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ABSTRACT

This paper presents a theoretical insight on the performance of a vibration isolator consisting of a
combination of linear mechanical springs arranged to achieve a specific form of geometric
nonlinearity. In particular, positive and negative stiffness nonlinearities are combined to achieve a
sigmoidal shape of the force-deflection curve, which is proven to be beneficial for vibration
isolation purposes when the amplitude of vibration is relatively large. Such behaviour is
fundamentally different from that of the classical quasi-zero-stiffness isolator, which presents a low
dynamic stiffness at the equilibrium configuration and is thus effective for relatively low amplitude
of vibration. The analytical findings are validated by numerical simulations, providing useful

guidelines for the design of such isolators.

1 INTRODUCTION

The introduction of nonlinear elements to improve the dynamic performance of vibration isolators
has been largely pursued in the last decades (Ibrahim, 2008), and both nonlinear stiffness and
nonlinear damping have been investigated (Mofidian and Bardaweel, 2018). The main advantage
achieved using a nonlinear elastic element is the possibility to achieve a high-static-low-dynamic
behaviour, and cope with the simultaneous competing requirements of improving the isolation
region (which would require a relatively soft stiffness) and statically supporting the load (which
would require a relatively hard stiffness) (Yang et al., 2021). This results in the so-called quasi-
zero-stiffness (QZS) isolator, which has been extensively investigated in its essential three-spring
configuration, both in theory (Kovacic et al., 2008) and experiments (Xu et al. 2014). The
theoretical fundamental performance of an ideal zero-stiffness suspension has also been studied for
shock isolation (Liu et al., 2014). The QZS behaviour is generally obtained by combining positive
and negative (e.g. bi-stable) elastic elements, where the former may be conveniently achieved by

linear springs aligned with the direction of motion, and the latter may be formed in a variety of



ways, for example by combination of flexible beams and linkages (Zhu et al., 2022), buckling
beams or plates (Zhang et al., 2022b; Liu et al., 2013), inclined coil spring arrangements (Zhang et
al. 2022a; Gatti, 2021b), combination of springs and linkages (Dai et al., 2018; Shaw et al., 2021,
Gatti et al., 2022; Gatti, 2022; Jing et al., 2022), cam mechanisms (Li et al., 2020; Zou et al., 2021)
and several bio-inspired structures (Song et al., 2022; Shi et al., 2022; Yan et al., 2021), including
configurations inspired by skeletal muscles (Gatti, 2021a; Gatti, 2019). A nonlinear-stiffness and
nonlinear-inertial vibration isolator has been proposed in (Wang et al., 2021), where the nonlinear
inertial characteristic is implemented via a geometrical nonlinear inerter producing nonlinear
acceleration. Regarding nonlinear damping, for example, it has been investigated with reference to a
rubber-based vehicle seat suspension in (Zhao et al., 2018), and also introduced on purpose to
outperform the linear system in some cases (Tang and Brennan, 2013). Identification of nonlinear
stiffness and damping parameters has been proposed in (Lu et al., 2019) based on the jump
phenomenon.

Recently, a preliminary investigation on the static and dynamic performance of a suspension system
consisting of two pairs of inclined spring has been proposed in (Gatti, 2020), highlighting the
possibility to achieve a symmetric sigmoidal force-deflection curve with low stiffness region far
from the static equilibrium condition. Following that, several studies have exploited that main idea
to develop improved vibration isolators. In particular, Zhao et al. (2021a) first proposed an isolator
with two pairs of oblique springs to increase the QZS region around the static equilibrium
configuration, and then investigated the use of three pairs of springs (Zhao et al., 2021b),
discovering a nearly horizontal straight-line behaviour near the equilibrium position in the stiffness
curve. On this trend, following the study presented in (Gatti, 2019), asymmetric force-deflection
curve has also been adopted to realise large stroke quasi-zero stiffness vibration isolator using a
three-link mechanism (Yan et al., 2020).

The main idea exploited in the application of vibration isolation has thus been to enlarge the QZS

region around the static equilibrium configuration where the stiffness is theoretically zero. The



larger that region the better the isolation performance. An isolator exploiting such configuration is
denoted hereafter as Single-Quasi-Zero-Stiffness (SQZS) isolator, and has just one QZS region
around the static equilibrium configuration. It is characterised by having an elastic suspension with
very low stiffness at small deflections, which then increases in a hardening way for larger
deflections.

