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Abstract—This paper presents a non-optimization-based frame-
work for path planning and tracking for evasive maneuvers in
autonomous cars. The framework exploits a two-layer approach
where a path planner generates a reference trajectory that is then
tracked by a path tracking controller. A nested curvature preview
controller implements path tracking. In the paper, we show how
to describe the closed-loop performance of the controller. The
quantification of the closed-loop performance in the frequency
domain guides the generation of the evasive path. In this way,
the algorithm generates a path that avoids the obstacle (if
possible) accounting for both static and dynamic constraints. The
proposed framework thus provides a non-optimization-based way
to integrate the characteristics of the path tracker in the path
planner algorithm, thus avoiding the need to define cost functions
and use third party optimizers. The paper validates the proposed
evasive maneuver strategy in simulation and on an instrumented
vehicle. First, we test the trajectory tracker, showing that it tracks
aggressive trajectories (with lateral acceleration close to 1 g) with
an error smaller than 30 cm. Subsequently, we integrate the
curvature preview with the path generator and show the joint
generation-tracking performance in two different scenarios.

I. INTRODUCTION

Autonomous driving (declined in its several levels [1]) is one

of the main drivers of automotive research. The advantages

of autonomous driving encompass many aspects of mobility:

traffic [2], [3], pollution [4] and safety [5], [6].

From the control point of view, most autonomous driving

systems ( [7], [8]) are organized around two main control

subsystems1 as shown in Figure 1: path planning and path

tracking [9], [10].

Fig. 1. Functional block diagram of an autonomous vehicle guidance system.
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1on top of these control modules, an autonomous driving system requires
advanced sensing, localization and communication systems which are out of
the scope of this contribution

The outer-most controller, relying on maps, vision and other

environment sensors, generates a reference path to safely

navigate the environment.

The inner-most controller, the path tracking controller, as-

sumes that a reference trajectory is available and acts on

the vehicle actuators (steering, throttle, and braking) to track

the reference path. This task clearly falls within the classical

closed-loop control framework: sensor fusion algorithms es-

timate the position of the vehicle with respect to the desired

track and the controller computes the control action to track

the path. The path tracking task can be further organized in

a longitudinal controller (i.e. reference speed tracking) and

lateral controller (i.e. reference path tracking).

The literature on the subject is vast and rapidly growing. The

contributions on path-tracking are classifiable along three main

axes: driving scenarios, actuation configuration, and control

methodology.

Driving Scenarios. Researchers first dealt with low speed

driving and highway driving [11] to then move to high speed

and aggressive driving [12], [13] as the field matured. The

latest trend is now autonomous racing [14], [15]. Autonomous

racing may seem fanciful, but the ability to track a path that

requires to operate the vehicle close to its handling limits is

paramount in every day driving. Even in Level-3 autonomous

systems, the vehicle has to be capable of avoiding a sudden

obstacle.

Actuation Configuration. Most works consider the two path

tracking subsystems of Figure 1 as independent; a steer-by-

wire system tracks the desired path, while powertrain control

follows the desired speed. Recently, coordinated control has

been introduced [16]–[18]. Coordinated control allows the

vehicle to reach its physical limits at the cost of needing an

accurate model of the vehicle (especially the tyre characteris-

tics).

Control Methodology. The open scientific literature has ap-

plied a great variety of control paradigms; the most successful

ones include sliding mode control [19], non-linear control [20],

[21], potential field control [22]–[24], Model Predictive Con-

trol [9], [25], [26], and Optimal Preview Control [27], [28].

While a standard benchmark to compare different methods

does not exist, the literature agrees on one important point:

accurate path tracking requires a look-ahead (or preview).

The path-tracking subsystem is a closed-loop control system

and as such it has limitations. Static, or steady-state, cor-

nering limitations mainly depend on friction conditions. The

maximum velocity at which a vehicle can negotiate a corner
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depends on the road-tyre friction. Dynamic limitations are

more difficult to characterize and depend on many factors, for

example actuator bandwidth, vehicle yaw moment of inertia,

and load transfer dynamics.

Also the path generation subsystem is a rich research field with

many important contributions by many scientific communities

(artificial intelligence, computer science and systems and

control). An effective path generation calls for the solution

of two tasks: mapping and obstacle detection, and trajectory

generation.

