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Abstract. We introduce a notion of absorption operators in the context of
quantum Markov processes. The absorption problem in invariant domains
(enclosures) is treated for a quantum Markov evolution on a separa-
ble Hilbert space, both in discrete and continuous times: We define a
well-behaving set of positive operators which can correspond to classical
absorption probabilities, and we study their basic properties, in general,
and with respect to accessibility structure of channels, transience and
recurrence. In particular, we can prove that no accessibility is allowed
between the null and positive recurrent subspaces. In the case, when the
positive recurrent subspace is attractive, ergodic theory will allow us to
get additional results, in particular about the description of fixed points.
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1. Introduction

Multiple motivations naturally drive to reflect on a quantum notion of absorp-
tion probability, which is a concept with its own peculiar interest and with
many significant connections. Indeed, starting from the generalization of
absorption probabilities, we shall be able to revisit and extend to the non-
commutative case some classical steps of this theory, to stress peculiar behav-
iors of the non-commutative case and to analyze some implications in asymp-
totic theory and, more in general, in some structure property of the evolution.
In particular, accessibility among different domains, or relations with com-
munication properties, transience and recurrence, which are still delicate and
unclear themes in the non-commutative world, will be involved. Moreover, as
well-known classical probability results teach us, under suitable conditions, the
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fixed points can be described through absorption probabilities in appropriate
subsets of the domain.

Quantum Markov semigroups are widely used in physical models since
years, from quantum optics to quantum information and computation. From a
mathematical viewpoint, they can be seen as a non-commutative counterpart of
Markov semigroups on commutative spaces of functions in classical probability.
The basic objects we will deal with are quantum channels, a single one or a
family forming a semigroup to describe evolution with time.

Various fields of applications to quantum physics motivate the study of
these channels and, in particular, of absorption operators and fixed points (see
[1,13,32,33,37]), but the approach we shall follow here comes from classical
and quantum probability. In a first step, a central theme which stimulated this
work is the study of the fixed points of a quantum channel: This theme has been
widely investigated, with satisfactory results for the case of positive recurrent
channels, i.e., channels with an invariant faithful density (see [5,7,9,10,19,27]),
but information is lacking and yet useful in the general case [1,2,24]. Once the
construction of the mathematical object clearly appeared, we realized that it
could be a useful tool to tackle the different aforementioned subjects.

To be more precise in the description of the mathematical environment,
we fix a quantum system described by a separable Hilbert space H, and we
denote by B(H) the algebra of bounded operators acting on H, so containing
the observables, and by L1(H) its predual, the space of trace class operators,
which contains the densities.

A quantum channel, in the Heisenberg picture, is then a completely posi-
tive identity preserving normal map Φ on B(H). This map is sometimes called
a Markov operator, and it is contractive [6, Corollary 3.2.6]. Its predual Φ∗ will
be a completely positive trace preserving map acting on L1(H) and describing
the Schrodinger picture.

By a quantum Markovian evolution, we mean here an evolution described
by a semigroup P = (Pt)t∈T of quantum channels. For discrete time models,
we shall essentially consider T = N and the semigroup P will consist of powers
of a single quantum channel Φ, i.e., P = (Φn)n≥0, while, in the continuous time
case, T = [0,+∞) and P is generally considered as a quantum dynamical semi-
group, so also with some continuity properties (see Sect. 2). We immediately
underline that the conditions on P and on the domain can be easily relaxed
for many of our results, either for positivity or for continuity conditions, but
we are not going to detail this here anyway, because these assumptions are
standard for most applications.

In the next section, we shall be more precise in notations and defini-
tions, and here, we aim to give a brief outline of the absorption operators and
of the contents of the paper. First, we need to consider appropriate absorb-
ing domains: By “absorbing,” we informally mean that the evolution cannot
escape from this domain, even if it is not obliged to enter in it. These kinds of
domains are usually called invariant subspaces or enclosures in the literature
(see Definition 1). We denote by V such a domain and by pV the projection
on V, which is always a subharmonic projection for the semigroup P. Then,
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we define the corresponding absorption operator A(V) by the relation

A(V) = w∗ − lim
t→∞

Pt(pV).

The choice of this name is due to the fact that they are the quantum counter-
part of absorption probabilities and they coincide with these probabilities for
the minimal dilations: see Remark 3 for the parallel with the classical com-
mutative picture. These operators contain the same kind of information as
absorption probabilities, and they mimic some of their nice properties in a
non-commutative setting. In particular, for any vector u in H,

〈u,A(V)u〉 = lim
t→+∞

Tr(pVP∗t(|u〉〈u|)),

so that A(V) describes the quantity of mass that the evolution asymptotically
sends to V starting in the pure state u.

Section 2 will be first devoted to the construction of absorption operators,
to their characterization as fixed points and to the study of some basic general
properties related to the structure of the channels (Proposition 6); accessi-
bility rules between V, V⊥ and other enclosures associated with the spectral
resolution of absorption operators (Proposition 4) will also be investigated.

Section 3 will focus on the relations between absorbing properties and
transience and recurrence. Similarly as in the classical case, the absorption
operators A(V) will be particularly relevant in the case when V is a minimal
recurrent enclosure (i.e., a recurrent class, for a classical Markov chain). We
recall that, for a classical Markov chain valued in a discrete set V , a vertex
j in V is recurrent if, starting from j, the chain almost surely returns to it;
otherwise, the vertex is transient. Among recurrent vertices, we call positive
(or fast) recurrent the vertices for which the return times are averagely finite,
while other vertices are called null (or slow) recurrent. Transience and (null
and positive) recurrence are invariant properties for communicating vertices
and positive recurrent vertices consist of the support of invariant probabilities.
We refer, for instance, to [31] for a complete introduction to classical Markov
chains.

Here, we shall briefly summarize the main definitions to characterize
quantum recurrence using potentials, introduced in [18,35]), and we shall prove
that the orthogonal complement of an enclosure inside the recurrent space is
again an enclosure (Theorem 9). This is maybe the main result of the sec-
tion, due to its various implications: It will be the main instrument to analyze
the properties of absorption operators with respect to transience and recur-
rence (Theorem 14), and in addition, as a by-product, it implies that the null
recurrent subspace is an enclosure or, equivalently, that it reduces the Markov
evolution (a problem of non-accessibility between quantum null and positive
recurrent spaces left open in [35]).

In Sect. 4, we concentrate on the case when the positive recurrent sub-
space is attractive. This trivially includes the situation when the semigroup
has an invariant faithful state, already extensively studied [5,9,10,19,27], but
allows to consider infinite-dimensional models with non-trivial transient sub-
spaces, for which results are still lacking in general. The existence of a normal
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conditional expectation which projects the space of observables on the posi-
tive recurrent part [23] allows to gain supplementary results about absorption
operators and create a bridge to analyze the structure of fixed points in gen-
eral (Theorem 22) and to characterize the cases when it is an algebra. It is
then immediate to deduce some more details about the links with the asymp-
totic/ergodic properties of the evolution.

Finally, in Sect. 5, we consider some models in order to see the application
of our results: We consider both continuous and discrete time cases, examples
in which the positive recurrent space is absorbing or not, finite and infinite-
dimensional examples.

2. Absorption Operators

In this section, after some brief preliminary description of the context, we are
going to define the absorption operators and to prove the basic properties,
essentially involving the spectral structure and accessibility relations between
subspaces.

By quantum channel, we mean a completely positive identity preserving
normal map acting on B(H). We already specified that we consider the evo-
lutions described by a Markov semigroup P = (Pt)t∈T, that is a semigroup of
quantum channels, indexed in discrete or continuous time, i.e.:

• T is equal N or [0,+∞);
• Pt is a quantum channel for any t;
• P0 = Id and Pt ◦ Ps = Pt+s for all times t and s.
• When time is continuous, we shall suppose that P is a quantum dynami-

cal semigroup, i.e., a weak∗-continuous semigroup of completely positive
unital maps.

When we are interested in one single channel Φ, we can naturally associate
it to the discrete time semigroup (Φn)n≥0. In this section, we do not really
need the additional continuity assumptions on the semigroup nor complete
positivity, but these conditions are generally considered the standard ones, so
we shall not worry about this (see Remark 8).

The predual operator of a channel Φ will be denoted by Φ∗ and is a
completely positive trace preserving operator acting on the space L1(H) of
trace class operators. L1(H) contains the density operators, i.e., the nonneg-
ative operators with unit trace; we shall call states these density operators,
identifying, by standard duality arguments, the densities with the normal non-
commutative probability measures.

As we have previously remarked in Introduction, in order to analyze the
absorption problems, we need to define the proper “absorbing” domains, for
which it makes sense to define absorption. These subspaces of H are some-
times called enclosures or invariant subspaces [5,37], and they are informally
characterized by the fact that the evolution cannot decrease the quantity of
mass inside these domains.

More precisely, we write the following.
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Definition 1. A subspace V of H is an enclosure for a channel Φ if, for any
state ρ,

supp(ρ) ⊆ V implies supp(Φ∗(ρ)) ⊆ V.

V is an enclosure for a semigroup P = (Pt)t when it is an enclosure for any
channel Pt of the family P.

Under different names or viewpoints, enclosures have been deeply inves-
tigated and widely used, in order to study the reducibility/irreducibility of
quantum processes; the literature is huge, both in theoretical [14,17,20,26])
and applicative contexts [5,13,37]. Enclosures are exactly the range of a so-
called reducing or subharmonic projection for the channel and they identify
hereditary subalgebras. The jungle of different terminologies have sometimes
given difficulties to interplay between the various visions, but it is useful to
keep in mind all of them, because this will allow to exploit all the potentiali-
ties. We rapidly sum up here some of these parallel different definitions. For a
subspace V of H, we denote by pV the projection on V, and then, the following
facts are equivalent (see [10, Section 3]):

• V is an enclosure, or stationary domain, or invariant subspace for the
channel Φ,

• pV is a reducing or subharmonic projection for Φ, i.e., Φ(pV) ≥ pV
• pVL1(H)pV is hereditary for Φ∗, i.e., Φ∗(pVL1(H)pV) ⊆ pVL1(H)pV , i.e.,

a weak-closed face preserved by Φ∗.
• pV⊥B(H)pV⊥ is hereditary for Φ.

