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Abstract

We study the evolution Navier—Stokes equations in a cube under Navier boundary condi-
tions. For the related stationary Stokes problem, we determine explicitly all the eigenvectors,
eigenvalues and the corresponding Weyl asymptotic. We introduce the notion of rarefaction,
namely families of eigenvectors that weakly interact with each other through the nonlinear-
ity. By combining the spectral analysis with rarefaction, we expand the solutions in Fourier
series, making explicit some of their properties. We then suggest several new points of view
in order to explain the striking difference in uniqueness results between 2D and 3D. First,
we construct examples of solutions for which the nonlinearity plays a minor role, both in 2D
and 3D. Second, we show that, if a solution is rarefied, then its energy is decreasing: hence,
rarefaction may be seen as an almost two dimensional assumption. Finally, by exploiting
the explicit form of the eigenvectors we provide a numerical explanation of the difficulty in
using energy methods for general solutions of the 3D equations.
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1 Introduction

The Navier—Stokes equations
ur—pAu+ w-VYu+Vp=f V.-u=0 (1.1)

model the motion of an incompressible viscous fluid: u € R4 (d =2,3)isits velocity, p € R
its pressure, i > 0 is the kinematic viscosity, f € R? is an external force. The equations
(1.1) are complemented with an initial condition at # = 0 and, in bounded domains 2 C RY,
with some boundary conditions on d€2, the most common being the homogeneous Dirichlet
conditions # = 0. These no-slip conditions are physically reasonable if the flow is somehow
“regular”. But, in some situations, they are no longer suitable to describe the behaviour of
the fluid at the boundary and slip boundary conditions appear more realistic. In 1827, Navier
[31] proposed boundary conditions with friction, in which there is a stagnant layer of fluid
close to the boundary allowing the flow to slip tangentially. Denoting by

Vu+VTu
2

the strain tensor, Navier claims that, instead of being zero, the tangential component of the
fluid velocity at the boundary is proportional to the rate of strain at the surface, that is,

Du =

Du,v)-t4+au-7=0 onadL,

where o > 0 is a friction coefficient depending on the fluid viscosity and the roughness of
the boundary. Both the Dirichlet (8 = 1, infinite friction) and Navier (0 < B8 < 1, finite
friction) boundary conditions may be written in the general form

w-v=[Bu+1—pMu,v)]-7=0 ondQ (Bel0,1]), (1.2)

where v is the outward normal vector to 92 while t is tangential. The boundary conditions
(1.2) with B < 1 are appropriate in several physically relevant situations [5, 15, 32, 36]
and have been studied by many authors. The first contribution is due to Solonnikov-Scadilov
[37]. Concerning regularity results, see the works by Beirao da Veiga [6], Amrouche—Rejaiba
[2], Acevedo—Amrouche—Conca—Ghosh [1], Berselli [8]. Moreover, Mulone—Salemi [29, 30]
studied periodic motions while Clopeau—Mikelic—Robert [10] and Iftimie—Sueur [21] studied
the inviscid limit of (1.1) under conditions (1.2). Let us also mention the survey paper by
Berselli [7] where one can find further references and more physical applications.
In the present paper, we consider the zero-friction case § = 0 so that (1.2) becomes

u-v=>Du,v)-t=0 onadQ (1.3)
and we restrict our attention to the cubic 3D domain
Q:=(0,7),

in which some regularity results for (1.1) can be found in [11]. It is known [8] that for flat
boundaries, (1.3) become mixed Dirichlet-Neumann boundary conditions. Let 7 > 0 and
Q71 = Q x (0, T); if we consider (1.1) in the cube Q2 and we complement them with (1.3),
we obtain the problem

up — pAu+ u-Viu+Vp = fin Qr,

Vou=0 in O7,

Uy = 0xlp = oyuz3 =0 on {0, 7} x (0,7) x (0,7) x (0, T), (1.4)
uy = dyuy = dyuz =0 on (0, 7) x {0, 7} x (0,7) x (0, T),

uz = o;uy = d;up =0 on (0,7) x (0,7) x {0, 7} x (0, T),
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where the pressure p is defined up to an additive constant so that one can fix its mean value,
for instance

/p(t) =0 Vi>=0. (1.5)
Q
To (1.4) we associate an initial condition such as

u(x,y,z,0) =uo(x,y,z) inQ. (1.6)

Besides the above mentioned physical explanation, the initial-boundary value problem
(1.4)—(1.6) has a deep mathematical interest since its solutions can be seen as the restrictions
to the cube Q of some particular space-periodic solutions of (1.1) over the entire space R3.
The matching between two adjacent cubes is smooth and the extended solution satisfies

u(x + h,y+km, z+1m, 1) =ulx, y,z,8) V&, y.2) €eR>, Y,k ) eZ>, V¥t>0,

see [3, 11] for the details.

The first step for a rigorous analysis of (1.4) is the study of the associated (stationary)
Stokes eigenvalue problem which, so far, has been considered in full detail only in special
domains [9, 33-35] and the growth of the eigenvalues has been estimated through Weyl-type
bounds [4, 19, 27, 43]. None of these works considers conditions (1.3) and, only recently,
the problem under Navier boundary conditions was tackled in [3, 12]. In Sect.2.2 we take
advantage of the cubic shape of the domain and of the Navier boundary conditions (1.3) in
order to determine explicitly all the Stokes eigenvectors. Since the eigenvalues may have
large multiplicity, we introduce a criterion for choosing the associated eigenvectors in such
a way that, not only they are L?(2)-orthonormal, but they also have nice forms when trans-
formed through the nonlinearity in (1.1). We also show that the set of eigenvectors generates
the solenoidal subspace of the Helmholtz—Weyl decomposition [16, 42] and we derive an
asymptotic Weyl-type formula [40, 41] for the spectrum, see Sect.2.3. We then take advan-
tage of the specific form of (1.4) and, in Sect.2.4, we determine the role of the nonlinearity
(u - V)u in the pattern of energy transfer. It turns out that for some eigenvectors the energy
increases/decreases/vanishes and moves upward/downward in the spectrum. By exploiting
this behaviour we introduce the notion of rarefaction, namely families of eigenvectors weakly
interacting with each other through the nonlinearity.

The pioneering works by Leray [24, 25] emphasized that, while for planar flows a solution
of (1.1) which is smooth on some interval of time remains smooth for all subsequent times, in
the 3D space it is not clear whether a locally smooth solution of (1.1) can develop a singularity
at later time. The possible loss of regularity of the solutions is considered the main cause for
the lack of global uniqueness results in 3D. Our purpose is to give new points of view on the
differences between the 2D and 3D cases.

In Sect. 3.1 we recall the main differences between the 2D and 3D Navier—Stokes equations
(1.1), adapted to (1.4)—(1.6), see Propositions 3.2 and 3.3. With the spectral analysis at hand
we improve 2D uniqueness results in situations where the nonlinearity is ruled out and explicit
solutions can be determined, see Proposition 3.4.

In Sect.3.2 we introduce the Fourier decomposition of the solutions of (1.4) and we
highlight additional differences between 2D and 3D. We show that some 3D rarefied solutions
of (1.4)—(1.6) may also be explicitly determined for a suitable class of forces, in particular
yielding global smooth (and unique) solutions, see Theorem 3.6 and Corollary 3.7. The class
of forces is not “topologically” characterized as (e.g.) for the density result by Fursikov [13],
because our purpose is different: we aim to emphasize the relationship between the regularity
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of the initial datum and the asymptotic growth of the sequence of eigenvalues appearing in
the Fourier series.

It is well-known that in 3D one obtains local uniqueness of the solution of (1.1) by using
the energy (the squared Dirichlet norm of the solution): the solution is uniquely extended
until the energy remains bounded. Global uniqueness is guaranteed in any 2D bounded
domain and, in Theorem 3.5, we prove that this also occurs in €2 if the solution is rarefied
or “almost” rarefied. Thanks to the knowledge of the spectrum some energy bounds become
simpler and we show that, if a solution is rarefied, then its energy is decreasing. This result
is complemented in Sect. 3.3, with a numerical explanation of the difficulty in bounding the
energy for general solutions of the 3D equations.

This paper is organized as follows. In Sect.2 we determine the spectrum of the Stokes
eigenvalue problem and we define rarefaction. In Sect.3 we explain the connection between
rarefaction, the asymptotic growth of the eigenvalues involved in the Fourier expansion and
uniqueness of global solutions. Section4 is devoted to the proofs of the main results, with a
distinction between propositions and theorems.

2 Spectral analysis
2.1 The Helmholtz-Weyl decomposition
We recall here the spaces appearing in the Helmholtz—Wey1 [16, 42] orthogonal decomposi-
tion of L2(Q):
H:={vel’Q):; V-v=0in, v-v=00n0%},
G:={vel*Q);3ge H(Q), v=Vg},

in which, with an abuse of notation, we denote by v - v the normal trace of v, which belongs
to H~1/2(3Q) because V - v € L2(). It is known that

L>Q=HadG HLG 2.1

where orthogonality is intended with respect to the scalar product in L?(£2). The space G is
made of weakly irrotational (conservative) vector fields, namely

G={we L*(Q) : curlw = 0 in distributional sense} .
In the sequel, we use the notation

notation

Vo, w € L2(Q) v=w+G < v-—weG,

which means that v and w have the same projection onto H. In order to determine the
components of a vector field ® € L3(Q) following (2.1), one proceeds as follows. Let
peH 1(Q) be a (scalar) weak solution of the Neumann problem

Ap=V-® inQ, he=®-v ond2. 2.2)

Since the compatibility condition is satisfied, such ¢ exists and is unique, up to the addition
of constants. Then notice that V- (& — V) = 0in Q and (® — V) -v = 0 on 92. Therefore
(® — V@) € H and we can write

®=(P—Vp)+Vp=(d—Ve)+G. 2.3)
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In all the cases that we will consider, we obtain this decomposition directly from the following
statement.

Proposition 2.1 Assume that ® € C'(Q) satisfies ® - v = 0 on 9. Then, fQ V-® =0and
® can be written as in (2.3), with ¢ being a solution of the Neumann problem for the scalar
Poisson equation (2.2).

The important part of the dynamics of (1.1) is described by its projection onto H, where
we need more regularity. This is why we also introduce the space

U:=HNH Q).

From [23] we know that H is a closed subspace of L2(2); therefore, U is a closed subspace of
H'(€2) which, however, does not coincide with the closure of {u € CX(RQ); V-u=0inQ}
with respect to the Dirichlet norm, see the space V in (4.6), the difference being the possible
non-annihilation of the tangential components of the vector fields on 2. We endow H and
U, respectively, with the scalar products and norms

(v,w)9:=/v~w, ol :=/ 1l

Q L2(Q) Q

(Vv,Vw)g::/Vv:Vw, ||Vv||iz(9) :=/ |Vol?, (2.4)
Q Q

where Vv : Vw is the Euclidean scalar product between Jacobian matrices. It is straightfor-
ward that

/(u-V)v-w:—/(u~V)w-v Yu,v,weU,

Q Q
/(u-V)v-v:O Yu,velU. 2.5)
Q

We conclude this section by emphasizing a first important advantage of dealing with the
cubic domain €2, whose boundary consists of six (flat) faces. In Sect.4.1 we prove

Proposition 2.2 If 2 = (0, ) then
/Vv:Vw:Z/Dv:Dw Yv,w e U.
Q Q

In the next subsection we study the spectrum of the Stokes operator. Combined with
Proposition 2.2 this analysis will justify the choice of the second norm in (2.4).

