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An interpolation law is implemented to handle two-material structures with void, distributing
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of circular/spherical holes with graded radius. Also, when boundaries of a hollow component are

prescribed i), the method can be used to equip it with an optimal infill ii). Numerical examples are

presented, concerning two- and three- dimensional problems, for different types of loads. Features

of the proposed procedure are discussed, as well as peculiar properties of the optimal solutions,

with special regard to coated structures. Fabrication of the porous layouts by means of additive

manufacturing techniques is outlined.
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1. Introduction10

Given a geometric domain, topology optimization allows designing structural components by11

searching for the distribution of material that minimizes an objective function for a prescribed set12

of constraints [1]. Among the others, the design operated by distribution of isotropic material is13

widely adopted by academia and industry to sketch lightweight components. Assuming as unknown14

the density field that governs the elastic modulus of the material, an optimization problem can15

be formulated to minimize the work of the external loads at equilibrium (the so-called structural16

compliance), with constraints on the allowed amount of material (the available volume fraction),17

see [2]. A strong penalization of the intermediate densities was especially conceived in the Solid18

Isotropic Material with Penalization (SIMP) [3] to achieve optimal layouts made of void (“0”19

or “white” ) and solid material (“1” or “black”). The solutions for minimum compliance (i.e.20

minimum overall strain energy) usually consist of statically determinate truss-like structures that21

leverage the axial stiffness of struts and ties to get minimum deformability out of a limited amount22

of material.23

Additive manufacturing (AM) is well-suited to bring layouts from concept to reality. It remark-24

ably reduces limitations due to conventional manufacturing techniques, and is nowadays emerging25

as a competitive alternative to subtractive manufacturing in many fields of application. Indeed,26

3D-printing allows for customizable products that can be effectively tailored to meet performance27

needs and requirements exploiting topology optimization. Reference is made to [4–6] for reviews28

on recent trends and achievements in their combined use.29

Lattice structures are an example of complex features that can be easily manufactured through30

3D-printing processes. They can be used to fabricate lightweight, robust and multi-functional31

infills that are generally preferred over solid interiors for parts of given shape, due to their intrinsic32

features, see e.g. [7]. Selective Laser Sintering (SLS) can take full advantage of porous infills of any33
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given shape, whereas Fused Deposition Modelling (FDM) requires layouts with a limited overhang,34

unless printing supports are allowed, see e.g. [8, 9]. In the latter case, a plastic filament is melt35

and deposed layer-by-layer. For angles exceeding 45◦ degrees, supports are usually required, since36

the previous layers are not sufficient to build upon safely.37

Optimal infill and external shape can be designed within the same numerical procedure by38

means of topology optimization. Among the available techniques to solve this design problem,39

multi-scale topology optimization represents an effective and efficient alternative, see the recent40

review in [10]. Assuming a separation of scales, numerical homogenization can be conveniently41

adopted to model the periodic microstructure of the infill (micro- or meso- level) by using equiv-42

alent material properties at the macro-scale, see e.g. [11–13]. Asymptotic homogenization can be43

employed to compute the effective elastic properties of lattice material in terms of one or more44

design variables, i.e. one or more geometrical parameters governing a microstructure to be graded45

within the design domain, see e.g. [14, 15]. Alternatively, a procedure of inverse homogenization46

is needed to derive the shape of the microstructure corresponding to intermediate values of the47

unknown density field, see e.g. [16, 17]. It must be remarked that inverse homogenization was48

exploited in the early stages of topology optimization to circumvent the ill-posedness of the contin-49

uous problem that distributes a “void” and a solid phase only. Composites were allowed to occur50

at intermediate densities to this goal, see in particular [18] and [19].51

In both cases, the achieved microstructures may be difficult to fabricate. When several patterns52

are generated, see e.g. [20], a peculiar issue is that different patches cannot be easily merged53

altogether. Loss of continuity or undesired geometrical singularities are likely to arise, unless this54

has been explicitly taken into account in the formulation, see e.g. [21]. Effective de-homogenization55

techniques have been proposed in the literature to overcome these problems, see in particular [22]56

and [23]. When grading honeycombs, see e.g. [24], or lattice and surface-based representations57

with given topology, see e.g. [25], issues to be faced include handling of anisotropy (especially58
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in 3D), potential weakness of the microstructure (due to any abrupt change in section and sharp59

connections), features exhibiting critical overhang angles.60

Most of the contributions dealing with multi-scale design for maximum stiffness are based on61

the volume-constrained minimum compliance problem already mentioned. When there is only one62

loaded point, the work of the external load is given by the scalar product of the displacement63

along the direction of the applied force and the force itself. Indeed, the same solution (up to a64

scaling) is expected to arise when considering either a volume-constrained minimum compliance65

problem or a displacement-constrained minimum volume problem, see [26]. A classical extension66

of the minimum compliance problem to multiple load cases consists in using a weighted sum of67

the energy contribution pertaining to each one of the considered load cases. However, when local68

control of the deflection is requested under the effect of distributed loads, multiple forces and69

multiple load cases, the enforcement of a set of displacement constraints is required.70

Within the above framework, this contribution presents a multi-scale approach of topology71

optimization to design lightweight components for given loads and prescribed displacement lim-72

its. Hexagonal close-packed arrangements [27] of circular/spherical holes allow defining 2D/3D73

isotropic/transversely isotropic microstructures whose homogenized elastic properties can be graded74

by varying the radius of the cavities. Due to the moderate anisotropy of the three-dimensional75

porous material, the macroscopic elastic properties of both porous phases can be derived in terms76

of the bulk modulus and the shear one. A multi-material interpolation law is introduced to dis-77

tribute full material, and a graded porous phase with densities belonging to a prescribed range. A78

void phase is allowed, unless a minimum infill density is prescribed all over the design domain. In79

addition to the set of local constraints that control the deflection, an enforcement governing the80

minimum amount of graded porous microstructure in the optimal layout is implemented. Follow-81

ing recent contributions in the area of topology optimization with local stress enforcements, see82

[28, 29], the arising multi-constrained formulation is tackled by combining sequential convex pro-83
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gramming [30] and an Augmented Lagrangian (AL) approach [31]. A simple technique is proposed84

to post-process the optimal density field to i) extract the boundaries of the component, if any, and85

ii) provide the internal arrangement of circular/spherical holes with graded radius, intrinsically86

preserving the material continuity between adjacent cells while avoiding the arising of weak direc-87

tions. The geometry of two-dimensional and three-dimensional blueprints can be straightforwardly88

exported for production through additive manufacturing.89

The paper is organized as follows. Section 2 focuses on both the two-dimensional and the90

three-dimensional porous microstructures herein considered. It presents the outcome of the ho-91

mogenization procedures and introduces the interpolation law adopted to distribute solid and92

graded material, with void. The multi-scale formulation of topology optimization with displace-93

ment constraints is introduced in Section 3, along with details on its numerical implementation and94

the post-processing approach to get blueprints. Numerical simulations are presented in Section95

4, considering several types of load conditions. Peculiar features of the achieved optimal layouts96

are discussed, as well as their structural performance. Finally, Section 5 draws conclusions and97

introduces topics of the ongoing research.98

2. Material model99

2.1. Solid Isotropic Material with Penalization100

Given a Cartesian reference frame Oz1z2z3, a three-dimensional body made of linear elastic

isotropic material with Young’s modulus E0 and Poisson’s ratio ν0 occupies the region Ω. Denoting

by σij and εij the components of the stress tensor and of the strain tensor, respectively, the

constitutive relation reads:

σij = (K0 − 2G0/3)εkkδij + 2G0εij, (1)
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where

K0 =
E0

3(1− 2ν0)
, G0 =

E0

2(1 + ν0)
(2)

are the three-dimensional bulk modulus and the shear modulus of the material, respectively.101

Assuming plane stress elasticity, the stress-strain relation becomes:

σij = (K0 −G0)εkkδij + 2G0εij, (3)

where

K0 =
E0

2(1− ν0)
(4)

is the two-dimensional bulk modulus of the material and G0 is the shear modulus of Eqn.(2).102

In a density-based approach of topology optimization, 0 ≤ ρ ≤ 1 is a variable that governs

the elastic properties of the material in Ω through the so-called Solid Isotropic Material with

Penalization (SIMP) [1, 3]. One may write:

K(ρ) = Kmin + ρp(K0 −Kmin), G(ρ) = Gmin + ρp(G0 −Gmin), (5)

where p > 1 (usually p = 3) is intended to penalize the intermediate range of the density, K0103

is either the three-dimensional bulk modulus of the material or its plane-stress two-dimensional104

counterpart, depending on the problem, and G0 is the shear modulus. Kmin and Gmin are small105

nonzero values to be used when computing the solution of the elastic equilibrium of the body via106

finite element analyses (typically 10−9 times the values at full material). Polylactic acid (PLA) is107

assumed in this study as the reference material, being E0 = 3.6GPa and ν0 = 1/3.108
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(a) (b)

Figure 1: 2D version of the porous microstructure: hexagonal arrangement of circular holes, with prescribed
reference dimension d and variable radius r (a); a single base cell (b).