Mapping and Obstacle Detection. Several sensors can pro-

vide useful information for the representation of the surround-

ing space like LiDARs, [29], stereo cameras [30] and sonars.

The measured data are then used to generate occupancy grids

on a discretized space and calculate collision free waypoints.

Other interesting approaches use the Artificial Potential Field

method [31] that associates repulsive potential fields to obsta-

cles and attractive ones to the goals.

Trajectory Generation. Once the traversable regions are

identified, the desired path needs to be computed. Different

algorithms exist. Common methods rely on graph search-

based algorithms such as A∗ [32] or random sampling-based

methods like RRT [33]. While effective in finding the shortest

path and guaranteeing a safe distance from known obstacles,

graph based solutions cannot account for dynamic constraints.

Dynamic optimization techniques can successfully handle

complex scenarios taking into account kinematic or dynamic

vehicle models as well as other dynamic cost function such

as comfort [34]. Among the methods used for optimization,

dynamic programming is particularly appreciated because it

can deal with non convex problems [35]. This flexibility comes

at the cost of a high computational cost that limits the applica-

bility to heavily simplified models. Other approaches lighten

the computational burden by limiting the search to curves

belonging to specific classes of functions like polynomials

[36], splines [37], [38] and clothoids [39] or by using a

windowed optimization approach [40].

Many works in autonomous vehicles employ the above cited

path generation techniques considering only the static limits

of maximum lateral acceleration and kinematic constraints.

This is effective and efficient for normal driving, but it

is risky in emergency situations. A kinematically feasible

trajectory (even if it accounts for tyre nonlinearities) may

not be dynamically trackable by the path tracker. This may

result in a collision, because the path tracking controller

is not capable of tracking the desired trajectory. The most

common solution to this issue is one-level Model Predictive

Control (MPC) [41]; for example [42] implements a single

module that takes care of both stabilization and obstacle

avoidance on low curvature roads. Funke [43] develops the

idea of mediating between stabilization, collision avoidance

and path tracking. [44] shows how to compute a dynamically

feasible obstacle avoidance maneuver, but are not able to

solve the resulting nonlinear optimization problem in real

time and [45] propose a lane change maneuver in a highway

setting, the approach is not experimentally validated. More

recently, thanks to the development of optimization toolboxes,

researchers have successfully experimentally validated one-

level MPC [46]. Despite these results, there is still an interest

in looking into two-layer non-optimization-based techniques

as they offer some interesting complementary features; for

example, a two-layer algorithm may be easier to integrate in

some overall software architectures. Non-optimization-based

techniques avoid the issue of cost function weights selection, a

challenge often underplayed in MPC literature [47]. Avoiding

the use of optimization tools allows the practitioners to more

intimately understand the behavior of the system and thus

simplifying the functional safety analysis that is required in

automotive applications.

The objective of this paper is to generate dynamically safe

trajectories with a two-layer non-optimization-based approach.

We focus on emergency maneuvers intended as an aggressive

action to avoid an unexpected or belatedly detected obstacle.

Our approach explicitly incorporates dynamic constraints in

the path generation step. We first design a path-tracking

controller based on the curvature preview idea and then we

design a path generation method that, as the cited method

above, restricts the search to a class of functions with the added

advantage of considering the bandwidth limitations of the path

tracking controller in the search. This feature is not considered

in other literature methods. Our focus is on lateral control.

We recognize that this choice prevents the full exploitation

of the vehicle capability; but it comes with the advantage

of not requiring an accurate knowledge of the tyre combined

slip characteristic that joint lateral and longitudinal controllers

require. In summary, our approach has several contributions:

• It is based on an inner path tracking controller whose

tracking performance can be expressed in linear terms

as a closed-loop bandwidth. To the best of the authors’

knowledge, this path tracking controller is new in the

literature.

• The path generation accounts for both kinematic and

dynamic limitations, generating paths that are trackable

by the path tracking system.

• It does not require any recursive optimization. It thus

avoids the lengthy and ofter empirical tuning of cost

function weights and it does not rely of third parties

numerical optimization which may be difficult to use and

may behave unpredictably when convergence issues arise.

• It maintains the standard dual (generation - tracking)

architecture and it is therefore more easily integrated in

some autonomous vehicle software architectures.

In the paper, Section II illustrates the inner path tracking

control, called curvature preview control. Section III discusses

the generation of the reference path. Section IV discusses the

final extensive experimental validation. Section VI draws the

final conclusions.