In this paper we present a complimentary study, where two pairs of oblique springs are used to
achieve a tailored shape of the force-deflection curve, resulting in two symmetrical QZS regions
away from the static equilibrium configuration. The corresponding isolator is denoted hereafter as
Double-Quasi-Zero-Stiffness (DQZS) isolator, and it is characterised by having an elastic
suspension where the stiffness is relatively large at the static equilibrium configuration and then
decreases in a softening way for larger deflections.

The SQZS and DQZS configuration are thus compared to highlight the benefits and the useful range
of parameters where the latter outperforms the former.

Following this introduction, the paper is organised as follows. Section 2 presents the model of the
DQZS isolator and links its parameters to those of the SQZS isolator for a reasonable comparison.
Section 3 enters the details of the elastic suspension from the static point of view, and Section 4

compares the dynamic performance of the two isolators. Section 5 draws the conclusions.

2 MODEL OF THE ISOLATOR

The proposed model of vibration isolator is inspired by skeletal muscles (Gatti, 2019) and is
illustrated in Fig. 1(a), in both its unloaded (grey) and loaded (black) configuration, subject to the
weight of the mass m to be isolated. It is assumed that gravity is acting downwards along the
vertical direction. The suspension system consists of four linear springs attached to a rectangular
support structure (the external frame), as detailed in Fig.1(a), so that when the mass moves the
springs rotate and change their length accordingly. It is assumed that the suspension system is

symmetric respect to the vertical axis, and when the static configuration is achieved due to the



weight of the mass m, symmetry is attained with respect to the horizontal axis as well. The motion
of the isolated mass is assumed to be constrained to the vertical direction only, and its position is
denoted by yr, relative to the static equilibrium configuration. In the unloaded case, the mass
position is y. = y,, as illustrated in the schematic of Fig. 1(a), and depends on the free length of the
springs. The upper springs have linear stiffness ks;, and the lower springs have linear stiffness ks>.
The geometry of the springs arrangement is defined by the dimensions a and d, as indicated in the
schematic of Fig. 1(a). The system is supposed to be excited at its base by an imposed external

harmonic displacement vye.
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Fig. 1 Schematic of (a) the proposed DQZS isolator and (b) the classical SQZS isolator.

The proposed DQZS isolator of Fig. 1(a) is compared to the classical SQZS isolator (Kovacic et al.,
2008), which is illustrated in the schematic of Fig. 1(b). In the case of the SQZS isolator, the
isolated mass m is supported by a vertical linear spring with stiffness kso, and the low dynamic
stiffness effect is achieved by a negative stiffness component obtained by a pair of lateral linear
springs having stiffness kss, which attain a horizontal configuration under the weight of the
suspended mass, as illustrated in the schematic of Fig.1(b).

The comparison between the two nonlinear isolators is performed on the assumption of the same

isolated mass m, the same width 2d (which mainly defines the size of the device), and the same



static deflection yo. A comparison to the linear case, having one vertical spring only, is also reported

for completeness.

3 ISOLATOR SUSPENSION
To facilitate the comparisons among the different isolators, the classical nonlinear isolator with T-

shape configuration and SQZS behaviour (Kovacic et al., 2008) is briefly reviewed below.

3.1  Classical isolator suspension with SQZS behaviour
The vertical static force-displacement characteristic at the suspension point P in the schematic of

Fig. 1(b) is given by the sum of three components, as

/dZ 2
fSQZS = ksO(yr - yO) + ks3yr (1 - ﬁ) + mg (1)

where the first component is linear and corresponds to the force acting on the suspension point P
due to the vertical spring, the second component is nonlinear due to the lateral springs, and the third
component is the weight of the mass due to the acceleration of gravity, g.

Equation (1) can be normalized by d and kg, to yield

[1+9,2 .

fsazs = Gr — Po) + k3P | 1 — +p (2)
[1+9,2
A ~ k ~ ~ N . . .
where fsqzs = Lats g Ry =25 =2 5. =% and p = 2% are now dimensionless variables.
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Imposing both the static equilibrium configuration and the SQZS behaviour at y. = 0, gives the

following relations
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>
Il

<

o



Ry = ——— (3b)

so that Eq. (2) reduces to

1-—— (4)

Note that the initial stiffness of the force-deflection curve is zero, i.e. aLPZS = 0, and that

Ir ly=0
Eq.(3a) imposes that the normalized weight is equal to the normalized static displacement.

