwrr ey, Q)

||FH(¢)||L°°(O,T;LP(Q)) < Q (pa%a Ela a, ||KHW111(R2)a Q) ) VP € [27 00)7
— 2p
ol Lago,rsr)) < Q(d0,E1, 2, 0, | K|l wrar2), .T), q= o2 Vp € (2,00),
lell 20,75 m2(0)) + 10l 20,301 (0)) < Q (0, B1, B2, o, || K [wia r2), 0, T)
(4.9)
where C only depends on o, K and ) and Q is a generic increasing and continuous function of its

arguments. Moreover, if u € L>(0,T; L2(Q)), we also have 8;¢ € L>=(0,T; H*(Q)').

(ii) Let the assumptions of (i) hold. Suppose also |do||L=(ay < 1 —do, for some 6o € (0,1). Then, there
exists 6 > 0 such that

sup [[(t)[|pe () <1 0. (4.10)
t€[0,T]

As a consequence, O;u € L*(0,T; L*(Q)) and u € C([0,T); H(Q)).
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Remark 4.2. The existence of (at least) one weak solution to (4.1) satisfying (4.2), (4.3) as well as (4.4)
holds under the milder regularity u € L*(0,7; L2(9)). We refer the reader to the proof of Theorem 4.1 (see
below).

Remark 4.3. In the case (i) above, the assumption ¢g € H 1(Q) can be relaxed by only requiring that V¢ €
L},.(Q). Indeed, it implies that V¢, is measurable. Then, |[V¢o| r2(q) < oo follows from F”(¢)Vo €
L?*(Q;R?) due to the strict convexity of F. Besides, our set of assumptions in the case (i) entails that
F'(¢o) € H(Q) (similarly to [21, Theorem 4.1]). In fact, we first observe that the chain rule VF'(¢q) =
F"(¢0)Vo holds almost everywhere in Q. More precisely, by exploiting the approximation (;5]5 of the initial
datum provided in the proof of Theorem 4.1, it can be shown (cf. also [44, Lemma 3.2]) that

/F'((bo)@igod:r = lim /F’(gblg)@icpd:c = — lim /F”(gb’g)ﬁiqbgcpdx = — lim /F"(¢0)3i¢0<pdx
k— o0 k— o0 k— o0
Q Q Q Q

for any i = 1,2 and ¢ € C5°(Q2). Then, owing to this, we immediately infer that F'(¢g) € H'(2). On the
other hand, by the previous reasoning together with the Fatou lemma, it is possible to show that ¢g € H'(Q)
with F’(¢o) € H'(Q) guarantees that F”(¢o)Veo € L*(Q;R?).

Remark 4.4. In the case (i), the separation property holds for positive times. More precisely, for any 0 <
7 < T there exists § = §(7) € (0, 1) such that it holds

sup [[¢(t)|lpe) < 1—6. (4.11)
te[r,T]

Although we only have ¢g € H 1((2), thereby ¢ might not be strictly separated. Nevertheless, since p €
L*(0,T; H*(Q)) and K ¢ € L=(Q2 x (0,T)), we observe that F’(¢) € L*(0,T; L°(R)). In turn, this implies
for any 7 > 0 there exists 7° € (0,7) such that F'(¢(7*)) € L*(Q), which gives ||¢o||r (o) < 1. Thus,
(4.11) also follows from (ii).

Remark 4.5. In light of the assumptions in Theorem 4.1, while in the case (i), the assumption ||¢o|| ) < 1
in (ii) is ensured if (additionally) ¢o € WP(Q) for some p > 2. In fact, by Remark 4.3, F'(¢o) € H'(Q).
Then, the Trudinger-Moser inequality and the assumption (Hy) (exactly as in [28, Theorem 5.2]) ensure
that F"(¢o) € L"(Q) for every r € [2,00). Thus, by the chain rule in Remark 4.3, we conclude

IVE' (o)

se@) S NP @0l 2 o 1960l gy < o0, where s € (2,p)

Since s > 2, F'(¢g) € W'*(Q) < L>(2) implies that the initial datum ¢ is strictly separated from =+1.

Remark 4.6. The existence of a weak solution to (4.1) and the first part of the regularity result (cf. (i)
above) of Theorem 4.1 can be readily extended in three dimensions by requiring that u € L*(0, T; LE()).

Proof of Theorem 4.1. The proof is divided into several steps.

Uniqueness and continuous dependence estimate. Let us consider two weak solutions ¢! and ¢? satisfying
(4.2) and (4.3), and originating from two initial data ¢§ and ¢3 (where possibly ¢f # ¢2). Setting ¢ = ¢* —¢*
and p = F'(¢") — F'(¢*) — K * ¢, it is easy to realize that

(00, v) i1 () — (Pu, Vo) + (V, Vo) =0, Vo€ H'(Q), ae. in (0,7). (4.12)

Taking v = N (¢ — ¢), we find
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o7+ (w- V6N (0~ 8)) + (16— 5) =0.

N | =

Exploiting (Hs) and (Hj), together with Young inequality, we have

(10— ) = allglz) — (F' (¢") = F' (¢°),¢) — (K ¢, 6 — ¢)
= al|g)F2iq) — (F/ (¢") — F' (%) ,9) — (VK % ¢, VN (¢ — ¢))

> a6l ) — (F' (6") = F/ (6%),8) = [ K llwrs )6l 2o |6 — 9], (4.13)
3 _ .
> 20612200 — Clo — 31 — [T~ | (1P @) liry + 1P (6 |ace)
Concerning the convective term, by (2.1) and (2.2), we obtain
(w6, YN (6= 3))| < Cllullzaal8llz2@) [VA (6= 8) |y 16 = 122 e
< 519122 + CllulEay (161 +C[8]) lo - 3., (4.14)

< Zl61320) + Cllulltaey [l = 3]} + 18]

Then, recalling the conservation of mass, i.e. ¢7(t) = ¢} for all t € [0, 7] and i = 1,2, we are led to

d — — )2
&‘WH%{I(Q)’ +alglz) < C (1 + ||u||i4(9)> [6/71 0y + A |2(0)] + C [6(0)]",

where A = 2 HF’ (¢1)HL1(Q) + 2 HF’ (¢2) HLl(Q)' Therefore, an application of Gronwall’s Lemma implies
(4.5), which, in particular, entails the uniqueness of the weak solutions.

Definition of the regularized problem. Let us consider a sequence {u*},cn € C5°((0,T); Coo (2 R?)) such
that u* — u in L*(0,T; L}). We assume first that ¢o € H'(€2) N L*(Q) with ||¢o| () < 1 and |o| < 1.
For any k € N, we introduce the Lipschitz function hi : R = R, k£ € N such that

1 1
14 < -1+~
to s + o

1
hi(s) = < s, 36{—1—1-%,1—%],

1
1- 2 S1— -
K 5 k

We define ¢f := hi(¢). It follows from the Stampacchia superposition principle [52] that ¢f € H'(2) N
L>() such that V¢t = Vo X[-1411-11(¢0) almost everywhere in €2, where x 4(+) is the indicator function
of the set A. By definition, we have

|86] <ldol, |Ves| <V, ae inQ. (4.15)

As a consequence, we infer that ¢f — ¢o in H'(Q) as k — oo. Observe also that ’d)_’g’ — |%| Then, there
exist @ > 0 and k > 0 such that

‘qb_’g‘ <l-w, VYEk>Fk (4.16)

Thanks to Theorem A.1, there exists a sequence of functions {¢*, u*}ren satisfying
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¢ e LT HN QN LX) s sup |65 (0)]l ey < 1

te[0,T]
2p
Fe 190, T, WP (Q = 2
90" € L=(0,T; H'(Q)) N L*(0,T; L*()),
pt e C([0,T); H'(Q)) N L*(0, T; H*(Q)) N H'(0,T; L*(2)),
where ;€ (0,1) depends on k. The solutions satisfy
D" +ub - VoF = Ak, 1 = F'(¢F) = K+ ¢%, ae inQx(0,7T). (4.18)

In addition, dpu* = 0 almost everywhere on 9Q x (0,T) and ¢*(-,0) = ¢f almost everywhere in Q.

Energy estimates. Integrating (4.18); over © x (0,¢) for any ¢ € (0,T], we obtain the conservation of mass
OF(t) = ok, Vtel0,T). (4.19)

We multiply (4.18); by p* and integrate over Q. By exploiting the convexity of F, the regularity (4.17) and
[18, Proposition 4.2], we obtain

d
aé’nloc((bk) + /uk - VoF uF da + / |V,uk|2 dz =0. (4.20)
Q Q

Since divu=01in Q2 x (0,7) and u-n =0 on 99 x (0,T), by using the uniform bound ||¢k(t)HLoc(Q) <1,
we find

1 1
/“k'vwﬂkdx = /uk~Vuk¢’“dx Si/IVu’“I2dx+§/lu’“l2dx.
Q 0 Q Q

Then, we easily infer from (4.20) that

t t
1 1
gnloc(ék(t)) + 5 / ”V:u’k(T)H%Q(Q) dr < gnloc((bg) + 5 / ||uk(7)‘|%2(9) dr, Vte [07T] (421)
0 0

We observe that 0 < F(s) < C, for s € [-1,1]. By the Young inequality, we also have that |(K *u,u)| <
1 K || 212y l|ul| (o 1wl Lo () for any w € L*(Q2). Therefore, we simply deduce that

T T
J 19 @@y dr < 0+ [ It (Dl dr (1.2
0 0

where C' depends on 2, F' and K, but is independent of k. Along the proof, we will adopt the same
agreement for all the other constants C appearing in the following subsections. Next, we compute the
gradient of (4.18),. In light of the regularity (4.17), we notice that F’'(¢*(t)) € H'(Q) almost everywhere
in (0,7) and, in particular, VF'(¢) = F"(¢*)V¢ almost everywhere in Q x (0,T) by the Stampacchia
superposition principle [52]. Then, by the convexity of F', we have

2
/ [P ()VeH | dx < Vit + VK * 6 2. (4.23)
Q
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Thus, we infer from (H>) and the uniform L° bound of ¢* that

IV¢*ll 20y < C (1 + IVE | r2(e)) - (4.24)

Thanks to (4.22), the above inequality entails that

T T
J IV @@ dr < 0+ 1)+ C [ 071200y 0. (4.25)
0 0

In addition, by duality in (4.18), we easily infer that

10:0" | 0 < 0¥ || 220) + [IVEF | 2 () (4.26)
which implies that
T T
/ 106" (7|22 oy A < € + / ()22 - (4.27)
0 0

Existence of weak solutions. Let us consider k > k such that (4.16) holds. As such, we have from (4.19)
that |¢*(t)| < 1 — ¢ for all t € [0,T] uniformly in k. Then, recalling that u* — u in L*(0,T;L1(Q)) —
L?(0,T; L2(Q)), we infer from (4.22), (4.25) and (4.27) that

[6° | @x 0,y < Lo 168220501 @) + 10:0% (| 220,711 0y + IV 1 | 220052200y < € (4.28)
In order to recover a uniform estimate of the full H' norm of ¥, we multiply (4.18)5 by oF — @ and

integrate over . By the generalized Poincaré inequality, the assumption (Hs) and the uniform L* bound
of ¢*, we find

/F/((ﬁk)(qbk —¢F)da| < C (1+Vil|zz(e) -
Q

We report that there exist two positive constants C3 and C% such that (see, e.g. [53])

IF (") 1y < Ch / F/(6%)(6* — 9F) da| + C2, (4.20)
Q

where O} and C% only depends on F, Q and w. Then, we conclude that
15 @) + 1 (") 10y < C L+ IVEE ]| 220)) - (4.30)
Thus, we deduce from (4.30), the Poincaré-Wirtinger inequality and the definition of x* that

1151 20,7511 () + IF (%) | 20,7500 (00)) < C (4.31)

Therefore, we infer from the Banach-Alaoglu theorem and the Aubin-Lions theorem that
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oF — ¢ weakly* in L=(Q x (0,T)), ¢* —=¢ weakly in L2(0,T; H'(2)),
" — ¢ strongly in L*(0,T; L*(Q)), i — 8;¢ weakly in L?(0,T; H*(Q)'), (4.32)
pkF = weakly in L2(0,T; HY(Q)), F'(¢*) — ¢ weakly in L*(0,T; H*(2)).

Clearly, the limit function ¢ satisfies |¢(z,t)] < 1 almost everywhere in  x (0,7"). Thanks to the strong
convergence in (4.32), we infer that ¢* — ¢ almost everywhere in Q x (0,T). Then, F'(¢*) — jfv’(qﬁ) almost
everywhere in Q x (0,7T), where ﬁv’(s) = F'(s)if s € (—1,1) and ﬁ(il) = 4o00. An application of the Fatou
lemma, together with (4.31), entails that F’(¢) € L*(0,T; L?(€2)). In turn, it also implies that |¢(z,t)| < 1
almost everywhere in Q x (0, T). In addition, this is sufficient to conclude that &€ = F'(¢) € L?(0,T; H*(Q2)).
Finally, passing to the limit as k — oo in (4.18), we obtain that ¢ is a weak solution to (4.1) fulfilling (4.2),
(4.3), while corresponding to ¢g € H'(Q2) N L*(Q) with ||¢o|r= @) < 1 and |¢o| < 1.

In order to conclude this part, we are left to deal the general case where the initial datum ¢ only belongs
to L>(Q) with [|¢o[|r ) < 1 and |¢o| < 1. To this aim, by classical mollification there exists a sequence
{5 }men such that ¢ € C°(Q): —1 < ¢f*(z) < 1 for all x € Q, for any m € N, and ¢j* — ¢g strongly
in L"(2), for any r € [1,00), ¢§" — ¢o weakly* in L*°(12), and |¢f*| < 1. By the previous analysis, there
exists a weak solution ¢ for any m € N. Then, since £(¢g") is uniformly bounded in m and the lower
semicontinuity of the norm with respect to the weak convergence, it is straightforward to deduce (4.28) and
(4.31) by replacing #* and p* with ¢™ and ™. Thus, arguing as before, the sequence ¢™ converges as in
(4.32) to a limit function ¢ satisfying (4.2) and (4.3), as well as ¢(0) = ¢¢ in €.

Finally, concerning the energy identity, the convexity of F', the assumption (Hs), the regularity (4.2) and
[18, Proposition 4.2] entail that

gnloc((b(t)) - gnloc((bO) = /<8t¢(7—)’ /’L(T» dT> for all t € [07 T]
0

Owing to this, (4.4) directly follows from choosing v = p in (4.3) and integrating the resulting equation in
[0,t] for any 0 <t < T.