II. CURVATURE PREVIEW CONTROLLER

We design a model-based trajectory tracking controller. In this

phase, we assume that a reference trajectory is available.



Fig. 2. Lateral error and variable definition.

A. Lateral dynamics model

The vehicle lateral dynamics are described by the classical

single-track model represented in Figure 2. Assuming a path

radius larger than the wheelbase, slowly-varying longitudinal

speed and linear tire characteristics, the model results in the

following state-space equations:

β̇ = −
Cf + Cr

Mv
β +

(

Crlr − Cf lf
Mv2

− 1

)

r +
Cf

Mv
δw

ṙ =
Crlr − Cf lf

Jz
β −

Cf l
2
f + Crl

2
r

Jzv
r +

Cf lf
Jz

δw

(1)

where v is the velocity, r is the yaw rate, β is the side slip

angle and δw is the steering angle at the wheels, Cr,f are the

cornering stiffnesses, Jz the yaw inertia, lf,r are the distances

between the center of gravity and the axles, M is the mass of

the vehicle.

The lateral dynamics model (1) is augmented to describe

the evolution of the vehicle position, ecg with respect to

the reference path. This is well characterized by introducing

the reference path curvature ρt. Assuming a small angular

difference between the vehicle heading and the track yaw, the

rate of change of the lateral error is

ėcg = v(β +∆ψ) (2)

with

∆ψ̇ = r − ρtv. (3)

Equation (4), in the next page, describes the overall model.

In addition to the vehicle lateral dynamics, we also consider

the steering actuator dynamics, described by an underdamped

second order linear system:

Gsteer(s) =
ω2
steer

s2 + 2ξsteerωsteers+ ω2
steer

e−Tacts (5)

where ωsteer = 2π4.1, ξsteer = 0.203 and Tact = 0.06 are

experimentally identified [48]. The transfer function describes

the dynamics between the desired wheel steering angle δ and

the actuated wheel steering angle δw.

The system is a Multiple Inputs Multiple Outputs (MIMO)

system; the inputs are the controllable steering angle and the

known reference curvature (computed at the nearest point on

the reference path); while the outputs are the yaw rate and

the error at the Center of Gravity (CoG). The vehicle speed v
appears as a parameter.

We are referring to a linearized model; we will illustrate that,

thanks to the joint closed-loop performance parametrization

and feasible reference generation, the controller shows good

performance also when performing very aggressive maneu-

vers, that leads to high side slip angles.

B. Lateral dynamics controller

It is well known that integrating a look ahead (or preview)

of the reference path into the controller greatly improves its

path tracking accuracy. The tuning of the look-ahead distance

is often complex and the best tuning (the tracking error

optimizer) depends on the type of trajectory. Starting from

this fact, we design a controller based on two loops: a higher

bandwidth yaw rate loop and a lower bandwidth position error

loop. The preview information is only used in the yaw-rate

loop. Figure 3 describes the main constituents of the controller.

Despite being inspired by a nested loop rationale, the two

controllers (Rr and Recg ) are not decoupled in frequency

and cannot be designed independently. An important element

of this control strategy is the filter Fρ that determines the

reference yaw rate; its role will be explained below. We

propose a sequential design approach, wherein we first focus

on the yaw rate controller; and subsequently, based on the

closed-loop dynamics, we design the yaw rate reference filter

Fρ and the position control loop.

1) Yaw Rate Control: Let us initially assume Fρ = 1; under

this assumption, the reference yaw rate is the product between

the path curvature and the longitudinal speed: rref (t) =
ρt(t)v. The yaw rate controller is designed using standard

loop-shaping applied to the linearized Single Input Single

Output (SISO) system. In the design, one should consider the

following specifications: a) the controller should guarantee a

null steady state error in response to a step reference, and

b) the closed-loop bandwidth should be as large as possible,

considering that the steering actuator limits the achievable

bandwidth.

