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Abstract— The number of consumer electronics devices integrat-
ing piezoelectric (PE) transducers as flat-panel loudspeakers has
recently experienced a steep increase. Being very thin, in fact,
piezoelectric transducers well cope with the miniaturization process
that characterizes the market. However, at the same time, their re-
duced dimensions cause the sound pressure level to be poor at low
frequency, impairing the overall acoustic response. In this paper, we
derive novel efficient discrete-time models of PE transducers in the
Wave Digital (WD) domain such that they can be integrated in the
future into signal processing algorithms for audio output enhance-
ment. WD Filters are, in fact, making headway among audio digital
signal processing techniques based on circuit equivalent models
thanks to their efficiency, robustness, and accuracy. Starting from
circuital representations of the piezo constitutive equations, we
derive both lumped and distributed models. In particular, we show
how it is possible to implement the frequency-dependent elements
characterizing Mason’s model in the WD domain, contrary to what can be done using mainstream Spice-like simulators.
Such WD implementations come in handy for the simulation and fast prototyping of PE systems, paving the way toward
the design of model-based digital signal processing algorithms for enhancing the transducer acoustic performance.

Index Terms— Wave Digital Filters, piezoelectric transducers, audio applications, consumer electronics.

I. INTRODUCTION

OVER the past few years, an ever-increasing interest has
been put into consumer electronics applications involv-

ing piezoelectric (PE) transducers. Such devices are paving
the way towards the design of more compact and lightweight
products, without sacrificing accuracy, sensitivity, and band-
width [1]. For instance, PE transducers have gained a foothold
as biomedical [2], haptic [3], and pressure/fingerprint [4], [5]
sensors, as well as energy harvesting devices [6]. Among the
different areas, however, PE transducers are showing to be par-
ticularly appealing for audio applications [7]. Their thin pro-
file, in fact, makes them suitable to be integrated as flat-panel
loudspeakers in televisions [8], [9], headphones [10], and,
more generally, in portable devices [11], which are subjected
to a continuous miniaturization process. Moreover, thanks
to their capacitive nature, piezos are more power efficient
than standard dynamic loudspeakers [8] and, contrary to the
latter, their nodal distribution and radiance pattern is modified
according to the way they are fastened (i.e., to their rigidity),
being thus intrinsically able to accommodate beamforming
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techniques [7]. In the future, they could completely replace
microspeakers, making smartphones, tablets, and laptops more
robust, durable, and waterproof. However, the market trend,
that encourages the miniaturization of portable devices, jeop-
ardizes at the same time the response of piezoelectric speakers.
In fact, the smaller the radiating surface, the lower the Sound
Pressure Level (SPL) at low frequencies, and thus the harder
to obtain full-audio-range transducers. In order to tackle this
problem, several design attempts are present in the literature
[12], [13]. Such approaches, however, might be subjected to a
higher manufacturing cost and product size, justifying research
effort towards digital signal processing methodologies able to
enhance the acoustic performance of PE devices. To this aim,
psychoacoustic techniques are sometimes employed to create
the illusion of a tone below the cut-off frequency of the piezo
exploiting the “missing fundamental” phenomenon [14], [15];
other times, a simple dynamic range compressor is employed
to flatten the SPL [15]. In this context, efficient, stable,
and algorithm-oriented digital realizations of PE transducer
models are desirable since they can be integrated into digital
signal processing techniques to obtain better performance by
leveraging the physics of the device.

In this manuscript, we derive novel discrete-time models of
PE transducers by exploiting Wave Digital Filter (WDF) prin-
ciples [16]. WDFs have gained popularity in the field of digital
audio processing, especially in the context of Virtual Analog
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modeling [17]. WDFs [16] were introduced by A. Fettweis
in the late ’70s for designing stable and passive digital filters
starting from their analog counterparts. The design of a WDF
implies that each pair of Kirchhoff port variables (i.e., port
voltage and port current) in the reference circuit is substituted
with a linear combination of incident and reflected waves
with one extra free parameter per port called port resistance.
One-port and multi-port circuit elements are represented by
means of one-port and multi-port Wave Digital (WD) blocks
characterized by input-output scattering relations [18]. The
interconnections among elements, instead, are realized by
means of N -port WD topological junctions, called adaptors
[19]. Dynamic elements (e.g., inductors and capacitors) are
typically realized using stable discretization methods, such as
the trapezoidal rule or the Backward Euler method. Implicit
relations between incident and reflected waves (called delay-
free-loops in the WDF literature) can be eliminated by properly
setting the free parameter at each port, i.e., by performing
the so called adaptation process [19]. Hence, differently to
what happens dealing with Spice-like software, most linear
circuits [18] and certain circuits containing at most one
nonlinear element [20], [21] can be modeled as fully explicit
WD structures based on stable discretization methods. WD
realizations of other circuits, including networks with multiple
nonlinearities, instead, also require to use iterative solvers
[22]–[27]. However, even in these cases, WD techniques offer
interesting advantages over traditional simulation techniques
working in the Kirchhoff domain, especially thanks to the
ability of separately handling topology and element descrip-
tions [28] and the possibility to conveniently set the free
parameters (port resistances) in order to speed-up convergence
and increase the robustness of the iterative methods [22], [23],
[29].

