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CONVERGENCE ANALYSIS OF PADE APPROXIMATIONS FOR HELMHOLTZ
FREQUENCY RESPONSE PROBLEMS*

FRANCESCA BoNIzZzONIY, FABIO NOBILE? AND ILARIA PERUGIA®

Abstract. The present work concerns the approximation of the solution map S associated to the
parametric Helmholtz boundary value problem, i.e., the map which associates to each (real) wavenum-
ber belonging to a given interval of interest the corresponding solution of the Helmholtz equation. We
introduce a least squares rational Padé-type approximation technique applicable to any meromorphic
Hilbert space-valued univariate map, and we prove the uniform convergence of the Padé approximation
error on any compact subset of the interval of interest that excludes any pole. This general result is
then applied to the Helmholtz solution map &, which is proven to be meromorphic in C, with a pole of
order one in every (single or multiple) eigenvalue of the Laplace operator with the considered bound-
ary conditions. Numerical tests are provided that confirm the theoretical upper bound on the Padé
approximation error for the Helmholtz solution map.
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1. INTRODUCTION

Due to the oscillatory behavior of the solutions, the finite element approximation of time-harmonic wave
problems in mid- and high-frequency regimes is challenging: accurate approximations are possible only on very
fine meshes or with high polynomial approximation degrees. Moreover, for increasing wave numbers, there is an
increasing discrepancy between the best approximation error and the Galerkin discretization error (pollution
effect) [2]. For this reason, the direct numerical evaluation of the frequency response functions for a whole range
of frequencies is often out of reach.

Model order reduction methods aim at reducing the computational cost by approximating the frequency
response function starting from evaluations only at few frequencies. For a survey of model order reduction
methods for parametric systems we refer to [4], and for reduced order models for non-coercive and time-harmonic
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problems we refer to [8,22,29,30] and references therein. Some of the model reduction methods for frequency
domain wave problems are based on componentwise Padé or Padé-type approximations, on Petrov—Galerkin
schemes, or on projections onto Krylov subspaces; see [15,16] and the references therein, where the authors
review interpolatory model order reduction methods, and compare them when applied to structural dynamic,
acoustic and vibro-acoustic problems. In this work, we focus on the design and analysis of a numerical method
based on the rational (Padé-type) approzimation of the solution map to time-harmonic wave problems over a
given range of angular frequencies.

Padé-type approximations have been firstly introduced for univariate complex-valued functions. Suppose that
a complex function f : C — C holomorphic in a point 2y € C (we take for simplicity zp = 0) is expressed in power
series as f(z) = Z;io f;27 locally around 0. The Padé approximant of f, denoted as Jia/ny, 1s the ratio between
two polynomials fia/nj(2) = Zgzg, with p(z) = Z%:o Pmz™ € Py (C) and ¢(z2) = 27]:,:0 qn2" € Py (C), such
that its Taylor series agrees with the power series of f for as many terms as possible. More precisely, p € Py (C)
and ¢ € Py (C) can be found such that

iszj = 58 +O(MHNH), (1.1)
=0

Equation (1.1) is non-linear. In order to compute the coefficients of p(z) and ¢(z), one can multiply both sides of
the equation by ¢(z), and then identify the coefficients of the monomials of the same order. This procedure leads
to the solution of a linear system in the unknowns pg, ..., pm, qo, --., gn. The trivial solution p(z),¢(z) =0
is usually avoided by imposing go = 1. For more details on the classical Padé construction we refer to ([3],
Chap. 1).

The convergence theory of the Padé approximant for meromorphic maps has been deeply studied. Suppose
that f(z) is meromorphic in the circle B(0, R), and define v as the sum of the multiplicities of all the isolated
poles of f(z) inside B(0, R). Denote with G C B(0, R) the set of isolated poles of f(z). When the degree of
the denominator N of the Padé approximant is fixed and exactly equal to v, and the degree of the numerator
M is let to infinity, the Montessus de Ballore Theorem ([3,26], Chap. 6) states the uniform convergence of the
approximation error |f(2) — fiar/n](2)| on compact subsets of B(0, R) \ G. Weaker convergence results can be
proved either when N (fixed) is larger or equal to v, or when N is equal to the degree of the numerator M, and
they both go to infinity (see e.g. [3], Chap. 6, [11,31]).

The classical Padé approximation technique described above is also known as single-point Padé approxima-
tion. Indeed, the construction of the rational Padé approximant is based on the power series of the function f(z)
around one single point. A natural generalization is the multi-point Padé approximant (see [3], Chap. 7, [9,27]),
which exploits the power series expansions of f(z) at several points zo, ..., z,, which may possibly coincide.

Several generalizations of the Padé approximation to the case of a multivariate function f : C¢ — C, d > 2,
have been proposed and analyzed in literature. We mention, for instance, [12-14,19]. In this work, we follow
the approach proposed in [14]. There, the authors present a least squares (LS) Padé approximation technique,
which generalizes the classical approach. The Padé approximant, in fact, does not rely on the exact solution
of the linear system in the unknowns pg, ..., pam, 4o, ---, qn; it is rather defined as the (in general not
unique) solution of a related minimization problem. The condition g = 1 on the coefficients of the denominator
qo, - - - »qn is replaced by the condition Zﬁ[:o |g;| = 1. A convergence result for the LS Padé approximation error
similar to the Montessus de Ballore Theorem is stated in [14].

The novelty of our paper consists in the definition of a LS Padé approximant for univariate Hilbert space-
valued meromorphic maps 7 : C — V, V being a Hilbert space. The Padé approximant of 7', denoted as 7jps/ny,
is the rational V-valued map 7j;/nj(2) = %, where P(z) = Zij\io pi(2)z%, with coefficients p;(z) € V for all 4,
and Q € Py (C) is a C-valued polynomial of degree N. The main result is Theorem 6.2, where the convergence
of the Padé approximant is proved. Suppose 7 (z) to be meromorphic in the circle B(0, R), and define v as
the sum of the multiplicities of the isolated poles of 7 contained in the circle B(0, R). Moreover, denote with
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G C B(0, R) the set of the isolated poles of 7. Letting the degree of the Padé denominator N be fixed and
exactly equal to v, we prove exponential convergence of the approximation error HT (2) = Tiayn (z)”v, as M
goes to infinity, on compact subsets of B(0, R) \ G. In Section 7, we apply the LS Padé construction and the
convergence estimate to the meromorphic solution map S associated with the parametric Helmholtz problem,
namely the map that associates with each (real) wavenumber inside an interval of interest K C RT the solution
of the corresponding Helmholtz problem.