When V is an enclosure, pVL1(H)pV is hereditary for Φ∗, so we can
define the restricted quantum channel ΦV on the subsystem V, that is an
operator acting on the set pVB(H)pV � B(V) of bounded operators on V,
ΦV : pVB(H)pV → pVB(H)pV ,

ΦV(pVxpV) := pVΦ(pVxpV)pV = pVΦ(x)pV ∀x ∈ B(H), (1)

and the restricted predual channel ΦV
∗ := Φ∗|pVL1(H)pV : pVL1(H)pV →

pVL1(H)pV

ΦV
∗ (pVxpV) := pVΦ∗(pVxpV)pV = Φ∗(pVxpV) ∀x ∈ L1(H).

From now on, we shall use the same notation, V , for instance, for a subspace
of H and for the projection on the same subspace when the distinction is clear
from the context.

An immediate consequence of the definition is that when V is an enclosure
for P, since the corresponding projection is subharmonic and P is positivity
preserving, the family (Pt(V))t∈T is an increasing family of positive operators
bounded above by the identity operator. So (Lemma 2.4.19 in [6]) it converges
weak* to its least upper bound. This makes the following definition consistent.

Definition 2. Consider an enclosure V for a Markov semigroup P. We can
define the absorption operator associated with V as the weak∗ limit

A(V) := w∗ − lim
t→∞

Pt(V). (2)
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In the case, V is an enclosure for a quantum channel Φ, defined as before
P = (Φn)n∈N.

Obviously, the limit in (2) does not exist when V is replaced by a general
operator, but it is true at least for enclosures and we shall deduce the same
for a wider class of operators in the sequel (see Theorem 22).

Remark 3. A classical Markov chain X = (Xn)n∈N with transition matrix Q
on the set V can be thought of as the diagonal/classical restriction of a dilated
quantum channel acting on B(C|V |). An enclosure for X is then a subset C of
V which is closed under the evolution, i.e., such that Qij = 0 whenever i ∈ C
and j /∈ C, or, equivalently, such that, for any probability law μ supported
in C, μQ is still supported in C. The absorption operator for the enclosure C
will be defined by (2) as A(C) = limn→+∞ Qn(1C), so that A(C) is a bounded
function defined on the set V representing the absorption probabilities for a
classical Markov chain, i.e.,

A(C)j = P{∪n{Xn ∈ C} |X0 = j} ∀j ∈ V.

This parallel can suggest some expected properties of an absorption operator,
starting from the classical probability context, replacing bounded functions
with bounded operators, complementary sets with orthogonal complement and
so on.

Proposition 4. Let V be an enclosure.
1. A(V) is a well-defined bounded operator, and it is a fixed point for the

semigroup and 0 ≤ A(V) ≤ 1.
2. If λ is an eigenvalue of A(V) with norm one eigenvector x, then

λ = lim
t→+∞

Tr(VP∗t(|x〉〈x|)).

In particular, the kernel of A(V) consists of all vectors x such that

Enc(x) := sup
t∈T

{supp(P∗t(|x〉〈x|))} ⊂ V⊥.

3. The eigenspaces of A(V) corresponding to the eigenvalues 0 and 1 are
enclosures.

The previous proposition shows some first elementary properties that
we can expect from absorption classical probabilities. In particular, we can
characterize the kernel of A(V) as the space generated by vectors x such that
if the system starts in the pure state |x〉〈x|, zero probability is given to the
enclosure V along the whole evolution. The space Enc(x) introduced above
can be proved to be the smallest enclosure containing x (see [9]). Notice that,
when working in a non-commutative context, some classical rules are missing;
for instance, Enc(x) �⊥ V is not a sufficiently strong condition to ensure that
x is in the support of A(V) and we cannot hope that V ⊂ Enc(x) holds for
all x in the support of A(V). For a counterexample to the latter fact, we can
consider models for which there exist enclosures which do not contain V and
that are not orthogonal to it (see Examples 5.1 or 5.3).
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Proof. 1. We already remarked that the definition given in relation (2) is
consistent. Moreover, since V is a projection and P is positivity and
identity preserving,

0 ≤ V ≤ 1 ⇒ 0 ≤ Pt(V) ≤ 1 ∀t ∈ T

and passing to the weak∗ limit, we preserve the inequalities. Moreover,
A(V) is a fixed point due to the normality of the channels Pt.

2. When x is a norm one eigenvector pertaining λ, then we immediately
deduce

λ = 〈x,A(V)x〉 = lim
t→+∞

Tr(VP∗t(|x〉〈x|)).

In particular, when λ = 0, this implies that, for x in the kernel of A(V),

lim
t→+∞

Tr(VP∗t(|x〉〈x|)) = 0;

but, since V is an enclosure, the trace Tr(VP∗t(|x〉〈x|)) is a nonnegative
increasing function of t, so that the previous gives

Tr(VP∗t(|x〉〈x|)) = 0 for all t ∈ T (3)

and the conclusion follows.
3. We first show that the kernel of A(V) is an enclosure. A(V) is positive

and harmonic; hence, for ρ ∈ L1(H) such that supp(ρ) ⊂ ker(A(V)), we
have that for all t ∈ T

Tr(A(V)P∗t(ρ)) = Tr(Pt(A(V))ρ) = Tr(A(V)ρ) = 0,

so supp(P∗t(ρ)) ⊂ ker(A(V)) and the kernel of A(V) is an enclosure.
We can repeat similar computations replacing A(V) with the oper-

ator X := 1 − A(V) and prove that its kernel, which is exactly the
eigenspace of A(V) corresponding to the eigenvalue 1, is an enclosure.

�

In the next result and in the following pages, we shall repeatedly use
the following well-known property of positive operators: Let Y be a positive
bounded operator and p an orthogonal projection such that pY p = 0; then
pY (1 − p) = (1 − p)Y p = 0.

Lemma 5. For any enclosure V and for any t ∈ T,

VPt(V)V = V and VPt(V)(1 − V) = (1 − V)Pt(V)V = 0,

or equivalently

Pt(V) = V + (1 − V)Pt(V)(1 − V).

Moreover, for any enclosure W orthogonal to V,
WPt(V)W = 0.

Proof. Since V is an enclosure, V ≤ Pt(V) ≤ 1, so V = VPt(V)V. Moreover,
this implies that, for any t ∈ T, Pt(V) − V is a positive operator such that
V(Pt(V) − V)V = 0, and so

V(Pt(V) − V)(1 − V) = (1 − V)(Pt(V) − V)V = 0,
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which immediately implies VPt(V)(1 − V) = (1 − V)Pt(V)V = 0.

For the last assertion, simply notice that 0 ≤ V ≤ 1−W, so the positivity
and unitality of P give

0 ≤ WPt(V)W ≤ WPt(1 − W)W = 0,

where the last equality follows from the application of the first part of the
statement to the enclosure W. �

Proposition 6. 1. For any enclosure V

VA(V)V = V, VA(V)(1 − V) = (1 − V)A(V)V = 0.

2. WA(V)W = 0 for any enclosure W orthogonal to V. In fact, the kernel
of A(V) is the maximal enclosure orthogonal to V.

3. A(V) is the minimal fix point x of the semigroup P such that

0 ≤ x ≤ 1 and VxV = V. (4)

Proof. The first and second points are evident using the previous lemma and
simply passing to the limit. For the last assertion of point 2, also remember
that we already know that kerA(V) is an enclosure by Proposition 4.

Now, consider a fixed point satisfying relations (4). Then, since (1 − x)
is a positive operator such that V(1 − x)V = 0, by positivity,

V(1 − x)(1 − V) = (1 − V)(1 − x)V = 0
so that Vx(1 − V) = (1 − V)xV = 0 and x = V + (1 − V)x(1 − V) ≥ V.

Applying the semigroup, we obtain for any t

0 ≤ Pt(x − V) = x − Pt(V) → x − A(V).

This concludes the proof. �

Example 7. As a first example, we consider a model simple enough to allow an
easy intuition and explicit calculations. It displays anyway interesting charac-
teristics of infinite-dimensional systems with respect to absorption and fixed
points, and even if it seems to behave pretty much like in the classical case,
with little variations, it can present features which arise only in the non-
commutative setting, but we shall come back to this later, in Sect. 5. This
model is an open quantum random walks (OQRW) as introduced in [3]. Such
processes are a possible non-commutative generalization of classical Markov
Chains and have applications in quantum computing, quantum optics, biology;
they have been intensively studied in the recent years (see the bibliography in
[9,10,32]).

Let us consider a homogeneous OQRW [8] on Z with local space C3, hence
the state space is H = �2(Z) ⊗C

3. We consider the local transition operators

Lε =

⎛
⎝

aε bε 0
0 cε 0
0 dε 1/

√
2

⎞
⎠ , ε = −,+,
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and the related OQRW Φ : B(H) → B(H),

Φ(x) =
∑
j∈Z

∑
ε=±

(L∗
ε ⊗ |j〉〈j + ε1|)x(Lε ⊗ |j + ε1〉〈j|).

In order for the map to be Markov, we have the following constraints on the
coefficients:

|a+|2 + |a−|2 = 1;
∑

ε=−,+

|bε|2 + |cε|2 + |dε|2 = 1;

ā+b+ + ā−b− = 0; d+ = −d−.

Let {ei}2i=0 be the canonical basis for C
3 and Ei be the projection⊕

j∈Z
|ei〉〈ei| ⊗ |j〉〈j| for i = 0, 1, 2. E2 is a minimal subharmonic projec-

tion, and the reduced process is essentially a symmetric random walk on Z.
E0 is a subharmonic projection too, and the corresponding reduced process is
again a random walk. So it will be significant to compute the absorption oper-
ators A(E0) and A(E2). Since we are interested in a model showing non-trivial
absorption dynamics, we assume that

b+d+b−d− �= 0, (5)

which means that any state supported in E1 will have the possibility to
flow both to E0 and E2. Due to Proposition 6, we know that the absorp-
tion operators are fixed points and have a block diagonal structure, A(Ek) =
Ek + E1A(Ek)E1, k = 0, 2. So it is immediate to compute explicitly

A(E0) = E0 + pE1, A(E2) = E2 + (1 − p)E1,

where p =
∑

ε=−,+ |bε|2∑
ε=−,+ |bε|2+|dε|2 ∈ (0, 1).

