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take a costly, unobservable action leading to favorable outcomes. In particular, we focus
on Bayesian settings where the agent has private information. This is collectively encoded
by the agent’s type, which is unknown to the principal but randomly drawn according to
a finitely-supported, commonly-known probability distribution. In our model, the agent’s

Keywords:

Principal-agent problems type determines both the probability distribution over outcomes and the cost associated
Contract theory with each agent’s action. In Bayesian principal-agent problems, the principal may be better
Bayesian games off by committing to a menu of contracts specifying a contract for each agent’s type, rather

than committing to a single contract. This induces a two-stage process that resembles
interactions studied in classical mechanism design: after the principal has committed to
a menu, the agent first reports a type to the principal, and, then, the latter puts in place
the contract in the menu that corresponds to the reported type. Thus, the principal’s
computational problem boils down to designing a menu of contracts that incentivizes the
agent to report their true type and maximizes expected utility.

Previous works showed that, in Bayesian principal-agent problems, computing an optimal
menu of contracts or an optimal (single) contract is APX-hard, which is in sharp contrast
from what happens in non-Bayesian settings, where an optimal contract can be computed
efficiently. Crucially, previous works focus on menus of deterministic contracts. Surprisingly,
in this paper, we show that, if one instead considers menus of randomized contracts defined
as probability distributions over payment vectors, then an “almost-optimal” menu can be
computed in polynomial time. Indeed, the problem of computing a principal-optimal menu
of randomized contracts may not admit a maximum, but only a supremum. Nevertheless,
we show how to design a polynomial-time algorithm that guarantees the principal with
an expected utility arbitrarily close to the supremum. Besides this main result, we also
close several gaps in the computational complexity analysis of the problem of computing
menus of deterministic contracts. In particular, we prove that the problem cannot be
approximated up to within any multiplicative factor and it does not admit an additive
FPTAS unless P = NP, even in basic instances with a constant number of actions and
only four outcomes. This considerably extends previously-known negative results. Then,
we show that our hardness result is tight, by providing an additive PTAS that works in
instances with a constant number of outcomes. We complete our analysis by showing that
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an optimal menu of deterministic contracts can be computed in polynomial time when

either there are only two outcomes or there is a constant number of types.
© 2023 The Authors. Published by Elsevier B.V. This is an open access article under the
CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Principal-agent problems have recently received growing attention from the economics and computation community. These
problems model the interaction between a principal and an agent, where the latter chooses an action determining some
externalities on the former. In this work, we focus on hidden-action problems—also known as models with moral hazard—in
which the principal cannot observe the action adopted by the agent, but only an outcome that is stochastically determined
as an effect of such an action. The agent incurs a cost for performing the action, while the principal receives a reward
associated with the realized outcome. Thus, the goal of the principal is to incentivize the agent to take an action resulting
in favorable outcomes. This is accomplished by the principal by committing to a contract, which is an outcome-dependent
payment scheme defining a payment from the principal to the agent for every possible outcome.

A classical example of the principal-agent problem is that of a salesperson (agent) working for a company (principal). The
former has to decide on the level of effort (action) to put into selling some products on behalf of the company. The latter can
observe the total number of products sold by the salesperson (outcome), but it has no information about the actual level of
effort undertaken by the salesperson. This naturally fits hidden-action models. Moreover, the company usually incentivizes a
high level of effort by paying the salesperson on the basis of the number of products that have been actually sold, as is the
case in the classical definition of contracts. Besides this simple example, nowadays principal-agent problems are ubiquitous
in digital economies, as they find application in several real-world scenarios, such as, e.g., crowdsourcing platforms [2],
blockchain-based smart contracts [3], and healthcare [4].

Most of the computational works on principal-agent problems have focused on the basic setting in which the principal
knows everything about the agent, i.e., they know both the probability distribution over outcomes and the cost associated
with each agent’s action. Very recently, three concurrent works [5-7] started the study of much more realistic Bayesian
principal-agent problems—also known as models with adversarial selection—in which the agent has some private information
that is unknown to the principal. As it is common in Bayesian models, these works assume that the agent’s private infor-
mation is collectively encoded by an unknown agent’s type, and that the latter is drawn from a probability distribution over
a set of possible types, which is known to the principal. For instance, in the company-salesperson example described above,
the salesperson may have some private features (such as, e.g., experience gained with past works and/or advanced training
courses) that determine how effectively the undertaken level of effort converts into sales.

The addition of private information in principal-agent problems establishes an intimate connection with mechanism de-
sign. While the latter has received a lot of attention on its own by computational economics—thanks to its widespread
application in auction settings—, only the very recent works by Guruganesh et al. [5] and Alon et al. [7] addressed the
computational aspects of problems at the interface of the two fields. Indeed, in Bayesian principal-agent problems, it may
be the case that the principal is better off committing to a menu of contracts specifying a contract for every possible agen-
t's type, rather than committing to a single contract. This induces a two-stage process that resembles interactions usually
studied in mechanism design. In particular, as a first stage after the principal’s commitment, the agent reports a type to the
principal, possibly different from their true type. Then, the interaction goes on as in a non-Bayesian principal-agent prob-
lem, with the principal selecting the contract in the menu that corresponds to the reported type. The principal’s goal is to
commit to menus of contracts that incentivize the agent to report their true type, choosing an expected-utility-maximizing
menu among them. Notice that proposing menus of contracts is natural in many practical applications. For instance, in the
company-salesperson example, one may imagine the company proposing a portfolio of different payment regimes to the
agent, with the latter selecting the preferred one based on their private information. Intuitively, this could considerably
boost the revenue of the company with respect to proposing a single contract.

1.1. Original contributions

In this paper, we investigate the computational complexity of finding an optimal menu of contracts for the principal, i.e.,
the contract maximizing the principal’s expected utility among those that incentivize the agent to truthfully report their
type. In particular, we study general Bayesian settings where the agent’s private information determines both the probability
distributions and the costs of actions.

In Bayesian principal-agent settings, designing an optimal (single) contract is largely computationally intractable, with
the exception of some specific cases [5,6]. Guruganesh et al. [5] unsuccessfully tried to circumvent this issue with menus
of contracts, showing that the problem of computing an optimal menu is APX-hard even in instances with a constant
number of actions. These results are in sharp contrast with what happens in non-Bayesian settings, where an optimal
contract can be designed efficiently [8]. Crucially, the work by Guruganesh et al. [5] focuses on menus of deterministic
contracts, in which no randomization is involved. The main result of our work is that, if one considers menus of randomized
contracts, then an “almost-optimal” one can indeed be computed in polynomial time in arbitrary Bayesian principal-agent
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problem instances. Indeed, the problem of computing a principal-optimal menu of randomized contracts may not admit a
maximum, but only a supremum. Nevertheless, we show how to design a polynomial-time algorithm that guarantees the
principal with an expected utility arbitrarily close to the supremum. This is surprising since randomized contracts generalize
classical, deterministic ones by specifying probability distributions over payment vectors, so that, after the type-reporting
stage, the distribution corresponding to the reported agent’s type is employed by the principal to draw a contract that is
communicated to the agent.

After the provision of the preliminaries in Section 2, in Section 3 we provide our main results on menus of randomized
contracts. As a first step, we show that the problem of computing a principal-optimal menu of randomized contracts may
not admit a maximum, but only a supremum. Then, we show how to design in polynomial time a menu of randomized
contracts with the principal’s expected utility greater than or equal to the value of the supremum minus €, for any given
€ < 0. To do so, we first show that, for every € > 0, there always exists a menu of randomized contracts that achieves the
principal’s expected utility at most € less than the supremum by using “small” payment values, which can be bounded
above by 1/€ and a suitably-defined exponential function of the instance size. This is crucial to show that, in order to find
the desired menu, we can restrict the attention to randomized contracts placing positive probability on a specific finite set
of deterministic contracts, whose size is exponential in the instance size. Given such a set, we can formulate the problem
as a linear program with exponentially-many variables and polynomially-many constraints, whose dual can be solved in
polynomial time by means of the ellipsoid algorithm provided that a suitable separation oracle can be implemented in
polynomial time. Such an oracle can be formulated as an optimization problem over the finite set of deterministic contracts
defined above, which we show that it can be solved in time polynomial in the instance size and in log(1/¢), proving our
main result and concluding the paper.

In Section 4, we strengthen our main positive findings on randomized contracts by providing a strongly negative result for
the problem of computing an optimal menu of deterministic contracts. Such a result considerably generalizes the negative
one by Guruganesh et al. [5], as we prove that the problem cannot be approximated up to within any constant multiplicative
factor and it does not admit an additive FPTAS unless P = NP, even in instances with a constant number of actions and
only four outcomes. We prove our result by resorting to a non-trivial and non-standard reduction from a suitably-defined
promise problem related to finding maximal independent sets in undirected graphs with a bounded degree. Let us remark
that our negative result is surprising since an optimal (single) contract can be computed in polynomial time in Bayesian
settings with a constant number of outcomes [5,6]. Next, in Section 5, we close the gaps in the computational analysis of
menus of deterministic contracts by showing that our hardness results are indeed tight. In particular, we provide an additive
PTAS for the problem of computing an optimal menu in instances with a constant number of outcomes. Our approximation
scheme works by finding an approximately-incentive-compatible menu of deterministic contracts (i.e., one that does not
perfectly incentivize the agent to report their true type, according to a suitable definition of approximation introduced for
our purposes), which can be shown to provide a good additive approximation of the optimal principal’s expected utility.
We prove that such an approximate menu of deterministic contracts can be found in polynomial time by restricting the
attention to menus that only employ a “small” number of different contracts. Finally, starting from the approximate menu,
we show how to recover in polynomial time a menu of deterministic contracts that correctly incentivizes the agent to report
their true type, only incurring a small additional loss in terms of the principal’s expected utility. Finally, in Section 6 we
provide two additional positive results that complete our computational analysis. In particular, we show that the problem
of finding an optimal menu of deterministic contracts can be solved in polynomial time when either there are only two
outcomes or there is a constant number of agent types (and outcomes and actions can be an arbitrary number).

All the proofs omitted from the main body of the paper are in the Appendix.

1.2. Related works

Hidden-action principal-agent problems have received considerable attention in the economic literature, as part of a
broader subject called contract theory [9-12] (see the books by Mas-Colell et al. [13], Bolton et al. [14], and Laffont and
Martimort [15] for a detailed treatment of the subject).

Strong interest in the computational aspects of contract theory has emerged only recently. In the following, we survey
the major computational works on hidden-action principal-agent problems.

Works on non-Bayesian settings Most of the computational works on principal-agent problems focus on non-Bayesian set-
tings in which the principal knows everything about the agent. Since in a classical non-Bayesian setting the principal’s
computational problem can be solved straightforwardly in polynomial time by means of linear programming, all the works
on the topic introduced more complicated models. Babaioff et al. [16] study a model with multiple agents (see also its
extended version [17] and its follow-ups [18,19]), focusing on how complex combinations of agents’ actions influence the
resulting outcome in presence of inter-agent externalities. Diitting et al. [20] and Diitting et al. [21] study other non-Bayesian
principal-agent models, whose underlying structure is combinatorial. In particular, the former study the case in which the
outcome space is defined implicitly through a suitably-defined succinct representation, while the latter addresses settings
in which the agent can select a subset of actions (rather than a single one) out of a set of available actions. Other works
worth citing are [22], which studies contract complexity in terms of the number of different payments specified by con-
tracts, and [2], which proposes an online learning model and solves it by means of multi-armed bandit techniques. Another
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important line of work is that initiated by Diitting et al. [8] and aimed at using the computational lens for the efficiency
analysis (in terms of principal’s expected utility) of linear contracts with respect to general ones, where the former are sim-
ple, pure-commission contracts that pay the agent a given fraction of the principal’s reward associated with the obtained
outcome. In particular, Diitting et al. [8] show that, in non-Bayesian principal-agent settings, linear contracts perform well
under reasonable assumptions.