The outline of the paper is the following. In Section 2, we introduce the parametric Helmholtz problem
with homogeneous either Dirichlet or Neumann boundary conditions; the problem is set in the Hilbert space
V = H}(D) or V.= H(D), respectively. The wavenumber varies inside an interval of interest K C R*, and we
define the solution map S : K — V. The solution map is then extended to the entire complex plane S : C — V,
and well-posedness and stability bounds of the corresponding (damped) Helmholtz problem are proved in
Section 3. In Section 4, we study the regularity of the solution map S, which is proved to be meromorphic, with
a pole of order one in each (single or multiple) eigenvalue of the Laplace problem with the considered boundary
condition. The construction of the LS Padé approximant for any meromorphic Hilbert space-valued map 7 is
described in Section 5, and a convergence result of the approximation error is stated in Section 6. In Section 7,
we apply the results obtained in Sections 5 and 6 to the solution map S. Numerical results for the Helmholtz
problem in a 2D spatial domain are shown in Section 8, and conclusions are drawn in Section 9.

2. PROBLEM SETTING

Let D be an open bounded Lipschitz domain in R? (d = 1,2,3). We consider the Helmholtz problem with
parametric wavenumber k% € K := [k2, . kZ..] C RT:

—Au—ku=f in D, (2.1)

endowed with homogeneous either Dirichlet or Neumann boundary conditions. Let us denote with V either
the Hilbert space H}(D) or H(D), in case problem (2.1) is endowed with Dirichlet or Neumann homogeneous
boundary conditions on 0D, respectively. Moreover we assume the functions in V' to be complex-valued.

Given a real positive weight w > 0, such that w~! is dimensionally homogeneous to a length, we denote by
Iy, the (weighted) H'(D)-norm:

2 2 2
”vHV,w = HVUHL2(D) +w’ Hv||L2(D) : (2.2)
Note that the (weighted) H'(D)-norm is equivalent to the standard H'(D)-norm, indeed:

Vmin{ 1 w?} f[ull g1 py < llully,, < vmax{l,w?} |ull g1 (p - (2:3)

Moreover, we notice that standard analysis for the Helmholtz problem for a fixed wavenumber k is done in the
weighted H'(D)-norm |-y, with w =k (see, e.g. [25]).
The weak formulation of the parametric problem (2.1) is: given f € L?(D), find u(k?,-) € V such that

/D Vu(k?,x) - Vo(x) dx — k2 /D u(k? x)0(x) dx = /D fx)o(x) dx Vv eV, (2.4)

with k? € K. We introduce the solution map

S: K-V,

k2 — U(kQ, ) (25)
The solution map S is well-defined provided that k? ¢ A, A := {\;} being the set of (real, non negative)
eigenvalues of the Laplace operator with the considered boundary conditions.
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3. THE HELMHOLTZ PROBLEM WITH COMPLEX-VALUED WAVENUMBER

We extend the solution map defined in (2.5) to the complex plane:

S0z Z(z, ) (3.1)
where u(z, -) solves
/D Vu(z,x) - Vo(x) dx — Z/D u(z,x)0(x) dx = /D fX)v(x)dx YveV. (3.2)

Whenever Im (z) # 0, problem (3.2) contains the damping term
iIm (z)/ u(z,x)v(x) dx.
D

The next theorem states the well-posedness of (3.2) for all z € C\ A. The reason why we consider also
wavenumbers z with negative real part will be clarified in Section 7 (see Rem. 7.2).

Theorem 3.1. Let z € C\ A. Then problem (3.2) admits a unique solution. Moreover, if

j:I/{ljlélA [Aj —z| >a >0, (3.3)

then the unique solution u(z,x) satisfies the a priori bound

< V2= Amin + [Re (2)] + w?

Ju(z )y < . T (3.4)

where
Amin := min{\ € A} (3.5)

s the smallest eigenvalue of the Laplace operator with the considered boundary conditions.

Proof. We start by proving that problem (3.2) admits a unique solution.
We consider first the case z € C\ RT. We prove that the bilinear form

B, (u,v) := /D Vu(z,x) - Vo(x) dx — Z/Du(z,x)@(x) dx

which appears in problem (3.2) is coercive and continuous.
We distinguish two cases.

(a) Let z € C~ := R~ 4 ¢R. In this case, we have

|B..(u,u)| > |Re (B.(u, u))| > min{l,—Re(z)} el -

w2

Re
w

The coercivity of the bilinear form B, (-,-) is then proved with constant min{1, — 2) }. The continuity of
B.(-,-) holds with continuity constant max{1, %}, so that, thanks to the Lax-Milgram Lemma, we conclude

the existence and uniqueness of the solution of problem (3.2) for every z € C~.
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(b) Let z € C* and Im (z) # 0, with CT := R*+4R. In this case, we prove the coercivity of B, (-, -) following ([23],
Chap. 2). Since for every v € C, V2 |v| > |Re (v)| + [Im (v)], we have

V2|B.(u,u)| > |Re (B.(u,u))| + |Im (B, (u,u))|.
Moreover, for every 0 < & < 1, || > ep with u € R. Hence,

V2|B.(u,u)| > eRe (B, (u,u)) + |Im (B, (u,u))|
=& (IVu(z, ey = Re () a2, M) ) + 1m () lulz, )20
= & [Vu(z, )|F2(p) + (~<Re (=) + [Im () lu(z, )72 )

zmm{g,'lm(’*’) ERG()}n( .
[Im(z)|

' Roa) }, the coercivity of the bilinear form B,(-,-) is then proved with
|Im(z)|725Re(z)

w2

Provided that 0 < ¢ < min{l
coercivity constant % min{e, }. As in the previous case, the continuity of B,(-,-) holds with

constant max{1, %}, and the existence and uniqueness of the solution of problem (3.2) follows by the
Lax-Milgram Lemma.

For the case z € RT \ A, problem (3.2) admits a unique solution by the Fredholm alternative.

It remains to show the a priori bound (3.4).

Let {¢;} be the L?(D)-orthogonal set of eigenfunctions of the Laplacian (with the considered boundary
conditions) corresponding to the eigenvalues {\;}. Observe that the set {¢;} is orthogonal also with respect to
the (weighted) H'(D)-norm, and ||V<leiz(D =N H<Pl||2Lz

Replacing the eigenfunction expansions u(z, x) Zul ) and f(x Z fio1(x) into the Helmholtz
problem, we derive
i

(2) = . 3.6
wi(z) =y (36)

We express the norm of u as follows:

2 2 2
[u(z, M = 1Vulz, )72 (py + @ lJulz, )72

2
dx

Zul Wer(x)| dx+w /Dzl:ul(z)apl(x)

2
= Z\uz |Vsﬂl||L2(D) ‘HUQZWI ||901||L2(D)

= Z (A + w?) Ju(2)]? ||S0lHL2(D) ;
1
where the third identity follows from the H!-orthogonality of the set {;};. Using (3.6) we obtain

/\l—|-’LU
||u<z,->||“’v,w=2‘A 7 5 1Al el 72 ) -
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Nt w? : : : :
The coefficient 17w|2 can be bounded uniformly with respect to [. In order to do this, define the function
| — %
2
g: Rt =R as g(x) := |ac—|—1112 for z # z, and observe that
T —z

r —Re(2) + Re (2) + w? < |z — Re (2)| + |Re (2)] + w? < |z — 2| + |Re (2)] + w?

g(x) = <

2 2 = p)
|z — 2| |z — 2| |z — 2|
_ y+ [Re(2)] +w?
— v

< 0, the function h is decreasing and its maximum is achieved when y is

Provided that x # z, let y := | — z| and h(y) : , so that g(z) < h(y).