2.2. A porous microstructure with graded circular holes109

As investigated e.g. in [32], an hexagonal arrangement of circular holes gives rise to a 2D110

isotropic porous microstructure, see Figure 1. This geometry is quite similar to that of the extreme111

periodic microstructure found in [33] when using inverse homogenization to maximize the bulk112

modulus with isotropy constraint, see also [34]. Similarities arise also with respect to some of113

the base cells presented in [35], where the design for optimized strength against initiation of114

microscopic buckling is dealt with considering different load cases. It must be also remarked115

that rounded holes are effective in preventing the arising of undesired stress concentration, see in116

particular the numerical investigations on material design reported in [36] and [37].117

The material density of a two-dimensional graded porous microstructure featuring an hexagonal

arrangement of circular holes can be computed as ρg = 1 − |Yv|/|Y |, where |Y | is the volume of

the base cell with dimensions ly1 = d, ly2 =
√
3d and |Yv| is the volume of the inner circular-like
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Figure 2: 2D version of the porous microstructure: interpolation laws fitting results from numerical homogenization,
as compared to the conventional SIMP: two-dimensional bulk modulus K(ρg)/K0 (a); shear modulus G(ρg)/G0

(b).

voids. The density depends upon the radius of the circular holes as:

ρg = 1− 2πr2√
3d2

for 0 ≤ r ≤ rmax, with rmax =
d− t

2
, (6)

where rmax is the maximum radius as a function of the reference dimension of the microstructure,118

d, and of the minimum thickness of the material between two adjacent holes, t. For t = 0, the119

density of the material would be that of a close-packing of circular holes, i.e. ρg,min = 0.093, see120

[27].121

The dependence of the stress-strain matrix on the material density may be evaluated by per-

forming numerical homogenization on the base cell represented in Figure 1(b). The pixel-based

method implemented in [38] is used. Homogenization is run using a regular mesh with pixel dimen-
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(a) (b)

Figure 3: 3D version of the porous microstructure: superposition of hexagonal layers of spherical holes in the
hexagonal close-packed (HCP) arrangement, with prescribed reference dimension d and variable radius r (a); plan
view of a single base cell (b).

sion lpix = d/100, for 0 ≤ r < rmax, assuming t = d/50 (the material disintegrates for t = 0). The

achieved results are fitted using a fifth degree polynomial, for which zero stiffness is additionally

enforced at ρg = 0. The material law reads:

K(ρg) = Kmin +
(
1.0483ρ5g − 1.1636ρ4g + 0.3993ρ3g + 0.4950ρ2g + 0.2210ρg

)
(K0 −Kmin),

G(ρg) = Gmin +
(
3.5149ρ5g − 7.6208ρ4g + 5.7678ρ3g − 0.7083ρ2g + 0.0465ρg

)
(G0 −Gmin),

(7)

for 0 ≤ ρg ≤ 1, where K0 and G0 are the full material values introduced in Section 2.1 for plane122

stress, namely K0 of Eqn. (4) and G0 of Eqn. (2), whereas Kmin and Gmin are those of Eqn. (5).123

In Figure 2, the fitting interpolation laws are compared to the conventional SIMP to point out124

that the porous microstructure is much stiffer at low and intermediate densities than the conven-125

tional penalization with p = 3. This applies especially for the two-dimensional bulk modulus.126
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Figure 4: 3D version of the porous microstructure: three dimensional view of a single base cell.

2.3. A porous microstructure with graded spherical holes127

In geometry, close-packing of equal spheres is a dense arrangement of congruent spheres in an128

infinite, regular arrangement [27]. There are two simple periodic layouts that achieve the highest129

average density, namely the Face-Centered Cubic (FCC), also called Cubic Close-Packed, and the130

Hexagonal Close-Packed (HCP) .131

In Figure 3, a sequence of two hexagonal layers of spherical holes in the so-called hexagonal132

close-packed arrangement is represented. The layer A has the same arrangement already used for133

circular holes in the 2D porous microstructure. It is represented using dotted lines. The layer134

B is found by translating the layer A along a vector (1/2 d,
√
3/6 d,

√
6/3 d), as depicted using135

continuous lines in the picture. A six-fold rotational symmetry about the y3-axis, perpendicular to136

the hexagonal layers, is observed in the microstructure. Hence, the periodic sequence AB gives rise137

to a transversally isotropic porous microstructure with axis y3. It must be remarked that the HCP138

arrangement achieves the highest average density in the close-packing of equal spheres, herein139

spherical holes. The FCC layout shares the same geometrical property, but has no transverse140

isotropy, see [39].141

The material density of the three-dimensional graded porous microstructure depends upon the
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Figure 5: 3D version of the porous microstructure: interpolation laws fitting results from numerical homogenization,
as compared to the conventional SIMP: three-dimensional bulk modulus K(ρg)/K0 (a); shear modulus G(ρg)/G0

(b).

radius of the spherical holes as:

ρg = 1− 8πr3

3
√
2d3

for 0 ≤ r ≤ rmax, with rmax =
d− t

2
, (8)

where rmax, d, and t have been already defined in Section 2.2. For t = 0, the minimum density of142

the material would be that of a close packing of spherical holes i.e. ρg,min = 0.259.143

For transversally isotropic material the stress-strain relationship is a function of five indepen-144

dent parameters. Its dependence on ρg can be evaluated by applying the voxel-based homogeniza-145

tion approach presented in [40] to the base cell of Figure 4. Homogenization is run assuming PLA146

and a regular mesh with voxel dimension lvox = d/50 for 0 ≤ r ≤ rmax, see Eqn. (8), with the same147

minimum thickness already used for the 2D base cell. According to Appendix A, the 3D porous148
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microstructure is affected by minor anisotropy. As a simplification, isotropic material modelling149

will be used in the following.150

Along the lines of the procedure followed in the two-dimensional framework, the results achieved

through homogenization are fitted using a fifth degree polynomial, for which zero stiffness is

additionally enforced at ρg = 0. The material law reads:

K(ρg) = Kmin +
(
1.7267ρ5g − 2.3570ρ4g + 0.6246ρ3g + 0.9517ρ2g + 0.0540ρg

)
(K0 −Kmin),

G(ρg) = Gmin +
(
0.7420ρ5g − 1.2437ρ4g + 0.2233ρ3g + 1.2634ρ2g + 0.0151ρg

)
(G0 −Gmin),

(9)

for 0 ≤ ρg ≤ 1, whereK0 andG0 are those of Eqn.(2), whereasKmin andGmin have been introduced151

in Section 2.1. The fitting interpolation laws K(ρg) and G(ρg) are represented in Figure 5, along152

with the conventional SIMP for p = 3. The main consideration set out with regard to the two-153

dimensional results of Figure 2 applies here as well. With respect to SIMP with p = 3, the increase154

in terms of shear modulus is even bigger than that in terms of bulk modulus.155

2.4. A two-phase material model with void156

A two-phase interpolation law for the isotropic elastic constants is introduced to allow for the

distribution of full material and void (see Section 2.1), along with a fraction of porous microstruc-

ture with graded circular/spherical holes (see Sections 2.2/2.3). It reads:

K(ρ, ρg) = ρpK0 + (1− ρp)K(ρg),

G(ρ, ρg) = ρpG0 + (1− ρp)G(ρg),
(10)

for 0 ≤ ρ, ρg ≤ 1, where symbols are those already used in Eqns. (5), (7) and (9). For ρ = 1,157

whatever the value of ρg, the bulk modulus and the shear one are those of full material, i.e. K0158

and G0 respectively. For ρ = ρg = 0, only the terms Kmin and Gmin are nonzero, i.e. the fictitious159

stiffness of the void is found, see Eqns. (7) and (9). For ρ = 0 and ρg ̸= 0 a porous microstructure160
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may arise according to the adopted interpolation, either Eqn. (7) or Eqn. (9).161

