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Abstract

The continuous increase in space traffic and the accumulation of space debris causes a growing stress on space
traffic management and space situational awareness systems. Regarding collision avoidance activities, recent
advancements to cope with the increasing number of close approaches (CAs) focus on introducing a higher level of
autonomy (either for ground operations or on-board), managing large constellations, updating the tools and models to
account for the adoption of low-thrust propulsion, and improving the characterization of uncertainties, among others.
In many of these cases, large-scale simulations are required to train, inform, or validate the models, which can be a
challenge particularly in low-thrust scenarios.

This work presents a sensitivity analysis of collision avoidance manoeuvres (CAMSs) in different operational
scenarios both for impulsive and low-thrust propulsion systems. These analyses are enabled by the high-performance
analytic and semi-analytic models in the MISS (Manoeuvre Intelligence for Space Safety) framework developed at
Politecnico di Milano. The different models are based on the single-averaging of the equations of motion, formulated
in Keplerian elements. For the low-thrust case, arbitrary thrust directions are managed through the superposition of
solutions for the tangential and normal directions. Both for impulsive and low-thrust CAMs, manoeuvre design
methods for miss distance minimization and probability of collision maximization are described. These models are
then used to construct maps for a set of representative scenarios. From the analysis of these maps, key conclusions on
the CAM’s behaviour are drawn. Finally, the use of these maps for applications like training machine learning models
is briefly discussed.

Keywords: Collision avoidance manoeuvre, analytical methods, Space Traffic Management, Space Situational
Awareness

Nomenclature PoC
a  Semi-major axis, km ref
a; Perturbing acceleration vector TCA
a, Normal thrust acceleration, km/s?

a, Tangential thrust acceleration, km/s? 1
e  Eccentricity

E  Eccentric anomaly, deg or rad

n  Mean motion of the spacecraft, 1/s
r  Orbital radius, km

t Time,s
14

14

A

Probability of Collision
Reference value
Time of closest approach

Introduction

The continuous increase in space traffic and the
accumulation of space debris means a growing stress on
space traffic management (STM) and space situational
awareness systems. This is a multi-faceted challenge,
requiring sustained advances in a diverse set of fields like
space surveillance and tracking, policy and regulations,
debris mitigation, and collision avoidance (COLA). For
what regards COLA activities, recent developments have
focused on dealing with the increasing number of close

Orbital velocity (magnitude), km/s
Vector of Keplerian elements
t Impulsive CAM lead time, s

Non-dimensional thrust parameter

Gravitational parameter of the primary, km?/s?
Argument of pericentre, deg or rad

Right ascension of the ascending node, deg or rad

Acronyms/Abbreviations

approaches (CAs) by introducing a higher level of
autonomy through artificial intelligence (either to assist
ground operations or introduce on-board capabilities),
the challenge of managing large constellations, updating
the tools and models to account for the adoption of low-
thrust propulsion, and improving the characterization of

CA Close approach uncertainties, among other topics. In many of these cases,
CAM Collision avoidance manoeuvre large-scale simulations are required to train, inform, or
COLA  Collision Avoidance
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validate the models, which can be a challenge
particularly in low-thrust scenarios.

A key challenge when performing large-scale
simulations for the analysis and design of collision
avoidance manoeuvres (CAMs) are the associated
computational costs. This problem is particularly
relevant for low thrust spacecraft, where fully numerical
methods require the formulation and resolution of an
optimal control problem, typically in an iterative manner.
To tackle this limitation, several authors have proposed
approximate analytical and semi-analytical models for
impulsive [1] and low-thrust CAMs [2]. These models
provide computationally efficient and algorithmically
robust solutions, while they present limitations in terms
of the perturbation models that can be included, the
introduction of operational constraints, and the accuracy
of the solution.

