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Abstract. In this paper we analyze the convergence properties of two-level, W-cycle, and
V-cycle agglomeration-based geometric multigrid schemes for the numerical solution of the linear
system of equations stemming from the lowest order C°-conforming virtual element discretization of
two-dimensional second-order elliptic partial differential equations. The agglomerated tessellations
in the sequence are nested, but the corresponding multilevel virtual discrete spaces are generally
non-nested, thus resulting in non-nested multigrid algorithms. We prove the uniform convergence of
the two-level method with respect to the mesh size and the uniform convergence of the W-cycle and
the V-cycle multigrid algorithms with respect to the mesh size and the number of levels. Numerical
experiments confirm the theoretical findings.
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1. Introduction. The virtual element method (VEM) is a very recent extension
of the finite element method (FEM) originally introduced in [7] for the discretization
of the Poisson problem on fairly general polytopal meshes. From its original intro-
duction, the VEM has been applied to a variety of problems [2, 6]. However, the
design of efficient solvers for the solution of the linear system stemming from the
virtual element discretization is still a relatively unexplored field of research. So
far, the few existing works in the literature have mainly focused on the study of
the condition number of the stiffness matrix due to either the increase in the or-
der of the method or the degradation of the quality of the meshes [9, 20] and on
the development of preconditioners based on domain decomposition techniques [10,
15, 16, 18, 21]. Instead, the analysis of multigrid methods for VEM is much less
developed. In particular, [4] presents the development of an efficient geometric multi-
grid (GMG) algorithm for the iterative solution of the linear system of equations
stemming from the p-version of the virtual element discretization of two-dimensional
Poisson problems, whereas [22] presents the development of an efficient algebraic
multigrid (AMG) method for the solution of the system of equations related to the
virtual element discretization of elliptic sproblems. To the best of our knowledge, the
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design and analysis of a GMG method for the h-version of the VEM has not been
investigated yet.

In this paper, hinging upon the geometric flexibility of VEM, we consider ag-
glomerated grids and focus on the analysis of geometric multigrid methods (two-level,
W-cycle, V-cycle) for the h-version of the lowest order VEM. It is worth noticing
that the idea of exploiting the flexibility of the element shape has been investigated
in [3, 5] where multigrid methods for the numerical solution of the linear system of
equations stemming from the discontinuous Galerkin discretization of second-order
elliptic partial differential equations have been analyzed.

Throughout this paper we mainly consider nested sequences of agglomerated
meshes obtained from a fine grid of triangles by applying a recursive coarsening strat-
egy. It is crucial to underline that even if the tessellations are nested, the correspond-
ing multilevel discrete virtual element spaces are not. Therefore, our approach results
in a non-nested multigrid method. A generalized framework for non-nested multilevel
methods was developed by Bramble, Pasciak, and Xu in [13] and later extended by
Duan et al. in [19] to analyze the non-nested V-cycle methods. Following the so-called
BPX framework, we study the convergence of our method. In particular, we prove
that, under suitable assumptions on the quality of the agglomerated coarse grids, our
two-level iterative method converges uniformly with respect to the granularity of the
mesh for inherited and non-inherited bilinear forms. Moreover, we prove that the
W-cycle and V-cycle schemes with non-nested virtual element spaces converge uni-
formly with respect to the mesh size and the number of levels for both inherited and
non-inherited bilinear forms. In the case of non-inherited bilinear form the W-cycle
and V-cycle schemes are proved to converge provided that a sufficiently large number
of smoothing steps is chosen. The theoretical results are confirmed by the numerical
experiments.

The outline of the paper is as follows. In section 2 we describe the model problem
and its virtual element discretization. In section 3 we introduce the two-level, the
W-cycle, and V-cycle multigrid VEMs. In section 4 we present the coarsening strategy
adopted to construct the sequence of nested meshes, while in section 5 we define
suitable prolongation operators that are a key ingredient in multilevel methods. In
section 6 we introduce the BPX framework for the theoretical convergence analysis of
our multigrid schemes, while in section 7 we analyze the convergence of our virtual
element multigrid algorithm and state the main theoretical results. In section 8 we
present the algebraic counterpart of the algorithm focusing on the implementation
details, and we discuss some numerical results obtained applying the method to the
numerical solution of the linear systems stemming from the h-version of the lowest
order virtual element discretization of the Poisson equation. Finally, in section 9 we
draw some conclusions.

Throughout this paper, we use the notation z < y and = 2 y instead of x < Cy
and x > Cvy, respectively, where C is a positive constant independent of the mesh
size. When needed the constant will be written explicitly. Moreover, P;(D) denotes
the space of polynomials of degree less than or equal to [ > 1 on the open bounded
domain D and [P;(D)]? the corresponding vector-valued space.

2. Model problem. Let Q C R? be a convex polygonal domain with Lipschitz
boundary, and let f € L?(Q). We consider the following model problem: find u €
V := H(2) such that

(2.1) A(u,v) = (f, U)LQ(Q) Yv eV,

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/17/23 to 131.175.12.9 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

AGGLOMERATION-BASED GEOMETRIC MULTIGRID FOR VEM 225

where A(u,v) := (uVu, Vv)2q) with u € L>(Q) a positive constant. This problem
is well-posed, and its unique solution u € H?(2) satisfies

(2.2) lull 2 ) S I1fll2(0)-

For the analysis under weaker regularity assumptions, see, e.g., [14].

For the purposes of this work, we consider a sequence {7}}3]:1 of tessellations of
the domain 2. Therefore, all the parameters characterizing a given tessellation 7; will
be denoted by the subscript j. Each tessellation is made of disjoint open polytopic
elements F; such that Q= UEjeT Ej, j=1,...,J. For each element F;, we denote
by &g, the set of its edges and by h g, its diameter. The mesh size of 7; is denoted by
hj := maxg;e1; hp;. We assume that the elements E; of each tessellation 7; satisfy
the following assumptions [8].

Al. For any j = 1,...,J, every element E; € 7; is the union of a finite and
uniformly bounded number of star-shaped domains with respect to a disk of
radius pp;hp, and every edge e; € £, must be such that |e;| > pg, hg;,
with |e;| being its length. Moreover, given a sequence of tessellations {7;}:_,
there exists a po independent of the tessellation such that pg, > po > 0.

A2. The sequence of tessellations {7;}3]:1 are quasi-uniform, i.e., they are regular
and there exists a constant 7 > 0 such that

min th > Thj Vh] > 0.

E;€T;

Moreover, {7, }3]:1 satisfies a bounded variation hypothesis between subsequent
levels, ie., hj_1 Shy <hj_1Vj=2,...,J

We introduce the h-version of the enhanced VEM, and we associate to each 7;
the corresponding global virtual element space V; of order & = 1, constructed from
the local element spaces Vi defined on each element E; eT;.

We define

B, (0F;) := {v € COOE;) v, €Pie;) Vej € SE]}
and the local enhanced virtual element space V% of order k =1 as

VEj = {U S Hl(E]) € Bl(aEJ), A’U‘Ej S Pl(Ej),

X
(v,P)L2(E;) = (HY,EU,LD)L?(Ej) Vp € Pl(Ej)}-
Here, ITY ;. : H'(E;) — P1(E}) is the H'(E;)-orthogonal operator, defined as

(VHY,EJ»U7 Vp)LQ(Ej) = (VU, Vp)Lz(Ej) Vp € Pl(Ej),
(Y gv, 1) 2(08;) = (v,1) 12(08,)-

As a basis for the local polynomial space IP1 (E;), we choose the set of scaled monomials
defined as

(z—zp;)* (y —ys,)*
Qg tay
h5

(2.3) M1(Ej) = {m e Pi(E;) : m(z,y) = , 0<az+ay < 1},

where (2g,;,yg;) are the coordinates of the center of the disk in respect to which
the element E; is star-shaped. We denote by N; = 3 the dimension of the local
polynomial space P1(E;).
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As the set of degrees of freedom of the local virtual element space Vi, we choose
the standard set consisting of the values of v € VFi at the vertices of the polygon
E;. We denote by N, f;jf the total number of degrees of freedom of Vi and by
N(E;) the set of the indices of the nodes relative to the element E; € 7;. Therefore,
Nf;f := #N(E;). Moreover, we denote by