In the above equations, the penalization of ρ is especially conceived to steer the design towards162

its limit values, i.e. ρ = 1 (full material) or ρ = 0 (void or porous microstructure graded by ρg).163

Indeed, increasing ρ on a certain place automatically reduces the weight of the complementary164

phase, thus promoting 0-1 design. Formulations to distribute two distinct materials and void165

(three phases) using this concept were introduced in [41], as reviewed by [42].166

To enhance the effect of such an approach, p is smoothly increased during the simulations from167

3 to 6 through a continuation approach, see [43].168

3. Design for minimum weight under displacement constraints169

3.1. Formulation170

A finite element discretization of a given design domain is operated, using four-node and171

eight-node displacement-based elements in two and three dimensions, respectively. Two sets of172

element-wise design variables are considered to implement the material law of Eqn. (10). In the173

e-th of the n elements of the mesh, ρe and ρg,e are the discrete counterpart of the variables ρ and174

ρg, respectively.175

A problem for the design of a topology of minimum weight under displacement constraints can

be stated as:

min
0≤ρe≤1

0≤ρg,e≤ρg,max

W =
n∑

e=1

(
ρe + (1− ρe)ρg,e

)
W0,e

s.t. K(ρ,ρg)Uj = Fj, for j = 1...l,

ui ≤ ulim,i, for i = 1...m,

n∑
e=1

(1− ρe)ρg,eW0,e ≥ fg

n∑
e=1

W0,e.

(11a)

(11b)

(11c)

(11d)
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176

In the above statement, the objective function is the weight of the component, which is com-177

puted through the sum of the element contributions (ρe+(1−ρe)ρg,e)W0,e, being W0,e the volume178

of the e-th element for ρe = 1.179

Eqn. (11b) prescribes the discrete elastic equilibrium. The global stiffness matrix K(ρ,ρg) is180

computed by assembling the element contributions that account for the constitutive law given in181

Eqn. (10). Each of them may be conveniently written as the sum of a contribution depending182

on the interpolation of the bulk modulus K(ρe, ρg,e)KK0,e, and a contribution depending on the183

shear modulus G(ρe, ρg,e)KG0,e, where KK0,e and KG0,e both refer to ρe = 1, see also [44]. For the184

j-th of the l load cases, Fj is the load vector, whereas Uj is the corresponding nodal displacement185

vector.186

The i-th of the m displacement components to be controlled is denoted by ui. Eqn. (11c) en-

forces a prescribed limit ulim,i, where ulim,i stands for the relevant maximum displacement allowed.

Assuming that ui is an entry of Uj, i.e. that the i-th displacement constraint refers to the j-th

load case, one has:

ui = LT
i Uj, (12)

where Li is a vector made of zeros except for the entry referring to the i-th displacement degree187

of freedom, which takes unitary value.188

Eqn. (11d) prescribes a minimum value for the weight fraction of the porous microstructure,189

namely fg.190

As discussed in Section 2.2 and 2.3, a lower bound ρg,min applies to avoid collapse of the HCP191

layout of circular/spherical holes. Also, un upper bound ρg,max should be prescribed to prevent192

cavities with radii that are too small with respect to the adopted manufacturing technique. The193
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upper bound is enforced in Eqn. (11) through the statement of side constraints for the variables194

ρg,e. The same technique cannot be used to enforce ρg,min, since, according to Eqn. (10), the195

void phase arises for ρ = ρg = 0. To prevent values in the undesired range 0 < ρg < ρg,min a196

projection approach can be conveniently implemented when dealing with the simultaneous design197

of the boundaries of the component and of the internal graded microstructure. Alternatively, when198

a problem of optimal infill is considered, both ρg,min and ρg,max can be straightforwardly enforced199

through side constraints.200

3.2. Numerical implementation201

Details are given in the following sections on the treatment of the density fields to avoid well-202

known numerical instabilities and achieve a manufacturable porous phase. The gradient-based203

approach adopted to address the multi-constrained formulation is presented, as well.204

3.2.1. Filtering205

A standard linear filter [45, 46] is implemented on the element variables ρe to avoid potential

issues that are well-known in topology optimization, i.e. the arising of mesh dependence and

checkerboard patterns. The original variables ρe and ρg,e are mapped to the new sets ρ̃e and ρ̃g,e

as follows:

ρ̃e =
1∑
n Hes

∑
n

Hes ρe, ρ̃g,e =
1∑
nHes

∑
n

Hes ρg,e

Hes = max(0, rf − dist(e, s)), Hg,es = max(0, rg,f − dist(e, s))

(13a)

(13b)

where dist(e, s) is the distance between the centroid of the e-th and s-th element, whereas rf and206

rg,f are the filter radius used for ρe and ρg,e, respectively.207

Then, the filtered densities ρ̃e are mapped to the set of projected (physical) densities ρ̂e in

order to achieve 0-1 solutions, i.e. a clear separation between full material and porous material or
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void. The formulation proposed in [47] is herein adopted:

ρ̂e =
tanh(βη) + tanh(β(ρ̃e − η))

tanh(βη) + tanh(β(1− η)
, (14)

with threshold η = [0, 1] and sharpness factor β = [1,∞]. The Heaviside function projects densities208

below the threshold to 0 and densities above it to 1, depending on the value of the sharpness factor,209

see e.g. [48, 49]. In the numerical section η = 0.5, whereas β is smoothly increased during the210

simulations from 2 to 16 by means of the continuation approach in [43].211

To enforce the lower bound ρg,min without jeopardizing the arising of the void phase, filtered

densities ρ̃g,e are mapped to a set of projected densities ρ̂g,e, along the line of the approach proposed

by [22], see also [14]. One has:

ρ̂g,e = ρ̃g,e
tanh(βgρg,min) + tanh(βg(ρ̃g,e − ρg,min))

tanh(βgρg,min) + tanh(βg(1− ρg,min)
, (15)

with threshold ρg,min and sharpness factor βg = [1,∞]. The Heaviside function scales ρ̃g,e such212

that densities below the threshold are projected to 0, whereas densities above remain unchanged.213

The sharpness factor βg is smoothly increased during the simulations using the same continuation214

approach already introduced for β.215

When dealing with the design of the optimal infill for a specimen with given external boundaries,216

no projection is needed on ρ̂g,e, see Section 3.1.217

In the numerical simulations that follow it is assumed that ρg,min = 0.30 and ρg,max = 0.85,218

both in the two-dimensional and three-dimensional case, if not differently specified.219

3.2.2. Solving algorithm220

The optimization problem in Eqn. (11) is solved via sequential convex programming, adopting221

the Method of Moving Asymptotes (MMA) [30] as minimizer. The displacement constraints in222
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Eqn. (11c) and the weight constraint in Eqn. (11d) are handled by means of an Augmented223

Lagrangian (AL) approach, as implemented in [28] for minimum weight problems with local stress224

constraints. The AL method allows reducing the computational cost related to the handling of225

a large number of local enforcements. Indeed, Augmented Lagrangian approaches have proven226

effective in solving large-scale multi-constrained problems in two and three dimensions, see in227

particular [29].228

It must be remarked that MMA was ideally conceived to handle problems of structural opti-229

mization, including formulations accounting for multiple stress and displacement enforcements, see230

e.g. [50]. Among the successful applications of MMA, the design of compliant mechanisms involves231

the non-trivial control of displacement components other than those involved in the definition of232

the work of the external forces at equilibrium, see in particular [51]. Although the simulations233

presented next address at most a few hundreds of local enforcements, the AL method has been234

selected to test this method within the framework of the proposed displacement-constrained two-235

phase formulation. Indeed, future extensions are aimed to include the handling of larger sets of236

constraints in multi-scale design problems involving both displacement and stress-based enforce-237

ments, see e.g. [52]. As already mentioned in Section 1, when the controlled displacement is that238

involved in the work of a point force, an enforcement regarding the overall strain energy is being239

formulated. In most of the simulations presented next, the controlled displacements are those of240

the loaded nodes when considering distributed loads, multiple forces and multiple load cases. A241

numerical investigation is performed including a constraint to control a displacement component242

out of the set of those related to the definition of the compliance. However, no test is performed243

concerning more challenging applications for the design of compliant mechanisms.244