Works on Bayesian settings There are three works that are arguably the most related to ours, namely [5,7,6]. These works
concurrently introduced similar Bayesian principal-agent models, in order to study their computational properties. In par-
ticular, Guruganesh et al. [5] focus on a model in which the unknown agent’s type determines the probability distributions
associated with the agent’s actions. They analyze linear contracts by extending the work of Diitting et al. [8] from non-
Bayesian to Bayesian settings, showing how their efficiency is affected by problem parameters. Guruganesh et al. [5] also
investigate the computational complexity of computing an optimal (single) contract and an optimal menu of (determinis-
tic) contracts, showing that both problems are APX-hard even in instances with a constant number of actions. Castiglioni
et al. [6] take a more computational-oriented approach than that of [5], by analyzing the efficiency of linear contracts
in Bayesian settings with respect to the more realistic benchmark defined as the best among tractable contracts, i.e.,
those computable in polynomial time. Furthermore, Guruganesh et al. [5] only compare contracts in multiplicative terms,
while Castiglioni et al. [6] investigate bi-approximation (i.e.,, both multiplicative and additive) guarantees. Finally, Alon
et al. [7] study a specific Bayesian principal-agent setting in which the agent’s type is single-dimensional. In particular,
they show that, in their setting, an optimal menu of (deterministic) contracts can be computed in polynomial time when
the number of actions is constant. Moreover, in the following preprint [23], the same authors introduce menus of random-
ized contracts in their setting, showing an example in which randomization makes the principal better off by increasing
their expected utility with respect to menus of deterministic contracts. The importance of randomization in principal-agent
problem has also been investigated in [24]. Kadan et al. [24] provide several argument showing the potential benefits of
randomization both theoretically and practically.

Works on the generalized principal-agent problem Our work is related to the generalized principal-agent problem introduced
by Myerson [25]. Myerson [25] studies a generalization of principal-agent problems studied in contract theory, where the
principal has an arbitrary, finite set of actions available rather than contracts. Our model is not a special case of the model
in [25], since the principal’s decision space (the set of possible contracts) is continuous and unbounded. Our model has
different properties from the one studied in [25], such as the non-existence of an optimal principal’s strategy. Gan et al. [26]
generalize the model of Myerson [25] to general principal’s action spaces.! Such a model is general enough to represent our
problem of designing menus of randomized contracts. They provide an alternative algorithm to compute an optimal menu
of contracts with a linear programming formulation, avoiding the practically inefficient ellipsoid method.

2. Preliminaries

In this section, we introduce all the elements needed for the rest of the paper. Section 2.1 formally describes standard
Bayesian principal-agent problems, while Section 2.2 introduces our setting in which the principal proposes to the agent a
menu of randomized contracts to choose from.

2.1. The Bayesian principal-agent problem

An instance of the Bayesian principal-agent problem is defined by a tuple (G, A, Q), where: ® is a finite set of ¢ :=|O|
agent’s types; A is a finite set of n:=|A| agents’ actions; and 2 is a finite set of m := || possible outcomes.> The agent’s
type is drawn according to a fixed probability distribution known to the principal. We let € Ag be such a distribution,
with 1y denoting the probability of type 6 € © being selected.® For every type 6 € ©, we denote by Fg o € Aq the prob-
ability distribution over outcomes € when an agent of type 6 selects action a € A, while ¢y 4 € [0, 1] is the agent’s cost
for that action.* For the ease of notation, we let Fg.a.0 be the probability that Fy, assigns to outcome w € 2, so that
Y wea Fo.a.0 = 1. Each outcome w €  has a reward r,, € [0, 1] for the principal. As a result, when an agent of type 6 € ®
selects an action a € A, then the principal achieves an expected reward of )", . Fo,0,0 o

In the standard model, the principal commits to a contract maximizing their expected utility. A contract specifies pay-
ments from the principal to the agent, which are contingent on the actual outcome achieved with the agent’s action. We
formally define a contract by a vector p € R, whose components p,, represent payments associated with outcomes w € .
The assumption that payments are non-negative (i.e., they can only be from the principal to the agent, and not the other

1 The work of Gan et al. [26] is subsequent to the conference version of this work [27].

2 For ease of presentation, we assume that all the agent types share the same action set. All the results in this paper can be easily extended to the case
in which each agent’s type 6 € ©® has their own action set Ay.

3 Given a finite set X, we denote with Ay the set of all the probability distributions defined over X.

4 In the rest of this work, we assume that rewards and costs are in [0, 1]. All the results in this paper can be easily generalized to the case of an arbitrary
range of positive numbers, by applying a suitable normalization.
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way around) is known as limited liability and it is common in contract theory [28]. When an agent of type 6 € ® selects an
action a € A, then the expected payment to the agent is }_, . Fo,q.0 Pw, While their utility is >° . Fo,q,0 Po — Co,a- ON
the other hand, the principal’s expected utility in that case is Y, q Fo.a,0 70 — Y peq Fo,0,0 Po-

Given a contract p € R™, an agent of type 6 € ® plays a best response, which is an action that is:

1. incentive compatible (IC), i.e., it maximizes their expected utility over actions in A; and
2. individually rational (IR), i.e., it has non-negative expected utility (if there is no IR action, then the agent abstains from
playing so as to preserve the status quo).

In the rest of this work, we make the following w.l.o.g. common assumption guaranteeing that IR is always enforced [8].
This allows us to focus on IC only. Intuitively, the following assumption ensures that each agent’s type has always an action
providing them with a non-negative utility, thus ensuring IR of any IC action.

Assumption 1. There exists an action a € A such that ¢y o =0 for all 6 € ©.

Formally, we denote by Bg ‘= arg MaXgex {Zweg Fo.a.0D0 — ce,a} the set of best responses of an agent of type 6 € ®
under a contract p € R, ie., given Assumption 1, the set of all the actions that are IC for an agent of type 6 under
contract p. As it is common in the literature (see, e.g., [8]), we assume that the agent breaks ties in favor of the prin-
cipal, selecting a best response that maximizes the principal’s expected utility. In the following, we let b? :RT — A be
a function returning the best responses played by an agent of type 6 € ®, where, for any contract p € R7, we define

b? (p) e arg maxaegg {Za)eQ Foq,0Tw — ngg Fo.0,0 pw}-
2.2. Menus of randomized contracts

We study Bayesian principal-agent problems in which there is an additional type-reporting stage in which the principal
proposes to the agent a menu of randomized contracts to choose from.

A randomized contract is a probability distribution y over R, i.e., over the set of vectors p € R representing all the
possible contracts. We use p ~ y to denote that the (random) contract p is distributed according to y, and write E,,[-]
to indicate the expectation taken with respect to the randomness of p. We denote by supp(y) the support of y. When y
has a finite support, i.e., [supp(y)| < oo, we let y;, be the probability that y assigns to contract p € RT.

A menu of randomized contracts is defined by a tuple I' = (ye) specifying a probability distribution y? over R? for
each agent’s type 0 € ©.

The interaction between the principal and an agent of type 6 € ® goes as follows:

[4<C)

(i

0ecO
(ii) the agent reports a type § € ® to the principal, possibly different from the true type 6;
(iii) the principal draws a contract p ~ ¥ and communicates it to the agent;
(iv) the agent plays the best-response action b?(p).

the principal publicly commits to a menu I' = (ye) of randomized contracts;

—-_—

The goal of the principal is to commit to a utility-maximizing menu of randomized contracts, selecting among those
that are dominant-strategy incentive compatible (DSIC).”> Formally, a menu I' = (y‘)) of randomized contracts is DSIC if the
following holds:

6ecO

Epwyé) |:Z Fg,bé)(p)’w Pw — Cg,bH(P):| = ]Ep~y§ |:Z F@,bf’(p),w Pw — Cg’b(i(p):| Vé 75 0 €. (])

weR weR

Intuitively, the conditions above guarantee that the expected utility of an agent of type 6 € ® under the randomized contract
y? is greater than or equal to that obtained under y?, for any 6 +# 6 € ©. This ensures that the agent is always better off
reporting their true type to the principal. Then, the principal’s goal is to find a menu I' = (76)9e(~) that is optimal for the
following problem:

maglx Z Mo Epwye |:Z Fo b6 (p),0Ter — Z Fg b6 (p), pa)i| s.t. (2)

I=()4co He® weR WeER
Equation (1),

5 Notice that, by a revelation-principle-style argument (see the book by Shoham and Leyton-Brown [29] for some examples of these kinds of arguments),
focusing on DSIC menus of contracts is w.l.o.g. when looking for a principal-optimal menu.
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whose objective is the principal’s expected utility for a DSIC menu of randomized contracts.

We also consider the case, already investigated by Guruganesh et al. [5], in which the menu of contracts is made by non-
randomized contracts. Formally, we denote a menu of deterministic contracts by a tuple P = (pg)e <o Containing a contract
p?e RT for each agent's type 6 € ©. In this case, the principal does not draw a contract in step (iii) of the interaction,

but they simply adopt contract p?, where § € ® is the type reported by the agent. Thus, all the definitions above can be
specialized to the case of menus of deterministic contracts by dropping expectations.

3. How to find an “almost-optimal” menu of randomized contracts efficiently

We start by providing our main positive result. In particular, we show that randomization enables the polynomial-time
computation of a DSIC menu of contracts providing the principal with an expected utility arbitrarily close to the best
possible one.

As we show later in this section, the impossibility of designing an optimal menu of randomized contracts does not
stem from computational challenges associated with the problem, but it is rather due to the fact that an optimal menu
of randomized contracts may not exist. Indeed, generally speaking, the problem of finding a DSIC menu of randomized
contracts maximizing the principal’s expected utility only admits a supremum, and it may not admit a maximum. The
supremum of the problem of finding a principal-utility-maximizing DSIC menu of randomized contracts can be computed
by solving the following problem:

sup Y By |:Z Fo.p0 (). — Y Fopo (o), wPa):| s.t. (3a)

r={y%co gco weQ weQ

Epyo [Z Fo ¢ (p).coPo — cg,bg(p)} 2E, [Z Fo 46 (p).coPo — cg,ba(p)} VO £6 € O. (3b)

weR weR

As a first step, we show that the supremum defined in Problem (3) always assumes a finite value (i.e., it is never +o0).
In the following, for ease of notation, we denote by SUP the value of Problem (3). Then, we can formally prove:

Proposition 1. Problem (3) has always value SUP € [0, 1].

Proof. It is sufficient to observe that the maximum principal’s expected utility in a menu is 1, since the rewards are in
[0,1] and the payments can only provide a negative utility contribution to the principal. Let p* € R’} be a contract such
that p} =0 for every w € Q. Then, it is easy to check that SUP > 0, since the menu of randomized contracts that set
yg* =1 for every 6 € 0 provides the principal with an expected utility of at least 0. This proves the statement. O

Next, we show that Problem (3) may not admit a maximum, i.e., there is no contract for which the (finite) value of the
supremum is attained.
Before proving such a result, we introduce some additional notation. In particular, we let P%%:= {p e R |a € B}} be

the set of contracts such that action a € A is IC for an agent of type 6 € ®. Furthermore, we let Ppoa.— { eRT| b?(p) = a}
be the set of contracts in which an agent of type 6 plays action a. Notice that the sets P?:¢ are closed polyhedra (as they
can be defined by a system of linear inequalities), while sets PP-¢ are nor open nor closed polyhedra (as they can be defined
by a system of linear inequalities, some of which are strict due to the tie-breaking rule).

We also need to prove a preliminary result (Lemma 1), which intuitively states that one can restrict the attention to
randomized contracts by placing positive probability on a finite number of contracts. In particular, we prove that, for each
type 6 € ©, it is sufficient that the support of ' contains at most one contract for each agent’s action a € A, with the latter
being the action played by an agent of type 6 in such a contract. Formally:

Lemma 1. Given any DSIC menu of randomized contract T' = {y?}sce, there always exists a DSIC menu of randomized contracts

' = {7%}9co that provides the principal with at least the same expected utility as T' = {y%}9ce and such that, for every 6 € ©, it holds
supp(y?)n 759*“’ <1forallac A.

Equipped with the result in Lemma 1, we can now show that Problem (3) does not admit a maximum in general.
Formally:

Theorem 1. There exist Bayesian principal-agent problem instances for which Problem (3) does not admit a maximum.

6
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Table 1
Description of the rewards, probability distributions of the actions, and action costs for the agent’s types in the proof of Theorem 1.
w1 (9] w3 w4
Co.a e 1 3 0 0
a 0 Foyar.0 1 0 0 0
6 a 0 Forar0 0 0 1 0
as 0 Foy.a5.0 0 0 1 0
a 0 F92.01.w 1 0 0 0
62 ap 0 Fo,.00,00 0 1 0 0
a3 0 Fo.05.0 0 0 0 1
a 41_; Foy.01,0 0 1 0 0
63 az 0 Fg3_gZ,w 0 0 1 0
az 0 Foy 05,00 0 0 1 0

Proof. Let us consider an instance defined as follows (see Table 1). There are three possible agent’s types, namely ® = {61,
02, 03}, with g, = e, = e, = % The agent has three actions available, namely A = {a;, a, as}, while the set of possible
outcomes is Q = {w1, w2, w3, wa}. Type 67 is such that Fg, q;. 0, =1, €60, =0, Fo, 05,05 =1, Co1,a, =0, Fo,,03,05 =1, and
Co,,a; = 0. Type 67 is such that Fg, g, 0, =1, Coy,a; =0, Fo,.05,0, =1, Co3,0, =0, Fo.03,0, = 1, and ¢y, a; = 0. Type 63 is such
that F93 arawp =1, Co3.07 = }‘. Fos.0y,05 =1, Co3,0, =0, Fo;.03,05 = 1, and cg, ¢, = 0. Finally, the principal’s rewards are r,, =1,
Tw, = 4, and 1, =T, =0.