PE transducers are usually described by a system of tenso-
rial equations [30], which may reduce to a scalar system of
equations if the hypothesis of thickness-mode (i.e., thickness
much smaller than the other two dimensions) is fulfilled. Due
to the thin profile required by recent audio applications, the
thickness-mode hypothesis is assumed to be always valid.
Several linear models of thickness-mode piezoelectric trans-
ducers are present in the literature: some of them are lumped
models derived exploiting the hypothesis of quasi-static regime
(i.e., stress and strain constant along the piezoelectric plate)
[12], [31], others are described as distributed models [32],
[33]. Among distributed models, some of them are derived
as equivalent circuits [12], [32], others expressing physical
variables in the discrete-time domain [34], [35], and still
others as block diagrams [36]. The various kinds of models
mainly differ one from the other according to the region of the
spectrum in which the piezo is operated. Lumped models can
be derived only if the frequencies into play are much lower
than the first resonant mode frequency of the piezo itself. If
this does not hold true, the hypothesis of quasi-static regime
is not valid and a distributed model has to be considered in
order to take into account the propagation of acoustic waves
inside the PE medium.

In this paper we consider both lumped and distributed
models. The realization of such models in the WD domain
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Fig. 1. Piezoelectric plate poled and excited along the z-axis.
Thickness-mode operation is valid only if d� l ∧ d� w holds true.

paves the way, on the one hand, to exploit efficient and robust
WD methods for the simulation of PE systems [24], [37],
and, on the other hand, to integrate the models into real-
time digital audio algorithms. Examples of applications would
be the equalization or the linearization of audio systems via
circuital inversion [38]. In this regard, it has been shown
in [39], [40] that WDFs can be fruitfully employed for
implementing digital inverse models of loudspeaker equivalent
circuits, which, in turn, can be used to design algorithms
of loudspeaker equalization, linearization, and virtualization.
Besides simulation and fast prototyping purposes, we therefore
aim at deriving WD implementations of direct and inverse PE
transducers suitable to be integrated in algorithms similar to
the ones presented in [39], [40].

The manuscript is organized as follows. Section II deals
with theoretical background on piezoelectric transducers in
thickness-mode. Section III presents a background on some
useful notions of WDF theory. In Section IV, lumped models
of PE transducers are described under the hypothesis of quasi-
static regime; WD realizations of such models are then derived
proposing different solutions according to the degree of accu-
racy required by the application. Section V, instead, presents
a possible WD implementation of Mason’s distributed model
[32] and shows that it is possible to realize its frequency-
dependent components in the discrete-time domain still us-
ing a block-based approach, contrary to what can be done
in mainstream Spice-like circuit simulators [41]. Numerical
examples are then provided in Section VI, whereas Section VII
concludes this paper.

II. THEORETICAL BACKGROUND ON THICKNESS-MODE
PIEZOELECTRIC TRANSDUCERS

Piezoelectricity is a property of non-centrosymmetric crys-
tals, i.e., of those crystals with no inversion symmetry, that
results from the interaction between mechanical and electrical
states [32]. In this work, we consider such an interaction to be
linear. The piezoelectric effect is said to be direct if given a
mechanical strain an electrical field is generated, or converse
if given an electrical field a mechanical strain is generated.
Many materials show a relevant piezoelectric effect only after
being subjected to poling, whose aim is to orient the electric
dipoles along a common direction such that the changes in
the crystalline structure generate a macroscopic effect. By
convention, the axis on which the poling is performed is
marked with index number 3, and, in our discussion, it will
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always be the z-axis. The electroacoustic transduction can
be achieved by exploiting the converse piezoelectric effect.
Leaving out, for the sake of clarity, the time dependence,
the mechanical stress T and the mechanical strain S are
usually put in relation with the electric field E and the electric
displacement D by means of the following system of tensorial
equations{

T̃i = c̃D
ijS̃j − h̃iqD̃q

Ẽp = −h̃pjS̃j + β̃S
pqD̃q

i, j = 1, . . . , 6
p, q = 1, . . . , 3

, (1)

where T̃ and S̃ are rank-2 tensors expressed in reduced index
form [30], [32], Ẽ and D̃ are rank-1 tensors, whereas c̃, β̃,
and h̃ are the rank-2 tensors related to mechanical stiffness, di-
electric impermittivity, and piezoelectric constant, respectively.
Moreover, superscript “D” indicates that the elastic stiffness is
computed at constant D, while superscript “S” indicates that
the dielectric impermittivity is computed at constant S.

Figure 1 shows a piezoelectric plate poled and excited along
the z-axis. If the thickness d is much smaller than both the
length l and the width w, the hypothesis of thickness-mode is
valid, and (1) reduces to a system of scalar equations [32].
In audio applications, two modes of motion are typically
considered: 33-mode and 31-mode [42]. In this work, we
concentrate on 33-mode only: we assume an out-of-plane
strain, and we consider the PE plate radiating parallel to the
poling axis. It follows that (1) can be simplified as{

T3(t) = cD
33S3(t)− h33D3(t)

E3(t) = −h33S3(t) + βS
33D3(t)

, (2)

where the dependence on the time variable t is made explicit,
and all the physical components but the ones with index
number 3 are considered to be negligible. If the application
requires to take into account other modes of motion, (2) will
change accordingly, showing different physical and tensorial
components [32]. It is thus straightforward to apply the
analysis presented in the following to other piezo operations.

Equation (2) represents the starting point for the derivation
of all the models shown in this paper. In the next section,
we provide, instead, background knowledge on WDFs that
will be fundamental further ahead for designing discrete-time
implementations of PE transducers.

III. BACKGROUND ON WAVE DIGITAL FILTERS

In traditional WDF theory [16], each circuit element is
turned into a WD block characterized by a port-wise descrip-
tion: each port voltage V and port current I is related to an
incident wave a and a reflected wave b according to a linear
transformation of variables in the form

a = V + ZI , b = V − ZI , (3)

where the free parameter Z is called port resistance. Provided
that Z 6= 0, the inverse mapping of (3) is

V =
a+ b

2
, I =

a− b
2Z

. (4)

The free parameter Z is usually set to eliminate the local
instantaneous dependence of b on a [16]. However, this

process, which is called adaptation, can be carried out only
for a class of linear elements. In all the other cases, iterative
procedures are usually required to eliminate delay-free-loops
[22], [23], [26], [27].