Both the constraints in Eqn. (11c) and Eqn. (11d) can be written in the form:

hl/hlim,l ≤ 1, (16)
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where hlim,l is the upper bound of hl in the l-th enforcement.245

At the k-th AL step, an unconstrained problem is considered whose objective function reads:

W +
1

m+ 1

m+1∑
l=1

(
a
(k)
l ql +

b(k)

2
q2l

)
, with ql = max

(
hl

hlim,l

,−a
(k)
l

b(k)

)
, (17)

where a
(k)
l is the l-th entry of the vector a(k) of the lagrangian multiplier estimators, and b(k) > 0 is a246

penalty factor. The function in Eqn. (17) is normalized with respect to the number of constraints,247

namely m+ 1, to avoid the added term prevail over W .248

Following [28], MMA is used to cope with the unconstrained minimization of the normalized

function in Eqn. (17), which is in turn adopted to update the current values of the lagrangian

multiplier estimators and penalty factor for the (k + 1)-th step. One has:

a
(k+1)
l = a

(k)
l + b(k)ql and b(k+1) = min

(
αb(k), bmax

)
, (18)

where α > 1 is an update parameter and bmax an upper bound against numerical issues. In the249

numerical simulations, the same input parameters given in [28] are used.250

The overall process is repeated until convergence is achieved, i.e. the maximum difference in251

terms of the values of the set of minimization unknowns ρe and ρg,e between two subsequent steps252

is less than 10−3.253

The adjoint method is used to compute sensitivity and run the gradient-based minimizer, see254

Appendix B.255

3.3. Post-processing for manufacturing256

A simple procedure is proposed to get blueprints, extracting the boundaries of the component257

and prescribing location and grading of the porous phase, with minor modifications between 2D258

and 3D problems. As a result of the minimization procedure, an optimal distribution of the element259
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unknowns ρe and ρg,e is found throughout the design domain. The boundaries of the object (if260

they are not known a priori) are detected by processing the distribution of the overall material261

density, namely ρe+(1−ρe)ρg,e, thus handling together both the solid material region, i.e. ρe, and262

the graded material one, i.e. (1− ρe)ρg,e. The threshold ρg,min is adopted to detect the final shape263

of the blueprint: according to the introduced projections, all the regions where the overall material264

density is less then this value should be considered neither infill nor solid phase, i.e. they should be265

regarded as void. It must be remarked that the use of ρg,min as a threshold has a negligible effect266

on the result of the detection procedure when dealing with the boundary between solid and void.267

This because of the projection in Eqn. (14). The iso-line computed at ρg,min is used when dealing268

with the pixel-based density distribution in 2D. The iso-surface computed at the same threshold269

is used for the voxel-based material densities in 3D. The region inscribed in the detected/assigned270

boundaries defines a surface in the former case, and a volume in the latter.271

Denoting by i1, i2 and i3 three integer indices starting at the origin of a prescribed reference

system, the z1-, z2- and z3- coordinates of the centers of the circular/spherical holes in the adopted

HCP arrangement (with base cell dimension d) are given by:

(
i1 +

1

2
mod(i2 + i3, 2)

)
d,

(√
3

2
i2 +

1

2
√
3
mod(i3, 2)

)
d,

(√
6

3
i3

)
d, (19)

where the operator “mod” returns the remainder after division of two terms. For the generic

hole, the average value of the quantity (1 − ρe)ρg,e is computed over the elements falling within

a neighbourhood of its center with diameter d/2, and denoted by ρg. No hole is allowed if any

of the surrounding elements falling within the area defined above has ρg,e = 0 or ρe = 1. In 2D,

according to Eqn. (6), the radius of a circular hole reads:

r =

(
(1− ρg)

√
3

2π

)1/2

d. (20)
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Figure 6: Test specimens fabricated by means of Fused Deposition Modeling.

In 3D, according to Eqn. (8), the radius of a spherical hole reads:

r =

(
(1− ρg)3

√
2

8π

)1/3

d. (21)

The final geometry is given by Boolean subtraction of the simple geometrical entities representing272

the holes (circles or spheres) from the shape representing the region within the external bound-273

aries. The graphical information can be efficiently exported using an Initial Graphics Exchange274

Specification (IGES) format. Alternatively, a Standard Tassellation Language (STL) format can275

be used. In the two-dimensional case, a preliminary out-of-plane extrusion is needed to generate276

a three-dimensional solid. A triangular representation of the involved three-dimensional surfaces277

(external boundaries of the object along with cylindrical/spherical holes) is performed. A STL278

writer for the output of voxel-based optimization codes is available e.g. in [53]. Reference is also279

made to [54] for an insight on CAD-oriented topology optimization.280

A few specimens have been manufactured by means of a Fused Deposition Modeling (FDM)281
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(a) (b) (c)

Figure 7: Geometry and boundary conditions for the two-dimensional numerical examples.

3D-printer to perform a preliminary test with respect to fabrication of the graded porous mi-282

crostructures herein considered. The samples shown in Figure 6 consist of an optimized can-283

tilever beam with dimensions 125 × 80 × 6 mm and a portion of porous solid material with size284

40 × 20
√
3 × 10

√
2/
√
3 mm. Samples are as-built, with no finishing. They have been fabricated285

through deposition of horizontal layers, meaning that the building direction is the vertical one.286

Cylindrical and (portions of) spherical holes have been all printed with no support. Reference is287

made in particular to [55] and [56] for discussions on hollowing in FDM and metal 3D-printing,288

respectively.289

It must be remarked that the porous microstructure with graded spherical holes is especially290

conceived for applications with FDM 3D-printers, i.e. using fused filament fabrication. When291

dealing with processes employing a bed of fine powders, such as metal-selective laser melting, the292

unmelted powder has to be removed from any cavity of the printed specimen after fabrication. In293

this kind of applications spherical holes should be connected by a system of short powder removal294

channels, in order to employ one of the available strategies to clean the fabricated part [57]. To295

reduce the invasiveness of the channels, these should preferably be aligned with the direction of296

maximum stiffness of the porous phase, see Appendix A.297
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(a)

(b)

Figure 8: Geometry and boundary conditions for the three-dimensional numerical example: lateral view (a) and
view from below (b).

4. Numerical simulations298

Numerical examples are presented to assess the method introduced in Section 3, considering299

two- and three- dimensional applications. The constraints enforced to govern the deflection are300

such that, in each one of the considered nodes, the controlled component of the displacement301

cannot overcome α times that computed adopting ρ = 1 everywhere (full material in the entire302

design domain). In the two- dimensional numerical applications of Sections 4.1-4.3 it is assumed303

that α = 1.5, whereas α = 2.5 is used for the three-dimensional example of Section 4.4. Geometry304

and boundary conditions are those presented in Figures 7 and 8. For all the examples, the filter305

radius rf used for ρe is L/10, whereas the filter radius for ρg,e reads rg,f = 2rf , if not differently306

specified. Solutions are generated by enforcing different values of fg ≥ 0 in the formulation of307

Eqn. (11). For each numerical investigation, the weight of the achieved optimal design is given in308

terms of the ratio W/W0, where W is the weight at convergence and W0 is the weight of the entire309

design domain made of full material. All the presented layouts fulfill the enforced displacement310
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Figure 9: Example 1. Optimal design for fg = 0, W/W0 = 0.533.

constraints.311

4.1. Design of a simply-supported beam under multiple load cases312

The 4L × L simply-supported beam drawn in Figure 7(a) is addressed, adopting a mesh of313

400 × 100 square finite elements. Four load cases are considered: i) P1, ii) P2, iii) P3, iv) P1, P2,314

P3 acting simultaneously, with P1 = P2 = P3. For each one of the load cases, the displacement315

control is operated as described above, i.e. enforcing that the vertical displacement at the loaded316

point/points is not bigger than one and a half times that computed for the full material design317

domain.318

The optimal solution achieved for fg = 0 is shown through the map of element densities319

ρe + (1− ρe)ρg,e that is represented in Figure 9. A black-and-white statically-determinate truss is320

found to handle multiple load cases. No phase of grade material is used. The weight at convergence321

is slightly bigger than half of that of the (full material) reference solution, being W/W0 = 0.533.322