(2.4) dof;(v) :=v(z;) Vie N(E;)

the operator returning the ith degree of freedom of v € Vi,

As basis functions for Vi, we choose the Lagrangian shape functions with respect
to the degrees of freedom of the element Ej, i.e., the <piEj, i € N(E;), such that
@fj (z1) = 0 Vi, l € N(E;). Consequently, v € VEi can be written with respect to
the local VEM basis as

v=Y dofi(w)g’ = Y vl(w)er’.

iEN(E)) iEN(E;)
In addition, we consider the L?(E;)-projection H?’Ej : VEi — Py (E;) defined as

(H?,Ejv,p)Lz(Ej) = (v,p)r2(E;,) Vp € P1(E)),

and the projections of the derivatives HS,E]_ %, Hg,E,- a% (VE Py(E;) such that

ov ov
I . —— = Po(E; B;
( O,Ejax’p>L2(Ej) (axjp>L2(E]_) vpe 0( J) YveV 5
ov ov
m . = = (= Vp € Po(E;) Vv € Vi,
( O’E"ay’p>m<a> (ay’p>L2<Ej) p € Poll) Vo e

We denote by T1§ , Vo the vector having T1§ 5% and 11§ , 5% as components.
We recall the following result reported in [8].
LEMMA 2.1. For all E; € T; and all smooth enough functions u on Ej, it holds
that
(2.5) lu =100 g ull 2,y S hilulase,), seN, s={1,2},
where the hidden constant depends on py defined as in assumption Al.

The global virtual element space V; is defined as
(2.6) Vi = {veH&(Q):v‘Ej eVl VE;eT;}, j=1,...,J

Its set of degrees of freedom can be defined similarly to what was done for the
local space. We denote by N7 7 the total number of degrees of freedom of V; and
by N(T;) := Ug,eT; N (E;) the set of the indices of all the nodes of all the elements
E; of the tessellation 7; (excluding the nodes on the boundary of the domain 9€2).
Therefore, Néof = #N(T;). ‘

Similarly to the local space, we choose the Lagrangian set ¢}, i € N(7;), with
respect to the global degrees of freedom as basis functions of V;. Consequently, v € V;
can be written with respect to the global VEM basis functions as

v="Y dofi(w)el = D ()l
€N (T;) €N (T;)

J

We point out that i, = %Ej, with @iEJ' defined as above.
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The VEM for the approximate solution of our model problem on the finest level
grid J is as follows: find u; € V; such that

(27) .AJ(U],’UJ) = <f7 'UJ> Yvy € Vy.

The bilinear form A;(-,-) in (2.7) is defined as

.A uJ,UJ Z AJ UJM)J Z

E;eTsy E;eTy

+ |l oo (1,757 ((I — 1Y g g, (I — HY,EJ)WJ)] ,

(MHg,E\, Vuy, Hg,E\, Vus)Lz(e,)

(2.8)

and the right-hand side (f,v;) is defined as

(2.9) (foog) =Y (£100 5, v0)12E,)-

E ;€T

For the stabilization form S®/ in (2.8) we consider the scalar product of the
vectors of degrees of freedom of the two functions

S5 ((1 ~ Y p,) us, (I =1y g, ) v7)
= 3 dot, ( (I — 11} E,)uJ) dofi((I - HY’EJ)vJ»

’LGN EJ

where dof;(-) is defined as in (2.4).

3. Multigrid algorithms. In this section we introduce the h-multigrid two-
level, W-cycle, and V-cycle schemes to solve the VEM discrete formulation (2.7).

Let V;, 7 =1,...,J, be the sequence of finite-dimensional virtual element spaces
defined in (2.6). In order to define the multigrid cycle, we introduce the following
intergrid transfer operators. The prolongation operator (see section 5) connecting the
coarser space V;_; to the finer space V;, j = 2,...,J, is denoted by Ijj;l Vi1 =V,
whereas the restriction operator I g1 : V; — Vj_1 connecting the finer space V; to
the coarser space V;_1, j = 2,.. J is defined as the adjoint of I] _; with respect to
the inner product (-,-);, i.e.,

=L v = (w:. I v, , ,
(Ij w],v]_1>j_1 = <w],lj71v]_1)j Yvj_1 € Vi1,

where (-,-); is the L? scalar product on Vi,j=1,...,J.

Let Aj(-,-) be the symmetric positive definite discrete bilinear form defined as in
(2.8). On each level j — 1, with j = 2,...,J, we define the symmetric and positive
definite bilinear form A;_;(-,-) : V;_1 x V;_1 — R as follows.

DEFINITION 3.1 (inherited and non-inherited bilinear forms). The inherited bi-
linear form A;_1(-,-) is defined as
A1 (u,v) = AJ(IJ 1u,I] ) Yu,veViq, j=2,...,J

The non-inherited bilinear form A;_1(-,-) is defined as in (2.8) but on the level j— 1.
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We also introduce the operators A; : V; — Vj, defined as
(3.1) (Ajw,v); = Aj(w,v) Yw,veV;,, j=1,....J

For the theoretical analysis, we also need the operator ij -t Vi = V4 for
j=2,...,J, defined as

Aj—1(P 7 wj vjm1) = A (wy, I _qvj1) Vi1 € Viey, wy €V,

As a smoothing scheme, we choose the symmetric Gauss—Seidel method. However,
we point out that other smoothing schemes can be selected. We denote by R; : V; —
V; the linear smoothing operator and by RjT the adjoint operator of R; with respect

to the selected inner product (-,-);. We set Rg.l) equal to R; if [ is odd and RjT if [ is
even.

Now, we are ready to introduce the multigrid method [13]. We denote by v
the number of smoothing steps. Then, at the level j with j = 1,...,J, the multigrid
operator B; : V; — Vj is defined by induction in the following way. We set By := A; ",
and given an initial iterate 2°, we define Bjg € V; for g € V; as in Algorithm 3.1.

Algorithm 3.1 Multigrid algorithm (MG) B;g = MG(p, j,g,2°,v)

1. Set ¢° = 0.
2. Define 2! for I =1,...,v by

l‘l = J}l_l + R§l+u) (g — ijl—l).

3. Set 7’]'_1.: I;_l(g — Ajﬂ?u).
4. Define ¢* for i =1,...,p by
qi = MG(pvj - 1371j71aqi71a V)'
5. Set y¥ = z¥ + Ijj-;lqp.
6. Define 3! forl=v+1,...,2v by

gl =yl 4 Rg.””)(g _ Ajyl—l).

7. Set Bjg = Y.

The quantity p is assumed to be a positive integer. We focus on the cases
p = 1 and p = 2 that correspond to the symmetric V-cycle and the symmetric
W-cycle, respectively. We underline that in Step 2 of the algorithm, we alternate
between R; and RjT, whereas in Step 6, we use their adjoints applied in the reverse
order.

Furthermore, we introduce the following notation that will be useful in the con-
vergence analysis. We set K; := I — R;A;, where I is the identity operator, and we
define its adjoint with respect to A;(-,-) as K7 := I — R] A;. Moreover, we set

KW . (K;K;)?2 if v is even,
T (KKK if vis odd.
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It can be proved (see [11]) that the following fundamental recursive relation for
the multigrid operators B; introduced above holds true for j=2,...,J:

(82) 1= BiA; = (R [(1— 1 PI™) + 1y (1= By Ay )P P KL,

The quantity I — B;A; is known as the error propagation operator.

4. Coarsening strategy. In this section, we describe the construction of the
sequence of tessellations {7}}3’:1 by means of an agglomeration strategy. Given the
open bounded connected domain 2 C R?, we introduce a tessellation 7 of triangular
elements F; having characteristic mesh size h ;. Starting from this tessellation Ty,
by agglomeration we generate a sequence of coarser nested meshes {7; }]:_11, where
j refers to the level of the agglomeration process. For instance, j = J — 1 denotes
the mesh at level J — 1, i.e., the mesh 7;_; generated by the agglomeration of the
mesh 7;. Examples of the coarsening strategy are reported in Figure 3; each column
is obtained by the coarsening strategy.

The elements of each mesh 7;, j =1,...,J, can be expressed as the union of the
triangular elements of the original fine mesh 7;. More formally, each mesh 7; satisfies

the following requirements.