2.2 Explicit eigenvectors of the Stokes operator in the cube

In order to obtain the Fourier decomposition of the solutions of (1.4) we analyze here the
associated Stokes eigenvalue problem

—Av =A\v in 2,
V-v=0 in 2,
v = dyvp =3 =00n{0, 7} x (0, 7) x (0, ), (2.6)

vy = dyv; = dyv3 =0 on (0, 7) x {0, 7} x (0, ),
v3 =0;v; = d,v2 =0 on (0,7) x (0, ) x {0, }.

In general domains 2 the eigenvectors v of (2.6) are defined up to the addition of a gradient
but, in a cube there is no such indeterminacy. Here and in the sequel, we denote by A both
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the Laplacian and the Stokes operator (its projection onto H), without distinguishing the
notations. Thanks to Proposition 2.2, the problem (2.6) in weak form reads

(Vuv,Vw)g = A(v,w)g VYweU. 2.7)

We introduce five families of linearly independent eigenvectors of (2.6). Form, n, p € N
we define

0
2
Xon,p(y,2) i= ———=1 psin(ny)cos(pz) |, 5)
P V302 + 2\ 2y costny) sin(p2)
) —p sin(mx) cos(pz)

Yio,px, 2= —m——m 0 R 2.9)
3 Vim?+pH) \ cos(mx) sin(pz)

n sin(mx) cos(ny)

2
Znn V) =/ — i , 2.10
n0(x,y) \/m mcos(rr:)x) sin(ny) (2.10)
0
24/2 cos(mx) .
Vi p(x,y,2) i= ———=| psin(ny)cos(pz) |, 2.11)
! \/m —n cos(ny) sin(pz)
2V2

Wi n » ¥, 2) ==
S PG 7
(n? + p?) sin(mx) cos(ny) cos(pz)
X —mn cos(mx) sin(ny) cos(pz) . (2.12)
—mp cos(mx) cos(ny) sin(pz)

The vectors (2.8)—(2.9)—(2.10) are not deductible from (2.11)—(2.12) when mnp = 0
since there is an additional normalization factor /2 (reminiscent of the coefficient aq /2 in
the Fourier series ag/2 + ), a, cos(ns) + by sin(ns)). With a slight abuse of language, in
the sequel we call m, n, p the frequencies of the eigenvectors.

In Sect.4.1 we prove the following statement.

Proposition 2.3 All the eigenvalues of (2.6) have finite multiplicity and can be ordered in a
non-decreasing divergent sequence, in which the eigenvalues are repeated according to their
multiplicity. For m,n, p € Ny the eigenvectors in (2.8)—(2.9)—(2.10)—(2.11)~(2.12) are a
basis, orthogonal in U and orthonormal in H.

This result deserves several comments. The eigenvectors

242 cos(ny) [P Sin(mg) cos(pz)

Hipn,p(x, ¥, 2) = ——e—e
Jr3(m? + p?) m cos(mx) sin(pz)

n sin(mx) cos(ny)
24/2 cos(pz) —m cos(mx) sin(ny)

Knnp(x,y,2) = —F———=x-
m,n,p /77_[3(”12 +n2) 0
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seem to be missing in the above families but, in fact, they are linear combinations of V, ,
and Wy, 5 p:

_ p\/(m2 + n? + PZ)(nz + p2)Wm,n,p + nm-/ n2 + P2 Vm,n,p

H =
o (w2 + )/t 2

K ”\/(m2+”2+P2)(n2+P2)Wmnp—mpv”2+P anp
m,n,p =

(n? + p2)vVm? +n?

We consider W, ;. p (instead of Hy, , p or Ky, p), because it is LZ(Q)—orthogonal to all
the eigenvectors in (2.8)—(2.9)-(2.10)~(2.11). On the contrary, the eigenvectors H,, ,, and
Kyu,n,p are not orthogonal since

—mn
V - H, = .
/sz TR ST+ py(n? + p?)

A further reason to focus on the eigenvectors Vy, ., and Wy, ,, , is the validity of a surprising
formula such as (2.18) below, which allows to simplify several computations.

For any m € N, the eigenvalue A = 3m? has at least multiplicity 2 and is associated
to the vectors (2.11) and (2.12) with p = n = m. If only two of the indexes are equal, say
p = m # n, then the eigenvalue is A = 2m?+n? and the possible permutations of the indexes
(m, m, n) (with a repetition) are 3, giving multiplicity 6 after permutation of variables. If the
indexes are all different, the possible orderings of (m, n, p) are 6 which, combined with the
permutations of variables, gives multiplicity 12. We summarize all these properties within
the following statement.

Proposition 2.4 Form,n, p € N all the eigenvalues of (2.6) have multiplicity given by one
or a combination of the next five cases:

(i) & = m%+n?withm # n has multiplicity 6 and the corresponding linearly independent
eigenvectors may be XO,m,n; Yn,O,m’ an,}’l,[): XO,n,m, Ym,O,n: Zn,m,O;
(ii) X = 2m? has multiplicity 3 and the corresponding linearly independent eigenvectors
may be Xo m.m» Ym,0,m> Zm,m,05
(iii) » = m?+n*+ p?> withm # n, pandn # p, has multiplicity 12 and the correspond-
ing linearly independent eigenvectors may be Vi n, p, Winn,p with all the possible 6
orderings of the indexes m, n, p;
(iv) A = 2m?% +n? withm # n has multiplicity 6 and the corresponding linearly indepen-
dent eigenvectors may be Viy m.ns Win.m.n» Voonom> Wonn.ms Vaomms Waomoms
(v) & = 3m? has multiplicity 2 and the corresponding linearly independent eigenvectors
may be Vi m.m>» Wi, m,ms
(vi) if A satisfies at the same time two or more of the above conditions, its multiplicity is
obtained by adding the corresponding multiplicities.

The large multiplicities in Proposition 2.4 suggest to introduce a notation clarifying the
difference between the eigenvalues Ay and the values of the eigenvalues AO The eigenvalues
A are ordered along a non-decreasing sequence containing the same elgenvalue repeated fol-
lowing its multiplicity. The values of the eigenvalues A(J) are ordered along a strictly increasing
sequence that contains no information on the multiplicity.

Remark 2.5 From Proposition 2.4 (ii), we infer that the least eigenvalue of (2.6) is A1 = 2,
with multiplicity 3. This shows the validity of the Poincaré inequality

2||U||L2(Q) < ”vv”LZ(Q) YveU.
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Table 1 The least 23 values )\(]). of the eigenvalues of (2.6), with their multiplicity and counting number

J 12 3 4 5 6 7 & 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23
)\;’ 23 5 6 8 9 10 11 12 13 14 17 18 19 20 21 22 24 25 26 27 29 30
;M(A?) 32 6 6 3 6 6 6 2 6 12 12 9 6 6 12 6 6 6 18 8 18 12
N()\?) 3 5 11 17 20 26 32 38 40 46 58 70 79 8 91 103 109 115 121 139 147 165 177

On the other hand, in the (2D) square (0, )2 the least eigenvalue A1 of the Stokes operator
under Navier boundary conditions (S-Nbc) is simple and A; = 2, see [3]. In smooth planar
domains, Kelliher [22] shows that the k-th eigenvalue A; of (S-Nbc) is strictly smaller than
the k-th eigenvalue t; of the Stokes problem under Dirichlet boundary conditions (S-Dbc):

Ak <1 Vk e Ni. (2.13)

Although Q = (0, )3 is not smooth, it is natural to conjecture that (2.13) remains true also
in 3D domains.

In general domains, Proposition 2.2 and Remark 2.5 may not hold, modifying the weak
formulation (2.7) of the Stokes eigenvalue problem (2.6). Indeed, [12, Corollary 1] states the
following.

Proposition 2.6 Let Q@ C R be a bounded piecewise C'' domain with connected boundary.
Then, one of the following facts holds:

e if Q is not axisymmetric, then the least eigenvalue of (2.6) is strictly positive: A1 > 0;
o if' Q2 is monoaxially symmetric, then the least eigenvalue of (2.6) is .1 = 0 and is simple;
e if Qis a ball, then the least eigenvalue of (2.6) is A1 = 0 and has multiplicity 3.

In fact, the assumption of connectedness of 2 was forgotten in [12]; without this assump-
tion, also a spherical annulus is a domain in which A; = 0 has multiplicity 3. Moreover, a
global C!-!-regularity of the boundary was required but the proof therein also works under the
slightly weaker assumption of piecewise C'!-regularity. Since = (0, )? is not axisym-
metric, we have that A; > 0 and the Poincaré inequality holds. Therefore, Propositions 2.2
and 2.6 justify the choice of ||V - || 2(q) as a norm over the space U.

2.3 The Weyl asymptotic formula

From Proposition 2.4, we see that all the eigenvalues of (2.6) have at least multiplicity 2,
with cases of large multiplicities. In Table 1 we report the first 23 (distinct) values )»(]? of the

eigenvalues of (2.6), with the corresponding multiplicity M ()L(}) and the counting number
N (A?), representing the number of eigenvalues, repeated according to their multiplicity, less

than or equal to A(}.
Let us now order the eigenvectors of (2.6). The most natural way is to follow the increasing
eigenvalues so that we just need to introduce a criterion for multiple eigenvalues.

Criterion 2.7 For equal eigenvalues, we follow the order (2.8)—(2.9)—(2.10)—(2.11)—(2.12).
Within the same family, for instance (2.8), the order follows the increasing triples of indexes
and X, comes before X p n ifn < p.
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Table 2 The first 15 eigenvalues Ay and eigenfunctions of (2.6)

k 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Ak 2 2 2 3 3 5 5 5 5 5 5 6 6 6 6
Ui | Xoan Yion Ziao Viaa Wing Xoaa Xoz2a Yiez Yoou Zi2o Zoao Vine Viea Veanin Wiap

Table 3 The least 72 eigenvalues 1; and t; repeated with their multiplicity

e |l 25 25 25 3; 35 5; 5; 5; 5; 5; 5; 6; 6; 6; 6; 6; 6; 8 8 8 9;9;9;9;9; 9; 10; 10; 10; 10; 10; 10; 115 11; 115 11; 115 11; 12; 12;
13; 13; 13; 13; 13; 13; 14; 14; 14; 14; 14; 14; 14; 14; 14; 14; 14; 14; 17; 17; 17, 17; 17, 17; 17; 17; 17; 17; 17; 17; 18; 18
6.30; 6.30; 6.30; 9.29; 9.29; 9.76; 9.76; 9.76; 10.97; 10.97; 10.97; 13.09; 13.09; 13.09; 13.61; 13.61; 14.25; 14.25; 14.25;
7 | 14.87; 16.82; 16.82; 16.82; 17.02; 17.02; 17.02; 17.92; 17.92; 17.92; 18.39; 18.81; 18.81; 18.81; 19.97; 19.97; 19.97; 20.70;
20.70; 20.71; 20.71; 20.71; 21.15; 21.25; 21.25; 22.18; 22.18; 22.53; 22.53; 22.53; 23.92; 23.92; 23.92; 25.52; 25.52;25.52;
25.74; 25.74; 25.74; 25.90; 25.90; 25.90; 26.27; 26.27; 26.27; 26.54; 26.54; 26.54; 27.86; 27.86; 27.86; 27.94; 28.42

As an example, consider the eigenvalue A = 26 for which Criterion 2.7 gives the order

Xo,1,5. Xo0,5,1, Y1,05. Y501, 21,50, Z5,1,0,
Visa, Vias, Va4, Vaan, Vars, Vas i, Wisa, Wias, Wiia, Wiar, War3, Wasg.