Indeed, the homogenized material laws derived in Section 2 are such that no advantage arises in323

terms of stiffness when using intermediate densities instead of full material, see in particular the324

numerical investigation and experimental tests reported in [10] and [58], respectively.325

By adopting fg > 0 in the formulation of Eqn. (11), a minimum amount of graded material326

is distributed at the cost of an increase in the weight of the optimal solution. This has the327
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Figure 10: Example 1. Optimal design for: fg = 0.05, W/W0 = 0.547 (a); fg = 0.10, W/W0 = 0.555 (b); fg = 0.15,
W/W0 = 0.576 (c); fg = 0.20, W/W0 = 0.596 (d).

aim of exploiting beneficial features that porous microstructures inherently provide, including328

redundancy of load pathes, high bending stiffness-to-weight ratio, and robustness with respect to329

force variations, see e.g. [59].330

Figure 10 shows the optimal material layouts found by enforcing values of fg in the range331

5-20%, while preserving the structural stiffness of the previous black-and-white solution. All the332

optimal layouts are characterized by the presence of a solid phase (black), a void phase (white)333

and a phase of graded material (grey) with density falling in the range ρg,min-ρg,max (0.30-0.85).334

For fg = 0.05 some graded material arises to the detriment of the outer inclined members lying335

below the upper chord in the black-and-white solution. Indeed, the increase in weight is quite low336

with respect to the solution reported in Figure 9. For fg = 0.10 these members are completely337
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(b)

Figure 11: Example 1. Optimal design for fg = 0.05, W/W0 = 0.533: maps of the distribution of the solid phase
ρe (a) and of the infill (1− ρe)ρg,e (b).

replaced by porous material, whereas for fg = 0.15 only the upper and lower chord are made of338

full material. The latter solution has a weight ratio W/W0 = 0.576, i.e. it is only 8% heavier than339

the black-and-white solution. The solution found for fg = 0.20 is a variation of that achieved for340

fg = 0.15, in which the region sandwiched between the upper and the lower solid chord consists341

of the graded material only. In terms of weight, this coated beam costs around 12% more than342

the truss design of Figure 10. No void phase arises within the component, meaning that in a343

layer-by-layer manufacturing process the additional material needed in the printing process is that344

related to manufacturing of the graded phase only. It must be remarked that specific approaches345

of topology optimization exist that have been especially conceived to design coated and composite346

sandwich structures, see in particular [60]-[64]. This kind of structure may spontaneously arise347

within the proposed procedure, depending on the value of fg. Differently from the above mentioned348

contributions, the thickness of the coating, if any, is an outcome of the implemented optimization349

procedure. However, this could be controlled by leveraging the proposed two-phase material model,350

that means adopting one of the methods reviewed in [65] to control the minimum and maximum351

length-scales for the distribution of the minimization unknowns ρe. Reference is made also to [66],352

concerning equal-width length-scale control.353
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(a) (b)

Figure 12: Example 1. Design for fg = 0.20, d=L/9: overlay of the HPC circular holes and of the optimal
distribution of material density (a); final layout (b).

In Figure 11 maps of the distribution of the solid phase ρe (a) and of the graded phase (1−ρe)ρg,e354

(b) are shown separately, concerning the design for fg = 0.05, see Figure 10(a). No overlapping355

area appears when comparing the two maps of Figure 11, thus assessing the effectiveness of the356

two-phase material law presented in Section 2.4. Indeed, the adoption of two variables is a key357

feature to control the amount of graded material in the final layout and to avoid the arising of358

porous material in the range ρg,max-1. Also, no grey region is found with density value falling359

below the prescribed lower bound ρg,min.360

It has been already remarked that the enforcement of fg > 0 does not generally imply a mere361

addition of some graded phase to the relevant black-and-white-design. Even in the design achieved362

for the lowest weight fraction of graded material (fg = 0.05) the solid phase is quite different with363

respect the solution found when using fg = 0. Indeed, looking at Figure 11(a) in comparison to364

Figure 9, one may notice not only a different thickness of some elements, but also a particular365

arrangement of the lower and the upper chord to accommodate the porous phase.366

Figure 12 provides a possible final layout for the sandwich component found when optimizing367

for fg = 0.20, according to the post-processing procedure detailed in Section 3.3. Figure 12(a)368

shows an overlay of the optimal distribution of material density and of the set of the graded circular369
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Load type Multi-scale design Full-scale analysis of blueprints
Layout W/W0 vmax Layout W/W0 vmax

Ex. 1 P1 = P2 = P3 Fig. 9 0.533 7.44 truss 0.555 7.18
Fig. 10(d) 0.596 7.58 Fig. 12(b) (d = L/9) 0.628 6.82

Ex. 2 q Fig. 14 0.556 4.56 truss 0.569 4.36
Fig. 15(b) 0.578 4.56 Fig. 17(b) (d = L/12) 0.608 4.21

Fig. 18 (d = L/16) 0.598 4.26
qvar truss 0.569 4.99

Fig. 17(b) (d = L/12) 0.608 4.53
Fig. 18 (d = L/16) 0.598 4.61

Table 1: Multi-scale design vs. full-scale finite element analysis of the blueprints: values of the maximum deflection
under the loaded points vmax (mm).

holes in a hexagonal-closed-packed arrangement that may be computed for d = L/9. In Figure370

12(b) the relevant blueprint is depicted.371

To improve the match of the grey regions with the distribution of repetitive cells of graded372

holes (especially in the vicinity of the solid phase), to fully respect separation of length scales, and373

to minimize any other bias inherent in the post-processing procedure, smaller values of the base374

cell dimension d may be conveniently used. This mainly depends on the adopted manufacturing375

technology.376

A preliminary numerical investigation is performed to analyze the structural behaviour of the377

blueprint of the truss represented in Figure 9 and that of the blueprint of the sandwich component378

shown in Figure 12, by means of full-scale finite element analyses. The final weight ratio for the379

former layout is W/W0 = 0.555, whereas W/W0 = 0.628 for the latter. Meshes of quadrangular380

elements have been generated enforcing a maximum edge length equal to 10−2L, ending up with381

around 20 ·103 and 25 ·103 elements, respectively. The load case labeled as iv) has been considered,382

namely P1, P2, P3 (with P1 = P2 = P3 = P ) acting simultaneously. In both models stiffer regions383

(square zones with side L/10) have been introduced around point forces and restraints, see Figure384

7(a), by prescribing a magnified Young’s modulus (×10). These numerical simulations have been385
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Figure 13: Example 1. Optimal design, including control on the horizontal displacement at the roller, for: fg = 0,
W/W0 = 0.595 (a); fg = 0.15, W/W0 = 0.621 (b).

performed considering L = 100mm, out-of-plane thickness L/10, E = 1MPa, ν = 0.3, P = 1N .386

In Table 1, values of the maximum deflection read under the loaded points are reported for the387

achieved optimal distribution of material (multi-scale design), as well as for full-scale finite element388

analyses of the blueprints. The maximum deflection occurs at the node where the central load389

P2 is applied. When computed for the truss blueprint, it is 5% larger than that read for the390

blueprint of the sandwich specimen. According to a two-dimensional linear buckling analysis, the391

first eigenvalue computed for the latter is almost three times that found when analyzing the former.392

As expected, the sandwich structure outperforms the truss design in terms of in-plane stability393

of the component, due to the remarkably higher bending stiffness-to-weight ratio, see in particular394

[58]. Notwithstanding the relatively big value of d, the computed deflections seem in line with the395

predictions of the multi-scale model used in the optimization.396

A final investigation is performed controlling not only the displacements involved in the defini-397

tion of the work of the external forces, as done above, but also the horizonal displacement at the398

roller. The former constraints are responsible for the arising of a final layout that is able to carry399

the loads with limited deflection of the beam, whereas the latter may be seen as an additional400

serviceability condition (referring in this case to the adopted bearing device). In the simula-401
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Figure 14: Example 2. Optimal design for fg = 0, W/W0 = 0.556.

tions presented next, the horizontal displacement at the roller is required not to exceed the value402

computed for the entire domain made of full material. Four additional constraints are needed to403

control the displacement, considering the multiple load cases. In Figure 13(a), the optimal solution404

achieved for fg = 0 is presented. Compared to that presented in Figure 9, a more branched layout405

arises to meet the prescribed enforcement on the horizontal displacement, at the cost of a 10%406

increase in terms of weight. In Figure 13(b) the optimal solution found for fg = 0.15 is reported,407

consisting of a sandwiched region integrated with elements made of full material. Compared to408

the layout achieved for the same amount of graded material in Figure 10(c), the additional control409

of the horizonal displacement at the roller calls for a 8% increase in the final weight.410

4.2. Design of a cantilever beam under a uniformly distributed load411

The optimal design of the 2L×L cantilever beam in Figure 7(b) is dealt with, adopting a mesh412

of 200× 100 square finite elements. A uniformly distributed load with intensity q acting along the413

entire lower edge of the rectangular design domain is considered in the optimization. The vertical414

displacement of each one of the nodes along the edge is controlled by means of a local constraint.415

In this example, the modified augmented lagrangian approach detailed in Section 3.2.2 handles416
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Figure 15: Example 2. Optimal design for: fg = 0.125, W/W0 = 0.576 (a); fg = 0.15, W/W0 = 0.578 (b).