1. T;_1 represents a disjoint partition of {2 into elements obtained by a suitable
cluster of elements of the mesh 7;.

2. Each element F;_; € T;_; is an open bounded connecte(il subset of the domaiin
2 and it is possible to find a set Tg,_, C 7; such that E; | = UEjeTEj,l E;.

3. For every open polytopic element E; € 7; there exists TEIj C Ty such that
Ej=Ug,ery Es-

Remark 4.1. Given a fine-level tessellation T consisting of uniformly star-shaped
triangular elements, a finite number of agglomeration steps will produce a sequence
of tessellations such that every element E; € T;, j =1,...,J — 1, satisfies the above
requirements, and it is the union of a finite and uniformly bounded number of star-
shaped domains with respect to a disk of radius pg;hg; as required by assumption
Al. In particular, we can select the py in assumption Al to be the infimum of the
values achieved by pg, on all the considered tessellations 7T;.

As explained, the coarse tessellation 7;_; is obtained by agglomeration of the
fine tessellation 7;, and, in practice, each F;_; will be given by the bounded union
of elements E; € 7;. Consequently, in practical applications, the bounded variation
hypothesis h;j—1 S hy < hj_1, j =2,...,J, in assumption A2 is usually satisfied by
construction.

Remark 4.2. In general, what follows applies also to other nested meshes satis-
fying the following boundary compatibility condition; i.e., the edges of the element
E; e Eg_l that lie on the boundary of the element F;_; share the same nodes of the
element F;_;. In Figure 1, we report an example of nested elements that satisfy and
that do not satisfy the boundary compatibility condition.

Since the coarse level 7,_1, j = 2,...,J, is obtained by agglomeration from
7, the partitions {’TJ}jzl are nested, and this is of fundamental importance for the

theoretical analysis that we will perform. We underline that even if the partitions
satisfy a nestedness property, in general the finite-dimensional spaces {Vj}j:l are
non-nested. Indeed, V;_1 ¢ Vj, j = 2,...,J. Consequently, the analysis of the
proposed method will make use of the general framework of non-nested multigrid
methods.
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(a) Admissible nested elements. (b) Non admissible nested elements.

Fic. 1. Example of (a) admissible nested elements and (b) non-admissible nested elements.
Circles and squares represent the nodes of Ej and Ej;_1, respectively. The green cross markers in
(b) highlight nodes violating the boundary compatibility condition. (Color available online.)

u A (En)
® A (Zkji1\Ej)

F1G. 2. Ezample of nodes related to the set of indices N'(E;_1) (red squares) and to the set of
indices N'(Tg;_, \Ej—1) (green circles). (Color available online.)

5. Prolongation operator. We underline that since in general V;_; ¢ Vj, the
prolongation operator Ij-_l cannot be chosen as the classical injection operator. In
order to define the prolongation operator I j]-;l : Vi1 — Vj, we introduce the following
notation.

Let 7']3].71 be the subset of 7; made of elements E; € 7T; introduced in section 4,
Le., Te,_, = Uig,er: ,cm, ) Fj- We introduce the virtual element space VjEj_1

given by a patch of local virtual element spaces Vi where E; €Tg,_,,ie,

vE

f = {’U, S Hl(Ejfl) N Co(Ejfl) : U|Ej € VEj, Ej S TE];I} .

j—1

Moreover, let @fj for i € N(Tg,_,) be the corresponding Lagrangian shape
functions. We denote by N(7g,_,) := Ug,eTy,, , N (Ej) the set of the indices of the
nodes of all the elements E; € Tg;_, and, finally, by N (Tg,_,\E;-1) := N(Tg,_,)\
N (Ej_1) the set of the indices of the nodes that belong to the elements Ej; € Tg,, but
not to the element F;_;. In Figure 2, we provide a graphic example of the different
sets of nodes.

We choose [ 33-71 as the operator locally defined as

IJ Uji—1
Jj—177 |Ej_1

oy 0 Bit
= Z dofi(’LLjfl)(pi T4+ Z dOfi(Hl,E]-,lujfl)‘pi Ty
iEN(EJ‘—l) iEN(TEjfl\Ej—l)

(5.1)

. g ) E]'71
with ijluj_lej,l ev, .
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To better clarify the local construction of the prolongation operator, let us con-
sider the example shown in Figure 2. In this picture the coarse element E;_; consists
of six elements I;. Given the VEM function u;_; € V;_; restricted to the element

E;_q, ie, Uj1, € VFi-1 the prolongation operator gives the VEM function
: izt _ _
IJ]'—luj_llEj,l € VjEj’l. As Ig—luj_l\Ej, is a VEM function on ‘/jE”l, it is locally de-

1
fined as the linear combination of the local VEM basis functions @f i e N(Tg,_,).
As coeflicients of the linear combination we select the values assumed by w;_; in the
nodes z;,i € N(E;_1) (squared nodes), and the values assumed by its local polyno-
mial projection H?,Ej_luj,l in the nodes x;,i € N(7Tg,_,\F;_1) (circular nodes).

Jj—1

Remark 5.1. We underline that the prolongation operator defined in (5.1) has
been tailored to deal with the lowest order virtual element approximation, and it can-
not be straightforwardly generalized to high-order virtual element approximations.
Indeed, its definition strongly relies on the fact that for £ = 1 the degrees of free-
dom coincide with the values of the virtual element function at the vertices of the
polygons. For the same reason, the prolongation operator is tailored to deal with
agglomerated meshes satisfying the assumptions of section 4. Therefore, in the case
where non-nested grids are considered, definition (5.1) needs to be modified, and
consequently all the theoretical proofs related to the prolongation operation must be
changed accordingly.

6. The BPX framework. In the following section, we apply the BPX multigrid
framework to the theoretical convergence analysis of our multigrid VEM. The BPX
multigrid theory was first developed by Bramble, Pasciak, and Xu in [13] for the
analysis of multigrid methods with non-nested and non-inherited quadratic forms.
Then, it was later extended in [19].

First, we introduce the assumptions that stand at the basis of the BPX theory,
and then we recall the theorems that guarantee the convergence of the method under
these assumptions.

The BPX multigrid theory is based on the following assumptions.

A3. 3C43 > 0 such that for any j =2,...,J

Aj(Ij_lu, Ij_lu) <Caz Aj—1(u,u) Yue Vg,
where C43 is independent of j.

A4. Approximation property: 3C44 > 0 such that

j j—1 HAJUH? .
(6.1) |Aj (1 = I} P u,u)| < C’A4T YueV;, j=2...,J,
j
where A; is the largest eigenvalue of A;, Ca4 is independent of j, and || - ||; is the

norm induced by (-,-);.
A5. Smoothing property: 3C45 > 0 such that

2

ul|s ~
” ”] SCA5(RJ"U,7’U,)j VUE‘/}, j=1...,J,

Aj
where R; = (I — K;‘KﬂA;l and Cys is independent of j.

The validity of assumptions A3 and A5 is proved in section 7. Concerning as-
sumption A4, in [19] it was proved that the following hypotheses are sufficient for the

(6.2)
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validity of assumption A4. In section 7, we prove that hypotheses H1-H7 are satisfied
in our framework involving the elliptic problem (2.1) satisfying the elliptic regularity
assumption (2.2).

H1. A;(-,-) : V; x V; = R is a symmetric, positive definite, and bounded bilinear
form, and we define

llelly ; = y/Aj(u,w) Vu € V5 V5.

H2. There exists an interpolation operator Z¢ : H2(2) — V; such that for all
J=2.. .,

(6.3)  llu—T'ullr2(9) + hill|u = Z'ull|, ; < ChEllullp2(), i=4— 1.4
H3. For all j =2,...,J, it holds that

(6.4) 11yl 20y < Cus lvll2@) Vo € Vi,

H4. For all j =1,...,J, it holds that

(6.5) CHvllz2(@) < Ivlly < Clvllrz@) Yo €V

H5. For all j =1,...,J, the following inverse inequality holds:

(6.6) olly ; < Ch: ol oy Vo€ V.

H6. Let f € L%(Q). Let w € V and u; € V; be, respectively, the solution of
(6.7)  Alu,u) = (f,v)r2(0) Yo eV, Ai(u,v)=(f,v)r2 YveV.