As a first step, we show that, for every € > 0, there exists a DSIC menu of randomized contracts with principal S expected
utility at least 3 —e. Let p! € R be a contract such that p}, =0 for all w € @, p?> € R be such that P2, = 13z and p2, =0
for all @ % wy, and p* € R be such that p} = 4 and p3 =0 for all  # w,. Let us consider the menu I' = {y%}gco
defined so that yg} =1, ygg =3¢, y;)f =1- 3¢, and ng = 1. It Is easy to check that such a menu is DSIC. Moreover, the

principal’s expected utility is at least of

1 e (3 1Y e 1y e 1,3 1] 3,
v+t~ e t(373) %8 | =3 473 1|73 ©

Hence, SUP is at least % for the considered instance.

We conclude the proof by showing that any DSIC menu T = {7?}sce results in_a principal’s expected utility that is
strictly smaller than %. By contradiction, we assume that there exists a DSIC menu I' = {}?}gce of randomized contracts

that provides the principal with expected utility greater than or equal to %.

First, by Lemma 1, we can focus on menus I' = {7?}gce such that for every 6 € ©, it holds ‘supp()?") npha <1 for

all a € A. If [supp(p%) NP

=1, let p* € RT be the only contract in % such that )753 > 0. Notice that pj, > 3
by definition of P%-91. Instead, if ’supp()?93) NP%a| =0, let p* € R™ be such that p% =0 for all w € 2. By the DSIC

conditions for type 6,, we have that type 6, gets an expected payment at least of ‘11771?2' Moreover, if ‘supp()?ez) N Poar| =

1, let p® € R™ be the only contract in 2% such that )79?, > 0. Otherwise, let p> € R be such that p), =0 for all w € Q.

=1, let pbe R be the only contract in P29 such that )795 > 0; otherwise, let p® e R be

Finally, If ‘supp()?ez) N Ppo2.a
such that p8 =0 for every w € Q.

Now, suppose that action ay is incentivized for type 6, with probability strictly smaller than 1, i.e., ;7:52 < 1. Then, the
overall principal’s expected utility is at most

1 1 _g, 3 1 _93_11 _g, 3

3 +V + - )’p 4Vp4+ 2 2)V T3 +Vp5+:1
which contradicts our initial assumption on ' = {779}96@.

As a result, it must hold )72?, =1, and, by the DSIC conditions for type 6,, it must be the case that p5

the DSIC conditions for type 6;:

. Then, by

INES
‘<|

1_g
Ep~pa |:Z Fy po1 (py, wpa):| Vpspwl 32 pf

we

Thus, the overall principal’s expected utility must be at most
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1 1 _¢ o1l e (3 1 1 2
“1—=p3+1-797- == )l==[1+1]==,
3|: 4Vp4+ Vp44+7/p4 1 2 3[ +1] 3
which contradicts our initial assumption on I, concluding the proof. O
In the remaining part of this section, we show how to design an “almost-optimal” DSIC menu of randomized contracts,

which is one providing the principal’s expected utility arbitrarily close to SUP. First, we show that bounded payments are
sufficient to provide an almost-optimal solution. Formally:

Lemma 2. For every € > 0, there always exists a DSIC menu of randomized contracts T' = {y?}gce with principal’s expected utility at
least SUP — € such that, for every 6 € ©, it holds (i) ’supp(ye) npoa

and w € @, where C(I,€) € 0 (1 - 2P°Y()) and I denotes the size of the problem instance.

<1foralla e A, and (ii) p, < C(I, €) for all p € supp(y?)

Given a Bayesian principal-agent problem instance (®, A, ) and an € > 0, we let C(I,€) be defined as in Lemma 2.
Moreover, let P€ :=[0,C(I, €)]™. For every a = (ag)geco € Xpeo A Where a is a tuple specifying an action ay for each
agent’s type 0 € ©, we let P%€ := PN (ﬂ()e@ 779’“9> and, additionally, %€ := P€ n (ﬂge@) 759,’19)_ We also define the
set of all the vertexes of the closed polyhedra P%€ as P*€ .= Uaexgé(_)A V (P%€), where V(-) denotes the set of vertexes of
the polyhedron given as input. Then, we can prove the following last lemma, which shows that for every € > 0, in order to

obtain a DSIC menu of randomized contracts with principal’s expected utility at least SUP — ¢, it is sufficient to restrict the
attention to randomized contracts placing positive probability only on contracts in the (finite) set P*€.

Lemma 3. For every € > 0, there always exists a DSIC menu of randomized contracts supported on P*€ with principal’s expected
utility at least SUP — €.

Lemma 3 allows us to formulate the following LP which, given an € > 0, has an optimal solution of value at least SUP —e€.

max ZMG Z J/pe Z Fo 10 (py.0l0 — Z Fopo(p),wPo | St (4a)

r=(y*Joco 0e® peP*e€ weQ weR
0 0 A
DTV D ForrmwbPo — o | = D, Vo | D FompmwPo —Copp | YO#O€® (4b)
peP*E weR peP*E weR
> ovy=1 VO e®. (4c)
pep*.G

Notice that LP 4 has an exponential number of variables, since the probability distributions 3¢ are defined over contracts
in P*€, and these may be exponentially many in the size of the problem instance.

Nevertheless, the LP has polynomially many constraints, and, thus, as we show next, we can solve it in polynomial time
by applying the ellipsoid algorithm to its dual program, which features polynomially-many variables and exponentially-many
constraints.’

The dual of LP 4 reads as follows:

min typ st (5a)
y<0,t
0e®
Z Vo6 Z Fo 10 (p), 0P = Co,b0 (p) | — Z Yoi Z Fs b py.wPe = Copipy | Tt =
HcO:0+0 We HeO:0+£0 we
o (Z Fo.popyofe — Y Fo bt (p),0Pw VO € ©,Vp e P*€, (5b)
we2 we

6 An LP analogous to LP 4 also arises when dealing with Bayesian persuasion problems in which the receiver can be of multiple types (see [27]). However,
in that case, the counterparts of the terms ype and p,, (namely, for a receiver’s type k, the probability ys" of a given posterior £ and the probability & that
the posterior assigns to a given state of nature ) always appear in a product yg Pw,» Which can be replaced by a suitably-defined new variable (subject to
some consistency constraints). This property of the Bayesian persuasion setting allows to formulate the problem as an LP with polynomially-many variables
and constraints. However, in our principal-agent setting, the variables yg’ also appear without being multiplied by p,, which prevents us from applying
the same trick. As a result, in our setting, we had to resort to the ellipsoid algorithm.
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where y € R““~1 is a vector of dual variables whose components y, ; for 6, 6 €©:6+#0 are the dual variables corre-
sponding to Constraints (4b), while t € R is another vector of dual variables whose components ty for § € © are the dual
variables of Constraints (4c).

The dual LP 5 has polynomially-many variables and exponentially-many constraints, and it can be optimally solved in
polynomial time by means of the ellipsoid algorithm provided that a suitable polynomial-time separation oracle is available.
In particular, given a pair (y, t) assigning values to the variables of the dual LP, the separation oracle that we provide outputs
a pair 6 € ©, p € P*€ such that the corresponding inequality in Constraints (5b) is violated for (y, t) if any; otherwise, the
oracle concludes that (y,t) is feasible for the dual LP. Formally, the separation oracle that we provide solves (in polynomial
time) the following optimization problem for each 6 € ©:

palpre {Me (Z Foprofo = D Fe,b"(pxwl’w) - 2 Ve (Z Fo.p¢ (p).oPo — Ce,b9<p>)

weR weR 0e@:0+£60 weR

+ Z Yo.6 (Z Fs b (py.wPo — Cé,b%)) } (6)

0cO:0+£0 WeERQ

Indeed, if the value of the maximization above is greater than ty for some 6 € ©, then the separation oracle outputs the
pair (6, p) with p € P*€ being a contract for which the maximization is attained since the constraint corresponding to
and p is violated. Instead, if ty is less than or equal to the value of the maximization above for every 6 € ©, then the oracle
concludes that (y, t) is feasible since no constraint is violated.

The following lemma shows that Problem (6) above can indeed be solved in polynomial time. Notice that € appears
only in the coefficients of Problem (4). Indeed, such coefficients are at most C(I, €). Hence, our algorithm runs in time
polynomial in the number of bits needed to represent the coefficients, and, thus, polynomial in log(1/€). Formally, we can
state the following:

Lemma 4. For every € > 0, there exists a separation oracle for LP 5, that runs in time poly(I, log(1/€)), where I is the size of the
problem instance.

Proof. Given a pair (y,t) e R{“~D x R¢ assigning values to the variables of LP 5, the separation oracle solves Problem (6)
for every 6 € ©. Then, if there exists an agent’s type 6 € ® such that ty is less than the value of an optimal solution p € P*:€
to Problem (6) for type 6, the oracle outputs the pair (6, p), which corresponds to a violated inequality in Constraints (5b).
Instead, if ty is greater than or equal to the value of an optimal solution to Problem (6) for every 6 € ®, the oracle concludes
that (y,t) is feasible since all the inequalities in Constraints (5b) are satisfied.

Next, we show that, for every 6 € ®, Problem (6) can be solved in polynomial time. In order to do that, we split the
set P*¢ into the subsets P N P*€, defined for every agents’ action a € A. Notice that, by the definitions of P94 and
P*€, each p € P*€ belongs to exactly one subset Pra P Thus, solving Problem (6) reduces to solving the following
problem:

max  max {,LL(.) (Z Fo.a.0lw— Z Fg,a,wpw) — Z Yoi (Z Fo.a,0P0 — Ce,a>

ach pepranpre WER WeQ 0e0:040 WER
+ Z Yo.0 (Z F b3 (py.o P — C@,bé(p)> } ™)
0eO:0+£0 WeR

where we used the fact that b? (p) =a for p e P%-1.
As a first step, we prove that Problem (7) is equivalent to the following one:

max max {,LL(.) <Z Fo.a.0Tw — Z Fe,a,wpw) — Z Yo (Z Fo.q,0Pw — Ce,a)

6, s,
a€A pePlanpre weR weR fc0:6+46 weR
+ Z Yo.0 (Z Fg b (py.o P — C@,bé(p)> } (8)
0eO:6+£0 WeR

where we replace P%9 with P%9 in the inner maximization. Indeed, by adding contracts p € (P%9\ P%4) N P*¢ to
the domain of the inner maximizations for every a € A does not change the optimal value of the overall maximiza-
tion problem. In order to see this, notice that, for every p € <779’“\759’“> N P*€, by definition of best response it

9
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holds > ,cq Fo 10 (p),0Po — Co.p7 (p) = 2oweq Fo.a.0Pw — Co.a aNA 3 co Fo po(p) wfo — 2wea Fo.00(p).0Pw = Dpeq Fo.a.olw —
> wea Fo.a,0Po (tie-breaking rule). Thus, any pair (a, p) with p € (PQ*“ \759~“) N P*€ would result in an objective value

smaller than that of the pair (b’ (p), p). Recalling that p € Po-b"(p) by definition, we can conclude that Problem (7) and
Problem (8) are indeed equivalent.