We shall further consider this model in the last section.

Remark 8. All the properties in this section rely on the (simple) positivity of
the quantum Markov semigroup P. This can be significant to remark, because
of discussions emerging in the physicists’ community, even if the assumption
of complete positivity remains surely the most popular. However, if we use
complete positivity, we can study how absorption influences the structure of
the Kraus operators of the channels. It is well known that, for any quantum
channel Φ, there exists a denumerable family of bounded operators {Vi}i∈I

such that, for every x ∈ B(H),

Φ(x) =
∑
i∈I

V ∗
i xVi.

We can reformulate the accessibility relations implied by Proposition 4 in terms
of the Vi’s. Consider an enclosure V, and let us define pK the projection onto
ker(A(V)) and q the range projection of A(V) − V. Indeed, we have that

• pVVipK = pKVipV = 0 for every i ∈ I;
• pVViq �= 0 for some i ∈ I if q �= 0.
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In the continuous time setting, when we are treating a quantum dynamical
semigroup with a Lindblad generator, similar relations can be obtained for
the operators appearing in the Lindblad form and this had essentially already
been observed in [17].

3. Absorption and Recurrence

In this section, we study the relations of absorption operators with transience
and recurrence. We shall see how the classical relations can be generalized
in a someway expected manner, reflecting the classical situations in the case
when the channel has only orthogonal minimal enclosures, and with appro-
priate variations when the channel displays the typically quantum feature of
non-orthogonal minimal enclosures. The absorption operators A(V) turn out
to have additional interesting properties in the case when V is a minimal recur-
rent enclosure (i.e., a recurrent class, for a Markov chain). We study this in
Theorem 14.

As a by-product, absorption can enrich our knowledge about enclosures
and transience and recurrence. In particular, we can prove that the orthogo-
nal complement of an enclosure in the recurrent space is again an enclosure
(Theorem 9): This was previously known only in the positive recurrent case,
and apart from its intrinsic value, it is usually considered a significant starting
step in reduction problems [5,10] for the finite and infinite-dimensional cases,
respectively). In addition, a paramount consequence of Theorem 9 is that the
null recurrent subspace is an enclosure. The fact that positive recurrent config-
urations are not accessible from null recurrent ones is indeed a well-known fact
for classical Markov chains, but still not proven for quantum chains. This was
one of the main questions left open in [35] (see Remark 12 for more details).

For the convenience of the reader, we shall collect below the basic defini-
tions about quantum recurrence and transience. The positive recurrent space
R+ has been identified and characterized as the supremum of the ranges of
invariant states since the 70s (see, for instance, [23]),

R+ := sup{supp(ρ), ρ invariant state for P},

where we recall that a normal state is called invariant for P when it is a fixed
point for P∗. For the finite-dimensional case, the transient space was simply
identified by its orthogonal complement; but a deep and comprehensive study
of the infinite-dimensional case, which could introduce transience and (not
necessarily positive) recurrence, was structured only more recently, in [18,35].
The original exposition is in continuous time, but everything can be proved
also in discrete time, as one can see in [24]. We indeed use both discrete and
continuous time settings, and we denote by m a measure on the time set,
which will coincide with the counting measure in the case T = N and with the
Lebesgue measure in the case T is a real interval.
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Following [35], for every positive bounded operator x, we call form-
potential of x the quadratic form U(x)

U(x)[v] =

∫ ∞

0

〈v,Pt(x)v〉dm(t) =

∫ ∞

0

Tr(P∗t(|v〉〈v|)x)dm(t), ∀ v ∈ D(U(x)),

where D(U(x)) =

{
v ∈ H :

∫ ∞

0

〈v,Pt(x)v〉dm(t) < +∞
}
.

We denote by B(H)int the set of positive bounded linear operators x such
that U(x) is bounded; for such x, one can consider the corresponding selfadjoint
bounded linear operator U(x) (the potential of x). The transient subspace T
is then given by [35]

T = sup{supp(U(x)), x ∈ B(H)int}, (6)

and consequently
the recurrent subspace R := T ⊥ is given by the orthogonal complement
of the transient subspace
and the null (or slow) recurrent subspace R0 := R∩R⊥

+ by the orthogonal
complement of the positive recurrent subspace inside the recurrent one.
Similarly as what we made for other subspaces, even for R0, R+, R, T ,

we shall use the same symbol for both the space and the projection any time
the distinction is anyway clear from the context.

We can now prove the first main result of this section: The orthogonal
complement of an enclosure inside a recurrent enclosure is itself an enclosure.

Theorem 9. If V,Z are increasing enclosures included in R, i.e., such that
V ⊆ Z ⊆ R, then Z ∩ V⊥ is an enclosure.

In particular, R ∩ V⊥ is an enclosure and the null recurrent space R0 is
an enclosure.

We divide the proof of the theorem in two steps; the first and central
point, Lemma 10, proves that if a pure state can take mass to an orthogonal
enclosure, then the corresponding vector is transient.

Lemma 10. Let V be an enclosure, w a norm one vector in V⊥. If there exist
t̄ ∈ T and ε > 0 such that Pt(V) ≥ ε|w〉〈w|, then w ∈ T .

Proof. Let us call

λt(v) := Tr(Pt(|w〉〈w|)|v〉〈v|) = 〈v,Pt(|w〉〈w|)v〉, t ∈ T, v ∈ H, ‖v‖ = 1,

so that U(|w〉〈w|)[v] =
∫ ∞

0

λt(v)dm(t).

By hypothesis, we know that Pt(V) ≥ ε|w〉〈w| and, since A(V) ≥ Pt(V) by
construction, w belongs to ker(A(V))⊥ and therefore to the space W := V⊥ ∩
(KerA(V))⊥ (w ∈ V⊥ by assumption). Recalling that V is contained in the
range of A(V), W⊥ := (KerA(V))⊕V is an enclosure as sum of two orthogonal
enclosures. Consequently, the projection on W, always denoted with the same
symbol W below, is superharmonic and we have, for t ≥ t,

at(v) := Tr(P∗t(|v〉〈v|)W) = Tr(P∗t−t(|v〉〈v|)Pt(W))
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(W is superharmonic) = Tr(WP∗t−t(|v〉〈v|)WPt(W))
≤ Tr(P∗t−t(|v〉〈v|)(W − WPt(V)W))
≤ at−t(v) − Tr(P∗t−t(|v〉〈v|)ε|w〉〈w|)
≤ at−t(v) − ελt−t(v).

Thus, for s ≥ t, we get
∫ s

0

λt(v) dm(t) ≤ ε−1

∫ s

0

(at(v) − at+t(v)) dm(t) ≤ ε−1

∫ t

0

at(v) dm(t) ≤ ε−1t̄.

This guarantees that U(|w〉〈w|) is bounded and its support is contained in the
transient subspace, defined in (6). In order to conclude, we just have to remark
that the support of U(|w〉〈w|) contains w. Indeed, λ0(w) = 1, and in discrete
time, U(|w〉〈w|)[w] ≥ λ0(w), while, in the continuous time setting, since the
function t �→ 〈w,Pt(|w〉〈w|)w〉 is continuous and positive and it is equal to 1
for t = 0, it is true that U(|w〉〈w|)[w] > 0. �

Proof. (of Theorem 9) We define the projection W = Z −V ⊆ R. By previous
lemma, we have, for any time t,

WPt(V)W = 0. (7)

Indeed, by contradiction, let us suppose that this is not true. So there would
exist a time t, a norm 1 vector w ∈ V⊥\W⊥ and ε > 0 such that Pt(V) ≥
ε|w〉〈w|, by Lemma 5. Then, by Lemma 10, w ∈ T ⊥ R ⊃ W, which is a
contradiction.

Now, we know that V and Z are enclosures included in R, so, by Lemma
5, we deduce

Pt(W) = Pt(Z) − Pt(V)
= Z + (1 − Z)Pt(Z)(1 − Z) − V − (1 − V)Pt(V)(1 − V)
= W + (1 − Z)Pt(W)(1 − Z) − WPt(V)W ≥ W,

and this guarantees that W is an enclosure.
Now, that the first statement is proven, the others easily follow using first

only Z = R and then also V = R+. �

Remark 11. In the particular case, when R = R+, the previous result reduces
to the second part of Proposition 5.2 in [9].

Remark 12. It was already shown that R+ and R are enclosures (see, for
instance, [15, Section 3] and [35, Corollary 2]). Showing that R0 is an enclosure,
Theorem 9 provides the answer to two questions left open in [35]:

1. the reduced semigroup PR can be decomposed into a slow recurrent PR0

and a fast recurrent PR+ semigroups, completing the decomposition of
quantum Markov semigroups given in [35, Theorem 9];

2. starting from a state supported in the slow recurrent subspace R0, the
semigroup cannot leave R0.
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Theorem 9 also highlights that the mass collected by an enclosure (not
necessarily a recurrent one) always comes from the transient subspace. This
fact reflects in the structure of absorption operators.

Corollary 13. For any enclosure V and any time t,

Pt(V) = V + T V⊥Pt(V)V⊥T . (8)

In particular, V is a recurrent enclosure for P if and only if the associated
projection is harmonic for the reduced semigroup PR.

Proof. We denote by St the space supp(V⊥Pt(V)V⊥) = (suppPt(V)) ∩ V⊥.
Then, by Lemma 5, we have

Pt(V) = V + V⊥Pt(V)V⊥ = V + StPt(V)St.