In Table 2 we report the first 15 eigenvalues Ay of (2.6), writing the corresponding eigen-
functions W ordered following Criterion 2.7.

Inspired by the Weyl formula for the Dirichlet-Laplacian [40, 41], Métivier [27] found
an asymptotic law for the eigenvalues of (S-Dbc). If w; denotes the volume of the unit ball
in RY, in the hypercube 2 = (0, n)d the Métivier formula reads

~

4 x2/d
2/d
(wa(d — 1))

For (S-Nbc)in 2 = (0, 7)3, see (2.6), Proposition 2.4 shows that the asymptotic behaviour
of the eigenvalues is strictly related to the so-called Gauss circle problem. In the next
statement, proved in Sect.4.2, we compare A; and 7, providing an asymptotic law for the
eigenvalues of (2.6).

as k — oo.

Theorem 2.8 Let {Ai}ren, and {ti}ren, be the non-decreasing sequences of eigenvalues of,
respectively, (S-Nbc) and (S-Dbc) in Q2 = (0, 1) withd € {2, 3}. Then

4
A<t VYkeNy and g~ ~ sz/d as k — co. (2.14)

In spite of the inequality in (2.14), the asymptotic in (2.14) coincide. In Table 3 we report
the least 72 values, repeated according to their multiplicity, of A and 7 in the cube (0, 7)3.
The eigenvalues A are computed by using Proposition 2.4, while we refer to [26] for the
numerical computation of the eigenvalues tx. In Fig. 1 we plot graph of the eigenvalues of
Table 3 in dependence of k, illustrating the validity of the inequality in (2.14) and suggesting
a strict inequality as (2.13) which, however, is beyond the scopes of the present paper and
requires delicate tools, see [22].

2.4 Transformations of eigenvectors and rarefaction

For u, v € U, we define the two operators

ur—Nuw)=w-Viu and (u,v) = Bu,v) =@ -Viv+ (- -Vu.

@ Springer



215 Page 10 0f 35 A. Falocchi, F. Gazzola

30

' o000®

| 000000
25 o0

@00
0000
00000°°®
20 00
000°”"° el
©cots0 900050000000
15 “.“o
200’ o00e00
)
ese sceseo
10 ©6°9® 006068
000000
L)
Latd L)
5 scooee
| e
oo
10 20 30 40 50 60 70

Fig. 1 The eigenvalues from Table 3: 1; (black dots) and t; (gray dots), in dependence of k

Clearly, N is nonlinear (somehow quadratic) while 1 is bilinear: they satisfy
B(u,u) =2Nw) B(u,v) =B(w,u) Vu,veU.

We analyze here how these operators transform the eigenvectors of (2.6). We introduce
the notations

Ei=(0,9,2), W= Wy (8)y Aki=miAng +pi o mp,ng, pr e N (2.15)

in which & represents the group of space variables and W, a generic eigenvector of (2.6)
(chosen among those in (2.8)—(2.9)—(2.10)—(2.11)—(2.12)) corresponding to the eigenvalue
A = m,% + n]% + p,%. It can be myngpr = 0, e.g. for Wo . pe = Xo,ny,p- A family of
eigenvectors {W;} as in (2.15) will always be ordered following Criterion 2.7 so that

k> p =m3 +ni + pi is non-decreasing but

k — my, k +— ng, k — p;r may not be monotone.

For any integer £ > 2, any Ay, ..., Ay € R (possibly depending on ¢), any eigenvectors
Wy, ..., ¥p of (2.6), we have

¢ -1 -1
N Avw) = N( 3 Akwk> +AIN W) + A Y AB(, W),
k=1 ' k=lZ . k=1 (2.16)
N(ZAk\yk> =Y AN+ D AABWL Y)).
k=1 k=1 I<k<j

The second formula in (2.16) shows that, in order to compute N'(-) for a linear combination
of ¢ eigenvectors, one needs to compute N (-) for ¢ eigenvectors and B(-, -) for (£2 — £)/2
couples of eigenvectors. Therefore, the number of computations increases quadratically with
respect to the number of eigenvectors.

We now compute explicitly the solenoidal part of the transformation through N'(-) of
the eigenvectors of (2.6); as expected, this strongly depends on the particular eigenvector
considered. The following statement is proved in Sect.4.1.
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Proposition 2.9 Form, n, p € N4 we have
N(XO,n,p) =G B N(Ym,(),p) =G B N(Zm,n,O) =G 5 (217)

and these are the only eigenvectors W of (2.6) satisfying N (V) = G. Moreover, form,n, p €
N4, one has

N(Vm.n,p) = _N(Wm,n,p) +G

mn®p mnp?
— Y -— 7 G. (2.18
PSS (02 T s Zam 20,0 +G. (2.18)

The formulas (2.17) express the fact that, up to neglecting the G-part, the nonlinear
transformation of the eigenvectors Xon,p, Yim,0,p» Zm,n,0 annihilates the norms. On the
contrary, formulas (2.18) show that, after neglecting the G-part, the L?(2)-squared-norm of
the nonlinear transformation of the eigenvectors V,, , , and W, ,, , is given by

m*n’p? n2 P’
732 + p2)2 (mz + p? + m2 +n2>
and, hence, up to neglecting the G-part, the nonlinear transformation of the eigenvectors
Vinn,p and Wy, ., can either increment or decrement the norms, but it never annihilates
them. The simplicity and elegance of (2.18) are the main reasons for the choice of the
eigenvectors (2.11) and (2.12), as a completion of (2.8)—(2.9)—(2.10) within the orthonormal
basis in H.
Then we consider the nonlinearity B and we define the trilinear forms

Ba(¥;, ¥, Vi) ;:[ B(Y;, W)V,
Q

Bo(VY;, ¥;, ¥,
Ne(Ur, W) = /Q N W)W = w (2.19)

that enable us to introduce the notion of rarefied sequences of eigenvectors.

Definition 2.10 Following (2.15), asequence S = {Wy }xen, of eigenvectors of (2.6) is called
rarefied if

Bo(W;,V;, V) =0 VY, ¥;, ¥ €§; (2.20)

Similarly, for T > 0, we say that g € L2(Q7) is rarefied if there exist a rarefied sequence of
eigenvectors {Wy}ren, and a sequence {ogjren, C L%(0, T) such that

g ) =) ar() V().

k=1

The family S = {W;} may also be finite, in which case the series reduces to a finite sum
and most of what follows becomes trivial. The second part of Definition 2.10 states that
rarefied functions in L2(Q7) are associated with a Fourier series which runs on a rarefied
sequence of eigenvectors.

Our next result, proved in Sect. 4.3, fully characterizes rarefied sequences of eigenvectors.

Theorem 2.11 A sequence of eigenvectors S = {Wi}ren, of (2.6) is rarefied if and only if,
for any choice of the indexes i, j,k € Ny, at least one of the three following couples of
conditions holds

mi+mj #Emyg £ |mp —mjlorn; +nj #ng #|nj —njlorp;+pj # px #|pi —pjl. (2.21)
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Two remarks are in order.

Remark 2.12 The condition (2.21) includes the possibility that some integers are zero. For
the triad {Xo ;. p; » ij,o,p]., Zmyni,0), (2.21) reduces to

mg #Fmj Oor ng#n; or p;# pj.

For the triad {Xo ;. p; XO,"]‘,]’J" X0,ny, pr} (With mg = m; = m; = 0) and similar ones, the
first couple of conditions is false (because 0 = 0), hence (2.21) reduces to

ni+nj#ng #\nj —nj| or pi+p;# pr#Ipi — pjl.

Moreover, (2.21) is fulfilled by triads such as {Xog,, p;, Xonj,p;e Yine,0,p0) OF
{X0,n;,p;i» XO,,,J.,,,J., Wing ng, pi }» and similar triads, since my # 0 ensures the first condition
in (2.21).

Remark 2.13 The word “rarefied” seems to express the fact that only “few” eigenvectors are
involved, but this is not the case, there are also “weakly rarefied sequences”. The simplest
example is obtained through the odd integers (but not the even!): consider all the eigenvectors
(2.12) with odd m-frequency (whose differences and sums are even) so that the first condition
in (2.21) is satisfied. For this sequence, following the proof of Theorem 2.8, we still find a
counting number of the order %ki/ Zask — 0o, implying that A; ~ (gk)Z/ 3 which is the
same order as (2.14) but with a different coefficient.

3 Rarefied global smooth solutions
3.1 A comparison between 2D and 3D

The eigenvectors in Proposition 2.3 have different dimensions both in the domain and in the
range. We classify them according to the next definition.

Definition 3.1 Let A, B € {2, 3}. We say that a vector field ®(-), possibly depending on 7,
is AD-BDif @ : [0, 7]4 — R® and there exists a vector ®g € R such that ® = &g + G.

By Definition 3.1, the eigenvectors X ,, p in (2.8) are 2D-2D and the associated eigenvalue
isA =n?4 p2 (and, similarly, for Y, o , in (2.9) and Z,, , 0 in (2.10)). By counting the
number of indexes and variables permutations, we see that it has multiplicity 6 if n # p and
multiplicity 3 if n = p. The eigenvectors Vy, ,,, , in (2.11) are 3D-2D and are associated with
the eigenvalue A = m? + n? + pz. The eigenvectors Wy, ,, ,, in (2.12) are 3D-3D and are
associated with the eigenvalue A = m? + n? + p?.

For T > 0, we put Q7 := (0, T) x €. In the sequel, for simplicity, we assume that

f e L*(Qr) forsome T > 0. (3.1)

In a smooth planar bounded domain w C R2, the initial value problem for (1.1) under Navier
boundary conditions admits a unique global weak solution u: this is a consequence of the fact
that u € L4((O, T) x a)), see e.g. [14, 23, 38] for similar results under Dirichlet boundary
conditions. Assuming f € Lz((O, T) x a)) and ug € U, the regularity of u is ensured under
no further restrictions on f and ug. If we embed the square (0, 7)? into the cube (0, 7)? and
we combine these results with [11, Theorem 1], we deduce
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Proposition3.2 Let T > 0. Let f € L*(Q7) and ug € H be 2D-2D vector fields of the

same kind, e.g. f = (fi(x,y,t), fa(x,y,1),0) and uy = (uo1(x, y), up2(x, y), 0). Then
there exists a unique weak global solution (u, p) of (1.4)—(1.6); such solution is 2D-2D and
satisfies u € C9%([0, T1; H). Moreover, ifup € U, thenu € co(0, T1; U).