For all j = 2,...,J, we require that

lu = will L2 () + hillue = willly ; < CBY|| fllzys  i=J—1,5.

H7. The following estimate holds true:

| Z7w — I\ T wl| 2 () < Crr h2|wllge)  Yw € HA(Q).

The convergence analysis of the multigrid method is stated in the following two
theorems [13, 19] that prove that under assumptions A3, A4, and A5, the error
propagation operator I — B;A; defined in (3.2) satisfies

(6.8) [A; (I = BjAj)u,u)| < 0A;j(u,u) YueVy Vj>1,

with constant ¢ < 1. In particular, Theorem 6.1 and Theorem 6.2 state the conver-
gence of the symmetric V-cycle method and W-cycle method, respectively. They in-
clude both the case in which the bilinear form A;_1 (-, -) is inherited and non-inherited
as in Definition 3.1.

THEOREM 6.1 ([13, Theorem 2] and [19, Theorem 3.1]). If assumption A3 holds
with Cas = 1 and if assumptions A4 and A5 hold, then for the V-cycle multigrid
(p = 1) inequality (6.8) holds true with

M
M+v’

(6.9) o=
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where M depends on C' a4 and C a5, and v is the number of smoothing steps. Moreover,
if assumptions A3, A4 and A5 hold, then for the V-cycle multigrid (p = 1) inequality
(6.8) holds true with

_ CagCas
- v—CasCas’
provided that v > 2C 44C 45.
THEOREM 6.2 ([13, Theorems 3 and 7]). If assumption A3 holds with Ca3 =1,
and if assumptions A4 and A5 hold, then for the W-cycle multigrid (p = 2) (6.8)
holds true with o defined as in (6.9). Moreover, if assumptions A3, A4, and A5 hold,

then for the W-cycle multigrid (p = 2) (6.8) holds true with o defined as in (6.9)
provided that v is chosen sufficiently large.

In the rest of the paper, we prove the validity of hypotheses HI-H7 and of as-
sumptions A3 and A5 for the two-level method. Therefore, we set J = 2, and we
consider the two non-nested spaces V;_; and V;. Next, we generalize the analysis to
the V-cycle and the W-cycle.

7. Convergence analysis. In this section we prove the validity of all hypotheses
H1-H7 and of assumptions A3 and A5. In subsection 7.1 we focus on the convergence
of the two-level method, and then, in subsection 7.2 we extend the results to the
analysis of the convergence of the V-cycle and the W-cycle multigrid schemes.

7.1. Convergence analysis of the two-level method. Hypothesis H1 is sat-
isfied since by construction the forms A;(-,-) are symmetric, positive definite, and
bounded bilinear forms for all j.

We set [[ul, g, = \/Afj (u,u). Therefore,

all; = > Ml o, = > A7 (wu) = Aj(u,w).

E;€T; E;€T;
In particular, proceeding as in [17], it can be proved that for any u € VEi  the
following norm equivalence holds:
2 _ gk
[ult (g, ~ A;7 (u, u).
As a consequence, we conclude that
(7.1) ey ; = lular @),

and we will use this equivalence in the following proofs.
As interpolation operator, we consider the operator Z7 : H?(Q2) — V; defined as

(7.2) dof;(u — T/u) =0 Yu €V, i € N(T;).

For the enhanced virtual element framework, hypothesis H2 follows from the following
proposition given in [1].

PROPOSITION 7.1. Assume that assumption Al is satisfied. Then, for E; €
Ti, i =7 — 1,7, and for every u € H?(E;), the interpolant T'u € V; defined in (7.2)
satisfies

(7.3) lu— T'ull 2k, + hilu — Tl e,y S Belulpe )

the hidden constant depends on pg defined in assumption Al.
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If we choose (-, -); as the L?-inner product, then hypothesis H4 is satisfied. In the
following, we denote by Czl the set of elements E; € Tg, , having the node x; as

vertex and by #C””J_1 its cardlnahty

PROPOSITION 7.2 ([17, Corollary 4.6]). For any u € VFi, E; € T;, the following
norm equivalence holds true:

(7.4) ST (dofi() Sllullzamy Shy | Y. (dof(u

1EN(E;) €N (E;)
Moreover, for any u € VjEj’l, E;_1 € Tj_1, the following norm equivalence holds:

Ry Y #CE Jdofi(w)P S lullfam, oy ST D #CEldof(u).

€N (Tr;_y) iEN(Te;_y)
Hypothesis H5 can be proved from the inverse inequality of a VEM function
reported in the following theorem [17].
THEOREM 7.3 ([17, Theorem 3.6]). The following inverse inequality holds true:

(7.5) IVullr2e,) S hjHlullees,) Yoe V.
Assuming f € H'(Q), hypothesis H6 results from (7.1) and the following theorem
reported in [1].

THEOREM 7.4 ([1, Theorem 3]). Let u be the solution to the problem A(u,u) =
(f,v)r2() Yv €V oandlet u; € Vi, i = j—1,5, be the solution to the discrete problem
Ai(ui,v) = (f,v)r2() Yv € Vi. Assume further that  is convex, that the right-hand
side f belongs to H*(Y), and that the exact solution u belongs to H*(Y). Then the
following estimate holds true:

lu = wil| L2 () + hillu — wil| gy S Rl ),

where the hidden constant is independent of h;.

Remark 7.5. We underline that, with respect to the standard BPX theory, we
need to require f € H(Q) in order to have hypothesis H6 satisfied.

Now, we show that the stability result of the prolongation operator Ijj_l in hy-
pothesis H3 holds true.

PROPOSITION 7.6. Let Ijj-;l be the prolongation operator defined as in (5.1). The
stability estimate hypothesis H3 holds true.

Proof. To begin with, let us focus on the element E;_; € 7;_;. We show that

1 _yuj—illz2z,_y) S llwj-1lleem,_y)  Yui—1 € Vi1

We apply Proposition 7.2 to ||Ij]-'71uj_1\|L2(Ej71) and we use the definition of the
prolongation operator I ;_1. Moreover, we define #Cg; , := maX;cn(75. ) #CE@ L
i _

j 2
1L _1wj—1llT2ce, )

ShE Y #CE [dofi(I_yu )
€N (Te;_,)
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2 ; j 2 £ 12 j 2
= hj Z #CE M _quj—1(2)]” S h5#C,_y Z [T} yuja (i)
€N (Te;_,) €N (Te;_,)

= h?#CEj,l ( Z ‘Uj—l(xi)|2 + Z H?,Ejluj—l(xi)F)'

PEN (B 1) €N (Te;_ \Ej-1)

Next, we bound each of the two terms on the right-hand side separately. For the
first one, we apply Proposition 7.2 for u;_; € VEJ'*HEj,l € Tj—1, to obtain

1
(7.6) > lua@)P S hTH“j—lHQH(Ej,I)-
iEN(Ej—l) J—1

For the second one, first we add positive quantities, and then we make use of Propo-
sition 7.2 and of the L?(E;_1)-stability of the projection operator H?,Ej_l,

Z |H(1),Ej,1uj—1(517i)|2 S Z |H(1),Ej,luj—1(xi)|2

iEN(TEj,l\Ej—l) ’L‘EN(TEjfl)
S Y #CE Mg ua(e)
~ RN L WV RS L
€N (Te,_,)
Lo 2
S EHHLEJ.,IUJ‘AHL?(E].,I)
J

1
< ﬁHujflniz(Ej,l)'

J

Estimate (7.6) together with estimate (7.7) leads to

. h‘ 2
Hfj_lu]-_llliz(&—l) S [(h‘] > !
-1

Finally, summing on all E;_; € 7;_1, we obtain

#Ck, _, ||Uj—1||%2(EJ_1)~

||I;71“j—1||L2(Q) < Cuslluj-1lz20),

where Cy3 = CHg(h},L—jl, #Cp,_,), and the proof is complete. d
J— -
In order to verify hypothesis H7 we first prove the following preliminary results.