But, due to Lemma 10, St ⊂ T , and this implies relation (8).
Now, if V is a recurrent enclosure for P, then, by (8),

PR
t (V) = PR

t (RVR) = RPt(V)R = RVR = V,

so V is harmonic for PR. Conversely, if V is a harmonic projection for PR,
i.e., V ≤ R and RPt(V)R = V, then

(R − V)Pt(V)(R − V) = 0 and so (R − V)Pt(V) = Pt(V)(R − V) = 0

by positivity of Pt(V). Furthermore, since ‖Pt(V)‖ ≤ 1, if we consider any two
norm one vectors v in V and u in T and any ε ∈ C, we have

〈v + εu,Pt(V)(v + εu)〉 = ‖v‖2 + 2Re(ε〈v,Pt(V)u〉)
+|ε|2〈u,Pt(V)u〉 ≤ ‖v + εu‖2 = 1 + |ε|2;

this implies 〈v,Pt(V)u〉 = 0, so that we conclude

Pt(V) = V + T Pt(V)T ≥ V

i.e., V is an enclosure for P. �

Now, we are able to improve Proposition 6 for absorption operators in
relation to transience and recurrence.

Theorem 14. Absorption operators.

1. For any V enclosure,

A(V) = V + T A(V)T = V + T V⊥A(V)V⊥T and RV⊥A(V)V⊥R = 0.

Further, X = A(V) − V is a superharmonic operator supported in T and
such that Pt(X) ↓ 0 in the weak* topology.

2. Suppose that V is an enclosure included in the recurrent space R. Then,
A(V) is the minimal fix point x of the semigroup P such that 0 ≤ x ≤
1, VxV = V, (R − V)x(R − V) = 0. It is the unique fix point with
such features when H is finite dimensional or, more in general, when the
recurrent projection R is attractive (i.e., A(R) = 1).



2510 R. Carbone and F. Girotti Ann. Henri Poincaré

Remark 15. If not immediately evident, we stress that this theorem proves the
quantum counterpart of well-known properties for classical absorption prob-
abilities. Indeed, for a classical Markov chain X, recovering the notations of
Remark 3 and denoting aj := A(C)j , it is known that a = (aj)j∈V is the
minimal bounded function on V such that 0 ≤ aj ≤ 1, verifying⎧⎨

⎩
aj = 1 for j ∈ C,
aj = 0 for a recurrentj outside C
aj =

∑
k∈C qjk +

∑
k∈T qjkak, j ∈ T

(9)

and the last equation, given the first two conditions, is equivalent to write
aj = (Qa)j , i.e., the function a is harmonic for Q.

Proof. 1. The first part is obtained by Eq. (8) passing to the limit for t →
+∞. For the second part, notice that X is superharmonic being the
difference of a harmonic and a subharmonic operators. Hence, (Pt(X))t∈T

is a monotone decreasing net of positive operators whose limit is 0 because
of the definition of absorption operator.

2. Consider an operator x as in the statement, then x = V + T xT = Pt(x)
so x = Pt(x) ≥ Pt(V) for any t ∈ T, and then, passing to the limit, we
conclude x ≥ A(V). Finally, we can also write

x − A(V) = w∗ − lim
t→+∞

Pt(x − V) = w∗ − lim
t→+∞

Pt(T xT )

≤ w∗ − lim
t→+∞

Pt(T )

and the right-hand side is null if and only if R is attractive.
�

Remark 16. Since R is an enclosure, the absorption operator A(R) is well
defined and, proceeding according to a “probabilistic” approach, it is natural
to read the operator

U := w∗ − lim
t→+∞

Pt(T ) = 1 − A(R).

as representing the probability for the evolution to remain forever in the tran-
sient subspace T . By point 2 of the previous theorem, used with V = R, the
operator U is the maximal harmonic operator y such that 0 ≤ y ≤ 1 and
T yT = y.

Another consequence of Theorem 9 is that every recurrent enclosure V ⊂
R is diagonal in the block representation induced by R0 and R+.

Corollary 17. Every enclosure V ⊂ R is of the form V = R+VR+ + R0VR0.

Proof. By contradiction, let V ⊂ R be an enclosure such that R+VR0 �= 0.
We can assume that V ∩ R+ = {0}. Indeed, if this is not the case, we can
replace it with the space

V ′ = V ∩ (V ∩ R+)⊥ = V ∩ (R ∩ (V ∩ R+)⊥),

which is an enclosure as intersection of the two enclosures V and (R ∩ (V ∩
R+)⊥) (the latter by Theorem 9), and always included in R. Furthermore,
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V ′ ∩R+ = {0} and R+V ′R0 = R+VR0 �= 0. Hence, by taking V ′ as V, we can
assume that V ∩ R+ = {0}.

Now, since R+VR0 �= 0, by the definition of R+, there exists an invariant
state ρ with supp(ρ) �⊥ V, i.e., such that VρV �= 0. We call Ṽ = R∩V⊥, which
is an enclosure by Theorem 9. Then, for every t ∈ T, as ρ is supported in
R+ ⊆ R = V ⊕ Ṽ, we can use Proposition 5.2 in [9] to obtain

P∗t(VρV) = VP∗t(ρ)V = VρV,

where the second equality is due to the invariance of ρ. This implies that

ρ̃ :=
VρV

Tr(VρV)
�= 0

is an invariant state supported in V and we get to the contradiction V ∩R+ �=
{0}. �

Remark 18. There are some features of absorption operators that can be inter-
preted in the potential theory framework of [18,35]:

1. a positive bounded operator y is said to be a potential if there exists
x ∈ B(H)int such that y = U(x). The first point of Theorem 14 shows
that for every enclosure V, A(V)−V is a potential (see [18, Theorem 4]);

2. it is not hard to see that ker(A(V)) = {u ∈ D(U(V)) : U(V)[u] = 0}.

4. Absorption Operators to Describe Fixed Points

In this section, we are mainly concerned with the description of the fixed
points of a semigroup of quantum channels. In order to have a full description,
we shall need to add the extra condition that the positive recurrent space
is attractive for the evolution. Let F(P) be the set of the fixed points (or
harmonic operators) of the quantum Markov semigroup P, i.e.,

F(P) = {x ∈ B(H) : Pt(x) = x, t ∈ T}.

The structure of the set F(P) is well known when there exists a faithful normal
invariant state (i.e., the semigroup is positive recurrent): In such a case, it is an
atomic W ∗-algebra, since it is in the multiplicative domain and it is the range
of a P-invariant normal conditional expectation (see, for instance, [21,22,29]
and more recent developments in [4,7,19]).

When we have no faithful invariant state, we do not have general results
and the problem becomes substantially different and more complicated; for
instance, F(P) does not need to be an algebra in general. Examples are easy
to find, also in classical probability, just considering models with a transient
state having access to more than one recurrent class.

Abandoning the condition on the existence of an invariant faithful state
means considering non-purely positive recurrent Markov evolutions. If we try
to weaken this condition, one natural first step can be assuming that the
positive recurrent subspace R+ is anyway attractive, i.e.,

A(R+) = w∗ − lim
t→+∞

Pt(R+) = 1. (10)
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In the following of this section, we shall always work under this additional
assumption of having an attractive fast recurrent space. This condition is quite
popular in relation to ergodic theory and extensively used [23,24]. It is not too
restrictive: It holds true for every finite-dimensional Hilbert space H; further-
more, as pointed out already in [23], there is a wide class of quantum Markov
semigroups for which checking its validity reduces to an analogous problem for
a classical Markov chain.

We point out some immediate consequences of condition A(R+) = 1.
• There exists at least one invariant state, since R+ �= 0 (otherwise, we

would have A(R+) = 0).
• The evolution passes a finite amount of time in the transient subspace

(U = 0 by Remark 16).
• Similarly as in the commutative case, this assumption implies that there

are no null recurrent vectors, i.e., R+ = R. Indeed, since R0 is an
enclosure and, by definition, R0 ≤ R⊥

+, for every t ∈ T, we have that
Pt(R0) ≤ Pt(R⊥

+) and consequently

0 ≤ A(R0) = w∗ − lim
t→+∞

Pt(R0) ≤ w∗ − lim
t→+∞

Pt(R⊥
+) = 1 − A(R+) = 0,

which implies A(R0) = 0. So R0 = 0 since 0 ≤ R0 ≤ A(R0) = 0.
We recap here some equivalent conditions for A(R+) = 1, and we recall

that this condition assures the mean ergodicity of the semigroup.

Theorem 19. (Theorem 2.1, [23]) For a quantum Markov semigroup P, the
following are equivalent:

(i) A(R+) = 1;
(ii) there exists a normal P-invariant norm one projection E of B(H) onto

F(P);
(iii) E∗(φ) := w − lim 1

t

∫ t

0
P∗s(φ)dm(s) exists for every φ ∈ L1(H);

(iv) F(P∗) separates F(P).
If the above conditions are satisfied, then E is given by

E(x) := w∗ − lim
t→∞

1
t

∫ t

0

Ps(x) dm(s).

The set of quantum channels is convex and closed in the point-weak*
topology; therefore, E is a quantum channel.

At least for all enclosures V, we know that {Pt(V)}t∈T converges mono-
tonically to A(V), so the net of the Cesaro’s means will have the same limit
and E(V) = A(V). This is true in particular for V = R+, and indeed condition
(i) is written as E(R+) = 1 in the original version of the previous theorem.

Remark 20. If A(R+) = 1, R must be contained in any other attractive pro-
jection; indeed, consider an orthogonal projection Q, then E(Q) = 1 if and only
if Q contains R (i.e., Q ≥ R). Notice that Q is not necessarily subharmonic.
One implication is obvious, for the other, just notice that, if E(Q) = 1, then,
for any invariant density σ, we have σ = E∗(σ) so

1 = Tr(σ) = Tr(σE(Q)) = Tr(σQ),



Vol. 22 (2021) Absorption in Invariant Domains for Semigroups 2513

and this implies that Q ≥ R because R is the supremum of all supports of
invariant densities.

Under the assumption A(R+) = 1, the set of fixed points of P is con-
trolled by the set of fixed points of the restricted semigroup PR+ = PR,
defined accordingly to (1). This is still a quantum Markov semigroup because
R+ is an enclosure, and it is positive recurrent by construction.

The following proposition is a consequence of the mean ergodic theorem
in [23], partially appearing also in [30, Theorem 3, Corollary 4] and [24, Propo-
sition 8.2, Theorem 8.3]. We provide here a compact alternative proof which
is adapted to our setting and makes use of the multiplicative algebra.