The normalized force-deflection curve of the corresponding linear isolator is instead fi;y = J;.

3.2 Proposed isolator suspension with DQZS behaviour
The vertical static force-displacement characteristic at the suspension point P in the schematic of

Fig. 1(a) is again given by the sum of three components, as

Ja?+(a—yo)? Vad2+(a+yo)?
foqzs = 2ks1(r — @) (1 - ﬁ) + 2k, (a + yr) (1 - ﬁ) + mg ®)

where the first nonlinear component is the force acting on the suspension point P due to the upper
pair of springs, the second nonlinear component is due to the lower pair of springs, and the third
constant component is the weight of the mass.

Equation (5) may be also normalized as

A T oA 1+(a-90)? DAy o 1+(d+90)? R
foqzs = ks1(Fr — @) (1 - /W) + kg (@ + ) <1 - /W) +p (6)
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Where fDQZS =
For dynamic purposes, as detailed further below, the static force-displacement curve is
approximated by an odd function of the displacement (i.e. the suspension is acting the same way in
tension and compression), exhibiting a DQZS behaviour.

To this end, firstly, the zero- and second-order Taylor series coefficients of Eq. (6) are set to zero,

yielding the following relations among the system parameters

key = —>% 7a

s1 2&(1—;3—;) ( )

ks = —2— (7b)
2a(j22-1)

where [p; = /1 + (@ — §p)2 and I, = /1 + (@ + ,)? are the normalized undeformed lengths of

the top and bottom springs in the schematic of Fig. 1(a), respectively. The conditions given by Egs.

(7a,b) are then substituted back into Eg. (6), resulting in the following expression

m—a)(l——i‘“ > @rm)(l——z” )
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which only depends on the normalized size @ and the normalized unloaded displacement J,.
Secondly, to achieve a DQZS behaviour, Eq. (8) is differentiated once and twice with respect to the

normalized displacement 9, and set to zero yielding
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An analytical solution to the system of Egs. (9a,b) was not possible, thus a graphical solution is
obtained by plotting the curve corresponding to Eg. (9a) in the y. — a plane for different values of
Vo (thin black lines) and finding the intersections with the curve corresponding to Eq. (9b) (thick
red lines), as illustrated in the graph of Fig. 2.

From the graph of Fig. 2, it can be seen that, apart from a trivial solution when . = 0, a DQZS
behaviour is achieved for values of @ greater than about 0.5, which corresponds to the intersection

of the thick red lines with the thin dash-dotted line, and this line corresponds to a value of y,=1.
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Fig. 2 Graphical solution for §, and a to achieve a DQZS behaviour. Red thick solid lines represent

Eq. (9b), thin black lines represent Eq. (9a) for y, = 0.5 (solid line), y, = 1.0 (dash-dotted line),



Vo = 1.5 (dotted line) and y, = 2.0 (dashed line). Black dots indicate intersections and condition

for a DQZS behaviour.

A unique configuration for the suspension system may be achieved by imposing a desired value for
the stiffness &, at 9, = 0. This stiffness represents the initial slope at §, = 0 of the force-deflection
curve, and is obtained by determining the expression for the first-order Taylor series coefficient of

Eq. (8), which is given below

9ol 1+ a22013_ lo1 . 9ol 1+ aziozs_ lo2 "
lfe (1+a2)2 (1+a2)2 n (1+a2)2 (1+a2)2

o a(1—§°—1) a(—1+?0—2)
lo2 lo1

(9c)

The system of Egs. 9(a-c) is then solved numerically for different values of k,, and the solution is
illustrated in the plot of Fig. 3(a) in terms of the parameters @, §,, and ¥, pqzs, Where this latter is
the displacement at which the DQZS is achieved. From the plot of Fig. 3(a), it can be seen that all
the length parameters increase with the increase of k,. Furthermore, the values of Vr.pqzs are
slightly lower than the values of @, and this means that the DQZS region is achieved when the
displacement is about the normalized length a. Also, ¥, is about twice the value of a. The plot of
Fig. 3(b) shows the resulting normalized spring stiffnesses for the two isolators. It can be seen that
the lateral springs for the SQZS isolator are relatively softer than those of the DQZS isolator. This is
because the springs of the DQZS isolator suspension are used to support the weight of the isolated

mass as well, while for the SQZS isolator, the vertical linear spring is used for that purpose.
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Fig. 3 (a) Normalized length parameters 3, (solid line), @ (dashed line) and . pqzs (dotted line) as
a function of k, to achieve a DQZS behaviour. (b) Normalized stiffness parameters kg, (solid line),

ks, (dashed line) and kg, (dotted line) as a function of k;.

