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Abstract
In this article, a novel density interpolation scheme for topological optimiza-
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mail: glorglo.previati@polimi1 Gauss points of the design domain mesh. Provided that the interpolation mesh

is realized by linear elements, the proposed scheme is range restricted and
assures physically meaningful values of the interpolated density. Explicit ana-
lytical sensitivity expressions can be derived. The utilization of an independent
interpolation mesh allows for the utilization of any element type and geome-
try on the body for the computation of the displacements. It is also shown that
the chosen interpolation scheme has interesting properties of volume and mate-
rial volume conservation with respect to the mesh utilized on the body and the
domain of the interpolation mesh can differ from the domain of the mesh for
the displacements computation. This allows for the realization of very regular
interpolation meshes even in case of very complex shapes of the domain of the
body to be optimized. Examples are provided showing the performance of the
proposed interpolation scheme.
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1 | INTRODUCTION

In standard density-based structural optimization approaches, the design variables, that is, the material density field, are
computed elementwise.!* A design variable is associated to each element and represents its density. The design variables
are then optimized in order to find the best material distribution for compliance minimization, frequency maximization,
or optimization of any other objective function. This approach, as noted by several authors, is subjected to several numer-
ical instabilities, such as checkerboard or one node connection hinges, and is mesh dependent.*> Such problems can be
mitigated by the application of density or sensitivity filters,>* but rather blurred boundaries can be experienced.

A different approach proposed by some authors for the mitigation of numerical instabilities and, to some extent, for
mesh independence, is the utilization of nodal design variables instead of element design variables.5 In this approach,
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element densities are no longer design variables but are computed by the values of densities at the nodes. Element
densities can be considered uniform or nonuniform inside each element.°

In the continuous approximation of material distribution (CAMD) approach,® the density design variables at the
nodes are interpolated by means of shape functions. The resulting density field is C° and has implicit gradient limita-
tions that avoid the checkerboard instability. Different schemes can be employed for the interpolation of the density field
with respect to the mesh used for the interpolation of the displacements. In the Q4/Q4 scheme, the two meshes share
the same nodes, but schemes with different nodes arrangement can be considered.>!%!! However, in all the published
papers, the mesh used for the interpolation of the density field is derived from the base mesh used for the interpolation
of the displacements. CAMD is free from checkerboard instabilities, but it suffers from instabilities due to “layering” and
“islanding.”® These instabilities seem to be related to the utilization of meshes too coarse to catch the material distribu-
tion and can be avoided with mesh refinement. However, in some cases, no convergence with mesh refinement has been
found.® Convergence problems can be avoided by considering constraints on the density distribution, such as perimeter
constraints. However, the possibility to avoid the utilization of filters, allows for the appearance of fine structures that
can provide important details otherwise lost. An important feature of the CAMD approach is the possibility to obtain a
higher resolution in the topology design without refining the mesh used for the computation of the displacements.!%12

In the projection of the nodal design variable, the density value at each node is projected to the elements contained
into a influence volume. The density value at each element is then computed by considering the density values of all the
node influencing that element. Different interpolation schemes can be used, usually linear or nonlinear function of the
distance between the element and each influencing nodes.®%!314 The influence distance performs similarly to a density
filter and avoids checkerboard instability. These methods are usually quite mesh insensitive, but the distance parameter
influences the solution.’ This approach can be applied also to meshless optimization methods, which do not require mesh
connectivity nevertheless maintaining a sufficient accuracy and numerical stability.!>!6

Interpolation or projection methods can be used to realize mesh adaptive!”!° or multiresolution'22°22 topology opti-
mization approaches to increase the results definition while reducing computational time. These methods decouple the
discretization on the design variables from the discretization for the displacement field to obtain high resolution results
with relatively coarse meshes. Isogeometric topology optimization approaches are considered in References 21 and 23 to
improve the geometrical consistency between the FE model and the CAD model.

