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Abstract. This paper is devoted to second order necessary optimality conditions for a
class of infinite dimensional optimal control problems under functional pure state con-
straints together with end point constraints. Using tools of second order variational
analysis, we derive necessary optimality conditions in the form of a minimum principle
and a second order variational inequality. We further propose sufficient conditions guar-
anteeing normality of the minimum principle. Finally, applications to optimal control
models involving PDEs are provided.
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1. Introduction

In many phenomena, such as heat conduction, reaction-diffusion, population dynamics,
economics, one seeks to optimize measures of best performances. Dealing with an optimal
control model involving PDEs represents then the natural framework. For this reason
optimal control theory of PDEs is a very active field of research since the sixties.

In the present paper we consider a quite general optimal control problem governed by
an abstract semilinear system in the infinite dimensional setting. Our aim is to provide
tools and results useful when working with some classes of controlled PDEs. Reduction
of evolution PDEs to an abstract system can be found in classical books, see e.g. [35, 40].
Thereby our analysis, although performed in an abstract infinite dimensional setting, can
be applied to a number of concrete problems.

The main goal of our paper concerns second order necessary optimality conditions. Sec-
ond order analysis for PDEs has been extensively discussed (with particular emphasis on
second order sufficient conditions) since it plays a crucial role in getting stability prop-
erties that are fundamental for the numerical investigations. Concerning the evolution
systems, there is a rich literature on optimal control of semilinear parabolic equations.
Significant contributions in the last two decades can be found in [3, 4, 5, 8, 9, 10, 11, 12,
13, 14, 17, 18, 31, 33, 36, 37, 38], see also the bibliographies therein. State constrained
problems have been analyzed too because their presence is compulsory in many applied
models. The usual approach to derive second order optimality conditions in the presence
of state constraints consists in rewriting the control problem as an abstract mathemat-
ical programming one. To obtain the Lagrange multipliers and second order optimality
conditions in such a context, some constraint qualifications, like Robinson’s condition,
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are usually imposed. However going back to the original problem and to translate the
obtained necessary conditions in terms of the problem data is, in general, difficult, the
abstract constraint qualifications being not simple to verify in concrete cases. For this
reason, in the literature, some additional structural requirements like continuity (or piece-
wise continuity) of optimal controls, their bang-bang or singular nature and so on, are
imposed to derive optimality conditions. Let us underline that piecewise continuity of op-
timal controls can not be guaranteed (especially for state-constrained nonlinear systems)
by the available existence theorems even in a much simpler finite dimensional setting.
Also often structural assumptions on the set of controls and the underlying control sys-
tem are imposed, like being affine in the control variable with the set of controls having
a polyhedral structure. Naturally, it is preferable to have results avoiding structural as-
sumptions on optimal controls and to develop an approach valid for general nonlinear
control systems. To our knowledge, a general theory for the pure state constrained and
end-point constrained case is lacking.

In the present work we consider state and end point constraints described by inequalities
on a Banach space X. Neither convexity assumptions nor Robinson’s type constraints
qualifications are imposed, but we request the non triviality of gradients of maps describing
pure state constraints at their boundary points. This assumption guarantees the non-
emptiness of the interior of the second order tangent (see the definition in subsection
2.1) to the set of continuous functions from an interval I to X satisfying the pure state
constraints for every t ∈ I.

Instead of a reduction to a mathematical programming problem, we use second order
variational analysis and derivatives of set-valued maps to handle systems depending non-
linearly on controls. Derivatives of set-valued maps allow us to express larger lineariza-
tions of nonlinear systems than the familiar ones. More precisely, we consider second
order tangents to functional constraints and solutions to a second order linearization of
control system at a locally optimal solution and derive a variational inequality. This in-
equality and separation theorems lead to both first and second order necessary optimality
conditions.

Here, on one hand, we deal directly with arbitrary measurable optimal controls and gen-
eral control sets avoiding structural assumptions mentioned above. On the other hand,
using semilinear differential inclusions, we linearize twice the nonlinear evolution system
and profit from a relaxation theorem and from some additive properties of the set-valued
derivatives, to get a larger linearization. The necessary optimality conditions are first
obtained in the form of nonintersection of convex sets related to the second order lin-
earization of constraints and of the cost function. Its dual characterization implies second
order necessary optimality conditions. Strikingly, it leads also to first order optimality
conditions in the form of the minimum principle, allowing to have a unified light on both.

More to the point, in an infinite dimensional separable Banach space X, we consider
the solutions x : I = [0, 1]→ X of the control system

(1.1) ẋ(t) = Ax(t) + f(t, x(t), u(t)) , x(0) = x0 ,
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that satisfy an end point constraint

(1.2) x(1) ∈ Q =
⋂

i=1,...,k

Qi =
⋂

i=1,...,k

{
x ∈ X : gi(x) ≤ 0

}
and a state constraint

(1.3) x(t) ∈ K =
⋂

j=1,...,q

Kj =
⋂

j=1,...,q

{
x ∈ X : ϕj(x) ≤ 0

}
, for any t ∈ I .

Here, u is a (Lebesgue) measurable function taking values in a given closed non-empty
bounded set U ⊂ Z, and Z is a separable Banach space. The densely defined unbounded
linear operator A is the infinitesimal generator of a strongly continuous semigroup S(t) :
X → X, the map f : I × X × Z → X is twice Fréchet differentiable with respect to
the second variable x and the third variable u. The initial condition x0 ∈ X is given.
The functions gi : X → R are twice Fréchet differentiable while ϕj : X → R are twice
continuously Fréchet differentiable. The trajectories of (1.1) are understood in the mild
sense (see [35] or Definition 2.1 below). In this paper we investigate an infinite dimensional
Mayer problem: given a twice Fréchet differentiable map g0 : X → R, consider the problem

(1.4) minimize
{
g0(x(1)) : x(·) is a solution of (1.1)–(1.3) for some control u(·)

}
.

When the semigroup S(·) is compact, sufficient conditions for the existence of optimal
solutions to the above problem can be deduced for instance from [6], provided there
exists at least one trajectory of (1.1)–(1.3). The main additional requirement being the
assumption that f(t, x, U) is closed and convex for all (t, x).

In this paper U is assumed to be an arbitrary bounded and closed subset of a sepa-
rable Banach space. In particular it may be a finite union of bounded closed sets with
smooth boundaries, the case that is not handled by the classical mathematical program-
ming, where one rather works with intersections. To define second order linearizations of
control systems we shall use second order tangent sets to U , in particular, assuming their
nonemptiness. That is for the second order theory more regularity from U is requested,
than for the first order conditions. To compensate the generality of the set U , when mak-
ing first order variations of controls, we shall also impose a geometric assumption (2.12)
below.

Concrete realizations of our very general problem are provided in section 4 where we
apply our analysis to a Mayer problem governed by the hyperbolic equation:

(1.5) ∂ttξ(t,x) + ∂tξ(t,x)−∆ξ(t,x) + sin(ξ(t,x)) = u(t,x),

with ξ = ξ(t,x), t ∈ I, x ∈ Ω, a smooth and bounded domain in R3, u = u(t, ·) ∈ U , a
given bounded closed non empty subset of L2(Ω).

A further example, involving a parabolic equation is analyzed in detail in section 4:

(1.6) ∂tx(t,x)−∆x(t,x) = ζ(t,x) + b(x)Tu(t)x(t,x).

Here the state space is X = L2(Ω), x = x(t,x), t ∈ I, and x ∈ Ω, a bounded domain of
RN with smooth boundary ∂Ω, ζ ∈ L1(I, L2(Ω)), b ∈ L∞(Ω,Rm), u takes values in U ,
a convex polytope of Rm. When state constraints are of a functional type as above, the
spatial domain Ω may have any dimension N to derive necessary optimality conditions.
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We would like to underline already here that for problems involving controlled PDEs,
continuity (or boundedness) of solutions do allow to extend the proposed approach also
to optimal control problems involving pointwise state constraints, see section 5 for an
illustration of this remark. Such continuity requirement, however, does not diminish the
developed approach. Indeed, in the literature devoted to necessary optimality conditions,
usually authors do impose assumptions implying, thanks to embedding theorems, that
solutions of controlled PDEs are continuous in the state variable x, or are at least essen-
tially bounded. We have privileged to deal with an abstract case, to propose a blue print
technique that may be applied to various frameworks.

To simplify the exposition, in the examples we consider quadratic costs and simple
constraints, nevertheless non quadratic costs and the presence of a finite number of regular
inequality constraints (as in (1.2) and (1.3)) can be investigated as well.

In this paper, the necessary optimality conditions are stated in a very general abstract
setting, including both hyperbolic and parabolic problems. This choice entails the as-
sumptions that turn out to be restrictive in some applications. For instance, concerning
the forcing term f , while in (1.5) we could consider a larger class of nonlinear functions,
twice Fréchet differentiability in the state space L2(Ω) is a strong assumption. For this
reason in (1.6) we restrict our analysis to the bilinear case. Let us underline that many pa-
pers dealing with second order conditions for control problems involving parabolic PDEs
rely on smoothing properties of the control-to-state mapping. This regularity allows to
treat more general forcing term f and to weaken the strong differentiability assumptions
required in our paper. Nevertheless, the developed abstract tools can be applied also
to some parabolic PDEs after minor modifications of proofs that allow to profit of such
smoothing effect and to request the twice differentiability of the forcing term only on
a subspace of L2(Ω). In particular, this was illustrated in [25, Example 5.2], where an
optimal control problem not involving state constraints was considered and second order
optimality conditions were derived for weak minima. For this reason we believe that the
techniques developed in our paper could be adapted and refined to suit a larger class of
problems involving PDEs, by using this further regularity information on the solutions.
For instance, in section 5 we discuss the case of pointwise state constraints based on the
abstract ideas of section 3.

Let us compare our results with some relevant contributions on second order conditions
in the pure state constrained case. The main novelty of this work is the approach based
on second order variational analysis, dealing with abstract evolution PDEs. Concerning
the applications presented here, notice that the great generality of our setting allows to
treat problems involving state constrained hyperbolic equations, that is new in this field,
to our knowledge.

On the other hand, the parabolic case has been frequently analyzed. The results have
been obtained under various regularity assumptions on the data and imposing some con-
straints qualifications, leading to qualified (normal) necessary conditions.

In the approach developed here the only constraint qualification assumed in order to
get (possibly abnormal) first and second order optimality conditions is that ∇ϕj do not
vanish on the boundary of Kj, for all j.
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Concerning the literature devoted to parabolic optimal control problems with pure state
constraints let us mention [3, 38], where the authors obtain, among other results, second
order necessary conditions for problems with integral constraints on the final state. Several
assumptions on the data are imposed (such as monotonicity), together with Robinson’s
type constraint qualifications. Another contribution in the same direction can be found
in [4], where no end point constraints are present and a simple functional state constraint
is considered. Constraints qualifications are so that they imply normality of the obtained
necessary conditions. This

In this paper we are mostly interested by the functional constraints (1.2), (1.3). In
particular cases when X is a Sobolev space of functions defined on an open set Ω, one
might be also interested by the pointwise state constraint for x(t) ∈ X, in the form
g(t, x(t,x)) ≤ 0 for all (or almost all) x ∈ Ω. This case can not be reduced to functional
state constraints. However the developed techniques still apply by a suitable adaptation
of the proofs of section 3, using the embedding theorems that guarantee continuity of
x(t, ·). This is an ingredient that figures also in many publications on second order
optimality conditions because it is important to insure the openness of some sets involved
in the Robinson or Slater type constraint qualifications. In [8] for a one-dimensional,
linear in the control variable parabolic problem involving pointwise state constraints, first
order necessary conditions in normal form and second order sufficient ones are proposed.
To insure normality, linearized Slater’s conditions are imposed. In [33] this analysis is
extended in dimensions two and three when the state appears linearly in the constraint.
Such restriction on the dimension of the space variable is needed to guarantee continuity of
solutions. The results of [8] are further generalized in [18] to an arbitrary space dimension,
the finite dimensional control space and again Slater’s conditions are assumed to get
normal first order necessary conditions. Other regular constraints qualifications and some
restrictions on the dimension of the domains are required also in [36].

In our paper, we do not need to have normal first order necessary conditions to deduce
(possibly abnormal) second order ones. Nevertheless, for the sake of completeness, a
sufficient condition for normality is provided. It consists in a constraint qualification
involving an inward pointing condition that can be linked to the Slater condition when
state constraints are convex. The interested reader can find many details on this condition
in [26, 27, 28].

We would like to mention that a further step in our analysis will be derivation of second
order sufficient conditions applying methods similar to those developed here.

The paper is organized as follows. In section 2 we recall notations, definitions and
main assumptions in use. Section 3 contains our main results and their proofs, while
some technical proofs are postponed to the appendix. Applications to optimal control
problems involving heat and wave equations are proposed in section 4. In section 5
we briefly discuss how the same approach works for controlled PDEs in the presence of
pointwise state constraints.

2. Preliminaries

In this section we list the notation and the main assumptions in use throughout the paper.

2.1. Notation.
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- X is a separable Banach space;
- B(x, r) denotes the closed ball of center x ∈ X and radius r > 0; B is the closed

unit ball in X centered at 0;
- given a Banach space Y , L(X, Y ) denotes the Banach space of bounded linear

operators from X into Y (if Y = X, we write L(X) instead of L(X,X)), C(I,X)
denotes the space of continuous functions from I to X, Lp(I,X) the space of
Bochner Lp integrable functions from I to X, and L∞(I,X) the space of measur-
able essentially bounded functions from I to X, M(I, Y ) the space of countably
additive regular measures of bounded variation on I with values in Y ; recall that
M(I,X∗) is isomorphic to the dual space of C(I,X), see [22, Theorem 10.2.14];

- 〈·, ·〉 stands for the duality pairing on X∗ ×X;
- µ is the Lebesgue measure on the real line;
- given K ⊂ X, denote by ∂K its boundary, by int(K) its interior, by K its closure,

by Kc its complement, by coK its convex hull, by coK its closed convex hull and
by coneK its conical hull;

- given x ∈ X, a locally Lipschitz around x set-valued map1 F : X  X and
y ∈ F(x), the adjacent derivative dF(x, y) : X  X is defined by

v ∈ dF(x, y)u ⇐⇒ lim
h→0+

dist
(
v,
F(x+ hu)− y

h

)
= 0 ;

and, for v ∈ dF(x, y)u, the second order adjacent variation d2F(x, y, u, v) : X  
X by

z ∈ d2F(x, y, u, v)w ⇐⇒ lim
h→0+

dist
(
z,
F(x+ hu+ h2w)− y − hv

h2

)
= 0 .