The normalized force-deflection curve of the proposed DQSZ isolator is illustrated in the plot of
Fig. 4 for three different values of k,. The plot of Fig. 4 is obtained by solving Eq. (8) and using
the expressions in Egs. (9a-c) to retrieve the dependent parameters y, and a. It can be seen that the
curves in the plot of Fig. 4 resemble a sigmoidal shape. They exhibit a nonlinear behaviour with a
softening characteristic, where the DQZS effect is achieved at relatively large displacements (i.e.
|¥,-]about 0.5), as indicated by the markers. Such relatively large displacements should be compared

to the relatively low ones of the SQZS counterpart, as discussed further below.



Fig. 4 Normalized force-displacement curve with DQZS behaviour, for different values of the initial
stiffness: k; = 0.2 (solid line), k; = 0.5 (dashed line) and k; = 0.8 (dotted line). The thin solid

line represents the linear case, i.e. k; = 1. The large dots indicate the DQZS points.

The schematics in Figs. 5(a) and (c) show two different configurations of the suspension of the
proposed DQZS isolator, corresponding to the two extreme values of k, reported in the plot of Fig.
4. Such extreme values are selected to be reasonably close to the initial stiffness of the SQZS
isolator, and reasonably close to the stiffness of the linear isolator. The schematics in Figs. 5(b) and
(d) show the two configurations of the suspension of the classical SQZS isolator, corresponding to
the case in the schematics of Figs. 5(a) and (c), respectively. Thus the schematic of Fig. 5(a)
compares to that in Fig. 5(b), and the schematic of Fig. 5(c) compares to that in Fig. 5(d). It can be
seen that, for equal static displacement, the specific X-shape configuration of the four-springs in the
proposed DQZS isolator, potentially allows relatively smaller spring elongation respect to the T-

shape configuration of the three-springs in the classical SQZS isolator.
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Fig. 5 Configurations of the unloaded isolator suspension with DQZS behaviour for (a) k; = 0.2
and (b) k; = 0.8. Configurations of the unloaded isolator suspension with SQZS behaviour for

(¢) ky = 0.2and (d) k; = 0.8.

The comparison between the force-deflection curves of the isolators in the schematics of Figs.
5(a,b) and in Figs. 5(c,d) are reported in the plot of Fig. 6(a,b), respectively. It can be seen that the
static characteristic of the proposed isolator (thick solid line) exhibits a DQZS behaviour at
|9,-|about 0.5, while the static characteristic of the classical isolator (thin solid line) manifest SQZS
behaviour at ¥, = 0. The dashed lines in the plot of Fig. 6 are approximated solutions and will be

discussed in the following section.
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Fig. 6 Normalized force-displacement curve for (a) k; = 0.2 and (b) k; = 0.8 for the proposed
isolator with DQZS behaviour (thick solid line) and the classical isolator with SQZS behaviour
(thin solid line). The dashed lines denote polynomial approximations to the corresponding

analytical solution, and the thin dash-dotted line denotes the linear case, f = .

4 ISOLATOR PERFORMANCE

4.1  Approximation of the force-displacement relation

In order to investigate the dynamic response of the proposed isolator, the static force-deflection
curve of Eq. (8), with the constraints given in Egs. (9a-c), is approximated by a polynomial
expression. The following boundary conditions are adopted: (i) the stiffness at y. = 0 is set equal to
ky; (ii) the stiffness and its derivative at y, = Jr,pqzs are both set to zero; (iii) the force at y, =
Jr.pqzs is set equal to the value obtained by Eq. (8) at $. = ;. pqzs- The following approximated

seventh order (odd) polynomial expression is obtained

Vad ~ ~ 3 ~ 5 ~ 7
foqzs = BoqzsVr + YoqzsPr~ + OpqzsPr” + Epqzsdr (10)

where



Boqzs = ky (11a)