The case of low thrust CAM s particularly
challenging, for different reasons. On the one hand, the
smaller control authority implies longer manoeuvre times
and reduced reachability domains, adding complexity to
the CAM design and operational restrictions on the CAM
planning and decision to act by ground operators.
Furthermore, the longer thrust arcs and the noise in thrust
can affect the evolution of uncertainties. Acknowledging
these challenges, the European Space Agency funded the
ELECTROCAM project, which was recently completed,
to advance their models and tools for the analysis of low
thrust COLA activities. The project covers several
aspects, including the assessment of current capabilities
of low thrust satellites [3], propagation of
uncertainties[4][5], efficient analytical and semi-
analytical models for CAMs [6], and update of ESA’s
operational software tool ARES. The low thrust CAM
models that are considered in this work have been
partially developed within the ELECTROCAM project.

This work focuses on the use of highly-efficient
analytical and semi-analytical CAM models for mapping
the effect on the CAM of different parameters, such as
the thrust level, the timing of the CAM, and the evolution
of uncertainties. Different operational scenarios are
considered, both for impulsive and low-thrust propulsion
systems. This large-scale mapping is enabled by the high-
performance analytic and semi-analytic models in the
MISS (Manoeuvre Intelligence for Space Safety) set of
algorithms developed by Politecnico di Milano [7]. These
models rely on the single-averaging of the equations of
motion expressed in Keplerian elements; while this is
straightforward for the impulsive case [8], more elaborate
expression are reached for low-thrust CAMs [9][10]. In
this case, scenarios with arbitrary thrust directions are
managed through the superposition of solutions for the
tangential and normal directions [11], whose solutions
are obtained in terms of complete elliptic integrals and
series expansions of the reference eccentricity. Both for
impulsive and low-thrust CAMs, manoeuvre design
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methods for miss distance minimization and probability
of collision maximization are also defined.

The rest of this document is organized as follows.
First, the problem at hand is defined, and the
mathematical models are briefly introduced. The detailed
derivation of the models can be found in previous works
by the authors, and is omitted for brevity. Then, these
models are used to construct maps of solutions for
different scenarios. From the analysis of these maps, key
conclusions on the CAM’s behaviour are drawn. Finally,
the use of these solutions for applications like machine
learning models training or surrogate model design for
on-board applications is briefly discussed.

2. Collision avoidance problem statement

Let us consider a predicted CA between a
manoeuvrable spacecraft and a non-cooperative object at
a nominal time of closest approach TCA. The term non-
cooperative object is used here in a generic way to refer
to any orbiting object that cannot, or will not, act in
response to the CA,; e.g., a debris, a spacecraft without
manoeuvring capabilities, or a spacecraft whose operator
decides not to act. The orbit determination process for
both objects is subjected to uncertainties, characterized
by their respective covariance matrices. In the following,
it is assumed that the CA corresponds to a short-term
encounter, and that the covariance matrices of both
objects are statistically independent. This allows us to
restrict the CA analysis to the encounter plane (i.e., the
plane perpendicular to the relative velocity at TCA), and
to simplify the problem by considering a debris with no
volume and the combined uncertainty of both objects,
and a spacecraft with no uncertainty and the combined
hard body radius of both objects.

The manoeuvrable spacecraft is equipped with either
an impulsive or a low-thrust propulsion system. The goal
of the CAM is to increase the miss distance and reduce
the PoC to acceptable levels, while minimizing the
disruption to the nominal orbit. In this sense, it is
assumed that the deviation from the nominal orbit is
small, allowing for the use of linearized relative motion
models.

The mathematical models describing the CAM, both
for the impulsive and low-thrust cases, are summarized
in Section 3.

3. Analytical and semi-analytical CAM models

The proposed (semi-)analytical CAM framework
relies on the assumption that the displacement due to the
CAM is small, allowing to characterize the post-
manoeuvre orbit through the modification da of its
Keplerian state a = [a,e,i,Q,w,M]" , and to map
changes in Keplerian state to displacements §r at TCA
using linearized relative motion models [12]. This 67 at
TCA (or more generally, &s = [6rT 6vT]T) is then
projected on the nominal encounter plane, or b-plane, to
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characterize the updated CA in terms of miss distance
and PoC. This workflow is depicted in Fig. 1.