A. Linear Elements

Being V the port voltage, I the port current, Rg a resistive
parameter, and Vg a voltage parameter, a large group of linear
one-port elements can be described in the discrete-time domain
by the following Thévenin model

V [k] = Rg[k]I[k] + Vg[k] , (5)

where k is the sampling index. As discussed in [18], eq. (5)
is able to describe not only resistors and resistive sources,
but also dynamic elements such as inductors and capacitors.
A general WD realization of such a Thévenin model can be
derived substituting (4) into (5) by obtaining

b[k] =
Rg[k]− Z[k]

Rg[k] + Z[k]
a[k] +

2Z[k]

Rg[k] + Z[k]
Vg[k] . (6)

The adaptation condition that leads to the elimination of the
instantaneous dependence of b[k] on a[k] is Z = Rg[k]. If this
holds true, eq. (6) reduces to b[k] = Vg[k].

B. Topological Connection Networks

The scattering relation of WD N -port junctions, which
model the topological interconnections among elements, can
be expressed in matrix form as

b = Sa , (7)

where b = [b1, . . . , bN]T is the vector of waves reflected by
the junction, a = [a1, . . . , aN]T is the vector of waves incident
to the junction, and S is a N × N scattering matrix. Being
Z a diagonal matrix with port resistances as non-zero entries,
the vector of port voltages v = [V1, . . . , VN ]T and the vector
of port currents i = [I1, . . . , IN ]T can be evaluated applying
v = 1

2 (a + b) and i = 1
2Z
−1(a − b), respectively. Given

that the circuit topology of a reciprocal lossless network is
completely described by the fundamental cut-set matrix Q (of
size χ×N ) or the fundamental loop matrix B (of size ψ×N )
[43], [44], matrix S can be assessed exploiting one of two dual
formulas [45], [46]

S = 2QT(QZ−1QT)−1QZ−1 − I , (8)

S = I− 2ZBT(BZBT)−1B , (9)

where I is the N ×N identity matrix. Matrices Q and B are
typically computed starting from a tree-cotree decomposition
of the reference circuit [47].

It is worth noticing that, depending on the size of Q and
B, eq. (8) can be more computationally demanding than (9)
or vice versa. In particular, if χ > ψ (9) is cheaper than (8),
whereas if χ < ψ the opposite holds true.
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Fig. 2. Under the hypothesis of quasi-static regime and considering
one mechanical boundary fixed in space, the piezo can be seen has
a two-port element having one mechanical port and one electrical port
(a). Exploiting the force-voltage analogy, it is possible to derive a lumped
circuital description of such a PE system (b).

IV. LUMPED MODELS OF PIEZOELECTRIC
TRANSDUCERS

The purpose of lumped models is simplifying as much as
possible the physical systems under consideration without sig-
nificantly impairing the accuracy of the representation. Among
lumped models, in this work, we are interested in deriving
circuital representations of the reference physical systems.
The system of equations (2) describes the linear behavior
of piezoelectric transducers as a function of the so called
local state variables, i.e., mechanical stress T , mechanical
strain S, electrical field E, and electrical displacement D.
As shown in the following, by employing linear integro-
differential relations, it is possible to express (2) as a function
of global state variables (physical quantities that can be
directly measured), i.e., force, velocity, voltage, and current,
thus obtaining a circuital lumped model.

If the frequencies of the signals into play are much lower
than the first resonant mode frequency of the piezo itself, we
can consider the transducer as operating in quasi-static regime,
meaning that T and S can be regarded as constant along the
PE plate [12], [31]. Hence, the mechanical displacement X
can be considered the same for each point of the PE system
[31]. Moreover, we assume the piezo to be fixed in space at
one of its mechanical boundaries, as it happens in many audio
applications. It follows that X can be described by a single
coordinate. The charge flow, instead, can be evaluated by
integrating the electric displacement on the electrode surfaces.

In order to accomplish such a reformulation, let us first
rewrite the system of equations (2) as a function of the electric
field E {

T3(t) = cE
33S3(t)− e33E3(t)

D3(t) = e33S3(t) + εS
33E3(t)

, (10)

where e33 = h33ε
S
33 = h33/β

S
33 is a piezoelectric constant,

whereas cE = cD − h33e33 is the mechanical stiffness at
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Fig. 2Fig. 3. Different lumped models of PE transducers. (a) Resistive
parameter Rp considered at the electric port; (b) Disspative parameter
Rm added at the mechanical port; (c) Mass M of the PE transducer
added at the mechanical port.

constant E. We can then express (10) in terms of strain S,
force F , displacement X , voltage V , and electric charge Q
obtaining {

F3(t) = kEX3(t)− αV3(t)

Q3(t) = αS3(t) + C0V3(t)
, (11)

where kE = cE
33lw/d is the elastic stiffness, α = e33lw/d

represents an electromechanical transduction factor, and C0 =
εS
33lw/d is the so-called static capacitance (or clamped ca-

pacitance) [32]. Finally, by recasting the first equation as
a function of velocity U and differentiating the second, the
quasi-static piezoelectric transducer can be described in the
frequency domain by{

F3(ω) = kE

ωU3(ω)− αV3(ω)

I3(ω) = αU3(ω) + ωC0V3(ω)
, (12)

where I3 is the electric current at the transducer electric port.1

Piezos can be thus seen as two-port elements, having one
mechanical port (featuring force F3 and velocity U3) and one
electrical port (featuring voltage V3 and current I3), as shown