Sobolev estimates. We first observe that the regularity of the approximated solutions {¢*, u*}ren in (4.17)
(in particular, the strict separation property) allows us to compute the time and the spatial derivatives of
(4.18)9, which gives

ok = F"(¢*)0,0% — K % 0,0%, Yk = F"(¢*)VeF — VK % ¢F, a.e. in Q x (0,7). (4.33)
In addition, the map t — || V" (t)||%2(9) belongs to AC([0,T]) and the chain rule

a1

k2 _ k k
dt2||v,u‘ HLZ(Q) - <at/1’ 7A1u >H<10)(Q)

holds almost everywhere in (0,7). Thus, multiplying (4.18); by 0,1, integrating over Q, and exploiting
(4.33), we obtain

1d
5anv,ﬁniz(m +/F"(¢’f)|at¢’f\2dx—/f<*at¢k 0" dx—f—/uk-ngk O dz = 0. (4.34)
Q

Q Q

We rewrite the key term (u” - V¢*, 9,1%). By using (4.33) and the fact that u* € C5°((0,T); Cgfa(Q;Rg)),
we observe that
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/uk SVoF ot da =
Q

(u* - Vor) F" (¢") 0,0" dz—/(uk-VqSk)K*@thkdx
Q

u® -V (F'(¢")) 0,6 dx—/(uk-VqSk)K*atgbkdx

P s e

Q
= (uk . V,uk) Oppk dx + / (uk : (VK * (/)k)) oy da
¢ (4.35)
— / (uk . qu)k) K % 0,¢0" dz
Q
= / (u* - vuk) 0,0" dx + / (u* - (VK x ¢*)) 0,0" da
Q o
+ / (u* - V(K * 0,¢%)) ¢" da.
Q
By exploiting the assumption (H) and the uniform L bound of ¢¥, we have
/(uk (VK % ¢")) 0,9" da| < [[u[| L2 IVE * ¢F|| L (0106 || L2 ()
¢ . . . (4.36)
< ¥l 2@ 1K lwrr w2y |97 | Lo () 10:0" || L2 ()
a
< §||5t¢k||2L2(Q) + Clu¥[[72q)-
Similarly, we also find
/(uk V(K * 0,¢%)) ¢F dz| < ||[u¥|| p2q)l| VE * 0:8" || 120 | 6F || L= (9)
“ ) ) ) (4.37)
< a2 @) 1K lwra 2y 100" [ L2 o) 107 oo (2)
<

6]
§||5’t¢k||i2(9) + C”ukHZL?(Q)'

In order to control the first term (u® - V¥, 9,¢%) on the right-hand side in (4.35), we need a preliminary
estimate of the H' norm of V*. To this end, let us first observe from (4.18) that p* —uk = N (96" +u-VoP).
Then, in light of (2.1), we find

IVEF | @) < C (106" | 220y + 10" - V|| 12(q)) - (4.38)

In order to estimate the second term on the right-hand side in (4.38), we deduce from (4.33) that

u” Vot = F,,(1¢k) (W - VpF +ub (VK % ¢")), ae in Qx(0,7). (4.39)

By the strict convexity of F, we notice that F”(s)™! < o' for any s € (—1,1). By using (H>), (2.2) and
the uniform L> bound of ¢*, we obtain
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2
[ - V6 20 < o (a* - Vbl 2y + la- (VE * ¢*) | L2()

< C|\uk\|L4(Q)|\Vuk\|L4(Q) + CHuk”L?(Q)HVK * ¢k||Lw(Q)

(4.40)
1 1
< Ol sy IV N o IV I ) + C bl 2 I K sy 19 . 0
<C k \V4 k % v k % C k
< Cllu®l[pa@ V(| F2o) IV 171 gy + Cllu®lL2(q)
Then, combining (4.38) and (4.40), we arrive at
IV ) < € (10 120y + 0130 190 2oy + 022y ) - (4.41)
Now, by using (2.2) and (4.41), we find
/ (uk : Vﬂk) Or¢* dz| < ||uk||L4(Q)||Vﬂk||L4(Q)||at¢k||L2(Q)
Q
1 1
< I IVA o IV s g 1026 22
(4.42)

1 3
< Il ooy IV E 1 ey 100651 2 ) + 0112 ey I8 200 10265 20
k|3 k k|3 k
+ [a® 720 0"l La@) VB 22 () 10607 | L2 (0

(0%
< §||3t¢k||2L2(Q) + Ol0¥)|2a ) IV 120 + Cllu¥|[72(g)-

Concerning the last term (K *Op ", 8t(bk> in (4.34), by exploiting (H3), the properties of the Laplace operator
Ap and (4.26), we are led to

/ K # 0,6 00" du < ||VE * 0,0* || 20 [ VN 120
(4.43)

(&%
< 210030y + € (I0¥12() + 190 70y ) -

Inserting the estimates (4.36), (4.37), (4.42) and (4.43) in (4.34), and recalling (Hs), we eventually deduce
that

«
5 oIV By + S 10013y < € (14 M) IV Iy + Ol ay (4.49)

Therefore, the Gronwall lemma entails that

C u(r
IV )20y < | V250 )HLz(Q)JrC/Hu P72 + IV (D)I720) d7 Jo a(lza@) 47 (4 45)

for all ¢t € [0,T]. Furthermore, integrating in time (4.41) and (4.44) on [0,T], and using (4.45), we also
obtain
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T
J 106 ) oy + 19 (s 0
0
T
<C {19k OV Eriey + € [ I )y + V8 (e o (4.40
0

T T
< (14 / o (1) [4agqy dr | exp [ © / [ ()[4 4y 7
0 0

Before concluding this step, we derive a further estimate for the LP norms of V¢*. We know that p*
L*(0,T; H*(Q)). Then it follows by comparison in (4.33), and by the Sobolev embedding H'(Q) — L*(Q)
for any p € [2,00) that F”(¢")Ve* € L*(0,T;LP(Q)). This allows us to rigorously multiply (4.33)s by
|Vo*|P=2V¢* and integrate over Q. As a result, we get

/F”(¢’f)|v¢’f|17 dx:/|V¢k|p_2V¢k~Vuk dx+/|V¢k|”_2V¢k~VK*¢k de.
Q Q Q

By using the assumption (Hs), the Holder inequality and the Young inequalities, together with uniform L*°
bound of ¢”, it is easily seen that

[ PRI s <€ (1419 ) (147
Q

for some C depending on p. This entails, in particular, that
Vo o) < C (14 IVE* Lo () - (4.48)

Finally, we highlight that all the constants C' in (4.45), (4.46) and (4.47) are also independent of the velocity
field u* and the initial condition d)]g . In fact, they only depend on «, K and 2. This completes the proof of
Theorem 4.1.

Regularity. The case (i). By definition of ¢§ , it is easily seen that ¢§ — ¢ and ngg — V¢ almost
everywhere in Q. In light of (4.15), we also have that F”(¢8)|[VoE| < F”(¢0)|Vo| almost everywhere in Q.
Since F"(¢0)V¢o € L*(©;R?) by assumption, we simply deduce that

/ (@)Y 6k — F"(60) Vol dar — 0,
Q

namely, F”(¢pf)Vok — F"(¢o)Veo in L*(;R?). On the other hand, it is straightforward to prove that
K % ¢f — K % ¢o in H'(Q). In addition, it is possible to show from (4.17) and (4.18) that Vu*(0) =
F' o)V pE — VK % ¢ in Q. Therefore, we deduce that Vu*(0) — F”(¢9) Vo — VK * ¢o in L*(;R?). As

an immediate consequence, we get
||V/,1/k(0)||L2(Q) — ||F”(¢0)V¢0 - VK * ¢0HL2(Q), as ]{} — OQ. (449)

Next, recalling that u* — u in L*(0, T; L}) and the uniform estimate (4.22), we infer from (4.45) and (4.46)
that

IVEF | 2o 0.7:22(0)) + 106" | 220,7:12(0)) + IV EF | 220,701 (00)) < C- (4.50)
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Thanks to (4.30), we obtain

115 oo 0,1 (00)) + 1115 20,7102 (02)) < C (4.51)

Concerning the concentration ¢*, we deduce from (4.48), (4.51) and the interpolation inequality

llull Lo o, ;e (2)) < CllullLoe o, 7522 ) 1wl 220,751 ()5

2
where ¢ = p2 and p € (2,00), that

6% L @x 0,1y < 1, 16" < 0.1 m1.9)) + 10" | Lao.rwre () < C. (4.52)
In a similar way, by comparison in (4.18), we are led to
HF/(éf’k)HLoo(o,T;Hl(Q)) + ||F/(¢k)||L‘1(O,T;W1=P(Q)) <C. (4.53)
Furthermore, recalling (4.26), we obtain from u € L*(0,7; L2 (Q)) and (4.51) that
100" || L4 0,752 (02)y < C- (4.54)

Also, by the assumption (Hy), an application of the Trudinger-Moser inequality and the estimate (4.53) (cf.
[28, Theorem 5.2]) entails that

IF" (")l 0.izr()) < Cps VP € [2,00). (4.55)
Notice that 8, F'(¢*) = F”(¢")0;¢". Owing to this, for any v € H*(Q), we have

[(OF" (¢%), v)] < 1F" (6")| s () 100" | 2 (@ 10 24 s (4.56)

which, in turn, implies that

0:F" (™) 2071100y < C- (4.57)

Thus, in light of (4.33) and (4.50), we immediately deduce that

001" (| 20,750 () < C. (4.58)

Exploiting the above uniform estimates (4.50)-(4.58), by a compactness argument (simpler than the one for
the existence of weak solutions), we pass to the limit in (4.18) as k — oo obtaining that the limit function
¢ is a strong solution to (4.1) satisfying (4.6). In particular, (4.1); holds almost everywhere in  x (0,7,
(4.1)2 holds almost everywhere in 99 x (0,7'). Since the map t — {x € Q : |¢(z,t)] = 1} is continuous
in [0,7] and F'(¢) € L>=(0,T; H*(Q)), we observe that |{z € Q : |¢(x,t)] = 1} = 0 for all ¢ € [0,T).
Besides, the estimates (4.7), (4.8) and (4.9) follow from (4.30), (4.45), (4.46), (4.48), (4.49), (4.56) and the
lower semicontinuity of the norm with respect to the weak convergence. In particular, to get the estimates
(4.7)-(4.8), we need that, up to subsequences,

T T
/||Vuk(7')||2Lz(Q) dr — / HVM(T)H%Q(Q) dr as k — oo. (4.59)
0 0
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This easily follows from (4.51) and (4.58) by means of the Aubin-Lions Lemma. Nevertheless, in more
general cases, such as when  C R3, one cannot rely on the summability on 0;x. Therefore, we propose a
more general and direct proof of (4.59), avoiding the use of Aubin-Lions Lemma, by exploiting the energy
identity (4.20). First notice that, by the above convergences,

T

T
//uk-Vuk¢kdxdT—>//u~V,u¢dde,
0 Q

0 Q

and

Entoc($(T)) < lim inf Entoe(¢"(T)).

Therefore, by using (4.20), we deduce that

T T
EuacT) + liminf [ [V 0 0 < it | Enoc(6H (D) + [ IVRH s o
k— o0 k— o0
0 0

T

< lim inf Enloc(D8) + / / u” . vk ok dadr
—00
0 Q
T

_gnloc qu +// V/l(bdl‘dT

0

On the other hand, we also have the following energy identity

T
Snloc( /”VM ||L2 Q) dT— nloc ¢0 +// V}L(,ZSdl’dT
0

By the chain of inequalities above, we infer that

J 19 oy dr = tymint [ V4 () oy
—00
0 0

which implies, together with the convergence V¥ — YV weakly in L2(0,T; L?(Q; R?)), up to a subsequence,
that

T T

IV dr = imint [ 195420y dr
—00

0 0

From this, we clearly obtain (4.59) up to a subsequence.
Finally, if we also assume u € L>(0,T; L2(£2)) then, by comparison in (4.1) (cf. (4.26)), it is easily seen
that 0;¢ € L°°(0,T; H'(Q)’), which concludes the proof related to the case (i).

Separation property and further regularity. The case (ii). We may first argue as in the proof of [29, Theorem
4.1] to conclude with (4.11) through a direct argument (see Remark 4.4). Then, following [54, Corollary 4.5],
we can also modify that proof slightly upon eliminating the cut-off function 7,,, instead by testing (4.12) with
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v = ¢p (t) = (¢ (t) — kn), for the increasing sequence k,, :=1—0 — 627" "1 -6,1-20 <k, <1—09,
where 0 < § < /2 (this implies that ¢, (0) =0, for all n € Ny). Moreover, the drift term becomes

Z:= [ ¢u-Vopdz = [ u-V(¢,)*>dz =0, (4.60)
fonSoe- |

Q

so that one has®

¢ ¢
1
S10nOEsoy + P (1=20) [ V6l ds < [ [ (VI x0): Vondods
0 0 An(s)
for all t € [0, 1], assuming T' > 1 without loss of generality. This inequality allows us to make minor changes
in the arguments employed in [29, Theorem 4.1] to deduce that [|¢[|;« (g 1jx0) < 1 =9, and to exploit (4.11)

to obtain (4.10).
Next, setting the difference quotient 9 f(t) = h=' (f(t +h) — f(t)) for 0 <t < T — h, we write

1

ol u(t) = ol e(t) /F”(sqb(t +h)+(1—5)p(t))ds | — K+0'¢(t), fora.a.tin (0,T).