Figure 4 plots the two transfer functions that contribute to the

lateral error ecg. The closed-loop transfer function from the

reference path curvature ρt to the lateral error (considering

only Rr(s) in the scheme of Figure 3) and the open-loop

transfer function from the reference path curvature ρt to

the lateral error ecg, through Gρ: a double integrator with

a gain of v2. In the magnitude plot, the solid lines are

the closed-loop transfer functions for different tunings; the

dashed line represents the open-loop reference path curvature

to error transfer function. Note that as the controller bandwidth

increases, the closed-loop transfer functions magnitude get

closer to the Gρ. CallingGCL
ρ the closed-loop transfer function

from ρt to ecg considering only the Rr(s) loop, the total lateral

error dynamics is:

ecg = GCL
ρ (s)ρt −Gρ(s)ρt. (6)

Perfect path tracking is reached when GCL
ρ (s) = Gρ(s).
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Fig. 3. Curvature Preview Controller architecture.

Fig. 4. Closed-loop transfer function from the reference curvature to the
lateral error for several yaw rate controller tunings at 90 km/h. The dashed
line in the magnitude plot is a double integrator representing the transfer
function from the reference curvature to the lateral error. The dotted line in
the phase plot represents the phase of a pure delay that approximates the
closed-loop phase shift.

If one considers maneuvers that excite the later dynamics up

to the frequency where the two transfer functions magnitudes

are similar, then one expects to have a perfect tracking of the

shape of the reference trajectory but phase shifted. As a matter

of fact, note from Figure 4 that, in the same frequencies, the

phase of GCL
ρ is well approximated by a pure delay (the dotted

curve in the phase diagram). This means that, if the reference

trajectory is band limited, the lateral position of the vehicle

during the maneuver will be very similar to the reference but

time-shifted.

The designs proposed in Figure 4 show that, with the consid-

ered setup, it is possible to obtain a GCL
ρ (s) with a magnitude

very close to Gρ up to around 1 Hz, while the phase starts to

decrease at frequencies lower than 1 Hz. In the following, we

use road preview to improve the path tracking performance.

2) Yaw Rate Reference Filtering: The filter Fρ(s) exploits

the availability of a preview of the trajectory to compensate

the phase distortion introduced by the yaw-rate closed-loop

control. In principle, by inverting the closed-loop dynamics,

one could achieve a perfect tracking of the reference. This

solution is not implementable because the inversion yields an

improper transfer function. In practice, we are interested in

having a good match only in the frequency range that the

maneuvers excite. If the closed-loop bandwidth of the yaw

rate controller is sufficiently large, the complete closed-loop

transfer function from reference curvature to lateral error can

be approximated by:

GCL
ρ (s) ≈

v2

s2
e−sTrFρ(s). (7)

By choosing

Fρ(s) = esTr , (8)

the tracking error becomes 0 in the excited frequency range

(see (6)). This filter is a simple time shift: the reference yaw

rate is computed from the future curvature. Figure 5 shows the

comparison between the proposed approximation (Tr = 0.25s)
and the actual transfer function from reference curvature to

tracking error for several longitudinal speeds. From the figure,

the following remarks are due:

• The delay approximation yields a good fitting up to

approximately 0.8 Hz, which provides a quantitative

indication for which kind of maneuvers can be executed.

• The choice of not introducing a velocity scheduling in

the yaw rate controller does not have a large effect on

the closed loop behavior.

3) Lateral Error Controller: The yaw rate controller is de-

signed to accurately track high dynamics maneuvers; however

being based on yaw rate, it is subject to slow trajectory

drifts. The presence of uncertainties in the model and the

approximations made in the construction of the filter Fρ(s)
cause the vehicle to drift with respect to the reference path.

From the block diagram, one can write the residual error after

the yaw rate controller is closed as:

Ecg(s) = (Fρ(s)G
CL
ρ (s)−Gρ(s))Pt(s), (9)

where Ecg and Pt are the Laplace transforms of ecg and ρt.
The second loop, the lateral error controller, corrects for these

drifts. The lateral error controller computes δe based on the



Fig. 5. Longitudinal speed sensitivity (v ∈ [50, 130] km/h) of the transfer
function between the reference curvature and the lateral error. Note that the
transfer functions are normalized by v2 to allow for an easier comparison.
The dashed line in the magnitude plot is a double integrator representing the
transfer function from the reference curvature to the lateral error. The dotted
line in the phase plot represents the phase of a pure delay that approximates
the closed-loop phase shift.

lateral error and adds it to the steering angle generated by

the yaw rate controller. We design the lateral error controller

based on the closed-loop lateral error dynamics shown in (9)

obtaining

Recg (s) =
Ke

s

(s+ 2πfz)
2

(s+ 2πfp)2
, (10)

We tuned the controller (fz and fp) around the nominal speed

of 90 km/h to obtain a crossover frequency of 0.3 Hz and a

phase margin of 60 deg. Starting from this nominal design, we

introduced the following velocity dependent gain scheduling

Ke(v) = Ke,90

90/3.6

v
(11)

where Ke,90 is the gain at 90 km/h.