35fpqzs—24k19rpqzs

— 11b
YDQzs 892 pazs (11b)
_ —21fpqzs+12k19r,pqzs
Spqzs = 295 (11c)
Vr,DQZS
_ 15fpzs—8k1Pr,pqzs
€pQzs = 897 (11d)
Yr,DQZS

For the classical SQZS isolator, Eq. (4) is approximated using a classical Taylor series expansion up

to the seventh order, yielding

pal A ~ 3 ~ 5 ~7
fsqzs = BsqzsVr + Vsqzshe~ + OsqzsPe™ + €sqzshr (12)

where

Bsqzs = 0 (13a)

VYsqzs = 57— (13b)
¢ 2 /1+3702—1

8sqzs = S L (13c)
8 149021
/1+37 2
EsqQzs = o (13d)
16 1+90%-1

The approximated polynomial in Eq. (10) for the DQZS isolator is also plotted in Fig. 6(a) and (b)
as thick dashed lines and compared to the exact analytical expression drawn as thick solid lines. In
the plots of Fig. 6(a) and (b), the approximated force deflection curves of the classical SQZS
isolator from Eq. (12) are also plotted as thick dashed lines and compared to the exact expression
from Eq. (4) as thin solid lines. It can be noted that both polynomial expressions approximate
relatively well the corresponding exact curves. However, when the displacement achieves relatively

large values, the Taylor series approximation in Eq. (12), for the classical SQZS T-shape isolator,



starts deviating from the exact behaviour, as visible in the plot of Fig. 6(b), although this is a

working region where the classical SQZS isolator is usually not designed for.

4.2 Equation of motion

The equation of motion of the systems depicted in the schematics of Fig. 1(a) and (b) is given by
my. + cy. + f = —my, (14)

where f is the static spring restoring force given by either Eq. (1) or (5), the overdots denote first
and second derivative respect to time t, and a viscous damping coefficient c is introduced to account
for energy dissipation. Both isolators are assumed to be excited at the base by a harmonic
displacement y, = Y, cos(wt + ¢), as depicted in the schematic of Fig. 1, where Ye is the
amplitude, w is the angular frequency, and ¢ is the phase.

By using the approximate expression for the spring restoring force, given in Eq. (10) for the DQZS

isolator and in Eq. (12) for the SQZS isolator, Eq. (14) is written in the following normalized form

P+ 209; + B3 + VI + 697 + 9] = @°Ve cos(@i + ) (19)

N —~ . . . k
where t = wyt and & = wi are the normalized time and angular frequency respectively, w, = /%"
0

(= ﬁ is the damping ratio, ¥, = % is the normalized displacement amplitude of the excitation,
0

and primes denote differentiation respectto £ .
In particular, for the DQZS isolator, B, v, 6, € are given by Egs. (11a-d), while for the SQZS isolator

they are given by Egs. (13a-d), and for the linear system g = landy =6 = ¢ = 0.

4.3  Displacement transmissibility



The displacement transmissibility of the isolator is used as a metric to assess the isolator
performance. The displacement transmissibility (Lu et al., 2016) is defined as the ratio of the
displacement amplitude of the suspended mass to that of the moving base, i.e. the external frame.
To solve Eqg. (15), it is assumed that the system response is predominately harmonic at the
excitation frequency, so that y, = Y. cos(@t) (where Y, is the relative displacement amplitude), and
this is substituted back into Eq. (15), where a first-order harmonic balance approximation is applied

to yield
0|7 - 77| + 28 @2 [2¢% - 6]+ 628" =0 (16)

. 3 52 5 54 35 56
WIthG—B-I_Zer +§5Yr +aEYr .
Equation (16) is quadratic in @*and can be solved in closed form to give the relation between the

Y
relative displacement transmissibility 3~ and the frequency.

By defining the normalized absolute displacement of the suspended mass as y, = V. + ¥, =

Y, cos(&t + 1), the absolute displacement transmissibility is determined as

A % | 26 %
*=J1—§+5§ (17)
The isolation performance is then compared in terms of the absolute displacement transmissibility
for the DQZS isolator, the SQZS isolator, and the linear system, as functions of the normalized
frequency @. The absolute displacement transmissibility is calculated and shown in the plots of Fig.

7(a) and 7(b) for k; = 0.2, ¥, = 0.5 and for two different values of damping.
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Fig. 7 Absolute displacement transmissibility of the DQZS isolator compared to that of the SQZS

isolator, and to that of the linear system, for k; = 0.2, ¥, = 0.5 and: (a) { = 0.9 ¢* and (b) { =
1.1 {*. Numerical solutions to a slow sine sweep excitation (thin lines). Isolation region is for

frequencies @ > @*, which is denoted by a star.