The mentioned approaches are able to effectively solve the optimization problem by considering nodal design
variables and effectively reduce or eliminate the numerical instabilities. However, if the interpolation or projection
scheme is based on the same mesh that is used for the computation of the displacements, very regular elements
have to be employed. In this case, even simple geometries require partitioning or complex mesh transformations.?’
Projection schemes which use distance-based weights, such as Shepard® or Heaviside!® interpolation, present some
interpolation issues such as the non-consideration of the direction of interpolation and numerical problems for par-
ticular neighborhoods.?* Also, these methods rely on the choice of the distance term which strongly influences the
results.

In this article, a novel interpolation approach is presented. In this proposed approach, the nodal design variables
are interpolated by shape functions on a mesh completely independent from the mesh used for the computation of
the displacements. This kind of interpolation allows for a complete freedom in the definition of the displacement
mesh. Also, the formulation will be given as to allow the realization of regular interpolation meshes in a very simple
way and with no geometrical restrictions on the optimization domain. The proposed interpolation can be applied to a
series of design problems characterized by complex design spaces where a non-structured high order mesh is required
for stress computation, in case with body remeshing. Other envisaged design applications are optimization of bodies
sharing the design space,?>?° combined shape and structural optimization,?” embedded design areas,?® and embedded
bodies.?

The article is organized as follows. First, the formulation of the topology optimization problem is recalled. Then,
the proposed interpolation scheme is presented and the sensitivities are computed. In the last part of the article, some
numerical examples are given.

2 | TOPOLOGY OPTIMIZATION PROBLEM FORMULATION

The most common topology optimization problem consists in the definition of the best material distribution to
achieve the minimum compliance of a component for a given mass constraint.!> Among the various approaches for

85U8017 SUOWILLIOD @A 18810 3|cedldde ayy Aq pausenob ae sajoe VO ‘8sn JO Se|nJ o} Akeid 178Ul U0 A8 ]I UO (SUORIPUOD-PUR-SLUIB)ALIO" A3 IM"ALeIq Ul [UO//:SANY) SUORIPUOD pUe Swie | 8u 8eS *[£202/60/82] Uo Akiqiauluo A8 1M ‘ONV TIIN 1d ODINDTLITOd AQ #/569'8WU/Z00T OT/I0p/LI00 A 1M AeIq | Ul |Uo//:Sdny WOy papeojumod ‘TT ‘2202 ‘2020.60T



2662 Wl L E Y PREVIATI ET AL.

topological optimization, in this article, the well-known solid isotropic microstructure (or material) with penalization
(SIMP) problem formulation* is considered. The main focus of this article is the interpolation of the density field, there-
fore the SIMP solution algorithm proposed by Sigmund? is implemented with only the adjustments required by the nodal
density variable approach. The numerical formulation of the problem in the framework of the finite element analysis
reads’

Find min, : C(p) = U'KU,

Subjectto : Y@ — R
: v ~J M
KU =F,

0<pmin <p<1,

where C is the compliance, U the nodal displacements, K the stiffness matrix of the body, V, the design volume, f the
volume fraction, p the density, and pyin the (small) value of the minimum considered density, greater than zero to avoid
numerical singularities.

If a constant density is considered for each element, the compliance can be computed as

nE
C= Y ()l uiKue, @
e=1

with n, number of elements, u, nodal displacements of each element, Kg reference element stiffness matrix, V (p) material
volume, p, is the element density. K? is computed for the reference values of the material properties. If the density is not
constant over each element, the compliance formulation can be modified as

C= Y uKe ((pce)) ue, 3)
e=1

where pgp is the density value at each Gauss point used for the integration of the element stiffness matrix K.
In this article, the problem of Equation (1) is solved by the optimality criteria (OC) method and the new density field
is computed as>3

max (pmin, p — M), if pB" < max (pmin,p — M),
p"" =1 pB, if max (pmin, p —m) < pB" <min(1,p + m), 4)
min (1, p + m) if min(1, p +m) < pB",

where m is a positive move limit and B represents the optimality condition

B=——. (5)

The Lagrange multiplier A is computed by a trust-region Dogleg algorithm. # is a numerical damping coefficient
assumed equal to 0.5.2 For the implementation of the OC method, the two sensitivities ‘3—‘; (sensitivity of the material

volume with respect to the design variables) and % (sensitivity of the compliance with respect to the design variables)
have to be computed. The computation of these sensitivities has to be completed considering the interpolation scheme
adopted for the nodal densities.