- given K ⊂ X, denote by T [K(x) and T
[(2)
K (x, y) respectively the adjacent tangent

cone to K at x ∈ K and the second order tangent set to K at (x, y) ∈ K × X,
defined as

T [K(x) =
{
y ∈ X : lim

h→0+
dist
(
y,
K − x
h

)
= 0
}

and

T
[(2)
K (x, y) =

{
z ∈ X : lim

h→0+
dist
(
z,
K − x− hy

h2

)
= 0
}
,

where dist stands for the distance. When K is convex, we write TK(x) instead of
T [K(x) to follow the usual notations of convex analysis. CK(x) denotes the Clarke
tangent cone to K at x:

CK(x) =
{
y ∈ X : lim

h→0+,x′→Kx
dist
(
y,
K − x′

h

)
= 0
}

;

1a set-valued map F : X  X is called locally Lipschitz around x ∈ X, if there exists a neighborhood
U of x and l > 0 satisfying

F(x1) ⊂ F(x2) + l‖x1 − x2‖XB , ∀x1, x2 ∈ U ;



SECOND ORDER NECESSARY CONDITIONS 7

Notice that z ∈ T [(2)
K (x, y) if and only if for every h > 0, there exists r(h) ∈ X such that

‖r(h)‖X = o(h2) and x + hy + h2z + r(h) ∈ K, implying that if T
[(2)
K (x, y) 6= ∅, then

y ∈ T [K(x). See [2, Chapter 4] for some calculus of tangent cones.
Below, every Lebesgue measurable function u : I → U is called a control.

Definition 2.1. Let x0 ∈ X. A function x ∈ C(I,X) is a (mild) solution of (1.1) for the
initial datum x(0) = x0 and a control u : I → U if it satisfies

(2.1) x(t) = S(t)x0 +

∫ t

0

S(t− s)f(s, x(s), u(s)) ds, for any t ∈ I ,

see [35]. We denote by S the set of all (mild) solutions of (1.1), namely

S =
{
x ∈ C(I,X) : x solves (2.1) for some control u

}
.

If x ∈ S corresponds to a control u(·), then we use the notation fx(t) = f(t, x(t), u(t))
for a.e. t ∈ I. Let us remark that even though u(·) associated to x ∈ S is not necessarily
unique, fx(t) is well defined for a.e. t ∈ I. If in addition x satisfies (1.2)–(1.3), we say
that (x, u) is an admissible pair for problem (1.4).

Since S(·) is a strongly continuous semigroup, there exists MS > 0 such that

(2.2) ‖S(t)‖L(X) ≤MS, for any t ∈ I .

Definition 2.2. We say that (x̄, ū) is a strong local minimizer for problem (1.4) if there
exists ε > 0 such that, for any admissible pair (x, u) for problem (1.4) satisfying ‖x −
x̄‖L∞(I,X) < ε, we have g0(x(1)) ≥ g0(x̄(1)).

2.2. Assumptions. The following conditions (H) on the functions f , gi and ϕj are im-
posed in the main results:

(i) f is measurable in t, twice Fréchet differentiable with respect to (x, u);
(ii) for any R > 0, there exists kR ∈ L1(I,R+) such that, for a.e. t ∈ I and any

u ∈ U , f(t, ·, u) is kR(t)-Lipschitz on RB, namely, for a.e. t ∈ I, any u ∈ U , and,
any x, y ∈ RB,

(2.3) ‖f(t, x, u)− f(t, y, u)‖X ≤ kR(t)‖x− y‖X ;

(iii) there exists φ ∈ L1(I,R+) such that, for a.e. t ∈ I, any x ∈ X and any u ∈ U ,

(2.4) ‖f(t, x, u)‖X ≤ φ(t)
(
1 + ‖x‖X

)
;

(iv) for every R > 0 there exist ψR > 0 and δ > 0 such that for a.e. t ∈ I
(2.5) ‖f(t, x, u)− f(t, x, v)‖X ≤ ψR‖u− v‖Z , ∀u, v ∈ U + δB , ∀x ∈ RB ;

(v) for every R > 0 there exists φR ∈ L1(I,R+) and δ > 0 such that for a.e. t ∈ I
‖fx(t, x, u)− fx(t, y, v)‖L(X) + ‖fu(t, x, u)− fu(t, y, v)‖L(Z,X)(2.6)

≤ φR(t)(‖x− y‖X + ‖u− v‖Z) , ∀u, v ∈ U + δB , ∀x, y ∈ RB ;

(vi) gi, for i = 0, . . . k, are twice Fréchet differentiable; ϕj, for j = 1, . . . q, are twice
continuously Fréchet differentiable;

(vii) ∇ϕj(x) 6= 0 , ∀x ∈ ∂Kj , j = 1, . . . , q .
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Remark 2.3. The hypotheses (H)(i)− (iii) on the dynamics ensure that to every control
u(·) corresponds a unique mild solution defined on the whole interval I. Assumption
(2.4) prevents blow-up phenomena, while Lipschitz condition (2.3) implies that to each
control corresponds the unique mild solution. Assumption (iii) is quite strong. It is
needed to guarantee the existence and apriori bounds on solutions corresponding to each
control u. For many semilinear evolution equations of mathematical physics, existence
and uniqueness can be shown for arbitrary long time intervals in the framework of weak
solutions. Also the above smooth differentiability assumptions (i), (v), (vi) are very
strong. For some PDEs enjoying smoothing effects such differentiability can be required
on smaller subspaces of X, see [25, Example 5.2].

2.3. First and second order variations of mild solutions. Let G : I ×X  X be
a set-valued map. Recall that x ∈ C(I,X) is called a (mild) solution to the semilinear
differential inclusion

ẋ(t) ∈ Ax(t) +G(t, x(t)) , x(0) = x0

if x(0) = x0 and for an integrable selection v(t) ∈ G(t, x(t)) it holds

x(t) = S(t)x0 +

∫ t

0

S(t− s)v(s)ds , ∀ t ∈ I .

We consider here first and second order linearizations of a semilinear differential inclu-
sion associated to our control system. For t ∈ I and x ∈ X, set

y(t) =

∫ t

0

S(t− s)πy(s)ds , ∀ t ∈ I ; F (t, x) = cof(t, x, U) .

Let x ∈ S and consider the following linearized differential inclusion:

(2.7) ẏ(t) ∈ Ay(t) + dxF (t, x(t), fx(t))y(t) , y(0) = 0 ,

where dxF (t, α, β) stands for the adjacent derivative of F (t, ·) at (α, β). A function
y ∈ C(I,X) is called a mild solution of (2.7) if for some integrable selection πy(t) ∈
dxF (t, x(t), fx(t))y(t),

(2.8) y(t) =

∫ t

0

S(t− s)πy(s)ds , ∀ t ∈ I .

Definition 2.4. A mild solution y of (2.7) is called a first order variation if there exist
a ∈ L1(I,R+) and h0 > 0 such that

(2.9) dist
(
fx(t) + hπy(t), F (t, x(t) + hy(t))

)
≤ a(t)h2 , ∀ 0 < h ≤ h0 .

We say that a first order variation y is admissible if

〈∇gi(x(1)), y(1)〉 ≤ 0 , for any i ∈ {1, . . . , k} such that x(1) ∈ ∂Qi

and

〈∇ϕj(x(t)), y(t)〉 ≤ 0 , for any j ∈ {1, . . . q} and any t ∈ I such that x(t) ∈ ∂Kj .

We will denote by V1(x) the set of all admissible first order variations associated to x.
A function y ∈ V1(x) is called critical if

〈∇g0(x(1)), y(1)〉 = 0 .
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Fix an admissible pair (x̄, ū) for problem (1.4). In order to obtain first order variations
associated to x̄, we will consider the linearized control system

(2.10) ẏ(t) = Ay(t) + fx[t]y(t) + fu[t]v(t) , y(0) = 0 ,

with

(2.11) v(·) ∈ L∞(I,X) and v(t) ∈ T [U(ū(t)) for a.e. t ∈ I.
Here, [t] stands for (t, x̄(t), ū(t)). We shall consider trajectory-control pairs (ȳ, v̄) that are
solutions of (2.10)–(2.11) and satisfy the following:

(2.12)

{
There exist c ∈ L1(I,R+) and h0 > 0 such that

distU(ū(t) + hv̄(t)) ≤ c(t)h2 , ∀ 0 < h ≤ h0 , a.e. in I .

Remark 2.5. Condition (2.12) plays an important role to deduce the conclusion of
Lemma 2.9 below from the Lebesgue dominated convergence theorem.

In order to illustrate a case where the estimate (2.12) can be easily verified, let us

suppose that the oriented distance d̃U : Z → R to the set U , defined by

d̃U(z) =

{
dist(z, U) if z /∈ U
− dist(z, U c) if z ∈ U ,

is Fréchet differentiable on ∂U + εB for some ε > 0 with Lipschitz ∇d̃U(·) on ∂U + εB.

Remark that in this case if u ∈ ∂U , then v ∈ T [U(u) implies 〈∇d̃U(u), v〉 ≤ 0. Let (ȳ, v̄)
be a solution of (2.10)–(2.11) and assume that there exists δ > 0 such that for a.e. t ∈ I
satisfying d̃U(ū(t)) > −δ, it holds

〈∇d̃U(ū(t)), v̄(t)〉 ≤ 0 .

By the Taylor’s formula, for all small h > 0 and for all t ∈ I as above we have

d̃U(ū(t) + hv̄(t)) = d̃U(ū(t)) + h〈∇d̃U(ū(t)), v̄(t)〉+Ot(h
2),

where |Ot(h
2)| ≤ Ch2 for some C > 0 independent from time. If h is sufficiently small,

then for all t, satisfying d̃U(ū(t)) ≤ −δ, we obtain d̃U(ū(t)+hv̄(t)) ≤ 0. Otherwise, when-

ever h > 0 is sufficiently small, for a.e. t ∈ I satisfying d̃U(ū(t)) > −δ, our assumptions

imply d̃U(ū(t) + hv̄(t)) ≤ h2C . Therefore, there exist c, h0 > 0 such that

distU(ū(t) + hv̄(t)) ≤ ch2 , ∀ 0 < h ≤ h0 , a.e. t ∈ I .
For instance if Z = L2(Ω;Rn) with Ω ⊂ Rn open, the unit ball in Z has the oriented

distance function d̃U(u) = ‖u‖ − 1 if ‖u‖ ≥ 1 and d̃U(u) = 1 − ‖u‖ if ‖u‖ ≤ 1. Hence

d̃U(·) is Fréchet differentiable with Lipschitz ∇d̃U on ∂U + εB for every ε ∈ (0, 1).
The above example can be generalized to the case where the set U is defined by a

system of inequalities (see [30, section 7]). For instance in the case of box constraints U ,
(2.12) is verified for v̄ = u − ū, where u is any control satisfying box constraints. The
same is valid for convex constraints U.

Lemma 2.6. Assume (H) and let (x̄, ū) be an admissible pair for problem (1.4) and (ȳ, v̄)
be a solution of (2.10)–(2.11) satisfying (2.12). Then, ȳ is a first order variation.

The proof of Lemma 2.6 is given in the Appendix.
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Definition 2.7. Let x ∈ S and y be a first order variation. Then z ∈ C(I,X) is called a
second order variation if it is a solution of the semilinear inclusion

ż(t) ∈ Az(t) + d2
xF [t]z(t) , for a.e. t ∈ I , z(0) = 0 ,

with [t] = (t, x(t), fx(t), y(t), πy(t)) and πy(t) ∈ dxF (t, x(t), fx(t))y(t) as in (2.8). We will
denote by S2(x, y) the set of second-order variations associated to the pair (x, y).

Remark 2.8. In general, the set S2(x, y) may be empty. In subsection 3.2 we provide
conditions implying its nonemptiness.

Lemma 2.9. Assume (H)(i)-(iii) and let x ∈ S, y be a first order variation and z ∈
S2(x, y). Then, for any sequence hn → 0+, there exist xn ∈ S, n = 1, 2, . . . , such that

xn − x− hny
h2
n

→ z in C(I,X), as n→∞ .

The proof can be found in the Appendix.

Define the trace operator Γ : C(I,X) → X by Γ(x) := x(1). We conclude this section
with two technical lemmas whose proofs are again postponed to the Appendix.

Lemma 2.10. Let 0 6= ξ ∈ X∗ and consider the set

A =
{
w ∈ C(I,X) : 〈ξ, w(1)〉 ≤ 0

}
.

Then, the negative polar cone A− is given by

A− =
{
λΓ∗ξ : λ ≥ 0

}
.

Lemma 2.11. Let ξ ∈ C(I,X∗), and M ⊂ I be closed non empty and such that ξ(t) 6= 0,
for any t ∈M . Consider the set

A =
{
w ∈ C(I,X) : sup

t∈M
〈ξ(t), w(t)〉 ≤ 0

}
.

Then

A− =
{
γ ∈M(I,X∗) : ∃ψ ∈M(I,R) positive such that suppψ ⊂M and(2.13) ∫

I

〈w(t), γ(dt)〉 =

∫
I

〈ξ(t), w(t)〉ψ(dt), ∀w ∈ C(I,X)
}
.