1Note that, throughout the whole manuscript, we will use calligraphic font,
e.g., I3, for frequency-domain variables and italic font, e.g., I3, for time-
domain variables.
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in Fig. 2(a). Moreover, force/voltage and velocity/current are
not only global variables but also across and through variables,
respectively, i.e., variables whose product gives a power. This
will come in handy for the derivation of WD implementations
of PE transducers, since such a choice allows us to represent
these multiphysics systems via a circuital equivalent. In fact,
by exploiting the common force-voltage analogy [31], it is
possible to derive the equivalent circuit shown in Fig. 2(b),
where the electromechanical transduction is represented by an
ideal transformer with turn ratio α (i.e., the electromechanical
transduction factor). In order to make the model compliant
with physical evidences, it is possible to add specific compo-
nents at the two ports. For instance, it is possible to take into
account the non-ideal insulating property of PE materials by
considering a finite (but yet very high) conductivity adding
resistor Rp in parallel to the electrical port, as shown in
Fig. 3(a). Equation (12) can be thus reformulated as follows{

F3(ω) = kE

ωU3(ω)− αV3(ω)

I3(ω) = αU3(ω) +
(
ωC0 + 1

Rp

)
V3(ω)

, (13)

whereas, whether also a dissipative parameter Rm is taken into
account at the mechanical port, it can be rewritten asF3(ω) =

(
kE

ω +Rm

)
U3(ω)− αV3(ω)

I3(ω) = αU3(ω) +
(
ωC0 + 1

Rp

)
V3(ω)

. (14)

The circuital representation of (14) is shown in Fig. 3(b). As
discussed in [12], it is possible to describe the behavior of a PE
transducer up to or at least just beyond its first resonant mode,
by adding to the model the mass M of the piezo itself. In this
case, the piezo can be represented by means of the circuit
shown in Fig. 3(c) and its constitutive equations becomeF3(ω) =

(
kE

ω +Rm + ωM
)
U3(ω)− αV3(ω)

I3(ω) = αU3(ω) +
(
ωC0 + 1

Rp

)
V3(ω)

. (15)

Finally, it is worth highlighting that the models derived
in this section take into account both the electrical and
mechanical domains but not the acoustic domain since it is
not directly involved in the transduction. The acoustic domain
can, however, be modeled in a separate fashion, following for
example the approach in [48], and then coupled to the PE
equivalent circuit through its mechanical port.

A. WD Implementation of PE Lumped Models
Let us now derive the foregoing quasi-static models in

the WD domain. Waves relative to the electrical port will
be marked with subscript “e,” whereas waves relative to the
mechanical port will be marked with subscript “m,” as shown
in Fig. 4. Employing across and through variables allows us
to directly apply the inverse mapping shown in (4). We can
express, in fact, the Kirchhoff variables F3, U3, V3, and I3 as
functions of the wave variables am, bm, ae, and be as

F3(t) = 1
2 (am(t) + bm(t)) , U3(t) = 1

2Zm(t)
(am(t)− bm(t)) ,

V3(t) = 1
2 (ae(t) + be(t)) , I3(t) = 1

2Ze(t)
(ae(t)− be(t)) ,

(16)
where Zm and Ze are the free parameters referred to mechani-
cal and electrical ports, respectively. By employing Backward
Euler as discretization method and substituting (16) in the
discrete-time version of (12), a possible WD realization is[
be[k]
bm[k]

]
= SPE

[
ae[k]
am[k]

]
+PPE

[
ae[k − 1]
am[k − 1]

]
+X3[k−1]DPE ,

(17)
where k is the sampling index such that, for example, ae[k] =
ae(kTs) and Ts is the sampling period. Variable X3 can be
computed as

X3[k− 1] = X3[k− 2] +
Ts

2Zm[k − 1]
(am[k − 1]− bm[k − 1])

(18)
and it is the integral of velocity U3, whose use allows us to
simplify the WD representation. Moreover, in (17) scattering
matrix SPE, matrix PPE, and vector DPE are defined as

SPE =

−β3

β2

[
γ−Zm[k]
αZm[k]

(
β3β1

2β2
− β1−2

2

)
+ αZe[k]

Zm[k]

(
β3

2β2
− 1

2

)]
− 2
β2

1
β2

[
β1

γ−Zm[k]
αZm[k]

+ αZe[k]
Zm[k]

]  ,
PPE =

[
C0Ze[k]
Ts

(
1
2 −

β3

2β2

)
C0Ze[k]
Ts

(
1
2 −

β3

2β2

)
−C0Ze[k]

Tsβ2
−C0Ze[k]

Tsβ2

]
,

DPE =

kE

α

(
β1β3

β2
− (β1 − 2)

)
2kEβ1

αβ2

 ,
where

γ = kETs ,

β1 = 1 +
C0Ze[k]

Ts
,

β2 = β1
γ + Zm[k]

αZm[k]
+
αZe[k]

Zm[k]
,

β3 = (β1 − 2)
γ + Zm[k]

αZm[k]
+
αZe[k]

Zm[k]
.