200 enforcements of the type in Eqn. (11c), along with the constraint governing the minimum417

amount of graded material to be distributed, namely Eqn. (11d).418

At first, the case fg = 0 is considered. The map of element densities ρe+(1−ρe)ρg,e achieved by419

the implemented multi-constrained formulation is given in Figure 14. A black-and-white solution420

is found, namely ρg,e = 0 in the entire design domain. A thick horizontal element, which collects421

the orthogonal load while acting as a strut, is hanging from the upper part of the truss through a422

system of multiple ties. The weight ratio at convergence is W/W0 = 0.556.423

A minimum amount of graded material appears in the optimal solution, if fg > 0 is enforced424

in the solution of Eqn. (11). In Figure 15(a) and Figure 15(b) the optimal solutions achieved425

by setting fg = 0.125 and fg = 0.15 are shown, respectively. In the former case, the tip of426

the cantilever beam, i.e. its less stressed part, is made of porous material. The graded area is427

supported, from below, by a tapered horizontal element made of full material and, from above,428

by a single tie. Indeed, the remaining part resembles a standard truss. The final weight ratio is429

W/W0 = 0.576. In the latter case, the optimal design is not far from the type of solution already430

seen in Figure 10(d). Indeed, only the very last end of the tip of the arising cantilever beam is431
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Figure 16: Example 2. History plot of the scaled objective function W/W0 and of the feasibility of the constraints:
fg = 0, final W/W0 = 0.556 (a); fg = 0.15, final W/W0 = 0.578 (b).

made of graded material only, whereas most of the porous phase is surrounded by a thick coating432

of solid material. The final weight ratio for the latter design is W/W0 = 0.578, only 4% more than433

the truss design in Figure 14.434

In Figure 16, the history plots of the scaled objective function W/W0 and the feasibility of the435

constraints are presented for the minimization problems concerning the design in Figure 14, with436

fg = 0, and the layout in Figure 15(d), with fg = 0.15. The represented feasibility refers to the437

maximum value of the left hand side of Eqn. (11c) and Eqn. (11d) written as ui/ulim,i ≤ 1 and438

fg
∑n

e=1W0,e/
∑n

e=1(1 − ρe)ρg,eW0,e ≤ 1, respectively. The optimization is initialized with ρe = 1439

and ρg,e = 0 everywhere. The continuation scheme for p is such that the initial value p = 3 is used440

for the first 50 iterations, whereas an increase of 0.25 is given every 25 iterations until p = 6, see441

Section 2.4. The parameter β, both for Eqn. (14) and Eqn. (15), is equal to 2 in the first 250442

iterations; then it increases by 2 every 25 iterations until β = 16, see Section 3.2.1. As expected,443

the continuation approach used with p is responsible for an increase in the objective function,444

whereas that used with β is related to a decrease. Both simulations end with full feasibility of the445
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(a) (b)

Figure 17: Example 2. Design for fg = 0.15, d = L/12: overlay of the HPC circular holes and of the optimal
distribution of material density (a); final layout (b).

Figure 18: Example 2. Design for fg = 0.15, d = L/16: final layout.

enforced constraints.446

For the component with fg = 0.15, two possible final layouts are given in Figure 17 and 18,447

for d = L/12 and d = L/16 respectively. In Figure 17(a) an overlay of the optimal distribution of448

material density and of the set of the graded circular holes is provided, as well.449

Full-scale finite element analyses have been performed for a preliminary assessment of the450

structural behaviour of the blueprints represented in Figure 17(b) and Figure 18, with respect451

to the blueprint of the solid-and-void design shown in Figure 14. The final weight ratio for the452
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truss-like layout is W/W0 = 0.569. It increases to W/W0 = 0.608 when processing the design for453

fg = 0.15 using d = L/12. For the same density distribution, the adoption d = L/16 provides a454

better approximation of the grey area, and the relevant weight ratio reads W/W0 = 0.598. Meshes455

of about 15 · 103 quadrangular elements have been generated by enforcing a maximum edge length456

equal to 7.5 · 10−3L. Numerical simulations have been performed considering L = 100mm, out-of-457

plane thickness L/10, E = 1MPa, ν = 0.3, q = 0.01N/mm. In Table 1, values of the maximum458

deflection read at the tip are reported for the achieved optimal distribution of material (multi-scale459

design), and for full-scale finite element analyses of the blueprints.460

At first, the uniformly distributed load with intensity q is considered in the simulations. The461

maximum deflection read at the tip of the blueprint of the truss-like layout is 3% and 2% larger462

than that read for the full-scale models of the blueprints of Figure 17 and Figure 18, respectively.463

When homogenization is used within topology optimization, full-scale analyses are recommended464

to check that a suitable separation of scales (porous material/structure) exists, such that the465

multi-scale framework may be effectively relied upon [10]. To this extent, the very small variation466

that can be read in Table 1 looking at the values vmax computed via full-scale analyses of the467

blueprints with d = L/12 and d = L/16, confirms the validity of the multi-scale approach used in468

the optimization, at least from an engineering point of view.469

A further numerical investigation is performed assuming a variation in the load distribution.470

Denoting by x the horizontal axis spanning from the left end of the lower edge of the rectangular471

design domain, the intensity qvar = 5/32 qx4/L4 is accounted for to shift the (equal) resultant472

into the right half of the domain. The maximum deflection read at the tip of the blueprint of the473

truss-like layout is 15% larger than that found in case of uniformly distributed load. As expected,474

the blueprints originated from the multi-scale design for fg = 0.15 exhibit increased robustness475

with respect to force variations. For both, the decrease in terms of overall stiffness is around 7%,476

less than one half that reported for fg = 0.477
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Figure 19: Example 2. Optimal design with ρg,min = 0.45 for: fg = 0.15, W/W0 = 0.579 (a); fg = 0.175,
W/W0 = 0.582 (b).

The adoption of the two-material law presented in Section 2.4 allows controlling the minimum478

value of the porous material density, ρg,min, in conjunction with a projection of the filtered variables479

ρg,e, see Section 3.2.1. To assess this feature, the optimization is re-run enforcing ρg,min = 0.45,480

instead of the value adopted previously (ρg,min = 0.30). The design found for fg = 0.15 is reported481

in Figure 19(a). The layout of the solid material is not far from that found for the same value of fg482

but smaller ρg,min, see Figure 15(b). However, two void areas break the continuity of the graded483

material inside the solid elements. The final weight ratio for the latter design is W/W0 = 0.579,484

approximately the same as the previous result. By allowing for a larger amount of porous material,485

i.e. using fg = 0.175, the continuity of the inner graded region is recovered, with a weight ratio486

W/W0 = 0.582, see Figure 19(b). In this case, the increase in ρg,min can be compensated for by487

the enforcement of a larger fg: the type of optimal solution is not affected, whereas the layout of488

the components (porous and solid material) is re-arranged with a minor increase in weight.489
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Figure 20: Example 3. Optimal design considering: distributed load only, W/W0 = 0.491 (a); self-weight only,
W/W0 = 0.354 (b).