We are left to prove that Problem (8) can be solved in polynomial time. First, notice that solving Problem (8) is equivalent
to solving the following problem for every a € A:

max {MB (Z Foa.0fw — Z FG,a,wpw) - Z Vo4 (Z Fo.a,0P0 — CG,a)

0,a *,€
pePmine weQ weQ beoh4o weQ

+ Z Yo, (Z Fs bipy.wPo — Cé,bé(p)> } 9

0e®:0£6 WeR

The first and second terms in the maximization above are linear in the payments p,, for w € Q. Moreover, it holds:

0eO:0£60 we 0e®:0£0 WeR

and the latter is a concave function of the payments p, since all the y, , are negative and the max is convex. These
observations allow us to solve Problem (8) in polynomial time by first solving the following LP relaxation obtained by
weakening the requirement p € P?2NP*€ as p e P2 N Pe:

g%’g Mo (Z Foa0fw — Z Fé).a,wpw) - Z Vo4 (Z Fo.a,0Pw — Cé).a) + Z Yoo%5 St (10a)

weR weR

0e®:0£0 WeQ He®:0£0
25> Y Fy o oPo—Cia Vie®:0#6,¥d e A (10b)
we '
Z FoawPw —Co,a > Z Fo.o wPw — Co.a va' € A, (10c)
weR weR

where Constraints (10b) ensure that z; = maxyeca {Zweﬂ Fé’a,quw - Cé,a/} for every hec®:0 # 6 (since in Objective (10a)
all the coefficients of the variables z; are negative), while Constraints (10c) are equivalent to p € P?%4. Given an optimal
solution to LP 10, it is possible to recover in polynomial time a contract p € P?@ N P*€ that is an optimal solution to

Problem (9). Given a contract p* € P%% N P€ that is an optimal solution to LP 10, let a* = (ag*), where ag* =a and

ag* = bé(p*) for each § € ® : 6 £ 6. Then, since ag* =a, and for each contract p € P*€ and each § € © : 6 #6, bé(p*) € Bg,

the following LP is equivalent to LP 10 restricted to the feasibility set P PP P Hence, the contract p* defined
above is also an optimal solution to the following LP:

;‘I;%)g Mo (Z Foawro— Z F@,a,wpw) - Z Yo.6 (Z FoawPw — CO,a)

@ef weQ 6c@:h0 weQ
+ Z yQ,é (Z Fé,bé(p*),(l)pw _Cé,bé(p*)> s.t. (113)
ée@:@#@ weR
Y Fyart wPo—Cur =D Fog,Po—Co VO€OVd EA. (11b)
weR o 6 we

Thus, there always exists an optimal solution to LP 11 that is a vertex of its feasibility polytope P?"€, ie., a contract in
V (PY-€) c PP nP*€ and such optimal solution can be found in polynomial time [30]. O

By the previous lemma, it immediately follows the main result of the paper.

Theorem 2. In Bayesian principal-agent problems, there exists an algorithm that, given any € > 0, runs in time poly(I, log(1/€)) and
computes a DSIC menu of randomized contracts providing the principal with an expected utility at least of SUP— €, where I is the size
of the problem instance.

10
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4. A striking negative result for menus of deterministic contracts

In this section, we provide a negative result for the principal’s computational problem of finding an optimal menu of
deterministic contracts. In particular, we prove that it is NP-hard to provide any constant multiplicative approximation to
the optimal principal’s expected utility, even if both the number of outcomes and that of the agent’s actions are constants.
This is in contrast to what happens with the problem of finding an optimal (single) contract in Bayesian instances, which
can be solved in polynomial time when the number of outcomes is constant [5,6]. Moreover, our reduction also shows that
the problem does not admit an additive FPTAS, unless P = NP. Let us remark that our reduction considerably strengthens
an already-known hardness result for menus of deterministic contracts, which is that by Guruganesh et al. [5], who show
that the problem is APX-hard even with a constant number of actions. Indeed, our result shows that the problem is not in
APX, and that this holds even when both the number of outcomes and that of actions are constants.

Our reduction is from the following promise problem, which is related to the INDEPENDENT-SET problem on undirected
graphs with bounded-degree nodes.

Definition 1 (GAP-BOUNDED-IS, ). For every « € [0,1] and k € N, we define GAP-BOUNDED-IS, y as the following
promise problem:

e Input: An undirected graph G = (V, E) in which each vertex has degree at most k and a constant n € [%, 1] such that
either one of the following is true’:
- there exists an independent set (i.e., a subset of vertices such that there is no edge connecting two of them) of size
at least n|V|;
- all the independent sets have size at most an|V|.
e Output : Determine which of the above two cases hold.

Notice that, for every constant « > 0, there exists a constant k = k(o) depending on o such that GAP-BOUNDED-IS,  is
NP-hard [31,32]. This observation is exploited in order to prove the following theorem:

Theorem 3. In Bayesian principal-agent problems, the following two results hold even when there are only four outcomes and a
constant number of actions.

e For every constant a > 0, it is NP-hard to approximate the principal’s expected utility in an optimal DSIC menu of deterministic
contracts up to within an o multiplicative factor.
e There is no additive FPTAS for the problem of finding an DSIC optimal menu of deterministic contracts, unless P = NP.

Proof. We reduce from GAP-BOUNDED-IS, k. In the rest of the proof, given an undirected graph G = (V, E), for ease of
presentation, we label vertices with natural numbers, so that we can write V = {1, ..., s}, where s :=|V|. Given an instance

of GAP-BOUNDED-IS, k, letting [ := Hi-l and p :=s~3, we build an instance of Bayesian principal-agent problem such that:

e Completeness: If there is an independent set of G with size at least 7s, then there is a DSIC menu of deterministic
contracts with principal’s expected utility at least %nplZ*’.

e Soundness: If all the independent sets of G have size at most ans, then the principal’s expected utility in any DSIC
menu of deterministic contracts is at most 4anpl2~!

Since, for any o > 0, there exists k = k(«) such that GAP-BOUNDED-IS, ; is NP-hard, the two points above immediately
provide our hardness result for multiplicative approximations. Moreover, by noticing that the difference between the prin-
cipal’s expected utilities in the completeness and the soundness cases depends polynomially on the instance size, we also
have that there is no additive FPTAS for the problem of finding an optimal menu of deterministic contracts unless P = NP.

Construction. There are four outcomes, namely Q = {w1, wy, w3, w4}, with r,, =1 and all the other rewards equal to zero.

There is an agent’s type 6, € © for each vertex v € V of G so that £ =s. All types are equally probable, and, thus, g, = %

for every 6, € ®. Each agent’s type 6, € ® has an action ay € Ap,, and an additional action ay; € Ay, for every vertex u eV
adjacent to v, i.e., (v,u) € E, and index i € [l — 3], where [x]:={1, ..., x}.83 For every 6, € ®, we let

° ng,ﬂv,wl = éllcos (7'[%),

7 For n < ,'—( the problem can be trivially solved since a maximal independent set has size at least %
8 For the ease of presentation, in the instances that we define in the reduction proving Theorem 3 each agent’s type 6 € © has a different set of actions
Ay. It is easy to modify such instances by adding dummy actions so as to recover “equivalent” instances in which each type has the same set of actions

available.

11
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Table 2
Description of the rewards, probability distributions of the actions, and action costs for an agent of type 6,, with v € V, in the proof of Theorem 3. We
denote by (*) the probability with which the actions induce outcome w4, which are such that the probability distributions Fg, q,,c and Fg, g, ;o are well
defined.

w1 ) w3 [on
Co,.a Tw 0 0 1 0
ay T —pi2! Fo, ap, 1 cos (%) sin (%) 3 (%)
Aui 27172 _ p1—i)27! Fo, qu cos (m4)2712 sin (7 &) 27172 272 (%)
a 0 Fo, au.0 0 0 0 1
~ ~
F9,J,a,W2 F9q;,a,w2
/,/gr
.
.
.
.
.
.
.
.
Ay
Gy 1
N
N
N
N
&
/
Guz3 [|1Fo,,all cos (m|v — uz])
N N

1 ’ 1 ’
1 F9u<,aw1 1 F(*ma,wl

Fig. 1. Left: Graphical representation of the probability vectors Fg,  used in the proof of Theorem 3 in the w{-w, Cartesian coordinate system. In particular,
node v € V has 2 adjacent nodes u1, uy € V, and [ = 6. Right: Expected payments of contract p® for a vertex v € V* in the completeness part of the proof
of Theorem 3. The dashed line represents the direction of the vector encoding p? . The expected payments of actions a, and ay,1 are given by the
projections of their probability vectors on p®, times ||p? ||.

o Fo, a0, = 5sin(7 %),

1
o Fg,a,.0; = 7, and

b Fev,ﬂv,w‘l =1- Fev,ﬂv,aﬂ - Fev,avﬂ)z - Fev,av,wE.'

Moreover, for every pair of adjacent vertices v € V,u € V such that (v,u) € E and index i € [l — 3], an agent of type 6, has
the following probabilities associated to action ay;:

Fo,.au.0 = Cos (T £)272,

Foy.ayi.0, =sin (7 2£) 27172,

Fo, a,.0s =272, and

Fo, ayi,00 =1 — Fo, 0,01 — Fo,.au,00 — Foy 04,03+

Finally, each agent’s type 6, € ® has an additional action a € Ag, such that Fg, g, =1 and Fy, g, =0 for all  # w4 € Q.
Notice that |Ag, | = 0 (k?/at) for every 6, € ®. In order to conclude the construction, we need to define action costs. In
particular, for every agent’s type 6, € ©, we set Cg,.q, = 3 — pI27! and cg, q,, =272 — p(l — )27 for every vertex u e V
such that (v, u) € E and index i € [l — 3]. Furthermore, the cost of action a is cg, g = 0 for every agent’s type 6, € ©. Table 2
provides a summary of the main components of the instance.

Let us remark that we use the sin and cos trigonometric functions in order to easily represent the vectors Fp, ¢ in the
w1-wy Cartesian coordinate system (see Fig. 1). One of the main properties of our construction is that, for a type 6,, no
vector representing an action a, or a,; is dominated by a convex combination of vectors representing actions with the
same costs. This is necessary since an action represented by a dominated vector is never preferred over another action
represented by an un-dominated vector, with their costs being the same. Notice that we use the functions sin and cos for
ease of exposition. It is easy to change our instances so that our results continue to hold even if we replace such functions
with sufficiently good approximations.’

Completeness. Suppose that there exists an independent set V* C V of G with size at least ns. From that, we build a DSIC

menu of deterministic contracts P = (p(’V)QVE(_) with principal’s expected utility at least %nplZ‘l. For every agent’s type 6, €

© such that v € V*, we define the contract p? € R so that ply = cos (m %) (1= pl271), pfovz =sin (7 %) (1 — pl271),

9 Indeed, it is sufficient to use approximations that can be represented in memory with a number of bits that is polynomial in the instance size, and,
thus, that can be computed in polynomial time.

12
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and pz)g = pf,)v4 = 0. Moreover, for every agent’s type 6, € ® such that v ¢ V*, we define p* = p for some u € V* such
that

6
0, € argmax { max E Fo, 0,0 Do —Coy,a
H,e@:ucv* |acAs, wen

where the term inside the arg max operator is the expected utility that a utility-maximizing action provides to an agent of
type 6, under a contract p% already defined above, since u € V*. Intuitively, contract p®’ represents a vector on the wi-w;
plane. An action ay; has a large expected payment if the angle between vector p? and the projection of vector Fe,.q,; ON the
w1-wy plane is small. In particular, the expected payment is ||P9V||2||(F9v,aui,w1, Fo, ai,0,)12 cOs(B), where B is the angle
between the two vectors.

Next, we show that the menu of contracts defined above is DSIC. First, we prove that an agent of type 6, € ® with
v € V* gets an expected utility of p%Z" under contract p?, since the best response of the agent under contract p? is a,,
namely a, = b% (pGV). Indeed, the agent’s expected utility by selecting action a, under contract p% is

%cos2 (n%) (1 - plz_l+1) + % sin? (n%) (1 - plz_l“) - (% — plz_l> = ,0%2",

where we used cos? x + sin® x = 1. All the other actions ay;, for any vertex u € V such that (v,u) € E and index i € [| — 3],
provide the agent with an expected utility of

cos (71 %) 2712 g (JT %) (1 _ plzflJrl)

+sin (n %) 27 2sin (n %) (1 - ,012_’+1) - (2_i_2 —p( - i)2_’)

= cos (rr v —ul > 2712 (1 - ,OIZ_IH) - (2_i_2 —pd - l')Z")

2s

< (1 B % <ﬂ |v2—5u|)2> (1 _ plT’“) 9-i-2 _ (2472 — ol i)2”>
- (1 B (lvz_SU|>2> (1 _ ,012"“) y-i2 _ (2—1'—2 _ ol i)2">

<2772 _ pppisi=t

1 ; 1 . .
_2—1—2 + 4_521012—1—1—1 _ (2—1—2 _ ,O(l _ 1)2—1)

4s2
. 1 1 , o
=—pl27 71— Ez”*2 + Eplf“’” +pd—i)27"
) 1 ) 1 ) )
=2 (—,olz—'—1 - Ez’—'—z + Eplz—l—l +pd— z)) ,

where in the first equality we used sinxsin y 4+ cosxcosy = cos |x — y|, in the first inequality the fact that cosx <1 — ’;T—z for
Xe [0, %] and in the third inequality |v — u| > 1. For s large enough, it holds that 41?21*"*2 > 41?,0!24*l + p( —1i) (recall
that p =s3 and | is a constant depending only on k and «), and, thus, the agent’s expected utility by playing any action
ay; is smaller than or equal to zero, proving that a, = b% (pQV).