3. Main results

To state the main result on second order necessary conditions, see Theorem 3.1 below,
fix a local minimizer (x̄, ū) for problem (1.4) (see definition 2.2) and a trajectory-control
pair (ȳ, v̄) of (2.10)–(2.11) satisfying (2.12). By Lemma 2.6, we know that if assumptions
(H) hold true, then such ȳ is a first order variation. We call such (ȳ, v̄) a critical pair
whenever ȳ is critical in the sense of Definition 2.4. Define the Hamiltonian H : I ×X ×
Z ×X∗ → R as

H(t, x, u, p) = 〈p, f(t, x, u)〉 .
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For all 0 ≤ t0 ≤ t ≤ 1, denote by T (t0, t) : X → X the solution operator that associates
to any y0 ∈ X the value y(t) at time t of the solution to the linear system{

ẏ(s) = Ay(s) + fx[s]y(s)
y(t0) = y0 .

Assumption 2.3 ensures that T is strongly continuous, see [21, Theorem 5.5.6]. Finally,
introduce the sets

W = {w : I → Z measurable : fu[·]w(·) ∈ L1(I,X) , w(t) ∈ T [(2)
U (ū(t), v̄(t)) a.e. in I} ,

Ig = {i ∈ {1, . . . , k} : x̄(1) ∈ ∂Qi , 〈∇gi(x̄(1)), ȳ(1)〉 = 0} ,
Mj0 = {t ∈ I : x̄(t) ∈ ∂Kj} , j = 1, . . . q ,

and, for all δ > 0,

Mjδ =
{
t ∈ I : dist(x̄(t), ∂Kj) ≤ δ

}
, j = 1, . . . q.

Below we shall use the convention max ∅ = −∞.

Theorem 3.1. Assume (H). Let (x̄, ū) be a local minimizer of (1.4) and (ȳ, v̄) be a
solution of (2.10)–(2.11) satisfying (2.12) and such that W 6= ∅. If ȳ is critical and

(3.1) ∃ δ > 0 satisfying max
t∈Mjδ

〈∇ϕj(x̄(t)), ȳ(t)〉 ≤ 0 , ∀ j = 1, . . . q ,

then, there exist λ0 ∈ {0, 1}, λi ≥ 0, for i ∈ Ig, and positive ψj ∈M(I,R) with suppψj ⊂
Mj0, for j = 1, . . . , q, not all equal to zero, such that the function p : I → X∗ defined by

(3.2) p(t) = T (1, t)∗
( ∑
i∈Ig∪{0}

λi∇gi(x̄(1))
)

+

∫ 1

t

T (s, t)∗
( q∑
j=1

∇ϕj(x̄(s))
)
ψj(ds)

satisfies the Pontryagin minimum principle

(3.3) H(t, x̄(t), ū(t), p(t)) = min
u∈U
H(t, x̄(t), u, p(t)) , a.e. t ∈ I.

and the second order integral condition

1

2

∑
i∈Ig∪{0}

λi〈g′′i (x̄(1))ȳ(1), ȳ(1)〉+
1

2

q∑
j=1

∫
I

〈ϕ′′j (x̄(s))ȳ(s), ȳ(s)〉ψj(ds)(3.4)

+
1

2

∫ 1

0

〈H′′(x,u)(s, x̄(s), ū(s), p(s))(ȳ(s), v̄(s)), (ȳ(s), v̄(s))〉ds+

∫ 1

0

Hu[s]w(s)ds ≥ 0

for any w ∈ W, where
Hu[t] := Hu(t, x̄(t), ū(t), p(t)).

Remark 3.2. The function p defined in (3.2) is a solution in the sense of [22, p. 486] of
the adjoint equation

(3.5)

{
dp(t) = −

(
A∗ + fx(t, x̄(t), ū(t))∗

)
p(t)dt−

∑q
j=1∇ϕj(x̄(t))ψj(dt) , t ∈ I

p(1) =
∑

i∈Ig∪{0} λi∇gi(x̄(1)) .

Let us underline that the integrand in (3.2) is continuous on I, see [22, pp. 217, 218].
Therefore its Bochner integral is well defined even though X∗, in general, is not separable,
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see [19, Theorems 2, pp. 42, 45]. It is well known that, in general, multipliers λi and ψj
appearing in (3.2) are not uniquely defined and for this reason the adjoint variable p(·)
may be not unique. Clearly to each set of multipliers λi and ψj corresponds at most one
p(·) defined by (3.2).

Remark 3.3. If X is reflexive, then A∗ generates a strongly continuous semigroup. Hence
p is the mild solution of the adjoint measure-driven equation (3.5), see [22, Theorems 5.2.6,
5.5.10]. In section 4, we provide some examples of adjoint equations derived from concrete
models involving PDEs.

Remark 3.4. The expression in the left-hand side of (3.4) is the sum of a quadratic
form involving second order derivatives of Hamiltonian and functions describing the cost
and the constraints and a linear term involving the first order derivatives of Hamiltonian
applied to second order tangents. In the finite dimensional framework, when U is described
by inequalities, this expression was rewritten as a quadratic form with the Hamiltonian
replaced by the augmented Hamiltonian, while skipping the linear term, see [29, Section
5.2].

In general, the obtained minimum principle can be abnormal, namely it may happen
that it does not depend on the cost functional g0. Conditions guaranteeing the validity
of the above necessary optimality conditions in normal form, i.e. with λ0 = 1, will be
provided in subsection 3.3.

Remark 3.5. We would like to underline that Theorem 3.1 contains the celebrated min-
imum principle. Indeed let (x̄, ū) be a local minimizer of (1.4). Then (ȳ, v̄) = 0 is critical

and T
[(2)
U (ū(t), 0) = T [U(ū(t)) 3 0, Ig = {i ∈ {1, . . . , k} : x̄(1) ∈ ∂Qi} and (3.1) is satisfied.

By Theorem 3.1 the minimum principle (3.3) holds true with p as in (3.2). In this case
the second order condition (3.4) does not bring an additional information because

fu[t]T
[
U(ū(t)) ⊂

⋃
λ>0

λ (co f(t, x̄(t), U)− f [t]).

Hence for any measurable selection w(t) ∈ T [(2)
U (ū(t), 0) a.e. such that fu[·]w(·) ∈ L1(I,X)

we have ∫ 1

0

〈p(s), fu[s]w(s)〉ds ≥
∫ 1

0

inf
u∈U, λ>0

λ〈p(s), f(s, x̄(s), u)− f [s]〉ds.

This and (3.3) yield ∫ 1

0

〈p(s), fu[s]w(s)〉ds ≥ 0

implying (3.4).

The proof of Theorem 3.1 is performed in three main steps. At first in Proposition
3.6 we prove a second order optimality condition (3.7) in the form of nonintersection of
second order variations of constraints with second order negative variations of the cost
functional. In Lemma 3.7, using a separation theorem, we get an abstract second order
condition involving multipliers λi and ψj (see (3.10)). Finally, in subsection 3.2, we

introduce a suitable family of second order variations S̃2 ⊂ S2 that yields the minimum
principle (3.3) and the second order optimality condition.
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3.1. An abstract second order condition. Fix a local minimizer (x̄, ū) for problem
(1.4) and a critical ȳ ∈ V1(x̄). Consider the sets:

S2 = S2(x̄, ȳ) ,

Q2
i =

{
z ∈ C(I,X) : 〈∇gi(x̄(1)), z(1)〉+

1

2
〈g′′i (x̄(1))ȳ(1), ȳ(1)〉 < 0

}
, i ∈ Ig ∪ {0} ,

K2
j =

{
z ∈ C(I,X) : max

t∈Mj0

(
〈∇ϕj(x̄(t)), z(t)〉+1

2
〈ϕ′′j (x̄(t))ȳ(t), ȳ(t)〉

)
< 0
}
, j = 1, . . . q .

Since we use the convention max ∅ = −∞, if Mj0 = ∅ then K2
j = C(I,X). Remark that

Q2
i and K2

j are open convex subsets of C(I,X). Moreover, K2
j is empty if and only if

∇ϕj(x̄(t)) = 0 and 〈ϕ′′j (x̄(t))ȳ(t), ȳ(t)〉 ≥ 0 for some t ∈ Mj0. In particular, if (H)(vii)

holds true, then K2
j is not empty for all j = 1, . . . q.

Proposition 3.6. Assume (H)(i),(ii),(iii),(vi) and (3.1). Then,

(3.6) S2 ∩Q2 ∩ K2 ⊂ T
[(2)
S∩Q∩K(x̄, ȳ) ,

where

Q2 =
⋂
i∈Ig

Q2
i , K2 =

q⋂
j=1

K2
j ,

S is as in definition 2.1, and Q,K are defined by

Q =
{
x ∈ C(I,X) : x(1) ∈ Q

}
, K =

{
x ∈ C(I,X) : x(t) ∈ K, ∀t ∈ I

}
.

Moreover,

(3.7) S2 ∩Q2
0 ∩Q2 ∩ K2 = ∅ .

Observe that (3.7) is equivalent to a more familiar second order necessary condition in
the form of a variational inequality: for any z ∈ S2 ∩Q2 ∩ K2

〈∇g0(x̄(1)), z(1)〉+
1

2
〈g′′0(x̄(1))ȳ(1), ȳ(1)〉 ≥ 0.

Proof. Let z ∈ S2 ∩Q2 ∩K2 and let hn → 0+ as n→ +∞. By Lemma 2.9, there exists a
sequence xn = x̄ + hnȳ + h2

nzn ∈ S, such that zn → z uniformly. We need to show that,
for any n large enough, xn satisfies the constraints (1.2) and (1.3). Let δ > 0 be as in
(3.1) and fix j ∈ {1, . . . , q}. Since z ∈ K2, by the regularity of ϕj we deduce the existence

of 0 < δ̃ < δ such that

(3.8) max
t∈Mjδ̃

(
〈∇ϕj(x̄(t)), z(t)〉+

1

2
〈ϕ′′j (x̄(t))ȳ(t), ȳ(t)〉

)
< 0 .

Applying the Taylor’s formula with integral rest (see for instance [1, p. 29]), we have

ϕj(xn(t)) = ϕj(x̄(t)) + hn〈∇ϕj(x̄(t)), ȳ(t)〉+ h2
n〈∇ϕj(x̄(t)), z(t)〉

+ h2
n

1

2
〈ϕ′′j (x̄(t))ȳ(t), ȳ(t)〉+ h2

nrn(t) ,
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where

rn(t) = 〈∇ϕj(x̄(t)), zn(t)− z(t)〉+ hn〈ϕ′′j (x̄(t))ȳ(t), zn(t)〉+ h2
n

1

2
〈ϕ′′j (x̄(t))zn(t), zn(t)〉

+

∫ 1

0

(1− λ)
〈[
ϕ′′j (x̄(t) + λ(hnȳ(t) + h2

nzn(t)))− ϕ′′j (x̄(t))
]
(ȳ(t) + hnzn(t)), ȳ(t) + hnzn(t)

〉
dλ .

Since zn → z uniformly, ϕ′′j is continuous and x̄(I) is compact, it follows that rn(·) → 0
uniformly as n→∞. Hence, by (3.1) and (3.8), for any n large enough and any t ∈Mjδ̃,
we have

ϕj(xn(t)) ≤ h2
n

(
〈∇ϕj(x̄(t)), z(t)〉+

1

2
〈ϕ′′j (x̄(t))ȳ(t), ȳ(t)〉+ rn(t)

)
< 0 .

Thus, for sufficiently large n, xn(t) ∈ Kj, for all t ∈Mjδ̃. If t 6∈ Mjδ̃, we have d∂Kj(x̄(t)) >

δ̃, and we obtain again, for all large n and all t 6∈ Mjδ̃, xn(t) ∈ Kj.
We now consider the end-point constraint Q. If i ∈ {1, . . . , k} \ Ig, then either x̄(1) ∈

int(Qi) or

x̄(1) ∈ ∂Qi and 〈∇gi(x̄(1)), ȳ(1)〉 < 0 .

Thus, for n large enough,

gi(xn(1)) = gi(x̄(1)) + hn〈∇gi(x̄(1)), ȳ(1)〉+ o(hn) < 0 .

On the other hand, if i ∈ Ig, by the Taylor’s formula for gi at x̄(1) (see for instance [7,
Theorem 5.6.3]) and the definition of Q2

i , we obtain

gi(xn(1)) = gi(x̄(1)) + hn〈∇gi(x̄(1)), ȳ(1)〉+ h2
n〈∇gi(x̄(1)), zn(1)〉

+ h2
n

1

2
〈g′′i (x̄(1))ȳ(1), ȳ(1)〉+ o(h2

n)

= h2
n

(
〈∇gi(x̄(1)), zn(1)〉+

1

2
〈g′′i (x̄(1))ȳ(1), ȳ(1)〉+ o(1)

)
< 0

for n large enough, implying that xn(1) ∈ Q. We can conclude that xn ∈ T [(2)
S∩Q∩K(x̄, ȳ)

and that (3.6) follows.
To prove (3.7), suppose by contradiction that there exists

z ∈ S2 ∩Q2
0 ∩Q2 ∩ K2 .