4.3. Optimal grading for an infill problem490

An infill problem is dealt with, addressing a 4L× L simply-supported beam. The rectangular491

shape of the boundary is fixed, and the infill of minimum weight is sought considering the structural492

response to two types of load: (i) a uniformly distributed one acting along the upper edge and (ii)493

self-weight. Due to symmetry in load and geometry, only the right half of the beam is discretized,494

as shown in Figure 7(c). A mesh of 200 × 100 square finite elements is adopted to perform the495

numerical study.496

The formulation in Eqn. (11) is implemented, controlling the vertical displacement of each one497

of the unrestrained nodes located along the lower edge of the specimen. As detailed in Section498

3, when dealing with infill problems, ρg,min and ρg,max are enforced through side constraints. The499

adoption of the two-phase material law of Section 2.4 prevents the arising of porous material in500

the range ρg,max-1. Void is not allowed, because ρ = ρg = 0 is not a feasible solution for the501

problem. No control is operated on the minimum amount of graded material, i.e. fg = 0 is set in502

Eqn. (11d).503
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Figure 21: Example 3. Optimal design considering: distributed load and self-weight, W/W0 = 0.425 (a); half
distributed load and self-weight, W/W0 = 0.404 (b).

At first, the optimization is performed considering only the distributed load. The map of504

element densities ρe + (1 − ρe)ρg,e achieved by the implemented multi-constrained formulation is505

given in Figure 20(a). The weight ratio at convergence reads W/W0 = 0.491. This means that the506

weight of the filled specimen is nearly one half of the specimen made of full material (whereas the507

deflection of the former is one and half that of the latter). In the inner part of the specimen a sort508

of lenticular truss arises. Two chords made of full material surround an inner area of porous phase,509

whose density is nearly homogenous and equal to ρg,min. In the lateral overhang, load transferring510

is provided by the graded porous phase only. The highest density of the porous material is found511

within a region centered on the beam support.512

Then the optimization is performed considering only the self-weight, which is implemented as513

a consistent load in the finite element model. The final result is presented in Figure 20(b). The514

solid phase consists of an arch-like structure spanning between the supports. The horizontal thrust515

is sustained by a solid tie, which spreads in porous material when moving towards the restraints.516

Porous material of lower density arises elsewhere. The weight ratio of the this optimal layout reads517
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Figure 22: Example 3. Overlay of the HPC circular holes (d = L/12) and of the optimal distribution of material
density considering distributed load only: for rg,f = 4rf , W/W0 = 0.495 (a); for rg,f = 6rf , W/W0 = 0.500 (b).

W/W0 = 0.354. This means that, reducing by approximately two third the weight of the specimen518

made of full material, the maximum deflection increases by half. Indeed, removing material implies519

not only a loss in stiffness, but also a decrease in load, see the non-monotonous sensitivity in Eqn.520

(B.4). This was originally discussed in [67], addressing design-dependent minimum compliance521

problems of topology optimization.522

In Figure 21, optimal results found for loads i) and ii) that act simultaneously are shown.523

At first, it is assumed that the resultant of the distributed load equals the weight of the entire524

specimen made of full material. The achieved design, see Figure 21(a), is similar to that found525

when considering only the distributed load. However, the chords of the lenticular truss are thinner526

and the porous material around the support is less dense. This implies a lower weight ratio,527

namely W/W0 = 0.425. Then, self-weight is coupled with a distributed load with half the intensity528

considered above. In this case, the design is dominated by the design-dependent load. A heavier529

version of the solution shown in Figure 20(b) is represented in Figure 21(b). In this case, a region530

of graded material with ρg,e > ρg,min connects the tie to the outer arch, while strengthening the531
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Figure 23: Example 2. Optimal design with ρg,min = 0.45 considering: distributed load only, W/W0 = 0.574 (a);
self-weight only, W/W0 = 0.469 (b).

overhang next to the support. The weight ratio at convergence, namely W/W0 = 0.404, is lower532

than that of the design in Figure 21(a).533

The optimization of the infill considering only the distributed load is revisited by investigating534

the effect of an increase in the filter radius adopted to manipulate the porous phase rg,f . In Figure535

22(a) and 22(b) the optimal distribution of material density is given as found using rg,f = 4rf and536

rg,f = 6rf , respectively. In the same pictures, the set of the graded circular holes that may be537

computed for d = L/12 according to the post-processing procedure detailed in Section 3.3 is given,538

as well. As expected, an increase in rg,f promotes a smoother variation in the spatial distribution539

of ρg,e. This has a minor effect on the final weight, whereas some impact is reported also on the540

distribution of the solid phase. Reference is made to the layout in the vicinity of the support in541

Figure 22(a) and in Figure 22 (b), compared to that shown in Figure 20(a).542

A further test is performed considering the optimal infill problem while enforcing ρg,min = 0.45,543

instead of the value adopted in the previous simulations (ρg,min = 0.30). This is operated as a544

modification of the side constraints of the variables ρg,e. The case of distributed load only, and545
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(a) (b)

Figure 24: Example 4. Final design for fg = 0, W/W0 = 0.242: external view (a); internal view (b).

self-weight only are considered, see results in Figure 23. The infill problem is particularly sensitive546

to ρg,min. By comparing the achieved solutions with those already found for the reference value, see547

Figure 20, noticeable changes in terms of both design and weight ratio may be pointed out. When548

the distributed load is applied, part of the solid lenticular truss is replaced by porous material and549

the overall increase in weight is around 15%. Considering the self-weight only, the solid structure550

disappears in favour of graded material, except for a small region around the support. With respect551

to the reference solution, this costs an increase in terms of weight around 25%.552

4.4. Design of a three-dimensional cantilever beam553

A three-dimensional application is considered.The 3L×L×L cantilever beam shown in Figure554

8 is herein analyzed considering three load cases: i) P1, ii) P2, iii) P1, P2 acting simultaneously.555

Vertical forces are such that the resultant of P1 is equal to that of P2. Due to symmetry in geometry556

and load, only one half of the specimen is analyzed, using a mesh of 108× 36× 18 cubic elements.557
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Figure 25: Example 4. Final design for: fg = 0.10, W/W0 = 0.274, d = L/12: external view (a); internal view (b).

The deflection control is operated at the loaded nodes: 6 nodes are used to address P1 and the558

same for P2.559

The implementation in the three-dimensional framework is fully along the lines of the two-560

dimensional algorithm. In this extension, the element matrices KK0,e and KG0,e of Section 3.1 are561

computed using brick shape functions and three-dimensional elasticity. The two-phase material562

law of Section 2.4 allows for the distribution of full material and void, along with a fraction of563

porous microstructure with graded spherical holes. Indeed, K(ρg) and G(ρg) are those derived in564

Section 2.3. It must be remarked that the proposed algorithm, which exploits regular meshes and565

employs the gradient-based Methods of Moving Asymptotes [30], is well-suited to be implemented566

within large-scale fully parallelized optimization framework, as the one implemented in [68], to567

allow for an accurate description of the geometry of the optimal layouts.568

The solution found for fg = 0 is presented in Figure 24. An external and an internal view of569

the considered half part of the specimen are shown. Following [43], an iso-surface of the smoothed570

40



element densities ρe+(1−ρe)ρg,e is employed to represent the boundaries of the optimized object.571

No fraction of graded material arises. The optimal design consists of a box-shaped structure572

connected with a truss-like tip, both made of full material only. Reference is made to [69] for a573

discussion about optimality of closed-walled layouts for pure stiffness optimization. The weight574

ratio of the achieved layout reads W/W0 = 0.242.575

The optimal solution found for fg = 0.10 is presented in Figure 25. As before, the boundaries576

of the optimized object are sketched by means of an iso-surface of the smoothed element densities.577

The post-processing procedure in Section 3.3 is used with d = L/12 to compute position and radius578

of the spherical holes corresponding to the achieved distribution of the quantity (1− ρe)ρg,e. The579

comments already formulated for the two-dimensional examples on the selection of d, apply here580

as well. The optimal layout has a final weight ratio of W/W0 = 0.274, approximately 13% more581

than the previous one. The external shape of the object is not far from that represented in Figure582

24. However, the internal cavity is replaced by graded porous microstructures, with some benefit,583

among the others, for layer-by-layer manufacturing.584

The history plots of the scaled objective function W/W0 and of the feasibility of the constraints585

for the considered three-dimensional problems are reported in Figure 26. Similar features to those586

already outlined for the curves in Figure 16 can be pointed out.587

5. Conclusions588

While most of the available methods for multi-scale topology optimization deal with compli-589

ance minimization, a multi-scale approach of topology optimization has been proposed in this590

contribution to design structural components of minimum weight for given loads and displacement591

limits. Numerical homogenization has been implemented to derive the macroscopic elastic prop-592

erties of hexagonal close-packed (HCP) arrangements of circular and spherical holes, depending593

on the radius of their cavities. An isotropic and a transversely isotropic constitutive laws ap-594
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Figure 26: Example 2. History plot of the scaled objective function W/W0 and of the feasibility of the constraints:
fg = 0, final W/W0 = 0.242 (a); fg = 0.10, final W/W0 = 0.274 (b).