In order to prove that the menu is DSIC, it remains to show that each agent’s type 6, € ® is not better off by reporting
a type different from their true type. Let us consider any contract p’ with 6, € ® such that u € V* (for contracts p’ with
6, € © such that u ¢ V* the reasoning is analogous given how they are defined). Since V* is an independent set of G, an
agent of type 6, € ® has no action a,; available, while, by selecting any action a,/; corresponding to a node u’ #u € V and
an index i € [l — 3], under contract p% their expected utility is

cos <n;—;>2—"—2 cos (n %) (1 _ ,012"“)
+ sin (n;—;) 2-1=24in (nzi) (1 _ ,012"“) _ (2—1'—2 —pl— i)2") ’

which is less than or equal to zero by arguments similar to those employed above. Finally, by playing action a, under
contract p%, the expected utility of an agent of type 6, is
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1 1 1
2 cos (nzis) cos (712%) (1 — p12_'+1) + 1 sin (nzls) sin (n%) (1 — p12_l+1> — (Z — plz_l>
1 v —ul ( 41 1 -
=—_cos(m 1-— 12+>— ——pl2
4 ( 2s ) p 3 P
1 1/ |v—ul\? e 1 .,
(1= (=x (1—12+)— S _ o2
4 ( p ( 2s ) P 3 °

] (PR LIPS
= 2P 162 TgzP TP

which, as it is easy to check, is smaller than or equal to zero for s large enough (recall that o =s=3 and I is a constant
depending only on k and «).

Now, we show that the principal’s expected utility provided by the menu of deterministic contracts defined above is as
desired. We do that by first proving that the contribution to the principal’s expected utility due to each agent’s type 6, € ®
such that v € V* is equal to %,012‘1. Since each agent reports their true type 6, and plays action a,, the principal’s expected
utility is

ng,av»w3rw3 - Fevﬂwwl PZ}’I - FOVaav,(UZ pg}’z
1 1 v 1 v
= - — —cos? (n—) (1 - ,012"“) — —sin? (rr—) (1 - ,012"“)
4 4 2s 4 2s
1 1 1 1
. _1nC 124+1) = _pl27H1 = ~pp,
2 4 ( P rig 27
Moreover, we show that the principal’s expected utility resulting from each agent’s type 6, € ® such that v ¢ V* is at least
zero. For each such a type 6,, let u € V* be a vertex such that p = p%. We need to consider four different cases. First,
suppose that b (pGV) =ay. Then, the principal’s expected utility is equal to

%cos (n%) cos (n%) <1 - plZ”“)
— %sin (71215) sin (n%) (l - ,olZ‘"H) > % - % (1 — p12—1+1> >0,

where in the inequality we use sinxsiny +cosxcosy < 1.
Second, assume that b% (p9V) =ay; for some index i € [l — 3]. Then, the principal’s utility is

. u . u :
2172 _ cos? (n Z)2*1*2 (1 - p12*’+1) — sin? (n Z) 2-i-2 (1 - p12*’+1)

. u . u .
> 2i=2 _ (g2 (71 —) 2712 _sjp? (n—) 2712 _p,
2s 2s

Third, suppose that b% (p"V) =ay; for some vertex u’ #u € V and index i € [l — 3], then the principal’'s expected utility is

4

!

/
212 _cos <7r l) 2712 cos (L (1 — p12_’+1> —sin (n l) 271 25in (L (1 - pl2_'+1)
2s 2s 2s 2s
/ ’
>21=2 _ (o5 (JT£> 272 cos (72 ) —sin (nl) 2-i2gin (7 L
2s 2s 2s 2s

> 0.

Finally, whenever b% (p(’V) = a, expected rewards and payments are zero. Hence, we can conclude that the principal’s
expected utility when the agent’s type is 6, € ® with v ¢ V* is at least zero. Thus, the overall principal’s expected utility is
at least

1 _l

0ye®@:veV* we2 we
Soundness. We prove that, if all the independent sets of G have size at most ans, then the principal’s expected utility is
at most 4anlp2~! in any DSIC menu of deterministic contracts P = (p0)95®' First, we show that, when the agent plays an

action ay;, then the principal’s expected utility is at most 3027, If an agent of type 6, € © is incentivized to play an action
aui € Ap, with i =1—3 by contract p%, i.e., it holds b% (p® ) = ay;, then it is easy to see that the principal’s expected utility

14
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is at most Fo, a,; w3Tw; — Coy.a,; = 3,02‘1. Moreover, suppose that the agent plays an action a,; with i € [l —4]. Since such an
action is incentivized by contract p% over action ay i1, it is easy to check that by IC conditions it must be the case that

u . .
p9" sm( 5 )2 =24 pOV cos( 2—) 2712 (2”’2 —pd - i)Z’I)
u . .
> pOV sm( )2 =34 pev cos( —) 2713 (2’173 —pl—i- 1)2”) ,
2s 2s
which implies that
u . .
(pg" sm( ) + ply, cos (JT )) (2“_2 - 2"_3)
2s
> (z—i—z — o — i)z—’) — (2—"—3 —pl—i— 1)2—’).
Hence,
u . .
2s ) + g3, cos (” 25) = (2_1_3 - p2_1> 27,
and the agent’s expected payment is at least
u . u . . . .
p% sin <7r Z) 27172 4+ pl cos <7r £> 27172 > 712 (2"‘3 - ,02_1) 2113

> 271’72 _ p2*l+1 .

ply sin (

This implies that the principal’s expected utility is at most
Z 0 —i-2 —i-2 —I+1
Foy,aui,w3Tws — Foy,au,03 Py — Foy,au1,03 P(Jz <2777 - (2 - p2 * )
< psz»l
<3p27".

Next, we prove that, given two agent’s types 6, € ® and 6, € © such that (v, u) € E, then the principal’s expected utility
due to an agent of type 6, or 6, is at most 3p2~!. As we have shown, when an agent of type 6, plays an action different
from ay, the principal's expected utility is at most 3p2~!. Hence, the principal's expected utility is strictly greater than
3p27! for both the agent’s types 6, € © and 6, € © only if they play a, and ay, respectively. However, in the following, we
show that if (v, u) € E and the two agent types play the actions a, and a,, then the principal’s expected utility is at most
327! for at least one of the two types. Suppose that p® incentivizes action a, and that p% incentivizes action a,, namely
b% (p%) =a, and b% (p’) = a,. Then, since an agent of type 6, prefers action a, over action a,; with i =1, by IC we have

1 1 v 1 _l
pwl—sm( s )—l—pwzz OS(T[Z)_(Z_'OIZ )
> plu 1sm( i)%—pg“lcos(nu)—<1—p(l—l)2”>.
“1g 2s “28 2s 8
Similarly, since an agent of type 6, prefers action a, over action a,; with i =1, we have
6 1 u 1 _
4pusm( 2)+pw21cos(nz)—(‘—l—p12 >

R e N ()

Now, assume that

p9v sm( ) + 139v cos (712‘/ ) p9” sm( ) + peu cos (71’ 2us) .

The other case is analogous. Then, by taking the difference between the two inequalities above, we get

pw] - sm( o5 ) +pw2§cos (n 2us) > (411 - ,012*’> _ (% —po(— 1)2#)

Then, the expected payment for an agent of type 6, is
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1 . u 1 u 1 _
bl g 5in (w55) + plty g cos (m55) = g =2,

and the principal’s expected utility due to agent’s type 6, is at most p2~*1,
As the last step, notice that the principal's expected utility is at most pl2~! for every possible agent’s type 6, and
menu of deterministic contracts P = (pe)ge(_). In particular, we have shown that, by incentivizing an action different from

ay, the principal obtains at most 3p2~! expected utility. Moreover, by incentivizing action a,, the principal gets at most
Fo,.ay.03Tws — Coy.0, = plz_l~
To conclude the proof, for every possible menu of deterministic contracts P = (p(’)e <o the set of agent’s types 6, € ©

that result in a principal’s expected utility strictly greater than 32~ defines an independent set V* C V of G. Moreover,
for all the agent’s types, the principal’s expected utility is at most pl2~!. Hence, the overall principal’s expected utility is:

Oy
Z Ho, (Z Fy pov (povy,w T — Z Fg pov (po),00 Pw)

0y, €@ we2 weR

=

N |-

oo+ Y 3p27

6ye@:veV* Oy e@:vgV*
< ozn,olZ" +3p27"
<4anpl2”,

where the last inequality follows from anl > oz%g =1 (recall that n > %). O

5. Menus of deterministic contracts: an additive PTAS with a constant number of outcomes

In the previous section, we show that the problem of computing a utility-maximizing DSIC menu of deterministic
contracts does not admit any multiplicative approximation that can be computed in polynomial time even in Bayesian
principal-agent instances with a constant number of outcomes (and actions). In this section, we study the domain of addi-
tive approximations, where we provide a PTAS for the problem that works in settings with a constant number of outcomes.
This result is tight since by Theorem 3 the problem does not admit an additive FPTAS unless P = NP.

In order to define our PTAS, we first need to introduce some auxiliary results. In the following, we will rely on an
abstract definition of approximately-incentive-compatible menu of deterministic contracts, which combines two levels of ap-
proximation, one related to the IC conditions on agent’s actions, and the other to the DSIC constraints that the menu should
satisfy. In particular, approximate menus do not only specify a contract for each agent’s type, but also a tuple of action
recommendations, one for each type, so that the action recommended to each agent’s type is approximately IC under the
contract corresponding to that type. Formally:

Definition 2 (e -Approximate Menu of Deterministic Contracts). Given any Bayesian principal-agent instance (®, A, ) and € > 0,
an e-approximate menu of deterministic contracts is a tuple (p", ae)ge(_) of contract-action pairs, with p? € R and a’ € A for
all 6 € ®, such that:

> Foar bl —Cow =Y Fo 10000 p — Cot oy~ € V0,0 € ©. (12)

weR weR

Intuitively, an e-approximate menu of deterministic contracts defined by (p",a(’)ee@ satisfies the following two con-
ditions: each action a’ is e-approximately IC for an agent of type 6 € ® under contract p? (see the case § =@ in
Equation (12)), and, additionally, the menu is e-approximately DSIC assuming type 6 plays a’ when reporting their true type
(see cases 0 # 0 in Equation (12)). In the following, when we refer to the principal’s expected utility in an e-approximate
menu of deterministic contracts (pe, a(’)e <o We mean the expected utility that the principal gets if each agent’s type 6 € ©
truthfully reports their type and plays a’ under contract p’. Formally, the principal’s expected utility in (p?,a’),_, can be
written as follows:

Z/’LO (Z Foo o Pi _C(i,a") .

0e® weR

0e®

Now, we show that, when starting from an e-approximate menu of deterministic contracts with the principal’s ex-
pected utility equal to APX, we can recover in polynomial time a (non-approximate) DSIC menu of deterministic contracts
providing the principal with an expected utility at least of APX — 2./€. This allows us to focus on the computation of
e-approximate menu of deterministic contracts. Formally, we prove the following lemma.
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Lemma 5. Given a Bayesian principal-agent instance (©, A, Q) and € > 0, let (p(’, a(’)@e@ be an e-approximate menu of deterministic
contracts with principal’s expected utility AP X. Then, there exists a DSIC menu of deterministic contracts P = ([)9) e in which the
principal’s expected utility is at least AP X — 2./€. Moreover, such a menu can be computed in polynomial time.

Next, we show that, in an optimal menu of deterministic contracts, large expected payments are only assigned to agent
types occurring with small probability, as it will be useful in Lemma 7. Given a constant L > 1 and a menu of deterministic
contracts P = (pe)ee(_), we let O(L, P) € © be the set of agent’s types such that 3" o, Fo bo(p¥),00 pew > L. Formally, we prove
the following:

Lemma 6. Given a Bayesian principal-agent instance (0, A, ), let P = (pe) oo De an optimal menu of deterministic contracts. Then,
: 1
for every constant L > 1, it holds 3 g py Ho < 1-

The next step is to show that there exists a menu of deterministic contracts that employs a small set of different contracts
while providing almost optimal principal’s expected utility. This allows us to represent a menu of deterministic contracts in a
more succinct way. In particular, a menu that uses k € N different contracts can be represented by a matrix T € 7 := R’fﬁm
and a function fT:® — {1,...,k}. The matrix T € T defines the k different contracts used by the menu on its rows, with
T; e RY (ie, the i-th row of T) denoting the vector encoding the i-th contract and T;, (i.e., the element indexed by i, ®)
specifying the payment that the i-th contract associates to outcome w € Q. Additionally, the function fT:0® — (1,...,k)
assigns contracts to agent's types, with f(9) € {1, ...,k} defining the index of the contract proposed by menu T € 7 when
the agent reports type 6 € © to the principal.

As a preliminary step, we prove the following crucial lemma.

Lemma 7. Given a Bayesian principal-agent instance (®, A, Q) and a constant § > 0, there exists a DSIC menu of deterministic con-
m

tracts P = (p‘9 ) gco that employs at most O ((6% log %) ) different contracts and provides the principal with an expected utility at

least of OPT — 8, where O PT is the principal’s expected utility in an optimal DSIC menu of deterministic contracts.