LEMMA 7.7. For any u;_1 € VjEjfl, E;_1 € Tj_1, the following estimate holds:

(7.8) M g, uj = I qujalleee, ) SIS 5, w1 — wiallLoe, ),

where the hidden constant depends on hjlil and #Cg,_, -

Proof. To begin with, we apply Proposition 7.2 to the left-hand side term of (7.8),
and then we use the definition of the prolongation operator I 571,

0 5, w1 = L_yuj-allZa e, )

SBE Y #CE |dof (T 5wy — I juy )P
€N (Te;_,)
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_ 12 i 0 J 2
=07 Y #CE M gy (w) = I u ()]
ie/\/’(TEj,l)
2 i 0 J 2
N hj ieNI?%X ) ijj,l Z |H1,Ej,1uj—1($i) _ijluj—l(zi”
i-1 iEN(TEj,l)

Sh#Ce ( Yo M g (w) —ua ()

iEN(Ejfl)

(7.9) + > 0 g, uj—1 (i) — H?,Ej_lujl(ffi)|2>~
’L'EN(TEj_l\Ejfl)

The second term of the last inequality of (7.9) is zero. Therefore, we only need to
estimate the first term. Using Proposition 7.2, we obtain

W#HCe, Y I 5wy (w) — o (x)]

ieN(qu)
< HC hj ? 110 2 < 1° 2
S#CE ) lwj—1 =104 g, wi-1lli2e, ) S Nwj—1—10 g, wi—1llTzcg, )
J—
where the hidden constant depends on hfi - and #Cg;_, . 0

LEMMA 7.8. For any w € HQ(Ej,l), E;_1 € Tj_1, the following estimate holds

(7.10) ||H(1),Ej_1w - H?,Ej ijlw”%mzj_l) S WillwllFre (s, )

—1 j

where the hidden constant depends on h;l—:l

Proof. First, adding and subtracting w — Z7"'w and applying the triangle in-
equality yields

(7.11)
MY g, w =T 5 T wl2m, ) < lw =T wll2g, )

+1( - H?,Ej_l)(w — T w)llL2(E,_y)-

Next, we bound each of the two terms on the right-hand side of (7.11) separately. For
the first term, since w € H*(E;_1), we can apply Proposition 7.1. Then

177~ w = wllfeg, ) S P allwlites, )

J
(7.12) hi1\4
S (B2) Wil ) S Bl ).
J

For the second term, we notice that Z2~'w € V;_y C H'(Q) and w € H?(2). There-
fore, w — Z7"'w € H'(E;_1). Consequently, we can apply Lemma 2.1:

(7.13) I =11 g, )(w =T )|,y S B alw =T wlip g, ).
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Since w € HQ(Ej,l), we can apply Proposition 7.1, and we obtain

h2 g |w— Ij_lw@Il(Ej,l)? S h?q”wH%{?(Ej,l)

(7.14) (hj—l

4
< (B2) Wbl S ElolBn s,

~

Combining estimates (7.12), (7.13), and (7.14) leads to (7.10). O
Using the previous lemmata, we prove that the following holds true.

PROPOSITION 7.9. Let Z7 be the interpolation operator defined in (7.2). Then,
hypothesis HT holds true.

Proof. Let us focus on the element E;_; € T;_;. We want to show that
(7.15) | Tw — I\ T wllpag,_yy S W lwllp2s,_,) Y € HX ().

By adding and subtracting w — H?’Ej_lw + H?’Ej_ljj—lw and applying the triangle
inequality, we obtain ' '
1Z7w— I\ T~ wl| 2,y < [TPw — w2,y
(7.16) + ||’LU - H?,Ej,leL?(Ej_l) + ||H(1)’Ej71w — H?VEFIIJ‘leLz(Ej_l)
A g, T w — I T w2,y

In order to estimate the first term on the right-hand side of (7.16), we use Propo-
sition 7.1 to obtain

1T = wllfem, = D ITw=wliam) S Y. Al

EjETEj_l EJ'ETEj_l
(7.17) 3 pire i
E]‘GTEJ-,1

To estimate the second term on the right-hand side of (7.16), we use Lemma 2.1

flw — H(l),Ej,le%%Ej,l) S h§—1||w||%12(Ej,1)

hi1\4
S/( ;Lj ) h§||w||2H2(Ejf1) Sh?”“’”%ﬂ(@.ﬂy

(7.18)

To estimate the third term on the right-hand side of (7.16), we use Lemma 7.8.
(7.19) I3, w — H?,Ej,lzj_lw”Qp(Ej,l) S h?”wH%#(Ej,l)-

It remains to estimate the fourth term on the right-hand side of (7.16). First, we
apply Lemma 7.7; then we add and subtract the term H?,Ej_lw —w and we apply the
triangle inequality to obtain

0 j—1 j j—1
||H1,Ej_1Ij w = I‘g—lIJ w”LQ(Ej—l)
0 j— j—
(7 20) S ||H1,Ej,11j hw— TV 1U)||L2(1'3j71)
‘ 0 j—1 0 0
S g, 27 w—14 g wlrem, ) + 1L 5w — w2, )

+ ||Ij_1w — ’LU||L2(E]._1).
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An estimate for the first term on the right hand side of (7.20) is provided in Lemma
7.8, whereas for the second term we use Lemma 2.1 as done in (7.18), and for the
third term we use Proposition 7.1. Therefore, we obtain

(7.21) I g, T w— I T wl o s,yy S Ballwll e

j—1)

Combining (7.17), (7.18), (7.19), and (7.21), we obtain (7.15). Finally, summing
on all E;_; € T;j_1, we obtain the thesis with constant Cp7z = C’H7(hji17 h,’;ﬂ
#CEj—l)'

If the bilinear form A;_(-,-) is inherited (cf. Definition 3.1), then assumption
A3 is trivially satisfied with C'43 = 1. Consequently, it remains to prove the following
proposition.

PROPOSITION 7.10. Let A;_1(-,-) be the non-inherited bilinear form defined as
in Definition 3.1. Then, assumption A3 holds true.
Proof. Let ug, , be the mean value of u on Ej;_;. By the continuity of A;(-,)
and noticing that Ijj‘_ﬂEj_l‘ =@, ,, we obtain
N E

j—1

, . By , .
Aj(ljj‘f1ualj]e1u): Z Aj (Igj‘fluvfjj‘qu)fs Z ||VI§71UI|%2(E]')

E;€T; E;€eT;
S Y IVU u—tg )iy S Y IV (u=tm, )72,
E;€T; E;€T;

Next, we apply the inverse inequality (7.5) for the VEM function on V¥ and the
stability of I]_; in L*(E;-,) proved in Proposition 7.6:

) B 1 ) B
Z |‘VI;71(U—UEJ.71)||%2(EJ_) S/ Z ﬁ”lgj—l(u_qufl)”%?(Ej)
E]‘Gﬂ Ej€7’j J

1 B
= > Y gl ),
Ej1€Tj-1 E;€Tg; 4, 7
1

= > =),
J Ej_1€Tj-1
1 _

§ ﬁ Z ||’U,—UEJ.71||%2(EJ_71).
J E;_1€Tj—1

Finally, we apply the Poincaré inequality to the virtual element function v — g, _,
that has zero mean on E;_; by definition of @ig,_,, and we conclude by the coercivity

of Aj—l('7 )

1 B By q1)\2
=D DI PR [ R el I S L CE o [ A
J Ej_1€T;1 J E; 1€Tj-1
hii1\2
=(57) X IVl
J Ej_1€Tj-1
B 172
f,( 1 1) Aj_1(u, ).
h;
Therefore, assumption A3 holds true with constant C 43 = C A3(h;7;1 ). 0
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We prove assumption A5 relying on the abstract results reported in [12] for
smoothing operators defined in terms of subspace decomposition such as parallel sub-
space correction (PSC) and successive subspace correction (SSC). Indeed, the Gauss—
Seidel method can be interpreted as an SSC method. Let us consider the following
decomposition of the global virtual element space V; defined in (2.6):

Niog

(7.22) v,=Y v,
=1

where V}/ := span{gpg}. Moreover, let Aj;; : Vi — V! be defined by (A;v,u); =
(Ajv,u); Yo € Vi, and Q} : V; — V; be the projection onto V' with respect to the
inner product (-,-);. Let w € V;. Given the subspace decomposition (7.22) of Vj, the
SSC operator R; : V; = Vj is defined in Algorithm 7.1.

Algorithm 7.1 Successive subspace correction method (SSC) Rjw =

S5C(J, w)

1. Set vy = 0. 4
2. Define v; for i = 17"'7N(]lof by

V; = Vi—1 + A;}Q;(w — Ajvi_1).