III. DYNAMIC PATH GENERATION

The curvature preview controller has several advantages: it

provides a quantitative way of tuning the preview (or look

ahead parameter) and a way of quantifying the path tracking

performance in linear terms. In particular, when used in the

context of tracking a pre-computed path, the ability of the

vehicle to track a given path is expressed in terms of closed-

loop bandwidth. This latter property is at the basis of the

obstacle avoidance trajectory generation. Here, we will assume

to have adequate sensors capable of detecting the position,

dimension and velocity of the obstacles. For clarity’s sake, we

will first explain the method for obstacle’s driving at constant

speed on a straight road. Once we outline the method, we will

briefly explain how to remove these hypotheses.

The detection of an obstacle triggers a three-step procedure:

1) Collision check phase. It checks whether the current path

crosses the collision area related to an obstacle.

ego

vehicle

obstacle

collision area

start

collision area

end

collision

area

P1

P6

P2

P3

P4
P5

x

y

Fig. 6. Collision area computed exploiting the obstacle position and speed
at detection.

2) Avoidance feasibility check phase. It determines whether

it is possible to avoid the obstacle. Two trajectories are

calculated, maximum shift to the left and to the right

according to the roadway limits and lateral dynamics.

3) Maneuver selection and adjustment. The most aggressive

maneuvers computed at the second step is not usually

necessary; this phase aims at reducing the maneuver

dynamic excitation to avoid discomfort, if possible.

A. Collision Check Phase

The obstacle and ego vehicle information are used to compute

a region, called collision area, where a crash is possible.

Figure 6 shows the collision area in case of another vehicle

merging from the right. The collision area is computed when

the longitudinal velocity of the ego car is higher than that of

the obstacle. The area starts at the longitudinal distance from

the ego vehicle that corresponds to the point where the front

of the ego vehicle and the rear of the obstacle will have the

same position, should the velocities not change. This value is

sc,start = vx,ego
sobs − Lobs

vx,ego − vobs
(12)

where sobs is the distance between the front of the obstacle

and the front of the ego vehicle and Lobs is the length of

the osbtacle. vx,ego and vx,obs are the longitudinal speeds of

the ego vehicle and the obstacle respectively. The end of the

collision area considers the intersection between the rear of

the controlled vehicle and the front of the obstacle:

sc,end = vx,ego
sobs + Lego

vx,ego − vx,obs
− Lego. (13)

where Lego is the length of the ego vehicle. The collision

area is the space that will be occupied by the obstacle from

sc,start to sc,end. If the obstacle velocity points to the left

(with respect to the ego vehicle), the collision area polygon



has the following vertexes:

P1 =

(

sc,start , yobs,start −
Wobs

2

)

P2 =

(

sc,start + Lobs , yobs,start −
Wobs

2

)

P3 =

(

sc,end , yobs,end −
Wobs

2

)

P4 =

(

sc,end , yobs,end +
Wobs

2

)

P5 =

(

sc,end − Lobs , yobs,end +
Wobs

2

)

P6 =

(

sc,start , yobs,start +
Wobs

2

)

.

(14)

A similar set of equations arises when the obstacle’s velocity

points to its right. In the previous equations, Wobs denotes

the width of the obstacle, while yobs,start and yobs,end are the

lateral position of the obstacle at the collision region start and

end, computed by plugging the obstacle lateral speed vy,obs,

the ego vehicle lateral position and the widths of the ego and

obstacle in (12) and (13).

In order to keep the computation efficient, we assume that

the heading of the obstacle does not change its bounding box.

Therefore, in the definition of Wobs, one may want to consider

the effect of the relative heading between the two objects. The

collision check phase computes the collision region every time

an obstacle is detected, and continuously updates it while the

obstacle is tracked by the onboard sensors. 2

B. Avoidance Feasibility Check and Extreme Trajectories

Computation

In this phase, we compute the trajectories that guarantee

the most rapid lateral movement to the street limits while

considering the limitations due to the path tracking controller.

