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Abstract. A family of analytical and semi-analytical models for the characterization and design of 
low thrust collision avoidance manoeuvres (CAMs) in space is presented. The orbit modification 
due to the CAM is quantified through the change in Keplerian elements, and their evolution in 
time is described by analytical expressions separating secular and oscillatory components. 
Furthermore, quasi-optimal, piecewise-constant control profiles are derived from impulsive CAM 
models. The development of these models is part of an ESA-funded project to advance existing 
tools for collision avoidance activities. 
Introduction 
The number of objects in orbit around the Earth is growing at an accelerating pace, due to both the 
increasing number of public entities and private companies leveraging space assets for diverse 
applications and the accumulation of space debris. Regarding active satellites, their numbers are 
soaring owing to the deployment of large constellations like Starlink, and the democratization of 
access to space enabled by lower launch costs and smaller, cost-effective platforms like CubeSats. 
The increasing congestion in space presents multiple challenges for Space Traffic Management 
and Space Situational Awareness, and demands the implementation of space debris mitigation 
actions like end-of-life deorbiting and collision avoidance (COLA) to curb the increase of space 
debris. However, an increasing portion of satellites are equipping low thrust propulsion systems, 
which, although more efficient, present a smaller control authority and complicate the design of 
disposal and collision avoidance manoeuvres (CAMs), particularly for last-time scenarios. As a 
result, new models and tools are needed to support low thrust COLA activities in congested orbital 
regions like low Earth orbit (LEO) and geostationary orbit (GEO). 

In this context, GMV, UC3M and Politecnico di Milano are developing the ELECTROCAM 
project, funded by the European Space Agency to advance their models and tools for the analysis 
of low thrust COLA activities. The project covers several aspects of COLA activities, including 
the assessment of current capabilities of low thrust satellites [1], propagation of uncertainties [2,3], 
efficient analytical and semi-analytical models for CAMs [4], and update of ESA’s operational 
software tool ARES. 

This work deals with some of the analytical and semi-analytical CAM models developed within 
the ELECTROCAM project. The models are focused on computational efficiency, to serve as 
initial guesses for more accurate, higher-cost numerical algorithms, and to perform sensitivity 
analyses over large sets of data. To this end, a single-averaging of the thrust-perturbed equations 
of motion is performed to express the evolution of the Keplerian elements as the combination of 
linear and oscillatory contributions, both expressed through exact or approximated analytical 
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expressions. A simplified control law is also proposed, leveraging analogous models for the 
impulse propulsion case. The performance of the models has been assessed through sensitivity 
analyses in relevant COLA scenarios, and some selected results are presented here. 
Single-averaged low-thrust CAM model 
Let us consider a predicted close approach (CA) at a given time of closest approach (TCA) between 
a low-thrust-capable spacecraft and a debris (in general, a non-collaborative object). The CAM is 
modelled following the scheme proposed in [5], composed of three steps. First, the orbit 
modification due to the CAM is quantified through the change δα of its vector of Keplerian 
elements α=[a,e,i,Ω,ω,M], whose components are, respectively, semimajor axis, eccentricity, 
inclination, right ascension of the ascending node, argument of pericentre, and mean anomaly. 
Second, the change in orbital elements is mapped to changes in position and velocity at the TCA 
using a linearized relative motion model with the nominal trajectory as reference orbit. Because 
the displacements associated to CAMs in practical scenarios are typically small, the loss of 
accuracy due to the use of a linearized model is limited. Finally, the outcome from the CAM is 
projected and characterized in the nominal encounter plane at TCA, and the change in collision 
probability quantified. 

The most complex step is the derivation of (semi-)analytical expressions for δα under a 
continuous thrust acceleration at. The models considered here are based on the single-averaging 
of Gauss’s planetary equations over one revolution, under the assumption of small thrust 
acceleration. This assumption allows to linearize the equations of motion in thrust acceleration and 
study the tangential and normal components separately (denoted by superscripts t and n): 

𝜶̇𝜶 = 𝐆𝐆(𝜶𝜶, 𝑡𝑡;𝒂𝒂𝑡𝑡) ≈ 𝐆𝐆𝑡𝑡(𝜶𝜶0 + 𝛿𝛿𝜶𝜶𝑡𝑡, 𝑡𝑡; 𝑎𝑎𝑡𝑡𝑡𝑡) + 𝐆𝐆𝑛𝑛(𝜶𝜶0 + 𝛿𝛿𝜶𝜶𝑛𝑛, 𝑡𝑡;𝑎𝑎𝑡𝑡𝑛𝑛) + 𝜶̇𝜶0 = 𝛿𝛿𝜶𝜶𝑡𝑡̇ + 𝛿𝛿𝜶̇𝜶𝑛𝑛̇ + 𝜶̇𝜶0.  (1) 