The damping values in the plots of Fig. 7(a) and 7(b) are respectively selected to be 0.9 and 1.1

times the critical value for an unbounded response of the SQZS isolator, which is given in

(Milovanovic et al., 2009) by the following approximate expression {* = ¥,

Although this is valid for a SQZS isolator with cubic stiffness nonlinearity only (while in this paper
a 7-th order approximation is adopted), it gives a rough estimate for such a threshold. On the one
hand, in the plot of Fig. 7(a), it can be thus clearly seen that if the damping is lower than the critical
value ¢*, the response of the SQZS isolator increases indefinitely with the increase of frequency. In
this case the system is still stable, but its response in not limited in amplitude, i.e. it is unbounded.
On the other hand, in the plot of Fig. 7(b), it can be seen that if the damping is larger than ¢*, then
the response of the SQZS isolator is bounded, and a fair comparison can be done with the response

of the DSQZ isolator. However, from the plot in Fig. 7(b) it can also be noted that at about @ = 1.5



a detached curve appears for the classical SQZS isolator at higher amplitudes, which is highly
undesirable. In the range of parameters shown, no detached resonance curve was identified for the
proposed DQZS isolator. For validation purposes, numerical simulations are performed by applying
a slow sine sweep excitation to the equation of motion, and the resulting transmissibility is also

plotted in Fig. 7 as thin lines.

An increase of damping in a vibration isolator would be generally detrimental for the performance

above the isolation frequency, and thus a value of ¢ = 1.1 {* is selected for the following analysis.

To investigate the effect of the non-dimensional stiffness k, on the isolation performance, the
absolute displacement transmissibility is shown in the plots of Fig. 8(a) and 8(b) for Y, = 0.6, and
for k; = 0.2 and k, = 0.6, respectively. It can be seen that a lower value of k, is generally

desirable, as this is related to the initial stiffness in the force-displacement curve and thus to the

linearized resonance frequency, which increases as k; increases.

(2) (b)

DQZS  Linear  SQZS A DQZS  Linear  SQZS /

O[5
r;<:)| R

W A)
Fig. 8 Absolute displacement transmissibility of the DQZS isolator compared to that of the SQZS

isolator, and to that of the linear system, for Y, = 0.6 and: (a) k; = 0.2 and (b) k; = 0.6.
Numerical solutions to a slow sine sweep excitation (thin lines). Isolation region is for frequencies

@ > @", which is denoted by a star.



To investigate the effect of the non-dimensional amplitude of excitation Y, on the isolation
performance, the absolute displacement transmissibility is shown in the plots of Fig. 9(a) and 9(b)

for k; = 0.2,and for ¥, = 0.6 and Y, = 0.2, respectively.

(a) (b)
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Fig. 9 Absolute displacement transmissibility of the DQZS isolator compared to that of the SQZS
isolator, and to that of the linear system, for k; = 0.2 and: (8) Y, = 0.6 and (b) Y, = 0.2.
Numerical solutions to a slow sine sweep excitation (thin lines). Isolation region is for frequencies

@ > @", which is denoted by a star.

It can be seen that the proposed DQZS isolator outperforms the classical SQZS isolator, in terms of
a larger isolation region, for relatively higher values of excitation amplitudes. In particular, the

excitation amplitude in the plot of Fig. 9(a) is three times that in the plot of Fig. 9(b). Nonetheless,
the isolation region (i.e. the frequency region where % < 1) of the proposed DQZS isolator is larger

than that of the classical SQZS isolator in the plot of Fig. 9(a), while it is smaller in that of Fig.
9(b).
Such an advantage is achieved due to the particular shape of the force-deflection curve of the DQZS

isolator, which may be designed to extend the overall region of low stiffness. In particular, when the



amplitude of vibration is relatively small, then the classical SQZS isolator outperforms the proposed
DQZS isolator, since the stiffness around the equilibrium configuration for the classical SQZS
isolator is very small, while that of the proposed DQZS isolator is relatively large. However, when
the amplitude of vibration is relatively large, then the stiffness of the classical SQZS isolator rapidly
increases in a hardening way, while that of the proposed DQZS isolator decreases in a softening
way. As a consequence, for high vibration amplitudes, the proposed DQZS isolator outperforms the

corresponding classical SQZS isolator.