It can be observed that the interpolation of the nodal densities does not affect the optimization algorithm. There-
fore, mesh dependency® and dependency of the solution from the initial conditions® typical of the SIMP method
are expected. Also numerical artifacts are expected. However, instead of the checkerboard instabilities of the usual
formulation of the SIMP method, “islanding” and “layering” are expected due to use of a nodal density field with
interpolation.®
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3 | INTERPOLATION OF THE DENSITY FIELD

The interpolation scheme for the nodal values of the density field proposed in this article is based on the shape functions
approach used for the finite elements. However, the interpolation is not based on the elements of the displacement mesh
as usually employed with shape functions,®® but it is independent from this mesh.

The interpolation is obtained by considering two completely different and independent meshes, one for the finite
element analysis of the body and one for the description of the density field. The two meshes do not share any node
and can be made of elements of different type and dimension. For clarity, the following nomenclature is considered. The
mesh on the body and used for the finite element analysis is called body mesh. The quantities referred to the elements of
the body mesh are indicated with the subscript e. The density of each element of the body mesh is indicated as p, if it is
referred to its center or pgp if it is referred to one of its Gauss points. The mesh for the interpolation of the density field is
called interpolation mesh. The quantities referring to each node of the interpolation mesh are indicated with the subscript
i. The density at each node of the interpolation grid is indicated as p;. The densities p; are the design variables.

Any element type can be used for the body mesh. For the interpolation mesh, to have physically meaningful values
of interpolated density values, only linear, bilinear (2D), or trilinear (3D) elements have to be employed.’ In fact, higher
order elements do not have range-restriction properties and the interpolated value of density can exceed the range 0-1
even if the nodal value is in this range.

The two considered meshes are depicted in Figure 1. In this figure, the body mesh is realized by quadratic triangles,
while the interpolation mesh by bilinear quadrilaterals. The characteristic dimension of the body mesh is more than three
times the characteristic dimension of the interpolation mesh. The nodes of the interpolation mesh are marked with red
points and represent the location of the design variables. The blue squares represent the point where the density field is
evaluated on the body. These values are then averaged inside each element of the body mesh and this value of density is
assigned to the center of the element. Any arrangement of points could be used for the evaluation of density, however, to
have a simpler averaging, the points are located accordingly to the Gauss point quadrature. To have a reasonable number
of evaluation points in correspondence of any element of the interpolation mesh, in the example, a scheme with 13 Gauss
points has been considered for the body mesh. In general, the number of Gauss points used for the evaluation of the
density field can be different from the number of Gauss points used for the construction of the stiffness matrix of the
element.

For any point x of the body, the density can be computed as

P () = Y N; (x) pis (6)

i=1

where N; (x) are the shape functions of the element of the interpolation mesh containing x, n is the number of nodes of
the element, and p; are the pseudo-densities at the nodes of the element. Considering the coordinates xgp of the Gauss
points of the body mesh, the density at each Gauss point reads

) \
——Body mesh
L] O Element centres
O Element Gauss points
Interpolation mesh

® Design variable points | |
Y

FIGURE 1 Interpolation scheme. The design variables (density) are evaluated at the nodes of the interpolation mesh (red points)
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PGP = ZNi (Xgp) pi- 7

i=1

In order to apply Equation (7), the element of the interpolation mesh containing the considered Gauss point has to
be identified. In a general 3D case with unstructured interpolation meshes of any order this search can be quite complex,
time consuming and special algorithms are required. However, the proposed interpolation scheme has been developed
to have a regular interpolation mesh and to have physically meaningful values only first order elements have to be used.
In this situation, for simple problems even a series of “if” conditions can be effectively used for the search. For large 3D
meshes, the use of regular meshes speeds up the search process. Also, this search has to be realized once when the body
mesh is generated at the beginning of the analysis and, in case, for any remeshing of the body and not at any iteration.