Proposition 3.2 is well-known under Dirichlet boundary conditions in general domains,
see e.g. [23]. In view of Proposition 2.2, the very same proof works under Navier boundary
conditions.

In the 3D case much less is known. In the next proposition we state a classical result of
global existence of a weak solution and local uniqueness of smooth solutions, adapted to
(1.4)—(1.6) in [11].

Proposition 3.3 Let T > 0. Assume (3.1) and let uy € H, then:

o (1.4)—(1.6) admits a (global) weak solution u € L*°(0, T; H) N L%, T; U);
e ifug € U, then there exist K, T* > 0 satisfying

Kud

such that the weak solution u of (1.4) is unique in [0, T*) and

<T*<T

0<

ueL®0, T U) u,Au,Vpe LX(Qr). (3.2)

In fact, (3.2) may be slightly improved by stating that u € C°([0, T*); U). Hence, if
feL*(Qr)andug € U, Proposition 3.3 merely ensures that u € CO([0, T*); U) for some
T* < T.If T* < T, then the U-norm of the solution u(#) may blow up before time t = T
and global uniqueness of the solution may then fail. We point out that other assumptions on f
yield similar results, see [23, 38]. In [11] (and in Proposition 3.3) we assumed f € L%(07)
following [17, Theorem 2’], where an analogous regularity result is obtained under Dirichlet
boundary conditions.

The proof of the uniqueness result in Proposition 3.2 fails in 3D because there is no L*-
integrability (in time and space) of the solution and one can merely derive local regularity (and
uniqueness) results, see [14, 17, 18]. We now show that, by combining the spectral analysis
with rarefaction, see Sect. 2, this lack of regularity is not the only possible explanation of the
failure of the proof.

A first combination is the possibility to improve Proposition 3.2 in some particular situa-
tions. There are examples for which the nonlinearity plays no role, as in the next statement,
where explicit solutions can be determined.

Proposition 3.4 Letm,n > 1 and Zy, .0 be as in (2.10). Let ug(§) = y Zm n,0(§) for some
y € Randlet f(§,1) = a(t)Zy no0(&) for some a € LZ(R+). Then the unique solution
(u, p) of (1.4)—(1.5)—(1.6) is globally defined in R and is explicitly given by

t
u(E 1) = (y + /O a(s)etm s ds) e HOE 7 0(E),

! 2
p(Ss t) = ()/ +/ a(s)e}l«(m2+n2)s dS) e*ZM(szrnz)t
0

1 212 sin? (mx) + 2m? sinz(ny)
3 7'(3(m2 + n2) !

(3.3)
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Proposition 3.4 describes the behaviour of a linear Stokes equation and it has a simple
physical interpretation. Imagine that a fluid is initially moving in the cube € with a planar
velocity ug proportional to Z,, , 0. Also imagine that an external force f (such as the wind)
acts in the very same direction Z,, , o. Then, according to (3.3), the resulting variable-in-time
velocity u(t) will also be proportional to Z,, , o, with exponential decay as t — oo when
f = 0. With an artificial construction, in Sect.3.2 we will show that some 3D-3D rarefied
solutions of (1.4) also solve some simplified problems.

The second combination concerns the energy method. If uo € U, Proposition 3.3 allows
us to define the energy function

2 2
E@) = ||u(t2)||U _ IIVu(r;IILz(Q) T (3.4)

and, if T* = T, then the solution is global. In order to prove Proposition 3.3, it is crucial to
use both the energy (3.4) and the map

1,(t) ::/ (u(@) - V)u(t) - Au(t) forae.t e (0,T%), (3.5)
Q

when u satisfies (3.2). It is known that the solution can be extended until 7, () remains
“small” in a suitable sense. In the 2D square (0, )% itis a simple exercise to show that
1, (t) = 0 for any (possibly constant) u € U satisfying (1.3), see e.g. [39, Lemma 3.1], and
not only for solutions of (1.1). In the 3D cube, (3.5) does not vanish even if u solves (1.4).
However, if u is rarefied then [, (t) = 0, see Theorem 3.5 (a) below, so that rarefaction may
be seen as an almost two dimensional assumption. In completely different contexts, Iftimie
[20] and Miller [28] show the importance of almost two dimensional solutions of (1.1) for
uniqueness statements.

Finally, a further combination of the spectral analysis with rarefaction enables us to
introduce the Fourier decomposition of the solutions of (1.4), making more explicit some
differences between the 2D and 3D cases, see next section.

3.2 Rarefaction and uniqueness

We order all the (L?(£2)-normalized) eigenvectors of (2.6), as given in Proposition 2.3, along
asequence {W; }ren, insuch a way that the corresponding sequence of eigenvalues {A}ren,
is non-decreasing and follows Criterion 2.7, see also Table 2. If (3.1) holds, then there exists
a sequence of time-dependent Fourier coefficients oy = a4 (¢) such that

FED =Y a®U®),  1fOl]ag =Y a®?,
k=1

k=1
o0
£ 13200,y = D llewllZa 7y < 00
k=1

since we consider all the eigenvectors {W}, it may be ok (t) = 0 for some k. Similarly, the
u-part of the solution of (1.4)—(1.6) may be written as

o0 o0
wE, 0 =Y AOWE) With Vil w12 = 9P Y MAKD?,
k=1 0.7) k=1 (3 6)

(&, 0) =uo(§) =y yW(§) with {y) e,

k=1
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and, again, it may be Ay (#) = O for some k. Then, the Fourier coefficients A of u satisfy
the infinite-dimensional nonlinear system

Ar(t) + s A(D)
+ Y No(Wi, WA ()* + 3 Ba(Wi, W, W) Ai (DA (1) = ax (1) (3.7)

i=1 l=i<j
i#k

Ar(0) =y,
for a.e. t € [0, T'] and for all integers i, j, k > 1, where Bg and Ng, are defined in (2.19).
The system (3.7) is obtained by multiplying the equation in (1.4) by W (£), by using (2.16)
and by integrating over €.

The annihilation of (3.5) is a sufficient condition for the smooth extension of solutions to
the whole interval [0, T'] and, hence, uniqueness. But the annihilation of (3.5) is not necessary
for a solution u € CO([O, T*); U) to become a function in L>°(0, T'; U). A slightly weaker
sufficient condition for the extension is the existence of ¢ € (0, u] and C¢, C® > 0 such that

t t t
Ju() ::/ L(s)ds < g/ ||Au(s)||§2(mds+c£/ ||Vu(s)||i2(9)ds +Cf Vr<T*.
0 0 0
(3.8)

Although (3.8) is still a very restrictive sufficient condition for solutions u to be global (and
unique), in the next result we show that it is satisfied if the solution is “almost” rarefied, see
Sect. 4.4 for the proof.

Theorem 3.5 Let T > 0, assume (3.1) and ug € U. Let T* < T be as in Proposition 3.3. If
the corresponding solution u of (1.4)—(1.6) is rarefied in (0, T*) then:

(a) I,(t) =0and T* = T so that u is global and u € L*(0, T; U) is the unique solution;

(b) for any eigenvector Xo ny, py Of the kind (2.8) there exists Ay € L*°(0, T*) such that the
vector w(&, 1) = u(€,t) + Ax(t) X0 ny, p () satisfies J,,(t) < O forallt < T*, thereby
also satisfying (3.8);

(c) for any finite linear combination of eigenvectors \Ilf (h =1,...,n)of (2.6), with coef-
ficients A,zf € L*°(0, T*), the vector

w0 =uE 0+ Y AFOWLE)

h=1
satisfies (3.8).

Statements (») and (c¢) show that “almost”rarefied functions satisfying (3.2), not necessarily
solving a given equation, maintain (3.8) in [0, T*]. In statement (b), instead of X¢ ny, py
one may add a different eigenvector among (2.9)—(2.10)—(2.11)—(2.12), at the price of more
computations, see Remark 4.4 below.

A necessary condition for a solution u of (1.4)—(1.6) to be rarefied is that ug is rarefied.
Theorem 3.5 raises the natural “converse” question whether rarefied initial data are also
sufficient to have rarefied solution. We do not have a full answer to this query, but we now
show that if rarefaction is “strengthened” with some further conditions, then many external
forces f yield a rarefied (smooth, global, unique) solution of (1.4)—(1.6). In what follows,
we denote by

Lr Wi ni.p)  alinear combination (possibly infinite)

of a family (Wi, un.,p}of rarefied eigenvectors
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and the notation u = L, (W, ;. p,) means that there exists a sequence of rarefied eigen-
vectors { W, n;,pi } (ordered following Criterion 2.7) and a sequence of coefficients {Ay}
(possibly depending on time) such that u = ) "} Ag Wi, . p- The possibility to transform
the PDEs (1.4)—(1.6) into the explicit system of ODEs (3.7) enables us to find a connec-
tion between the initial regularity and the asymptotic growth of the eigenvalues involved in
rarefied solution, as in the next statement proved in Sect.4.5.

Theorem 3.6 Let T > 0 and fix any ¢ > 0. In any of the three cases:

(i) upeUN H%H(Q) with ug = Lr Wingne, pi)»

(it) up e UN HH'E(Q) with ug = L, (Wi, ny.n, ), namely py = ny,

(iii) uo € Uwithug = Ly (Wi ny, p) and Ay = m%—{—n%—i—p% besuchthatlikniioléf k)l% > 0,
there exists an uncountable family of 3D-3D forces f € L*(Qr) such that the resulting
solution (u, p) of (1.4)—(1.6) is global with the u-component 3D-3D, u € L*°(0, T; U) and
u = Ly Wi ni,pi)» for the same family of {Wy, ui, p} as uo.

The reason why in Theorem 3.6 we consider three items with a different regularity of
ug is related to the asymptotics associated with the involved eigenvalues. The faster is the
asymptotics, the lower is the regularity needed for u(, see Lemma 4.6 below. In item (i) we
have A, = m,% + n,% + p,%, which does not ensure an asymptotic behaviour faster than k%/3,

see Remark 2.13: in this case we need ug € H%“(Q). Initem (ii) we have Ay = m,% + 2n,%,
which does not ensure an asymptotic behaviour faster than k: in this case we only need
up € H'14(Q). In item (iii) we assume a priori the asymptotic behaviour of the involved
eigenvalues in order to get rid of the additional regularity of u¢. Therefore, the main interest
of Theorem 3.6 is not its statement, but the connection between rarefaction and three different
combinations of initial regularity with the asymptotic growth of k > A.

The proof of Theorem 3.6 is obtained by constructing explicit rarefied solutions of (1.4)—
(1.6), expanded in Fourier series, starting from a rarefied initial datum. With « at hand, we
find the corresponding forcing term by setting f = u; — uAu + (u - V)u + G: hence, the
Fourier series of f “compensates the gaps” left open by the rarefied solution in the equation
(1.4). The proofs work precisely because u is rarefied and f is chosen “compatible” with u.
It is fairly simple to find some u € L*°(0, T; U) suchthat u; — uAu+(u-V)u ¢ L?(Q7).In
this case, one has that f ¢ L?(Q7). The main difficulty in proving Theorem 3.6 is precisely
to ensure that the resulting force satisfies f € L?(Qr). In the same spirit, further global
uniqueness results with different choices of rarefied eigenvectors may be obtained.