(19)

We can consider parameter γ as the one describing the
mechanical port, whereas parameter β1 as the one describing
the electrical port. Such a parametrization is very useful, since
it allows us to change model just by changing γ and/or β1
according to which port is modified. In fact, the realization
of (13) in the WD domain is obtained by setting

β1 = 1 + Ze[k]

(
C0

Ts
+

1

Rp

)
, (20)
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and considering (17) for the computation of the reflected
waves. Instead, if the specific PE transducer is characterized
by a non-negligible dissipative term at the mechanical port
(see (14)), the only additional action to be performed is setting

γ = kETs +Rm . (21)

Finally, when the application requires to operate the piezo up
to or at least around its first resonant mode, we need to take
into account the mass of the transducer [12] (see (15)). This
can be done in the WD domain by setting

γ = kETs +
M

Ts
+Rm , (22)

and by modifying (17) as[
be[k]
bm[k]

]
= SPE

[
ae[k]
am[k]

]
+ PPE

[
ae[k − 1]
am[k − 1]

]
+

+ MPE

[
am[k − 1]
bm[k − 1]

]
+X3[k − 1]DPE ,

(23)

in order to account for the derivative operation associated with
mass M (see (15)). The only difference between (17) and (23)
is thus the presence of

MPE =

[
−M

2αTsZm[k−1]

(
β3β1

2β2
− β1−2

2

)
M

2αTsZm[k−1]

(
β3β1

2β2
− β1−2

2

)
−M

2αTsZm[k−1]
β1

β2

−M
2αTsZm[k−1]

β1

β2

]
,

which weighs past samples of incident and reflected waves at
the transducer mechanical port.

Once the best suited model for the application is chosen,
not only it is possible to efficiently simulate it, but also to
integrate it into more complex WD structures [24], [37]. In this
case, it is desirable to remove as much as possible the implicit
relations that take place when WD blocks are connected.
In other words, we would like to remove the instantaneous
dependences between reflected and incident waves such that
delay-free-loops are eliminated. We do this by deriving adap-
tation conditions specific to the presented WD realizations
of PE transducers. Given that all the models derived in this
section share the same scattering matrix SPE, the adaptation
conditions will be the same as well. By setting to zero the first
diagonal entry of SPE and by solving for Ze, we obtain the
following adaptation condition for the electrical port

Ze[k] =
γ + Zm[k]

α2 + β1−1
Ze[k]

(γ + Zm[k])
, (24)

whereas the adaptation condition for the mechanical port can
be obtained by setting to zero the second diagonal entry of
SPE and solving for Zm as

Zm[k] =
α2Ze[k]

β1
+ γ . (25)

It is worth noticing that (24) and (25) are functions of γ and
β1 and thus they account for variations at both electrical and
mechanical ports.

The proposed implementations of PE transducers are only
some of the many; it is possible, for example, to employ
the traditional theory of WDFs to derive other equivalent
realizations [16]. However, we decided to pursue the proposed
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Fig. 5. Piezoelectric transducer modeled as a three-port in the Kirchhoff
domain (a), and one of its possible distributed circuital models, known
as Mason’s model (b) [32]. Subscript “b” stands for “back” port, whereas
“f” stands for “front” port.

approach aiming at a more compact representation, defining
at the same time a practical parametrization.

Finally, this section does not cover all the possible physical
models of piezos operating in quasi-static regime (see [31]).
Nevertheless, other possible WD implementations can be
derived with ease following the same approach proposed in
this manuscript.

V. DISTRIBUTED MODEL OF PIEZOELECTRIC
TRANSDUCERS

In the previous section, we derived lumped models suitable
to describe operations in quasi-static regime, i.e., with fre-
quencies much lower than the first resonant mode frequency
of the piezo itself. However, when it is necessary to operate the
device at frequencies greater than the first resonant mode fre-
quency, the hypothesis of quasi-static regime is no longer valid
(T and S cannot be considered constant anymore), meaning
that the propagation of acoustic waves inside the PE plate must
be taken into account [32]. In this scenario, displacement X3

in (2) is governed by the equation describing the propagation
of waves inside anisotropic media (such as PE materials) [32].
Nevertheless, considering a uniform medium and that, in the
majority of the cases, only purely longitudinal/shear acoustic
waves take place, the equation governing X3 reduces to

∂2X3(z, t)

∂t2
= vD2 ∂2X3(z, t)

∂z2
, (26)

i.e., the D’Alembert’s wave equation, where vD =
√
cD
33/ρ is

the velocity of propagation at constant D and ρ is the medium
density. With the purpose of deriving a more general model,
let us consider the PE transducer having unclamped surfaces.
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Fig. 6. Linearized version of Mason’s model, where the three frequency-
dependent components are substituted with two inductors and a capac-
itor.

Thereby, it can be seen as a component having two mechanical
ports and one electrical port, as shown in Fig. 5(a). Assuming
an harmonic driving signal D = D0e

ωt, (2) can be finally
rewritten in the frequency domain as [32]
Fb(ω) = Z0

 tan ωd

vD
Ub(ω) + Z0

 sin ωd

vD
Uf(ω) + h33

ω I(ω)

Ff(ω) = Z0

 sin ωd

vD
Ub(ω) + Z0

 tan ωd

vD
Uf(ω) + h33

ω I(ω)

V(ω) = h33

ω Ub(ω) + h33

ω Uf(ω) + 1
ωC0
I(ω)

,

(27)
where Z0 = ρlwvD is the piezo mechanical impedance, Fb
and Ub are the force and the velocity at the back mechanical
port, Ff and Uf are the force and the velocity at the front
mechanical port, whereas V and I are the voltage and the
current at the electric port, respectively.

We introduce now a lumped representation of the distributed
model in (27). In particular, Fig. 5(b) shows a circuital
representation of (27) known under the name of Mason’s
model [32]. The peculiarities of such a model are the three
two-terminal elements represented as rectangles in Fig. 5(b),
which, varying in a nonlinear fashion with frequency, act as
delay lines and model the propagation inside the medium.
Such elements cannot be implemented in mainstream circuit
analysis programs and, therefore, they are usually substituted
with transmission lines in order to replicate their distributed
nature [49], [50]. In the following, instead, we show how it
is possible to implement them in the WD domain for time-
domain analyses.