Orbit modification
oa

Displacement at
TCA é6r

Updated CA
characterization

Fig. 1. Conceptual structure of the (semi-)analytical
CAM models

The procedure is configured in a modular way [7],
where the second and third blocks, displacement at TCA
and b-plane projection, respectively, are independent of
the orbit modification model and can be applied both to
the impulsive and low-thrust cases. In the most general
case, the mapping from §a to changes in position and
velocity at TCA can be expressed as [12]:

g;] (TCA) = [ﬁ;] Sa(TCA) )

where 4, and A4, are 3 X 6 matrices that depend only on
the nominal orbit [8]. On the other hand, the
displacement in the b-plane is directly computed from the
projection of §r onto this plane, and the PoC is evaluated
using Chan’s algorithm [13] both for computational
efficiency and for ease of analytical manipulation.

The model for the change in Keplerian elements,
instead, is strongly dependent on the type of CAM
considered. In the following two subsections, the models
for the impulsive and the low-thrust case are briefly
introduced. In both cases, they are based on Gauss’s
planetary equations, which can be expressed in linear
form as [14]:
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d
d—‘: = G(a,t) ar (2)

3.1 Impulsive CAM

For the impulsive CAM, a matrix relation between the
manoeuvre delta-V and the instantaneous change in
Keplerian elements is obtained by integrating Eg. (2)
over the instantaneous duration of the manoeuvre [8].
However, as noted in [15] for the case of asteroid
deflection, an additional correction in the mean anomaly
is needed to account for the change in mean motion
during the manoeuvre lead time At = TCA — t¢4y. Both
contributions can be combined in a single matrix
expression;

Sa (TCA) = G'(a, tcapy, AV (team) 3)

Combining Egs. (2) and (3), a linear mapping
between 6v (tcap) and 6r(TCA) is reached. This can
be leveraged to reduce the miss distance maximization
problem to an eigenproblem, as noted by Conway for a
different application of asteroid deflection [17]. In a later
work, Bombardelli and Hernando-Ayuso [1] proved that
this approach can also be extended to the PoC
minimization problem, introducing the information of the
combined covariance into the linear mapping. In both
cases, the optimization problem is a quadratic one, and
the optimal thrust direction is given by the eigenvector
associated to the largest eigenvalue.

3.2 Low-thrust CAM

The derivation of the averaged low-thrust model is
significantly more involved than that of the impulsive
one. To perform the averaging of the equations of
motion, Eq. (2), over one revolution, they must be
expressed in terms of a suitable anomaly. We consider
the eccentric anomaly E, whose time evolution is given

by:

dE
E = GE((Z, t)aT (4)

Inverting Eq. (4), a differential time law d¢/dE is
obtained, and from it the ODE system for e as function
of E, da/dE . However, the expressions are too
cumbersome to obtain their analytical average directly.
Assuming small thrust acceleration, the evolution of a
can be linearized in thrust acceleration to separate the
tangential and normal components (denoted by
superscripts t, n, respectively):

a = o + @t (E) + gna™(E) + 0(£2) (5)
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Non-dimensional thrust acceleration parameters have
been introduced as &, = af/(u/at.f). The reference
orbit, characterized by a,..¢, is slightly different from the
initial orbital elements and its value is obtained from the
averaging procedure. Introducing the expansion for a(E)
into the ODE system for a as function of E, da/dE,
differential equations for a‘ and a” are obtained. The
solutions for a* and a™ fall into three categories:

1. Elements if, 2¢, a®™, i™ and Q™ are unaffected by

the corresponding thrust component.

2. Elements w® and e™ have only oscillatory
behaviours, and their expressions can be
integrated directly.

3. Elements af , e* and w"™ combine secular
behaviours, with time scale proportional to the
thrust magnitude, and oscillatory components
with period linked to the orbital one.

In general, the evolution of the elements in the last

category can be expressed as:

Aa = ayep + eKLAE + a5 (E) G, (6)

The slopes of the secular component K,, depend on
Qref, €rer, and they contain complete elliptic integrals of
the first and second kind involving only e,.r. The
oscillatory components, instead, are obtained as a series
expansion in small e,..f :

f
=Nen, S My si 0
Qpsc(E) eref Mg, sin vE
u v

where M7, is a matrix of constant coefficients. The
expressions for K, and the numerical values for M, can
be found in [6][16][9][10].