As an example and a direct consequence of Theorem 3.6 (iii) we may combine rarefaction
with isofrequency, namely we require that the flow is governed by the same spatial frequencies
in any direction. In this case Ay = sz > 3k2, thereby satisfying the required lower bound
for the liminf.

Corollary 3.7 Let T > Oandug € U withug = L, (Wi, my.m,)- There exists an uncountable
family of 3D-3D forces f € L*(Qr) such that the resulting solution (u, p) of (1.4)—(1.6)
is global with the u-component 3D-3D, u € L*(0, T; U) and u = LWy my.m, ), for the
same family {Wp, my.m, } as uo.

The difference in (2.14) between d = 2 and d = 3, and the large multiplicity of eigenvalues
(see [3] for the planar case) may suggest that the asymptotic growth of the eigenvalues has
arole in the differences for (1.1) in 2D and 3D. The above results show that the rarefaction
and a precise spectral analysis may partially explain these differences.

@ Springer



The evolution Navier-Stokes equations... Page170f35 215

3.3 Numerical hints to explain the failure of energy methods in 3D

We analyse here the variation of the energy E defined in (3.4). With some additional regularity,
E is differentiable and in Sect.4.1 we prove

Proposition 3.8 Assume that f = 0 and ug € U N HZ(Q)\{O}. Let u = u(t) be the local
solution of (1.4)—(1.6), see Proposition 3.3. Let I, = 1,,(0) be as in (3.5).

If I, =0, then E(0) <O0; in particular, this happens if ug is rarefied.

If Iy, > O, then there exists y = y(uo) > 0 such that the energy E, associated to the
initial datum vo = yug satisfies

E,0) <0ify <7, Ey0)=0, E,0)>0ify>7.
If I, < 0, a similar result holds with’y =y (uo) < 0 and reversed signs for Ey 0).

Whence, contrary to the 2D square (0, )2, the energy may be initially increasing. In
this section we use Proposition 3.8 in order to attempt an explanation why the proofs of
Propositions 3.2 and 3.4 cannot be extended to a full 3D situation. For simplicity we take

p=1f=0, u@ 0 =uo)=yVnnp inQ (yeR\{0}). (9
A straightforward consequence of Proposition 3.3 and [14, Theorem 6.1] reads

Proposition 3.9 Assume (3.9) for some m,n, p € Ny and y € R\ {0}. Then:

e (1.4)—(1.6) admits a global weak solutionu € L*°(Ry; H) N LZ(R+; U);
o there exist K, T = T(y) > 0 satisfying

K
<T <40

0<
(mz + 1’l2 + PZ)Z ]/4 — -

such that the weak solution u of (1.4) is unique in [0, T) and u € L*(0, T; U) with
ur, Au, Vp € L*(Qr);
e there exists Y > 0 such that if |y| < ¥, then T (y) = 4o00.

We now complement Proposition 3.9 with some numerics. We assume (3.9) and we per-
form the first steps of a Galerkin scheme, by projecting (1.4)—(1.6) on finite dimensional
subspaces, thereby obtaining systems of ODEs. The solution of (1.4)—(1.6) can be written
as a Fourier series in the form (3.6). For the first order Galerkin approximation, we consider
u(€,t) = A1(t) Vin,n,p(§); by projecting onto the one-dimensional space spanned by V, »
we obtain the single ODE:

A1) = —(m® +n®> + pHAL(1), A1(0) =y.

As for the 2D-2D case, see Proposition 3.4, the nonlinearity plays no role and A;(t) =
ye—(mz+n2+p2)r_

Then we project over a suitable three-dimensional space. Proposition 2.9 suggests to
consider the Galerkin approximation given by

E(S, t) = Al (t) Vm,n,p(%—) + A2(t)Y2m,0,2p (S) + A3(t)22m,2n,0($)7
where the three components are, respectively, associated with the eigenvalues

A o=m? a4 p? =4 4 pP), A= 4m® 4 n?);
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note that  is not rarefied. Thanks to (2.16) and (2.17) we compute

N(ﬁ) :A%(t)N(Vm,n,p) + Ay (t)AZ(t)B(Vm,n,pv Y2m,0,2p)
+ Al(t)A3(l)B(Vm,n,p7 ZZm,2n,0) + A2(I)A3(t)B(Y2m,O,2pv Z2m,2n,0) + G.

With some computations we find

(25) = NQ(Vm,n,p, Vm,n,p) = 0,
(25) + (218) = NQ(Vm,n,p, Y2m.0,2p)

2
[ - mnwp .
= BQ(Vm,n,p, Y2m,0,2p7 Vm,n,p) = (24 p) T3 2t pY) =: Ky,

25 +@2.18) = BQ(Vm,n,pv ZZm,Zn,Ov Vm,n,p)

2
= —Ngq(V, , Z S ————— Y
Q( m,n,p 2m,2n,0) (i12+p2)«/m 2

Moreover,

Bo(Vinn,ps Yom,0.2p> Yom,0.2p) = BaVinn,p» Yom,0.2ps Zom,2n,0) = 0,
Ba(Vinn,ps Z2m,21,00 Y2m,0.2p) = B Vin,ps Z2m,2n,0> Z2m,2n,0) = 0,
Bo(Yom,02p, Zom,0,2ps Vinon,p) = Ba(Y2m,02p, Z2m,0,2p> Y2m,0,2p)
= Ba(Yom,02p, Zom,0.2p> Z2m,2n,0) = 0,
since all these triads satisfy (2.21). Then, according to (3.9), we obtain the 3 x 3 system of
ODEs
Al() = =2 A1) + K1 AL (D) A2(1) — K2 A1(D)A3(t) t € (0,7)
Ar(t) = —aaA2(t) — K1 A (1) 1€ (0,T)
As(t) = —23A3() + K2 A (1) 1€ (0,7)
A1) =y  A2(0) = A3(0) =0,

(3.10)

where T = T (y) may be infinite. The energy (3.4) of the solution of (3.10) is given by

3 3
1 . . .

E{() =5 ) WA = EY() =) WAinAi() = EJ(0)=—iiy% (1D

i=1 i=1
hence, except for the case y = 0 which yields a zero solution of (3.10), the energy is initially

decreasing. Note also that E%’ () =Ey Y(1).
In some cases, we have that E%/ (#) is bounded and decays exponentially as t — +o0,
which ensures that the local solution of (3.10) can be extended for all # > 0. In Sect.4.1 we

prove

Proposition 3.10 Let A = min{Xi,, A3} and let y # 0. Assume that one of the following
couples of inequalities holds:

n?(n? —3m? —3p?) - p2(3m? +3n% — p?)

2 2 2
n“ > 3(m”+ p°) and " > o , (3.12)
20,2 2 2 202,.2 2 2
2 2., 2 p-(p”—3m” —3n%) _n~GBm”+3p°—n°)
p° > 3(m~+n”) and o > ) (3.13)

Then EY (t) < E} (0)e™*" forall t > 0.
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Fig.2 Form =n = p =1, graphs of ¢ > E%’ (t). From left to right: y = 10, 100, 150, 300

Table4 Form=n=p=1and somey > 0: values of E ; (0), maximum energy, 77 achieving the maximum

% 10 100 150 300 400 500

E}(0) 1.50-10>  1.50-10*  3.38-10% 13510 240103 375103
max EY(n)  150-10>  150-10*  3.38.10% 1.82-10° 3.63-10° 6.13 - 10°
tel0, -

Iy 0 0 4531072 4.09-1072  3.53.1072  3.09-102

In particular, Proposition 3.10 implies that ¢ E;/ () attains its maximum at ¢ = 0 for
any y # 0. But, as we now show numerically, this may be no longer true if both (3.12) and
(3.13) fail. Fix m = n = p = 1; although this is an isofrequency case, we numerically obtain
that t +— E;/ (t) is not globally decreasing for all y # 0. In Fig.2 we display the obtained
graphs of t — E;’ () for some values of y.

Above acritical y > 0, the maximum energy is no longer attained at# = 0. As y grows the
maximum energy increases, while the corresponding maximum point ¢j; decreases towards
zero, see Table 4, as expected from Proposition 3.9. This gives the flavour of the difficulty to
obtain global solutions under large initial data.

We performed numerical experiments also for other triads (m, n, p) violating both (3.12)
and (3.13), finding the same qualitative behaviour as in Fig.2 and Table 4. Whether (3.12)
and (3.13) are also necessary conditions for Proposition 3.10 to hold for any y # 0 is an
open question that will be addressed in a future work.

4 Proofs of the results
4.1 Proofs of the propositions

Proof of Proposition 2.2. Using the definition of the strain tensor, we write

4/Dv:Dw:/Vv:Vw—i—/VTv:VTw—f-/VTv:Vw+va:VTw
Q Q Q Q Q

:2/Vu:Vw+/VTv:Vw+/Vv:VTw Yv,we U.
Q Q Q

‘We observe that

/VTv:Vw:—/V-(VTv)~w+/ Viv.w-v
Q Q Q2

:—/V(V-v)-w:O Yv,w e U;
Q

@ Springer



215  Page 20 of 35 A. Falocchi, F. Gazzola

indeed, v is solenoidal and, focusing on the boundary face 0Q2Y := {m} x (0, )2 with
v = (1, 0, 0) (similarly the other faces), we have

/ VTv-w~v:/ Oxviwy + dyviwy + dvywz =0 Vv, w e U,
Fle%d 9Qx

being vi = 0 on 92} . The same arguments can be repeated for the term fQ Vv:V'iw. O

Proof of Proposition 2.3. Since U is a Hilbert space and the Stokes operator is linear, compact,
self-adjoint and positive (by Proposition 2.2 and Remark 2.5), the first statement follows.

It is straightforward to show that the eigenvectors in (2.8)—(2.9)—(2.10)—(2.11)—(2.12) are
normal in L%($2) (in H) and are linearly independent. In order to show that they generate
U, we observe that any linear combination of the eigenvectors in (2.8)—(2.9)—(2.10)—(2.11)-
(2.12) can be written as

a sin(mx) cos(ny) cos(pz)
v(x,y,z) = | bcos(mx)sin(ny) cos(pz) |, 4.1)
¢ cos(mx) cos(ny) sin(pz)

for some a, b, c € R and m, n, p € N, with the possibility that at most one among m, n, p
is zero. Then

Vv=0<<= am+bn+cp=0 4.2)

and we need to show that the set of eigenvectors
S = {vin “4.1): am+bn+cp:0}

generates U. In view of the boundary conditions in (2.6), each scalar component v; (i =
1, 2, 3) of an eigenvector v satisfies homogeneous Dirichlet boundary conditions on two
opposite faces of 2 and homogeneous Neumann boundary conditions on the remaining four
faces. By separating variables, we then find that (e.g.) vi (x, y, z) = sin(mx) cos(ny) cos(pz)
are all the possible eigenfunctions of this scalar eigenvalue problem for —A. By adding the
solenoidal constraint (4.2), we find the set S. O

Proof of Proposition 2.9. The equality (2.17) follows from the identity

2mn " Si?(z"”) 2n? sin®(mx) + 2m? sin(ny)
N(Zm,n,O) = m m SlnéZVly) =V ( 7'[3(m2 n nz) > 4.3)
and, similarly with obvious changes, for (Y0, ) and N (Xq 5, p)-

Conversely, let ¥ be an eigenvector of (2.6) satisfying N'(¥) = G. By (4.1) we know
that W has the form

D(&) a sin(mx) cos(ny) cos(pz)
W(E)=| ©2(8) | = | bcos(mx) sin(ny) cos(pz)
D3(§) ¢ cos(mx) cos(ny) sin(pz)

for some m, n, p € N and some a, b, ¢ € R satisfying (4.2). By the just proved (2.17), we
may restrict our attention to the case m, n, p € N . Recalling the definition of N in Sect.2.4,
we have

D10, D + P20, P + P30, D
NW) = | @10, P2 + P20, Ps + P39, D>
®10, D3 + P20y P3 + P30, D3
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By imposing the irrotational properties
WN (W) =N W)z, SN =0NW)3, HN(W)3=03N(W):,

and after some tedious computations we reach, among others, the conditions acn = bem =
abp (we use that mnp # 0). But this is impossible in view of (4.2). Hence, if mnp € Ny, it
cannot be V(W) € G, proving the statement following (2.17).