By the first part of the proof, given hn → 0+ there exists a sequence xn = x̄+ hnȳ+ h2
nzn

of solutions of (1.1)–(1.3) such that zn → z uniformly. Reasoning as above, replacing gi
by g0, for n sufficiently large, we obtain the existence of a solution x̃ := xn of (1.1)–(1.3)
such that

g0(x̃(1)) < g0(x̄(1)) ,

in contradiction with the optimality of x̄. �

The second part of Proposition 3.6 provides a formulation of the second order optimality
condition as the nonintersection of the convex set Q2

0∩Q2∩K2 with S2. We shall analyze
(3.7) using the duality arguments for convex subsets of S2. In what follows, for any
z∗ ∈ C(I,X)∗ and Q ⊂ C(I,X) we use the notation inf〈z∗, Q〉 = infz∈Q〈z∗, z〉.
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Lemma 3.7. Assume (H)(i),(ii),(iii),(vi),(vii) and let ȳ ∈ V1(x̄) be critical and satisfy

(3.1). Then, for every convex nonempty subset S̃2 ⊂ S2 there exist λ0 ∈ {0, 1}, λi ≥ 0,
for i ∈ Ig, positive ψj ∈ M(I,R) with suppψj ⊂ Mj0, for j = 1, . . . , q, not vanishing
simultaneously, and x∗ ∈ C(I,X)∗, such that
(3.9)∑

i∈Ig∪{0}

λi〈∇gi(x̄(1)), z(1)〉+

q∑
j=1

∫
I

〈∇ϕj(x̄(t)), z(t)〉ψj(dt) = 〈x∗, z〉 , ∀ z ∈ C(I,X)

and
(3.10)

inf〈x∗, S̃2〉+
1

2

∑
i∈Ig∪{0}

λi〈g′′i (x̄(1))ȳ(1), ȳ(1)〉+
1

2

q∑
j=1

∫
I

〈ϕ′′j (x̄(t))ȳ(t), ȳ(t)〉ψj(dt) ≥ 0 .

Moreover, if

S̃2 ∩Q2 ∩ K2 6= ∅ ,
then the above necessary optimality conditions hold in normal form, i.e. with λ0 = 1.

Proof. Notice that assumption (H)(vii) implies that K2
j 6= ∅ for any j. Consider two

different cases:
Case 1: Q2

i 6= ∅, for any i ∈ Ig∪{0}. By Proposition 3.6, we have S2∩Q2
0∩Q2∩K2 = ∅.

As in [29, Lemma 2.2], define the open convex set

A =
⋃
x∈S2

[ ∏
i∈Ig∪{0}

(
Q2
i − x

)
×

q∏
j=1

(
K2
i − x

)]
.

Since 0 /∈ A, by a separation theorem, there exist x∗, x∗i , y
∗
j ∈ C(I,X)∗, i ∈ Ig ∪ {0}, j =

1, . . . , q not vanishing simultaneously such that∑
i∈Ig∪{0}

〈x∗i , xi−x〉+
q∑
j=1

〈y∗j , yj−x〉 ≥ 0 , ∀x ∈ S2, xi ∈ Q2
i , yj ∈ K2

i , i ∈ Ig∪{0}, j = 1, . . . , q .

Setting x∗i = 0 for any i /∈ Ig ∪ {0} and

−x∗ = x∗0 + x∗1 + · · ·+ x∗k + y∗1 + · · ·+ y∗q ,

we obtain

(3.11) inf〈x∗, S̃2〉+ inf〈x∗0,Q2
0〉+ · · ·+ inf〈x∗k,Q2

k〉+ inf〈y∗1,K2
1〉+ · · ·+ inf〈y∗q ,K2

q〉 ≥ 0 .

Let i ∈ Ig ∪ {0} be such that x∗i 6= 0. Inequality (3.11) yields

(3.12) inf
{
〈x∗i , z〉 : z ∈ Q2

i

}
> −∞ ,

implying that ∇gi(x̄(1)) 6= 0. Otherwise, since Q2
i 6= ∅, we get 〈g′′i (x̄(1))ȳ(1), ȳ(1)〉 < 0,

yielding Q2
i = X, in contradiction with (3.12). We claim that

(3.13) x∗i = −λiΓ∗∇gi(x̄(1)) for some positive λi .
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Let A =
{
z ∈ C(I,X) : 〈∇gi(x̄(1)), z(1)〉 ≤ 0

}
, we notice that Q2

i + A = Q2
i and

that −x∗i ∈ A−. Indeed, by contradiction, suppose that there exists q̄ ∈ A satisfying
〈x∗i , q̄〉 < 0. Taking any z̄ ∈ Q2

i , we obtain that

inf
z∈Q2

i

〈x∗i , z〉 = inf
z∈Q2

i ,q∈A
〈x∗i , z + q〉 ≤ 〈x∗i , z̄〉+ 〈x∗i , λq̄〉 , for any λ ≥ 0 .

Letting λ→ +∞, we get infz∈Q2
i
〈x∗i , z〉 = −∞. Lemma 2.10 allows to deduce (3.13).

Further, by the definition of Q2
i ,

inf〈−λiΓ∗∇gi(x̄(1)),Q2
i 〉 =

1

2
λi〈g′′i (x̄(1))ȳ(1), ȳ(1)〉 .

Concerning K2
j , again, we can consider the case y∗j 6= 0, that implies Mj0 6= ∅. By

assumption, ∇ϕj(x̄(t)) 6= 0 for any t ∈Mj0. Define

A =
{
z ∈ C(I,X) : max

t∈Mj0

〈∇ϕj(x̄(t)), z(t)〉 ≤ 0
}
.

Then K2
j + A = K2

j and, as above, we deduce that, −y∗j ∈ A−. By Lemma 2.11 applied
with ξ(·) = ∇ϕj(x̄(·)), there exists a positive ψj ∈M(I,R) such that suppψj ⊂Mj0 and∫

I

〈z(t), y∗j (dt)〉 = −
∫
I

〈∇ϕj(x̄(t)), z(t)〉ψj(dt), for any z ∈ C(I,X) .

By the definition of K2
j , we obtain immediately

(3.14) inf
z∈K2

j

〈y∗j , z〉 = inf
z∈K2

j

−
∫
I

〈∇ϕj(x̄(t)), z(t)〉ψj(dt) ≥
1

2

∫
I

〈ϕ′′j (x̄(t))ȳ(t), ȳ(t)〉ψj(dt) .

We claim that the inequality in (3.14) is an equality. Indeed, assume by contradiction
that, for some ε > 0,

(3.15) inf
z∈K2

j

∫
I

−〈∇ϕj(x̄(t)), z(t)〉ψj(dt) =
1

2

∫
I

〈ϕ′′j (x̄(t))ȳ(t), ȳ(t)〉ψj(dt) + ε .

Consider the set-valued map R : Mj0  X defined by

R(t) =

{
α ∈ X : 〈∇ϕj(x̄(t)), α〉+

1

2
〈ϕ′′j (x̄(t))ȳ(t), ȳ(t)〉 ∈

[
− ε

2
∫
I
dψj(s)

,− ε

3
∫
I
dψj(s)

]}
.

It is not difficult to show that R is lower semicontinuous with nonempty closed convex
values. By Michael’s Theorem (see [2, Theorem 9.1.2]) there exists a continuous selection
z̄ of R. Therefore z̄ ∈ K2

j and

−
∫
I

〈∇ϕj(x̄(t)), z̄(t)〉ψj(dt) ≤
1

2

∫
I

〈ϕ′′j (x̄(t))ȳ(t), ȳ(t)〉ψj(dt) +
ε

2
,

in contradiction with (3.15). Hence, (3.9) and (3.10) follow.
Case 2: Q2

i = ∅, for some i, implying ∇gi(x̄(1)) = 0 and 1
2
〈g′′i (x̄(1))ȳ(1), ȳ(1)〉 ≥ 0.

Then, taking λi = 1, λs = 0 for any s 6= i, ψj = 0, for j = 1, . . . , q, and x∗ = 0, we deduce
again (3.9) and (3.10).

If λ0 > 0, then dividing all the multipliers λi, ψj by λ0 we may assume that λ0 = 1.
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Normality. If λ0 = 0, then x∗0 = 0 and −x∗ = x∗1 + · · ·+ x∗k + y∗1 + · · ·+ y∗q . By (3.11),
we have

inf〈x∗, S̃2〉+
∑
i∈Ig

inf〈x∗i ,Q2
i 〉+

q∑
j=1

inf〈y∗j ,K2
j 〉 ≥ 0 .

Applying again [29, Lemma 2.2], (a necessary and sufficient condition for separation of
non empty convex sets), we obtain the contradictory

S̃2 ∩
( ⋂
i∈Ig

Q2
i

)
∩ K2 = ∅ ,

ending the proof. �

3.2. Proof of the minimum principle. In this subsection we introduce a suitable non-
empty convex set S̃2 ⊂ S2 that yields the minimum principle.

As in the statement of Theorem 3.1, assume (H) and let (x̄, ū) be a local minimizer of
(1.4) and (ȳ, v̄) be a solution of (2.10)–(2.11) satisfying (2.12). From [2, Chapter 8] it

can be easily deduced that the set-valued maps t T [U(ū(t)) and t T
[(2)
U (ū(t), v̄(t)) are

measurable. Consider the second-order linearization

(3.16) ż(t) = Az(t) + fx[t]z(t) + fu[t]w(t) +
1

2
f ′′[t](ȳ(t), v̄(t))2 + η(t) , z(0) = 0 ,

where w : I → Z is a Lebesgue measurable function satisfying

(3.17) fu[·]w(·) ∈ L1(I,X) , w(t) ∈ T [(2)
U (ū(t), v̄(t)) , a.e. in I ,

and

(3.18) η ∈ L1(I,X) , η(t) ∈ TF (t,x̄(t))(f
x̄(t)) , a.e. in I .

Assume that there exists w satisfying (3.17). Then the set

L2 =
{
z ∈ C(I,X) : z solves (3.16) for some w, η as in (3.17), (3.18)

}
is nonempty. The following Lemma 3.8 describes a convenient convex set S̃2.

Lemma 3.8. Assume (H) and that there exists w satisfying (3.17). Then, the set

(3.19) S̃2 := L2

is a non-empty convex subset of S2.

Proof. We first prove that

coL2 ⊂ S̃2 ,

implying coS̃2 = S̃2. Pick z1, z2 ∈ L2, corresponding to the controls w1, η1 and w2, η2

respectively, and λ ∈ (0, 1). We aim to prove that zλ = λz1 + (1 − λ)z2 ∈ S̃2. The
function zλ is a mild solution of the differential inclusion

ż(t) ∈ Az(t) + fx[t]z(t) + fu[t][w1(t), w2(t)] +
1

2
f ′′[t](ȳ(t), v̄(t))2 + ηλ(t) ,
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where [w1(t), w2(t)] is the segment joining w1(t) and w2(t), and ηλ = λη1 + (1 − λ)η2.
Since TF (t,x̄(t))(f

x̄(t)) is convex, ηλ(t) ∈ TF (t,x̄(t))(f
x̄(t)) a.e. in I. By a relaxation theorem

[23, Theorem 2.5], there exists a sequence of solutions zn to

ż(t) ∈ Az(t) + fx[t]z(t) + fu[t]{w1(t), w2(t)}+
1

2
f ′′[t](ȳ(t), v̄(t))2 + ηλ(t) ,

such that zn → zλ uniformly in I. Since the set-valued mapping t  T
[(2)
U (ū(t), v̄(t))

is measurable, applying a measurable selection theorem, we deduce that, for any n,

there exists a measurable selection wn(t) ∈ {w1(t), w2(t)} ⊂ T
[(2)
U (ū(t), v̄(t)) such that

fu(·, x̄(·), ū(·))wn(·) ∈ L1(I,X) and zn solves

ż(t) = Az(t) + fx[t]z(t) + fu[t]wn(t) +
1

2
f ′′[t](ȳ(t), v̄(t))2 + ηλ(t) , z(0) = 0,

implying zn ∈ L2 and zλ ∈ S̃2.
To conclude the proof, it is sufficient to verify that L2 ⊂ S2. Let z ∈ C(I,X) satisfy

(3.16) for some w and η as in (3.17), (3.18). In order to show that z ∈ S2, we shall prove
that

(3.20) fx[t]z(t) + fu[t]w(t) +
1

2
f ′′[t](ȳ(t), v̄(t))2 + η(t) ∈ d2

xF [t]z(t) , for a.e. t ∈ I ,

where F [t] = F (t, x̄(t), f x̄(t), ȳ(t), fx[t]ȳ(t) + fu[t]v̄(t)). The set-valued map F (t, ·) be-
ing locally Lipschitz continuous with convex values, with arguments analogous to [24,
Proposition 2.11] it is possible to verify that

d2
xF [t]z(t) + TF (t,x̄(t))(f

x̄(t)) ⊂ d2
xF [t]z(t) .

Since η(t) ∈ TF (t,x̄(t))(f
x̄(t)) for a.e. t ∈ I, to get (3.20) it is enough to show that

(3.21) b(t) := fx[t]z(t) + fu[t]w(t) +
1

2
f ′′[t](ȳ(t), v̄(t))2 ∈ d2

xF [t]z(t) , for a.e. t ∈ I .

Let t ∈ I be such that w(t) ∈ T [(2)
U (ū(t), v̄(t)). Then for every h > 0, there exists r(h) ∈ Z

such that ‖r(h)‖Z = o(h2) and ū(t) + hv̄(t) + h2w(t) + r(h) ∈ U . In particular,
(3.22)

dist
(
b(t),

F (t, (x̄+ hȳ + h2z)(t))− (f x̄ + hfx[·]ȳ + hfu[·]v̄)(t)

h2

)
≤∥∥∥b(t)− f(t, (x̄+ hȳ + h2z)(t), (ū+ hv̄ + h2w)(t) + r(h))− (f x̄ + hfx[·]ȳ + hfu[·]v̄)(t)

h2

∥∥∥
X
.

Applying the second order Taylor’s formula for f at [t] (see for instance [7, Theorem
5.6.3]), we have that the right hand side of the above inequality converges to zero as
h→ 0. Therefore we obtain (3.21) and conclude the proof. �

Proof of Theorem 3.1. Let S̃2 be defined as in (3.19) and let λi, for i ∈ Ig ∪ {0}, ψj, for
j = 1, . . . , q, and x∗ ∈ C(I,X)∗ be as in Lemma 3.7. Let z be a mild solution to (3.16)
corresponding to some controls w and η satisfying (3.17) and (3.18). Then,

z(t) =

∫ t

0

T (t, s)(β(s) + η(s))ds ,
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where

β(s) = fu[s]w(s) +
1

2
f ′′[s](ȳ(s), v̄(s))2.