ply in the two-dimensional and the three-dimensional cases, respectively. Due to the moderate595

anisotropy that has been found to affect the three-dimensional microstructure, the macroscopic596

elastic properties of both porous phases have been derived in terms of the bulk modulus and the597

shear modulus, with varying density. A multi-material interpolation law has been adopted to598

distribute, simultaneously, a solid phase of the material, a graded porous phase, and void. Fil-599

tering and projection procedures have been used in conjunction with the adopted material law600

to promote smooth density distributions, avoiding the arising of porous material out of a given601

density range. Indeed, minor modifications are needed with respect to the implementation of a602

conventional SIMP-based topology optimization approach, which penalizes the Young’s modulus603

only. Multiple displacement constraints arise when dealing with several control points and/or604

load cases, as requested e.g. in the design of structural components at the serviceability limit605

state. Besides the control of the maximum and minimum density of the graded material to be606

distributed along with the solid and void phase, the proposed material law has been especially607

conceived to control the amount of porous phase. Indeed, an enforcement governing the minimum608
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amount of graded porous microstructure to be used in the optimal design has been considered, as609

well. Following recent outcomes of stress-constrained optimal design, an Augmented Lagrangian610

method has been implemented to handle the arising multi-constrained problem, thus providing611

a preliminary assessment of the adopted AL method in conjunction with multiple displacement612

constraints and the multi-material interpolation law. Numerical simulations have mainly explored613

the control of displacements involved in the definition of the work of the external forces. The614

control of a displacement component not related to the compliance has been tested too. The re-615

sult of the topology optimization procedure is an optimal distribution of overall material density,616

which allows for a straightforward detection of the region made by the solid and the graded phase.617

A simple post-processing technique has been discussed to define i) boundaries of the component,618

and, ii) possible internal arrangements of circular/spherical holes with graded radius. Alterna-619

tively, when boundaries of a hollow component are given, the approach provides the geometry of620

an optimal infill. Indeed, the shape of two-dimensional and three-dimensional blueprints can be621

straightforwardly exported for manufacturing, in particular AM, considering the graphical infor-622

mation both at the macro- and at the micro- scale. It is remarked that the prescribed value of the623

minimum density of the graded material may remarkably affect the layout in problems of optimal624

infill, especially when considering the self-weight.625

As expected, when disregarding the constraint on the amount of graded porous microstructure,626

minimum weight layouts that consist only of full material (and void) have been found: trusses,627

for the two-dimensional applications, and a component embedding a box-shaped structure, for628

the three-dimensional numerical example. By prescribing a small amount of porous phase in629

the optimal design, solutions to the displacement-constrained optimization problem have been630

attained at the cost of a minor increase in terms of weight. Among the achieved layouts, coated631

structures, i.e. components made of a solid coating that encloses a region of porous material,632

have been retrieved for different types of loads and displacement constraints. A peculiar feature633
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of the proposed approach is that both the thickness and the location of the coating, if any, are an634

outcome of the optimization procedure. It must be remarked that conventional homogenization635

methods are based on the assumption of separation of scale, meaning that the microstructure636

should consist of relatively small heterogeneities, to give an adequate estimate of the average637

macroscopic properties. Full-scale finite elements analyses have been performed on two-dimensional638

blueprints, also considering different reference sizes for the porous microstructure, showing good639

agreement between the computed displacements and those predicted within the framework of640

the implemented multi-scale approach. These FE models have been used to assess well-known641

beneficial features provided by porous structures, such as high bending stiffness-to-weight ratio to642

increase buckling loads and robustness with respect to force variations. A preliminary test has643

been performed to investigate printability of the circular/spherical holes by means of layer-by-644

layer additive manufacturing processes. Indeed, the arising of layouts that employ areas of graded645

material instead of void regions may alleviate issues related to the support of extended cavities.646

The ongoing research is mainly devoted to the extension of the proposed procedure to large-647

scale problems, endowing the formulation with other kind of local constraints, such as failure648

constraints, see in particular [52] and [70]. Further development includes accounting for the effect649

of load uncertainties in the derivation of the optimal multi-scale design, see [71].650
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Appendix A.658

For a transversally isotropic material having y3 as the axis of symmetry, the components of the

stress tensor may be written in term of those of the strain tensor as:



σ11

σ22

σ33

σ13

σ23

σ12


=



C11 C12 C13 0 0 0

C11 C13 0 0 0

C33 0 0 0

C44 0 0

syms 0 C44 0

0 0 1
2
(C11 − C12)





ε11

ε22

ε33

2ε13

2ε23

2ε12


, (A.1)

where C11, C12, C13, C33, C44 are five independents elastic constants. For the graded porous659

microstructure described in Section 2.3, a deviation from the isotropic behavior can be appreciated660

only for low material densities. Figure A.27 shows dependence of the Young modulus on the661

direction, for two different values of the density. Colour, as well as distance of the surface points662

from the center, represents E/E0 along the corresponding direction. For ρg = 0.62 (a) a sphere is663

found, whereas some minor deviation arises for ρg = 0.33, due to an increased stiffness at the poles664

along the y3-axis (b). The above results suggest the adoption of the isotropic material model as665

a reasonable approximation to handle the three-dimensional porous microstructure in the multi-666

scale approach of topology optimization. To avoid overestimating the elastic constants, the shear667

modulus G is computed from C44, whereas the bulk modulus K from C11, i.e. assuming that668

G(ρg) = C44(ρg) and K(ρg) = C11(ρg)− 4G(ρg)/3.669
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(a) (b)

Figure A.27: 3D version of the porous microstructure: dependence of the Young modulus on the direction (colour,
as well as distance of the surface points from the center, represents E/E0 in the corresponding direction): ρg = 0.62
(a); ρg = 0.33 (b).

Appendix B.670

The sensitivity of the objective function and of the constraints in Eqn. (11) are computed

through the adjoint method, see e.g. [2]. Accordingly, ui in Eqn. (11c) does not change when

adding at the right hand side a zero function derived from the equilibrium of Eqn. (11b):

−λT
i (K(ρ,ρg)Uj − Fj(ρ,ρg)) , (B.1)

where λi is any arbitrary but fixed vector and Fj = Fj(ρ,ρg), i.e. the case of design-dependent

loads such as self-weight, is considered. The derivative of ui with respect to the element unknown
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ρs, which can be indifferently an entry either of ρ or of ρg, may be computed as:

∂ui

∂ρs
= LT

i

∂Uj

∂ρs
− λT

i

∂K(ρ,ρg)

∂ρs
Uj − λT

i K(ρ,ρg)
∂Uj

∂ρs
+ λT

i

∂Fj(ρ,ρg)

∂ρs
. (B.2)

After re-arrangement of terms, one has:

∂ui

∂ρs
=
(
LT

i − λT
i K(ρ,ρg)

) ∂Uj

∂ρs
− λT

i

∂K(ρ,ρg)

∂ρs
Uj + λT

i

∂Fj(ρ,ρg)

∂ρs
, (B.3)

that can be in turn written as:

∂ui

∂ρs
= −λT

i

∂K(ρ,ρg)

∂ρs
Uj + λT

i

∂Fj(ρ,ρg)

∂ρs
, (B.4)

where λi satisfies the adjoint equation:

K(ρ,ρg)λi =

(
∂ui

∂Uj

)T

= Li. (B.5)

The derivatives in Eqn. (B.4) can be evaluated accounting for the material law in Eqn. (10). The671

sensitivity of the objective function and the weight constraint in Eqn. (11c) are straightforward.672

The derivatives with respect to the filtered variables (ρ̃e, ρ̃g,e) and the projected ones (ρ̂e, ρ̂g,e) can673

be easily evaluated by applying the chain rule to Eqn. (13) and Eqns. (14-15), respectively. It674

is also remarked that, at each iteration, only one inverse of the stiffness matrix K(ρ,ρg) must be675

computed to evaluate constraints and their sensitivities. Indeed the linear systems in Eqn. (11b)676

and Eqn. (B.5) share the same coefficient matrix.677
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