0

In light of (4.10), it easily follows that |[sé(- + h) — (1 — 8)@[| L (ax(0,7=n)) < 1 — 0 for all s € (0,1).
Owing to this, and using the properties of K (see (Hz)) and the basic inequality ||6?¢||L2(0’T7h;L2(Q)) <
10:@| 2 (0,7;L2(02)), We deduce that

107 ll £20,7—nsz2 (2 < C,

where C' is independent of h. This entails that d;u € L*(0,7;L*(Q)). In turn, recalling that u €
L*(0,T; H*(Q)), we also obtain u € C([0,T]; H'(R2)). The proof of Theorem 4.1 is thus concluded. O

5. Proof of Theorem 1.5

First of all, we rewrite the nonlocal AGG model (1.8) in the non-conservative form as

p(¢)0ru + p(¢)(u- Viu—p'(¢) (Vi - V)u — div(v(¢)Du) + VIL = pV ¢,
divu =0,

Op+u-Vo = Ap,

p=F'(¢) - Kx*o,

(5.1)

in 2 x (0,T), which is endowed with the boundary and initial conditions (1.9).
5.1. The approximate problem: the semi-Galerkin scheme
Let us consider the family of eigenvalues {);}72; and corresponding eigenfunctions {w;}72; of the Stokes

operator A. For any integer m > 1, let V,,, denote the finite-dimensional subspaces of L?,(Q) defined as
V., = span{wy,--- , W,, }. The orthogonal projection on V,, with respect to the inner product in Lz(Q) is

3 Here A, () ={z€eQ:¢(z,t) > kn}, te]0,1].
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denoted by P,,. Recalling that (2 is a C*-domain, we have that w; € VO%U(Q) for all j € N. In addition, the
following inequalities hold

Vlla @) < CmllViizz@),  IVlaz@) < Cnllviiz@) YV E Vi (5:2)

Let us fix T' > 0. For any m € N, we claim that there exists an approximate solution (u,,, ¢,,) to system
(1.8)-(1.9) in the following sense:

u,, € C([0,T); V) N HY0,T;V,,),
Om € L2 X (0,T7)):  |om(z,t)] <1 ae. in Qx (0,7T),

)
b € L(0,T; H(Q)) N LU0, T; WHP(Q)), ¢ = ;,sz’ Vp € (2,00),

(5.3)
O € L(0, T3 H'(Q)) N L*(0,T; L*()),
pm € L(0,T; HY(Q)) N L*(0,T; H*(Q)) N H' (0, T; H*(Q)'),
F'(¢m) € L=(0,T; H'(Q)), F"(¢m) € L=(0,T; LP(Q)), Vp € [2,00),
such that
(P(m) Ot W) + (p(dm) (Wi - V)W, W) + (V(Pm) Dy, VW)
_ (5.4)
- B 2 = (Vi - V)um,w) = - (¢mvﬂmvw)v
for all w € V,,, in [0, 7], and
Ot Pm + W - Vo = Aty pim = F' () — K * ¢y, ace. in Q x (0,7T). (5.5)
In addition, the approximate solution (u,,, ¢.,) satisfies the boundary and initial conditions
w, =0, Oy, =0 on 09 x (0,7, (5.6)
U (-,0) = Prug, o(-,0) = oo in €.

5.2. Existence of the approximate solutions
We perform a fixed point argument to determine the existence of the approximate solutions satisfying

(5.4)-(5.6) as in [37,38]. To this aim, we suppose that v € C([0,T]; V,,) is given. Then the corresponding
convective nonlocal Cahn-Hilliard system reads as

0iPm +V Vo = Apim,  pm = F'(dm) — K * ¢y in Q x (0,7, (5.7)
with boundary and initial conditions
Ontirn, =0 on 0Q x (0,T), &m(-,0)=¢o in Q x (0,T). (5.8)

Thanks to the case (i) of Theorem 4.1, there exists a unique solution ¢,, to (5.7)-(5.8) such that
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Om € L% (0,T)):  |¢pm| <1 ae. in Qx (0,7),

$m € L=(0,T; H'(Q)) N LU0, T; WHP(Q)), ¢ = p%pz, Vp € (2,00),

dyhm € L=(0,T; H(Q)') N L2(0,T; L*(9)), (5.9)
fim € L(0,T; H' () N L*(0, T3 H*(Q)) N H'(0,T; H'(Q)"),

F'(¢m) € L0, T; HY(Q)), F"(¢pm) € L=(0,T;LP(R)), Vp € [2,00).

Moreover, on account of (4.4), by repeating line by line the proof of Theorem 4.1 (cf. energy estimates), we
find

T T
J19sm sy dr < 0+ [ () By o (5.10)
0 0

where C depends only on 2, F and K, but is independent of m as all the other constants C' in the sequel
of this proof.
We now make the ansatz

Uy (z,t) = Za;”(t)wj(x), Y (z,t) € Q x [0,T],

as the solution to the Galerkin approximation of (5.4), that is,

(P(Dm) 0, Wi) + (p(Dm ) (V - V)W, Wi) + (V(Pm) Dy, VW)

_ M ;,02 (Vi - V)W, Wi) = = (¢ Vi, wi), Vi=1,...,m,

(5.11)

satisfying the initial condition u,,(-,0) = P, ue.
Arguing as in [37, Section 4], we introduce A™(t) = (a*(t),...,a™(t))T and we observe that (5.11) is

r'm

equivalent to the system of differential equations

d
M™() S A" + L7 (DA™ = G (1),

where the matrices M™(t), L™ (¢) and the vector G™(t) are defined as follows:
(1), = [ plom()w; - wida,
Q

(v(t) - V)wj - w; +v(dpm(t)) Dw; : Vwida
(V

(5

(G(), = — / b () pim (1) - Wi dz,

Q

@ ®), = [ o)
_ P — p2 V)w; Wi,
Q/ ) (Vim0 9)

as well as A" (0) = ((ug, w1), ..., (g, w,))" . The regularity properties in (5.9) imply that both ¢,, and
pm belongs to Cy ([0, T]; HY(2)) N C([0, T]; LP(Q)) for any p € [1,00) (cf. [58]). In turn, since p(-) is a linear
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function and v is globally Lipschitz, p(¢.,) and v(¢.,) also belong to C([0,T]; LP(€2)) for any p € [1,00). As
such, we immediately observe that, for any s,t € [0, T],

(M (@)1 = (M™(8))15] < l[wjill @[ Will L= (o) / |p(6m (1)) = p(dm(s))|dz — 0.
Q

Since V,, C VO%U (), we observe that

(G™(0)1 = (G™(s)) = —/(¢m(t) = Om(5)) Vitm(t) - Wi dz — /(um(t) = tm (5)) Vém(s) - wi da.

Q Q

Then, recalling that ¢,,, and s, belongs to Cy ([0, T]; H'(Q)), we infer that

[(G™(@))1 = (G™ ()il < [[Will oo @) IV Em D)l 2) [[6m (8) = Im (5)]| 22(02)
+ [Will oo @) [[VOm ()l 2@l m () = 1 (8) | L2() ;O

Furthermore, exploiting once again that V,, C Vo%‘7 (Q), we notice that

[ o0 Frws wida = [ plom(6(v(s) ;- wida

Q Q

= /(p(¢m(t)) = P(¢m(s))) (v(E) - V)w; - W d:c+/p(¢m(8))((V(t) —v(s)) - V)w; - wi da
Q

Q

IN

[p(¢m (1)) = p(dm ()L ) [V L2 @) VWil Lo (@) Wil Lo ()
+ llo(dm ()o@ 1V(E) = v($)ll2 @ VW)l L@ [IWill Lo ) = 0

and

/(V(¢m(t)) = v(¢m(s))) Dw; s Vwidz| < [[v(dm(t)) = v(¢m ()l 2@ |1 DW; [l La@ VWil La) — 0-
)

On the other hand, integrating by parts and exploiting the boundary conditions, we have

/(Vum(t) -V)w; -wyde = — /,u(t)ij -widz — /u(t)ij : Vw; dz.
Q Q Q

Thus, we find

/(V(um(t) = 1m(8)) - VIw; - wida| < Cllw;ll gz Wil mzi) 11m (8) = pm ()]l z22) — 0.

s—t
Q

Thus, we derive that M and L™ belong to C([0, T]; R™*™) and G™ € C([0,T]; R™). Furthermore, being p
strictly positive, we also have that M™ is positive definite and thus the inverse (M™)~! € C([0, T}; R™*™).
Thus, the existence and uniqueness theorem for systems of linear ODEs guarantees that there exists a
unique solution u,, € C*([0,T]; V).
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Next, multiplying (5.11) by a;" and summing over [, we obtain

2 2
/P(d’m)at (%) df-i—/p(d)m)v-v (%) dx—i—/y(gbm)|Dum|2 dx
Q Q Q
2
_/(P12P2)v’um,v(|u;| ) de = — /¢mvﬂm u,, d.
Q

Arguing exactly as in [37, Section 4.2] and exploiting (5.5), we deduce that

d m|?
% /p((bm) \u2| dz + /V(¢m)|Dum\2dx = —/¢mVum Uy, de. (5.12)
Q

Q Q

By the Poincaré-Korn (see (2.5)) and the Young inequalities, as well as |¢,,| < 1 almost everywhere in € x
(0,T), we infer by the divergence theorem that

f/qﬁmv,um ‘u,, dr = /,uquSm ‘u,, de
Q

Q

= /F/(¢m)v¢m ‘U, do — /K * ¢mv¢m Uy, do
Q

Q

- / V(F(6m)) - di + / o VE % - Wy
Q Q (5.13)

=0

<N@mllLoe @ IVE | L1 r2) | Pmll 220 [[ml L2 (o)

2 1
\/ )\_1HVKHL1(R2)|Q| 2[[DupllL2(0)

VK2 @)
I/*)\l ’

IN

IN
dk
-l
g
2
=

Here we have used that VF(¢,,) = F' (¢ )V, almost everywhere in Q x (0,7) (see Remark 4.3). We are
thus led to the differential inequality

d \|2

o(6m) IVE][7: g€
dt m ’

I/*>\1

Vy
dz + ?HDumH2 <
Q

Integrating the above inequality in time, with s € [0,7] and exploiting the upper and lower bounds of p,
we get

C o 2 VE | g QT

2
s (Ol 2@ < 2ol

=: M2 14
Y (5.14)

Let us now introduce the closed ball
X :={uel([0,T); V) : ulleqomyv,) <M},

and define the map
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S: X=X, SWV):=up.

We need now to show that S is compact. To this aim, we control the time derivative of u,,. In particular,
multiplying (5.11) by d (a;"*) /dt and summing over I, we have

p*HatumH%?(Q) < _(p(¢m)(v ! V)u'nuatum) - (V(¢m)Duvrza v6tum)

P1 — P2
2

+ ((V,UJm : V)um, atum) - ((ybmv}( * ¢m»atum)-

Here, we have used that —(¢V m, Ouy,) = — (0 VK * ¢u, Opuyy,) (cf. (5.13)). By exploiting (5.2) and the
global bound |¢,,,| < 1 almost everywhere in Q x (0,7, we obtain

Ppell O |72 0y < P VI L) [Vl ) 10ram | L2 () + v* [ D || L2(0) IV Oram || 120y

P1 — P2
2

F[dmll L@ IVE * ¢l L2(0) | 0tm || 2 ()
< C|Vvlzz@)llumll z2 @) 10sam | L2 ) + CllDum || 2 (o) [IVOrum || L2 (o)

+ IV il L2 ) |Vl 1) | Osam || La )

+ OVl L2 [[m [ 72 () [ VOram || L2 (@) + VK || L1 ®2) [ Pm L2 (0 1050m || L2 ()
< Cullvllz@llumll 2@ |0swml L2 (@) + Cmllwml 22 (@) |0sam [ L2 (o)
+ Conl| Vit | 22 () [l 22 (0) 106 m | 22 () + IVE | 22 2 1212 | Ot | 22 (52)

< Co| 0| L2 (M2 + M (14 |Vl 29)) + ||VK||L1(R2)|Q‘%>

P
< ?Hatum”%ﬁ(ﬂ) +Cm (M4 +M? (1 + ||Vﬂm|\%2(9)) + ||VK||2Ll(R2)\Q|) :

Then, integrating over [0, 7] and using (5.10), we deduce that

T
2
/ 18yt (1) |2 dr < ~ [cm(M’Z + MYT + Cp M2 (C + ||v|\i2(0,T;L2(Q))) + Cm||VK||%1(R2)|Q|T}
0

2 —
<z [cm(M2 + MYT + Cp M2 (C + M2T) + cm||VK||il(Rz)|Q|T} — M2,

*

namely

||3tum||2L2(0,T;Vm) <M, (5.15)
Recalling that V,, is finite dimensional, the Aubin-Lions Lemma entails C/([0,T]; V,,) N H(0,T; V) <
C([0,T7; V,p). Therefore, since S : X — Y, where Y = {ue X : ||5tum||2L2(o,T;Vm) < M}, it follows that
the map S is compact (more precisely, S(X) is compact in C([0,T]; V).

In order to complete our fixed point argument, we are left to show that S : X — X is continuous. To this
aim, we consider a sequence {v,},>; C X such that v,, — v* in C([0,T]; V,,,); consequently, there exists a
sequence {(¢n, tin) }o2, and (¢*, u*) that solve the convective nonlocal Cahn-Hilliard equation (5.7)-(5.8),
where v is replaced by v,, and v*, respectively. Following the uniqueness argument performed in the proof
of Theorem 4.1, we obtain
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d "
&H% "I} + ||¢n ¢ ||2L?(Q)

< Clign = &* 12+ (D (Ve = v*), VN ($n — 6")) + (v (90 — ), VA (¢ — 67)).