Then, from (3.9) and [21, Lemma 4.1], we obtain that

〈x∗, z〉 =

∫ 1

0

〈 ∑
i∈Ig∪{0}

λi∇gi(x̄(1)), T (1, s)(β(s) + η(s))
〉
ds

+

∫ 1

0

q∑
j=1

〈
∇ϕj(x̄(t)),

∫ t

0

T (t, s)(β(s) + η(s))ds
〉
ψj(dt)

=

∫ 1

0

〈
T (1, s)∗

( ∑
i∈Ig∪{0}

λi∇gi(x̄(1))
)
, β(s) + η(s)

〉
ds

+

∫ 1

0

〈∫ 1

s

T (t, s)∗
( q∑
j=1

∇ϕj(x̄(t))ψj(dt)
)
, β(s) + η(s)

〉
ds

=

∫ 1

0

〈p(s), β(s) + η(s)〉ds,

see [28] for details. Plugging this equality in (3.10) we derive the second order condition

1

2

∑
i∈Ig∪{0}

λi〈g′′i (x̄(1))ȳ(1), ȳ(1)〉+
1

2

q∑
j=1

∫
I

〈ϕ′′j (x̄(s))ȳ(s), ȳ(s)〉ψj(ds)

+
1

2

∫ 1

0

〈p(s), f ′′[s](ȳ(s), v̄(s))2〉ds+ inf
{w as in (3.17)}

∫ 1

0

〈p(s), fu[s]w(s)〉ds

+ inf
{η as in (3.18)}

∫ 1

0

〈p(s), η(s)〉ds ≥ 0,

yielding (3.4) and

∫ 1

0

〈p(s), η(s)〉ds ≥ 0, for any η as in (3.18) ,(3.23)

because the set of functions η satisfying (3.18) is a cone. From (3.23) we obtain the strong
minimum principle (3.3), in the same way as in [28, Theorem 4.2]. �

3.3. Normality. In this subsection, we show that an appropriate inward pointing condi-
tion for the optimal pair (x̄, ū) allows to formulate the optimality conditions of Theorem
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3.1 in normal form. We will assume the following inward pointing condition

∃ η, ρ,M > 0, ∃J ⊂ I such that µ(J) = 1 and :(3.24)

(i) if sup
z∈B(S(τ0)x̄(s),η)

〈∇ϕj0(z), S(τ0)f x̄(s)〉 ≥ 0 for some s ∈ J, j0 = 1, . . . , q, τ0 ≤ η,

with S(τ0)x̄(s) ∈ ∂Kj0 + ηB, then ∃ v ∈ TF (s,x̄(s))(f
x̄(s)) satisfying ‖v‖X ≤M and

〈∇ϕj(x̄(t)), S(t− s)v〉 ≤ −ρ, ∀ j = 1, . . . , q, ∀ t ∈ [s, (s+ η) ∧ 1] ∩Mj0

such that x̄(t) ∈ B(S(t− s)x̄(s), η) ;

(ii) if s ∈ J ∩ [1− η, 1] , ∃ v ∈ TF (s,x̄(s))(f
x̄(s)) satisfying the same conditions as in (i)

(whenever sup
z∈B(S(τ0)x̄(s),η)

〈∇ϕj0(z), S(τ0)f x̄(s)〉 ≥ 0 for some j0 = 1, . . . , q, τ0 ≤ η)

and 〈∇gi(x̄(1)), S(1− s)v〉 ≤ −ρ , ∀ i ∈ Ig .
This is an infinite dimensional version of the classical inward pointing condition proposed
by Soner in [39]. As shown in the following lemma, such condition allows to construct
first order variations pointwise belonging to the interior of the tangent cone to the set of
active constraints. This, in turn, allows to verify the condition for normality provided in
Lemma 3.7. In the infinite dimensional setting, some uniformity on a neighborhood of
the boundary of the set of constraints has to be imposed and the semigroup has to be
involved in the formulation of the inward pointing condition (3.24). However, if the data
of the problem enjoy some compactness, the condition can be simplified in a similar way
as done in [27].

Lemma 3.9. Let t1 ∈ I and y1 ∈ X. Assume that K is positively invariant by the
semigroup S(·), i.e.

(3.25) S(t)K ⊂ K, ∀ t ∈ I ,
and (3.24). If t1 = 0 suppose that x̄(0) /∈ ∂K. If t1 > 0 and t1 ∈ Mj0, suppose in
addition that 〈∇ϕj(x̄(t1)), y1〉 < 0. Then there exist δ > 0, independent from t1 and y1,
and a solution y of

(3.26) ẏ(t) = Ay(t) + fx[t]y(t) + v(t) , y(t1) = y1,

for some

(3.27) integrable selection v(·) of the set-valued map TF (·,x̄(·))(f
x̄(·)) ,

satisfying

(3.28) 〈∇ϕj(x̄(t)), y(t)〉 < 0 ∀ j = 1, . . . , q, ∀ t ∈ [t1, (t1 + δ) ∧ 1] ∩Mj0

and, if 1− t1 ≤ δ,

(3.29) 〈∇gi(x̄(1)), y(1)〉 < 0 ∀ i ∈ Ig .

Proof. Let η, ρ,M, J,MS be as in (3.24), (2.2) and define, in light of (2.3), positive reals

Mx :=

∫
I

‖fx[t]‖L(X) dt <∞ , MK > max
j=1,...,q , t∈Mj0

‖∇ϕj(x̄(t))‖X∗ ,

MQ > max
i∈Ig
‖∇gi(x̄(1))‖X∗ .
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By (2.4), there exists 0 < δ < η, independent from t1 and y1, satisfying

(3.30) ‖x̄(t)− S(t− s)x̄(s)‖X ≤ η/2 , ∀ 0 ≤ s < t ≤ 1 such that t− s ≤ δ

and

(3.31)

∫
E

‖fx[t]‖L(X,X) dt ≤ ρ

2M(MK +MQ)M2
SeMSMx

∀E ⊂ I with µ(E) ≤ δ .

Set

Γ =
{
s ∈ J : for some τ0 ≤ η and j0 = 1, . . . , q , S(τ0) x̄(s) ∈ ∂Kj0 + ηB and

sup
{z∈X:‖z−S(τ0)x̄(s)‖≤η}

〈∇ϕj0(z), S(τ0)f [s]〉 ≥ 0
}
.

Then, by (3.24) and a measurable selection theorem, there exists a measurable function
v : I → X such that v(s) ∈ TF (s,x̄(s))(f

x̄(s)) a.e. s ∈ I, v ≡ 0 on I \Γ, and, for any s ∈ Γ,

‖v(s)‖X ≤M ,

(3.32) 〈∇ϕj(x̄(t)), S(t− s)v(s)〉 ≤ −ρ
for every j = 1, . . . , q and t ∈ [s, (s + η) ∧ 1] ∩Mj0 such that x̄(t) ∈ B(S(t − s)x̄(s), η).
Moreover,

〈∇gi(x̄(1)), S(1− s)v(s)〉 ≤ −ρ , ∀ i ∈ Ig , ∀ s ∈ J ∩ [1− η, 1] .

For any c ≥ 0, consider the mild solution yc of

(3.33)

{
ẏ(t) = Ay(t) + fx[t]y(t) + cv(t)
y(t1) = y1 .

By applying the Gronwall lemma, it is possible to deduce that for all t ∈ [t1, 1],

(3.34) ‖yc(t)‖X ≤MSeMSMx‖y1‖X +MMSeMSMxcµ(Γ ∩ [t1, t]) .

We will show that, for a suitable c ≥ 0, the solution yc of (3.33) satisfies (3.28) and, if
1− t1 ≤ δ, also (3.29).

In order to prove (3.28), fix j ∈ {1, . . . , q}.
Case 1: t1 /∈Mj0. If [t1, (t1 +δ)∧1]∩Mj0 = ∅, then there is nothing to prove. Otherwise,
let t2 = min

(
[t1, (t1 + δ) ∧ 1] ∩Mj0

)
.

Observe that µ(Γ∩[t1, t2]) > 0. Indeed, suppose by contradiction that for a.e. t ∈ [t1, t2]
and every 0 ≤ τ ≤ η we have either S(τ) x̄(t) /∈ ∂Kj + ηB or

(3.35) 〈∇ϕj(z), S(τ)f [t]〉 < 0 , ∀ z ∈ X such that ‖z − S(τ)x̄(t)‖ ≤ η .

By the mean value theorem (see [15, Theorem 2.3.7]), there exists z ∈ [x̄(t2), S(t2 −
t1)x̄(t1)], satisfying

ϕj(x̄(t2)) = ϕj(S(t2 − t1)x̄(t1)) + 〈∇ϕj(z), x̄(t2)− S(t2 − t1)x̄(t1)〉 .
Hence, from (2.1) and (3.25) we deduce

(3.36) 0 ≤
∫ t2

t1

〈∇ϕj(z), S(t2 − t)f [t]〉dt .
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Let t ∈ [t1, t2]. By (3.30) we have that S(t2−t)x̄(t) ∈ ∂K+ηB and ‖z−S(t2−t)x̄(t)‖X ≤ η.
Therefore, (3.35) and (3.36) are in contradiction.

Let t ∈ [t1, (t1 + δ) ∧ 1] ∩Mj0. We have t ≥ t2 and, by (3.31), (3.32), (3.34),

〈∇ϕj(x̄(t)), yc(t)〉 = 〈∇ϕj(x̄(t)), S(t− t1)y1〉+

∫ t

t1

〈∇ϕj(x̄(t)), S(t− s)fx[s]yc(s)〉ds

+ c

∫
Γ∩[t1,t]

〈∇ϕj(x̄(t)), S(t− s)v(s)〉ds

≤MKMS‖y1‖X
(
1 +MSMxe

MSMx
)

(3.37)

− c µ(Γ ∩ [t1, t])
(
ρ−MMKM

2
SeMSMx

∫ t

t1

‖fx[s]‖L(X)ds
)

≤MKMS‖y1‖X
(
1 +MSMxe

MSMx
)
− c µ(Γ ∩ [t1, t2])

ρ

2
.

This quantity is strictly negative for all c greater than some c1 > 0, independent on t.
Increasing c1 we may assume that it is independent from j.

Case 2: t1 ∈Mj0. In this case, by the hypothesis of the lemma, t1 > 0 and 〈∇ϕj(x̄(t1)), y1〉 <
0. Let t3 ∈ (t1, (t1 + δ) ∧ 1] be such that

〈∇ϕj(x̄(t)), S(t− t1)y1〉+MKM
2
SeMSMx‖y1‖X

∫ t

t1

‖fx[s]‖L(X)ds < 0 , ∀ t ∈ (t1, t3] .

If (t1, t3] ∩Mj0 = ∅, we can find, as in Case 1, c1 ≥ 0 independent from j such that for
any c ≥ c1

〈∇ϕj(x̄(t)), yc(t)〉 < 0 ∀ t ∈ [t1, (t1 + δ) ∧ 1] ∩Mj0 .

Otherwise, let t2 ∈ (t1, t3] ∩ Mj0. As in Case 1, we have µ(Γ ∩ (t1, t2]) > 0. For t ∈
(t1, t2] ∩Mj0, we obtain

〈∇ϕj(x̄(t)), yc(t)〉 = 〈∇ϕj(x̄(t)), S(t− t1)y1〉+

∫ t

t1

〈∇ϕj(x̄(t)), S(t− s)fx[s]yc(s)〉ds

+ c

∫
Γ∩[t1,t]

〈∇ϕj(x̄(t)), S(t− s)v(s)〉ds

≤ 〈∇ϕj(x̄(t)), S(t− t1)y1〉+MKM
2
SeMSMx‖y1‖X

∫ t

t1

‖fx[s]‖L(X)ds

− c µ(Γ ∩ [t1, t])
(
ρ−MMKM

2
SeMSMx

∫ t

t1

‖fx[s]‖L(X)ds
)
< 0

for every c > 0. If t ∈ (t2, (t1 + δ) ∧ 1] ∩Mj0, the same computation as in (3.37) yields
〈∇ϕj(x̄(t)), yc(t)〉 < 0 for all c greater than some c1 > 0, independent on t. Increasing c1

we may assume that it is independent from j.
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If 1− t1 > δ the proof is complete. Otherwise, let i ∈ Ig. We have

〈∇gi(x̄(1)), yc(1)〉 = 〈∇gi(x̄(1)), S(1− t1)y1〉+

∫ 1

t1

〈∇gi(x̄(1)), S(1− s)fx[s]yc(s)〉ds

+ c

∫ 1

t1

〈∇gi(x̄(1)), S(1− s)v(s)〉ds

≤MQMS‖y1‖X
(
1 +MSMxe

MSMx
)

− c (1− t1)
(
ρ−MMQM

2
SeMSMx

∫ 1

t1

‖fx[s]‖L(X)ds
)

≤MQMS‖y1‖X
(
1 +MSMxe

MSMx
)
− c (1− t1)

ρ

2
.

This quantity is strictly negative for all c greater than some c2 > 0, independent on t and
i. To conclude, it will be sufficient to choose c = max{c1, c2}. �

Theorem 3.10. Let (x̄, ū) be an optimal pair such that x̄(0) /∈ ∂K. In addition to the
hypotheses of Theorem 3.1, assume (3.24) and (3.25). Then the optimality conditions of
Theorem 3.1 hold in the normal form.