Where G represents Gauss’s planetary equations, and 𝜶̇𝜶0 is the evolution of mean anomaly for 
the unperturbed orbit. The solutions for 𝛿𝛿𝜶𝜶𝑡𝑡 and 𝛿𝛿𝜶𝜶𝑛𝑛 from Eq. 1 fall into three categories. First, 
some Keplerian elements are unaffected by the corresponding thrust component (Ω and i for 
tangential, a, i and Ω for normal). Then, some elements have only oscillatory behaviours, and their 
expressions can be integrated directly (ω for tangential, e for normal). Finally, the rest of elements 
combine secular behaviours with time scale proportional to the thrust magnitude, and oscillatory 
components with period linked to the orbital one. This is the case for a and e under tangential 
thrust, and ω under normal thrust. The secular expressions are obtained changing the independent 
variable in the equations of motion from time to eccentric anomaly E, and averaging the ODEs 
over 1 revolution. The resulting secular terms are linear, with slopes function of complete elliptic 
integrals of the first and second kind of the reference eccentricity eref. The oscillatory terms are 
obtained as a series expansion in eref and involve harmonics of the orbital period in E. The detailed 
derivation of the single-averaged analytical models and resulting expressions can be found in 
[5,6,7,4]. 

The proposed expressions for δα have E as independent variable. A time law for E(t) can be 
obtained from the differential equation for E, introducing the analytical approximation obtained 
for α(E)= α0+ δα(E). The resulting time law is explicit to compute time as function of anomaly, 
t(E), but implicit to compute E(t). This situation is analogous to that of the Kepler’s equation, to 
which it reduces for at=0, and prevents the solution from being fully analytical 
Quasi-optimal control law 
The previous models allow to evaluate the outcome of a CAM without a numerical integration, 
but to optimize the CAM they should be used within an iterative numerical optimizer. A more 
computationally efficient approach is proposed based on analogous models developed for 
impulsive CAMs [8]. The optimization problem for impulsive CAMs can be reduced to an 
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eigenproblem, where the eigenvector associated to the largest eigenvalue determines the optimal 
direction of thrust. Then, a piecewise-constant low-thrust CAM can be defined by dividing the 
thrust arc in segments and assigning to each of them the orientation of the impulsive CAM at its 
middle point. Furthermore, given that optimal fuel manoeuvres follow bang-bang structures, the 
magnitude of thrust at each segment will be either maximum or 0. To define in which segments is 
more convenient to thrust, it can be proven that the eigenvalue of the impulsive CAM at each 
segment serves as proxy for the local efficiency of the CAM compared to the other segments. 
Test case 
Multiple scenarios for low-thrust CAMs have been studied within the ELECTROCAM project. 
For brevity, a single case is presented here. The Keplerian elements at TCA of the spacecraft are 
αsc = [7552.1 km, 0.0012, 87.93 deg, 1.95 deg, 127.53 deg, 5.10 deg], while for the debris 
αdeb = [7575.5 km, 0.0100, 89.39 deg, 179.03 deg, 112.64 deg, 295.72 deg]. The elements of the 
combined covariance matrix in the B-plane (defined as in [5]) are σξ=0.0179 km, σζ=0.0214 km, 
ρξζ=-0.0524. Fig. 1 shows the results in terms of probability of collision PoC and displacement 
inside the B-plane δb, for a single-thrust-arc CAM with fixed thrust magnitude (10-8 km/s or 10-9 
km/s) and different values of the thrust arc duration, ΔtCAM, and the coast arc between thrust end 
and TCA, Δtcoast. Times are expressed as fractions of the nominal orbital period T. 

 

  

  

Figure 1. Displacement and PoC for test case in LEO, with at=10-8 km/s (top) and at=10-9 km/s 
(bottom) 

Conclusions 
The latest developments in a novel family of analytical and semi-analytical models for low-thrust 
CAM computation and design have been presented. These models rely on the single-averaging of 
the equations of motion in Keplerian elements to derive approximate analytical solutions 
separating the secular and oscillatory components for the orbit evolution induced by the CAM. For 
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CAM design, instead, quasi-optimal piecewise-constant thrust profiles are derived from the 
impulsive counterpart of the models. Part of these developments have been performed within the 
ESA-funded ELECTROCAM project. 
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