The following theorem provides our PTAS. By Lemma 7, in order to find an optimal DSIC menu of deterministic contracts,
we can optimize over the set of menus of contracts represented by the matrices in 7 = R’jrxm, for values of k that only
depends on the desired constant approximation § > 0 and m. As a first step, we show that 7 can be partitioned into
polyhedra such that the principal’s expected utility is linear in each of them, and, thus, an optimal solution is on a vertex
of one of these polyhedra. Moreover, each polyhedron is defined by a subset of a common set of linear inequalities. Since
the dimension of the space 7 is km and, thus, it is constant, each vertex is defined by the intersection of km linearly
independent hyperplanes. Finally, all the possible subsets of km inequalities can be enumerated in polynomial time since k
and m are constants.

Theorem 4. There exists an additive PTAS for the problem of computing an optimal DSIC menu of deterministic contracts in Bayesian
principal-agent instances with a constant number of outcomes.

Notice that our result cannot be extended to settings with an arbitrary number of outcomes. Indeed, with Bayesian
principal-agent instances with an arbitrary number of outcomes, Guruganesh et al. [5] show that there exists an € > 0 such
that it is NP-hard to approximate the principal’s expected utility in an optimal menu of deterministic contracts up to within
an € additive factor unless P = NP.

6. Menus of deterministic contracts: two easy cases

In this section, we analyze two cases in which an optimal menu of deterministic contracts can be computed in polyno-
mial time. In particular, Section 6.1 studies instances with two outcomes, complementing the hardness result for the setting
with four outcomes, while Section 6.2 addresses the case with a constant number of types.

6.1. Case with two outcomes

Previously, we provide a PTAS for the problem of designing an optimal DSIC menu of deterministic contracts in Bayesian
principal-agent instances with a constant number of outcomes. With four or more outcomes, this result is tight by The-
orem 3. In this section, we show that the problem can be solved in polynomial time with only two outcomes. We leave
as an open problem the analysis of the case with three outcomes. Our result generalizes that of Guruganesh et al. [5]. In
particular, they prove a result that is analogous to ours but for the simpler case in which the action costs are the same for
all the agent’s types.

Our main result shows that using menus of deterministic contracts does not increase the principal’s expected utility with
respect to using a single contract.
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Lemma 8. In Bayesian principal-agent instances (©, A, ) with |Q2| = 2, there exists a contract having the same principal’s expected
utility as an optimal DSIC menu of deterministic contracts.

Let us remark that, in Bayesian principal-agent instances with two outcomes, Assumption 1 is not without loss of gener-
ality. Indeed, Alon et al. [33] prove that when Assumption 1 is not satisfied, then every optimal menu includes an arbitrarily
large number of contracts.

By the previous lemma, in order to compute an optimal DSIC menu of deterministic contracts, it is sufficient to compute
an optimal single contract. As shown by Castiglioni et al. [6] and Guruganesh et al. [5], an optimal single contract can be
computed in polynomial time when the number of outcomes is constant. Hence, we obtain the following:

Theorem 5. In Bayesian principal-agent instances (©, A, Q) with |Q2| = 2, there exists a polynomial-time algorithm that computes an
optimal DSIC menu of deterministic contracts.

6.2. Case with a constant number of types

As shown in Theorem 3, when there is an arbitrary number of agent’s types, the principal’s problem cannot be approxi-
mated efficiently, even with a constant number of outcomes and actions. We complement this result by showing that, when
the number of types is constant, the problem can be solved in polynomial time. Formally:

Theorem 6. In Bayesian principal-agent instances with a constant number of agent’s types, there exists a polynomial-time algorithm
that computes an optimal DSIC menu of deterministic contracts.
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Appendix A. Proofs omitted from Section 3

Lemma 1. Given any DSIC menu of randomized contract I' = {y?}ce, there always exists a DSIC menu of randomized contracts
' = {7%}9co that provides the principal with at least the same expected utility as T' = {y?}9ce and such that, for every 6 € ©, it holds

supp(y?) N 759@‘ <1forallacA.

Proof. Let I' = {y%}yc@ be a DSIC menu of randomized contracts, i.e., a feasible solution to Problem (3). We show that
it is always possible to build a new DSIC menu of randomized contracts I' = {7?}gce that is still feasible to Problem (3),
provides at least the same expected utility, and satisfies |supp(y?) N 759’“’ <1 for all 6 € ® and a € A. In particular, we let
each probability distribution 7 be such that the support supp(y?) contains all and only the contracts defined by p%®:=
E,,e [p Ipe 75“] for all the actions a € A such that supp(y?) NP £ &. Moreover, we define )75“, ‘=Prp_y0 {p € 73(”“}
for these contracts. Clearly, th~e menu of randomized contracts " = {7%)0co satisfies the required conditions on the supports.

It remains to show that T = {7?}yce defines a solution to Problem (3). First, we prove that the principal’s expected
utility (the objective of Problem (3)) does not decrease with respect to that of the menu I' = {y%}yce. Formally:

Y HOEp [Z Fo 0 (poTo = Fe,bﬁ(pxwpw}

0e® we2 we
= Z Mo Z PI'Q {p (S 739’0} EPNVQ |:Z Fg,be(p)ywrw — Z FG,bﬁ(p),(upw | JIRS 759’(1:| (Ala)
6e® acA P~y weR we
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= Z Ko ZPE;G {p € 759’0} (Z Foa,0Tw — Z Fo.a,0Ep~y 0 [pw Ipe 739’&]) (A1b)

0e® acA weR weR
~0
=D mo D (Z Fowolo = 2 Fe,w<p>,wpw> (A10)
6e® pesupp()}e) weR weR

= Z Mo E ppo [Z Fo b (p), 0 — Z F9,b9(p),wpw:| , (A1d)

6e® weR we

where Equation (A.1a) holds since the sets ﬁg,a define a partition of R}, Equation (A.1b) holds since for contracts p € Ppo.a
it is the case that b? (p) = a, while Equation (A.1c) holds by definition of I' = {}?}gco.

Finally, we need to prove that I' = {§?}sce satisfies Constraints (3b) of Problem (3). Formally, we have that for every
6 #0 € © it holds:

~0
Epyo [Z Fo.06 (p),0Pw —Ce,b%m} = > 7 (Z Fop0 (p),0Po —Ce,bf’(p)) (A.2a)

WweR pesupp(7?) weQ
=) Pr, {p € 759’“} (Z Fo.0.0E prys [pw Ipe 759’“] — Ca,a) (A2b)
aeA P~y weR
= Erﬁ {p (S 739’(1} EPNV9 |:Z Fg’bé)(p)’wpw — ngbﬂ(p) | pe 750’0:| (AZC)
acA P~y we2
=Epye Z Fo.10 (p), 0P — CO,b"(p)i| (A.2d)
LweQ
ZE, i > FosipoPo = Ce.b"(p)} (A2e)
LweQ
= Epwyé ma/i( { Z Fo.a,0Pw — Ce.a}:| (A.2f)
L ae weR
= Z Pr {p € ﬁé'a/}E P |:max [ Z FoawPw — ce,a} |pe ﬁé’”/i| (A.2g)
)b P~V | acA
aeAP™Y 0eQ
A0.a R B b
=Y P {peP maxE, [Z FoawPw—CoalPEP } (A2h)
aeAP™Y WeR
_ A0.a R ~0.d _ :
=Y pr {pefmax { > Foaok, i [PolpeP’] C9,a} (A2i)
adeAP™Y we
= > A vy max { > Foawbo - CG,a} (A2j)
pesupp(p9) wes
= Z 77;? (Z Fo 10 (p),0Po —Ce,be(m) (A.2k)
pesupp(79) weQ
=E, ;0 |:Z Fo o (p). 0P — CO,bH(p):| , (A2])
weR

where Equation (A.2b) holds by definition of ' = {7?%}9co, Equation (A.2c) holds by the fact that b? (p) =a for contracts p €
poa, Equation (A.2d) holds since the sets 759,(1 define a partition of R}, Equation (A.2e) holds by the fact that I' = {y%)6eo
satisfies Constraints (3b) in Problem (3), Equation (A.2f) holds since action a’(p) is IC given contract p, Equation (A.2g)
holds since sets Pé’ . define a partition of R'}', Equation (A.2h) holds by Jensen’s inequality and the fact that max is convex,
Equation (A.2i) holds since Fg 4, and cpq do not depend on p, Equation (A.2j) holds by definition of = {(7%}9co, While
Equation (A.2k) holds by definition of b’ (p). This concludes the proof. O
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Lemma 2. For every € > 0, there always exists a DSIC menu of randomized contracts T' = {?}9ce with principal’s expected utility at
least SUP — € such that, for every 6 € ©, it holds (i) |supp(y?) N phal < 1forallae A, and (ii) p, < C(1, €) for all p € supp(y?)

and w € Q, where C(I,€) € 0 (1 - 2P°Y()) and I denotes the size of the problem instance.

Proof. We show that for each € > 0, there exists a menu I' = {y? Joco such that the required conditions are satisfied.
By the definition of supremum for each 1 > 0, there exists a menu I' = {y "}oce that provides an expected utility to the
principal of at least 1 — 7. Then, exploiting Lemma 1, we can derive a menu I" = {7 }yc@ with at least the same utility and

such that for every 6 € ©, it holds |[supp(y ynPal <1 for all a € A. Let P? := supp(7?) for each 6 € ©. Moreover, for
each ¢ and a such that supp(y?) N Ppoa £, let p?% = supp(y?) N Ppoa = . Notice that, for each 6, ¢ is supported on
by A
{p a}aeA:supp()?e)ﬂ’P“;&ﬂ'
Let F := MiNgeo acA,weQ:Fyo0>0 Fo.a0 De the minimum value of the probabilities Fgg.'" Moreover, let Y =
Mingeo fg.'! Notice that F > 2PV and y > 27PoW(D  where | is the instance size. Then, we show that for each 6 € ©,
peP? and w e Q, it holds yp Pw <4/FY. By contradlctlon assume that there exists § € ©, p € P?, and @ € Q such that

yI_J Do > W- Then, by the definition of F, there exists an agent’s type 0’ and an action a’, such that Fy 4 5 > F. The agent
of type 6’ reporting type 6 to the principal would incur an expected payment

Z |:Z Fy b (p), wpw:| > Z )75 |:Z Fo' o wPow — Ce’,a’:| + Z )7509/,1,6’(,,)

pep? WeR peP? 101549 pePd
~0
= Z Vp Z Fo o wPo—1
peP?d weR

> 75 Fora.abo — 1
G 4
Zyﬁp,;,F—l> W~F—1Z3/Y.

Thus, by the DSIC Constraints of type 6’, it must be the case that the expected payment to agent's type 6’, ie.,
Zpeﬁ(,, )7;?’ [Za)eﬂ FH/,b“/(p),wpw]' under menu I" = {7%}0co is at least 3/Y —1>2/Y, the constraints would be violated

otherwise (recall that costs are in the range [0, 1]). Hence, the expected payment of the principal (over the agent’s types) is
at least

Z/’LH Z )73 Z FH,bf’(p),wpw = Mo Z ?p/ |:Z F9/7b9’(p)7wpa)i| > 2.

0e® peP? weQ peP? WeR

As a result, since the principal’s expected reward is at most 1, the prlnc1pals expected utility must be less than —1,
contradicting that the expected utility of the principal with menu I' = {7?}gce is at least SUP — > —ip > —1 for n < 1.

Let Z the set of couples (6, a) € ® x A such that there exists a p € P with yp > 0. Notice that | Z| < n&. Then, for each
couple (0, a) € Z there exists a payment p?? in 75‘3’“ such that p?¢ < D, where D = 2P°¥®_ This holds since P%¢ is non-
empty by the definition of Z, while p < D since P?¢ is defined by linear inequalities such that the number of variables,
the number of constraints, and the size of the binary representation of the coefficients can be bounded by a polynomial
function of the instance size I [34].

Now we show how to build a menu I' = {y?}4ce with utility at least SUP — € such that conditions i) and ii) hold for each
6. Consider the DSIC menu of contracts I' = {?}sce such that for each 6’ € © it holds )7}799"“ =1/|Z] for each (0,a) € Z.

Then, consider the menu I' = {y?}gce such that for each p € R7 it holds yp = 7,(1 —q) + ¥pq, where q > 0 will be defined
in the following. By the linearity of the DSIC Constraints I" is a DSIC menu of randomized contracts with principal’s utility
at least (1 —q)(SUP — 1) —q Y gco H0E ppo [ peq Fort (p).ofo — 2owea Fob0 (p).wPw] = SUP —n — q — qn — gD, where
the inequalities follow from E 50 [Ywea Fo b (p).00T0 = 2_weq ngbe(p),wpw] > —D since distributions ¢ are supported on

contracts with payments at most D. Hence, setting n =q = ﬁ, we have that "= {}?}gce provides principal’s utility at
least SUP — €.