The proofs of identities such as (2.17) can also be obtained by showing that the curl of
the considered vector is null. In particular, by computing the curl of the differences, one can
check that (2.18) holds. O

Proof of Proposition 3.4. The proof is obtained by combining two facts. First notice that u in
(3.3) satisfies

ur(€,1) — pAuE, 1) = ur (5, 1) + p(m?® + Y uE, 1) = 2O Zn o) = f(E, 1),

since Z,, 5.0 is an eigenfunction of (2.6) with eigenvalue A = m? + n?. Then notice that,
for u and p as in (3.3), we have N(u(t)) = —Vp(t), see (4.3). Moreover, u and p satisty
(1.4)—(1.5). o

Proof of Proposition 3.8. We differentiate E in (3.4) and obtain

E@t) = / Vu(t) : Vu (1) = —f Au(t) u (1) = / (u(®) - V)u() - Au(r)
Q Q Q
—/L||Au(t)||iz(g) forae.r € [0, T*),
where we used (1.4). In particular, we infer that
Hence, if I, = 0 then E(0) < 0. Moreover,
Ey(0) = 7 Jug — v ull Aug 32 g

wll Aug 2

and the remaining results follow by taking y = [7L2(Q) O
HO

Proof of Proposition 3.10. We rewrite (3.10); and (3.10)3 as

d t
T A0) = —Ki A () = M) = K / M2 A (r)2dT,  (44)
0

d t
(A3 0) = K2 A1) = A3 = Ko f MTOA (D) dT,  (45)
0

where we used the null initial conditions in (3.10)4.
By multiplying (3.10); by A; A;(¢) (i =1, 2, 3) and adding the equations we obtain

3
D [MA@A@) + 37 A (0] = [K1 (= 22) A2(1) + K2 (s — 1) A3 ()] A1 (1)
i=1
which, by recalling (3.11), implies (replacing ¢ by z)

EY(2) +20E (2) < [K1(M — A2)A2(2) + K2 (A3 — A1) A3(2) ] A1 (2)*
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Indeed, in both cases (3.12) and (3.13) we have min{A{, A2, A3} = min{X,, A3} = XA. Recall-
ing (4.4)—(4.5), multiplying this inequality by e**?, and integrating over (0, £), yields

AMEY (1) — EX(0) <
t Z
/ e”ZAl(z)z[/ [K%(Az —A)eM T L K2 (ag — Al)e“(’_z)]Al(r)sz} dz.
0 0
By replacing the values of the A;’s (i = 1, 2, 3) and of the K;’s (i = 1, 2), the function G
inside the inner squared bracket reads
m2n? p? n>(3m? + 3p% —n?) 2D p*(B3m? +3n% — p?) 32 |

732 + p2)2 m2 + p2 m2 + n2

If (3.12); holds, then n > p and, hence,

G(r) =

M=) e4(m2+p2)(t—z) - e4(m2+n2)(t—z) — 32 vt e[0,z).

Using also (3.12),, we infer that G(t) < O for all T € [0, 7).

If (3.13) holds, we argue similarly by reversing the inequalities and we find again that
G(t) < Oforall T € [0, z). Hence, for both (3.12)~(3.13) we obtain e** EJ (1) — E} (0) < 0,
proving the statement. O

4.2 Proof of Theorem 2.8

Consider the usual functional space for the Stokes problem under Dirichlet boundary condi-
tions, i.e.

Vi={veH}(Q); V- -v=0in Q). (4.6)

By Proposition 2.2, in 2 = (0, ) ford e {2, 3}, the norms ||D - ||Lz(9) and ||V - ||L2(Q) are
equivalent; hence, we may characterize variationally the eigenvalues of the Stokes problems
under Navier and Dirichlet boundary conditions as

2 2
= WlnfU su —_— and 1 = Wme sup  ————.
K C u kC u

Gkl ueWi\(0) leell? 2 ) GkY W) lull72

Since V C U, we obtain the inequality in (2.14).
For the asymptotic law in (2.14), we first consider the case d = 2. From [3, (13)] we know
that the L>—normalized eigenfunctions of (2.6) in the square (0, 77)? are given by

2 —n sin(mx) cos(ny)
/m2 + n2 \ mcos(mx) sin(ny)

The associated eigenvalues are A = m? +n? and the counting function N (1) coincides with
the number of lattice points (m, n) € Ni belonging to the set

) (m,n e Ny).

Ci :={(x,y)€R2:x2+y2§)»k,x>0,y>0}.

This number is approximated by the area of C;,, at least for large k; not only we have to take
one fourth of the lattice points inside the circle of radius /A, but we also need to subtract
the number of points on the axis that, however, has a lower order growth with respect to k.
Hence, we have

NG ~ |y | = %Ak ask — oo, 4.7)
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We then notice that N(Ar) > k, with equality only if Ay is such that Ay < Ay (that is,
when the k-th eigenvalue is simple or the last of a family of multiple eigenvalues). Similarly,
N () < k—1+M (Ay), withequality only if A is simple. Since M (Ar) ~ [0C;, | = o(|Cy, ]),
by combining these two inequalities, we obtain that N (Ax) ~ k ask — oo. In turn, combined
with (4.7), this proves the asymptotic in (2.14) ford =2 and w; = 7.

If d = 3, then the counting function N (i) equals 3 times the number of lattice points in
C;, plus 2 times the number of lattice points (m, n, p) € Ni inside the set

S = {0, y, 0 eR x> 432+ 22 <A, x>0,y >0, 2> 0}

indeed for each lattice point (m, n, p) € N i we have the two linear independent eigenvectors
Vin,n,p and Wy, ,, ,, see Proposition 2.4. Similarly to (4.7), we then get
b4 3 T
NOw) ~ 2183, +31C, | =221 + T2 ~ 202
6 4 3
We have again that k < N(Ax) < k — 14+ M(Ax) and M (A) ~ 2[0Sy, | = o(]S5,]) so that
N(Ak) ~ k as k — oo. We then conclude as for d = 2, thereby proving the asymptotic in
(2.14) with d = 3 and w3 = 47/3.

ask — o00.

4.3 Proof of Theorem 2.11
In the sequel, we apply the following conventions.

Criterion 4.1 When some of the indexes of the eigenvectors in (2.8)—(2.9)—(2.10)—(2.11)—
(2.12) are zeros or negative integers

Voo = V2X0ap.  Wao = —V2Ya06.  Wano=v2Zap0 Va,b € Z\ {0}
X0,0a = X0,a,0 = Y4,0,0 = Y0,0,a = Z4,0,0 = Z0,a,0 = Va,p,0 = Va,0,0 =

Va,00 = V0,00 = V0.0.0 = Wo.a.b = Wa,00 = Wo,0a = Wo.a0=(0,0,0) Va,beZ
X0,—n,—p = Xon,p X0,-n.p = Xon.—p = —Xo.n,p Vm,n, p € Ny

Y_m0—p = Ymo0,p Y m,0.p = Ym.0,—p = —Ym,0,p Vm,n, p € Np
Z_m,—n0=2Zmnno Zmn0="2m-n0=—"Zmno Vm,n, p € Ny

Vam,—n—p = Vamnp = Vinp Vam,—n.p = Vamn—p = —Vinp Vm,n, p € Ny
Wam—n—p = Wamn.p = FWianp  Wam,—np=Wamn,—p =FWunp VYm,n,peN.

For the proof of Theorem 2.11, we need the following technical result which explains how
the bilinear operator B acts on the frequencies of couples of eigenvectors.

Lemma 4.2 Following notation (2.15), let W; and V; be two eigenvectors chosen among
(2.8)-(2.9)~(2.10)—~(2.11)~(2.12), possibly belonging to the same family. Then B(¥;, ¥ ;) is
a linear combination of eigenvectors in (2.8)—(2.9)—(2.10)—~(2.11)—(2.12), having frequencies
given either by the sum or the difference between the frequencies of V; and V, adopting
Criterion 4.1.

Proof We point out that, adopting the convention of Criterion 4.1, there is the possibility that
the linear combination of eigenvectors includes some trivial eigenvector, but not all. Since
the computations are quite unpleasant we prove the lemma only for two particular couples
of W; and ¥;.
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We consider first the case ¥; = Y, 0,p;, V) = Zm;n;,0- We have
—4
= X
73 J(m? + pP) % +n2)

B(Ymi_o,p,-, ij,njgo)

n;jpi cos(n;y)cos(p;z)(m; cos(m;x) sin(m;x) + m; cos(m jx) sin(m;x))
mzpi cos(p;z) sin(m ;y) sin(m;x) sin(n;y)
minjcos(n;x)sin(m;x) sin(m;x) sin(p; z)
and, hence, that B(Ymi,(),pi, ijynj,o) -v = 0 on d2. We then compute
—8mjm,-njpi

7t3\/(mi2 + pl-z)(mi + n?)

V. B(Ymi,o,p,‘ , ij,nj,O) cos(m;x) cos(m jx) cos(n;y) cos(p;z)

and, following Proposition 2.1,

0= 4mjm,'njp,- %
713\/(m,2 + pH(m3 +n3)
cos[(m; +m)x] cos[(m; —mj)x]
[(mi . n§ e n? n P?] cos(njy) cos(piz).

Computing B(Y,u;.0.p;» Zm;.n;.0) — Ve, by (2.3) we obtain

BYm'O'Zm'n-O :G+ 1 X
( i,0,pi» Jols ) \/2773(m?+p%)(n1§+n§)(,,§+p?)

n;pi(mi +mp)(m? + m? +n% + p?)