Y+ 2|Re (2)| + 2w?
- 3

Since h/(y) =
the smallest possible. Let A% := argminy 4 {|\ — 2|} be the closest eigenvalue to z. Then, for any \; € A,
sl Re ()] +

B Az =2

As in formula (3.5), we denote with A, the smallest eigenvalue of the Laplace operator with the considered
boundary conditions. Then,

g(\) < h(IA] = z)

A% = 2+ [Re (2)] + w? < [Amin — 2] + [Re (2)] + w?.
Using assumption (3.3) we deduce that
A+ w?

[Amin — 2| + |Re (2)] + w?
I\ -z

a?

=g(\) <

Finally, we conclude:

|)\min - Z| + |Re (Z)| + U)2
a2 Z |fl|2 ||<le%2(D)

u(z, )30 <
1
[Amin — 2| + |Re ()| + w? 2
= o2 112Dy - 0

A variant of Theorem 3.1 for real values of z previously appeared in [24] (Lem. 2.1), where stability in
H'™ (D), v € (1/2,1] was proved.

Remark 3.2. For a Helmholtz problem with fixed wavenumber z with Re (z) > 0, it is reasonable to take the
weighted H'(D)-norm (2.2) with w? = Re (z). With this choice, the estimate (3.4) becomes:

|2 — Amin| + 2Re (2)
[[u(z, )HVw < \/ a Hf||L2(D) '

Figure 1 refers to the Helmholtz problem (3.2) coupled with homogeneous Dirichlet boundary conditions
on 0D, where D = [0,7] x [0,7]. Let v? = 12 € RT \ A and d = (cos(n/6),sin(n/6)) € R2. The loading
term f(x) is such that the unique solution u(x) of the considered Helmholtz problem with wavenumber »? is
the product between the plane wave traveling along the direction d, v(x) = e~"<* and the bubble ¢(x) =
%xlxg(xl —7)(xe — 7).

We choose the interval of interest K = [k2, ,k2..] = [4,15], which contains four eigenvalues of the Laplace
problem with the considered boundary conditions: A = 5 (double), 8 (single), 10 (double), 13 (double). We
partition the interval of interest K in 150 intervals with all the same length. At each point z of the mesh we
firstly compute the solution of the Helmholtz problem u(z,-) € Hg(D) via the P3 continuous Finite Element

(FE) method. The weighted H'(D)-norm ||u(z, )”V\/m is calculated, with weight equal to the square root

of the real part of 2o = 10 + 4. We observe that the upper bound (3.4) (dashed line) behaves as the norm of
the solution (solid line).
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FIGURE 1. Numerical testing of the bound (3.4). The Helmholtz problem (3.2) with homoge-
neous Dirichlet boundary conditions on 0D, D = [0, 7] x [0, 7], is considered. The interval of
interest K = [k2;,, k2] = [4,15] is partitioned into 150 intervals all with the same length. At

min’ "Ymax

each point 2 of the grid, the norm [ju(z, )|y, of the Helmholtz solution, with w? = Re (29) and

z9 = 10+ %, is computed (solid line) and compared with the right-hand side of the bound (3.4)
(dashed line).

4. REGULARITY OF THE SOLUTION MAP

In Section 3, we have introduced the solution map S (see (3.1)) which associates to each z € C\ A the
solution u(z, -) of the damped Helmholtz problem (3.2). In the following, we prove the regularity properties of
this mapping.

Proposition 4.1. The solution map S : C\ A — V defined in (3.1), with V' endowed with the norm |||y, s
continuous.

Proof. We have to verify that, for every z € C\ 4,

lim 1Sz 4+ h) = S(z)lly,,, =0, with he C\ {0}, (4.1)
where S(z + h) := u(z + h,-) is the unique solution of
/D Vu(z + h,x) - Vo(x) dx — (= + h) /D u(z + h, x)(x) dx = /D F)T(x) dx. (4.2)
Recall that S(2) := u(z,-) is the unique solution of (3.2).

/D Vu(z,x) - Vo(x) dx — 2 /D (2, %)T(x) dx = /D FB(x) dx. (4.3)
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Taking the difference of the weak formulations (4.2) and (3.2), we find

0= /D V (u(z + h,x) — u(z,x)) - Vo(x) dx — (2 + h)/ u(z + h,x)v(x) dx

D

+Z/Du(z,x)ﬁ(x) dx

= /D V (u(z + h,x) — u(z,x)) - Vo(x) dx — (2 + h) /D (u(z 4+ h,x) — u(z,x))v(x) dz

- h/Du(z,x)@(x) dx.
The function wp,(x) := u(z + h,x) — u(z,x) solves
/ Vwp(x (x) dx — (2 + h) /D (x)v(x) dx = h/Du(z,x)i(x) dx. (4.4)

Theorem 3.1 states that Problem (4.4) is well-posed and its unique solution satisfies the upper bound (3.4):

|z + h — Amin| + [Re (z + h)| + w?
v . Bl ez, M oo

lwn(z + R, )y <

|)‘z+h
where X%, := argminyc o {|A — (2 + h)|} and N}, LN A%, Hence,
lim flu(z + h,-) = ulz, )y, = I ffwn(z + Ry, =0,
so that (4.1) is verified. O

Proceeding as in [10, 28], we prove now that the solution map S admits complex derivative.

ds
Proposition 4.2. For any z € C\ A, the solution map S admits a complex derivative P which is the unique
z

solution of

/ V— Vvdx—z/ gﬁdx:/ S(z)vdx, VYveV (4.5)
p dz D
ds
Proof. The complex derivative e is defined as
ds, = . S(z+h)-8(2) .. ulz+h,)—u(z-)
o ¥ i = i h o heCA{0}

Define the difference quotient

wp(z,-) = (4.6)

As in the proof of Proposition 4.1, we take the difference between the weak formulations (4.2) and (4.3) solved
by u(z + h) and u(z), respectively:
0= / V(u(z + h,x) — u(z,x)) - Vo(x) dx — z/ (u(z + h,x) —u(z,x))v(x) dx
D D
—(z4+h) / u(z + h,x)v(x) dx + z/ u(z + h,x)v(x) dx
D D

—h/ Vwy(z,x) - Vo(x )dx—zh/

D

wp(z,x)v(x) dx — h/ u(z + h,x)v(x) dx.

D
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Then, wy,(z, ) is the unique solution of

/ Vwy(z,x) - Vo(x) dx — z/th(z x)v(x) dx = /Du(z—l—h,x)ﬁ(x) dx, WYweV (4.7)

Taking the limit as h — 0 in (4.7) and using the continuity of S (see Prop. 4.1), we derive problem (4.5), which

is well-posed provided that z ¢ A. Hence, for any z € C\ A, the complex derivative d—(z) exists and is the
z
unique solution of (4.5). O

Proposition 4.2 states that the solution map S is holomorphic in C except in the set of isolated points
A={\},ie,S€H(C\AV), where H (U; V) is the space of holomorphic mappings from U C C with values
in V. Since the multiplicity p; of every eigenvalue \; is finite for every j (see e.g. [20], Chapter 6), to each
eigenvalue \; there correspond p; eigenfunctions {¢;}i=1,... ;. The eigenfunction expansion of the solution map
S is then

oo Mj

S(z) =u(z,x) = Zzujl 2)pji(x ZZ

j=11:=1

Sﬁjz

We deduce that every eigenvalue A; is a pole with multiplicity one, and that the solution map S is meromorphic,
according to the following definition (see e.g. [18], p. 7, [6], p. 356).