The element material volume is given by integration over the ngp Gauss points as

ngp Agp n
Ve = 2 pcplcpWep = Z <2Ni (Xgp) Pi) Jepwep, (8)

GP=1 GP=1 i=1

where Jgp is the Jacobian of the shape functions computed at each Gauss point and wgp is the corresponding weight of
the Gauss quadrature rule. The density of each element can then be computed as

pe = Ve _ o (XN (xep) pi) Jopwep ©)
o= —% =
Ve Yoo Japwep

being the element volume computed as

ngp
Ve = Z Jepwep. (10)
GP=1

The proposed interpolation scheme presents the following properties.

1. ¥ N;(x) = 1, for any point x of the body.

2. Ni(x) >0 fori=1, ...,n,for any point x of the body if linear or bilinear interpolation elements are used.
3. Letus consider a node j of the interpolation mesh and a shape function N; of one of the elements containing the node
1 ifi=j,

Jothen, Ni () = 3 o i j 4
4. min (p;) < px < max(p;) for Vx, if linear or bilinear interpolation elements are used, that is, the interpolation values
at any point are bounded between the minimum and maximum value of the design variables. This property ensures

a physical meaning of the density at any point.

These properties can be also found in distance based interpolation schemes, such as the Shepard interpolation.’ How-
ever, while distance based interpolation schemes consider only the distance of the interpolated points with respect to the
data points,?* the proposed approach considers also the direction. Also, distance based interpolations can present some
oscillations in the interpolated data, while the proposed approach is constrained to linear interpolation between data
which prevents any oscillation.

4 | SENSITIVITY ANALYSIS

For the computation of the sensitivities, the set ; of the elements of the interpolation mesh sharing the node p; has to be
considered. &; is depicted in Figure 2. If a node of the interpolation mesh is considered (black point in Figure 2), its value
of density p; is used for the computation of the densities at all the Gauss points contained in the elements sharing this
node. The densities interpolated at these Gauss points are then used for the computation of the density at the center of
the elements of the body mesh containing the considered Gauss points (Equation 9). Therefore, p; influences the density
and the stiffness matrix of all the elements that have at least one Gauss point in ;. These elements have been highlighted
in red in Figure 2. These dependencies have to be considered when computing the sensitivities.
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FIGURE 2 SetQ. The density p; of each nodes of the interpolation mesh influences the density of all the elements that have at least
one Gauss point in €;

4.1 | Material volume sensitivity

The material volume of each element of the body mesh is computed by Equation (8). Let us consider each term of the

summation on the Gauss points of Equation (8). Each of these terms represents the fraction of material volume pertaining
to each Gauss Point of the body mesh and has expression

n
Vep = <2Ni (XGp) Pi> Jepwep. (11
i=1

The material volume of the body influenced by the density value at each node of the interpolation grid can be computed
as

Vgi = Z Vep for xgp € Q. (12)

The sensitivity of Vg, with respect to p; is given by

aVQ» ()VGP
—_— = for xgp € Q;, 13
api Z api GP i ( )

where

oVep _ 9Vop dpcr
op; dpgp 9p;

= JgpwgpNi(Xgp). (14)

By replacing Equation (14) into Equation (13), the sensitivity of the material distribution with respect to the design
variables reads

Vg,
— = ZJGPWGPNi(xGP) for xgp € Q. (15)
opi
It can be easily verified that
Vo,
Z_Ql = Z% —v (16)
o O G op
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and
aVq, vV,
Z _pizz_ep:[/, 17)
S Ipi o dp
b

where Q is the domain of the interpolation mesh and Q, is the domain of the body.

Equations (16) and (17) state that the body volume (v) and material volume (V') computed on the body mesh or on the
interpolation mesh are equal. These two conditions can be exploited for the computation of the actual material volume
of the body directly on the interpolation mesh, without any approximation. That is, the volume fraction constraint can be
exactly imposed on the interpolation mesh. Moreover, it can be easily checked that by considering these equations, the
domain Q of the interpolation mesh does not have to be coincident with the domain ; of the body, but it suffices that
Qp C Q. This condition can have a dramatic effect on the complexity of the optimization algorithm. In fact, regardless of
the complexity of the geometry of the body, it is always possible to define an interpolation domain of very simple shape
containing the domain of the body. Therefore, it is always possible to have very regular elements on the interpolation mesh
even in the case of irregular body meshes. As a consequence, the construction of the interpolation mesh, the imposition
of manufacturing constraints and the application of symmetries can be done in an easy way.