Proposition 21. [23,24,30] Let P a completely positive quantum Markov semi-
group, A(R+) = 1. Then,

1. if y ∈ F(P) is such that RyR = 0, then y = 0;
2. RF(P)R = F(PR);
3. F(P) and F(PR) are homeomorphic considering both the weak* and the

norm topologies; the homeomorphism is linear and is given by the restric-
tion Ẽ of E to F(PR) and E(RxR) = E(x) = x for any fixed point x.

We remark that this result is true also for weaker positivity conditions
on the semigroup, that is assuming 2-positivity instead of complete positivity.

Proof. Let us consider the operators

R · R : F(P) → B(H) Ẽ : F(PR) → F(P)
x �→ RxR, x �→ E(x). (11)

Both of them are norm continuous and normal, and we shall prove that
RF(P)R ⊂ F(PR) and that R · R = Ẽ−1, in order to obtain statement 3..
First, for any fixed point y of P, we have PR

t (RyR) = RPt(y)R = RyR; so
RyR is a fixed point for PR and RF(P)R ⊂ F(PR).

For any bounded operator x, due to the multiplication property of the
projection R for the channel E (see [12] or also [7] and references therein),

E(RxR) = E(R)E(x)E(R) = E(x).

When x is a fixed point for P, the previous implies that E(RxR) = E(x) = x,
which means that E ◦(R·R) = idF(P) and that R·R is injective (1. is proved).

Take now y = RyR an element in F(PR), then, by [23],

y = w∗ − lim
t→+∞

1
t

∫ t

0

PR
s (y)ds = w∗ − lim

t→+∞

1
t

∫ t

0

RPs(y)Rds = RE(y)R

which is in RF(P)R since E(y) ∈ F(P). Therefore, we proved that (R·R)◦E =
idF(PR) and also in particular point 2. This concludes the proof. �

We can now give a characterization of the harmonic operators in terms of
absorption operators when the fast recurrent subspace is attractive and prove
that the ergodic limit exists for all the fixed points of the restricted semigroup.
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Theorem 22. Suppose A(R+) = 1. Then, the following facts hold:
1. the fixed points are spanned by absorption operators, and more precisely

span{A(V)}w∗

{V⊂R enclosure} = F(P) = F(PR) ⊕ T F(P)T ;

2. for every x ∈ F(PR), there exists the limit w∗ − limt→+∞ Pt(x) = E(x).

Proof. 1. Since F(PR) is a W*-algebra, it is the weak*-closure of the space
spanned by its projections, which are exactly the projections onto the
positive recurrent enclosures of P by virtue of Corollary 13, so F(P) =
Ẽ(F(PR)) is the weak*-closure of the space

span Ẽ{V ∈ F(PR),V projection} = span{A(V),V pos. rec. enclosure}
and this directly implies the first equality in the thesis. The second equal-
ity follows from the block structure of the absorption operators proven
in Theorem 14.

2. It is enough to prove that the limit is well defined for positive elements
of F(PR) since it is a W*-algebra. Let us, then, consider a positive x ∈
F(PR), then x = limK x(K) (in operator norm), for some increasing
sequence (x(K))K , with x(K) =

∑
k∈JK

xkVk for some finite set of indices
JK . Then,

E(x(K)) =
∑

k∈JK

xkA(Vk) = w∗ − lim
t→+∞

Pt(x
(K)), and lim

K
E(x(K)) = E(x),

where the last equality is due to the boundedness of E . Then, for any
operator σ in L1(H) and for all K,

|Tr(σ(Pt(x) − E(x)))| ≤ |Tr(σ(Pt − E)(x(K))))| + |Tr(σ(Pt − E)(x − x(K))))|
≤ |Tr(σ(Pt − E)(x(K))))| + 2‖σ‖1‖x − x(K)‖∞,

so we can easily conclude.
�

In Corollary 17, we proved that in the recurrent case, subharmonic pro-
jections commute with the projections on fast and null recurrent subspaces;
now, we can improve the result under the assumption A(R+) = 1.

Proposition 23. Assume A(R+) = 1 and let V be an enclosure, then

V = RVR + T VT
where RVR is a recurrent enclosure and T VT ≤ A(RVR) − RVR.

Moreover, when V is minimal, it is positive recurrent and A(V) is the
unique harmonic operator such that

VA(V)V = V (R − V)A(V)(R − V) = 0.

Proof. Consider the block decomposition of B(H) induced by the recurrent and
the transient subspaces; A(V) − V and A(V) are diagonal because of points 1
of Theorems 14 and 22, respectively; therefore, V is diagonal too. Since V and
R are enclosures, RVR is an enclosure too. Notice that

A(RVR) = E(RVR) = E(R)E(V)E(R) = E(V) = A(V)
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and hence A(RVR) = A(V) ≥ V = RVR + T VT . Therefore A(RVR) −
RVR ≥ T VT and if V �= 0, RVR cannot be 0; otherwise, 0 = A(RVR) =
A(V) ≥ V.

Hence, if V is minimal, it must be V = RVR and the conclusion follows
by point 2 of Theorem 14. �
Remark 24. The second point in previous proposition is particularly useful
from a computational viewpoint, especially when there is not an analytic way
to compute the limit defining absorption operators (see, for instance, Example
5.1). In the parallel with the classical case, already described in Remark 15,
we can now add that the solution of the system (9) is unique. Even if it
can be not immediate to recognize, similar forms of this result for particular
models already appeared in [13, Proposition 7] for finite-dimensional quantum
systems.

Moreover, Proposition 21 shows that every fixed point x ∈ F(P) is com-
pletely determined by its recurrent restriction RxR; in addition, Theorem 22
proves that x = RxR + T xT . It is therefore possible to express T xT , and
consequently x, as a function of RxR: There exists a superoperator

Ψ : F(PR) → T F(P)T
such that, for every x ∈ F(P), we can write

T xT = Ψ(RxR). (12)

Since

T xT = E(RxR) − RxR = T E(RxR)T ,

we can find a first expression for Ψ :

Ψ(y) = Ẽ(y) − y, y ∈ F(PR).

As E is not commonly given in a model, it can be useful to find alternative
expressions for Ψ using directly the semigroup. If the semigroup is continuous
time, we consider the infinitesimal generator L, while if it is discrete time, we
replace it by Φ − Id. For any fixed point x, we know that T xT is the unique
solution y ∈ T B(H)T of

L(y) = −T L(RxR)T ,

due to either Propositions 21 or 23. Then, the operator L, though not invertible
in general, admits a unique inverse image if applied to the right-hand side of
the previous equation and we can provide a further expression for Ψ ,

Ψ(y) = −L−1(T L(y)T ), y ∈ F(PR),

which is the same already found in [1, Proposition 3] for the finite-dimensional
case.

We have already remarked that in general F(P) is only a weak*-closed
and selfadjoint subspace of B(H), while F(PR) is a W*-algebra encoding
important information about the dynamic induced by the semigroup. We
briefly recall the results about fixed points set when there is a faithful invariant
state. (The proof can be recovered in [27].)
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Proposition 25. There exists a decomposition as a direct sum of orthogonal
enclosures of the fast recurrent subspace R+ =

⊕
j∈J Vj and there exist Hilbert

spaces H(1)
j , H(2)

j and unitary operators Uj : Vj → H(1)
j ⊗ H(2)

j such that

F(PR+) =
⊕
j∈J

U∗
j (B(H(1)

j ) ⊗ IH(2)
j

)Uj . (13)

Hence, F(PR+) is an atomic W ∗-algebra and Vj are the central projections.
Moreover, for any j ∈ J , there exists a (unique and faithful) state ρj on

H(2)
j such that all the invariant normal states for P can be written in the form

∑
j∈J

λjU
∗
j (ωj ⊗ ρj)Uj , for some ωj state on H(1)

j , λj ≥ 0 with
∑
j∈J

λj = 1.

(14)

For every j ∈ J , the restriction of the semigroup acts in the following way

Pt(U∗
j (A ⊗ B)Uj) = U∗

j (A ⊗ Qj
t (B))Uj A ∈ B(H(1)

j ), B ∈ B(H(2)
j ). (15)

where Qj
t is an irreducible positive recurrent semigroup acting on B(H(2)

j ) with
faithful invariant state ρj.

When dim(H(1)
j ) = 1 for some j, then Vj is a minimal central projection

and it is also a minimal enclosure, while if dim(H(1)
j ) > 1, Eq. (13) tells us

that Vj is a minimal central projection, but it is not a minimal enclosure and
indeed it admits an infinite number of decompositions as direct sum of minimal
orthogonal enclosures.

More precisely, in this case, for any complete orthonormal system {ej
i}i∈Ij

for H(1)
j , the projections Vj,i := U∗

j (|ej
i 〉〈e

j
i | ⊗ IH(2)

j
)Uj are minimal enclosures

and Vj = ⊕i∈Ij
Vj,i. Further, for any couple of minimal enclosures Vj,i and Vj,k,

for j �= k, we know that there exists a partial isometry Qj,i,k := U∗
j (|ej

i 〉〈e
j
k| ⊗

IH(2)
j

)Uj between them; this operator is a fixed point of the reduced dynamic
and allows to express the dynamic of the semigroup restricted to Vj,i and the
minimal invariant state supported on it in terms of the dynamic restricted to
Vj,k and the invariant state supported on it (see [9]). The dynamic on Vj,i (and
all the other isometric enclosures) is described by the semigroup Qj (modulo
Uj), and U∗

j (|ej
i 〉〈e

j
i |⊗ρj)Uj is the unique extremal invariant state with support

Vj,i.
Coming back now to the case of non-trivial transient space, many easy

examples show that the symmetries of the reduced positive recurrent dynamic
do not extend to the whole semigroup P and consequently that it is not possible
to recover A(Vj,k) from A(Vj,i) (see examples in Sect. 5).

Nevertheless, the following result holds. Recall that by definition Qj,i,i

coincides with the projection Vj,i.