Definition 4.3. A function 7 : U C C — V is called meromorphic if there exists a discrete subset W of U such
that 7 € H (U \ W;V) and, for each 7 € W, there exists k € N such that (2 — 7)*7(z) admits holomorphic
extension in 7. We write 7 € M (U; V).

5. CONSTRUCTION OF THE PADE APPROXIMANT

In this section, we construct a Padé approximant of a holomorphic mapping 7 : C — V. We follow the
procedure illustrated in [14], with the difference that we are interested in the case where the mapping 7 is
univariate, instead of multivariate, but with values in a Hilbert space, instead of in C. We denote the Padé
approximation of 7" as Ty n) : C — V. It is defined as the ratio of two polynomials of degree M and N
respectively:

’P[M](Z).
9w (2)

The denominator Qjy; € Px (C), where Py (C) denotes the space of polynomials of degree at most N, is a
function of z only. The numerator Py : C — V is a function of both the complex variable 2 and the space

Tyny(2) =

(5.1)

variable x € D. More precisely, Py (2) = Zij\io pi(2)2?, with coefficients p;(z) € V. In the following we denote
by Py (C; V) the space of polynomials of degree at most M in z € C with coefficients in V.

We start the construction of (5.1) by introducing the following notation. Let 7 : C — V be a mapping which
is holomorphic around zy € C. Then 7 (2) can be expressed as the Taylor series

o0
[e%
Z zo,a Z ZO) ’

with z in a neighborhood of zy, where (T(z))ZO o € V' is the a-th order Fréchet derivative of 7 in zg divided by
a! (see e.g. [1], Chap. 1). Recall the Cauchy formula:

1 7(z)

(T(Z))ZU,a = i 8 Wd% (5.2)
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where 7 is a circle centered at zg and contained in the region of holomorphy of 7. Moreover, given E € N,
denote with (’T(z))i the Taylor polynomial of 7 of degree E,

E
(T(2)2 =3 (T(2)),, (2 — 20)" (5.3)

a=0

To lighten the notation, in the following we will take zg = 0, and we will denote the Taylor coefficients (T (z))

z0,x
simply as (T(z))a, and (’T(z))i7 the Taylor polynomial of degree E, simply as (T(z))E It is understood that
all results generalize straightforwardly to the case 0 # 2o € C. The construction of the Padé approximation (5.1)
relies on the minimization problem involving the following functional.

Definition 5.1. Let V be a Hilbert space, 7 : C — V a mapping which is holomorphic around the origin, and
p €RT. Given P € Py (C;V), Q € Py (C) and E € N, we define

1/2
jep(P,Q): (ZH ))a}’ZV,wPQ’)‘) : (5.4)

The functional (5.4) can be defined equivalently using the following characterization.

Lemma 5.2. Set v := 0B(0, p), where B(0, p) is the open disk centered at the origin and with radius p > 0.
Then it holds

Viw 2

T (BQ) = (217” / H(Q<z>7<z)—P(2))EH2 1dz>”2

s (5.5)

- ([ o)

where the notation with the index E is defined in (5.3) and in the text thereafter.
Proof. The second identity in (5.5) simply follows from the change of variable z = pe®™i.
Denoting with (-, ), the weighted scalar product in V' which induces the norm ||-|y, ,, we have

2

/ H 2T0) T (pe2mif) — P(pezme))EH a0

V,w

1
/ pa QMQO‘pﬁegmeﬁd@.
0
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Since
1 2a if —
- P, 1 a=0
/ pa627r20apﬁeg7meﬁd9 _ .
0 0, it a#p,
taking into account the formula (5.4), we obtain the first identity in (5.5). O

We can now define the Padé approximant of 7.
Definition 5.3. Let M,N € N, E > M + N, and p € R". Let 7 : C — V be as in Definition 5.1. A Padé

P
approximant of 7 is a quotient 0 with P € Py (C; V), Q € Py (C), Zg:o ‘(Q)Of =1 such that

N
JEp(P.Q) < jp,(R.S) VREPy(C;V), ¥S € Py (C)with > [(5),|"=1. (5.6)

Py
Qv

Comments on the choice of p will be given at end of Section 6.

A solution of this problem will be denoted as 75;/n) =

Proposition 5.4 (Existence of the Padé approximant). The minimization problem (5.6) admits at least one
solution.

Proof. Note that

E
jz.o(P.Q) )= POy, ™+ Y QTG - PR, 0™
a=M-+1

(2 ally ™ + Z OVN P

a=M-+1

-2 o
3l

Taking P = P(Q), where P(Q) satisfies (P(z))a = (Q(z)T(z))a for 0 < o« < M, problem (5.6) can be

formulated as a minimization problem in @ only (see [17], Rem. 2.3): find @ € Py (C) s.t. ZQNZO ’(Q)af =1
and

N
jg.,(P(Q),Q) < jr,(P(S),S) VS ePy(C)  with STs), I =1 (5.7)

a=0
Since j E,p(P, -) is continuous and the unit sphere in CV*! is compact, the minimization problem (5.7) admits

at least one solution. O

Note that Definition 5.1 and Definition 5.3 generalize without difficulty to the case 7 : C — V holomorphic
in the open disk B(zo, p), z0 € C, expanded around z.

6. PADE APPROXIMATION PROPERTIES

The main result of this section is Theorem 6.2, which adapts the result of [14] to the case of 7 : C — V.
We make the following assumptions on 7.

e 7 is meromorphic in the closed disk B(0, R), with R > 0.
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B -
e T(z2)= h(z) an irreducible fraction, with A : C — V holomorphic in B(0, R) and g € Py (C) such that

9(2)
9(0) # 0 and g is N-maximal, i.e., for every polynomial f, the condition gf € Py (C) implies f € C. We
N
assume g to be such that Z |(g)a|2 =1.
a=0

Lemma 6.1. Let (PM,QN) € (Py (C;V),Px (C)) be a solution of problem (5.6), and set E = M + N + 6,
with 6 > 0 independent of M. Define the mapping HM : C — V as

HY (2) = (QV ()T (2) = PM(2))g(2), (6.1)

which is holomorphic in the closed disk B(0, R). Then, for any z such that |z| < p < R, it holds

M p M+1
[ @l < s 1T@v (7) (6:2)

where the constant Cg > 0 depends on N, |z|, p and R. Moreover, for any z € B(0, R), it holds

lim ||HM
M —oo

||V,w =0 (63)

uniformly on all compact subsets of B(0, R).