Proof. Let S̃2 be defined as in Lemma 3.8. Let z̄ be a solution of (3.16) for some w̄ and
η̄ satisfying (3.17) and (3.18). By Lemma 3.9, we can construct by iteration a solution y
of (3.26) with t1 = 0 and y1 = 0, for some integrable selection v of the set-valued map
TF (·,x̄(·))(f

x̄(·)), satisfying

〈∇ϕj(x̄(t)), y(t)〉 < 0 ∀ j = 1, . . . , q, ∀ t ∈Mj0

and

〈∇gi(x̄(1)), y(1)〉 < 0 ∀ i ∈ Ig .
For any α > 0, define zα = z̄ + αy. Then zα is the mild solution of

żα(t) = Azα(t) + fx[t]zα(t) + fu[t]w̄(t) +
1

2
f ′′[t](ȳ(t), v̄(t))2 + η̄(t) + αv(t) , zα(0) = 0 .

Consequently, zα ∈ S̃2. Finally, since the setMj0 is compact and the function 〈∇ϕj(x̄(·)), y(·)〉
is continuous, we can find α sufficiently large such that

〈∇ϕj(x̄(t)), zα(t))〉+
1

2
〈ϕ′′j (x̄(t))ȳ(t), ȳ(t)〉 < 0 ∀ t ∈Mj0 , j = 1, . . . q,

〈∇gi(x̄(1)), zα(1)〉+
1

2
〈g′′i (x̄(1))ȳ(1), ȳ(1)〉 < 0 ∀ i ∈ Ig .

Hence zα ∈ S̃2 ∩K2 ∩Q2. By Lemma 3.7, this inclusion is sufficient to deduce the second
order optimality condition in normal form. �

4. Applications to control problems involving PDEs

In this section we apply our results to some concrete models described by PDEs. Both a
wave and a heat equation will be considered.
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Example 4.1 (The Sine-Gordon equation). We investigate an optimal control problem
involving the Sine-Gordon equation, a model for the dynamics of a Josephson junction
driven by a current source, see e.g. [28, 34, 40] for further details. Let Ω be a smooth
and bounded domain in R3, U ⊂ L2(Ω) be a given bounded closed non empty set, and
consider the equation

(4.1) ∂ttξ(t,x) + ∂tξ(t,x)−∆ξ(t,x) + sin ξ(t,x) = u(t,x).

where ξ = ξ(t,x), t ∈ I, x ∈ Ω, is a scalar function, and ξ(0,x) = ξ0(x) ∈ H1
0 (Ω), ∂tξ(0,x) =

ξ1(x) ∈ L2(Ω) are given. The parameter u = u(t, ·) ∈ U controls the external current.
We impose Dirichlet boundary conditions. Below the explicit dependence on the variable
x will be omitted. To write (4.1) as an abstract system (1.1), and implement our ab-
stract machinery, let X = H1

0 (Ω) × L2(Ω), with associated norm ‖x‖X = ‖(x1, x2)‖X =(
‖∇x1‖2

L2(Ω) + ‖x2‖2
L2(Ω)

)1/2
, and

x = (x1, x2) = (ξ, ξ + ∂tξ),

yielding {
ẋ1(t) = x2(t)− x1(t)
ẋ2(t) = ∆x1(t)− sin(x1(t)) + u(t) .

Define the operator

A =

(
0 I
∆ 0

)
with domain D(A) =

(
H2(Ω) ∩H1

0 (Ω)
)
×H1

0 (Ω), and

f(t, x, u) = −(x1, sin(x1)) + (0, u) .

Then, (4.1) can be seen as the abstract system (1.1). Notice that, since x1 ∈ H1
0 (Ω) and

f takes values in X = H1
0 (Ω)× L2(Ω), the required differentiability of f holds true, and

∂xf(t, x, u)(y1, y2) : x 7→ −(y1(x), cos(x1(x))y1(x)) for any (y1, y2) ∈ X (see for instance
[22, section 6.8]). The operator A is skew adjoint, see [22, p. 229], and generates a strongly
continuous semigroup of contractions S(t) in the Hilbert space X. Concerning existence
of solutions, for any measurable control function u, we notice that our assumptions (2.3)
and (2.4) are satisfied, yielding the validity of Hypotheses I and II of [22, section 5.5],
see section 5.7 for the details. This implies local existence of a solution. Finally, (2.4)
guarantees the validity of [22, Corollary 5.5.5], proving the existence of a mild solution (see
definition 2.1) for our system. Given R > 0, we take K = {x ∈ X : ϕ(x) = ‖x‖2

X−R ≤ 0}
as state constraint, complying with the request that the energy associated to the system
is bounded, and no end-point constraint is imposed. Assumption (3.25) holds, further
∇ϕ(x) = 2x 6= 0, for any x ∈ ∂K.

We take as a cost a functional g0 : X → R defined by

g0(z) =
1

2
‖z − xD‖2

X ,

for some fixed xD ∈ X. Observe that assumptions (H) are satisfied by the data of the
problem. Let (x̄, ū) be optimal and (ȳ, v̄) be a solution of the linearized system{

ẏ(t) = Ay(t) + (−y1(t),− cos(x̄1(t))y1(t)) + (0, v(t))
y(0) = 0 ,
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where y = (y1, y2) ∈ X, v(·) is an essentially bounded measurable selection of T [U(ū(·)).
If (ȳ, v̄) satisfies the assumptions of Theorem 3.1, then the solution p = (p1, p2) : I →
H−1(Ω)× L2(Ω) to the measure-driven adjoint equation{

dp(t) =
(
A− ∂xf(t, x̄(t), ū(t))∗

)
p(t)dt− 2x̄(t)ψ(dt) , t ∈ I

p(1) = λ0(x̄(1)− xD)

for a positive ψ ∈M(I,R) and λ0 ≥ 0 not both equal to zero and with suppψ ⊂ {t ∈ I :
‖x̄(t)‖2

X = R}, satisfies the following minimality condition

〈p2(t), ū(t))〉 = min
u∈U
〈p2(t), u〉 , for a.e. t ∈ I ,

and the second order condition:

λ0‖ȳ(1)‖2
X+

∫
I

2‖ȳ(s)‖2
Xψ(ds) +

∫ 1

0

〈
p2(s), sin(x̄1(s))

(
ȳ1(t)

)2〉
L2(Ω)

ds

+ inf
w

2

∫ 1

0

〈p2(s), w(s)〉L2(Ω)ds ≥ 0 .

where the infimum is taken over functions w(·) ∈ L1(I, L2(Ω)) satisfying

w(t) ∈ T [(2)
U (ū(t), v̄(t)) , a.e. in I .

Further, by Theorem 3.10 the normal necessary conditions hold if x̄(0) 6∈ ∂K, U is
compact, and the following simplified inward pointing condition is satisfied:

∃ ρ > 0 such that, if ‖x̄(s)‖2
X = R and(4.2)

−‖x̄1(s)‖2
H1

0 (Ω) + 〈x̄2(s),− sin(x̄1(s)) + w〉L2(Ω) ≥ 0 , for some s ∈ I and w ∈ U ,

then, ∃ v ∈ CU(ū(t)) satisfying 〈x̄2(s), v〉L2(Ω) ≤ −ρ.
Indeed we check next by a contradiction argument that (4.2) implies (3.24). Notice that,
if v ∈ CU(ū(t)), then fu[t]v ∈ TF (t,x̄(t))

(
f x̄(t)

)
.

If (3.24) does not hold, then, in particular, for any i ∈ N there exist si ∈ I, τi ∈ (0, 1/i),

zi ∈ B
(
S(τi)x̄(si),

1
i

)
such that:

S(τi)x̄(si) ∈ ∂K +
1

i
B and

〈
zi, S(τi)

(
− x̄1(si),− sin(x̄1(si)) + ū(si)

)〉
≥ 0

but, for any vi ∈ CU(ū(si)) we can find ti ∈ [si, (si + 1/i) ∧ 1] such that x̄(ti) ∈ ∂K,

x̄(ti) ∈ B
(
S(ti − si)x̄(si),

1
i

)
and

(4.3) 〈x̄(ti), S(ti − si)(0, vi)〉 ≥ −
1

i
.

By compactness assumptions we get, taking a subsequence and keeping the same notation,

si → s ∈ I, τi → 0, zi → x̄(s) ∈ ∂K, ū(si)→ w ∈ U, yielding

−‖x̄1(s)‖2
H1

0 (Ω) + 〈x̄2(s),− sin(x̄1(s)) + w〉L2(Ω) ≥ 0.

Hence, by (4.2), there exists v ∈ CU(w) such that

〈x̄2(s), v〉L2(Ω) ≤ −ρ.
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From the lower semicontinuity of Clarke tangent cone, there exist vi ∈ CU(ū(si)) such
that vi → v. Let ti be as in (4.3). Taking the limit and keeping the same notation, we
obtain that

ti → s, x̄(ti)→ x̄(s), and 〈x̄2(s), v〉L2(Ω) ≥ 0,

a contradiction.

Example 4.2 (A controlled heat equation). The second example involves a controlled
heat equation, analyzed in [28] to get first order necessary optimality conditions in the
presence of state constraints. Given Ω ⊂ RN , a bounded domain with smooth boundary
∂Ω, consider a heat equation

(4.4) ∂tx(t,x)−∆x(t,x) = ζ(t,x) + b(x)Tu(t)x(t,x).

Here, ζ ∈ L1(I, L2(Ω)), b ∈ L∞(Ω,Rm) and x = x(t,x) is the temperature distribution,
a function of the time t ∈ I and the position x ∈ Ω. x(0,x) = x0(x) ∈ L2(Ω) is given
and the heat supply is represented by a multiplicative control u taking values in a convex
polytope U of Rm, i.e. a compact intersection of a finite family of affine half-spaces.

Finite dimensionality of the control variable seems to be frequent for many real appli-
cations of control theory.

In this case, we have

(4.5) T [U(u) =

{
Rm if u ∈ intU
cone(U − u) if u ∈ ∂U

and

(4.6) T
[(2)
U (u, v) =


Rm if u ∈ intU
Rm if u ∈ ∂U and v ∈ intT [U(u)
cone(T [U(u)− v) = T [U(u) + Rv if u ∈ ∂U and v ∈ ∂T [U(u) .

As in the previous example, below we omit writing explicitly the dependence on the
variable x. Equation (4.4) is endowed with Dirichlet boundary conditions.

To handle (4.4) as an abstract system (1.1), we define the operator A = ∆ with domain
D(A) = H2(Ω)∩H1

0 (Ω). A generates a strongly continuous semigroup S(t) of contractions
on X = L2(Ω). The forcing term f : I×X×Rm → X is defined as f(t, x, u) = ζ(t)+bTux.

Given a reference temperature xD ∈ X, our aim is to minimize the functional

g0(x(1)) =
1

2
‖x(1)− xD‖2

X

among all the trajectory/control pairs (x, u) satisfying the energy state constraint K ={
x ∈ X : ϕ(x) = ‖x‖2

X − 1 ≤ 0
}

and the end-point constraint Q =
{
x ∈ X : g1(x) =

‖x − x1‖2
X − r ≤ 0

}
, for some fixed x1 ∈ L2(Ω) and r > 0. Then assumptions (H) and

(3.25) hold.
Let (x̄, ū) be optimal and let (ȳ, v̄) be a solution of the linearized system{

ẏ(t) = Ay(t) + bT ū(t)y(t) + bTv(t)x̄(t)
y(0) = 0 ,
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such that v̄(·) is an essentially bounded measurable selection of T [U(ū(·)). Remark that
(2.12) holds. Assume that ȳ satisfies the following conditions:

∃ δ > 0 : 〈x̄(t), ȳ(t)〉 ≤ 0 , ∀ t ∈ I s.t.
∣∣‖x̄(t)‖X − 1

∣∣ < δ ,

〈x̄(1)− x1, ȳ(1)〉 ≤ 0 if ‖x̄(1)− x1‖2
X = r

and

〈x̄(1)− xD, ȳ(1)〉 = 0 .

Then, there exists a function p : I → X such that p, x̄, ū satisfy the necessary conditions
of Theorem 3.1. To be precise, there exist a positive ψ ∈ M(I,R+), λ0 ∈ {0, 1}, λ1 ≥ 0
not all equal to zero such that the solution of the adjoint equation{

dp(t) = −
(
A + bT ū(t)

)
p(t)dt− 2x̄(t)ψ(dt) , t ∈ I

p(1) = λ0(x̄(1)− xD) + λ12(x̄(1)− x1)

satisfies the minimum principle

(4.7) 〈p(t), bT ū(t) x̄(t)〉 = min
u∈U
〈p(t), bTu x̄(t)〉 , for a.e. t ∈ I

and the second order necessary condition

(λ0 + 2λ1)‖ȳ(1)‖2
X +

∫
I

2‖ȳ(s)‖2
Xψ(ds) +

∫ 1

0

〈p(s), bT v̄(s)ȳ(s)〉ds

+ inf
{w∈L1(I,X) :w(t)∈T [(2)U (ū(t),v̄(t)) a.e. in I}

2

∫ 1

0

〈p(s), bTw(s)x̄(s)〉ds ≥ 0 .

Since for every u ∈ U and v ∈ T [U(u) the second order tangent set T
[(2)
U (u, v) is a cone

containing the origin, the second order necessary condition implies

(4.8) inf
w∈T [(2)U (ū(t),v̄(t))

〈p(t), bTwx̄(t)〉 = 0 , for a.e. t ∈ I ,

yielding

(λ0 + 2λ1)‖ȳ(1)‖2
X +

∫
I

2‖ȳ(s)‖2
Xψ(ds) +

∫ 1

0

〈p(s), bT v̄(s)ȳ(s)〉ds ≥ 0 .

Observe that the first order condition (4.7) can be formulated as a variational inequality:
for a.e. t ∈ I

〈p(t), bT (u− ū(t)) x̄(t)〉 ≥ 0 , for any u ∈ U ,

or via the polar cone,

−
∫

Ω

p(t,x)b(x) x̄(t,x) dx ∈ (U − ū(t))− , for a.e. t ∈ I ,

where ()− denotes the negative polar cone. The second order condition (4.8) contains an
additional information. Indeed, by (4.5), (4.6) and (4.8) we obtain that for a.e. t ∈ I
either ∫

Ω

p(t,x)b(x) x̄(t,x) dx = 0
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or

ū(t) ∈ ∂U , v̄(t) ∈ ∂
(
cone(U − ū(t))

)
and −

∫
Ω
p(t,x)b(x) x̄(t,x) dx ∈

(
cone(U − ū(t)) + Rv̄(t)

)−
.