2.2 2.2
X{(mjp,' _minj)vmi+mj,"j,[7i - mi+mj,nj,pi

\/(mi +mj)?+n%+ p}

2 2 2 2
njpi(mi —mj)(m; +m5 +nj+ p;)
—(m?pl.z _mz'zni)vmz*m/,nj,]?i + l L ! :

mifm‘/,nj,p,-}~
\/(mi —mj)2 +n§ +pl~2

Similarly, we compute the bilinear form when two eigenvectors belong to the same family.
If W; = Vip; o, p; and W = Vin;.nj.p;» We obtain

B(Vmiq”iapi’ ij,nj,l’j)

_ nipj—pinj
- 2,273 (nF+pH)(n3+p%)
(’1izfn%+p,'27p§)vm;+mj,ni+n‘/-.pi+pj 2(mi+m ) (i pj =1 i) Wan;+mj ni+nj.pi+p;
|: @it )2+ (pi+p)? mi+m )2+ mi+n )2 +(pi+p )2 1Lni+n)>+(pi+pj)?]
("%‘”%"’I’,'Z_P?)merm/,ni—nj,p;fpj z(mi+mj)(”il7j_”jPi)Wrnl-+m/-,nifn_/,p;fp‘/-
- N @i=n)*+-(pi—p;)? VO 2+ ni=n )2 +(pi=p )21 ni=n j)*+(pi=pj)*]
(7 =124 P =P Van,—m i —n i 20mi=m )i =1 pi) Wy =m ;i =n j . i=p;
B N i=n 2+ (pi=p))? Vi =m 4= Y +(pi = p 21— ) +(pi = p )]
(”,‘2_”%+I7,'2_P§)Vm[fml-,nﬁrnj,pH»p‘/- 2mi=m )i pj =1 p) Wi —m j.nj+n . pi+p;
@it +(pi+p))? \/[(mi—mj)2+("i+”j)2+(Pi+Pi)2][(”i+”j)2+(l’i+17j)2]i|
nipjtpin;
h 2 /2n3(n%+pi2)(n§+p%)
(ﬂiz—n§+ll,-2—l7§)\/,n,-+nzj,n,—n_,-.p,-+p,- 20mi+m ) (i pj+n; pi)Wini+m j.nj—n ;. pi+p
|: N i=n ) +(pitp;)? Nni+m )24+ =n ) +(pi+p 21 —n ) +(pi+p )71
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(7 =134 P7 =P Vanytm i 20mi+m )i P41 i)W 4m . ng-nj.pi—p;
- Vitn 2+ (pi=pj)? Vi +m )+ in Y+ (pi = p )i +n )+ (pi = pj)?]
(1] =134 P7 =P Vany—m i i 20mi—m )i pj+nj pi) Won —m j ni+n ;. pi—p
B N itn ) +(pi—pj)? mi—m )+ i1 )2+ (pi—p )21 +n,)*+(pi—pj)?]
(n,.27n§+p,-2*l7§)Vmifmj,n,‘ 0P 2mi=m )i p A i) Won, —m g —n i+
N i—n ) +(pitp;)? SOmi=m )2+ (i =n )+ (pi+p ) (i —n j) 2+ (pi+pj)2] }

All the other couples of eigenvectors give analogous results by proceeding in a similar
way. O

Recalling (2.19), by Lemma 4.2 and condition (2.21) we see that Wy = W, ., and
B(¥;, ¥;) have different frequencies, so that they are LZ(Q)-orthogonal. This proves the
implication (2.21) = (2.20).

On the other hand, from Lemma 4.2 we also know that B(W¥;, ¥}) is a linear combination
of eigenvectors, not all trivial. The only cases in which Bo(W;, ¥, Wx) # 0 occurs (denial
of (2.20)) is when W is one of the eigenvectors generated by B(W;, W), i.e. Wy, ;. p, Must
satisfy

my = |m; —mj|ormy =m; +m; and
ng = |n; —njlorng =n; +n; and

Pk = |pi — pjlor px = pi + pj,
that is the denial of (2.21).

4.4 Proof of Theorem 3.5
For some f € L?(Q7) and ug € U, let T* < T be as in Proposition 3.3 and let u = u(r)

be the unique local solution of (1.4)—(1.6) in (0, T*), which then satisfies (3.2). Using the
simplified notation (2.15), we write it in the form

o0 oo
uE =Y AOWE) . uE.0) =uE) =Y AO) W) eU.

k=1 k=1

If u is rarefied then
Bo(V;, ¥, AV) = —MBo(W;, ¥, W) =0 Vi, j,k,
where Ay is the eigenvalue associated with Wg. Therefore,
o0
/ (u(®) - V)u@) - Au(t) = — ZAkAk(z)/ (u(®) - V)u@) - ¥ =0, (4.8)
Q = Q

implying that 7, (#) = 0. Thanks to (3.2), we may test (1.4) by —Awu and, through the Young
inequality, we infer
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1d
3 IV gy + 11800 gy = [ o) Dyute) - duy — [ fo)- ey
by(4.8) = — /;2 f@) - Au(t) 4.9)
1
< ullAu(®)|72 g, + @uf(r)niz(m forae.r € (0,T%).

After integration over (0, ¢), we obtain for almost every ¢t € (0, T*)

VU@ qy < VU0l g +

1 T
2#«/0 1f )22 ds =t T(T. f.ug) < 0o. (4.10)

Since the upper bound (4.10) is uniform (T is independent of 7*), if it was T* < T we could
extend the solution beyond 7*; hence, T* = T. Statement (a) is so proved.

To prove (b) we need a preliminary technical lemma on the forms Ng (-, -) and Bq(, -, -).

Lemma 4.3 The following results hold:

NoVing,ng, s Y, 0,p1) = —=NaWing ng, > Yo 0.p) 0 if mi = 2my, pr = 2px,
NoVingng, s Zmg,ni,0) = =N Wing ng, pys Zimg,mg,0) 70 if me = 2my, ng = 2ny,
No (Vi pics Y 0.p8) = =No Wi ng pis Ymg0.p0) 70 if mk = mn/2, pr = p/2,
NQ(mG,nk,pk, Zing,nn,0) = _NQ(ka,nk,pkv Zingng,0) 70 if mg =my/2, ng = nx/2,
No(Wx, Wi) = No(W, Yn) =0 Sfor any other Wy, W as in(2.15).

Moreover, Bq (W, Uy, Ux) = —Nq(Wy, Wy) for any Wy, Wi as in (2.15).
Proof Recalling (2.19) and Proposition 2.9 we find:

72& > if Uy = Ving.ny, ps and ¥ = Yzmmo’sz
VMt Py
[27N B lf \pN = me,nx,px and \pk = Z2m;¢,2nx,0
\/ mytng
MRAR PR .
N W = 55 /31~ - if Wiy = Wi ny py and W = Yop,0,2py
(”R + PN) s \/mx‘f‘[’x
4SS
,/m%ﬁ»ni

if Uy = ng,ng,pg and ¥ = ZZmN,ZnN,O

0  otherwise,

2
% if Wi = Vi o and Wy = Yy 0, py
(4ny+py)y/my+py 202
2
TP W = Wiy sy and Wy = Y 0
(4n2+p2) m2+p2 > Mk N,U, PR
N 2my k ;2;/‘ 8PN
Q(Wg, Ur) = 73 P g, = Vg ng . and Wy = Zypg .0
(n§+4p,%) m§+n§< 202
2
. 1;an — if W = Wiy ny D and Up = me,ng,()
(ng+4p) ) mg+ng 2027
0  otherwise.
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Moreover, by (2.5) and (2.19),
Ba(We. W W) = [ (U V)W = = [ (s V)0 g = —Na(¥, %)
Q Q
and the proof is complete. O

We now prove statement (b) in a slightly more general form that allows to extend the
result to different choices of the additional eigenvector, not necessarily Wx = X0, py» S€€
Remark 4.4 below. We consider

w(&, 1) =u, 1)+ Ax() Un() = ZAk(t) Wi (§) + An(t) Un(8),

k=1

for some Wy (&) as in (2.15). Two cases may occur.

If the family {Wi}ren, U {Wy} is also rarefied, one can take any Ay € L*(0, T*) and
obtain the result as a direct consequence of statement (a).

If the family {W}ren, U {Wxn} fails to be rarefied, we determine Ay € L*°(0, T*) as
follows. By (3.2) we have thatw € L°°(0, T*; U) and, through (2.16), this allows to compute

(w(@) - V)w@)=) " Ay’ N (%)

k=1

+ Y AOA OB, W)+ A (PN (W) + Y Ar() Ax(DB(W, W),
I<k<j k=1

Aw(t) = = Y M Ap(t) Wi(§) — hnAn () Wn(8).
k=1

Hence, if we put

o o
D(t) == —An Y A(OBo(Wg, Wy, Wy) — Y A Ap (N (W, W),
k=1 k=1

o(t) 1= Y Ar(t)*No (¥, Wy),
k=1

C(t) == An Z Ar(DA; (OB (Wi, ¥, W) + Z AjARDA;()Bo (Y, Wy, V),
l<k<j K, j=1

we obtain
Iy(1) = 9 (D As(D)* = [0() + £(1)]Ax () - 4.11)

If Wy = Xoue,pe by Lemma 4.3, we have ¥(t) = 0, w(t) = 0 and J,, (1) =
—fot Ax(5)¢(s)ds; by choosing (e.g.) Ax(f) = ¢(r) we obtain J,,(r) < 0 forall r < T*,
proving statement (b). Note that other choices are possible, for instance Ax(t) = ¢ (t)3, and
many others.

Remark 4.4 Slightly more difficult is the choice of Ay for eigenvectors Wy among (2.9)—
(2.10)—(2.11)—(2.12), see Lemma 4.3. If 9 () < 0, one can take Ax(#) > 0 so large that
(4.11) becomes pointwise negative. If ©#(¢) > 0 or ¥ changes sign, one can take Ax(t) =
elw(t) 4+ ¢(t)] for e > O sufficiently small.
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Let us now prove statement (c). We denote by
n
2E 1) =Y AN E),
h=1

the finite linear combination of eigenvectors to be added to u. Again, w = u + z €
L®°(0, T*; V), see (3.2). By taking into account Item (a), we compute

/Q(w(r)-v)w(r)-Aw(r):/Q[(u(r)-v)u(z)-m(t)
+ (2() - V)z(t) - Au(t) + (z(t) - V)z(1) - Az(t)
+ [(z(0) - V)u®) + (u(®) - V)z()] - Au@) + [(2(0) - V)ult) + (u(@) - V)z(0)] - Az(t)]

and we bound all the terms by using the Poincaré¢, Holder and Young inequalities and by
exploiting the fact that z € L°°(0, T*; C°(£2)) (this is why a finite sum for z is assumed):

/ (u() - V)u(t) - Az(r) =C,
Q

< CIVu®)2 2. ‘ /Q (2(t) - V)2(0) - Az(r)

/Q [(2) - V)u() + (u() - V)] - Au(@)| < SIVU@)226, + 51AuD 22 g

2
< 5+ GIVu 72

/Q [(z(@) - V)u(@) + (u() - V)z(0)] - Az(r)

2
< $ +51Au)72 g,

/ (z(t) - V)z() - Au(t)
Q

for some constants C, ¢ > 0 (that may vary from line to line) accounting for A;f € L®(0,T*
in various forms. By collecting terms we obtain (3.8), thereby proving statement (c).