N | =

Here we have used that ¢,, = ¢* = ¢g. In light of v* € C(]0,7]; V,,) and (5.2), we notice that

(v (¢n = ¢%), VN (dn — 6"))| < ClIVFlIL=@llollL2@) [V (dn = 6" 12 (0

e!
< 7110l132 () + Cn M (|60 — ¢*115
Since |¢,| < 1 almost everywhere in © x (0,7, we also find

[ (@n(Va = V), VN (dn = )| < lonlle @IV = V¥IIL2(0) [V (6n = ¢l 12

< Cllén = 6" |2+ Cllv = v*|[32(qy -

Thus, we obtain

2 & 2 2 2
th ||¢n Ol + 5 on = &"ll120) < Clldn = 7l + Cliva = viL2(q)

and the Gronwall Lemma yields

2 * 112 2
6 = 8" Loe (o111 2y + 160 = 0 l[120 7, 2202y) < C“T (T +T2) Vi = V¥l ep0.13:vm) =2 0. (5.16)

— 00

On the other hand, recalling that {v,}, and v* belong to X, by the regularity (i) in Theorem 4.1 (more
precisely, (4.7)-(4.8)) we infer that

10tbnll Lo 0,71 (2)7) + 10Pnll L2 (0,152 () + llttnll oo 0,755 (@)) + [Vt 220,71 (0)) < C, (5.17)
10:0* | o= (0, 1311 )7y + 10e0™ |20, 7522(02)) + 1" | o= 0,151 () + IV | 20,1551 (0)) < C. (5.18)

On account of the estimates (4.30), (4.48), by repeating the argument used to obtain (4.53), (4.55) and
(4.58), we find that

D ll Lo 0,751 () + NOettnll L2 0,751 () + 1 (D) | o= 0,751 (2)) + 1F (D)l oo 0,127 (2)) < €5 (5.19)
0" Loe (0,75 m81 () + 10e™ | 200,317 (2 + 1F (%) | oo 0,511 (02)) + [[F" ()| Low 0,750 (2)) < €, (5.20)

for any p € [2,00). Here, the C' depends on p, but it is independent of n. Then, we first observe from
Lebesgue’s interpolation, the global bound in L>(Q2 x (0,T)) of ¢, and ¢*, and (5.16) that

Pn — &* 220,754 (22)) e 0. (5.21)

Furthermore, in light of the above estimates, the Aubin-Lions lemma ensures that (up to subsequences)
fn — p* — p™ as n — oo in L?(0,T; L*(R)). We claim that x> = 0. In fact, since ¢, — ¢* (up to
a subsequence) almost everywhere in Q x (0,7, we deduce from (5.19) and (5.20) that F'(¢,) — F'(¢*)
weakly in L2(Qx (0,7T)). Also, it is easily seen that K x¢,, — K *¢* in L?(Qx (0,T)). Thus, we immediately
infer that u> = 0. More precisely, we have

ltn — 1|2 0,7:02(02)) 2 0 (5.22)
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We now define u,, = S(v,,) € Y, for any n € N, and u* = S(v*) € Y. We set u = u,, —u*, & = ¢, — ¢*,
V=v,—v" 0=pu,—u*, and we observe that
(p(¢n)0a, w) + ((p(dn) — p(¢7)) 00", W) + (p(dn) (Ve - V), — p(¢”")(vF - V)u*, w) + (v(¢n) Du, Vw)

+ ((#(60) = V(@) Du*, Vw) = B P2 (V- )y — (V' V), w) = (1 Vb — V9 w),

for all w € V,,, and in [0, T]. Choosing then w = u, we obtain

1d
s [ rewlaP ot [ v@nlDuf s

Q Q

= %/&gbﬂuﬁdsvf pl%”/@(@u”u)dx
Q Q

- / (P(én) (¥ - V)t — p(6")(v* - V)u*) - ude - / (v(6n) — ¥(6"))Du* : Vudz

Q

Q
+2 ;p2 /((V,Un Vu, — (Vp* - V)u*) -udz + /(unv¢n —w'Ver) - udz.
Q Q

Thanks to the embedding H; ,(€) < L*(Q;R?), by exploiting (5.2), we have
PLEP2 [ Binlul? da| < C||O 2,01 < Culld 2
1 | %onlul’dz| < Clldidnllizo)ullzs@) < Culldidnllizo)lullzz@),
Q
and

pP1 ;pQ /(I)(atll* ‘u)dz| < C®|pa (o) 10au™]|L2(0)[all La(e)
Q

< Col| 000|720y [l 22 ) + Ol @] i)

Similarly, recalling that v,,, v*,u,,u* € X,

- /(p(¢")(vn V)u, = p(¢7)(v" - V)u') -ude

Q
=P (- D) ude— [ p@)(v - Viw) ude — [ p(67)(v" - V) uds
Q Q Q
< Cl|®@f L@ [VallLe @) IVual L2 @) l[ull 1) + ClIvIiza@lIVan | 2 @) lullza @)
+ Cv* ]|z [IVull L2y lul e (o)

< CnM?||®|| L3y [[allL2) + Cn M|V 2o [0l L20) + Crn M ||u]|72(q)

< Cn (14 M2) )220 + O M (1013 + VI3 ) -

Since v € WH*°(R), we get



C.G. Gal et al. / J. Math. Pures Appl. 178 (2023) 46-109 79

*/(V(%) —v(¢7))Du” : Vudzr < C[|®| s (o) [ D[ 20 Vul| s o)
Q

< CrnM2?|[ul[F2(0y + Con||®]|74(0)-

On the other hand, observing that

e 5 r2 /((V,un -Vu, — (Vu* - V)u*) -udz
)

e ; P2 /((Vun -V)u+ (VO -V)u*) - udz
Q

_ _P1L— P2 . P2 ((ﬂnVu,Vu) i (Mnu’ Au)) _P1L—p2

((6Vu*,Vu) + (Ou, Au")),

we infer from (5.2) and (5.19) that

e 5 P2 /((Vun -Vu, — (Vu* - V)u*) -ude
Q

< Cllpnll 2@ [Vl Fa 0y + Cllinll L2 llull oo [[Aul| L2 0
+ ClO|l 2 IVu*|| ey IVl L1y + ClO| 2 (o [[ull Lo () [AUT ]| 22 ()
< Cp (14 M?) a2y + CrlO72(0

Finally, using again (5.2) and (5.19)-(5.20), we get

[0, - 5967 - ude = [(-0Vp, + 0967 - uds
Q Q

< IVt 200 1Bl oy 1 sy + €120 [ V6 | 200 1 ey
< Crlull3z(a) + Crm (101320 + [1®l30(c) ) -

Combining the above inequalities and recalling that p > p., we are thus led to the differential inequality

5 [pteniopas < i [ oon|vP a+ me)

where
Hy = Con (14 10:6nl3 () + 100" 20y ) s Ha 1= Con (14112030 + 101320y + IVI32(ey ) -

Hence, the Gronwall lemma entails

T

- H1 'r) dr

max (O Eo) < Lot / Ha(r) dr. (5.23)
0

Note that H; € L*(0,T) and H, € L*(0,T), thanks to (5.15) and (5.17)-(5.20). In addition, in light of

v, — v in C([0,T); V) and (5.21)-(5.22), we deduce that from (5.23) that u, — u* in C([0,T]; Vi),

implying that the map § is continuous.
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In conclusion, we can apply the Schauder fixed point theorem to S. This gives the existence of an
approximate solution (W, ¢n,) in [0, T satisfying (5.3)-(5.6).

5.3. Uniform estimates independent of the approximation parameter

Integrating (5.5)1 over 2, we find

— 1 1
o(t) = —/qu(t)dx: —/¢de, Vi e[0,T].
|€2] €2
Q Q

Taking w = u,, in (5.4) and arguing as above, we get

d 1 9 9

T 5p(¢m)|um| dz + | v(¢dm)|Duy|dz = [ Vo, - u,, dz.

Q Q Q

Let us recall that ¢, satisfies the energy identity (4.4), i.e.,

t

t
5nloc(¢m(t))+/\|wm(7)||§2(m dT—l—//quum~V,umda:d7':5nloc((gbo), vt e [0,T].
0 0 Q

Therefore, we have

d
B )+ [ vom)|DunPds+ [ [Vl s =0, (5.21)
Q

2

where

p(¢m)|um|2 dx + 5n10c(¢m)-

N =

E(un6m) = [

Notice that, being |¢,,| < 1 almost everywhere in Q x (0,7), Entoc(Pm) > —C. almost everywhere in (0,T),
where C, is independent of m. Then, we can define E(u,, ¢mm) = E(upm, ¢m) + Ce > 0. We now integrate
(5.24) with respect to time in [0,7] and we obtain

~

E(um(t),qu(t))—F//V(d)m)\Dum(T)\dedT—l—//|Vum(7)|2dxd7':E(Pmuo,%). (5.25)
0 Q 0 Q

By the properties of P,,, we immediately deduce that
E(P,,uq, ¢o) < Ce + %HUOH%Z(Q) + Entoc (o).
Therefore, we conclude that
W Lo 0,1:22 () + lUmllz20,m581 ) < Crs IVt L2(0,10:8) < Chs (5.26)
where Cp is independent of m. Owing to (5.26), the embedding L>(0,T; L3 (2)) N L*(0,T; Hy ,(€2)) <

L*0,T;L%(Q)) and the assumptions on ¢g, we can apply (i) of Theorem 4.1. In particular, (4.7)-(4.9)
entails that
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||¢m||Loo(0,T;H1(Q)) + ||F/(¢m)||L°°(S,T;H1(Q)) <C,
p

||¢m||L‘1(O,T;W1vP(Q)) < CP? q= ﬁ, Vpe (2700)3

10ebml Lo 0,7501 (02)) + 102dmll L2(0,7302(0)) < C (5.27)

[l o= 0,301 () + [l Nl 22 0,7512(02)) + N || 0 0,010 (2)) < €
IF"(pm)l| Lo 0,700y < Cpy VP € [2,00).

Next, taking w = dyu,,, in (5.4), we find

DN | =

d
d—/y Om) |Dum| dx+/p(¢m)|8tum|2 dz
Q

Q
/ () (W, - VW,y,) - D11y, da + /V’(¢m)8t¢,,L|Dum|2 dz (5.28)
Q

Q

/ (Vim - Viuy,) - Ouy, dz + /,ungﬁm - O, dz.
Q Q

In addition, following [37,39], we can choose w = Au,, in (5.4), obtaining

5 () A, At) = (06t Ati) = (6 (0 - V) Aty
P1L— P2
2

+ (Ve - Vuy,, Auy,)

+ (vad)ma Aum) + (Vl(d)m)Duqusma Aum)-

By the regularity theory of the Stokes operator, there exists m,, € C([0,T]; H') such that —Au,, + V7, =
Au,, almost everywhere in 2 x (0,T'). Furthermore, Lemma 3.1 implies that

1 1
H7Tm||L4(Q) < CHvum”zz(Q)HAumuiz(Q)-

Since (V(¢m)VTm, Aty) = —(V (¢m)Tm Vdm, Au,,), we arrive at

%(V(Qbm)Aurm Aum) = _(p(¢m)8tum; Aum) - (p(¢m)(um : V)um, Aum)

+ P D) ((v,um : V)urm Aum) + (,LL’HLV¢WL7 Aum) (529)

+ (V' (¢m) DU Vo, Auyy,) — %(V’(qﬁm)ﬂquﬁm,Aum).

Let us now estimate the terms on the right-hand side in (5.28) and (5.29). Set w; a positive constant whose
value will be determined later on. By using (2.2) and (5.26), we have

/p(¢m)((um-V)um) SO dz| < pr{[uml|Ls @) IV m| s o) |0 um | 22 )
Q

l/*wl

s
< gllatumlliz( —5 Awn|[72 () + CllDun 20

and
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/ V() 0uom | Dt die| < Cll0mll ()| D 210
Q

Exploiting (2.2)

and

Q

VW1

< >
- 32

||Aum||2L2(Q) + CHat¢mH%2(Q)HDum”%Q(Q)'

once again, together with (5.27), we obtain

p1 ;pz /((Vum -Vup,) - Opuyy, de
Q

< OVl L@ lIVumll La@ l0maml L2 @)

1 1 1 1
< CHvﬂm”iz(Q)Hv/‘m”?p(gz)HDum”iz(Q)||Aum||zz(9)||atum||L2(Q)
VyW1
32

P+
< *Hatum”Qm(Q) + HAumH%Z(Q) + C”Vﬂm”%{l(g)||Dum|\%2(9)
8

/umv¢m~atumdx = /asmwmﬁtumdx < B 00 + Cl1 Vil o,
Q

Arguing as in the proof of [37, Section 4] related to the terms Is and Iy, we find

and

20.)1 p* 2 P
(o) Brtts Aw)] < 2220 A 12,00 + 25

0. 8wy ||atum||2L2(Q)

Uy
[(p(Pm) (A - V) Uy, Auy, )| < 3_2HAUMH%2(Q) + C”Dumni?(ﬂ)'

Proceeding as above, we get

P
2

and

P2

Vitm - V), Auy,)| < C”vﬂm”L‘l(Q)||Vum||L4(Q)||Aum”L2(Q)
1 1 1 3
< C”Vﬂm”zz(g)||vﬂm||12ql(g)||DumHz2(Q)||Aum||i2(Q)

Vi
< 3—2||A11m||%2(9) + ClI V3 @y 1D |72 0

Vi
[(mV by A )| = [(dn V i, Auy )| < 3_2||Aum||2L2(Q) +0Hvﬂm”%2(9)-

By v/ € Wh*°(R) and (5.27), it follows that

|(V (¢m) DUV G s Aty )| < C| D] o) IV bl L2 () || At || £2(02)
1 3
< CHDum”zz‘(Q)||Aum||i2(9)||V¢m||L4(Q)

Vs
<35 A, [172(0) + ClIVm |11 [ Dumll72(q)-
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Lastly, by (2.2) and (5.27), we infer that

|(V ()T Vb, Att)| < Cllms || 4 () | V| L (02) || At || 2 (02)
1 3
< C”vumniz(g)||Aum||zz(g)‘|v¢m“L4(Q)

Vs
<35 AW, [172() + ClIVm|1aoy [ Dumll72(q)-

Adding up (5.28) with (5.29) multiplied by w1, and taking into account the previous estimates, we end up
with

d D viwr 2w (p*)?
G S0y + (2t = 23D w0y < Do+ Qo
where
1 2
Hoa(®) =+ [ W6 IDun (0 do.
Q

Dy (t) :=C (1 + 1Dy (0)172() + 10:m (D)1 720y + Vi (8) 1311 0y + ||V¢m(t)||%4(sz)> ;
Qm(t) == C|Vpm ()1 72(q)-

Vi s

16(p*)?

In turn, setting wy = >0,

4
dt

Vi1

P

Observe now that, by (5.26) and (5.27), D,, € L*(0,T) and Q,, € L'(0,T). Thus, an application of the
Gronwall lemma gives

Ho(t) < | Hi(0) + / Qu(r)dr | exp / Do(r)dr |, Vte[0,T). (5.31)

By the properties of the projector P, and (5.26) and (5.27), we observe that

T T
H,,(0) < CHUOH?LI%,U(Q)’ /Qm(T) dr < C, /Dm(T) dr < C.
0 0
Thus, we conclude from (5.30) and (5.31) that
Il Lo 0,782, ()) + 100ml 200,702 (2)) + Wmll L2072, () < C- (5.32)

5.4. Passage to the limit and existence of global strong solutions

Thanks to the estimates (5.26), (5.27) and (5.32) (which are uniform with respect to the parameter m),
we deduce the following convergences (up to subsequences)
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u, —=u  weakly* in L>(0,T; Hj ,(92)),

u,, —=u weakly in L*(0,T; V5, (Q) N H'(0,T; LZ(9)),

Gm — ¢ weakly* in L>=(0,T; H(Q)) N L>=(2 x (0,T)),

_
p—2

bm — ¢ weakly in H'(0,T; L*(Q) n W1>(0,T; H*(Q)),

o — p weakly* in L°°(0,T; H'(Q)),

tm — 0 weakly in L2(0,T; H*(Q)) N HY(0,T; H*(Q)').

bm — ¢ weakly in L0, T; WHP(Q)), ¢ Vp € (2,00), (5.33)

By means of Aubin-Lions Lemma, we have the following strong convergences,

u,, —u strongly in L*(0,T; H&U(Q))7
¢m — ¢ strongly in C([0,T]; LP(Q2)), Vp € [2,00), (5.34)
fm — p strongly in L*(0,T; H'(Q)).