Proposition 26. Consider the decomposition in Eq. (13), and for any orthonor-
mal system {ej

i}i∈Ij
for H(1)

j , define Qj,i,k := U∗
j (|ej

i 〉〈e
j
k| ⊗ IH(2)

j
)Uj as before.
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Then,

F(P) = span{E(Qj,i,k) : j ∈ J, i, k ∈ Ij}
w∗

.

In particular, if W is a positive recurrent minimal enclosure, then W =
U∗

j (|f〉〈f | ⊗ IH(2)
j

)Uj for some index j and for some f in H(1)
j and

A(W) = E(W)
(w∗)
=

∑
i,k

〈f, ej
i 〉〈f, ej

k〉E(Qj,i,k).

A positive recurrent enclosure W is minimal if and only if for every x ∈ F(P)
such that 0 ≤ x ≤ A(W), there exists λ ∈ [0, 1] such that x = λA(W).

Proof. The first part easily follows from the normality of Ẽ and from the fact
that the space spanned by {|ej

i 〉〈e
j
k|}i,k∈Ij

is weak*-dense in B(H(1)
j ) for any

j ∈ J .
Every positive recurrent minimal enclosure W is contained in a subspace

of H(1)
j for some index j ∈ J , hence we can drop the index j for simplicity. W

is then trivially of the form U∗(|f〉〈f |⊗IH(2))U for some f ∈ H(1) and |f〉〈f |⊗
IH(2)

(w∗)
=

∑
i,k 〈f, ej

i 〉〈f, ej
k〉|ej

i 〉〈e
j
k|⊗IH(2) . The second statement follows again

by linearity and weak*- continuity of Ẽ .
If the positive recurrent enclosure W is not minimal, then there exists

another enclosure 0 < V < W and A(V) is a fix point, 0 < A(V) ≤ A(W),
but not proportional to A(W), since W − V is again an enclosure, W − V ⊂
ker(A(V)), while (W − V)A(W)(W − V) = W − V �= 0.

On the other hand, let W be a minimal positive recurrent enclosure and
suppose there exists a fixed point x such that 0 ≤ x ≤ A(W); then either x = 0
or 0 < RxR = WxW ≤ W. Being PW positive recurrent and irreducible and
WxW a fixed point of the reduced semigroup, there must be a λ ∈ (0, 1] such
that WxW = λW. Hence, x = E(WxW) = λA(W). �
Links with ergodic theorems. Absorption operators, by construction, register
features of the limit behavior of the semigroup. It is then natural that they
have some explicit relations with ergodic theory. If assumption A(R+) = 1
holds, by Theorem 19, we know that the limit

E∗(φ) := w − lim
t→+∞

1
t

∫ t

0

P∗s(φ)dm(s)

exists for every φ ∈ L1(H), and since it is an invariant state for P, it will be
written in the form of Eq. (14), i.e.,

E∗(φ) =
∑
j∈J

λj(φ)U∗
j (σj(φ) ⊗ ρj)Uj ,

for some σj(φ) state on H(1)
j , and real numbers λj(φ) ≥ 0 with

∑
j∈J λj(φ) =

1. The coefficients σj(φ), λj(φ), j ∈ J , are immediately identified knowing
absorption operators and the operators E(Qj,i,k) generating F(P). Indeed,
the mass flowing to the enclosure Vj (introduced in Proposition 25) is

λj(φ) = Tr(E∗(φ)U∗
j Uj) = Tr(E∗(φ)Vj) = Tr(φA(Vj))
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and, introducing as before an orthonormal basis {ej
i}i∈Ij

for H(1)
j , we can

represent σj(φ) =
∑

k,m(σj(φ))km|ek〉〈em|, where

λj(φ)(σj(φ))km = Tr(φE(U∗
j (|em〉〈ek| ⊗ IH(2)

j
)Uj)) = Tr(φE(Qj,m,k));

since σj(φ) is meaningful only when λj(φ) �= 0, the previous completely iden-
tifies σ(φ). Passing to the Heisenberg picture and considering x ∈ B(H), we
shall similarly obtain an expression for the ergodic mean of the form

E(x) =
∑
j∈J

∑
k,m

Tr(U∗
j (|ej

k〉〈ej
m| ⊗ ρj)UjRxR) E(Qj,m,k),

and here it is evident again that E(x) depends only on RxR. In the easiest
case, when there is a unique decomposition in orthogonal minimal enclosures
of the fast recurrent subspace, the isometries Uj are trivial and the invariant
states are convex combinations of the invariant states ρj supported in the
minimal enclosures, with weights Tr(φA(Vj)); thus, we have

E∗(φ) =
∑
j∈J

Tr(φA(Vj))ρj .

If we look at quantum trajectories and at the pathwise versions of the
ergodic theorems [28], we shall obtain similar relations, but absorption opera-
tors register a someway “mean” behavior anyway. For simplicity, assume here
the time set to be discrete, i.e., T = N, and the semigroup to be generated by
a quantum channel Φ. The same ideas will work for the continuous time case.
We consider an associated state valued stochastic process (Θn)n which is a
homogeneous Markov process describing the quantum trajectories. (We follow
the same notations as in [28].) Once chosen a set of Kraus operators {Vi}i∈I

for Φ, every initial state φ ∈ L1(H) uniquely determines a probability measure
on the set Ω = I∞ through the condition

P
φ({ω ∈ Ω : w1 = i1, ω2 = i2, . . . , ωn = in}) = Tr(Vin

· · · Vi1φV ∗
i1 · · · V ∗

in
).

The Markov chain (Θn) is defined in the following way:

Θ0 = φ, Θn(ω) =
Vωn

. . . Vω1φV ∗
ω1

. . . V ∗
ωn

Tr(Vωn
. . . Vω1φV ∗

ω1
. . . V ∗

ωn
)
,

and it verifies by construction that, for every n < m, n,m ∈ N, Eφ[Θm|Fn] =
Φm−n

∗ (Θn), where (Fn)n∈N is the filtration generated by the coordinate pro-
cess. If H is finite dimensional, Kummerer and Maassen proved that

lim
N→+∞

1
N

N−1∑
k=0

Θk = Θ∞ P
φ a. s.

where Θ∞ is a random equilibrium state such that E[Θ∞] = limN→+∞
1
N∑N−1

k=0 Φk
∗(Θ0). So, for any enclosure V and state φ ∈ L1(H) we have

Tr(φA(V)) = Tr

(
lim

N→+∞

1
N

N−1∑
k=0

∫

Ω

Θk(ω)dPφ(ω)V
)

= E
φ[Tr(Θ∞V)]. (16)
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Being a random invariant state for Φ, Θ∞ is of the form
∑
j∈J

λjU
∗
j (σj ⊗ ρj)Uj ,

with λj = 1 and σj random variables now, λj ≥ 0,
∑

j∈J λj = 1 and σj ∈
L1(H(1)

j ), verifying (computations as 16)

Tr(φA(Vj)) = E
φ[λj ], Tr(φE(Qj,m,k)) = E

φ[λj(σj)mk]

where again (σj)mk are the matrix entries of σj .

Multiplicative properties of the fixed points The multiplicative structure of
the fixed points is strictly connected to the ergodic behavior of the semigroup
of quantum channels (see, for instance, [23]). Moreover, the difference between
observables which are not disturbed by a measurement and those which are
compatible with it relies again on whether the fixed points set is an algebra or
not [2]. If the fixed points space F(P) is an algebra, there are some constraints
on the absorption operators which have a nice probabilistic interpretation.

Proposition 27. If F(P) is an algebra, the following facts hold true:

1. for every enclosure V, A(V) is a projection;
2. for every pair of orthogonal enclosures V and W, A(V) and A(W) are

orthogonal projections and their supports are orthogonal enclosures.

By the second point, we can informally say that when F(P) is an algebra,
no transient state can reach two different orthogonal enclosures.

Proof. 1. Since F(P) is a W*-algebra, Q := 1{1}(A(V)) is a fixed point too.
Notice that 0 ≤ Q ≤ A(V) ≤ 1 and that VQV = V, therefore, by point 3
in Proposition 6, Q = A(V) and A(V) is a projection.

2. If V and W are orthogonal enclosures, then A(V) + A(W) = A(V + W),
which are projections by point 1. If the sum of two projections is again a
projection, they must be orthogonal. For the last statement, since A(V)
is a projection, supp(A(V)) coincides with the eigenspace corresponding
to the eigenvalue 1 and is an enclosure by Proposition 4. The same will
hold for A(W).

�

We can prove that if assumption A(R+) = 1 holds true, 1. and 2. are
equivalent and each one of them implies that F(P) is an algebra. However,
in general we cannot hope to get the same result, since we can easily find an
example even in the abelian case where 2. holds, but 1. does not.

Example 28. Consider the Markov chain on N ∪ {ai}k
i=0 for some k ∈ N with

the following transition probabilities:

p(ai, ai) = 1 for 0 ≤ i ≤ k, p(n, a0) =
1

2n+2
, p(n, n+ 1) = 1 − 1

2n+2
, n ∈ N.
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The only enclosures are the singletons {ai} for 0 ≤ i ≤ k ; A({ai}) = 1{ai} for
i > 0, while supp(A({a0})) = {a0}∪N, hence 2. holds true. However, A({a0})
is not a projection; denoting with f = I{a0}, it is easy to see that for N ≥ 1:

0 ≤ PNf(0) =
N∑

k=1

Πk−1
i=1

(
1 − 1

2i+1

)
1

2k+1
≤

N∑
k=1

1
2k+1

≤ 1
2
.

Proposition 29. Assume that A(R+) = 1. If, for every pair of orthogonal
enclosures V,W ⊂ R, it is true that A(V)A(W) = 0, then F(P) is an algebra
and Ẽ is an isomorphism of W*-algebras.

Proof. For every enclosure V ⊂ R, A(V)2 = A(V)(A(R) − A(R − V)) = A(V),
thus A(V) is a projection. In particular, it is a harmonic projection; hence, it
is in the decoherence-free algebra

N = {x ∈ B(H) : Pt(x∗x) = Pt(x)∗Pt(x), Pt(xx∗) = Pt(x)Pt(x)∗ ∀t ∈ T}.