We conclude the proof exploiting an argument equivalent to the one in Lemma 1 to build a menu I' = {y?}yco that
satisfies the required conditions. As shown in the proof of Lemma 1, given the menu I, it is possible to build a menu of

10 We assume that each outcome € 2 occurs with positive probability at least for a type 6 € © and an action a € A. If it is not the case, we can safely
remove outcome @ since it never occurs.
1 We assume that for each type 6 € © it holds jy > 0. Otherwise, we can safely remove the type 6 since it never occurs.
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randomized contracts " with at least the same principal’s utility such that for every 6 € ©, it holds |supp(y?) npfal <1
for all a € A. We need to prove that also (ii) holds. For each § € ® and a € A such that supp(y?) N Ppo.a + @, let p?0:=
Ep, ;o [p Ipe 759*“]. By the definition of I' in Lemma 1 for each # € © it holds supp(y?) = {[7"-‘1}aeA:supp()}gmﬁ.g,a#g. To

conclude the proof it is sufﬁcient to see that for each 6 € ® and a € A such that supp(y?) N Ppo.a # @, it holds (0,a) € Z.
Hence )75)91,1 = \Zl and )/ ba = 127 For each 6 and g, let Z94@ be the set of couples (¢’,a’) € Z such that p?¢ e PP, Notice

that (0, a) € 279, Thus, for each # € ® and a € A such that supp(y?) N Ppo.a # @ and w € L, it holds

- - 9/ /
0 0 1- Q))/ge.ape’a + Z(G’,a’)ezﬁ \%p
Pyt =Epyo [pIp P = — .
11— Q)J/f,e.a + Z(O’,a’)eZg 1Z1
_ b
- 4
IZ]
4neD

D%n¢
+D)eO s
€ FY FYe

where we assume p?? that is an arbltrary contract in 2?9 when supp(y?) N P04 =g and p”
ously. Hence, for each 6 € ©, p € supp(y?) and w € €, it holds p,, = 0(1 - 2PV o

p?-® is not been defined previ-

Lemma 3. For every € > 0, there always exists a DSIC menu of randomized contracts supported on P*€ with principal’s expected
utility at least SUP — €.

Proof. By Lemma 2, there exists a menu of randomized contracts I" = {y?}sce@ with principal’s utility at least SUP — € such
that, for every 6 € ©, it holds |supp(y?) NP%4| <1 for all a € A and supp(y?) C P¢. We show that it is possible to build

another optimal menu of randomized contracts [ = {7%}9co such that supp(p?) € P*€ for every 0 € ©.

In order to define ' = {}"}co, for every 6 € ® and contract p € supp(y?), let a? := (a})pco, where al, :=b? (p).
Then, given a # € ® and a p € supp(y?), since p € Ppale paf.e c paPe and P€ s a closed polytope, we can apply
Carathéodory’s theorem to conclude that there exists a probability distribution y?P € Ap=e that is supported on the ver-
texes of the polytope P%"€, ie., it holds supp(y?P) € V(P*€), and such that E, e, [p'] = 3 pesupp(y?r) yg/’pp’ =p.
Then, for every 0 € ®, we define the distribution ¢ € Aps.e so that, for every p € P*¢, it holds:

=0 ._ 6,00
Vp = Z Yp Vp
p’esupp(y?)

It remains to show that I' = {y'?}yce is indeed a menu of randomized contracts with principal’s utility at least SUP — €.
First, it is immediate to see that the 7 are valid probability distributions over P*€. Formally, for each 6 € ©:

~0 _ 6 .00 _ 0 0,p" _ 0 _
=2 X wmwt= > Y wt= > =l
pep*e peP*€ p’esupp(y?) p'esupp(y?)  peP*c p’esupp(y?)

Next, we prove that [ = {y?}oco satisfies Constraints (3b) in Problem (3). First, notice that, for every 6 € ©, fe®, and
p € supp(y?), it holds:

6.p N r_ .
> 5 (X Fovine i) 39

p’esupp(y?-P) we

= X 9"(21%” ) (A3b)

p’esupp(y?-P) weR
0,
- Z FG a ) Z Vp’p p;v A (A.3¢c)
0eQ p’esupp(y?-P) ’
=Y Faa @ wPo = Chaps (A3d)
weR

where Equation (A.3b) holds since ag € Bﬁ, for contracts p’ € supp(y??) C V(P") and Equation (A.3d) holds by definition
of y%P. Moreover, for every 6 € ® and 6 € ©, it is the case that:
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Z )71?0 (Z Fo.p0 (p),0Po = C9,b6(p)> (A.4a)

peP*€ we

o
=> > vn’ (Z Fe,bwm,wpw—c@,be(m) (A4b)

PEP™ presupp(y?) weQ

. 6y
= Z Vz?’ Z Vpp (ZFe,b9<p),wa—C9,b9(p)> (A4c)

p’esupp(yé) peP*€ weR

R -
= Z Vg/ Z e’ (ZFe,b"(p),wa—Ce.bﬁ(p)) (A4d)

p'esupp(y?)  pesupp(yP-r') weR

_ ; C
- Z Vp/ <Z F9,ag’,w Po C9,ag ) (A-4e)

p'esupp(y?) weQ

= Z Vpe (Z Fo.00(p),0 Poo = Ce,b9(p)> (A.4f)

pesupp(y?) we
=K, [Z Fo b0 (p),0 P = Ce,bf’(m] (A4g)
weR

where Equation (A.4b) holds by definition of ?é, Equation (A.4d) holds since supp(yé’p') - V(’P“pl) C P*€, Equation (A.4e)
holds by Equation (A.3), while Equation (A.4f) holds since ag = b?(p). Thus, we can conclude that for every 6 € ® and
ée@):é;ﬁ&, it holds:

~0
> 7 (Z Fo b0 (p),0Pw = Ce,be(m) =Ep 0 [Z Fo b0 (p),0 P — Ce,tﬁ(p)}

peP*e weR weR
=N [Z Fo b0 (), P — C(ﬁ,bg(p)i|
we
=0
= Z 14 (Z Fo ¢ (p).wPo — Ce,b"(p)> ’
peP*E weR

where the equalities come from Equation (A.4) and the inequality from DSIC of I'. Finally, we need to show that the
principal’s expected utility does not decrease. Formally, we have:

ZW Z 4 (Z Fo b0 (p)."w — Z F9,b9(p),wpw>

0e® peP*E weR we

= Z Mo Z Z V;?/ ngp’ (Z Fy 0 (p), 0l — Z Fe,be(p),wpa)> (A.5a)

0e®  peP*€ p'esupp(y?) WEQ we

=D Mo D Yy D J/g’p/ (Z Fo.bo(py ol — D F@,b"(p),wpw> (A.5b)

6€®  p'esupp(y?)  pesupp(y?P’) weQ weS

SIS VIR VIR 14 O3RN LA s

6€®  p'esupp(y?)  pesupp(y??’) weR weR

=m0 X Vg X F e D, 2 VT bo (A5d)
we

b0 pesupp(y?)  \we pesupp(y”?')

— 0 _ ’

=Y e Y. vy (Z Fy gt T > F bal o pw> (A.5e)
6€®  p’esupp(y?) weQ weQ
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=D > v (Z Fo.p0 (.00 — Y, Foptp).0 pw> (A.5f)

6e® pesupp(yé’) WeR weR

= oEy 0 |:Z Fop(ppolo = D FG,bg(p),a)pwi| ; (A.5g)

6e® weR weR

where Equation (A.5a) holds by definition of y?, Equation (A.5b) holds by re-arranging the summations and by
supp(y? Py € V(P? ) € P*€, Equation (A.5¢) holds since ag/ € BY for each p e supp(y??") and b? (p) breaks ties in favor

of the principal, Equation (A.5e) holds by definition of )/9’1’/, while Equation (A.5f) holds since aep :=b?(p). This concludes
the proof. O

Appendix B. Proofs omitted from Section 5

Lemma 5. Given a Bayesian principal-agent instance (®, A, Q) and € > 0, let (pe, ae)oe@ be an e-approximate menu of deterministic
contracts with principal’s expected utility AP X. Then, there exists a DSIC menu of deterministic contracts P = (13(’) in which the
principal’s expected utility is at least AP X — 2./€. Moreover, such a menu can be computed in polynomial time.

6e®

Proof. Given (pe,ae)e <o as in Definition 2, we let P= (ﬁ") pco D€ an auxiliary menu of deterministic contracts such that
ﬁg) = (1 - ﬁ) pz) + Jer,, for every 6 € ® and w € Q. Intuitively, this modification helps to align the agent’s utility with

the principal’'s reward. Then, we define the menu of contracts P = ([79 )a <o as follows. For every agent’s type 6 € ©, we

let p? = f)"’, where 6’ is an optimal report of 6 to p. Formally, 6’ € arg max, o Maxgea {Zweg Foa.w ﬁg —c@.a}. P is
essentially the DSIC version of P obtained through the revelation principle.

Notice that P = ([39)96@ is DSIC by definition. Next, we show that, for each agent’s type 6 € ©, the principal’s expected
utility contribution due to that type under contract p? decreases by at most 2,/€ compared with that obtained when the
agent plays a’ under p?, proving the lemma.

For every agent’s type 6 € ©, let 8’ € © be the agent’s type such that p? = f)e/. Notice that it may be the case that 6 =6’
and/or b? (p%) =a’. First, we prove the following:

0 =0
Z Fg’bﬁ(ﬁe),w <(1 — \/g) Do + \/grw) — CG,bﬁ(ﬁﬁ) = Z Fﬂ,bﬁ(ﬁﬁ),a) Py — C@qbe(be)

we we
~0
z Z Fo a0 wPe = Co.a0
we
4
=Y Fpo.o (1= )Pl + Very) —cg .
we

where the inequality follows from the fact that playing action b’ (139) under contract p? is preferred by the agent over
playing action a’ under contract p?, by definition of contract p?. Moreover, by definition of the e-approximate menu of

deterministic contracts (p?,a?), <o it holds

0 o o

Z Fg.00 0 Pw — Coa00 = Z Fe,bf’(p"’),w Py —Copope'y —€Z Z Fo b0 (30),0 Po» — Co,p0(50) — €-
we we we

By summing the two relations obtained above, we get

o' 0

> Fowrine (—VEPl +Vero) = Y Fou o (—Veply + Vero) —€,
we we

which implies that
> Fopoco (rw - pfo) > > Fat o (o — Pl) — V.
we we

Then, the principal’s expected utility when the agent is of type is 6 € ® is equal to

Z F@,be(f)"),w (rw - 132) = Z FG,be([)e),w (rw —-(1- \/E) pz) - \/Erw)

weR we

= (l - \/E) Z Fe,b”(i)”),w (rw - pg;)

we
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> (1 Ve) (Z Foit o (To — D) — «/€>

weR

> Z Fy.00.o (rw — DY) — 2V/E.

we

This concludes the proof. O

Lemma 6. Given a Bayesian principal-agent instance (0, A, Q), let P = (p")
; 1
for every constant L > 1, it holds 3 2y .o py Ho < 1-

oo De an optimal menu of deterministic contracts. Then,

Proof. By contradiction, we show that, if ZGGQ(L, p) o > % then the menu P = (p9)9€® provides a negative expected

utility to the principal. In particular, if ZHEQ(L’P) o > % then the expected payment due to agent’s types in ®(L, P) is
greater than 1, while the expected reward to the principal is at most 1. Hence, since a menu of all-zero contract vectors
provides the principal with an expected utility at least of zero, the menu P cannot be optimal, reaching a contradiction. O

Lemma 7. Given a Bayesian principal-agent instance (0, A, Q) and a constant § > 0, there exists a DSIC menu of deterministic con-
tracts P = (p) ¢
least of OPT — 8, where O PT is the principal’s expected utility in an optimal DSIC menu of deterministic contracts.

m
that employs at most O ((6% log %) ) different contracts and provides the principal with an expected utility at

Proof. The proof is organized in two steps. As a first step, we show that, once given an optimal menu of deterministic con-
tracts P = (p?), e, we can build a ‘f—é—approximate menu of deterministic contracts (p?,a?),_g, that provides the principal
with an expected utility of OPT — % and such that it adopts a limited number of different payment values. In particular,
all payment values 132), for every agent’s type 6 € ® and outcome w € 2, belong to a small, finite set. This implies that
also the set of possible different contracts is small. Then, as a second step, we employ Lemma 5 to build a DSIC menu of
deterministic contracts as in the statement of the lemma, starting from (;39,&9) and only incurring in a small loss in
the principal’s expected utility.