A. WD Mason’s Model: Linearized Model
A first and simplified WD realization of Mason’s model is

based on the following mathematical considerations. Tangent
function tanx and sine function sinx can be approximated
with their argument x if x is close to zero. Naming Tt = d/vD

the plate-to-plate transit time along z-axis, we can simplify
the constitutive relation of the frequency-dependent elements
as follows

Z0 tan
ωTt

2
≈

ωTt
2 →0

ω
Z0Tt

2
= ωL , (28)

where
L =

Z0Tt

2
= ρ

lwd

2
=
M

2
, (29)

for the element characterized by the tangent function (here-
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Fig. 7. (a) Constitutive relation of the  tan element shown in Fig. 5;
(b) constitutive relation of the  sin element shown in Fig. 5, which,
once modeled in the WD domain, cannot be adapted; (c) modified  sin
element, which thanks to a the resistive parameter Rg, once modeled in
the WD domain, can be adapted.

after indicated with  tan element), whereas

Z0

 sinωTt
≈

ωTt→0

1

ω Tt
Z0

=
1

ωC
, (30)

where

C =
Tt

Z0
=

d

lwcD
33

=
1

kD , (31)

for the element characterized by the sine function (hereafter
indicated with  sin element). As a result, the linearized version
of Mason’s model (shown in Fig. 6) features only dynamic
components, where the relation with frequency is made ex-
plicit. In particular,  tan is substituted with an inductor whose
inductance is equal to half the transducer mass, while  sin is
substituted with a capacitor whose capacitance is the inverse
of kD, i.e., the elastic stiffness at constant D.

It is worth noticing that such a linearized model maintains
an evident physical meaning, since inductance L and capac-
itance C are strictly dependent on the physical/geometrical
properties of the PE transducers. Moreover, the choice of
employing the proposed approach strictly depends on the
product between the angular frequency into play ω and the
transit time Tt (as shown in (28) and (30)), a product that can
be easily computed a priori considering the upper limit of the
audio bandwidth (e.g., 20 kHz).

Finally, the WD implementation of the circuit shown in
Fig. 6 is obtained by applying the WDF principles summarized
in Section III.

B. WD Mason’s Model: Frequency-Dependent Model

Since the hypotheses of linearization used in the previous
subsection might not always be valid, a method for the WD
implementation of those elements characterized by nonlinear
functions of frequency is necessary. Our purpose is thus to find
their WD scattering relations. What makes the implementation
of such elements tricky is their implicit dependence on ω,
which does not allow a straightforward discretization in the
time domain. In fact, we usually deal with inductors or capac-
itors, for which the aforementioned dependence is explicit, and
thus common discretization methods (e.g., Backward Euler,
trapezoidal rule, etc.) can be employed. We can, however, sort
this problem out by applying Euler’s formulas as explained in
the following.

Let us first consider the two-terminal  tan element shown in
Fig. 7(a). By applying Euler’s tangent formula, we can rewrite
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Fig. 8. (a) PE transducer in the WD domain. Subscripts “b,” “f,” and
“e” refers to the waves at the back mechanical, front mechanical, and
electrical ports, respectively; (b) possible WD realization of such a three-
port element.

its constitutive equation as

V(ω) = Z0 tan
ωd

2vD I(ω) = Z0
1− e−ωTt

1 + e−ωTt
I(ω) , (32)

and, by applying the starred transform [51], we can then write
it in the Z-domain

V(z) = Z0
1− z−T

1 + z−T
I(z) , (33)

where, for simplicity, T = Tt/Ts is assumed to be an integer
number and Ts is the sampling time. It follows that, according
to the aforementioned assumption, Ts must be chosen to be a
submultiple of Tt. The discrete-time version of (33) is V [k] =
Z0I[k]−Z0I[k−T ]−V [k−T ], which, once applied the linear
transformation of variables shown in (3), gives finally place
to the pursed scattering relation

b[k] =
Z0 − Z
Z0 + Z

a[k]− a[k − T ] +
Z0 − Z
Z0 + Z

b[k − T ] . (34)

Moreover, by setting Z = Z0 we can adapt the element and
eliminate the instantaneous dependence of b[k] from a[k]. The
scattering relation, therefore, reduces to b[k] = −a[k − T ].
Such a result is interesting since, if we consider T = 1, we
obtain the scattering relation of an adapted inductor discretized
by means of the trapezoidal rule [18], which is exactly
the circuit element approximating the  tan element in the
linearized model. In case of adaptation, such a frequency-
dependent element is thus modeled in the WD domain as a
sign inversion and a delay of T samples, whose value is in
turn dependent on the plate-to-plate transit time.

Similar considerations can be drawn for the  sin element
shown in Fig. 7(b). In fact, by applying Euler’s sine formula

we can rewrite its constitutive equation as

V(ω) =
Z0

 sin ωd
vD

I(ω) =
2Z0e

−ωTt

1− e−ω2Tt
I(ω) , (35)

from which we can easily derive

V [k] = 2Z0I[k − T ] + V [k − 2T ] , (36)

and subsequently

b[k] = −a[k]+
2Z0

Z

(
a[k−T ]−b[k−T ]

)
+a[k−2T ]+b[k−2T ] .

(37)
Given that in (37) the coefficient of a[k] does not depend on
port resistance Z, the scattering relation cannot be adapted.
However, as frequently done in WDF modeling [52], it is
possible to consider a small series resistance such that the
dependence on Z is established and the one-port can be
adapted. Taking into account the modified  sin element shown
in Fig. 7(c), we can write its circuital relation in the discrete-
time domain as

V [k] = RgI[k]+2Z0I[k−T ]−RgI[k−2T ]+V [k−2T ] , (38)

where Rg is the series resistance. If opportunely sized, Rg
does modify the equation behavior in a negligible fashion,
generating, at the same time, an important advantage in terms
of computability. In fact, the resulting element in the WD
domain is characterized by the scattering relation

b[k] =
Rg − Z
Rg + Z

a[k] +
2Z0

Z +Rg

(
a[k − T ]− b[k − T ]

)
+

−
Rg − Z
Rg + Z

a[k − 2T ] + b[k − 2T ] ,

(39)

which can be finally adapted by imposing Z = Rg. It follows
that (39) reduces to b[k] = Z0

Rg

(
a[k−T ]−b[k−T ]

)
+b[k−2T ].