4.4  lsolation region

To better quantify and compare the isolation regions for the different isolators, the isolation
frequency @™ is introduced and defined as the frequency where the displacement transmissibility is
equal to 1. To visualize the location if this frequency on the transmissibility curves, it was plotted in
Fig. 7, Fig. 8 and Fig. 9 as a star, and a horizontal thin dashed line was also plotted for reference,
indicating the transmissibility equal to 1.

For a linear isolator this frequency is well known, and it is given by v2 ~ 1.41. For the nonlinear
systems, it is determined by setting to 1 the absolute displacement transmissibility in Eq. (17)
yielding

o* =26 (18a)

Equation (18a) is then substituted back into Eq. (16) to give

87.°02 + .°6 — 467, = 0 (18b)

. . ~ 2
which can be solved numerically for Y, .



The frequency @* is thus plotted in Fig. 10(a) and 10(b) as a function of the stiffness k,, for two
different values of excitation amplitudes. The lower the frequency @* the larger the region where
isolation is achieved. In the plot of Fig. 10(a), it can be seen how the isolation region of the SQZS
isolator is always larger than that of the DQZS isolator for ¥, = 0.2. However, when the excitation
amplitude increases to ¥, = 0.5 as in the plot of Fig. 10(b), the isolation region of the DQZS
isolator is larger than that of the SQZS isolator for k, smaller than about 0.4.

A performance index A&™ is defined below as the relative difference between the frequency @™ of

the DQZS isolator and that of the SQZS isolator. This gives

~ Dpozs—Dsqzs
AR = 2 38 (19)
Wsqzs

where the sub-script denotes the specific isolator. Equation (19) is plotted in Fig. 11 as a function of
k, for increasing values of the excitation amplitude. Negative values of A@* (white region) mean
smaller values of @™ for the DQZS isolator relative to the SQZS isolator, and thus larger isolation
region for the DQZS isolator relative to the SQZS isolator. It can be seen that, generally, a better
performance of the DQZS isolator is achieved for high values of the excitation amplitude, ¥,, and
lower values of stiffness, k,. In the plots of Figs. 7, 8, 9 and 10, the lower the value of &*, the larger
the isolation region and the better the performance of the isolator. In the plot of Fig. 11, negative

values for A@* mean better isolation region for the DQZS isolator respect to the SQZS isolator.



(a) (b)

1.8 " " T T 1.6

Fig. 10 Normalized frequency @*, denoting isolation region, as a function of k&, for (a) ¥, = 0.2 and
(b) ¥, = 0.5. DQZS isolator (thick solid line), SQZS isolator (thick dashed line) and linear isolator

(thin solid line).
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k1
Fig. 11 Index A@™ to quantify isolation performance of the DQZS isolator relative to the SQZS
isolator, as a function of k, for increasing values of excitation amplitude, as denoted by the arrow:
Y, =0.2,0.4,0.6,0.8,0.9. The white region indicates superior performance of the proposed DQZS

isolator respect to the classical SQZS one.



5 CONCLUSIONS

This paper has investigated the static and dynamic characteristics of the nonlinear suspension of a
vibration isolator consisting of four linear springs arranged in a X-shaped configuration to achieve a
sigmoidal shape force-deflection characteristic with DQZS behaviour at large deflections.

The analytical insight has allowed to highlight the fundamental key-parameters affecting the
performance of the isolator. The dynamic analysis is performed analytically in terms of the
frequency response of the system, and of its displacement transmissibility.

The performance of the proposed DQZS isolator is compared to that of the classical SQZS isolator,
with low stiffness at the equilibrium configuration. It has been shown that, in case of relatively large
amplitudes of vibration, the sigmoidal shape characteristic of the proposed DQZS elastic suspension
is responsible of enlarging the isolation region, compared to that of the classical SQZS isolator, thus
providing better isolation performance. For the range of parameters used, a reduction of about 50%
can be achieved in terms of isolation frequency. Alternatively, for a given excitation amplitude, the
adoption of the proposed DQZS suspension leads to a more compact design. This is due to the
softening effect of the force-deflection curve. Numerical results have confirmed the validity of the

approximate analytical formulation, providing a useful insight for the design of such DQZS isolator.
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