Finally, Equations (16) and (17) imply the possibility of remeshing the body without losing any information on the
material distribution of the body. These properties can be very useful if a remeshing phase is included in the optimization
algorithm.

4.2 | Compliance computation and derivation

The compliance of each element of the body mesh can be computed as (Equation 3)

C.=u"Ke ((pcp)) u, (18)
where
Ke (pop) = ) (pceV Kgplapwop. (19)
GP

KY,, is the stiffness matrix contribution computed at each Gauss point for the reference material stiffness. The total
compliance of the body reads

C= Zce. (20)
Q

The sensitivity of the compliance of each element with respect to each design variable p; can be derived by the chain
rule as

aC, _ 0C, dpcp
dpi  dpgp Op;

_ 9pG
= p(pcp)? Vu K ulcpwop ap'P, (21)
A

where

0 N; (x for xgp € Q;,
PGP _ { l( GP) GP i (22)

opi 0 otherwise.

Finally, the sensitivity of the total compliance of the body with respect to each design variable can be obtained by
summing up the sensitivity of each element.

oC oC,
%€ _ . (23)
op; ; op;
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4.3 | Alternative compliance computation and derivation

In the previous section, the compliance has been derived considering that the Gauss points used for density interpolation

and element integration coincide. If a different number of Gauss points are used, the compliance can be derived as follows.

The compliance of each element of the body mesh can be computed as (Equation 2)

C. = plu’Keu. (24)

The sensitivity of the compliance of each element with respect to each design variable p; can be derived by the chain
rule as

ngp ngp
dpe. 0 _ J
oC, _ 0C, 9dp. Opgp _ pr(ep DuTKeu‘Mﬂ, (25)
op; ép=1 0pe Opgp 0p; Gp=1 Ve opi

where :”—/f_" is given in Equation (22) and the sensitivity of the total compliance of the body with respect to each design
variable can be obtained by summing up the sensitivity of each element by Equation (23).

This alternative formulation for the sensitivity, even if more prone to lose some detail of the density field, can be used
with any finite element without requiring special element formulation to perform the integration with a higher number
of Gauss points. In fact, in standard elements, the number of Gauss points is usually small to reduce the computational
time required for element integration and to avoid over-stiff elements.

5 | NUMERICAL EXAMPLES

In this section, two numerical examples are considered to show the performances of the proposed interpolation scheme.
The first examples is the well-known MBB-beam problem.3! In the second, the MBB-beam problem is modified to include
a hole in the beam geometry.

In the examples, for brevity, the considered mesh elements will be referred according to the nomenclature reported in
Table 1. In all the examples, the initial condition is a uniform density field with value equal to the desired volume fraction.
This initial condition is the usual initial condition for this kind of problems.?

51 | MBB-beam

The MBB-beam problem?! is depicted in Figure 3, where only half of the structure is considered for symmetry. The con-
sidered volume fraction for the problem is 50% and the material is steel (elastic modulus 210,000 MPa, Poisson coefficient
0.33). In Figure 4, two meshes are used for the solution of the problem. The body mesh (Figure 4 top) is realized by Q8
elements with characteristic dimension of 1 mm. The mesh strictly describes the geometry of the body. The interpola-
tion mesh is realized by Q4 elements of characteristic dimension of 0.6 mm. In the example, as the interpolation mesh
is not required to describe the geometry of the body (see Equations 16 and 17), the interpolation mesh is larger than the
considered body.