As an immediate consequence, we infer that

p(dm) — p(¢) strongly in C([0,T]; LP(2)), Vp € [2,00),

(5.35)
v(pm) = v(¢) strongly in C([0,T]; LP(2)), Vp € [2,00).

On the other hand, we only know so far that ¢ € L (2 x (0,T')) is such that [|¢[|ze(ax(0,) < 1. But,
due to the convergence (up to a subsequence) ¢,, — ¢ almost everywhere in Q x (0,7) and (5.27), the
Fatou lemma entails that F’(¢)? € L*(0,T; L*(Q)). In turn, this gives that |¢| < 1 almost everywhere in
Q x (0,T). Owing to this, it is possible to show that

F'(¢m) — F'(¢) weakly* in L>°(0,T; H'(Q)). (5.36)

The above properties are sufficient to show the convergence of the nonlinear terms in (5.4)-(5.5). Then, in a
standard way, we pass to the limit as m — oo in (5.4)-(5.5). Reasoning now as in [37], we infer the existence
of a pressure IT € L*(0, T} H(lo)(Q)), such that

VII = —p(¢)0su — p(¢)(u- V)u+ p'(¢) (V- V)u + div(v(¢) Du) + uVe,

almost everywhere in Q x (0,7).
Concerning the separation property, thanks to the regularity (1.17) on [0,T], we infer from Remark 4.4
(cf. also Theorem 4.1) that, for any 0 < 7 < T, there exists 6 = §(7) € (0,1) such that it holds

sup ||¢(t)]| o) <1 —0. (5.37)

telr,T)

Instead, if we additionally assume ||¢g|| < 1 — dg, for some &g € (0, 1), then an application of Theorem 4.1,
case (ii) implies that there exists §* > 0 (depending also on Jp) such that the solution ¢ satisfies (1.19).

In order to complete the proof of the existence, we are left to discuss the globality of the solution
(u,I1, ¢). In fact, we have only shown so far the existence of a solution (u,II, ¢) to (1.8)-(1.9) defined on
a given time interval [0,7] for any fixed T > 0. Nevertheless, we can easily construct a global solution
(u,I1, ¢) to (1.8)-(1.9) defined on the time interval [0, 00) and satisfying (i)-(iv). Indeed, we first consider
the solution (uy,II1, ¢1) defined on [0, 1] originating from (ug, ¢o). Next, we notice that u;(1) € Hy ,(€2)
and ¢1(1) € H'(Q) N L>(Q) with |¢1(1)] < 1. In addition, in light of (5.37), [|¢1(1)||p=@) < 1 — 6, for
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some ¢ > 0. Thanks to the proof above, for any n € N with n > 2, there exists a solution (u,,II,, ¢,) to
(1.8)-(1.9) defined in the time interval [1, n]. In particular, by the uniqueness property proven in the (next)
Subsection 5.5, we have that u,, = ug, II,, = I, ¢, = ¢, in [1,n], provided that n < k. Therefore, we
obtain the solution (u,II, ¢) defined in [0, c0) by setting

(w(8), L (8), ¢1(8)),  te0,1],

(wn (1), 10, (1), (1)),  tE€[l,m], Vn>2. (5.38)

(u(t), 10(t), 6(t)) = {

Finally, we observe that (u,II, ¢) satisfies the energy equality

2
L

B(a(t).6(0) + [ [|Vr@E)IDuts)]

26 + I Vu(s)[172(qy) ds = E(u(r), ¢(7))

for every 0 < 7 <t < oo, which clearly follows from the regularity in each interval [0,T] (cf. (5.33)-(5.35)).
This implies that u € L>(0, co; L2 (Q2))NL*(0, oc; HéU(Q)) and Vi € L?(0, 00; L*(Q; R?)). By interpolation,
it follows that u € L*(0, 00; L2(£2)). Then, in light of Theorem 4.1, we deduce from the estimates (4.7)-(4.8)
as T — oo that Vu € L>(0, 00; L*(€;R?)) and 9;¢ € L*(0, 00; L*(R2)). By (4.9), we also infer that

¢ € L>(0,00; HY(Q)) N LY

uloc

(0, 00); WHP(€2)), e p € (2,00),

Qed € L(0,00, H'(Q)'),  F'(9) € L=(0,00; H(Q)), F"(¢) € L¥(0,00; LP(Q)), p € [2,00),
p € BCy([0,00); H () N Lo ([0, 00); H*(2)) N Hyjoc ([0, 00); H'(2)').

Moreover, by Remark (4.4), there exists 6 > 0 such that sup |[[¢(t)||r=@) < 1 —J. On the other hand,
te[T,00)

recalling that u is the limit of the approximate solutions u,, in [0,n] for each n € N and that each u,,
satisfies (5.30), it is easily seen from the uniform Gronwall lemma that

uc LOO(07 oo H&,J(Q)) n HLllloc([()? 00)7 Lg(Q)) N Liloc([ov OO), VO%O‘(Q))7
and, in turn, IT € L2, .([0, 00); H, (10) (Q)). The proof of the existence of global strong solutions in the statement
of Theorem 1.5 is thus concluded.

5.5. Continuous dependence estimate for “separated” strong solutions

Consider two sets of initial data (ug,#p) and (ul, ¢3) satisfying the assumptions of Theorem 1.5. In
particular, we consider “separated” initial data, i.e. ||¢6||Loo(g) < 1 for i = 1,2. We denote by (u;,II;, ¢;),
j = 1,2, the strong solutions to (1.8)-(1.9) originating from (u%,qﬁ%). Clearly both the solutions satisfy
(1.17) and the statement (iv) of Theorem 1.5. Let us set u = u; —uy, P = IIj — I, ® = ¢1 — ¢ and
© = F'(¢1) — F'(¢2) — K » ®. These functions satisfy the system

p(@1)0u+ (p(é1) — p(P2)0ruz + p(d1)(ur - V)u+ p(é1)(u- V)ug + (p(é1) — p(¢2))(uz - V)uy

~ LT~ V6 Ty —div (4(01) D) — i (v((0n) ~v(02)) Do) + TP

= Ve + 6V,
8t®+ll1 V<I>+uv¢2 :A@,

almost everywhere in Q x (0,7). We observe that



86 C.G. Gal et al. / J. Math. Pures Appl. 178 (2023) 46-109

2 _
—/@p(d)l)% dx+/p(¢1)(u1-Vu)-udx— i /(Vul-V)u-udx:Q (5.40)
Q Q Q
/(V@ -V)ug -ude = —/@Aug ~ude — /@VUQ : Vude, (5.41)
Q
and
/(,LL1V<I> +OVee) -ude = f/Q(VK * 1) -udr — /(;SQ(VK * @) -udz. (5.42)
Q Q Q

Multiplying (5.39); by u and integrating over €, we find (cf. [37, Equation 6.3])

PO 2 aa + [ v(onIDUP da

Q

~ p(¢2)duy - uda / p(é1)(u- V)uy - uds - / (p(1) — p(62)) (12 - V)up - udz
)

dt

b1

¢ ¢ (5.43)

[0t - o

Q

/( (¢1) —v(¢2))Duy : Vudz — p2/®AU-2 udx — p2/®Vu2 Vudz
Q

- [

O(VK * ¢y) - udx—/qﬁg VK @) - Udz.

o)

p)
By the strict convexity of F', we notice that

/ve-vmu - /F"(¢1)\V¢|2dx+/(F”(¢>1) —F”(¢2))V¢2-V(;Sd:r—/VK*CI>~V<I>d:r
Q Q Q

> all V8l + [(F"(61) ~ F(6:))V6s - Vode — [ VK« Vo,
Q

Then, multiplying (5.39)2 by ® and integrating over €2, we obtain

5 @12 0 + 0l V2IZ2(0)

(5.44)
:/¢2(u~V©)dx+/VK*¢'~VfI>dxf/(F”(d)l) — F"(¢2))Vés - Voda.
Q Q Q

Adding together (5.43) and (5.44) and exploiting the hypothesis (Hg), we arrive at
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p(1) 1
9 luf* do + 5”(1)”%2(&2) +V*||Du||%2(sz)+04HV‘I)||2L2(Q)

(p(61) — p(¢2)Brus - uda — / p(én)(u - V)us - uds - / (p(1) — p(6))(uz - V)us - uda

e

Q
(5.45)

Q
©OVu, : Vudz

@AUQ .
Q

(v(¢1) —v(¢2))Duy : 2
)

(VK *¢y) - udx—/¢2 VK ) - de+/¢2 V) da

VK +®-Vddr — /(F"(¢1) — F"(¢2))Vs - Vo da.

+
Q

O b\ :3\ :J\ :0\

By using (1.4), (2.2) and (2.5), we obtain

/( (1) — p(¢P2)0iuz - udz| < Cf| @ La(q)||Orazl|L2(@)llullLa@

Q
1 1 1
< C||atu2||L2(Q)||(I)”z2(Q) (H(I)HEZ(Q) + ||VCI)||22(Q)) Hu”Lz(Q ||Du||L2(Q

«
< 2 IDul ) + 15 IVl

+C (14 10alaey ) (1913200 + IulZae))

In a similar way, by (1.17) and (2.2), we have

[ ron

Q
< 22| Dullf g + Cllull3zay

)112 udx <C’Hu||L4(Q)||Vu2||L2(Q)||uHL4(Q

Thanks to (1.4), (1.17) and (2.3), it follows that

J0l01) = plo2))(us - Vyus - wds| < ] aqolluelle oy Vel oo [l o)
Q

< C(1®ll 2@ + IVl 1200zl iy 1l 2 100 £y
< ZDulfao) + 151V
+ C”uQHH?(Q)”uH%Z(Q) + C”q)”QL?(Q)
~ F'(¢2)] < C|¢] almost

Next, recalling that the separation property of ¢; and ¢o implies that |F’(¢7)
everywhere in Q x (0,T) for some universal constant C' (depending only on the norms of the initial data),

and by using the assumption on K, we infer that

P1— P2 ’ /
/(F (¢1) — F'(¢p2))Auy - udz — Q/(K * P)Auy - ude

P1 — P2

/@AuQ-udx =
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< C||®]| Lo l[Auzl| L2 lul e o)
1 1 1 1 1
< Cl@I 0y (190F20) + 199070 ) I1Busllzoy 2 o) 1Dl 2 0

«
< Z|Dula(o) + 151Vl F20)
+ O (14 [ Busllfeg ) (191320 + Iulaqe))

Similarly, we find

%/GVUQ:VUCII' =
Q

P1— P2
2

/(F’(qﬁl) — F'(¢2))Vug : Vudz — /(K * ®)Vuy : Vudr
Q Q

< Cl®| s [IVazllLa@) [ Vul 2o

< CI2) a0y (I191720) + V9120 ) V]l 1s(0) IVl 20y

< ZDullfao) + 151Vl + € (1+ [ Vuslifae ) 191320

and
/ (v(61) — v(¢2))Duy : Vudz| < Cl|®| sy | Duall agey | Vull 2y
Q

< ZDull}ao) + 151Vl + C (1+ [ Vusllfae ) 19132(0)-

Due to the boundedness property ||¢;]| =) < 1 and (Hz), we also have

[ovr o) udet [ 61V x®) ude| < C (|6almio) + 162l o) [8]2(eyllul2co)
Q Q

< C (191320 + 32y )

67
/cbz(u-V‘I))dw < g2l Loy lull 2@ IVl L20) < 75 IVeIT2 (@) + CllulZz ),
Q

and
[ VK@ Tds| < VL0 + L0

Lastly, using the separation property, we observe that |F”(¢1) — F"(¢2)| < C|¢| almost everywhere in
Q x (0,T) for some universal constant C'. Combining this fact and (2.2), we get

/(F"(¢1) — F"(¢2))Vo - Vo dz| < C||®]|La) VP2 1) VR 2 (0)
Q

1 1 1
< OHCI)HEZ(Q) (”(I)”i?(g) + ”V(I’sz(g)) ||v¢2||L4(Q)||V(I)HL2(Q)
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[0
< IVl + C (14 [V6alltaq) ) @132 a)-

Therefore, adding up the above estimates, we deduce that

d p(d1), 1o 1 2 p(P1), 12 1 2
G de s Gt | < HO) [ [ 2 e+ S0l |
Q Q

where H(-) is defined by (1.21). Note that H € L'(0,T) owing to (1.17). In conclusion, an application of the
Gronwall lemma gives uniqueness of strong solutions as well as (1.20). The proof of Theorem 1.5 is hereby
complete.

6. Proof of Theorem 1.7: Propagation of regularity for weak solutions

Let (u, ¢) be a weak solution on [0, T] satisfying (i)-(iv) as ensured by Theorem 1.3 and let 7 € (0,7) be
fixed. Since F'(¢) € L?(0,T; H*(Q)), exploiting the conservation of mass and (1.12), there exists 7 € (0,7)
such that

o(n) € B'(Q), [6(r)| <1, and F'(g(r)) € H'(Q).

Recalling now that C([0,7]; L2) N L*(0,T; Hy () < L*(0,T; L3(S2)), an application of Theorem 4.1
(see also Remark 4.3) entails that

¢ € L®(r,T; L>(Q)) :  |o(x,t)| <1 for aa. xz €, Vte|n,T],

2
¢ € LX(r, T HN @) NL/(m, T W), g =25, Vpe (2.00),

Ovp € L®(m, T; HY(Q)) N L% (11, T; L*()), (6.1)
p€ L®(r, T; HY(Q)) N LA (m, T; HA(Q)) N HY (11, T; H ()'),
F'(¢) € L*(1, T; HY(R)), F"(¢) € L°(11,T; LP(R)), Vp € [2,00),

which satisfies

hp+u-Vo=Au, p=F(p)—K=x¢, ae. inQx(r,T), (6.2)
as well as
t t
(1)) + / IV ()220 dr + / / pu-Vpdedr = £(6,,), Vie|n,T) (6.3)
T1 T1 Q

In addition, there exists 7o € (71, 7) such that

sup [[¢(t)|[L=() <1 —0. (6.4)
te[ro,T)
Furthermore, we also have
O € L* (19, T; LA(Q))  and  p € C([r2, T]; H(Q)). (6.5)

It is worth pointing out that the uniqueness of weak solutions in Theorem 4.1 guarantees that ¢ and the
solution originating from ¢(7;) coincide.
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Next, in light of the above propagation of regularity of the concentration, we improve the regularity of
the restriction of 9;(p(¢)u) to divergence free test functions (not the full distributional time derivative of
p(p)u). To this end, we first recall from (1.14) that

<at(p(¢)u)vv>VO%0(Q) = (f,V), Vv e VO%U(Q)7 (6'6)

for almost any ¢ € (11,T), where

P1 — P2

(f,v) = (p(p)u®u,Vv) — (v(¢)Du,Vv) — (u®Vu, Vv) + (uVe,v).