3. Set Rjw =v;.

In [12], it is shown that assumption A5 holds for R; defined as in Algorithm 7.1.

THEOREM 7.11 ([12, Theorem 3.2]). Let R; be defined as in Algorithm 7.1, and
let the projection P; V= le be defined by

(Aijv,u)j = (AjU,U)j Yu S ‘/]Z

Moreover, define Kipym = 0 if P;ij = 0 and equal to 1 otherwise, and set ng =

NJ
max; Y, 20 Kim. Assume that the following two conditions hold:

1. The subspaces satisfy a limited interaction property, i.e., ng < c1, with ¢
independent of j.
2. There exists a positive constant co not depending on j such that for each
J

N ,
u € V; there is a decomposition u =Y, 7" u; with u; € Vi satisfying

J
Ndof

D Muillf < collull3.
i=1

Then (6.2) holds with

(7.23) Cas = 2co(1 4 c3).

In our particular case, it turns out that x;,, is different from zero only if Q; nay #*
0, Wherel we denote by (2% the support of the Lagrangian basis function ol =
1,...,Nj, 2 Consequently, we can take ¢ as the maximum number of supports {Q;”}
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of the basis functions {¢? } that intersect Q; Due to the mesh regularity require-
ments of assumption Al, ¢; is a bounded quantity. Moreover, we can set ¢y = 1.
Therefore, the two conditions stated in Theorem 7.11 are satisfied, and we conclude
that assumption A5 holds with Ca5 defined as in (7.23) in case we choose R; to be
the linear smoothing operator induced by to the Gauss—Seidel smoother.

7.2. Convergence analysis of the V-cycle and W-cycle methods. In this
section we briefly deal with the convergence of the V-cycle and W-cycle, i.e., when
J > 2, by generalizing the proof of the convergence of the two-level method. To
this aim, let us first remark that a closer inspection of the proofs of hypotheses
H2, H4, H5, and H6 reveals that the constants appearing in (6.3), (6.5), (6.6), and
(6.7) depend on the considered level j. Moreover, the constants Cyus, Cps, and Cpy
appearing in assumption A3 and hypotheses H3 and H7 depend on hj‘i , hi:, and

1

#Cg,_,, respectively. Therefore, we denote by I, Cﬁm, Cim, and C}ﬁ such constants.
Since, as eXplalned in assumptlon A2, We assume a bounded variation hypothesis
be 7_1 are bounded. Moreover, if the
fine tessellation T; con51st1ng of trlangles is a Shape regular tessellation, then #Cg,

is uniformly bounded by #Cpg,. Indeed, due to the agglomeration procedure, the
cardinality of the set of elements F; € TEjf1 having a certain node as vertex cannot
increase. Hence, all the involved constants are uniformly bounded independently
of the level j. Consequently, assumption A3 is satisfied setting C43 = max;{C s}
and assumption A4 is satisfied setting C' = max;{C?}, Cys = max;{C},;}, and
Cyr = maxJ{CH7} Furthermore, assumption A5 is satisfied with C45 defined as in
(7.23) independently of the level j. To conclude, it is sufficient to invoke Theorems
6.1 and 6.2.

8. Numerical results. In this section we describe the implementation of the
multigrid method introduced in section 3, and then we present some numerical results
to assess the convergence properties of our h-multigrid virtual element algorithm.

8.1. Implementation details. The algebraic linear system of equations stem-
ming from the virtual element discretization (2.7) of the Poisson equation on the finest
grid 7 is in the form
(8.1) Aju; =1y,

where u; € RV do represents the Vegtor Jof the degrees of freedom of u; € V; with
respect to the VEM basis, A € RNaosNios gepresents the matrix associated to the
operator Ay defined in (3.1), and f; 6 RMios is the vector associated to f; € Vi

defined as (f7,v)r2(q) = ZE]eTj(fv 0.5, )Lz(EJ) Yv € Vj.

The algebraic counterpart Ig 1 € RN dog+Nioj

Vi—1 — V; is locally defined Vt € N'(E;_1) as

dof of the prolongation operator I 1t

1 Ej_1 .
(Zév—l dofp, (g, (I 5, ¢ )gmg(x,»)), i € N(Tg;_,\Ej-1),

I =
) 1, i=t, ieN(Ej_1),

0, i#t, ieN(E;j_1),
where dofp, (g, ,)(-) is the operator returning the degrees of freedom with respect to

the basis of IP1(£;_1) consisting of the set of scaled monomials M;(E;_1) introduced
n (2.3). The algebraic counterpart of the restriction operator I 4V = Vi
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‘ L
is denoted by I;-_l € RNdos ’N(Jiof, and the algebraic counterpart of the operator
i=1 =1

Aj_1, j=2,...,J, is denoted by A;_; € RNaos Naos |

As a smoothing iteration, we have selected the Gauss—Seidel method. The al-
gebraic counterparts of the operators R; : V; = V; and R;-F are the matrix R; €
RNaos Naos and RjT € ]R]\]icu“]\’glof7 respectively. We set Rg-l) equal to R if [ is odd and
equal to R;; if if [ is even.

Now, we are ready to introduce the algebraic counterpart of the multigrid method
introduced in section 3. In Algorithm 8.1, we outline the multigrid iteration algorithm
for the computation of uy. MG, (J,f;, ug,v) represents either one iteration of the
non-nested W-cycle (p = 2) or one iteration of non-nested V-cycle (p = 1).

Algorithm 8.1 Multigrid iteration for the solution of problem (8.1)
Initialize u’;
for k=0,1,...do
uttl = MG, (J, £5,u*, v);
end for

In particular, Algorithm 8.2 represents the solution obtained after one iteration
of either the W-cycle (p = 2) or the V-cycle (p = 1) method with initial guess x°
and v Gauss—Seidel iterations of pre-smoothing and post-smoothing. The two-level
method is a particular case of Algorithm 8.2 corresponding to J = 2.

Algorithm 8.2 p-cycle Multigrid (p =1 or p=2) y = MG,(j,g,x°,v)
Set q° = 0.

if j =1 then
MG,(1,g,x%v) = A 'g.
else

Pre-smoothing:
for/i=1,...,vdo

xt=xi-1 4 RE-HV)(g — A xIhy;
end for '
Coarse _grid_correction:
r_1= Ii_l(g — AjXV);
fori=1,...,pdo

ql = MGP(] - 17 r_1,q
end for
v =x"+5_ g%
Post-smoothing:
fori=v+1,...,2v do

y =y T 4RI (g - Agy' Y
end for
MGP(]v g7 XO? l/) = y

end if

L)

2v

8.2. Tests. In this section we present some numerical results to assess the con-
vergence properties of our h-multigrid virtual element algorithm for the solution of
the Poisson equation on the unit square Q@ = (0,1) x (0,1) with 4 = 1, f(z,y) =
—2(z(x — 1) + y(y — 1)), and homogeneous Dirichlet boundary conditions. We con-
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Fic. 3. Sequences of agglomerated grids for testing the h-multigrid method. The corresponding
fine grids Ty consist of 511 (a), 1034 (b), 1939 (c) and 3915 (d) elements, respectively.

sider both the case in which the bilinear form is inherited and the case in which it is
non-inherited; cf. Definition 3.1.

We consider the set of agglomerated meshes shown in Figure 3. The coarsening
strategy has been realized through a code developed by the authors. The first row
of Figure 3 shows the sequence of initial fine grids corresponding to decreasing mesh
sizes hy. They consist of shape-regular triangle tessellations with 511 (Figure 3(a)),
1034 (Figure 3(b)), 1939 (Figure 3(c)), and 3915 (Figure 3(d)) elements, respectively.
The triangle mesh has been generated using the Triangle library [23]. The remaining
rows of Figure 3 show the sequence of agglomerated nested coarsened meshes.

Our aim is to analyze the performance of the two-level, the W-cycle, and the
V-cycle h-multigrid schemes based on the VEM of order £ = 1. We set a relative
tolerance of 1078 as a stopping criterion.
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TABLE 1.