Proof. The proof of Lemma 6.1 follows the same steps as the proof of Lemma 3.2 in [14]. We first prove the
upper bound (6.2), and then we derive the limit (6.3).

Proof of the upper bound (6.2).
Let us fix 2 € B(0, p) with p < R. Since HM € H (B(0, R); V), it coincides with its Taylor series

(oo}

E
S, 2 = 3 () 2 Y (),
a=0

a>FE

In the rest of this proof, we omit the argument z (or R, e?>") of the functions whenever this does not generate
confusion.

In order to prove (6.2), we bound the norm |-y, of the coefficients (HM(Z))a We distinguish the two cases
0<a<Fanda>F.

Case a > E. Observe that gPM € Py n (C; V). Since E > M + N, then (HM)a = (gQN’T)a = (QNh)a

1 N(z)h
and, using the Cauchy formula, (HM) = —/ Wdz. Hence,
o 211 8B(0,R) A
||(HM) H B L QN() QN ReQﬂ'zG ( eZwiG)de
allviw — 274 T a1 R 27”9)
T 9B(0,R) z € V,w
1
<  sup HQN (Z)va Re (6.4)

2€8B(0,R)
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Case 0 < a < E. Due to the formula (6.1) of HM, (HM)a = ((QNT— PM)Eg)a. Thanks to the Cauchy

1 Ny _ pM\F
formula, (HM)Q = —/ (Q —v ) gdz. Hence,
211 8B(0,p) z
E E
" B 1 (QNTpr) g B 1 (QNTpr) g
H(H )auv,w_ o sa+1 dz (pe2rif)a e
0B(0.p) Viw 0 Viw
1 Ny _ pM\F
g/ (@7 -P) g d9:/ (@ T-P")7| a0
o | e | YT e Vo
1 1gl\? vz 9 1/2
< / (9> do (/ @Y7 - P)"| d0>
0o \p* 0 Viw
oo (1 (1e\
5. (/ (a> d0> ip,(PM,QY)
0 \P
1
< sup o |g(2) — jmo(PM,QY), (6.5)
z€0B(0,p) P
with jp,(PM,Q"N) as in Definition 5.1. By assumption, (P™, Q") is a solution of (5.6), so that
M N
ieo(PM,QN) < jgp(ha,g), where by = Z (h),z* € Py (C;V) and g € Py (C) with Z |(9)
a=0
Using formula (5.4), we find
1/2 5 1/2
2
ieottan) = (ST, ) = (10, )
B 1/2 B 2 1/2
5. 1
(i) 0. a
a=M+1 ’ T JoB(0.p) || asnr i1 Vo
L E 4 2 1/2
_ / S (), (0| o] (6.6)
0 a=M-+1 V,w
We bound the term HZS:MJA (h)  (pe®™i®)e _ follows:
E
(h)a(pe%rw)a / - 27ri9)ad§
[e7 zl\/f: V,w a%+1 2mi 0B(0,R) g +1 V,w
27Tzw )
_ Z / R; e27r16')adw < / ||h 27ruu dw
Re wzw a V,w
a=M+1 V,w a= M+1
-M
1-(4)" (p)M+1
=Rk (L sup h(z . 6.7
()T e Gl (6.7
Using the estimate (6.7) inside (6.6), we have
E—M
) 1—(& p\M+1
Jep(ha, g) < fl%i)p (E sup  [[h(2)]ly,, -
-5 2€8B(0,R)
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Hence, thanks to (6.5), we conclude

(™) sup [|h(=)ly,, sup lg() = (& (6.8)

e <
3 — P 5
allVw 1—5  .coB(o,R) 2€0B(0,p) P

Putting together the bounds (6.4) and (6.8) we have obtained for | (HM(Z))ava in the cases 0 < a < F
and a > F, respectively, we get

HHM(Z)HVMSQ sup  [|h(2)ly,,, sup |g(2) <)M+1Z<Z|>

2€0B(0,R) z€0B(0,p)
|21\ *
+ sup QN (2)h(z ( , 6.9
zeaB(o,R)H (A )Hv’w; R (6.9)

17(£)E7]W
with ¢; = —5=7——. Observe that

and, using |z| < p,

S-S E G -0 s g

a>FE

Therefore, the bound (6.9) gives

B (E)E—i_l p M+1
HJW < 4 ) h ] P
[HY (2], < - edp 1)l S lg(2)| (R)
N p E+1
" ﬁ coB(0.R) l@" @ v (E) ' (6.10)

We bound now the three quantities sup.copo,,)|9(2); sup.con.r) [IM(2)|ly,, and sup.copo,r)

|QY ()]l - Since
N 1/2 , § N 1/2
s(zug)af) (zw) :(zw) |

a=0 a=0 =

N oo Y p2(NHD) 1/2
sup  |g(z)] < sup | DIzl ZPQ’I — ) =d. (6.11)

2€0B(0,p) 2€0B(0,p)

1/2

then

a=0
In the same way,
RQ(NJrl
sup |g(z)| < ( ) = 6.12
e s (o g (612)
h(z)
In order to bound sup.csp(o,r) [11(2)lly,,, We recall that 7(z) = e and thus
; 9(z
sup  [|h(2)lly,, = sup [g(2)] sup ([T (2)lly,, < sup ([T (2)lly,, - (6.13)

2€8B(0,R) ’ 2€8B(0,R) 2€8B(0,R) 2€9B(0,R)
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Proceeding as in (6.11), we obtain that

1 — RAN+1)N\ /2
sup QN (2)] < <) =c 6.14
2€8B(0,R) ") 1—R? ? (6.14)
Finally,
sup QY (2)h(2)|y,, £ swp [QV(x)] sup [h(2)lly Se2ef sup (I T(2)]ly,, - (6.15)
2€0B(0,R) ’ 2€0B(0,R) 2€0B(0,R) 2€8B(0,R)
Thus, using (6.13), (6.11) and (6.15) inside (6.10), we conclude
) B
1-— (i) 1 E—-M M+1

oM < |c 4 c (%) T (%) 6.16
1Y @y, < |12 ERR Y o TG () (6.16)

with Cy = ¢1 ¢} ¢/ and Cy = ¢o ¢f. The upper bound (6.2) follows from (6.16).

Proof of the limit (6.3).
Let A C B(0, R) be compact, and let ps be the Hausdorff distance between {0} and A, i.e., p4 := dist(0, A) =
max,c4 |z|. In the case pa < p, the limit (6.3) follows by (6.9) observing that

S (e e (- L

a=0 p a=0 p

ERW paN® _ 1 rpayEH!
S(R) =X B =itm () (617)
a>FE a>F

On the other hand, if p4 > p, the limit (6.3) follows by (6.9) when using (6.17) and observing that

WS WS -GS ()

and

a=0
M+1 n
_ (pi)bf+1 i <p>
R n=Mt1-B \PA
B —1 n M+1 n
(pA)M“ S (p) <p> ]
R ln=mt1-5 \PA n=0 \PA
rE—M—1 n M+l n
(PA>M+1 3 (PA) ( p ) 1
_(ra ZRT S
R L n=1 p n=0 pPA
[E—M-—1 n
M1 1 s
)R (5) g e
L n=1 p - pa

since E — M = N + §, and thus is independent of M by assumption, and ’%‘ < 1. Finally, the case p = pgu
follows easily:

B 5 6) <R 5 (5) —Ern (@ =

p a=0

since, by assumption, (E+ 1) = (M + 1) + N + ¢, with N + ¢ independent of M. O
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In the next theorem, we prove the convergence of a Padé approximant uniformly on all compact subsets of
B(0,R) \ G, where G is the set of all the N roots of the polynomial g(z).