Thanks to (6.1), we find that

I(f,v)| < C <||U—||i4(ﬂ) +[[Dul| 2y + IVl s llull L2y + HMHL‘*(Q)HV¢”L2(Q)> HVHH(%’U(Q)
C (1+[|Vull2) + IVl @) HVHH&G(Q)a

for any v € VO%J(Q) and almost any ¢ € (71,T). Since V02,a (Q) is dense in H&U(Q), the functional f has a
unique extension to H&J(Q). As a result, we deduce that f € L?(7, T H&,G (2)"). By definition of the weak
time derivative, this clearly entails that 9;(p(¢)u)|ms (o) € L*(ry,T; Hy ,(22)') and

<af(p(¢)u>7v>HéU(Q) = (f7V)7 Vv e H(%,O’(Q)’ (67)

almost everywhere in (71,7). As a consequence, we can apply [23, Lemma 5.3] which gives that the chain
rule

d
Oulp@hw). Wy oy = 53 [ O de s 5 [ dup(é)lul? as
Q

Q

holds almost everywhere in (71, T). Then, since u € L*(0, T} H&U(Q)) is now allowed as a test function in
(6.7), we obtain

1d

1
s PNl ot g [ow@?ds ~ [plopusu: vuds
Q Q

Q

+/ (o )|Du|2dx+ 2p2/u~(Vu~V)udac:/,uV¢-udx,
Q

Q Q

almost everywhere in (71, 7). Thanks to (6.2), we observe that

,02 uf? P1— P2 uf?
8t¢—dx ((b)u-V(—) dx + V-V <—> dx = 0.
/ / 2 2 Q/ 2

Thus, after an integration in time, we reach

1/(( JJu(t |2dx+/H¢7Du

/p (11) |u7'1\dx
Q

2
ds — dxd
o) S //qu)uxs

1
2
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for all ¢t € [11,T]. In light of (6.3), we find the energy identity

+ V()72 ds = E(u(r1), ¢(11)), V7 <t <T.

B /HﬁD ),

L2(Q)
Next, owing to the energy identity, and exploiting (6.1) and (6.4), there exists 13 € (72, 7), such that
u(rs) € Hy ,(Q), o(r3) € H'(Q), F'(é(r3)) € H'(Q), [ ¢(73)]| L0y <1-0.

An application of Theorem 1.5 yields the existence of a unique global strong solution (ﬁ, 11, q~5> to (1.8)-(1.9)

on [13,00) departing from the initial datum (u(73), ¢(73)). Our aim is to show that actually (ﬁ(t), QNS(t))
coincides with (u(t), ¢(t)) on [r3,T]. To achieve it, we argue similarly to the proof of the uniqueness for
strong “separated” solutions given in Subsection 5.5. In particular, we will only show the main differ-
ences. For the clarity of presentation, we set (ui(t),$1(t)) = (u(t + 73),¢(t + 73)) for ¢t € [0, — 73] and
(U (t473), do(t+73)) = (W(t), p(t)) for t € [0, 00). The initial data become (u(0), $1(0)) = (uz(0), ¢2(0)) =
(u(73), #(73)). Furthermore, we recall that

w € OW([0,T = m]; L3) N L*(0,T — 733 Hy , (), 9(p(¢1)wi) € L*(0,T — 73; Hy ,()'),
¢ € L®(0,T — 73, HY(Q) N LU0, T — 13; WHP(Q)), ¢q= ]%, Vp € (2,00),

By € L°(0,T — 75; HY(Q)') N L2(0, T — 73; L*(Y)), (6.8)
p1 € L0, T — 73; H(Q)) N L*(0,T — 73; H*(Q)) N H(0, T — 73; H(Q)"),

F'(¢1) € L=(0,T — 133 H'(2)).

Thanks to (6.2) and (6.8), (6.7) can be rewritten as follows

<at(P(¢)u)»W>H3YU(Q) —/5tp(¢1)111 'Wd$+/( (p1)ug - V)uy -wdz
Q

¢ (6.9)

—/(Pl(%)vﬂl -V)u; - wdz + /V(¢1)Du1 :Dwdr = —/¢1(VK* ¢1) - wdz,
)

Q Q

for any w € H; ,(€2) and almost any t € (71,T). At the same time, the pair (ug, ¢2) satisfies (1.17) as well
as

p($2)0ruz + p(¢2) (U2 - Vg — p'(¢2) (Vi - V)ug — div (v(d2) Duz) + VIIp = 112V,

Oz + 02 Vo = Apa, o = F'(¢2) — K * ¢2,

(6.10)

almost everywhere in  x (0,7 — 73). Moreover, it is essential to notice that both ¢ and ¢5 are strictly
separated since the initial concentration ¢(72) is strictly separated, i.e. |[¢;(t)|[zo) < 1 — 0, for all t €
[0,T — 73], 4 =1,2, for some ¢ € (0,1).

We now set (u,®) = (u; — ug, ¢1 — ¢2) in [0,T — 73]. It follows from (6.9) and (6.10) that this pair
satisfies the weak formulation:
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(Oc(p(P1)u), W) (o) — (Orp(d1) ur, w) + (O(p(d1)u2), w) — (p(d2)0ruz, w)
+ (p(o1)(u1 - V)u,w) + (p(¢1)(u - V)uz, w) + ((p(é1) — p(¢2))(uz - V)uz, w)
p

— PP (Vi - V), w) — L2 (VO V), w) + (v(¢1) Du, Tw) o
+ (1) — (¢2)) Dz, Vw) = (12 VP, w) + (OV e, w),
for any w € Hj ,(2), in (0,7 — 73), and
9P +u;-VO+u-Veo=A0, O=F(d1)—F(ps)—K*® ae inQx(0,7T—73). (6.12)

As next step, we take w = u in (6.11) and apply the chain rule formula in [23, Lemma 5.3] with p = p(¢1)
and u on the interval (0,7 — 73). Clearly, we have p € H'(0,T — 73; L*()) and u € L>(0,T — 73; L2(Q)) N
L*(0,T — 73; H(]j,a (Q)). We now claim that 9;(pu) € L*(0,T; H&U(Q)'). In fact, by definition, we have

dr(pu) = 9 (p(¢P1)u1) — O (p(p1)u2).

Observe that 9;(p(¢1)uy) € L*(0,T; H&U(Q)') by the first part of the proof. Moreover, J;(p(¢1)uz) €
L*(0,T; H&U(Q)’) by (6.8) and uy € L?(0, oo; VOQU(Q)) N H'(0,00; L2(£2)). Therefore, by using [23, Lemma
5.3], the chain rule

1d
(Oulplor)w). Wiy (o) = 57 [ POl de+ 5 /atp s1)lul do

Q

holds almost everywhere in (0,7 — 73). Also, we observe that

— (Orp(d1)ur,u) + (O(p(d1)uz), 1) = —/atp(¢1)|u|2d$ + (p(¢1)0ruz, ).

Thus, exploiting the above relations and (5.40)-(5.42), we find (cf. (5.43))

(d)l) ‘ |2

dt /1/(@%71)|Du|2 dx

Q

61) — pl(d2)druz - ude — / p(61)(u- V)uz - ude - / (p(1) — p(62))(uz - V)uz - uda
)

¢ ¢ (6.13)

[0t - s

Q

/( (¢1) —v(¢2))Duz : Vudx — p2/®Au2 udx — p2/®Vu2 Vudz
Q

- [

O(VK * ¢y) - udx—/qﬁg VK % ®) -udz.

o)

2

The rest of the argument follows by repeating line by line the proof of the continuous dependence estimate
for “separated” strong solutions given in Subsection 5.5. As a result, we obtain the following differential

1 1
a4 (/ (¢1)‘ 2 do + 5|<1>||%2(Q)) < K(@) (/@M? dx + §||¢|iz(ﬂ)>

Q Q

inequality
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almost everywhere in (0,7 — 73), where K is defined as in (1.21).

By the regularity of the strong solution us, it immediately follows that K e L! (0,7 — 73). Then,
we conclude from the Gronwall lemma that (ui(t),¢1(t)) = (ua(t), ¢2(t)) on [0,T — 73], and thereby
(u(t), d(t)) = (A(t), d(t)) on [r3, T]. So, setting II(¢) = II(¢) on [r3, 00), we have that (u,II, ¢) is a “separated”
strong solution on [7,00) C [73, 00).

In the last part, we demonstrate that any weak solution converges to an equilibrium, i.e., a minimum
of the nonlocal Helmholtz free energy (1.7). To this end, we first observe from the previous part and
Theorem 4.1-(ii) that

u € BUC([1,00); Hy () N Lije([1,00); Vo (2)) N Hyoe ([, 00); L7 (),

uloc
¢ € L>=(1,00; L>(2)) such that  sup [|¢(t)[| L) <19,
te(l,400) 5
6 € Cu((1,00); H' (@) 0 Lo (1,00 W), a= -5 pe (2,:00) (6.14)

)
v € L°°(1,00; HH(Q)') N L2(1, 00; L?()),
i€ BUC([1,00); H'(Q)) N LZ),.([1,00); H*(€2)) N Hyo ([1, 00); L2(52)).

uloc

In addition, the energy identity

4 V()] 720y ds = E(u(1), 6(1)) (6.15)

B(a(t).6(0) + [ | V@) Duls)

L2(9)
holds for every t > 1. Thanks to the separation property, the classical theory for second-order parabolic
semilinear equations (cf. [28, Corollary 5.6] and the references therein) entails that there exists v € (0,1)
such that

¢ € BUC([2,00),C7(Q)). (6.16)
Now we define the w-limit set of (u, ¢) as

w(u, @) = {(v,®) € L2(Q) x L>®(Q) : It, /oo s.t. (u(ty), d(tn)) — (v, @) in LZ(Q) x L=(Q)}.
In light of (6.14) and (6.16), it follows that w(u, ¢) is non-empty, compact and connected in L2 () x L>(Q).
Also, we observe that any (v, ®) € w(u, @) is such that || @[ @) <1 0.
Next, we claim that

w(u, ) C {(0,9s) : oo € C7(Q) solves (1.25)} . (6.17)

Arguing as in [8, Section 3], subtracting the Helmholtz free energy equation (cf. (4.4))

Euac(0(0) + [ 1Tu) 3y dr+ [ [ou- Vndeds = o). Vi€lLoo), (619
1 1 Q

from (6.15) we have, for all ¢t € (1, 00),

2

L2(Q)

Ban(u(t).00) + [ VoG Dues)| ), | ds= Bantu).6)+ [ [ou Vadear. (619
1 Q

1
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Let us set & > 0. We observe from (6.15) that u € L*(0, 00; Hj ,(2)) and V. € L*(0,00; L*(€;R?)), there
exists T' > 0 such that |[u(T)|/z2(q) < € and ||V r2((7,00:22()) < €. Then, we infer that

x [ el ot [ 1Du(s)x ds

ma
te[T,00)

< [ Soo@NIP s+ [ 10610 a0 Tl 1200 ds
T

P Vs
< Ty + % [ 1D oy ds + C [ 190 ds
T T
" [oe]
< B+ 2 [ IDu)E ds + €2,
T

which gives that

sopax a(®)llL2@) < 2Ce,
where C' is independent of T' and . Thus, u(t) — 0 as t  cc.

Let us now consider ¢,, /oo and let (u(t,), d(t,) — (0, ¢poo) in L2(Q) x L=(RQ) as n — co. We now set
(un(t), dn(t)) = ((t 4 t,), d(t +t,)) for t € [1,00). Clearly, u,(t) — 0 in L2(Q) as n — oo. Also, since
u,, is uniformly bounded in L*(0, 00; L2(Q)) N L?(0, 00; H(R)), and exploiting Theorem 4.1, (6.14), (6.16)
and (6.18), it is easy to deduce that

[onll oo, mc@y S 1 =06 Nénllrzorm@) <O, 10dnllzorm10)) <O, Nptnllzorm1(0)) < C

for some C' independent of n and for any T' > 0, where p,(t) = p(t +t,). Then, ¢, converges to ¢’ strongly
in L2(0,T; L*(Q)) for any T > 0 and p,, converges to y’ weakly in L?(0,T; H'(2)) for any T > 0. It follows
that ¢ is a weak solution to (4.1) in the sense of Theorem 4.1 with chemical potential u’, divergence-
free drift v = 0, and initial datum ¢'(0) = ¢o. In addition, we have Epnoc(dn(t)) — Enoc(¢’(t)) for
almost every t € [1,00) as n — oo. However, since u € L2(0,oo;H&g(Q)) and Vu € L*(0, 00; L*(€; R?)),
éu-Vu € L'(0,00; L(2)). Then, the limit E., := tlggc Epnoc(¢(t)) exists and is unique. Therefore, we
infer that Fyjoc(¢'(t)) = Eo almost everywhere in [1,00). We conclude from the energy equality of ¢’ that
V' = 0 for almost every ¢ € [1,00), and thereby 9;¢’(t) = 0 for almost every t € [1,00). As such, ¢'(t) = doo
for all t € [1,00) and

Fl(poo) — K % oo = s in §2, for some 1o € R.
This proves (6.17). We are left to show that the whole weak solution converges to (0, ¢ ) as t goes to +oc.