Plugging these results into the differential time law
dt/dE, expanding in &, and e,..r up to the same orders
as for a, and integrating yields:

At Nyop = [E — €yep SINE| + &,At(E; Qref, €rer)

8
+ ey At™(E; Qref, €re) + O(€2) ®

where n,.; = (,u/afef)l/2 is the mean motion of the
reference orbit, and the first term of the right-hand side
corresponds to the derivative of Kepler’s equation (i.e.,
the unperturbed case). The expressions of Att and At™
are qualitatively analogous to those of Aa in Eq. (6), with
the exception that At* also includes a quadratic term in
E. This indicates that the validity of the expansion for At
will break faster than those for the Keplerian elements.
For a given CA, the change in phasing due to a CAM
is obtained by solving implicit the time law E(TCA)
from Eq. (8), and then evaluating the updated Keplerian
elements function of E. If the manoeuvre ends at a time
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t; < TCA, the time law will be solved for this time, and
the rest of the arc will be ballistic. This implicit time law
has to be solved numerically, preventing the method from
being entirely analytical. Instead, parametric analyses for
manoeuvre duration and location in terms of anomaly can
be performed without inverting the time law.

The single-averaged low-thrust CAM model allows
one to evaluate the outcome of a pre-defined CAM
without a numerical integration, but to optimize the CAM
according to some figure of merit it should be used within
an iterative  numerical  optimizer. A  more
computationally  efficient approach is proposed
leveraging the impulsive CAM model in Section 3.1. As
previously indicated, this model reduces to an
eigenproblem both for the maximum miss distance and
minimum PoC problems. Then, a piecewise-constant
low-thrust CAM can be defined by dividing the thrust arc
in segments and assigning to each of them the orientation
of the impulsive CAM at its middle point. Furthermore,
it can be proven that the eigenvalue of the impulsive
CAM at each segment serves as proxy for the local
efficiency of the CAM compared to the other segments,
which allows to construct a bang-bang structure for the
control profile (as expected for minimum fuel solutions).

4. Test cases

The high computational performance of the models
presented in Section 3 makes them suitable to carry out
sensitivity analyses, characterizing the influence of the
main parameters in the CAM design (e.g., manoeuvre
timing, thrust acceleration, level of uncertainties). The
results from this analysis can be expressed as maps
showing the evolution of the CAM outcomes (e.g., miss
distance, PoC) as function of the selected parameters. In
this section some examples on different orbital regions
are provided.

The first example corresponds to a low-thrust CAM
in the LEO region. The manoeuvre is composed by a
single tangential thrust arc, with fixed acceleration
magnitude and different durations of the thrust arc,
Atc 4, and of the coast arc before the CA, At pqs:- The
Keplerian elements at TCA of spacecraft and debris are
a,. =[6901.4 km, 0.0017, 53.07 deg, 122.01 deg,
92.00 deg, 209.76 deg] and a4}, = [6965.1 km, 0.0100,
124.77 deg, 297.89 deg, 275.91 deg, 320.75 deq],
respectively, and the components of the combined
covariance in the encounter plane are g; = 0.0165 km,
o; = 0.0170 km, and p;; = 0.0160. The evolution of
miss distance 6b and PoC is shown in Fig. 2 for a thrust
acceleration of a; = 1078 km/s?, and in Fig. 3 for a
thrust acceleration of a; = 107° km/s?. It is observed
that the CAM is feasible for both acceleration levels, but
for the lower one it cannot be completed within one
orbital revolution. In practice, this will require combining
several thrust and coast arcs, having a significant impact
in the nominal operations of the spacecraft. A feature
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surfacing for both thrust levels are the oscillatory patterns
linked to the position of the start and end of the thrust arc
along the orbit.

&b [k

Atcaa.&t [T]

0 o0

(a) Miss distance

10°
1024
104
10®
10°®
1072 0.5

PoC

0.5
Atcoast [T]

(b) Probability of collision

Atean [T]

1 1

Fig. 2. Miss distance and PoC for a LEO test case
with a; = 1078 km/s?