The solution of the MBB-problem?! with the two meshes depicted in Figure 4 is reported in Figure 5. In Figure 5 top,
the solution has been obtained by considering the compliance sensitivity formulation of Section 4.2, while in Figure 5

TABLE 1 Nomenclature of the element types used to solve the numerical examples

Element name Description

Q8 Quadrilateral quadratic elements with eight nodes
Q4 Quadrilateral bilinear elements with four nodes
T6 Triangular quadratic elements with six nodes

T3 Triangular linear elements with three nodes
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FIGURE 3 MBB-beam problem definition.?! Only half of the structure is considered for symmetry
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FIGURE 4 Meshes used to solve the MBB-beam problem.?! Top: Body mesh (Q8 with length of 1 mm). Bottom: Interpolation mesh
(Q4 with length of 0.6 mm)

bottom the compliance sensitivity formulation of Section 4.3. In both cases, 16 Gauss points have been used for the inte-
gration of the density field. For the compliance sensitivity formulation of Section 4.2, 9 Gauss points have been used for
the integration of the element stiffness matrix. The left column of Figure 5 shows the mean element densities of the body
mesh, the central column the densities of the nodes of the interpolation mesh, and the right column the densities com-
puted at the Gauss points of the body mesh. In both cases, no filter has been applied to densities or sensitivities. The initial
and final compliance values computed for the two formulations are reported in Tables 2 and 3.

In both solutions of Figure 5, the final computed densities of the nodes of the interpolation mesh outside the domain
of the body and not influencing the density of any Gauss point of the body mesh is equal to the minimum density
value. These nodes do not influence the solution of the problem, however, the possibility to locate nodes outside the
body allows for simpler and more regular interpolation meshes. The two solutions show a similar topology. The solution
obtained with the formulation of the compliance sensitivity of Section 4.2 (i.e., the upper line of Figure 5) shows a more
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FIGURE 5 Results for the MBB-beam problem?! solved with the meshes of Figure 4. Top: Compliance sensitivity formulation of
Section 4.2. Bottom: Compliance sensitivity formulation of Section 4.3. Left: Body mesh element density. Center: Interpolation mesh nodal
density. Right: Body mesh Gauss point density

TABLE 2 Results of the MBB-beam problem?! of Figure 3 for different meshes

Body mesh type? Q8 Q4 T6 T3
Number of Gauss points (density interpolation) 16 16 7 7
Number of Gauss points (stiffness matrix integration) 16 16 7 7
Filter radius (mm) - 0.75 - 0.75
Initial compliance (N mm) 49.128 47.954 48.883 47.280
Final compliance (N mm) 9.446 9.370 9.454 9.240
Compliance reduction (%) 80.77 80.46 80.66 80.46

Note: Compliance sensitivity formulation in Section 4.2. In all considered cases, the interpolation mesh has Q4 elements with characteristic dimension of 0.6 mm.
2Mesh type definition in Table 1.

TABLE 3 Results of the MBB-beam problem?! of Figure 3 for different body meshes

Body mesh type? Q8 Q4 Té6 T3
Number of Gauss points (density interpolation) 16 16 7 7
Number of Gauss points (stiffness matrix integration) 9 4 3 1

Filter radius (mm) - - - _

Initial compliance (N mm) 49.128 47.954 48.883 47.280
Final compliance (N mm) 10.133 9.639 9.808 9.326
Compliance reduction (%) 79.37 79.90 79.94 80.28

Note: Compliance sensitivity formulation in Section 4.3. In all considered cases, the interpolation mesh has Q4 elements with characteristic dimension of 0.6 mm.
2Mesh type definition in Table 1.

detailed structure. The formulation of the compliance sensitivity of Section 4.3, however, allows for the utilization of stan-
dard Q8 elements with 9 Gauss points, available in any finite element software. In both cases, sharp boundaries can be
observed.