Theorem 6.2. Let G := {z € C : g(z) = 0} be the set containing the roots of g(z), and assume that G C
B(0,R), and h(z) # 0 Vz € G. Let Tjpr/n) be as in Definition 5.3. Then,
Jm [T ) - TGy, =0 (6.18)
uniformly on all compact subsets of B(0, R) \ G.
In particular, for any compact subset A C B(0,p) \ G there exists M* such that, for all M > M* it holds

)MH (6.19)

p
[Ta01(2) = Ty, <€ sup TGl (5
2€0B(0,R)
where the constant C > 0 depends on pa = dist(0,A) (pa < p by assumption), p, R, N and ga, with ga =
min,eca |g(2)|, but is independent of M (if pa — p, C = O(M)).
Proof. The proof of Theorem 6.2 is the generalization of the proof of Theorem 3.1 in [14].

Let (PM,QN) € (Py; (C; V), Py (C)) be as in Lemma 6.1. Observe that both P™ and Q" depend on M. To
emphasize this dependence, along this proof we denote QY as Q1. The proof is based on two steps. We first
prove that the sequence of Padé denominators {Qﬁ[,{} a7 converges to the polynomial g uniformly on all compact
subsets of C. Then we prove the error bound (6.19).

Convergence of the Padé denominator. The sequence {Q%;}s is bounded in the finite dimensional space
Py (C) endowed with the norm ||P| = (Zg:o |P.|*)}/2, since, by construction, |QY|| = 1 for all M.
Consider now an arbitrary subsequence {Qﬁj} M, which converges to a polynomial @ € Py (C), i.e.,

o, -] ==
J

2%, 0. The convergence in the norm ||| implies the uniform convergence on all compact
subsets of C. Indeed, for any compact subset A C C, it holds

N

Z(Qﬁin)aza
a=0
) /2 , N 1/2 N
) (Z |z|2“> = @, - @] max (Z |>
=0

— Q)(2)| = max |2

7 zEA

N
Sgleaj(;)’(Qﬁj -Q).

N
max
z€EA ’ (QM

1/2

z€A

N
< max (Z ‘(QJA\L -Q),
a=0

Mj;—o00

Therefore, Qf\\}j - QH Mizoe, 0 implies max,¢ 4 ‘(Q%j — Q)(z)‘ = 0.

We prove that Q = g. Fix 29 € G. Using formula (6.1), we have
HMi (20) := Q1y,(20)T (20)9(20) — P (20)9(20) = Q3 (20)h(20)-

Thanks to Lemma 6.1, limas; oo HHMJ' (Z())va = 0. Hence,
0= i (155 ol = fim @8 Golh

= Jim|QN, (z0)| I(z0)lly,., = 1QCz0)| 1A(z0) Iy, -

Since, by assumption, h(zg) # 0, then Q(zo9) = 0. This is true for any zo € G; therefore @ € Py (C) has the
same N roots as g, and thus Q = g.

We have proved that any convergent subsequence of {QY;}r converges to g in the ||| norm and thus
uniformly in all compact subsets of C. It follows that {Q4}}}s itself converges to g in the ||| norm and thus
uniformly in all compact subsets of C.
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Error bound. Let A C B(0, p) \ G be compact, and define

g4 :=min|g(z)]. (6.20)

Since the sequence {Q%}}a converges to g uniformly on all compact subsets of C, there exists M,, such
that, for all M > M,,, sup,c4 |(Q}; — 9)(2)| < %. Then, for any z € A, it holds

19(2)] < |g(2) — QN ()| + QN (2)] < 2 + |QN(2)
which implies
QN )| = lg()| - % > 2 (6.21)

For any fixed z € A, it holds

17 (2) = Tinaywy (2) ]y

1
- H(Q%mz) R el BT QM 3 lebe) )—PM<z>||V,w
1 1
‘QM | |g )] H(QM T(2 )*PM(Z)) g(z)HV,w |QM | |g )] H )HV,w
— W ||HM(Z)HV,w
( )EJrl E+1
(6.16) 2 M+1 1 |Z|) +
< oy - (%) + O (R T

Let pa = dist(0, A), so that |z| < pa. Since, by assumption, pg < p < R, we obtain

||V,w

|7 (2) = Tingyni (2)
r )E+l

1—(&
2 B p\M+1 1 pa\ E+L
e e ]
(ga) |1 122 R 12 \ R ZEOB(PO7R)|| (2)]

V,aw

pPA Etl
1— (22 _
2 (p) 1 pa\E-M p\M+1
< C + Csy (—) sup T(2)|ly (—)
(ga)? |1 1- b 1- \R 2€0B(0,R) 17y, R

_(PAYE+1
Hence, inequality (6.19) follows with C' = 25 [Cy - 5_; + Co = (B2)F7M], O
P R

] ) T M
Note that, given a compact subset A C B(0, p)\G, the rate of convergence of a Padé approximation is ( Z +1

with pa < p < R. Therefore, it is convenient to take p as small as possible, provided that A C B(0,p) \ G is
satisfied; see Figure 2.

7. PADE APPROXIMATION OF THE HELMHOLTZ EQUATION WITH PARAMETRIC
WAVENUMBER

In this section, we detail the results obtained in Section 6 for the Helmholtz solution map S defined in (3.1).
In Section 4 we have shown that S is meromorphic and the set A of eigenvalues of the Laplace problem with
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2.5
(0, p)

2+ o © 4

1.5} -=-A

1t . <o

05} frorg A
0f i &=l
051} q_._._,:._.°_.‘ ..... =
-1r S >
-1.5+ \ °
ol
2504

FIGURE 2. Five poles of a meromorphic mapping 7 are represented (small circles). The disk
B(0, R) (solid line) contains exactly three poles of 7. We consider a Padé approximant 7},
with V = 3. We are interested in approximating the map 7 inside the compact subset A.
Hence, we take p = pa + ¢, with 0 < € < 1, and we construct the disk B(0, p) (dashed line).
p )]\/[—‘rl

The rate of approximation of the Padé approximant is (f

B ; see Theorem 6.2.

the considered boundary conditions coincide with the set of poles of S. Specifically, each (single or multiple)
eigenvalue A € A is a pole of order one of S.
Let K = [k2, ,k2,.] C RT be the frequency interval of interest, and zg € C\ A. To fix the ideas, we take

min’ "Ymax
2 2
zo = k‘“LQk‘“X + 04, with 0 € R arbitrary. Set p = px + ¢, with 0 < ¢ < 1 and pg the Hausdorff distance

between {zy} and K, i.e., px = dist(z0, K) = max.cx |20 — 2|. Moreover, let N € N be fixed, M > N and
E> M + N, with M, E € N. Denote with Sjps/n) := % a Padé approximant of the solution map S centered
in zg, where P[M] € Py (C;V) and Q[N] € Py (C).