(Inherited case.) Iteration counts and convergence factor (within parentheses) for both the two-
level (TL) and the W-cycle algorithms as a function of v and for the W-cycle scheme as a function
of the number of levels. The results are compared with the corresponding iteration counts of the
CG/PCG methods. The sequence of agglomerated meshes is shown in Figure 3.

W-cycle W-cycle
TL 3 level 4 level TL 3 level 4 level
Set 1 Set 2
v =2 8 (0.092) 8 (0.092) 8 (0.092) 9 (0.107) 9 (0.109) 9 (0.109)
v=4 6 (0.035) 6 (0.036) 6 (0.036) 6 (0.045) 6 (0.046) 6 (0.046)
v=6 5 (0.022) 5 (0.022) 5 (0.022) 6 (0.027) 6 (0.027) 6 (0.027)
v =28 5 (0.017) 5 (0.017) 5 (0.017) 5 (0.017) 5 (0.017) 5 (0.018)
NG© =51, NECCG =21 NGCG =71, NECG =29
W-cycle W-cycle
TL 3 level 4 level TL 3 level 4 level
Set 3 Set 4
v =2 8 (0.093) 8 (0.094) 8 (0.094) 9 (0.105) 9 (0.105) 9 (0.105)
v=4 6 (0.033) 6 (0.033) 6 (0.033) 6 (0.038) 6 (0.038) 6 (0.038)
v =6 5 (0.018) 5 (0.018) 5 (0.019) 5 (0.022) 5 (0.022) 5 (0.022)
v =28 5 (0.013) 5 (0.013) 5 (0.013) 5 (0.016) 5 (0.016) 5 (0.016)
N§G =102, NECG =40 N§C = 146, NFCG =58

TABLE 2.

(Inherited case.) Iteration counts and convergence factor (within parentheses) for the V-cycle
scheme as a function of v and of the number of levels.

The sequence of agglomerated meshes is

shown in Figure 3.

V-cycle V-cycle
3 level 4 level 3 level 4 level
Set 1 Set 2
v=2 9 (0.105) 9 (0.128) 10 (0.132) 10 (0.150)
v= 7 (0.050) 7 (0.066) 7 (0.059) 8 (0.073)
v==6 6 (0.033) 6 (0.046) 6 (0.034) 7 (0.048)
v=2_8 5 (0.025) 6 (0.034) 5 (0.023) 6 (0.035)
V-cycle V-cycle
TL 3 level 4 level TL 3 level 4 level
Set 3 Set 4
v=2 9 (0.114) 11 (0.167) 9 (0.118) 10 (0.151)
v= 6 (0.046) 8 (0.077) 7 (0.049) 7 (0.067)
v==6 6 (0.029) 7 (0.048) 6 (0.030) 6 (0.042)
v=2_8 5 (0.020) 6 (0.035) 5 (0.021) 6 (0.030)

In Tables 1 to 4, we report the iteration counts (or cycles) needed to reduce the
relative residual below the chosen tolerance and the computed convergence factor

defined as

[N

‘= exp In
g (N o

||2>
l2 )’

where ry and r( are the final and the initial residual vectors, respectively. The number
of iterations is presented as a function of the number of levels and the number of
smoothing steps. The results are shown for the two-level (TL), the W-cycle, and the
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TABLE 3.
(Non-inherited case.) Iteration counts and convergence factor (within parenthesis) for both the
two-level (TL) and the W-cycle algorithms as a function of v and for the W-cycle scheme as a
function of the number of levels. The sequence of agglomerated meshes is shown in Figure 3.

W-cycle W-cycle
TL 3 level 4 level TL 3 level 4 level
Set 1 Set 2
v=2 8(0.0815) 8 (0.0817) 8 (0.0818) 8 (0.0967) 8 (0.0974) 8 (0.0975)
v= 6 (0.0325) 6 (0.0327) 6 (0.0327) 6 (0.0397) 6 (0.0399) 6 (0.0399)
v= 5 (0.0206) 5 (0.0207) 5 (0.0207) 5 (0.0207) 5 (0.0208) 5 (0.0208)
vr=8 5 (0.0151) 5 (0.0151) 5 (0.0151) 5(0.0123) 5 (0.0123) 5 (0.0123)
W-cycle W-cycle
TL 3 level 4 level TL 3 level 4 level
Set 3 Set 4
vr=2 8(0.0885) 8 (0.0889) 8 (0.0890) 8 (0.0958) 8 (0.0958) 8 (0.0958)
v= 6 (0.0299) 6 (0.0300) 6 (0.0300) 6 (0.0340) 6 (0.0341) 6 (0.0341)
v= 5 (0.0160) 5 (0.0161) 5 (0.0161) 5 (0.0189) 5 (0.0189) 5 (0.0189)
vr=8 5(0.0112) 5 (0.0112) 5 (0.0112) 5 (0.0126) 5 (0.0126) 5 (0.0126)
TABLE 4.

(Non-inherited case.) Iteration counts and convergence factor (within parenthesis) for the V-
cycle scheme as a function of v and of the number of levels. The sequence of agglomerated meshes
is shown in Figure 3.

V-cycle V-cycle
3 level 4 level 3 level 4 level
Set 1 Set 2
v=2 8 (0.0924) 9 (0.1112) 9 (0.1101) 9 (0.1259)
v= 6 (0.0421) 7 (0.0563) 6 (0.0459) 7 (0.0600)
v= 6 (0.0273) 6 (0.0351) 5 (0.0249) 6 (0.0375)
v=2_8 5 (0.0197) 5 (0.0238) 5 (0.0161) 6 (0.0267)
V-cycle V-cycle
TL 3 level 4 level TL 3 level 4 level
Set 3 Set 4
v=2 8 (0.0989) 9 (0.1275) 8 (0.0972) 9 (0.1218)
v= 6 (0.0369) 7 (0.0619) 6 (0.0370) 7 (0.0565)
v= 5 (0.0219) 6 (0.0401) 5 (0.0220) 6 (0.0352)
v=2_8 5 (0.0162) 6 (0.0298) 5 (0.0158) 6 (0.0256)

V-cycle multigrid. In particular, in Tables 1 and 2, we report the results obtained in
case the inherited bilinear form is chosen, whereas in Tables 3 and 4, we report the
results obtained in case the non-inherited bilinear form is selected. From the results
of Tables 1 to 4, we notice that for a given number of smoothing iterations v, the
number of iterations needed to reduce the relative residual below the fixed tolerance
does not vary significantly with respect to the dimension of the underlying algebraic
system, as predicted by Theorems 6.1 and 6.2. Moreover, as expected, the iteration
counts decrease for larger values of v. From Tables 3 and 4, we further observe that
the assumption on the number of smoothing steps needed to guarantee convergence
in the case of non-inherited bilinear form does not seem to play a key role for the
considered test case.

In Table 1, for each set of tessellations, we report also the number of iterations
N§C for the conjugate gradient (CG) method and the number of iterations NLC¢
for the preconditioned conjugate gradient (PCG) method accelerated with a modified
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incomplete Cholesky with dual threshold preconditioner. The comparison shows that
the proposed method outperforms both the CG and the PCG schemes in terms of
number of iterations required to achieve convergence within the prescribed tolerance
even for a small value v of smoothing steps.

We observe that even if the agglomerated grids obtained by the considered coars-
ening strategy, in general, do not necessarily strictly satisfy the quasi-uniformity as-
sumption A2, the numerical results agree with the theoretical expected behavior. This
is probably due to the use of a limited number of agglomeration levels. If a larger
number of level j is considered, ad hoc post-processing techniques can improve the
quality of the meshes and enforce the satisfaction of assumption A2. This will be the
object of further investigations.

8.3. The case of a variable coefficient. The theoretical analysis as well as
the numerical tests reported in subsection 8.2 are based on the hypothesis that u is
a positive constant in L°°(2). In this subsection, we present additional numerical
experiments in case p is piecewise constant. Here we suppose that the jumps of p are
aligned with the finest grid; cf. Figures 4 and 5. We focus on the inherited two-level
multigrid scheme (TL), and we report the results of two different tests, namely Test
1 and Test 2. In all the tests we consider the same tessellations reported in Figure 3.