Once obtained the scattering relation of the two frequency-
dependent one-ports, the PE system shown in Fig. 5(b) can be
easily implemented in the WD domain following the principles
summarized in Section III. A PE transducer can again be seen
as a three-port element (see Fig. 8(a)), whose waves facing
the back mechanical port, the front mechanical port, and the
electrical port are marked with subscripts “b,” “f,” and “e,”
respectively. A possible WD realization is shown, instead, in
Fig. 8(b), where the three external ports are highlighted.

It is worth adding that, although setting Ts as a submultiple
of Tt allows us to obtain simple and compact scattering
relations (avoiding fractional sampling indexes), it constraints
at the same time the choice of the sampling frequency fs =
1/Ts, which cannot be arbitrarily set. For instance, in order
to increase fs we have to increase T = Tt/Ts. We do this
by setting Ts equal to a lower submultiple of Tt; conversely,
we have to lower T . Finally, as far as implementations on
Digital Signal Processors (DSPs) are concerned, T is set in
order to match as closely as possible the given sampling
frequency. In fact, only a few fs (and thus Ts) are allowed by
the DSP. If a perfect correspondence cannot be accomplished,
an error in the system response arises. However, such an error
can be kept small by a proper tuning of T , or by upsam-
pling/downsampling the input signal in order to match fs (and
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Fig. 9. Magnitude and phase of Force F3 at the transducer mechanical
port (see Fig. 3(a)) when loaded with mechanical resistor Rmecc =
0.33 kg/s. The continuous blue curve represents the WD implementa-
tion, whereas the dashed red curve the MathWorks Simscape (SSC)
implementation.

resampling the output signal whenever needed), thus making,
in many cases, this disadvantage marginal with respect to the
advantage of avoiding fractional sampling indexes and higher
computational costs.

Finally, note that the PE equivalent circuit models consid-
ered in this manuscript (both lumped and distributed) are only
able to describe ideal PE transducers and, therefore, do not
take into account nonlinearities (e.g., hysteresis), losses (e.g.,
piezoelectric, mechanical, etc.), or other nonidealities affecting
the transduction process (e.g., duffing, spurious modes, etc.).
Nonetheless, in many cases, linear piezoelectric models pro-
vide a sufficient degree of accuracy for the characterization of
audio systems [42]. Moreover, although all the WDFs obtained
in this manuscript are meant to be employed into digital
signal processing algorithms for audio applications, the WDFs
derived in this section can be also exploited for resonator
simulations at higher frequencies, serving thus as tools also
for ultrasound applications.

VI. NUMERICAL EXAMPLES

In this section, we provide some numerical results obtained
by employing the proposed WDF implementations of PE
transducers. We take into account both lumped and distributed
models. The accuracy of the implementations is confirmed by a
comparison whether with MathWorks Simulink or MathWorks
Simscape, considering the same fixed sampling step. The
modeling of linear elements is addressed following traditional
WDF principles; for the specific case of dynamic one-ports,
Backward Euler method is chosen for the discretization of
the time derivatives characterizing their constitutive equations
[18]. Finally, all linear elements are adapted such that the
instantaneous relations between wave variables are removed.

A. Lumped Model

For reasons of space, we show the results related to only one
of the lumped models proposed in Subsection IV-A, but all of
them have been validated through a comparison with a Math-
Works Simscape implementation. Let us consider the model
shown in Fig. 3(a), where resistor Rp is added in parallel to
the transducer electrical port in order to take into account its
finite conductivity. We consider a BaTiO3 PE plate having
as geometric dimensions d = 0.7 mm, w = 20 mm, and
l = 40 mm. Moreover, we consider the transducer mechanical
port to be loaded with a resistor Rmecc = 0.33 kg/s. The
remaining parameters are set as follows: kE = 0.17 TN/m,
α = 20 N/V, C0 = 12.7 nF, and Rp = 1 MΩ. The frequency
of the first resonant mode can be approximated as

fr ≈
1

2π

√
kE

M
= 1.15 MHz , (40)

where the mass M is assessed considering a density ρ =
5700 kg/m3. Hence, being fr much higher than the upper limit
of the audio bandwidth, a lumped model is enough to describe
the transducer. In order to test the accuracy of the model
in (13) over the whole audio spectrum, we perform a frequency
analysis computing the Discrete Fourier Transform (DFT)
of the discrete-time domain impulse response, where the
electrical port is considered as the input port. Figure 9 shows
the magnitude and the phase of force F3 at the transducer
mechanical port. The continuous blue curves refer to the WDF,
whereas the dashed red curves to MathWorks Simscape (SSC);
their good match validates the implementation of the designed
WDF.

B. Distributed Model

Let us now consider the more interesting case of the dis-
tributed model discussed in Section V. We take into account a
ceramic piezo having the following parameters: d = 0.49 mm,
w = 10 mm, l = 20 mm, h33 = 79.34 kV/m, C0 = 1 µF,
ρ = 7750 kg/m3, α = 0.0793 N/V, Tt = 0.126 ms, and
Z0 = 6.04 kg/s. The first resonant mode frequency fr is
around 3.8 kHz, and thus, being it in the audio bandwidth,
a distributed model is necessary to describe the transducer
operation. We simulate the circuit shown in Fig. 5(b) by means
of the frequency-dependent model derived in Subsection V-B,
whose WD realization is shown in Fig. 8(b). We connect to
port 7 and port 8 of the WD topological junction two resistors
Rb = Rf = 0.083 kg/s modeling the mechanical impedances
of air, which we consider as the medium facing both back
and front surfaces of the PE plate. Then, the transducer can
be driven by connecting an input signal to port 1 of the same
junction. The three frequency-dependent elements are realized
considering the scattering relations derived in Subsection V-B.
In particular, as far as the  sin one-port is concerned, we set
Rg = 1 µΩ. Moreover, we set T = 20 such that the sampling
step Ts = Tt/T is small enough to avoid aliasing in the audio
bandwidth.