We have in particular(∫
Ω

p(t,x)b(x) x̄(t,x) dx
)
· v̄(t) = 0 a.e. t ∈ I .

Finally, as in Example 4.1 sufficient conditions for normality (3.24) can be simplified,
namely, if ζ ∈ C(I, L2(Ω)), then the assumption

∃ ρ > 0 such that, if x̄(s) ∈ ∂K and 〈x̄(s), ζ(s) + bTwx̄(s)〉 ≥ 0 ,

for some s ∈ I and w ∈ U , then, ∃ v ∈ cone(U − w) satisfying 〈x̄(s), bTvx̄(s)〉 ≤ −ρ
implies (i) in (3.24).

5. The case of pointwise constraints

The arguments developed in the previous sections for optimal control problems under
functional inequality constraints (1.2)–(1.3) can be adapted to problems involving con-
straints of a different type. In the present section we show how to adapt the results in
the case of pointwise state constraints.

Let Ω ⊂ Rn be a bounded domain with smooth boundary and X = W 1,p(Ω), with
p > n. Then, by the embedding theorem, any x ∈ X is continuous and has a continuous
extension to Ω. Given a bounded closed subset U of a separable Banach space Z, the
infinitesimal generator A of a strongly continuous semigroup S(t) : X → X and maps
g0 : X → R, f : I × X × Z → X satisfying the same assumptions as in the previous
sections, we consider the solutions x : I → X : t 7→ x(t, ·) of the control system (1.1) that
satisfy running pointwise constraints of the form

(5.1) x(t,x) ≤ a(x) , ∀ (t,x) ∈ I × Ω

and the terminal pointwise constraint

(5.2) x(1,x) ≤ b(x) , ∀x ∈ Ω ,

where a and b are continuous real functions on Rn. Given a trajectory x̄ of (1.1) satisfying
(5.1) and (5.2), we say that a solution (ȳ, v̄) of the linearized control system (2.10)–(2.11)
is pointwise strongly tangent if there exists δ′ > 0 such that

ȳ(t,x) ≤ 0 for every (t,x) ∈ I × Ω satisfying x̄(t,x) ≥ a(x)− δ′ ,
ȳ(1,x) ≤ 0 for every x ∈ Ω satisfying x̄(1,x) ≥ b(x)− δ′ .

We then denote for any 0 ≤ δ ≤ δ′

Σδ = {(t,x) ∈ I × Ω : x̄(t,x) ≥ a(x)− δ and ȳ(t,x) ≥ −δ} ,

Ωδ = {x ∈ Ω : x̄(1,x) ≥ b(x)− δ and ȳ(1,x) ≥ −δ}
and introduce the convex cones

(5.3) A =
{
z ∈ C(I,X) : ∃ 0 < δ ≤ δ′ such that z(t,x) ≤ 0 , ∀ (t,x) ∈ Σδ

}
,
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B =
{
x ∈ X : x(x) ≤ 0 , ∀x ∈ Ω0

}
.

Theorem 5.1. Let x0 ∈ X and (x̄, ū) be locally optimal for the problem of minimizing
g0(x(1, ·)) among all the trajectory/control pairs (x, u) satisfying (2.1), (5.1) and (5.2).
Let (ȳ, v̄) be a solution of (2.10)–(2.11) satisfying (2.12). Assume (H)(i)–(v), that g0 is
twice continuously Fréchet differentiable and that the set

W = {w : I → Z measurable : fu[·]w(·) ∈ L1(I,X) , w(t) ∈ T [(2)
U (ū(t), v̄(t)) a.e. in I}

is nonempty. If ȳ is critical and pointwise strongly tangent, then there exist λ0 ∈ {0, 1},
x∗ ∈ B− and y∗ ∈ A−, not all equal to zero, such that the solution p : I → X∗ of the
measure-driven adjoint system

(5.4)

{
dp(t) = −

(
A∗ + fx[t]

∗)p(t)dt+ y∗(dt) , t ∈ I
p(1) = λ0∇g0(x̄(1, ·)) + x∗

satisfies the minimum principle (3.3) and the second order condition

λ0〈g′′0(x̄(1, ·))ȳ(1, ·), ȳ(1, ·)〉+

∫ 1

0

〈
p(s), f ′′[s](ȳ(s, ·), v̄(s))2 + 2fu[s]w(s)

〉
ds ≥ 0 ,(5.5)

for any w ∈ W.

Proof. The proof follows the same arguments as those developed in the previous sections.
For this reason we detail here only the parts where some changes are made necessary by
the different nature of the constraints. Consider the sets

S2 = S2(x̄, ȳ) ,

Q2
0 =

{
z ∈ C(I,X) : 〈∇g0(x̄(1, ·)), z(1, ·)〉+

1

2
〈g′′0(x̄(1, ·))ȳ(1, ·), ȳ(1, ·)〉 < 0

}
,

Q2
1 =

{
z ∈ C(I,X) : ∃ δ > 0 such that z(1,x) < 0 , ∀x ∈ Ωδ

}
,

K2 =
{
z ∈ C(I,X) : ∃ δ, η > 0 such that z(t,x) < −η , ∀ (t,x) ∈ Σδ

}
.

Observe that Q2
1 and K2 are nonempty open convex cones. We have

(5.6) S2 ∩Q2
0 ∩Q2

1 ∩ K2 = ∅ .
Indeed, suppose by contradiction that z ∈ S2 ∩ Q2

0 ∩ Q2
1 ∩ K2 and let hn → 0+ as

n → +∞. By Lemma 2.9, there exists a sequence xn = x̄ + hnȳ + h2
nzn ∈ S, such that

zn → z uniformly. As in Proposition 3.6, using the fact that X ⊂ L∞(Ω) with continuous
injection and z ∈ K2 ∩ Q2

1, one can prove that, for any n large enough, xn satisfies the
constraints (5.1) and (5.2). Reasoning as in the proof of Proposition 3.6, we obtain

g0(xn(1)) < g0(x̄(1)) ,

for n sufficiently large, in contradiction with the optimality of x̄.
Let S̃2 ⊂ S2 be defined as in (3.19) and suppose Q2

0 6= ∅. By (5.6) and [29, Lemma
2.2], there exist z∗, z∗0 , z

∗
1 , y
∗ ∈ C(I,X)∗ not vanishing simultaneously, such that

(5.7) −z∗ = z∗0 + z∗1 − y∗
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and

(5.8) inf〈z∗, S̃2〉+ inf〈z∗0 ,Q2
0〉+ inf〈z∗1 ,Q2

1〉+ inf〈−y∗,K2〉 ≥ 0 .

As in the proof of Lemma 3.7, we have that

(5.9) z∗0 = −λ0Γ∗∇g0(x̄(1, ·)) for some positive λ0 .

Consequently, we have

(5.10) inf〈z∗0 ,Q2
0〉 = inf〈−λ0Γ∗∇g0(x̄(1, ·)),Q2

0〉 =
1

2
λ0〈g′′0(x̄(1, ·))ȳ(1, ·), ȳ(1, ·)〉 .

Further, since Q2
1 and K2 are nonempty cones, inequality (5.8) implies that

(5.11) inf〈z∗1 ,Q2
1〉 = inf〈−y∗,K2〉 = 0 .

Consider the sets A, defined by (5.3), and

A1 =
{
z ∈ C(I,X) : z(1,x) ≤ 0 , ∀x ∈ Ω0

}
.

Reasoning as in the proof of Lemma 3.7, we have that K2 +A = K2 and Q2
1 +A1 = Q2

1,
implying that y∗ ∈ A− and −z∗1 ∈ A−1 . For any z ∈ C(I,X) such that z(1, ·) ≡ 0 we have
that 〈−z∗1 , z〉 = 〈−z∗1 ,−z〉 = 0, implying that

〈−z∗1 , z1〉 = 〈−z∗1 , z2〉, for any z1, z2 ∈ C(I,X) with z1(1, ·) ≡ z2(1, ·).
In other words, 〈−z∗1 , z〉 depends only on the terminal value z(1, ·) and not on z(t, ·),
t < 1. For any x ∈ X, define zx ∈ C(I,X) by zx(t, ·) ≡ x(·) for every t ∈ I, and define
x∗ ∈ X∗ by 〈x∗, x〉 = 〈−z∗1 , zx〉. Then we obtain

(5.12) 〈−z∗1 , z〉 = 〈−z∗1 , zz(1,·)〉 = 〈x∗, z(1, ·)〉 = 〈Γ∗x∗, z〉 ∀ z ∈ C(I,X) .

Since −z∗1 ∈ A−1 and zx ∈ A1 for any x ∈ B, we deduce that x∗ ∈ B−. Combining (5.7),
(5.8), (5.9), (5.10), (5.11) and (5.12), we obtain

(5.13) 〈z∗, z〉 = λ0〈∇g0(x̄(1, ·)), z(1, ·)〉+ 〈x∗, z(1, ·)〉+ 〈y∗, z〉 , ∀ z ∈ C(I,X)

and

(5.14) inf〈z∗, S̃2〉+
1

2
λ0〈g′′0(x̄(1, ·))ȳ(1, ·), ȳ(1, ·)〉 ≥ 0 .

Let p : I → X∗ be the solution of (5.4). We have

(5.15) p(t) = T (1, t)∗
(
λ0∇g0(x̄(1, ·)) + x∗

)
+

∫ 1

t

T (s, t)∗y∗(ds) ,

where T is the solution operator associated with

ẏ(t) = Ay(t) + fx[t]y(t) .

Reasoning as in the proof of Theorem 3.1, we can deduce from (5.13) and (5.14) the
minimum principle (3.3) and the second order condition (5.5) for any w ∈ W .

To conclude the proof, it is sufficient to observe that if Q2
0 = ∅, then ∇g0(x̄(1, ·)) = 0

and 1
2
〈g′′0(x̄(1, ·))ȳ(1, ·), ȳ(1, ·)〉 ≥ 0. Thus, the theorem holds with λ0 = 1, x∗ = 0 and

y∗ = 0. If λ0 > 0, then dividing all the multipliers by λ0 we may assume that λ0 = 1. �
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Example 5.2. Consider the one-dimensional heat equation

(5.16) ∂tx(t, s) = ∂ssx(t, s)− x(t, s) + u(t)ζ(x(t, s)) (t, s) ∈ [0, 1]× [0, 1] ,

with Neumann boundary conditions. The control function u takes values in the interval
[−1, 1]. The operator Ã = ∂ss−I with domain D(Ã) =

{
x ∈ H2(0, 1) : x′(0) = x′(1) = 0

}
generates a strongly continuous semigroup S̃(t) on Y = L2(0, 1). The space X = H1(0, 1)
is an invariant subspace of Y by the semigroup S̃, and the restriction of S̃(t) to X
(called S(t)) is a strongly continuous semigroup on X, see [40]. Calling A its infinitesimal
generator, we can write (5.16) in the form (1.1). Here, we assume that f : (t, x, u) 7→ u ζ(x)
satisfies (H)(i)–(iii). Given x0, xD ∈ X, let (x̄, ū) be locally optimal for the problem of
minimizing the functional

g0(x(1, ·)) = ‖x(1, ·)− xD‖2
X ,

among all the admissible trajectory/control pairs (x, u) satisfying the initial condition
x(0, ·) = x0, the running pointwise constraint (5.1) and the terminal pointwise constraint
(5.2), with a and b continuous real functions on [0, 1].

Let (ȳ, v̄) be a solution of (2.10)–(2.11), such that ȳ is pointwise strongly tangent and
critical, and W 6= ∅. By Theorem 5.1, there exist λ0 ∈ {0, 1}, x∗ ∈ B− and y∗ ∈ −A−,
not all equal to zero, such that the solution p : I → X∗ of the measure-driven equation

(5.17)

{
dp(t) = −

(
A∗ + ū(t)Dζ(x̄(t, ·))∗

)
p(t)dt− y∗(dt) , t ∈ I

p(1) = λ02(x̄(1, ·)− xD) + x∗

satisfies the minimum principle

(5.18) ū(t)〈p(t), ζ(x̄(t, ·))〉 = min
u∈[−1,1]

u〈p(t), ζ(x̄(t, ·))〉 , a.e. t ∈ I

and the second order conditions

λ0‖ȳ(1, ·)‖2
X +

∫ 1

0

〈
p(t),

1

2
ū(t)ζ ′′(x̄(t, ·))(ȳ(t, ·))2 + v̄(t)Dζ(x̄(t, ·))ȳ(t, ·)

〉
dt ≥ 0 ,

inf
w

∫ 1

0

w(t)〈p(t), ζ(x̄(t, ·))〉dt = 0 ,(5.19)

where the infimum is taken over measurable essentially bounded selections w(t) ∈ T [(2)
[−1,1](ū(t), v̄(t)),

a.e. in I. The minimum principle (5.18) implies that for a.e. t ∈ I

〈p(t), ζ(x̄(t, ·))〉 > 0 ⇒ ū(t) = −1

〈p(t), ζ(x̄(t, ·))〉 < 0 ⇒ ū(t) = 1 ,

while (5.19) implies that 〈p(t), ζ(x̄(t, ·))〉 = 0 for a.e. t ∈ I satisfying v̄(t) 6= 0.
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Appendix

We provide here proofs of Lemmas 2.6, 2.9, 2.10 and 2.11.

Proof of Lemma 2.6. At first we prove that ȳ solves (2.7). Indeed, as in [23], for a.e.
t ∈ I,

dxF (t, x̄(t), f x̄(t))ȳ(t) + TF (t,x̄(t))(f
x̄(t)) ⊂ dxF (t, x̄(t), f x̄(t))ȳ(t),

and

(A.1) fx[t]ȳ(t) ∈ dxF (t, x̄(t), f x̄(t))ȳ(t) ,

(A.2) fu[t]v̄(t) ∈ TF (t,x̄(t))(f
x̄(t)) .