The outputs are two feasible trajectories (left and right) that

bring the vehicle to the limit of the roadway. We will refer to

trajectories that, after the obstacle is avoided, return the vehicle

to the same heading the vehicle had before commencing the

maneuver.

If only the maximal lateral acceleration constraint (which

mainly depends on the tyre-road grip limit) is considered,

the longitudinal constant velocity path that minimizes the

longitudinal distance needed to move the vehicle of a given

distance laterally is composed by two arcs of circumference

of minimum cornering radius (i.e. maximum curvature - max-

imum lateral acceleration). This maneuver is not feasible in

practice. The controller is not capable of tracking the resulting

squared curvature. To guarantee safety, the trajectory needs

to account for the dynamic limits of the vehicle, actuators

and path tracking controller. The closed-loop characterization

2We note that the collision check assumes a perfect knowledge of the obsta-
cle position, and the continuous collision computation may cause chattering
in the trajectory generation; if, for a given implementation of the perception
module, this were to happen, one could define a larger, conservative, safety
area around the obstacle that could be better filtered and stabilized.

of the curvature preview controller is a convenient way to

quantify these constraints.

We need to consider two features of the curvature preview

controller: it has a finite closed-loop bandwidth and it needs

a preview. We consider the closed-loop bandwidth limitation

by generating trajectories built with curvature sinusoids at

a frequency lower than the controller’s bandwidth. Figure

7 shows two examples of path planning using a sinusoidal

curvature. The plots in subfigure (a) represent a case of pure

sinusoidal trajectory with maximum curvature amplitude; the

sinusoid period is set at 2 s in this case, meaning that most

excitation will be below 0.5 Hz. With this configuration, the

obtained lateral shift is about 3.7 m. If the road limit is

Fig. 7. (a) Pure sinusoidal trajectory with amplitude corresponding to the
maximum curvature. (b) Sinusoidal trajectory with constant curvature sections.
The dashed curves represent the optimal trajectory that considers only static
limits.

closer than 3.7 m, the sinusoid amplitude must be lowered.

In principle, the sinusoid period could also be reduced, but

this is not advisable because it would increase the dynamic

excitation. If instead the road limit is farther than 3.7 m,

constant curvature sections at maximum curvature are added

as shown in Figure 7 (b). The figure also shows the trajectory

arising using only the static constraints (i.e. the piecewise

constant curvature). The constant curvature segments introduce

higher frequencies in the spectrum of the reference curvature;

however most of the power of the signal will still be in the

target bandwidth. Figure 8 quantitatively shows the frequency

spectra for different reference bandwidths.

Based on the above exemplifying cases, we define the generic

structure of the path as in Figure 9. The curvature of the



Fig. 8. Example trajectory curvatures and their frequency spectra for different
target bandwidths.

Fig. 9. Generic path structure.

maneuver is described by the following expression:
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Tc − T12 − T22

)

)

if t ∈ T6.

(15)

In the expression, Tc is the sinusoid period (representing the

bandwidth of the lateral controller), and

T1 =

[

0,
Tc
4

]

T2 =

[

Tc
4
,
Tc
4

+ T12

]

T3 =

[

Tc
4

+ T12,
Tc
2

+ T12

]

T4 =

[

Tc
2

+ T12,
3Tc
4

+ T12

]

T5 =

[

3Tc
4

+ T12,
3

4
Tc + T12 + T22

]

T6 =

[

3Tc
4

+ T12 + T22, Tc + T12 + T22

]

with T12 and T22 the duration of the constant curvature

sections, ρ1 is the amplitude of curvature of the first wave,

while ρ2 is the one of the second wave.

The final heading and the lateral shift result from integrating

the previous expression:

ψ(tend) =

∫ tend

0

vρ(t)dt

y(tend) =

∫ tend

0

v sin(ψ(t))dt ≈

∫ tend

0

vψ(t)dt

(16)

where tend = Tc+T12 +T22 is the duration of the maneuver.

Equation (15) presents 4 unknowns: ρ1, ρ2, T12 and T22.

Their values are constrained by the fact that, at the end of

the maneuver, the heading is equal to the initial one and the

lateral shift is equal to the available road:

ψ(tend) = v

(

ρ1
Tc
π

+ ρ1T12 − ρ2
Tc
π

− ρ2T22

)

= 0

y(tend) = v2
(

T 2
c

4π
(ρ1 + ρ2) +

1

2
(ρ1T

2
12 + ρ2T

2
22)

)

+

+ v2
(

Tc

(

1

4
+

1

2π

)

(ρ1T12 + ρ2T22)

)

= ylim

In solving the above system, one should consider three cases:

1) Both constant curvature sections are needed to achieve

the desired lateral shift: T12 > 0 and T22 > 0. In

this case, the amplitudes assume their maximum values:

ρ1 = ρ1,max and ρ2 = ρ2,max, and only T12 and T22
are unknown.