(17)

N is a W*-algebra, so it is w∗-closed and, since by Theorem 22, F(P) is
the w∗-closure of the linear span of the absorption operators, F(P) ⊂ N .
Hence, (see always [7,12]) fixed points enjoy the multiplication property,
Pt(x∗

1x2) = Pt(x∗
1)Pt(x2) = x∗

1x2 for x1, x2 ∈ F(P), and thus, F(P) is a
∗-algebra. Moreover, always for x1, x2 ∈ F(P), by Proposition 21 and Theo-
rem 22, xi = RxiR + T xiT = Ẽ(RxiR) for i = 1, 2, and we have

Ẽ((Rx1R)(Rx2R)) = Ẽ(Rx1x2R) = Ẽ(R)Ẽ(x1x2)Ẽ(R)
(∗)
= x1x2 = Ẽ(Rx1R)Ẽ(Rx2R)

((∗) because x1x2 is a fixed point too). Therefore, Ẽ preserves multiplication
and is an isomorphism of W*-algebras. �

Remark 30. The example in Sect. 5.3 shows that when the decomposition in
orthogonal minimal enclosures of the fast recurrent space is non-unique, it is
not enough to check that the absorption operators are projections only for a
chosen decomposition to ensure that the fixed points set is an algebra.

Remark 31. We remark that in [11], some results of the present section were
proved for a specific class of quantum Markov semigroups (sometimes called
generic semigroups) under the stronger hypothesis that the semigroup is
ergodic and not only mean ergodic. The techniques used there are quite differ-
ent and rely on a link between this special family of quantum models and the
associated classical Markov chains, which allows to use classical probability
tools.

If assumption A(R+) = 1 holds and F(P) is an algebra, the dynamic
restricted to the fast recurrent subspace strongly determines the global evolu-
tion.

Proposition 32. If A(R+) = 1 and F(P) is an algebra, then
1. F(P) is atomic and it is isomorphic as a W*-algebra to F(PR);
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2. its central projections are the absorption operators corresponding to the
central projections of F(PR);

3. let K be a minimal central projection of F(P), then there exist Hilbert
spaces H(1), H(2) and an isometry U : K → H(1) ⊗ H(2) such that the
restriction of the semigroup PK acts in the following way:

PK(U∗(A ⊗ B)U) = U∗(A ⊗ Qt(B))U A ∈ B(H(1)), B ∈ B(H(2))

where Q is a quantum Markov semigroup acting on B(H(2)) with a unique
invariant state ρ ∈ L1(H(2)) and such that w∗ − limt→+∞ Qt(supp(ρ)) =
IH(2) .

With the usual abuse of notation, we use the same symbol supp(ρ) for the space
and for the corresponding projection.

In general, F(PR+) and F(P) are not isometrically isomorphic.

Proof. 1. F(PR) is an atomic W*-algebra, and it can be proved to be iso-
morphic to F(P) as in the proof of Proposition 29.

2. Central projections are preserved by isomorphism of W*-algebras, and
we showed the isomorphism maps projections of F(PR) into the corre-
sponding absorption operators.

3. KF(P)K is a type I factor, and hence, there exist Hilbert spaces H(1),
H(2) and an isometry U : K → H(1) ⊗ H(2) such that

KF(P)K = U∗(B(H(1)) ⊗ IH(2))U.

For every t ∈ T, A ∈ B(H(1)) and B ∈ B(H(2)),

Pt(U∗(A ⊗ B)U) = U∗(A ⊗ IH(2))UPt(U∗(IH(2) ⊗ B)U)
= Pt(U∗(IH(2) ⊗ B)U)U∗(A ⊗ IH(2))U.

It implies that Pt(IH(1) ⊗ B) ∈ B(H(1)) ⊗ IH(2)
′
= IH(1) ⊗ B(H(2)) and so

PK
t = idH(1) ⊗Qt with Q quantum Markov semigroup acting on B(H(2)).

Since F(P) is the range of a normal conditional expectation from a type
I factor, Q admits a unique invariant state ρ ∈ L1(H(2)) (see Lemma 2
in [7]), and it is easy to see that V = U∗(H(1) ⊗ supp(ρ)), where V is the
central projection of F(PR) such that K = A(V). Therefore,

IH(1) ⊗ Qt(supp(ρ)) = UPt(V)U∗ →t→+∞ UA(V)U∗ = IH(1) ⊗ IH(2)

and this concludes the proof.
�

Remark 33. For every K minimal central projection of F(P), consider H(1),
H(2) as in point 3 of Proposition 32. For every w, v ∈ H(1), Qw,v = U∗(|w〉〈v|⊗
IH(2))U is a symmetry of the semigroup P, i.e.,

Pt(Q∗
w,vxQw,v) = Q∗

w,vPt(x)Qw,v ∀t ∈ T, ∀x ∈ B(H).

Remark 34. As we mentioned in Introduction, some results of the paper can
be extended to the case when P acts on more general W*- algebras. This is not
true anyway, for instance, for Propositions 26 and 32 because the proofs rely
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on the fact that F(PR+) is isomorphic to a central direct sum of factors of type
I, which is a consequence of the existence of a normal conditional expectation
E from a type I factor onto F(PR+) (see the proof of [34, Theorem 5]).

5. Examples and Applications

In this section, we have collected some models where absorption operators can
be studied. We searched for processes with various characteristics: continu-
ous or discrete time, finite- and infinite-dimensional system spaces, different
situations for the existence and structure of the positive recurrent projection.

5.1. Excitation Transport in a Unitary Quantum Walk

The physical model discussed in [36] describes the coherent transport of exci-
tation along a finite ring of coupled quantum systems with a sink located at
one vertex of the ring which absorbs the excitation; it presents both a non-
trivial transient subspace and multiple recurrent enclosures, and hence, it is
an interesting example for studying absorption dynamic. Although the simple
structure, we shall see that the explicit expression for absorption operators is
not easy to write.

The state space H = HP ⊗HC is the tensor product of the position space
HP = span{em : m = −N, . . . , N}, for some N = 1, 2, 3, . . . , and the internal
state or coin space HC = span{u0, u1}. The graph on which the excitation
moves is a finite line with two sinks in N and −N . The evolution of the
system can be described by the quantum channel

Φ : B(H) → B(H), Φ(x) =
2∑

j=1

V ∗
j xVj ,

where V1 = (|e−N 〉〈e−N |+|eN 〉〈eN |)⊗IC and V2 = S(IP ⊗C) is the composition
of the change of position

S =
N−1∑

m=1−N

|em−1〉〈em| ⊗ |u0〉〈u0| + |em+1〉〈em| ⊗ |u1〉〈u1|

and the coin toss, which in the basis {u0, u1} is represented by the following
matrix:

C =
(

ρ ρ̃
ρ̃ −ρ

)
, ρ ∈ (0, 1), ρ̃ =

√
1 − ρ2.

The model described in [36] really specifies only the Kraus operator V2 (the
action on the transient space), while the choice of V1 is not uniquely deter-
mined.

We can roughly say that if the system starts from the pure state u0 ⊗ ek

[resp.ly u1 ⊗ ek], k �= ±N , it will move to the left [right] with probability 1. ρ2

represents the probability of keeping the same direction of the previous step,
while ρ̃2 is the probability of changing direction with respect to the previous
shift on the lattice.
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First, we remark that the recurrent space R coincides with the subspace
W := span{e−N , eN} ⊗ HC . Indeed, by direct computation, we have that, for
ψ ∈ W,

Φn
∗ (|ψ〉〈ψ|) = |ψ〉〈ψ|, for all n,

and this proves both that ψ is recurrent and that span{ψ} is an enclosure.
Then, W is an enclosure too and it is contained in R.

Moreover, if ψ is instead in W⊥ = span{e−N+1, . . . , eN−1} ⊗ HC , then

WΦn
∗ (|ψ〉〈ψ|)W ≥ W|V n

2 ψ〉〈V n
2 ψ|W, for all n,

and the last operator is non-null for n big enough. This proves that such ψ is
in the transient space due to Lemma 10 and consequently R = W.

Since the model is finite dimensional, there is no null recurrent subspace
and the (fast) recurrent space is attractive, i.e., A(R+) = 1. As mentioned
above, the action of the quantum channel on R is trivial, and hence, any
one-dimensional subspace of R is an enclosure. These are the only minimal
enclosures of the channel (but not the only non-trivial enclosures!).

In this physical model, an explicit formula for the absorption operators
for every dimension and every enclosure of the chain seems hard to be found.
However, there is a general way of computing them: Given an enclosure V, we
know that A(V) = A(RVR) = RVR + T A(V)T is the only fixed point of the
channel with this structure (Theorem14), so recalling Remark 24, T A(V)T is
the unique solution x ∈ B(T ) of the linear system

x − T V ∗
2 xV2T = T V ∗

2 VV2T . (18)

Notice that the latter is a discrete Lyapunov equation and that the operator
V2 is a “sparse matrix.”

For some particular enclosures, determining the absorption operators is
immediate. Indeed, we can easily see that

A(|e−N 〉〈e−N | ⊗ |u1〉〈u1|) = |e−N 〉〈e−N | ⊗ |u1〉〈u1| and

A(|eN 〉〈eN | ⊗ |u0〉〈u0|) = |eN 〉〈eN | ⊗ |u0〉〈u0|;
(19)

hence, such enclosures do not collect any mass coming from the transient space.
In general, Eq. 18 gives us an easy inductive procedure to find the solu-

tion, but, as we wrote before, giving the precise formula of the absorption
operators is complicated. It is anyway immediate to see that if we consider
enclosures which are not contained in span{eN−1 ⊗ Cu1, e1−N ⊗ Cu0}, then
the support of the corresponding absorption operator will spread all over the
ring.