(A.1) follows from the very definition of dxF . To prove (A.2), consider hn → 0+ and
vn → v̄(t) in Z, for n→∞, such that ū(t) + hnvn ∈ U for any n ∈ N. Taking

wn :=
f(t, x̄(t), ū(t) + hnvn)− f(t, x̄(t), ū(t))

hn
,

we get f x̄(t) + hnwn ∈ F (t, x̄(t)) and, by (2.5), that, for some R > 0 and a.e. t ∈ I,

‖wn − fu[t]v̄(t)‖X =

∥∥∥∥f(t, x̄(t), ū(t) + hnvn)− f(t, x̄(t), ū(t))

hn
− fu[t]v̄(t)

∥∥∥∥
X

≤ ψR‖vn − v̄(t)‖Z +

∥∥∥∥f(t, x̄(t), ū(t) + hnv̄(t))− f(t, x̄(t), ū(t))

hn
− fu[t]v̄(t)

∥∥∥∥
X

→ 0 ,

for n→∞, yielding (A.2).
To prove (2.9) for πȳ(t) = fx[t]ȳ(t)+fu[t]v̄(t), notice that, by (2.12), for any 0 < h ≤ h0

there exists a measurable uh(·) satisfying, for a.e. t ∈ I, uh(t) ∈ U and ‖uh(t) − ū(t) −
hv̄(t)‖Z ≤ (c(t) + 1)h2. Then, f(t, x̄(t) + hȳ(t), uh(t)) ∈ F (t, x̄(t) + hȳ(t)) and, by (2.5)
and (2.6),

dist
(
f x̄(t) + hfx[t]ȳ(t) + hfu[t]v̄(t), F (t, x̄(t) + hȳ(t))

)
≤
∥∥f(t, x̄(t) + hȳ(t), uh(t))− f x̄(t)− hfx[t]ȳ(t)− hfu[t]v̄(t))

∥∥
X

≤ ψR‖ū(t) + hv̄(t)− uh(t)‖Z

+

∫ 1

0

[
fx(t, x̄(t) + λhȳ(t), ū(t) + λhv̄(t))− fx[t]

]
hȳ(t) dλ

+

∫ 1

0

[
fu(t, x̄(t) + λhȳ(t), ū(t) + λhv̄(t))− fu[t]

]
hv̄(t) dλ

≤
(
ψR(c(t) + 1) + b(t)

)
h2

for some R > 0 and b ∈ L1(I,R+). Condition (2.9) follows, ending the proof. �

Proof of Lemma 2.9. Set

x1
n(t) = x(t) + hny(t) + h2

nz(t) .

We prove first that there exist solutions x2
n to

ẋ(t) ∈ Ax(t) + F (t, x(t)) , x(0) = x0
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such that

(A.3)
x1
n − x2

n

h2
n

→ 0 , uniformly on I as n→∞ .

Let πy be as in (2.8) and αz(t) ∈ d2
xF [t]z(t) be an integrable selection such that

z(t) =

∫ t

0

S(t− s)αz(s)ds , ∀ t ∈ I .

By the definition of set-valued derivative, we obtain that

lim
h→0+

dist
(
αz(t),

F (t, x(t) + hy(t) + h2z(t))− fx(t)− hπy(t)
h2

)
= 0 , for a.e. t ∈ I .

Hence, setting

γn(t) = dist
(
fx(t) + hnπ

y(t) + h2
nα

z(t), F (t, x1
n(t))

)
we deduce that, for a.e. t ∈ I,

lim
n→∞

γn(t)

h2
n

= 0 .

Further, using (2.3) and (2.9) we get

γn(t) ≤ dist
(
fx(t) + hnπ

y(t) + h2
nα

z(t), F (t, x(t) + hny(t))
)

+ h2
nkR(t)‖z(t)‖X

≤ dist
(
fx(t) + hnπ

y(t), F (t, x(t) + hny(t))
)

+ h2
n‖αz(t)‖X + h2

nkR(t)‖z(t)‖X
≤ h2

n

(
a(t) + ‖αz(t)‖X + kR(t)‖z‖L∞(I,X)

)
with R > 0 such that ‖x(t) + hny(t)‖X + ‖x(t) + hny(t) + h2

nz(t)‖X ≤ R, for every
t ∈ I, n ≥ 1. The dominated convergence theorem ensures that

lim
n→∞

1

h2
n

∫ 1

0

γn(t)dt = 0 .

By Lemma A.1 from [26], we obtain x2
n as required. A relaxation theorem, [23, Theorem

2.5], guarantees the existence of x̃n solving

ẋ(t) ∈ Ax(t) + f(t, x(t), U) , x(0) = x0 ,

such that

(A.4)
x̃n − x2

n

h2
n

→ 0 , uniformly on I as n→∞.

Now, for some measurable vn(·) ∈ f(·, x̃n(·), U), we have that

x̃n(t) = S(t)x0 +

∫ t

0

S(t− s)vn(s)ds .

By [2, Theorem 8.2.9] there exist controls un(·) such that ‖f(t, x̃n(t), un(t))−vn(t)‖X ≤ h3
n

for every t ∈ I. Define

yn(t) = S(t)x0 +

∫ t

0

S(t− s)f(s, x̃n(s), un(s)) ds for any t ∈ I .



34 H. FRANKOWSKA, E.M. MARCHINI, AND M. MAZZOLA

Then ‖x̃n(t) − yn(t)‖X ≤ MSh
3
n for every t ∈ I and therefore for some R > 0 and all n

we have

‖f(t, x̃n(t), un(t))− f(t, yn(t), un(t))‖X ≤ kR(t)MSh
3
n for a.e. t ∈ I .

Applying again [26, Lemma A.1], we finally deduce the existence of xn ∈ S satisfying

xn − x̃n
h2
n

→ 0 , uniformly on I as n→∞.

This, (A.3) and (A.4) complete the proof. �

Proof of Lemma 2.10. It is clear that for every λ ≥ 0 and w ∈ A we have 〈λΓ∗ξ, w〉 =
λ〈ξ, w(1)〉 ≤ 0, so that λΓ∗ξ ∈ A−. On the other hand, let α ∈ A−. For any w ∈ C(I,X)
such that w(1) = 0 we have that 〈α,w〉 = 〈α,−w〉 = 0, implying that

〈α,w1〉 = 〈α,w2〉, for any w1, w2 ∈ C(I,X) with w1(1) = w2(1).

In other words, 〈α,w〉 depends only on the terminal value w(1) and not on w(t), t < 1. For
any x ∈ X, define wx ∈ C(I,X) by wx(t) ≡ x, and β ∈ X∗ as 〈β, x〉 = 〈α,wx〉. Then, for
any w ∈ C(I,X), 〈α,w〉 = 〈α,ww(1)〉 = 〈β, w(1)〉 = 〈Γ∗β, w〉. To prove the claim, we show
that β = λξ, for some λ ≥ 0. Indeed, assume by contradiction that β 6∈ B = {λξ : λ ≥ 0}.
We claim that the set B is weakly-star closed. Indeed, let λnξ

∗
⇀ η, weakly-star in X∗,

then λn is bounded. Taking a subsequence and using the same notation, λn → λ ≥ 0.
So, λnξ → λξ in X∗, implying η = λξ ∈ B. Hence B is sequentially weakly-star closed
in X∗. Since X is separable and B ⊂ X∗ is convex, by [16, Corollary V.12.7] B is also
weakly-star closed.

By the separation theorem, there exist x ∈ X and ε > 0 such that, for any λ ≥ 0,

〈λξ, x〉+ ε ≤ 〈β, x〉.

Since B is a cone, supλ≥0〈λξ, x〉 = 0. Hence, the continuous function wx defined above
satisfies 〈α,wx〉 = 〈β, x〉 > 0. On the other hand, 〈ξ, x〉 ≤ 0 and therefore wx ∈ A. Hence
〈α,wx〉 ≤ 0. The obtained contradiction ends the proof. �

Proof of Lemma 2.11. Denote by B the right hand side of (2.13) and observe that it is a
convex cone. Let γ ∈ B and let ψ be the associated positive measure in M(I,R). We
obtain∫

I

〈w(t), γ(dt)〉 =

∫
I

〈ξ(t), w(t)〉ψ(dt) =

∫
M

〈ξ(t), w(t)〉ψ(dt) ≤ 0 , for any w ∈ A ,

proving that γ ∈ A−. In order to show the inclusion A− ⊂ B, let us first remark that

(A.5) ‖γ‖M(I,X∗) =

∫
M

‖ξ(t)‖X∗ψ(dt) , ∀ γ ∈ B .

Indeed, by definition

(A.6) ‖γ‖M(I,X∗) = sup
w∈C(I,X):‖w‖≤1

∫
M

〈ξ(t), w(t)〉ψ(dt) ≤
∫
M

‖ξ(t)‖X∗ψ(dt) ,
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where ψ is as in (2.13). If ψ(I) = 0, inequality (A.6) implies (A.5). On the other hand,
suppose ψ(I) > 0 and

(A.7) sup
w∈C(I,X):‖w‖≤1

∫
M

〈ξ(t), w(t)〉ψ(dt) =

∫
M

‖ξ(t)‖X∗ψ(dt)− ε

for some ε > 0. Consider the set-valued map R : M  X defined by

R(t) =

{
α ∈ B : 〈ξ(t), α〉 − ‖ξ(t)‖X∗ ∈

[
− ε

2ψ(I)
, 0

]}
.

R is lower semicontinuous (see for instance [2, Proposition 1.5.1]) with nonempty closed
convex values. Then by Michael’s Theorem (see [2, Theorem 9.1.2]) there exists a contin-
uous selection w̄ of R, satisfying∫

M

〈ξ(t), w̄(t)〉ψ(dt) ≥
∫
M

‖ξ(t)‖X∗ψ(dt)− ε

2
.

By the Dugundji theorem, w̄ can be extended on I to a continuous function denoted again
by w̄ and taking values in B, see [20, Theorem 4.1]. This contradicts (A.7) and proves
(A.5). Further, remark that the set B is convex, non empty (0 ∈ B) and weakly-star

closed. Indeed, let γn ∈ B be such that γn
∗
⇀ γ̃, weakly-star in M(I,X∗), namely,∫

I

〈w(t), γn(dt)〉 →
∫
I

〈w(t), γ̃(dt)〉 , for any w ∈ C(I,X) .

We claim that γ̃ ∈ B. If γ̃ = 0, then the claim is clearly true. Assume that γ̃ 6= 0. It is
not restrictive to suppose that γn 6= 0, for any n. For any n, let ψn be as in (2.13), i.e.∫

I

〈w(t), γn(dt)〉 =

∫
I

〈ξ(t), w(t)〉ψn(dt) , for any w ∈ C(I,X) ,

and C > 0 be such that supn∈N ‖γn‖M(I,X∗) ≤ C. Since there exists ε0 > 0 such that
‖ξ(t)‖X∗ ≥ ε0, for any t ∈M , we have

ε0 sup
n∈N

∫
I

ψn(dt) = ε0 sup
n∈N

∫
M

ψn(dt) ≤ sup
n∈N

∫
M

‖ξ(t)‖X∗ψn(dt) = sup
n∈N
‖γn‖M(I,X∗) ≤ C .

Hence, taking a subsequence and keeping the same notation, ψn
∗
⇀ ψ̃ weakly-star in

M(I,R), namely∫
I

ν(t)ψn(dt)→
∫
I

ν(t)ψ̃(dt) , for any ν ∈ C(I,R) .

The measure ψ̃ ∈ M(I,R) is clearly positive and supp ψ̃ ⊂ M . Let w ∈ C(I,X), then
〈ξ(·), w(·)〉 ∈ C(I,R), and∫

I

〈w(t), γn(dt)〉 =

∫
I

〈ξ(t), w(t)〉ψn(dt) .

Taking the limit as n→ +∞, we obtain∫
I

〈ξ(t), w(t)〉ψ̃(dt) =

∫
I

〈w(t), γ̃(dt)〉,
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proving that γ̃ ∈ B. Hence B is sequentially weakly-star closed in M(I,X∗). Since X is
separable, then the space C(I,X) is also separable (see [32, Theorem I.4.19]). Applying
again [16, Corollary V.12.7], we obtain that B is weakly-star closed.

Let γ ∈ A−. We can suppose that γ 6= 0, otherwise γ is obviously in B. Assume by
contradiction that γ 6∈ B, then by a separation theorem, there exists w ∈ C(I,X) such
that

(A.8) 0 = sup
γ̃∈B

∫
I

〈w(t), γ̃(dt)〉 <
∫
I

〈w(t), γ(dt)〉 .

This implies that∫
I

〈ξ(t), w(t)〉ψ̃(dt) ≤ 0 , for any positive ψ̃ ∈M(I,R) with supp ψ̃ ⊂ M .

yielding

〈ξ(t), w(t)〉 ≤ 0 , for any t ∈M.

Hence w ∈ A and ∫
I

〈w(t), γ(dt)〉 ≤ 0,

in contradiction with (A.8). The proof is complete. �

Conflict of interest

The authors have no conflicts of interest to declare that are relevant to the content of this
article.

Data availability

Data sharing not applicable to this article as no datasets were generated or analysed
during the current study.

References

[1] A. Ambrosetti, G. Prodi, A Primer of Nonlinear Analysis, Cambridge University Press, Cambridge,
1993.

[2] J.-P. Aubin, H. Frankowska, Set-Valued Analysis, Birkhäuser, Boston, Basel, Berlin, 1990.
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[13] E. Casas, F. Tröltzsch, Second order optimality conditions and their role in PDE control, Jahresber.
Dtsch. Math. Ver. 117 (2015), 3–44.
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