In Figures 6 and 7 and in Tables 2 and 3, the results of the MBB-beam problem?! are reported for other body mesh
types and the two compliance sensitivity formulations. In some cases, especially when linear or bilinear body meshes
are considered, a certain amount of islanding and layering has been observed. In these cases, to remove these numerical
problems, a sensitivity filter of the kind of the one described in Reference 2 has been applied. The filter radius required to
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FIGURE 6 Results for the MBB-beam problem?! solved with different body meshes and with the formulation for the compliance
sensitivity of Section 4.2. Top: Q4 elements. Middle: T6 elements. Bottom: T3 elements. Left: Body mesh element density. Center:
Interpolation mesh nodal density. Right: Body mesh Gauss point density
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FIGURE 7 Results for the MBB-beam problem?! solved with different meshes and with the formulation for the compliance sensitivity
of Section 4.3. Top: Bilinear quadrilateral elements with four nodes (Q4). Middle: Quadratic triangular elements with six nodes (T6). Bottom:
Linear triangular elements with three nodes (T3). Left: Body mesh element density. Center: Interpolation mesh nodal density. Right: Body
mesh Gauss point density
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avoid numerical problems has been in all cases smaller than the characteristic dimension of the body mesh. The results
with different meshes show a good repeatability in the optimized shape and compliance values. The compliance sensitivity
formulation of Section 4.2 has provided better results in all the cases.

5.2 | MBB problem with hole

In this example, a hole is inserted in the cantilever of the MBB-beam problem.?' The resulting structure is reported in
Figure 8. An example of the mesh used for the solution of this problem is given in Figure 9. In the interpolation mesh,
the hole is not considered but the same simple rectangular domain employed to solve the MBB-beam problem of Sect. 5.1
is used. The problem is solved for a volume fraction of 30% and the material is steel (elastic modulus 210,000 MPa and
Poisson coefficient 0.33). The problem is solved considering a body mesh of T6 elements of characteristic dimension of 1
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FIGURE 8 MBB problem with hole problem definition
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FIGURE 9 Meshes used to solve the MBB problem with hole. Top: Body mesh (T6 with characteristic length of 1 mm). Bottom:
Interpolation mesh (Q4 with length of 0.6 mm)
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mm and four interpolation meshes. The four considered interpolation meshes are realized by Q4 elements of dimensions
0f1.2,0.6,0.3, and 0.15 mm. The results are reported in Figures 10 and 11 for the formulation of the compliance sensitivity
according to Sections 4.2 and 4.3, respectively. Numerical data are reported, respectively, in Tables 4 and 5 for the two
formulations.

The results show that the proposed approach can be applied to arbitrary complex body domain without requiring
complex mesh transformation for the interpolation mesh. Actually, the interpolation mesh can be realized on simple and
regular domain. In this way, the body can be meshed with the most convenient mesh for the displacement computation
while a simple mesh for density computation can be used. In fact, the density of the nodes of the interpolation mesh
located in the hole and not influencing the density of any Gauss point of the body mesh are set by the optimization
algorithm to the minimum value of density, as their sensitivity to compliance is always zero (see Equations 18 and 24).

The compliance of the optimized structures is monotonically decreasing with the reduction of the element dimension
of the interpolation mesh. As the interpolation mesh is refined, thinner and more defined features appear in the solutions.
The compliance sensitivity formulation of Section 4.2 is able to get more effective structures than the compliance sensitiv-
ity formulation of Section 4.3. In particular, a similar structure is obtained by the two formulations with an interpolation
mesh size of 0.6 mm for the former and 0.15 mm for the latter. The alternative formulation of Section 4.3 acts like a fil-
ter on the sensitivities and, in fact, no filter is required to avoid islanding even for interpolation mesh sizes for which the
formulation of Section 4.2 requires a filter. Referring to the filter on sensitivities, the required filter size is much smaller
than the body mesh element size. Moreover, the filter does not prevent the computation of more efficient structures with
smaller features. The filter seems to have a limited effect on the obtainable topology. Finally, as the interpolation mesh is
refined, the number of Gauss points required for the interpolation of the density field increases.
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FIGURE 10 Results for the MBB problem with hole example solved with the formulation for the compliance sensitivity of Section 4.2,
with a body mesh of T6 elements with characteristic dimension of 6 mm and interpolation meshes of Q4 elements of different sizes. Size of
the interpolation mesh (from top to bottom): 1.2, 0.6, 0.3, and 0.15 mm. Left: Body mesh element density. Center: Interpolation mesh nodal
density. Right: Body mesh Gauss point density
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Results for the MBB problem with hole example solved with the formulation for the compliance sensitivity of Section 4.3,

with a body mesh of T6 elements with characteristic dimension of 6 mm and interpolation meshes of Q4 elements of different sizes. Size of

the interpolation mesh (from top to bottom): 1.2, 0.6, 0.3, and 0.15 mm. Left: Body mesh element density. Center: Interpolation mesh nodal

density. Right: Body mesh Gauss point density

TABLE 4 Results of the MBB problem with hole problem of Figure 8 for different interpolation mesh dimensions