In particular, we can also show that some absorption operators have
eigenspaces corresponding to the eigenvalue 1 which are bigger than the asso-
ciated recurrent enclosure:

BN = span{eN−1 ⊗ Cu1, eN ⊗ u1}, B−N = span{e1−N ⊗ Cu0, e−N ⊗ u0}.

are the eigenspaces corresponding to the eigenvalue 1 of A(|eN 〉〈eN |⊗|u1〉〈u1|)
and A(|e−N 〉〈e−N | ⊗ |u0〉〈u0|), respectively. (Recall that BN and B−N will be
enclosures, by Proposition 4.)
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Already in the simplest case N = 1, it is anyway evident that symmetries
among minimal enclosures of the recurrent dynamic do not extend to the whole
channel Φ; for instance, there is no way of reconstructing A(|eN ⊗u1〉〈eN ⊗u1|)
from A(|eN ⊗ u0〉〈eN ⊗ u0|) knowing only the action of the quantum channel
on the recurrent space: Changing the value of ρ, C varies accordingly and so
does A(|eN ⊗u1〉〈eN ⊗u1|), while A(|eN ⊗u0〉〈eN ⊗u0|) and ΦR stay the same.

5.2. A Homogeneous Open Quantum Random Walk

We reconsider the model in Example 7. Now that we have recalled transience
and recurrence, we can discuss more properties of this model. E2 is always
a minimal slow recurrent enclosure, but, according to the different choices of
the involved parameters, the situations and the possible communication and
so absorption phenomena can significantly change. E0, for instance, will be
always an enclosure, as already written, but it is not necessarily minimal (only
if a−, a+ �= 0), and it will be slow recurrent when |a+|2 = |a−|2; otherwise, it
is transient. As for E1, in general, under the mentioned conditions (5), it is not
an enclosure, but it could be when all the parameters bε and dε are null, and in
that case, it will not necessarily be minimal. So, this simple model, can really
be instructive to understand what happens for different reduction of the space,
because it offers examples of both transient and recurrent minimal enclosures,
situations with a more complex structure of the recurrent subspace. Different
absorption operators can then be considered. In particular, it is anyway never
true that A(R+) = 1 and it can happen that U �= 0.

Whenever a−, a+ �= 0 and (5) hold, it is easy to show that absorption
operators are able to completely describe the fixed points set of the quantum
channel, i.e., even if the fast recurrent space is not attractive, and so the
hypotheses of Theorem 22 are not satisfied, the conclusion holds true and
the fixed points set coincides with the w∗-closure of the set of absorption
operators A(V), for V enclosure. In particular, if a+ = eiθ1/

√
2 and a− =

e−iθ1/
√

2 with θ ∈ [−π, π], the recurrent restriction of the quantum channel
has infinitely many non-orthogonal minimal enclosures and the fixed points
set of the restricted channel is isomorphic to M2×2(C). For all the other values
of a±, E0 and E2 are the only minimal subharmonic projections ([10, Section
6]) and the corresponding absorption operators generate the fixed points.

5.3. A Continuous Time Model: Two-Photon Absorption [24]

We describe here an infinite-dimensional model, with a not uniquely reducible
attractive fast recurrent space, but for which we can explicitly compute any
absorption operator relative to a fast recurrent enclosure. We consider the
Hilbert space H = l2(N) with orthonormal basis (en)n≥0 and denote the cre-
ation and annihilation operators by a† and a, respectively,

aen =
√

nen−1, a†en =
√

n + 1en+1, n ≥ 0.
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The two-photon absorption model described in [16] can be represented with
the Lindblad generator L, defined on a dense subspace of B(H) by

L(x) = iω
[
a†2a2, x

]
− μ2

2
(
a†2a2x − 2a†2xa2 + xa†2a2

)
, (20)

where ω is a real constant and μ2 is the absorption rate. Such a master equation
arises as the weak coupling limit of a one-mode electromagnetic field with a
Bosonic Gaussian zero-temperature reservoir of two-photon absorbing atoms
[16,25]. In order to have an intuition about some properties of this model, it
can be useful to recall that the diagonal restriction of the generator L coincides
with the generator of a classical continuous time Markov chains with values
in N for which the only possible jumps are the ones from k to k − 2 for all
k ≥ 2. More precisely, using (20) for a diagonal x, x =

∑
k≥0 fk|ek〉〈ek| in the

domain of L, we have

L

⎛
⎝∑

k≥0

fk|ek〉〈ek|

⎞
⎠ = μ2

∑
k≥2

k(k − 1)|ek〉〈ek|(fk−2 − fk))

This tells that the diagonal restriction of L is a classical generator Q with
transition rates

q(k, k − 2) = μ2k(k − 1) = −q(k, k) for k ≥ 2, q(k, j) = 0 otherwise.

Many properties of this model have been deeply investigated in [16], so we know
that the normal invariant states of this generator consist of all the density oper-
ators with support included in the positive recurrent space R+ = span{e0, e1}.
It is immediate to see that any vertex k is accessible from all vertices k + 2j
with j ≥ 0 and this implies that all the ek are transient for k ≥ 2. Moreover,
it is an easy exercise on classical processes to verify that the Markov chain X
with generator Q is absorbed in {0, 1} and consequently

A(R+) = lim
t→∞

∑
k

(etQ(e0 + e1))k|ek〉〈ek| = 1;

in particular

A(|e0〉〈e0|) =
∑

k

|e2k〉〈e2k| =: pe, A(|e1〉〈e1|) =
∑

k

|e2k+1〉〈e2k+1| =: po.

(21)

Really we know even more, because due to [16, Proposition 3.2 and Corollary
7.1], we have

Proposition 35. The invariant states of this generator are all the density oper-
ators of the form

ρα,z = α|e0〉〈e0| + (1 − α)|e1〉〈e1| + z|e0〉〈e1| + z̄|e1〉〈e0|
with α ∈ [0, 1], |z|2 ≤ α(1 − α).

For any state σ =
∑

k,l≥0 σkl|ek〉〈el|, we denote

α(σ) =
∑

k

σ2k,2k, z(σ) =
∑

k

ckσ2k,2k+1,
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where ck = 2−2k
√

2k + 1 (2k)!
k!

∏k
j=1(j − iω

μ2 )−1. The attraction domain of ρα,z

is given by

D(ρα,z) = {σ =
∑

k,l≥0

σkl|ek〉〈el| s.t. α = α(σ), z = z(σ)}.

For any minimal enclosure V in R+, V is spanned by a vector u which is
linear combination of e0 and e1, u = u0e0 +u1e1, and the previous proposition
allows us to conclude that, for any state σ,

Tr(σA(|u〉〈u|)) = lim
t→+∞

Tr(P∗t(σ)(|u〉〈u|)) = Tr(ρα(σ),z(σ)(|u〉〈u|))

= α(σ)|u0|2 + (1 − α(σ))|u1|2 + 2Re{z(σ)ū0u1}
so that

A(|u〉〈u|) =
∑

k

(|u0|2|e2k〉〈e2k| + |u1|2|e2k+1〉〈e2k+1|)

+
∑

k

cku0ū1|e2k〉〈e2k+1| + c̄kū0u1|e2k+1〉〈e2k|.

It is immediate to see some properties of absorption operators.
• The operator A(|u〉〈u|) is a projection if and only if u is proportional

to e0 or e1 (21). When u is not proportional to e0 or to e1, i.e., when
u0u1 �= 0, the precise spectral representation of A(|u〉〈u|) is easy to write
explicitly and its support contains the entire transient space in this case.
Indeed, for u as before with u0u1 �= 0, A(|u〉〈u|) has eigenvalues 0 and 1,
which are simple: u is eigenvector for 1 and u⊥ := ū1e0 − ū0e1 generates
the kernel. While when λ �= 0, 1, v =

∑
j vjej , we trivially have

A(|u〉〈u|)v = λv ⇔
{

v2k+1 = (λ−|u0|2)
cku0ū1

v2k

((|u1|2 − λ)(λ − |u0|2) + |c̄kū0u1|2)v2k = 0
for all k,

which gives A(|u〉〈u|) =
∑

k

λk|wk〉〈wk|, where

– λ2k, λ2k+1 are the two distinct solutions of equations

λ2 − λ + |u0u1|2(1 − |ck|2) = 0

– and the pertaining eigenvectors are such that w2k and w2k+1 are orthog-
onal norm one vectors in span{e2k, e2k+1} completely determined by the
previous linear system.

• (A(|u〉〈u|))2 is not a fixed point when u0u1 �= 0 (direct computation), so
the fixed points do not form an algebra.

• A(R+) = 1, so all results of Sect. 4 can be applied to this model and in
particular the structure of fixed points is described by Theorem 22.

• Since A(|e0〉〈e0|) and A(|e1〉〈e1|) are projections, the set of fixed points
for the classical diagonal process is instead an algebra.

• As we already remarked in previous sections and as in Example 5.1, when
the decomposition in minimal enclosures is not unique, the behavior of
the absorption operators related to different minimal enclosures cannot
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be controlled by the absorption operators associated with a generating
basis, as A(|e0〉〈e0|) and A(|e1〉〈e1|) here.

5.4. Dissipation-Induced Decomposition

The definition of absorption operators recalls the dissipation-induced decom-
position (DID) introduced in [13,33] for finite-dimensional quantum Markov
semigroups in order to tackle the problem of establishing whether an invariant
subspace is attractive. In [13], for instance, the authors consider a single quan-
tum channel Φ; given an enclosure V, they provide an algorithm that, using a
choice of Kraus operators for Φ, decomposes the state space

H = V ⊕
N⊕

n=1

Hn ⊕ HR

for some finite N ∈ N. DID highlights the one-step accessibility relations:
Starting from a state supported in Hn, V is reached in exactly n-steps, while
HR does not have access to V. Then, exploiting the obvious relations

supp(Φm(V)) = V ⊕
m⊕

n=1

Hn for m = 1, . . . , N − 1,

supp(Φm(V)) = supp(A(V)) = V ⊕
N⊕

n=1

Hn for m ≥ N,

we could rewrite the previous decomposition in our notations as

Hm = supp(Φm(V)) ∩ Ker(Φm−1(V)) for m = 1, . . . , N,

HR = ker(A(V)).

Notice that since the dimension of the state space is finite,

V is attractive, i.e., A(V) = 1 ⇔ supp(A(V)) = H ⇔ HR = {0} in the DID.
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