Let R € RT be such that B(zg, R) contains exactly N poles of S, A\p11, ..., Ay, and such that

min < inf |z — /\|> > g,
AeA\G \ z€B(z0,R)

where G = {A¢41, ..., Aern - We depict in Figure 3 a particular situation as an example (N = 4 left and N =5
right).

Since S is meromorphic in B(zg, R), we can write S as the ratio between a holomorphic map h : B(z9, R) — V
and a polynomial g of degree N, with h(z) # 0 for every z such that g(z) = 0. Notice that g(z) = 0 if and only
if ze@.

In Theorem 6.2, we have proved that, as M increases, the normalized sequence {Qqn7} s converges uniformly

on all compact sets of C to a polynomial Q(z) = Zgzo (Q)a(z — 20)* € Py (C), with Zgzo }(Q)a|2 = 1.
Moreover, from the proof of Theorem 6.2, we have that @Q = g. It follows that the N roots of ) coincide with
the set G.

Note that, in general, K N A C G, i.e., not all the eigenvalues we are approximating belong to the interval of
interest.

Theorem 6.2 gives an upper bound on the weighted H'(D)-norm Iy of S(2) = Sparyn(2) for any = €
B(zo, R). In this section, we choose the weight w = y/Re (29) and deduce the following corollary.

Corollary 7.1. Given a > 0 small enough, introduce the open subset K, C K

Ko= |J A\=a,A+a) (7.1)
AEANK
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N=4 N=5

8r 8 T g
6 /’/‘ ”___~\\ \\\ 6 /,, ”___~\\ \\\
4+ // . l)/\'\\ \\ 4r /I . /):A\ \‘\‘

! II /, ) A ! II /, by
2+t ! /"R _’_f\-‘ \ 2L h , R_,_A‘ \

i 7z s v i ! 7 1
0 i |' (e Voo 0 i : (1 ' i

1 \ 2 ' 2\ 2 1

)\f km}n )\2 )\3 /\4 A II kmﬁ!\x )\6 ‘-)\1 km}n )\2 )\3 /\4 /\5 II I(max' 6
2 N ’ / 2 \ A ’
N\ \\ s 4 \\ \\ ’ 7
_4 L \, ~ s ’ 4 _4 L \ ~ ’ ‘ I'
S Y- ya . St y
N s \, s
] -6t N\, N . s
-8 L -8 L e e et
0 5 10 15 20 0 5 10 15 20
2 2 .
FIGURE 3. Let K = [k2.,k2,.] = [4,15] be the interval of interest, and zy = “minthmax 4 1 e
min’ Ymax s ; ) P

the center of the Padé approximation. The disk B(z, p) (dashed line) contains K. Given N = 4
(N = 5, respectively), the radius R in the picture on the left (on the right, respectively) is chosen

such that B(zp, R) contains exactly four eigenvalues, i.e., A2, A3, Ay, A5 (five eigenvalues, i.e.,
A1, A2, A3, A4, A5, respectively), and the distance to the first neglected one is > €.

Moreover, let N € N be fized, and let R € RY be such that the disk B(zq, R) contains exactly N poles of S. Then
there exists M* € N such that, for any M > M* and for any z € K \ K, it holds

1/ p\ M+
[$() = SEuimlly, ey <05 (5) (7:2)

where px < p < R, and the constant C' > 0 depends on pr, p, R, N, gk o = min.cx\k, 19(2)], 20, Amin =
min{A € A}, and |[f| ;2(p)-

Proof. Theorem 6.2 applied to the solution map S states that there exists M* such that, for all M > M* and
any z € K \ K, it holds

p M+1
[Si1702) =Sy ey <€ _swe 18y, ey ()

2€0B(z0,R

; (7.3)

where R > p > pg, and C’ depends on pg, p, R, N, and gg . Given Apin, = min{\ € A}, Theorem 3.1 states
that

|2 — Amin| + 2Re (20)
sup  (IS(2)lly, | ey S sup <\/ " 112Dy

z€0B(z0,R) z€0B(z0,R)

QIr

1/2
= ( sup |2 — Amin| + 2Re (Zo)> 1Nl 22Dy
ZG@B(Z(),R)

1/2
1
< - ( sup (|2 = 20[ + [20 — Amin|) + 2Re (Zo)> 11l 2oy
&\ 2€8B(z0,R)

\/R + ‘Zo — )\min| + 2Re (Z())
- - 11500

so that we conclude (7.2) with C = C’'\/R + |20 — Amin| + 2Re (20) 1l z2(py- O
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real part

imaginary part

3t 0.8 3 0.8
2.5 0.6 25 0.6
0.4 0.4
27 02 2 0.2
1.5}F 0 15} 0
0.2 -0.2
1F 0.4 1 0.4
0.6 0.6
0.5 0.5
-0.8 -0.8
0 0
0 0.5 1 1.5 2 2.5 3 0 0.5 1 1.5 2 2.5 3

FIGURE 4. Real part (left) and imaginary part (right) of u(x) = 8 zi25(z) —7) (2o — m)ed>
with v =7 and d = (cos(7/6),sin(7/6)).

Remark 7.2. Note that, for R large enough, the disk B(zo, R) may contain complex numbers z with Re (z) < 0.
Since the result of Theorem 3.1 is valid also for wavenumbers with negative real part, the bound (7.2) holds
true with no additional restrictions.

8. NUMERICAL RESULTS

We present here some numerical results aimed at verifying the error estimates of the Padé approximation for
the solution map S proved in Theorem 7.1. As the focus of the present paper is on the approximation properties,
we omit the algorithmical details of the Padé approximation construction.

Consider the two-dimensional domain D = (0,7) x (0,7). Let > € Rt \ A and d = (dy,d2) € R? be
fixed. We set u(x) = v(x)w(x), where v(x) = e~®9* the plane wave traveling along the direction d with

wavenumber v%, and w(x) = 2%z, 25(x1 — 7) (22 — 7), a bubble function vanishing on 0D (see Fig. 4). We define

f(x) = —Au(x) — v2u(x), i.e.,

16 _.
f(x) = f(z1,22) = —46_“’d'x [2il/d1 (2x1x§ — 2mx Ty — X2 + 7T2$2)
0

+ 2ivds (293%362 — WI% — 2mx1T9 + 7r2x1)

— (223 — 2m@y2 + 223 — 272y) |) (8.1)

In the following tests, we consider the Helmholtz problem (3.2) in D with homogeneous Dirichlet boundary
conditions on 4D, and loading term (8.1) with d = (cos(w/6),sin(r/6)) and v* = 12.