4.5 Proof of Theorem 3.6
We start by proving some technical results that are needed in the proof of Theorem 3.6.

Lemma4.5 Let T, ju, A > 0; leta € L*(0, T) and y € R. Then the function
t
A(t) = e‘”“[/ a(t)e T dr + y] vVt €[0,T] (4.12)
0

satisfies A € H' (0, T) and
lleell e (0.7) pellal,
[yl

A
lAlon < —2— 11 [&ieer (4.13)
O1 = (urp) i —()11 p € [2,00].
2258 (a2 e

In particular,
leellz20,7) leellr20,7) |y
Al L < —7+|yl, A < — + . (414
|AllLo0,7) < m ly1 I ||L2(0,T) ) \/217\ ( )
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Proof From (4.12) the function A(¢) is an exponential multiplied by a primitive of an

L2(0, T)-function so that A € H'(0, T) c C[0, T].

In order to prove (4.13), we treat the integral to be computed as a convolution, distin-

guishing two cases due to the assumption o € L>(0, T). Let p € [1,2], p' =

€ [2, 0]

and a(t) := fé a(T)e MU0 g1 so that A(r) = a(r) + ye ** . The first step is to use the

triangle inequality:

T 1/p
lAllLro.my < llaliLeo.ry + |y |:/ eﬂu\pzdt]
0

7|

|
< \lallro,ry + ——~-
OO (unp)l/p

By applying the Holder inequality, we get

U _whey_gy _mh_
/ e 7 ¢ r)e Y T)a(r)dr
0

t =1 pt
< |:/ e_“)‘(t_”dr] / e_’“‘(t_t)|oz(t)|”dr
0 0

1 t
< W/ 67”)‘([71)|a(‘r)|pd‘r.
n 0

Hence, integrating and applying the Fubini Theorem, we obtain

T 1 T pt
/ la(t)|Pdt < W/ f e Mg (1) |Pd dt
0 n 0 JO

1 T r leell;
- 71/ |a(1:)|p/ e MM gy dp < —2TOD)
()P~ Jo v (na)p

By (4.15) this implies

P
la@®)|” =

lallLr o, 1) ly|
A < - .
lAllLro,1) = prY Q)77
Let p € [2, o¢], p’ = £ € [1, 2] then we consider

L, P
la()]? < U T )T e r)la(r)|”dr:|
0

t P2 =l pt
< |:/ —pur(t— T)|a(‘l:)|1’ 1d-5i| / e_”)‘(t_t)|a(‘[)|2d‘c
0 0

< fle D),

el t
< ﬂ/ e M= g (1) 2dT
0

- 1
(55-2ua)*
Hence, integrating and applying the Fubini Theorem as before, we obtain

P
el

”(X” LZ(O,T)

L20.7) _

'
— (- 2
2 ”a”LZ(O T)/ PMI=D) 10 (7) [P d T
L 0,1)

r ll)?
/ la(0)|Pdr < Lo D
0

@ELu)t T bt

(4.15)

(4.16)
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implying through (4.15)

lellz20,7 ly|
14lLror < <= +
\/27 (uayz'r
This proves (4.13). ]

Note that (4.16) holds for any p € [1, 00) for which « € L?(0,T). Hence, if ¢ €
L°°(0, T) (which is not the assumption of Lemma 4.5!), then (4.14); can be improved by
letting p — o0 in (4.16), that is,

llll oo 0, 7)

) + [yl

AllLe©,1) <

In our proofs, only the bounds (4.14) in Lemma 4.5 are needed. However, because of their
elegance and simplicity, we proved the more general bounds (4.13).
Then we prove a calculus statement that highlights the role of the Weyl formula (2.14).

Lemma4.6 Let & > O, {a}ren, C L0, T), {(Vilken, C Rand {Arlren, C Ry If; for
some C,n > 0, we have that Ay ~ Ck™ as k — oo, then the following implication holds

o= -1+ lakll 20,7
S0 Nl ) <0 = Z(#+kal)<oo-
k L2071 " M Yk S
k=1 k=1 M
Proof By applying the Holder inequality, we get

IOlkllL2<o T) R
Z Zkk el 220, T)W

S 121 o0 12
ﬁ*1+8 2 1
= Z}‘k el 0,7 Z o] <00
k=1 k=1 Ay

12 12
o0 o0 A(F+1/U)/2 / o0 1 /
Z = Z Vk|x<e+1/n>/2 = Z* Z o+ =00,

k=1 Ay

1
. —+e 1 . e .
since A,  ~ C7 Heplten a5 k — oo and the series of general term k! ~¢" is convergent. O

In the next lemma we give bounds on the L2(§2)—norm of some bilinear terms involved
in the proofs. The norms are computed after neglecting the G-part.

Lemma4.7 Let V; and Wy be two eigenfunctions of (2.6) chosen among (2.8)—(2.9)—(2.10)-
(2.11)—(2.12) corresponding, respectively, to the eigenvalues ); and Ay. There exists a
constant C > 0 (independent of A ; and Ay) such that

INWO 72y < Ches IBOY), W)l72.q) < CO + ). (4.17)

Q) —

Proof Let Wy, be an L?($2)-normalized eigenfunction of the kind (2.8)-(2.9)-(2.10)—(2.11)-
(2.12) associated with some eigenvalue 1; > 0. By its explicit form, there exists ' > 0
(independent of ;) such that

Willpo@) <T.
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Then we bound

INOWOIT2 ) = Wk - VWl T2 () < 1kl 700y IV Wkl ) < T2 A,

since ||V Wy ||iz(9) = Ak; this proves the first of (4.17) with C = 2. Moreover,
1Bk W72 = 1%k - VI + (W) - V)W 0

< 2(I1WklI oo ) IV 172 ) + 1917200 IV k172 )
=2C0k + 2 ),
proving the second inequality in (4.17). O
We are now ready to start the proof of Theorem 3.6. Let ¢ > 0 and let up € U be such that

ug = Lr (Wi ni, p)- For each k, Ay = m,% + n% + p,% is the eigenvalue of (2.6) associated
with W, .. pi.- Then there exists a sequence {yx }ren, C R satisfying

— 3te
Yol vt <oo (4.18)
k=1

and a rarefied sequence {Wiy, ;. p, Jren, of eigenvectors of the kind (2.12) such that

wo(E) =Y Vi W pi ) (4.19)

k=1

We claim that for any sequence {a (1) }ren, C L%0,T) satisfying
- Ste
Yo Ml gy < 00 (4.20)
k=1

there exists a 3D-3D force f € L?(Qr) yielding global uniqueness. This would prove Item
(i) in Theorem 3.6, since there is an uncountable family of such sequences {ot (t)}ren, . We
prove this claim in two steps.
Step 1: Construction of f. For any k € N, we consider the linear ODE problem
Ar(®) + p(mg +ni + pOA) =ax(t)  VkeNy, Vie(0,7)
—
e 4.21)
Ar(0) =k,

whose solution is given by (4.12) with Ag, Ak, ox and y; replacing A, A, « and y. Then we
set

FED = arOWinengpe &)+ D AN Wiy py)

k=1 k=1

o0
+ > AOAFOBWangngpis Wiy n,p,) 4.22)
I<k<j

and we show that the (rarefied) function

wE 1) =Y Ac(t) Wiy (€) (4.23)

k=1
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is the u-component of the solution (u, p) of (1.4) satisfying u(£¢,0) = ug(€) as given in
(4.19). By (3.6) and (4.14) we know that

||“||L00(0 T:U) — SUP Z)\kAk(t)z =< Z)\k”Ak”LOO(() T)
©.7) 4= k=1

1 o0
S (kI3 7, + 203472) < 00 (4.24)
k=1

in view of (4.18) and (4.20). Furthermore, u in (4.23) satisfies
o

w0 = pdue, ) = 3 (A + i Ar) W e €) = Zakmwmk,nk,pk ®
k=1 k=1

since Wy, uy., pi 18 an eigenfunction of (2.6) associated with the eigenvalue A and Ay satisfies
(4.21). By (2.16) we also infer that

(- Vyu = N( > Ak(r)ka,nk,pk> =Y A N W ng.py)
k=1 k=1

o0
+ Z A AjOBWay ng, prs Wnjonj,p;)-
l<k<j

Hence, f in (4.22) can be written as f = u; — uAu + (u - VIu and u = L, (Wi i p) in
(4.23) is the u-component of the solution (u, p) of (1.4)—(1.6).

Step 2: Regularity of f.To complete the proof of Item (i), we need to prove the regularity
of f in (4.22). Since {0y }ren, satisfies (4.20), we infer that the first term in (4.22) satisfies

o0
Zakak,nk,pk e L*(0r). (4.25)
k=1

In order to bound the L2(QT)—norm of the second term in (4.22), we observe that

T s :
_/ / (ZAk([)zN(kaﬂlk»Pk)>
rp 70 79 Nkl

00 2
by the Holder inequality < T sup / (ZAk(t)z |N(ka,nk,pk)‘>
0,7)JQ

Z AN Wiy ,,k)

2
by the Minkowski inequality < T sup (Z A2 IN W, ,,k)||Lz(Q))
0,7)

by(4.17) < CT( sup ZAk(z) f) (4.26)

0.7) —1

in view of (4.24) and because A; > 2 for all k, see Remark 2.5. Hence, the second term in
(4.22) is in L2(Q7). We now bound the L2(Q7)-norm of the (most delicate) third term in
(4.22):
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2

[e.¢]
Z AkAjB(ka,nk,pka ij,nj,pj)

I=k<j L2(07)

o] 2
= ( Z ”AkAjB(ka»nk,Pk’ ij«”j;Pj)”LZ(QT)>

I1<k<j
00 2
= ( Z ”AkAj”L2(0,T) ||B(ka,nk,pkv Wm,-,n,-,p,-)” L2(9)>
1<k<j
00 j—1 2
< C(Z 1A 20,09V Y ||Ak||Loo<o,T>)
j=2 k=1
CI (Mewllrz.r )T
<= — == 0. 4.27

This bound is obtained by applying the Minkowski inequality, the Holder inequality,
(4.17) (recalling that k < j, hence Ay < ;) and Lemma 4.6 with n = 2/3; the choice of n
is justified by the Weyl asymptotic for Ay = m% + ni + p,%, see Theorem 2.8 in dimension
d = 3. The three bounds (4.25)—(4.26)—(4.27) show that (4.22) belongs to L?(Q7), which
completes the proof of Theorem 3.6 (7).

In order to prove Theorem 3.6 (ii), the assumptions (4.18) and (4.20) should be replaced
by

oo o0

14+¢.,2 3 2
Z)‘k Vi < o0, Z)‘k”ak”LZ(o,T) < 00.
k=1 k=1

We recall that the eigenvalues associated to Wy, ,, n, are Ay = m% + 2n,§ = 0(k) as
k — +o00, see Theorem 2.8 (and its proof) for d = 2. Hence, the proof of Theorem 3.6 (ii)
is the same as (i) until the estimate (4.26). The only difference is the estimate (4.27), that
can be obtained applying Lemma 4.6 with n = 1.

In Theorem 3.6 (iii) the assumptions (4.18) and (4.20) should be replaced by

o o

2 2
Z)‘-kyk < 00, Z ”ak”Lz(O,T) < o0
k=1 k=1

and the proof is the same until the estimate (4.26). Here (4.27) is obtained applying Lemma 4.6
with

£
nz

= —, =1+e.
e+1 1—¢
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