We know that, thanks to (6.15), the limit energy E is constant on w(u, ¢). Thus, we deduce from (1.24)
that, for all £ > 0,

+ [ Va(s)lIE2 () ds = E(u(t), ¢(t))

2
L2(Q)

+o00
Bt [ |VoGDuts)

from which we deduce (see (1.16))
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+o00
190y ds < Ba®).o(0) ~ B

= E(u(t),¢(t)) — Eutoc(¢oo) (6.20)

1

= 5 /p((b)|LI|2 + Enloc(¢(t)) - Enloc(¢oo)~

Q

To conclude, we now need the real analyticity of the potential F' in order to apply a suitable version of
the Lojasiewicz-Simon inequality (see, for instance [30, Lemma 2.20]). This amounts to say that there is
6 € (0,1/2] and Ty > 0 sufficiently large such that

|E,110C(¢(t)) - En100(¢00)|170 < C”ﬂ - ﬁ”L?(Q)) < CHVNHL?(Q)), Vit > To, (6-21)

for some C > 0. Therefore, we get from (6.20) and (6.21) that (see also (1.4))
[E(u(t), 6(t)) = Exo|'™" < C(lullz2()) + [Valr2()), VYt = To.

We can now argue as in [8, Sec. 6] to infer that (u(t), (t)) converges to (0,¢s) in LZ(R2) x L>=(Q) as
t — +00. The proof of Theorem 1.7 is hereby complete.

7. Proof of Theorem 1.9: Improved continuous dependence estimate for matched densities

We consider two sets of initial data (uf, ¢3) and (u3, ¢2) which satisfy the assumptions of Theorem 1.5,
respectively, with constant density p = p; = pa > 0 (i.e., we consider the nonlocal Model H). We denote
by (u,II1, ¢1) and (ug,Ils, ¢2) the corresponding strong solutions provided by Theorem 1.5. Let us set
u=u; —uy, P=1I; — Ils, ® = ¢p1 — 3, © = i1 — o = F'(¢1) — F'(¢2) — K * ®, which solve

pdyu+ pdiv (u; @ u) + pdiv (u @ uy) — div (v(¢1)Du) — div ((v(¢1) — v(¢2))Dug) + VP
= mV(I) + @V@, (71)
0;®4+u; - VO +u-Voy, = AO,

almost everywhere in  x (0, 00). Multiplying (7.1); by A" u and (7.1); by N(® — ®) (notice that, by the
conservation of mass, ® is constant), integrating over 2 and adding the resulting equations together, we
find the identity

dt
=p(u; ® u, VA 'u) + p(u® up, VA~ ') — ((1(¢1) — v(¢2))Duz, VA~ u)
—(u; - VO,N(® — ®)) — (u- Vo, N(® — ®)) + (11 VO, A~ u) + (OVeho, A" ).

d I _ )
i (Sl + 312 - B12) + 0.2 - B) + ((6)Du, VA )

Arguing as in [39, proof of Theorem 3.1], we observe that
(v(¢1)Du, VA~ a) = (v(¢1)Vu, DA™ 'u) = — (u,div (v(¢1) DA™ 'u))

= — (u,V/(¢1)DA "uVey) — % (u,v(¢1)AA™ ")

= — (u,V/(¢1)DA™"uV¢y) + % (u,v(é1)u) — % (u,v(¢1)Vr),
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where the artificial pressure m € L*(0, T} H(lo)(Q)) is associated to the Stokes problem —AA~!'U+Vr =u
in 2 x (0,00). Thanks to the above relation and by (4.13) and (5.42), we obtain the differential inequality

d (p, 2 1 =19 Vi | 12 3o 19
& (2|u||u + 5”‘1’ - Q)+ §HU||L2(Q) + ZH‘bHL%Q)

<Cll¢p— |17 + ‘ﬁ - ?‘ (I1F" (@Y1 + 1F" (6%l 11 () + plur ® u, VA~ u)

—plu®uy, VA 'u) — ((v(¢1) — v(¢2)) Dug, VA_lu) + (u, V'(¢1)DA_1UV¢1) (7.3)
+ % (W, 1(61) V) — (a1 - VB,N(® — B)) — (1 Voo, N (@ — B))

—(®(VK * ¢1), A" u) — (¢2(VK * @), A" u).

By using (2.2) and (2.6), we have

p/U1 ®u: VA  ude| < Clluy o lull 2o [ VA™ | Lsq)
0

< ull3a ) + Cllun 4oy lul?
24

and

u®uy: VA tude

IA

P [zl s Il L2 ) IVA™ a| Lago)

R—

Vi
< yllallZe o) + Cllaa|| o) l[ull-

In a similar way, recalling the assumption (Hg), we find

/(V(qbl) — v(¢2)) Duy : VA udz| < C||®| 12(q) [ Dzl i) |IVA ™ ul|a(o)
Q

@
_”(I)HLz(Q) + ||u||L2(Q) + C||Du2||L4 Q)”uHu
16

and

/V'(¢1)U' (DA™ 'u) V¢ dz| < Cllul|r20) VA al| s [Vor | e o)
Q

< ||UHL2(Q) +C||V¢1||L4(Q [JulF.
24

Exploiting now Lemma 3.1, we obtain

%/V(¢1)U~V7Td$ = %/I/(qbl)u.qulﬂdm

Q Q

< Cllullz @) IVérllLalimliao)

1 1
< C||UHL2(Q)HV¢1HL4(Q)||VA71‘1H£2(Q)Hu”z2(g)
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< 2 ullZaq) + ClIV61 (e Il

Next, arguing exactly as in (4.14), we get

/urV@’N(‘D*@)dI < @) + Cllwi [ 12 — B2 + €3]

— 16
Q
Since ||¢2||LOO(Q><(O,OO)) < 1, we infer that
JERC ) / bpu- VN(@ ~8))de| < 2 |ulaqq +Cll@ - B2

Q

Lastly, by (H2) and [|¢s | £ (x(0,00)) < 1 for i = 1,2, we deduce that

/@(VK*@) A"ude| < [VE # 61l 1 | @]l 2oy | A~ ul e
Q

9 < 15 ”(I)”L?(Q) +Clulf}

and

Q

@ < 16||‘I’||L2(Q +C||uHu~

Combining (7.3) with above inequalities, we are led to

d (fp o 1 12 P2 o L B2 P 712

G (51l 31 = 312) < naco) (Sl + 12 - 312 ) + Aafo) 8]+ C 3
where

Au(t) = € (14 a0y + IOl a0y + Dm0 4100y + V1410
and

Az(t) = [IF'(1(1) |1 (0) + 1 F'(d2() | 1(0)-

Owing to (1.17), it is easily seen that A; € L*(0,T) for j = 1,2. Thus, it follows from the Gronwall lemma
that (1.26) holds. The proof of Theorem 1.9 is thus concluded.

8. Proof of Theorem 1.10: Matched versus unmatched density

Let us fix T' > 0. Consider (u,II, ¢) and (ug, g, ¢x) the strong solutions to the nonlocal AGG model
with density p(¢) and to the nonlocal Model H with constant density 7 > 0 (i.e. (1.8)-(1.9)) with p = p1 = pa,
respectively. We assume that both (u, I, ¢) and (uy, Iy, ¢ ) originate from the same initial datum (ug, ¢o).
Therefore, setting v=u—ugy, @ =1 —Ilg, ® = ¢ — ¢y, we have
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(pl —;m) v + <p1 ;P2¢> dyu + (# _ﬁ> dpap + p(¢)(u- V)u—plug - Vijuy

- (P57) (T V) i ()Dv) v (1) ~ viom) Dun) + V@ -

=uVo — ugVom,
0 ®+u-VOo+v- -Voyg =AM,

almost everywhere in Q x (0,T) where M = p—py = F'(¢) — F'(¢p) — K x®. Multiplying (8.1); by A~'V
and integrating over 2, we find

(pl ZPQ) %HVH? + (I/(¢)DV,VA71V) = _¥(¢a§u,Aflv)
pP1— P2 _ . B B
) ( 2 f ) (Grur, A7) = ((p(#)(a - V)u = p(us - V)um), A7) (5.2)
+ P1 ; P2 ((V,U . V)U,Aflv) — ((V(¢) — V(CbH))DuH, VAilv)
_ ((I)(VK * (,b),A*lv) — ((j)H(VK * (I)),Aflv),
Observe now that (cf. [39, Section 3])
(&) Dv, VAT'Y) = — (v, (6)DATVYE) + & (v, v(é)v) + 5 (v, (6)T1V) (8:3)

where the artificial pressure is determined by the Stokes problem —AA~'v 4+ VII = v almost everywhere
in Q x (0, 7). On the other hand, multiplying (8.1); by N'® (notice that ® = 0 by the conservation of mass,
since the two solutions originate from the same initial data) and integrating over €2, we obtain (cf. (4.13))

Ld

3o
5 1012 + 2210 [3 ) < COJ2 + (B, VA'®) + (9nv, TN) (3.)

Here C' stands for a generic positive constant which may depend on given quantities and which may vary
even within the same line. Adding (8.2) and (8.4) together, and exploiting (8.3), we end up with

d p1t p2 2, 1 2 Vs 2 3 2
o (252 V12 + 51912 ) + 5By + 5 100

< PP 0,0, A" ) — (’” — P2 _ p) (Opup, A~1v)

- 2 2

~ ((p(@)(u- V)u = plun - Vyun), A™v) + L2 (Vi V)u, A1y

- ((V(QS) - V(¢H))DuHa VAilv) + (Va V/(¢)DA71VV¢) - % (V7 V’((}ﬁ)ﬁV(ﬁ)
+ (®u, VN®) + (¢ v, VN®) — (B(VK * $),A7'v) — (¢ (VK x ®), A~ v).
Since |||l = @x(0,7)) < 1, we have

P1 — P2
2

2
10eul|72 0y + ClIVIE,

P1 — P2
2

/¢8tu~A*1v <C
Q

and
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P1— P2

<7 —p> /atuH-A_lvdx <Olv|+c |2tz
Q

2

2
. ~7| loua iz

Integrating by parts, we find

- / (p(8)(u - V)u = B(u - V)un) - A= vde

Q
—~ [p@)v-Vyur AT vdr — [(p0) - P Vs Ao~ [ p(o)(un - Vv AN da
Q Q Q
= f/p(gb)(v Vu-A lvdz — /(p(qS) —7)(uy - Viug - A vdz + /p(gb)(uH V)A v vdx
Q Q Q
+ % / (Vo -uy) (v-A™'v) da.

Q

Then, recalling that uy € L>(0, o0; Hj ,(£2)), we obtain

/p(¢)(V'V)u'A_1Vd3«" < ClvllLz @ IVul| gyl A~ V]| e
Q

Vs
< %IIVII%z(m + C|Vul[Zs oIV

and

- /(P(¢) —p)(ug - Vug - A" vdz| < [[p() = pll Ly llum | La@) I Var 2@ 1A V| i)
Q

(

On the other hand, by (2.2), (2.3), (2.4) and (2.6), we infer that

P1— P2
2

IN

+

2
p1+p2
S22 -7]) + vz

/p(ﬂé)(UH-V)A‘lV-de < Clunlps@ VAT Vil [Vl 2@
Q

Vs 2 2
< 2—8||V||L2(Q) + Clvl;

and

P1 — P2
2

/(V¢'UH) (v-A7lv) dz| < lupllLa@ IVIiz@) AT VIiLe @ VOl a0
Q

<C

3 1
VI E @ IVIF 196 2o

P1 — P2
2

Vs
< %HVII%z(m + ClIVolLa o lIVIE,
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as well as

/(V(¢) — V(¢H))DUH . VA71V dx S C||(I>||L2(Q)||DUHHL4(Q)||VA71V||L4(Q)
Q

1 1
< Cl@ ] ol Dunl e VI IV 2

(&% Vi
< 10l 0) + 55 IVIEz (@) + CllDuA 7 gy I V-

In a similar way, by using assumption (Hg), we also get

/V’(¢)V' (DAT'WV¢) dz| < C||v| 20 IVAT V| 2 VOl a0
Q

Vs
< %”V”%Z(Q) +CIVolLaolIvIE.

Since u € L>(0, 00; Hj ,(€2)), it is easily seen that

P1— P2 -
5 IV ull syl Vall L2 |A ™ V] La o)

p1g,02 /(Vu-V)u~A*1vdz <

P1 — P2

< Clvil; + ¢ P

2
IVl 7aq)-

Now, exploiting Lemma 3.1, we get

[ V@ Vellda| < CIVilzaoIVollzs o Mo
Q

1 1
< IVl V0o IVAV 2 o IVl i

Vs
< 2—8\|Vlliz<m + Vol zaelIviE.

Finally, as in the proof of Theorem 1.9, we have

(67
[ ou VN@ds| < 10 + Clults o212
Q

and
Vi
[ omv VN®ds| < V) + ClOE
Q
as well as

. _ a
/@(VK*(;S)-A 'vdz| + /ng(VK*(I))-A vdr| < EH@H%2(Q) + C|lvlf3-
Q Q
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Combining the above estimates, we arrive at

d p1+ p2
3 (2522 Wiz + 31912 ) + vy + 5 1000

p1+ p2 P1
§R1(< )n VI + —||¢>||5>+Rg<

p1+p2  _
2

2
— P2
2

+

where
Ry = O (1+ [Vulae) + [Vunl ey + 1960
Ry 1= C (1+ |03y + 19320y + IVal34(q))

Notice that C' depends on the norm of the initial data and the time 7. An application of the Gronwall
lemma yields

(|p1 p2| +|p1+p2 _f

||V(t)||§ + ||(I>(t)H2 < {P1+Pz 1

/f’Rlﬁ " Ry(s)ds, Vte[0,T].
min

Therefore, in light of (1.17), the above inequality implies the desired conclusion (1.27). The proof of Theo-
rem 1.10 is finished.
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Appendix A. Global “separated” solutions to (4.1) with smooth divergence free drift

In this Appendix, we establish the existence of global regular solutions to the nonlocal Cahn-Hilliard
equation with smooth divergence-free drift. More precisely, we aim to construct solutions to (4.1) satisfying
the separation property for all times.

Theorem A.1. Let the assumptions (Hy)-(Hs) hold and let T > 0 be given. If u € D(0,T;C5%(92;R?)) and
¢o € H'(Q) N L>(Q) with ||¢o| <) < 1 and |¢o| < 1, then there exists a solution ¢ to (4.1) such that

€ L0, T HY(Q) NLX(Q): sup [[6(t)]l (o) < 19,
5 t€[0,T]
q . lp — P
¢€ L (O7T7W (Q))a q p_27 VPE (2700)3 (Al)

O € L=(0,T; H'(Q)') N L*(0,T; L*(2)),
p e C([0,T); H'(Q)) N L*(0,T; H*(Q)) N H'(0,T; L*()),

where § € (0,1) depends on T, u and ¢o. Any solution satisfying the above properties is a strong solution,
that is,
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hp+u-Vo=Apu, p=F(p)—K=x¢, a.e inQx(0,T),

(A.2)
Oapp =0, a.e ondQx(0,T), &(,0)=¢g, a.e. in.