In the first test, we choose as frequency interval of interest K = [k2, ,k2..] = [7,11], which contains two
eigenvalues of the Laplace problem with the considered boundary conditions: A = 8 (multiplicity one), and
A = 10 (multiplicity two), i.e., two simple poles of the solution map S.

Given N equal to the number of eigenvalues in K, i.e., N = 2, we construct a Padé approximation
Sivyny(2) =: up(z,-) centered in zp = 10 + 0.5i. We partition the interval of interest K uniformly into
100 subintervals. At each point z of the mesh, the numerical solution wup(z,:) € H}(D) of the Helmholtz
problem is computed wvia the P? continuous finite element method (FEM), and its weighted H!(D)-norm

|un (2, )”V\/W is calculated. In Figure 5 the norm |lup(z, )”V\/m (dashed line) is compared with the
norm [lupn(z, )|, JReGo) (solid line), up (2, ) being a Padé approximation with denominator of degree N = 2
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Fi1GURE 5. Comparison between ”uh(z")Hv\/M (dashed line) and ”quh(Z")Hv\/m

(solid line), where up(z,-) is the numerical solution to the considered Helmholtz problem
computed via the P? continuous FEM, and upy(z,-) is a Padé approximant of u centered
in zp = 10 + 0.54, evaluated in z € K = [7,11], and of degrees N = 2 (denominator), and
M=2(a), M=4 (b) and M =6 (c).

and numerator of degree M = 2 (Fig. 5a), M = 4 (Fig. 5b) and M = 6 (Fig. 5c¢). As M increases, the Padé

approximation becomes more accurate.

For the second test, we consider the interval of interest K = [k2, ,k2..] = [14,19], which contains two
eigenvalues of the Laplace problem with the considered boundary conditions: A = 17 (multiplicity two),
and A = 18 (multiplicity one). Again with N = 2, we construct the Padé approximation upy(z,-) cen-

tered in zg = 16.5 4+ 0.5¢. In Figure 6, we plot the error ||up(z,-) —Up’h(Zf)HV\/m as a function of

the degree of the Padé numerator M, where wup(z,-) is the solution of the Helmholtz problem computed
via the P? continuous FEM, and 2z = 17.5 (z = 14) in Figure 6, left (right, respectively). The error (solid
line) is compared with the predicted convergence rate (%)M+1 (dashed line) proved in Corollary 7.1. Here,
p = |z— 2| and R > 0 is such that the disk B(zp, R) contains exactly N = 2 poles of the solution map
S. Specifically, p = [16.5 + 0.5 — 17.5| and R = [16.5+ 0.5¢ — 20| = [16.5 + 0.5¢ — 13| in Figure 6, left, and

p = [16.5+0.5i — 14| and R = |16.5+0.5i —20| = [16.5+0.5i — 13| in Figure 6, right. Note that A\ = 13
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N=2,2,=16.5+0.5i, 2=17.5
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- - bound

FI1GURE 6. Comparison between the computed error |Jup(z,-) — upp(z, )va (solid line)

and the predicted slope of convergence (%)MH (dashed line) proved in Corollary 7.1. Here
K = [14,19], and zg = 16.5 + 0.5i. Moreover, p = [16.5 4 0.5i — 17.5] (p = |16.5 4 0.5¢ — 14|,
respectively) and R = |16.5 + 0.5¢ — 20| = |16.5 + 0.5¢ — 13| in the left (right, respectively)
picture.

N=2, zo=15+i, z=14

N=2,7 =15+, 2=17.5

1
10 T T 10 T T
—e—llun — Pade(un)lly, /oy —o—llun — Pade(un)lly, /oy
- - bound - - bound
100 L
10—1 L
-2 8
10 10
0 5 10 15 20 0 5 10 15 20
M M

FI1GURE 7. Comparison between the computed error ||up(z,) — upp(z, )HV\/M (solid line)

and the predicted slope of convergence (%)M—H (dashed line) proved in Corollary 7.1. Here
K =[12.5,17.5], and z¢p = 15+ . Moreover, p = |15 + i — 17.5| (p = |15 4 ¢ — 14|, respectively)
and R = |15+ — 18| in left (right, respectively) picture.

and A = 20 are the closest eigenvalues of the considered Laplace problem outside the interval of interest. The
predicted slope of convergence (%)M *1 is then numerically confirmed.

The same quantities are represented in Figure 7, where the interval of interest is K = [12.5, 17.5], the center of
the Padé approximation is zg = 1544, p = |15+ ¢ — 17.5] and R = |15 + ¢ — 18| in Figure 7, left, p = |15 + i — 14|
and R = |15+ 4 — 18| in Figure 7, right.

Remark 8.1. Let z € K \ K, be a fixed wavenumber. According to the theoretical results in Section 5, the
Padé approximant Sjpz/n in 2 is defined through the minimization of the functional jg , (formula (5.4)) with
the choice p = |z9 — z|, 20 being the center of the Padé approximation. Corollary 7.1 states then that the slope of

convergence of the Padé approximation error HS(z) — SN (Z)HV\/m is (L};ﬂ)M—H. On the other hand,
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F1GURE 8. Computed error ||up(z, ) — up,n (2, -)va, where up (2, -) is the Padé approx-

imant centered in zg = 16.5 4 0.5¢ with denominator degrees N =1, 2, 4.

the numerical experiments we have run show that, even with the choice p = px in the construction of the
functional jg ,, the same slope (%)M F1 of the Padé error is observed.

In the last test, we take again K = [14,19] and compare the error |up(z,-) — uRh(Z,')”V\/m, where

upp(z,-) is the Padé approximant centered in zp = 16.5 + 0.5¢ with denominator degrees N =1, 2, 4. As N
increases, similar accuracy is reached with a smaller degree of the Padé numerator M; see Figure 8.

9. CONCLUSIONS

In the present paper, we have considered Hilbert space-valued rational Padé approximations of the Helmholtz
solution map S which associates with a given wavenumber the corresponding Helmholtz solution. We have
focused on Padé expansions in the least squares sense around a single complex frequency (single-point Padé
expansion) close to a (real) frequency interval of interest.

For meromorphic Hilbert space-valued univariate maps, a uniform convergence result, on any compact subset
of the interval of interest that excludes any pole, has been proved for the Padé approximation error. Error
estimates have been derived in a funcional space norm. Numerical results for a two-dimensional problem confirm
the theoretical upper bound on the Padé approximation error for the Helmholtz solution map.

The description of the algorithmic aspects of the least squares Padé expansion will be carried out in a
forthcoming paper, where we will also apply it to the stochastic Helmholtz problem, i.e., the Helmholtz problem
where the wavenumber is modeled as a random variable. We are currently investigating the extension of the
methodology and of its convergence analysis to the case of multi-point Padé expansions, where moments are
identified at multiple frequencies.

The proposed least squares Padé approximant delivers an approximation of the solution map S(z) in the

linear space spanned by {S(zo), %(zo), ol i—g(zo)}. As such, the error estimate derived in this paper provides
an upper bound of the Kolmogorov n-width for the solution map of the Helmholtz problem and can therefore

be useful also to analyze the convergence of a reduced basis method (see e.g. [5,7,21]).
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