Interpolation mesh dimension (mm) 1.2
Number of Gauss points (density interpolation) 7
Number of Gauss points (stiffness matrix integration) 7
Filter radius (mm) -
Initial compliance (N mm) 350.77
Final compliance (N mm) 23.89
Compliance reduction (%) 93.19

0.6

350.77
20.29
94.21

0.3

13

13

0.4
350.77
18.51
94.72

0.15

0.4

17.91
94.89

350.77

Note: Compliance sensitivity formulation in Section 4.2. In all considered cases, the body mesh has T6 elements with characteristic dimension of 1 mm and the

interpolation mesh has Q4 elements.

6 | CONCLUSION

In this article, a novel density interpolation scheme suitable for nodal variable based structural optimization has been
presented. The proposed scheme decouples the mesh required for the displacements calculation from the mesh describing

the material distribution.

The scheme is based on the interpolation of the nodal densities by a dedicated mesh of linear, bilinear (2D), or trilinear
(3D) elements. The choice of these elements guaranties bounded values of interpolated densities between 0 and 1 assuring
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TABLE 5 Results of the MBB problem with hole problem of Figure 8 for different interpolation mesh dimensions
Interpolation mesh dimension (mm) 1.2 0.6 0.3 0.15
Number of Gauss points (density interpolation) 7 7 13 44
Number of Gauss points (stiffness matrix integration) 3 3 3 3

Filter radius (mm) - - - -

Initial compliance (N mm) 350.78 350.78 350.78 350.78
Final compliance (N mm) 26.22 22.66 21.17 20.51
Compliance reduction (%) 92.52 93.54 93.96 94.15

Note: Compliance sensitivity formulation in Section 4.3. In all considered cases, the body mesh has T6 elements with characteristic dimension of 1 mm and the
interpolation mesh has Q4 elements.

a physical meaningful value to the interpolated values. The interpolation scheme allows explicit analytical formulations
for the computation of the sensitivities that can be used in the optimization algorithm. In this article, two formulations
have been proposed for the computation of the compliance sensitivity with respect to the nodal density design variables.
The first formulation computes the sensitivity at each body element Gauss point. In this way, a more detailed sensitivity
field can be obtained and more effective optimized topologies can be found. However, a very large number of Gauss points
have to be used for the numerical integration of the stiffness matrix. As a consequence, special finite elements have to
be used and an over-stiff stiffness matrix could be obtained. The second formulation considers a mean density for each
element. Standard finite elements can be used, but a filtering effect on the sensitivity is found which reduces the freedom
of the algorithm to find small features in the optimized structures.

Numerical examples have been solved with the proposed interpolation scheme. The approach has shown to be rather
stable, for the same interpolation mesh, to different kinds of elements mesh. As the interpolation mesh is refined, for
the same body mesh, more effective optimized structures can be found. Numerical tests have shown a certain tendency
of the method to islanding instabilities. The solution is more prone to numerical instabilities if linear elements are used
for the body mesh and as the dimension of the interpolation mesh is reduced with respect to the body mesh dimension.
A sensitivity filter can be effectively used to prevent such instabilities. The required radius of the filter is small, of the
order of about half of the dimension of the body mesh elements. Also, the filter seems to have a very limited effect on the
optimized structure topology.

The proposed approach can be easily applied to any body geometry. Also, the interpolation mesh can cover a larger
domain with respect to the body mesh. In this way, very regular interpolation meshes can be obtained. Further develop-
ments can refer to the inclusion of adaptive body mesh in the optimization algorithm as the proposed approach has very
interesting properties of volume and material volume conservation.
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