Proof. Let us first introduce the Yosida approximation of the singular potential F'. For any A > 0, we define
A - 1

Fy : R — R such that F)(s) = §|A,\s\2+F(J,\(5)) where Jy = (I + AF')"" and Ay = X(I—JA). We report

the following main properties (see [17] and [28, Section 3)):

(al) for any A > 0, F\ € CLL(R) such that F)(0) = F}(0) = 0;
(a2) for any 0 < A* < 1, there exists Cy > 0 such that

1
Fy(s) > NSZ —Cy, VseR, YA€ (0,)\]; (A.3)
(a3) F) is convex with
Fi(s)> ——, VscR;
)‘(8)_14—04’ s eR;

1
(a4) for any A\ > 0, F is Lipschitz on R with constant T
(ab) as A — 0, F)\(s) — F(s) for all s € R, |F5(s)| — |F'(s)| for s € (—1,1) and F} converges uniformly to
F’ on any compact subset of (—1,1); furthermore, |F5(s)| — +oo for every |s| > 1.

Let us now fix A* to be positive and sufficiently small. We will choose A\* will be defined later on. We claim
that, for any A € (0, \*), there exists a function ¢, such that

pr € L(0,T; L(2)) 1 L2(0,T; HY (@) N HY(0, T; HY(Q)'), (A.4)
which satisfies the variational formulation
(O¢dx,v) — (pau, Vv) + (Vur, Vo) =0, Voe HI(Q), a.e. in (0,7, (A.5)

where iy = F{(or) — K * ¢» € L*(0,T; H(Q)), as well as ¢(-,0) = ¢o(-) in . The proof of the existence
of the approximating solution ¢, is carried out by the Galerkin scheme. The argument is rather standard
and we refer the reader to [21,28].

Conservation of mass and energy estimates. First, taking v = 1 in (A.5), we obtain that ¢y(t) = ¢¢ for all
t € [0,T). Since |¢or=() < 1 by assumption, we clearly infer that |¢x(t)| = |¢o| < 1 for all t € [0,T].
Next, we define the energy functional £, : L?(2) — R as follows

X0 ::/F,\(u)dx— %/(K*u) wdz.

Q Q

1
In light of (al) and (ad), it is easily seen that |Fy(s)| < XSQ for all s € R. In turn, this gives that

LK lwrr me
) < (5 + 5 )l (A6)

thus &y is well defined in L?(£2). Moreover, by the assumption on the kernel K in (Hy) and (a2), for any
A < A*, we have
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1 1
Ex(u) = 4—/\*||U||%2(Q) — O |9 = §HK *ull L2 (o) llul 20

A7
1 [[Kllwrre 9 ol (A7)
> (o — D full ) — O 19,
K lwrarey\]
Hence, setting \* < [4 <1 + f)} , we are led to
En(w) = ulZey — G Yue LA(Q), YA€ (0,7, (A.8)

where C > 0 is a constant independent of A as well as any other constant in the sequel unless it is explicitly
pointed out. Let us now take v = uy in (A.5). By using (A.4), (A.6), [18, Proposition 4.2] and the definition
of )y, we obtain

E0(x) + [Vislliagey + [ 6ru- Vindo =0,

Thanks to (A.8), we easily get

N

/ dau- Vs de| < [[ull o 163l 22 | Viall 2o
Q

A

1 1
< §||VMA||2L2(Q) + 5”“”%%(9) (Cb + Ex(9r)) -

Then, we find

d 1 1
Ex(or) + §HVU>\HQL2(Q) < §||u||2Loo(Q) (Cy +Ex(9n)) - (A.9)

In light of the general properties of the Yosida approximation of a convex function (see, in particular, [57,
Proposition 1.8, Chapter IV]), we recall that Fj(s) is increasing in A towards F\(s) for all s € R. Since
|0l (qy, we infer that Ex(¢o) < E(¢o) < oo. Therefore, it follows from the Gronwall lemma applied to
(A.9) that

T

T
C
on®) < |00+ G [Iumliemdr|ew | [uliegdr|. viebT).  (A10)
0 0

Combining (A.8) with (A.10), and integrating (A.9) on [0, 7], we obtain

max [da(t M7z + /||WA 72 A

. (A.11)

<20+ + g/uu oy dr | b | [ u(r)le oy dr
0

Next, recalling that FY is Lipschitz and ¢,(t) € H*(Q) for almost every ¢t € [0,T7, it follows from [52]
that VF(ox(t)) = FY (ox(t))Va(t) for almost every z € Q and t € [0, T)]. By definition of u and (a3), we
clearly have
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2

(6%

(125) [ 96rP as < 2190y + 21 Ty moy ol oy (A12)
Q

Let us now control fiy. Multiplying py by ¢x — ¢ and integrating over 2, we find

/Fi(m) (6x — &) dx:/w (62— %) dx+/K*¢A (62— &) da.
Q

Q Q

Observing that (fix, ox — @) = 0, we infer from the properties of K, the Poincaré inequality, (A.16) and
the conservation of mass that

/F;m) (62 —33) dx:/mrm (62— 37 dx+/K*¢A (6x - B2) da
Q

Q Q
<C(1+IViallz) -

Now, we recall from [28, Proof of Theorem 3.4] (which is inspired by [53]) that
IF3 (60 ey < €| [ F3(62) (6 — ) da| + (A.13)
Q

where C7, j = 1,2, are positive constants that only depend on F, © and ¢y. Then, combining the above
estimates with (A.13), we have

1
< /\Fi(m)ldﬁ /K*mdx
Q Q

o 2 C|K| e (A-14)

/ - )
< 1 Q/F,\(¢A)(¢,\ — o) dz| + 9] + TH%HI}(Q)

< C(1+[Vuallrz o))

where C' depends on F, Q, ¢g, £(¢) and llullz2(0,7;2(0))- On the other hand, concerning 0O;¢y, it is
immediate to check that

0l 1) < IdallL2llull e (@) + [Vl L2 (@)- (A.15)

Therefore, owing to (A.11), (A.12), (A.14) and (A.15), we obtain

oAl Loe (0,7:L2(9)) + VA L2(0,722(92)) + 10eDAllL200, 7511 (2)) + x| 20,137 () < C- (A.16)

In addition, we get by comparison that

IEX (&) L2 (0,751 () < C. (A.17)

Sobolev estimates. We derive higher-order Sobolev estimates following the argument used in [21]. To this
aim, we introduce the difference quotient 9 f(t) = h™* (f(t + h) — f(t)) and the shift S” f(t) = f(t+ h) for
0 < t < T — h. Subtracting now the weak formulation (A.5) evaluated at time ¢ from the one at time ¢t + h,
dividing by h and choosing A/ 8?@ as test function, we obtain
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N =

Q

By (a3), we have

[ ohsdlonde= [ 4 (F(8"02) - Fién) ot ordo— [ (K +0062) dl6xda
Q Q Q
> 10 ey — [ (<0t on) 0fon da.

Q

Also, we observe that (cf. (4.13))

(K *0"¢x, 0f'¢y) < ||VK*5h¢A||L2(Q)||VN3h¢A||L2(Q

< h ) h 2
T a1t +Clot o,

On the other hand, we infer from (2.1), (2.2) and (A.11) that

/s%A Olu - VN O da| < 0 ull (oIS 6a 2 VA Ol ecer

h h
< m”a L oAlT2(0) + CllOf e

and

«
ST 107 GalI72 () + Cllullf (o) 107 Eal13.

/8?(;5,\ u- VN ¢y de| <
Q

Therefore, we derive from (A.18) that

d
NOEOAE + T l0alEae) < € (1+ Iullfm ey ) NOFG5N2 + ClloulE oy

DN | =

(1+ )

Recalling that ¢(t) = ¢o, and thereby 9;¢(t) = 0, for all ¢ € [0, T], we infer from (A.5) that

DN | =

d

<liéx — oll2 - /mu VNG~ o) do+ [ u(én — d) da =0,
Q

Observing that

[ (@) = Fi(@0) (62— 60) da 20,
Q
and exploiting (A.11), we obtain

—/u<m—¢o> dxz—/Fm)(m—%) dx+/K*¢A<¢A—¢o> dz
Q

Q Q

d
anaﬁmni = /S%A oM - VN Oy dx — /af@u.wvaf@ dx+/8fu>ﬂf¢,\ dz = 0.
Q

105

(A.18)

(A.19)

(A.20)

(A.21)

(A.22)
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< /Fi(gbo) (62 — o) da + /K ¥ 65 (6 — b0) da
Q

9,
< VE(90)llL2 @) I VN (éx — ¢0)ll L2 (o)

+ VK| L1 w2y |oAll 22 () VN (A — d0)llL2(0)
< C(1+[[VF5(90)llL2()lléx — doll«

Similarly, we have

/¢A u- VN (¢x — ¢o) dz| < [[ullpe@)lloall 2 léx — doll« < Cllullps(q)lléx — doll«-
Q

In conclusion, integrating (A.22) in (0,t) for ¢ € (0,T), we find

t
1
o) - doll? < C (1 +[IVEL(S0)llz2() + [ull L~ o,7:0 @) / 195(5) — okl ds (A.23)
0

and a well-known version of the Gronwall lemma (see [17, Lemma A.5]) implies that

1
§||¢A(t) — doll« <t (L4 [VFX(¢0)llL2(0) + lallpo,msr=@)) » Yt e (0,T).

In order to obtain an uniform estimate in X, we are left to control |VFy(¢o)||r2(q). To this aim, we first
recall from [28, Lemma 3.10] that

1 1

F)/\/(S):X *W,(JA(S)) , Vse(-1,1),

where J) is the resolvent operator. In light of [57, Chapter IV, Proposition 1.7], Jx(s) — s for all s € (—1,1),

which entails that FY(s) — F"(s) for all s € (—1,1). Furthermore, since J5(0) = 0 (cf. F'(0) = 0)

and Jy is a contraction, Jy is bounded on compact subset of (—1,1) independently of A. Observing that

F{(s) < F"(Jx(s)), it follows that FY (s) is also bounded on compact subset of (—1,1) independently of \.
1

In particular, since ||¢o| L) < 1, we have that || F} (¢o)| =) < Cr, where Cp is independent of A. By
Lebesgue’s dominated convergence theorem, we infer that

lim ([ V7 (60) 20y = lim 174/ (60) Vol ey = I (60)Voll 2oy < Crlldolinca)- (A.24)

Therefore, choosing ¢t = h in (A.23) and exploiting (A.24) and u € C5°((0,7); C5% (€ R?)), we conclude
that [|0'¢(0)]. < C. Now, an application of Gronwall’s lemma to (A.21) entails that

T
max [0 osOI2 + [ 10627y dr
0

tel0,T—
T T
<c (1ot O)2 + / [0 u(r) |20 dr | exp [ CT +C / ()2 o d
0 0

Recalling the inequality ||af{1u||L2(0’T7h;L4(Q)) < |10sull 20, 154(02))» We conclude that
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108 DNl oo 0,71 (27 + 108 DAl L2073 22 (02)) < C
where C is also independent of h. Passing then to the limit as h — 0, this gives

10cpx | oo 0,711 )7y + [10e@xll L2(0,7522(02)) < C. (A.25)
Next, by comparison in (A.5) and using (A.14), we easily obtain that

leexll Los 0,751 () + 1 (D) | Lo 0,117 (2)) < C-
In addition, by elliptic regularity, we have

lexllzzge) < C (10edall2 () + - Vorlrzo)) < C (10:0all2() + [ullLeo)[Vorllza () -
Thus, thanks to (A.16) and (A.25), we also infer that
el 220, m;m2(0)) < C, (A.26)

Finally, recalling that Fy(¢x)Vor = Vux + VK * ¢, almost everywhere in Q x (0,7, we find (cf. also
(4.48))

IVoAllzr) < C(1+ VarllLee) - (A.27)

Then, by making use of the interpolation inequality ||u||ra(o,7;rr)) < Cllullns(0,m;r2 @)Ul 220,781 (),

2
p2 and p € (2,00), and by using (A.27) and (A.26), we are led to

where ¢ =

2
oAl Laco,mswrr)) < C, q= 171)2’ Vp € (2,00). (A.28)

Passage to the limit and further regularities. Thanks to the above estimates (A.16)-(A.17), (A.25)-(A.26)
and to the convergence properties (a5), we deduce by standard compactness arguments and by passing to
P and

2

the limit as A — 0 in (A.5) that there exist ¢ € L>(0,T; H*(Q)) N L0, T; W P(Q)), where ¢ =

p € (2,00), such that 9, € L>°(0,T; H (Q))NL*(0,T; L*(2)) and p € L>(0,T; H'(2)) N L*(0,T; H*(Q)),
which satisfy the problem (A.2). Furthermore, by a classical argument for singular potentials (see, e.g., the
proof of [28, Theorem 3.15]), we deduce that ¢ € L°°(2 x (0,T)) such that |¢| < 1 almost everywhere in
Q x (0,7). By comparison in (A.2);, we infer that F'(¢) € L>(0,T; H'(Q2)). In light of assumption (H,),
arguing as in [29] we find F"'(¢) € L*°(0,T; L*(Q2)) for all p € [2,00). Owing to this regularity, we can recast
the argument in [29, Section 4.1] for the advective case by observing that the corresponding drift term
vanishes once again (i.e., Z = 0, cf. (4.60), see the proof of Theorem 4.1, (ii)). This yields the existence of
a constant § > 0 such that ||@||z(ax(0,7)) <1 — 0. To conclude this proof, we are left to show an estimate
for Op1. We observe that

1
oy =0l /F”(sShgb +(1—s)¢)ds | —K*dl¢, 0<t<T—h. (A.29)
0

By the separation property, ||SSh¢+(1_8)¢)||LOC(QX(O,T_}L)) < 1—¢forall s € (0,1). Then, by the properties
of K and exploiting that ||ath¢HL2(O,T—h;L2(Q)) < ||0:@ll L2(0,7;L2(02)), We obtain that Hath/,bk||L2(07T_h;L2(Q)) <
C, where C' > 0 is independent of h. This implies that dyu € L*(0,T; L*(2)). The proof of Theorem A.1 is
now completed. O
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