2) Only one half wave reaches the maximum value, the

other half wave is sinusoidal. This case is possible only

when the left and right curvature limits are different,

i.e. when the maneuver commences while cornering. If

ρ1,max > ρ2,max then T12 = 0 and ρ2 = ρ2,max,

therefore only ρ1 and T22 are unknown. On the other

hand, if ρ2,max > ρ1,max, T22 = 0 and ρ1 = ρ1,max

and ρ2 and T12 are unknown.

3) Both half waves do not reach the maximum curvature.

Since the limits are not reached, the constant curvature

sections are not needed. The equation on the heading

implies that the two waves have the same amplitude



(ρ1 = ρ2 = ρ̄), while the equation on the lateral shift is

used to determine its value.

A few considerations on the above method are worth pointing

out. First and foremost, the solution of the above equations

exists in closed form. Distinguishing between the three cases

is a matter of checking the signs of the solution. First the

algorithm solves the equations with unknown (T12, T22) and

setting ρ1 = ρ2 = ρmax. If these conditions do not yield

positive solutions, the algorithm moves to option 2) using

either (ρ1, T22) as unknowns or (ρ2, T12). If also in this case

unfeasible solutions are found, the algorithm considers case 3)

solving the equation with unknown ρ1 = ρ2 = ρ and setting

T12 = T22 = 0. The approach does not require the iterative

solution of a nonlinear optimization problem.

Although we illustrate the method considering a lane change

on a straight road, the method can be also extended to

cornering situations by including the current initial conditions

in the equation and correcting the final conditions according

to the centerline curvature. This means that the method deals

also with obstacles that change their velocity or course while

the evasive maneuver is being executed: a change of obstacle

velocity (longitudinal or lateral) triggers the re-computation of

the trajectory around the new initial curvature.

The second feature of the curvature preview controller is that

it needs a preview. The algorithm curvature reference of ρt
is entirely computed at the moment when the obstacle is

detected; to avoid discontinuities in the curvature reference,

only trajectories that start vTr meters ahead are considered.

This phase generates two possible maneuvers: quickest dynam-

ically feasible left and right shifts that exploit the maximum

available space (the roadway limits).

C. Maneuver selection and adjustment

This phase chooses the best type of maneuver among the two

computed in the previous phase and adjusts the maneuver

to avoid unwarranted excitations. The phase considers two

steps. Firstly, we reduce the lateral shift, then, if possible, we

increase the sinusoid period as much as possible. Algorithm

1 summarizes the approach:

For the first step, the coordinates of the vertexes of the

collision area are needed. Consider an obstacle traversing the

road from right to left (as shown in Figure 6). The ego vehicle

can avoid the collision region by either steering to the right or

to the left. In the case of a rightward evasive maneuver, the

needed lateral shift depends on the y-coordinate of P1 and is:

ysh,right = yobs,start −Wobs/2−Wego/2− ysafe (17)

where ysafe represents a safety margin. In the same way, if

the ego vehicle steers left, the most critical point is the y-

coordinate of P5:

ysh,left = yobs,end +Wobs/2 +Wego/2 + ysafe. (18)

If the obstacle is moving to the right, the vertexes P2 and P6

are the most critical ones.

Algorithm 1: Maneuver adjustment algorithm.

Result: ρt - reference avoidance trajectory

ylim = yroadway; Tc = Tmin; niter = 0;

ρt = null;

while niter < nmax do

ρtmp = compute_trajectory(ylim,Tc);
niter ++;

if ρt is collision free then

ρt = ρtmp;

if ylim − ystep > ysh,right then

ylim = ylim − ystep;

else

if Tc + Tstep <
sc,start

vego
then

Tc = Tc + Tstep
else

break

end

end

else
break

end

end

if ρt = null then
obstacle cannot be avoided. Brake to reduce impact.

else
return ρt

end

If it possible to reach ysh,right or ysh,left, the algorithm tries

to increase the sinusoid period to further limit the excitation.