Let M(w) := maXgpee pZ) for every w € 2, and let I := {O, 1,..., Logl(()%n)—” with 7 := %. We split ® into two sets.
Letting L := g, the first set is ®1 := O(L, P), while the second one is ®; := © \ ®1, which includes all the agent’s types that
are not in ®1. Moreover, we let © € © be the subset of agent’s types 6 € © such that there exists an action a’ € A and an

. . 2
outcome w’ €  that simultaneously satisfy p?, < nM(w?) and Fy g0 0 %, = &=
> 18 8 1 _ 8
= Pﬁe 8m 8m nM(w) — SM(w) "
[0)

0e®’

First, we prove that ©® C ©;. For every 0 € ©, we have Fg a0 of Then, by IC conditions and

the definition of M(w?), it holds
Z ngbe(pe)!w pz) — ngbé)(pé)) > F@qaé)‘we M((,()O) — C@Yaé),
we

which implies that

S|

8
> Fopopiywby = Fog oM@’) =12 51z

weR

. 2 . L _g -
Next, we build a ‘;—G—apprommate menu of deterministic contracts (pg,a(’) as follows. For each agent’s type 6 € ©;

0cO’
logn o .

and outcome w € 2, we set pf =0 if pf < (1 - n)[logO—nJM(a)) < nM(w), while we set p%, = (1 — )" M(w) otherwise,

where i* is the smallest integer such that (1 — )" M(w) < pz). Notice that i* is at most {ml‘(’]%—‘, and, thus, i* € I.

Intuitively, contracts p? are defined by lowering the payments of the corresponding contracts p? to the nearest value
(1—mn)" with i €1, so that, in the second case above, it holds that p% > (1 — 1)p%. Moreover, we set a’ = b? (p?) for all

6 € ©,. Finally, for each agent's type 6 € ©1, we set p’ = p&® and a’ = b? (p?), where, for the ease of notation, we let
g(0) € argmax;_g, {Zweg Fy b9 3%y 0 Pl — ce’bg(ﬁ,;)}.

First, we show that the menu (139,(19)96@ is %—approximate. This holds by construction for all the agent’s types in ®1.
For any type 0 € ©;, as a first step, we prove that
0 , &
Fg’ae,wpw > Fg’ae,wpw— ﬁ Yo € Q. (Bl)
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52

We consider two cases. If Fgﬁg,wpfo < %, then Fy gz pd — iem < 0, and, thus, the inequality above holds since

Fg .. D% > 0. Otherwise, since 6 ¢ © C @1, it holds p, > nM(w) and

52

0
=Fpa0 wPep— Tom’

=6 6 0 6 6 4
FG,ﬁe,w g FQ,&",w(l =) Py = F@,éﬁ,w Do — nFG,ﬁﬁ,w Py = FG,ﬁe,w Pow — 7)3

where the last inequality follows from Fy g, p% < >, Fy 20 ., P < 3 since 6 ¢ ©1. Then, we prove that (p?,a%),_, satis-
fies Equation (12) for every agent’s type 6 € ®,. Notice that, since for each contract p? with 6 € ®; there exists a contract
p8© with g(0) € ®, such that p? = p&@, the condition in Equation (12) must be checked only for types § € ©. In particu-
lar, for every pair of agent’s types 6,6 € ©,, the following holds:

82
~0 0
Y Foawbly—Comw =Y (F9,69,w Py — 16—m> —Coat

we we2
0 5
= Z Fo b0 (09),00 Py — Co.,b0 (p°) — 16
we2
: 82
= Z Fo b0 (pi), 0P ~ oo piy — 16
we2
: 8
> > Foo i, wPlo — ooy — 16
we
b 82
= Z Fo 1030 P ~ Cop0 36y — 16’
we
where the first inequality follows from Equation (B.1), the second one holds by the DSIC property of P = (pe)ee@)' the third

one from the definition of best response, while the last inequality follows from the fact that f)z; < pg for every 6 € ®; and
w e Q. "
Now, we prove that the principal’s expected utility in the f—ﬁ—approximate menu of deterministic contracts (;39,(_19)

is at least OPT — % For every agent’s type 6 € ®1, we have that

0ec®

=6 -g(0)
D Fowwbe—Com =Y Foppeo)mDs  — Coppeor

we we
< Foooo g0) )
= 0.69(p£®),w P Co.b0 (p£®)
we2
0
<D Fobo(phy.0 Pl — Co.0 (o)
we2

where the first inequality follows from the fact that p? < pf for every 6 € ®; and w € , while the second one from
the DSIC properties of P = (p?),_. Thus, we can conclude that Yy ¢ Fy a0 » P < > gece Fo.po (po).00 Pl + 1. Moreover, the
principal’s expected reward of contract p? is 3", ¢ Fo b0 (p%),0Tw < 1. Thus, the revenue that the principal extracts from an

agent of type 6 € ®; decreases by at most 2, since, by changing the contract from p’ to p?, the reward decreases by at
most 1 and the payment increases by at most 1. On the other hand, for every agent’s type 6 € ®,, the principal’s expected
utility does not decrease, since the agent plays the same action and the payments decrease. Hence, the principal’s expected
utility decreases by at most 2 29691 Mo < 2% = % where the inequality follows from Lemma 6.

Finally, by Lemma 5, starting from the %-approximate menu of deterministic contracts ([99, 1_19) we can build a DSIC

0ee’
geo Providing the principal with a utility at least of APX — 2,/ % =APX — %,
where APX is the expected utility of (1397&9)%@. Hence, the principal’s expected utility is at least APX — § = OPT —§.
Moreover, we also have that p% e {(1 — n)'M(w) (1 — %) + %rw}iel U {%rw} for every 6 € ® and w € Q. This holds since the

menu of contracts built in Lemma 5 uses contracts defined as (1 — /€)p? + /er for 6 € ®. Thus, there are at most

menu of deterministic contracts P = (pY)

m

3

l0g & 64m _ 64m\" m. o omym

m _ 64m —

1T =— 5y 3 5<5—310g5—3> —O<(5—310g3)>
log( _64m>

different contracts, where in the first inequality we use —log(1 —x) >x forx<1. O
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Theorem 4. There exists an additive PTAS for the problem of computing an optimal DSIC menu of deterministic contracts in Bayesian
principal-agent instances with a constant number of outcomes.

Proof. Let § > 0 be a desired additive approximation factor for the PTAS. By Lemma 7, in order to find an approximate DSIC
menu of deterministic contracts, it is sufficient to optimize over all the menus using at most k = k(§, m) different contracts.
Recall that a menu that uses at most k different contracts can be represented by a matrix T € 7 = R’fﬁm and a function
f:®—=1{1,..., k.

The PTAS works by organizing the space of possible matrices representing menus of deterministic contracts, namely
R’jrxm, into polyhedra, depending on which function f can be paired with the matrix to define a DSIC menu and which best
responses are induced by the contract. In particular, given a function f:® — {1,...,k} and a set of best responses (a’)gco,
we define Qf-(ag)%(" c R’jrxm as the polyhedra defined by the following set of linear inequalities enforcing DSIC:

> FowtwTioro—Cow = Y FoawTio—Coa Vo e®,VacAVie{l,... k.
we we

Once a funection f and a tuple of actions (a’)gee are fixed, by restricting the attention to menus of deterministic con-
tracts in Qf+@)ee an optimal menu can be obtained as an optimal solution to the following LP:

max Z o Z Foa0.0(To—Tre)e) St (B.2a)
TEkamg
SC] we
> Fow Tiorw—Coa = ) FoawTio—Coa YOO VacAVie(l, .. .k (B.2b)
we we
Tiw=>0 Vie{l,...,k},YoeQ. (B.2c)

Since the objective of the LP is a linear function with non-positive coefficients and the feasible region is R’fﬁm, the LP
admits an optimal solution which is one of the vertexes of the polyhedron defined by Constraints (B.2b) and (B.2c). In order
to conclude the proof, notice that, for every possible function f and tuple of actions (a?)yco, the feasible region of the LP
is defined by a subset of the following ¢nk? + km constraints:

> FoaTiw—Coaw> Y FoawTio—Coa VY0E€OYacAVd eAVi je(l, ... k
we2 we

Tiw=>=0 Vie{l,...,k},Yo € Q.

Since each vertex is at the intersection of km linearly independent hyperplanes representing the inequalities and there
25,2

are at most ¢nk? + km different hyperplanes, there are at most (" ’;mJ’km)

enumerated in polynomial time. O

possible vertexes. Finally, the vertexes can be

Appendix C. Proofs omitted from Section 6

Lemma 8. In Bayesian principal-agent instances (®, A, ) with || = 2, there exists a contract having the same principal’s expected
utility as an optimal DSIC menu of deterministic contracts.

Proof. Let Q = {wg, w1} be the set made by the two outcomes. Moreover, w.l.o.g., let wy be the outcome with smaller
reward, i.e., Iy, <T4,. We show that, given a menu of deterministic contracts P = (pe) geo We can build a contract peRY

providing the principal with at least the same principal’s expected utility. Let e argmaxgce pz)l. Then, we define the
contract p such that p,, = min {pi1 oy — rwo} and pg, = 0. We show that, by replacing the menu P = (p9)9€® with the

contract p, for each agent’s type 6 € ©, the principal’s expected utility does not decrease.
Take any type 6 € ®. As a preliminarily step, notice that
F P < F o +(1—F ) p
0.b% (p*),n Por = Fo,00 (p),01 P 0.b° (p*),01) Py
0 0
= Fo o p),01 P + (1= Fo b0 (p),001) P> )
where the first inequality follows from the definition of p and the second one from DSIC. Then, we consider two cases. First,
suppose that b’ (p) =b? (p?). Then, the expected payment under the contract p for an agent of type 6 is
Fo b9 (3).o, P < F o +(1—F ) Pl
0.b%(p), 1 Por = F'o,b%(p?), 1 Pay 0.b% (p),1) Peg

where the inequality comes from Equation (C.1) and b? (ﬁ) =b? (pe). Hence, the payment decreases while the revenue does
not, implying that the principal’s expected utility does not decrease.
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Second, suppose that b’ (p) # b’ (p?). By IC conditions, we have

Fo 10 (),01 P = Co,b0(p) = Fo b0 (p?), 00 Parr = Co,10 ()

and

0 0 0 0
Fo 50 (). Py T (1= Fo.0(p).01) Pary = 0,003y = Fo.b0 (0,00 Paoy T (1= Fop0 (p0).001) Plarg = Co,00 -

By summing the two inequalities, we get

A 6 6 A 0 0
Fo 163,00 (Por = Peoy + Pay) = Fo.p0 (9),001 (Peny — Ployy + Py ) - (C2)
We consider two cases. If pZJl < Ty, — Tay, then Py, > pfu], which implies Fy p0(5) w; = Fo,p0(p%),0, DY Equation (C.2). Then,
the principal’s expected utility when the agent plays action b? (fa) is
Fo.b0(py,0n (ror = Paon) + (1= Fo 0 y,001) Taoo = Fio b () oy (Feny = Pan ) + (1= F b () 1) T
0 0
= Fy b0 (90,1 (Fon = Pa) + (1= Fo 505 001) (T = Play) -

where the first inequality comes from ry, — P, > I'w, (by construction) and Fy yo 5) o, = Fg 59 (p?).0,» While the second one
comes from Equation (C.1). Hence, the principal’s utility does not decrease.
If pfo] > Iy, — Twy» then the expected reward is

Fo 50 3).an For = Pon) + Fo b9 ). wop w0 = Fo b9 (5).00 "o + Fo b0 p) o Two
0 0
=Twy = Fe,b"(pe),an (roy — pa)]) + Fe,bﬁ(p"),wo (rwp — pa)o)

where the first inequality holds since Py, <Tw, —T'e, by construction and the last inequality holds since both r,, — prO and
T, — pZ,1 are smaller than r,,. Thus, the principal’s utility does not decrease. This concludes the proof. O

Theorem 6. In Bayesian principal-agent instances with a constant number of agent’s types, there exists a polynomial-time algorithm
that computes an optimal DSIC menu of deterministic contracts.

Proof. Consider an optimal menu of contracts (p?)sce. This optimal menu of contracts induces an action a? = b? (p?) for
each possible receiver's type 6 € ©. Once the action profile (a’)gce is determined, the optimal menu of contracts can be
found by solving the following LP of polynomial size.

mi€r>l<m Z,ug Z PwFpar . St (C4a)
PRI T weQ
Z PYFo a0 —Coq0 > Z PY Fpaw—Coa V0,0 cO,acA (C.4b)
weR weR

We can enumerate all the actions’ profiles and, for each action profile, find an optimal menu of contracts that incentivize
this action profile. Since there are O (n‘) action profiles, the algorithm works in polynomial time if the number of types is
fixed. O
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