8.3.1. Test 1. We assume that the value of the coefficient p is constant within
an element E; € 7T;, but it may vary from one element to the other ones of the
same level J. In particular, p can assume two different values: either p B, = Ho=1
Or [y, = fte € {10',...,10*}. Therefore, the ratio between the maximum and the
minimum values of p is given by p.. When we apply the coarsening strategy from
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Fic. 4. Sequences of agglomerated grids for testing the two-level h-multigrid method with vari-
able coefficient . The corresponding fine grids Ty are reported in Figure 3. The colors identify
different values of the coefficient p, i.e., o in yellow and pe in red. (Color available online.)
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F1G. 5. Sequences of agglomerated grids for the two-level method with variable coefficient p (po
in yellow and pe in red). The corresponding fine grids Ty are reported in Figure 3 on Set 2. (Color
available online.)
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TABLE 5
(Inherited case.) Condition number (K) and iteration counts and computed convergence factor
(within parentheses) for the two-level algorithm as a function of v. The results are compared with
the corresponding iteration counts of the CG method. The relation between the meshes Ty and Tj_1
is shown in Figure 4.

Le 10 102 108 10%

Set 1
K 2.53 - 102 1.02-103 9.68 - 103 9.64 - 10*
v=2 11 (0.165) 11 (0.185) 12 (0.188) 12 (0.189)
v=4 8 (0.082) 9 (0.103) 9 (0.105) 9 (0.105)
v==6 7 (0.048) 7 (0.065) 7 (0.067) 7 (0.067)
v=_8 6 (0.032) 6 (0.044) 6 (0.046) 6 (0.046)
N§G 89 181 285 403

Set 2
K 4.91-102 1.13- 103 9.67 - 103 9.59 - 10*
v=2 9 (0.124) 10 (0.133) 10 (0.134) 10 (0.135)
v=4 7 (0.063) 7 (0.070) 7 (0.071) 7 (0.071)
v==6 6 (0.043) 7 (0.049) 7 (0.049) 7 (0.049)
v=238 6 (0.035) 6 (0.039) 6 (0.038) 6 (0.037)
N 122 244 453 661

Set 3
K 9.65 - 102 2.31-103 1.62 - 10% 1.59 - 10°
v=2 9 (0.106) 9 (0.122) 9 (0.128) 10 (0.130)
v=4 7 (0.048) 7 (0.060) 7 (0.065) 7 (0.065)
V= 6 (0.031) 6 (0.042) 6 (0.046) 7 (0.046)
v=_8 5 (0.023) 6 (0.034) 6 (0.038) 6 (0.038)
N§G 177 340 640 1147

Set 4
K 1.90 - 103 3.28 - 102 1.064 - 104 1.05 - 105
v=2 10 (0.151) 12 (0.203) 12 (0.212) 12 (0.213)
v = 8 (0.076) 9 (0.119) 9 (0.127) 9 (0.128)
vr==6 7 (0.049) 8 (0.086) 8 (0.094) 8 (0.094)
vr=238 6 (0.036) 7 (0.068) 8 (0.075) 8 (0.075)
N 246 382 881 1600

the finest level J to the coarsest level J — 1, we agglomerate the elements of the level
J so that the resulting elements of the level J — 1 are given by the union of elements
of the level J characterized by the same value of u. We consider the same set of
agglomerated meshes reported in the first and in the second rows of Figure 3. An
example is reported in Figure 4; the yellow cells are associated to the coefficient pu,
and the red cells to the coefficient p.. Moreover, we consider the same forcing function
f of the numerical tests of subsection 8.2.

For the four different sets reported in Figure 3 and for increasing values of p., in
Table 5 we report the condition number (K) of the matrix A ;, the iteration counts for
the two-level method for a given number of smoothing iterations v, and the iteration
counts for the CG scheme. We notice that the number of iterations does not vary
significantly with respect to both the value of p. and the dimension of the under-
lying algebraic system and that the iteration counts decrease for larger values of v.
Therefore, the proposed method seems to retain the same good properties displayed
in subsection 8.2.
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TABLE 6.

(Inherited case.) Condition number (K) and iteration counts and convergence factor (within
parentheses) for the two-level algorithm as a function of v. The results are compared with the
corresponding iteration counts of the CG method. The relation between the meshes Ty and Tj_1 is
shown in Figure 5.

Lo 10 102 108 10*

Set 2A
K 3.44 - 102 4.84 - 102 2.71-103 2.70 - 10*
v=2 15 (0.276) 58 (0.725) 561 (0.968) 5582 (0.997)
v=4 11 (0.163) 41 (0.635) 400 (0.955) 3980 (0.995)
v==6 9 (0.125) 32 (0.557) 312 (0.943) 3105 (0.994)
v==8 9 (0.105) 26 (0.488) 256 (0.930) 2550 (0.993)
Ng< 98 140 227 270
fhe 10 102 108 10*

Set 2B
K 3.65 - 102 5.11 - 102 2.11-10° 2.11-10%
v=2 12 (0.210) 23 (0.436) 27 (0.498) 28 (0.506)
v=4 9 (0.126) 18 (0.340) 21 (0.406) 21 (0.413)
v==6 8 (0.097) 15 (0.287) 18 (0.352) 19 (0.360)
v==8 6 (0.082) 14 (0.253) 16 (0.315) 17 (0.323)
Nge 102 139 232 305

8.3.2. Test 2. In this test we do not take into account the value of p in the
agglomeration process; namely the jumps of p are not aligned with the coarse grid. In
the first test case (Test 2A), we set Mg, = te =1o0n the elements F; € T; with even
index and p, = pio € {10%,...,10*} on the elements E; € T; with odd index. In the
second test case (Test 2B), we proceed in the opposite way; i.e., we set Hg, = Mo = 1
on the elements F; € 7; with odd index and pj, = p. € {10,...,10%} on the
elements F; € T; with even index. The results of the coarsening procedure are
reported in Figure 5 for the first two meshes of Set 2 of Figure 3.

In Table 6 we report the results obtained for increasing values of u, and p.,
respectively. Comparing the results with the ones reported in Table 5, we can notice
that in cases where the coarse grid is not aligned with the discontinuities of . the
iteration counts may vary significantly by increasing the value of u, (or p.). Moreover,
the number of iterations seems to strongly depend on the coarsening process, i.e., on
the way in which elements are agglomerated.

In conclusion, in case of non-constant coefficient u, the proposed method seems
to be scalable with respect to the jump of the coefficient p only if the coarse grid
obtained by agglomeration is aligned with such discontinuities.

9. Conclusions. In this work we have proposed two-level, W-cycle, and V-cycle
geometric multigrid schemes on agglomeration-based nested polygonal grids, and we
have theoretically analyzed their convergence. In particular, we have focused on the
solution of the linear system stemming from a primal virtual element discretization
of order £ = 1 of the Poisson equations. The novelty of our approach lies in exploit-
ing the flexibility of VEM in dealing with rather general element shapes to generate
nested sequences of tessellations via a geometric agglomeration procedure. However,
the nestedness of the tessellation does not guarantee the nestedness of the virtual
element spaces. This crucial aspect has asked for the use of the general BPX frame-
work [13, 19] for non-nested multigrid methods to prove that our multigrid schemes

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/17/23 to 131.175.12.9 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

248 P. F. ANTONIETTI, S. BERRONE, M. BUSETTO, M. VERANI

converge uniformly with respect to the mesh size and number of levels. In the case
of non-inherited bilinear form the convergence of the W-cycle and V-cycle schemes is
obtained for a sufficiently large number of smoothing steps. Finally, we have validated
the effectiveness of our algorithm through numerical experiments. The results of the
present paper focus on the two-dimensional case. However, following the same pro-
cedure, we believe it should be possible to extend the proposed multigrid schemes to
the three-dimensional lowest order virtual element method. In this case, the nested
three-dimensional meshes generated by the agglomeration strategy are required to
satisfy a generalized version of the boundary compatibility condition of Remark 4.2;
i.e., the faces and the edges of the element E; € E~’§71 that lie on the boundary of the
element F;_; must share the same edges and the same nodes of the element F;_1,
respectively. Moreover, the prolongation operator defined as in (5.1) can be defined
analogously, but adopting the three-dimensional definition of the projection operator
H% g,_,- Finally, the theoretical estimates such as Proposition 7.2 must be considered
in their three-dimensional versions.

Acknowledgment. The authors would like to thank the anonymous reviewers
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