The next test case corresponds to a CA in the MEO
region. Again, the CAM will be defined as a single,
constant tangential thrust arc with duration Atc4y,, and
the thrusters will switch off a time At ., before the CA.
The Keplerian elements at TCA of spacecraft and debris
are a,, =[14447.1 km, 0.0001, 0.13 deg, 69.16 deg,
329.70 deg, 245.42 deg] and agy., =[22647.1 km,
0.7000, 7.00 deg, 103.67 deg, 73.94 deg, 24.53 deg],
respectively, and the components of the combined
covariance in the encounter plane are g; = 0.0594 km,
o7 = 0.1521 km, and pg; = —0.1908. The evolution of

miss distance &b and PoC is shown in Fig. 4 for a thrust
acceleration of a; = 1072 km/s?, and Fig. 5 for a thrust
acceleration of ar = 1071°km/s?. As expected, the
achievable deflection per orbit is higher than that of the
LEO case, both due to the longer period and to the higher
value of the non-dimensional thrust parameter ¢. Indeed,
€ is defined as the ratio between thrust acceleration and
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the local gravity acceleration (which decreases with
altitude), showing that control authority grows as we
move farther away from the Earth. Similarly, the
oscillatory behaviours associated to the phasing of the
manoeuvre are significantly softer, although still
noticeable for the higher value of thrust acceleration.

0.1

» O

2
Atoan [T

At(:na st [T]

0 0

(a) Miss distance

2
Atr‘nast [T]

2
Atcan [T

4 4

(b) Probability of collision

Fig. 3. Miss distance and PoC for a LEO test case
with a; = 1072 km/s?

5. Applications for CAM mappings: ML and

autonomy

The previous results show the high performance of
the analytical and semi-analytical models in
characterizing a set of CAs, by running sensitivity
analyses on different design parameters with a limited
computational cost. This already has straightforward
applications as a support tool for ground operations and
as initial guess generator for high-accuracy numerical
resolution methods. But it can also be an enabler for more
advanced techniques, such as artificial intelligence and
machine learning applications, and on-board autonomy.
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Fig. 4. Miss distance and PoC for a MEO test case
with a; = 107° km/s?

There are several ongoing activities to increase the
level of automation in COLA activities [18], such as the
AUTOCA project [19] or ESA’s CREAM initiative [20].
This higher level of automation can be introduced both
for ground operations, and by providing certain level of
on-board autonomy. However, there is a key challenge in
the limited amount of real-world data available,
particularly in what regards high-risk scenarios; this was
made evident by the outcomes from ESA’s collision
avoidance challenge in 2019 [21]. One way to address
this is to generate synthetic datasets from numeric
simulations. Large-scale maps like the ones enabled by
(semi-)analytical CAM models can be used as training
datasets for machine learning models, or to define
surrogate models (e.g., fittings or lookup tables).
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Fig. 5. Miss distance and PoC for a MEO test case
with ay = 1071% km/s?

6. Conclusions

Analytical and semi-analytical approaches provide
fast and robust tools for preliminary CAM analyses. In
this work, a family of models for impulsive and low-
thrust CAMs, based on Gauss planetary equations, have
been leveraged to carry out parametric analyses on
different CAM scenarios. For the impulsive model, the
mapping between the delta-v due to the CAM and the
modification of the Keplerian elements takes a simple
matrix form, directly derived from Gauss planetary
equations. For the low-thrust case, instead, the tangential
and normal components of the thrust acceleration are
decoupled under the assumption of small thrust
magnitude, and their analytical solutions are obtained
averaging Gauss’s planetary equations one revolution in
eccentric anomaly. The results are formed by a linear
secular term, involving complete elliptic integrals of the
first and second kinds, and oscillatory short-periodic
terms. Methodologies for deriving optimal and quasi-
optimal control profiles are also presented, leveraging the
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reduction of the optimal impulsive CAM problem to an
eigenproblem.

These models have been used to carry out sensitivity
analyses for different types of CAM. The influence of
different parameters has been analysed, such as the
timing of the manoeuvre, acceleration level, and
uncertainty. The resulting maps can be enablers for other
applications, such as the training of machine learning
algorithms.
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