In the WD domain, ideal reciprocal lossless elements be-
having as connectors, such as ideal transformers, can be
encompassed in scattering matrices. Therefore, we decide to
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Fig. 10. Impedance at the transducer electric port. The continuous
blue curve represents the WD implementation, whereas the dashed
red curve the MathWorks Simulink (SLK) implementation. The green
dashed curve (WD LINEAR), instead, represents the curve obtained
taking into account the linearized Mason’s model shown in Fig. 6, and is
obtained within MathWorks Simscape.

embed the ideal transformer with turn ratio α into the WD
topological junction. Hence, matrix SPE can be computed by
substituting in (9) the fundamental loop matrix

B =

−α α 0 0 0 0 0 0
−α 0 −α −1 −1 0 1 0
−α 0 −α −1 0 −1 0 1

 , (41)

which can be derived starting from the Kirchhoff’s current and
voltage laws.

In order to test the accuracy of the WD implementation,
we perform a frequency analysis of the transducer electric
impedance, and we then compare the result with the same
curve obtained starting from a block-diagram implementa-
tion in MathWork Simulink. In particular, we exploit Euler’s
formulas in the same way we showed in Subsection V-B
for the  sin and  tan elements but now applied to the
system of equations in (27). Once obtained a discrete-time
version of (27), we implement it in Simulink through a block
diagram, which, being composed of 88 units, turns out to be
very dense. In particular, for processing 10 s, the proposed
implementation takes on average (over 100 runs) 5.6 s, while
the Simulink implementation takes 1.2 min. Note that it is
possible to solve the system of equation e.g., making use of
numerical methods such as Newton-Raphson, which may be
characterized by a different computational cost. Then, in order
to carry out the frequency analysis, we compute the Discrete
Fourier Transform of the time-domain impulse response. Fig-
ure 10 shows the outcome of such a frequency analysis. The
blue and red curves represent the WD and Simulink (SLK)
implementations, respectively, whereas the green dashed curve
represents the impedance of the linearized Mason’s model
(see Fig. 6) obtained within MathWorks Simscape. As already
pointed out in Subsection V-A, the linearized model can be
employed only if the product between the transit time and the

frequency into play approaches zero. Looking at the plot, we
can verify that such a hypothesis does not hold true already
around 2 kHz, and, therefore, a linearized model is not suitable
to describe the PE transducer under consideration. On the other
hand, the good match between red and blue curves confirms
the accuracy of the proposed WDFs.

Finally, it is worth pointing out that the block-based nature
of WDFs allows us to connect in cascade with ease several
Mason’s models [7] for the simulation of multiple layers,
accounting thus for different material properties. In addition,
WDFs are known to increase the modularity of the represen-
tation [16], enabling thus a more straightforward and efficient
implementation of these composite structures.

VII. CONCLUSIONS

In this paper, we proposed different novel WD implementa-
tions of well-known PE models for audio applications. Based
on thickness-mode operation, such WDFs are obtained from
a circuital representation of the piezo constitutive equations.
The models can be mainly divided into two categories: lumped
models, which can be applied when the hypotheses for quasi-
static regime are satisfied, and distributed models, which take
into account the propagation of acoustic waves inside the PE
medium. The proposed WD realizations of lumped models
are presented as multiphysics two-ports (one electric port and
one mechanical port) characterized by scattering relations.
Moreover, thanks to the given parametric definition, they can
be easily modified to accommodate different elements at the
transducer physical ports.

We then showed how it is possible to implement Mason’s
distributed model in the WD domain. Such a model is usually
realized via other equivalent circuits (e.g., Redwood model
[49]), since it is not possible to implement its frequency-
dependent elements in common Spice-like simulators. Instead,
we showed how such one-ports can be realized in the WD
domain and how these can be adapted, removing thus the im-
plicit relations between wave variables. Since Mason’s model
allows us to consider boundary conditions at the transducer
surfaces, the proposed WD realization has been presented as
a three-port element (two mechanical ports and one electrical
port). However, by clamping one of the two mechanical ports,
the model can still be described by means of a two-port
representation.

Beside such characteristics, the proposed WD models offer
other advantages. For example, even when considering stable
discretization methods (e.g., Backward Euler), no iterative
solvers are required for their solution (i.e., they are explicit),
and thanks to their input-output description, they benefit
from an enhanced modularity, which comes in handy for the
efficient simulation of composite PE structures. Moreover,
such WD blocks can be then merged into large nonlinear
systems which can be efficiently solved employing the Hi-
erarchical Scattering Iterative Method, recently derived for
the simulation of nonlinear multiphysics systems [24], [28],
[37]. Most importantly, having digital implementations of
piezoelectric transducers in the WD domain paves the way to-
ward the design of algorithms for the linearization/equalization
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of the transducer behavior with the aim of enhancing the
acoustic performance (e.g., through circuital inversion [38]–
[40]). Finally, following the same approach proposed in this
paper, other configurations of piezoelectric transducers can be
modeled.

Further future work may concern the modeling of piezo-
electric losses and nonlinearities, as well as the derivation of
temperature-dependent models.
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