This second search stops when the longest period (
sc,start

vego
)

is reached. In the algorithm, nmax is the maximum number

of allowed attempts, Tmin is the minimum period compatible

with the bandwidth of the lateral error controller. ystep and

Tstep are the search algorithm step sizes. When both the right

and left handed maneuvers are available, the algorithm chooses

the one with the lowest peak curvature.

Note that the algorithm that reduces the maneuver excitation

is iterative. This is the only iterative step of the algorithm, and

it does not pose any convergence issue. This is a refinement

step that can be halted at any time returning a collision-free

maneuver.

D. Additional Remarks

The above strategy has been described under a few simplifying

hypotheses, that we now better discuss.

1) Road friction: The trajectory that a vehicle can track

(especially in emergency evasive maneuvers) heavily depends

on the available road friction. The algorithm summarizes the

road friction information in two parameters Tmin and ρmax.

The effect of the friction on ρmax is rather trivial. As discussed

in Section III-B, the maximum curvature is statically related to

the maximum acceleration (and thus friction) and longitudinal

speed. This implies that a friction estimation is needed in order

to plan a trajectory. A number of approaches are available in

the literature [49].



The effect of the friction on Tmin is subtler. In Section II,

we designed a model based lateral error controller. Figure

10 shows a sensitivity analysis of the closed loop transfer

function reference yaw rate to ecg to the friction parameter µ.

As the friction decreases, the effective bandwidth of the lateral

Fig. 10. Sensitivity of the closed loop yaw rate dynamics to µ ∈ [0.2, 1].

controller decreases. Given this information, one can consider

two paths: the first idea is to use a fixed-structure controller

and robustly choose Tmin. Alternatively one could design a

gain-scheduled lateral error controller. In the remainder of the

paper, we opted to consider a robust Tmin.

2) Ego vehicle constant velocity: The algorithm computes the

trajectory based on a constant velocity assumption. Depending

on the velocity, distance of the obstacle and available friction

another strategies could include braking and then steering or

braking while steering.

Braking while steering is not advisable. While the literature

shows that one could design controllers capable of managing

these challenging conditions (see for example [50]), these

controllers require an accurate knowledge of the tyre character-

istics and of the vehicle state. Alternatively, one could consider

to brake and then execute the obstacle avoidance maneuver.

Our analysis, omitted for brevity’s sake, shows that sequential

braking and shifting is never preferred. Direct shift is always

preferable if the initial speed is higher than a given speed

(friction, obstacle position and Tmin dependent), otherwise a

full stop is recommended.

IV. VALIDATION

Figure 11 depicts our experimental platform. The vehicle and

obstacle localization tasks are outside the scope of the paper.

The vehicle, a production Dodge Dart, is retrofitted with

steer-by-wire, brake-by-wire and integrated RTK-INS accurate

localization and state-estimation.

The controller validation considers two aspects: the curvature

preview and the dynamic path generation. The first validation

will be entirely based on experimental results on prerecorded

paths; whereas to better underline some aspects of the ap-

proach, simulations will also be used in the second validation.

Fig. 11. The experimental setup.

A. Experimental Curvature Preview Validation

The following experiments compare the Curvature Preview

Controller (CPC) against a state-of-the art LPV controller [51]

with a look ahead distance of 12 m. The validation is based

on the following tests:

• Wide bend at 70, 80, 85 and 90 km/h

• Double Lane Change at 50, 60, 70, 80 and 90 km/h. In

this phase on the analysis, the lane change reference path

has been manually pre-recorded by a driver performing

the most aggressive maneuver he could manage.

Figure 12 shows the results of the wide bend. One can note

Fig. 12. Maximum tracking error on a wide bend.

that the CPC yields a maximum error smaller than 0.25 m in

all conditions, matching the best performance of the LPV. The

time domain analysis of Figure 13 better exemplifies some

features of the controller. The two controllers approach the

corner in different ways: the LPV controller has always a small

error directed to the outside of the corner. The CPC yields an

almost zero error when the corner curvature increases (between

250 and 400 m). This proves the quality of this control scheme

in handling variation of curvature, even at steady state lateral

accelerations as high as 0.9 g.

Figure 13 also plots the results of the simulated vehicle

during the same maneuver with the CPC. The behavior of

the simulator is rather similar to that of the experiments, thus

validating the simulation setup that will be employed in in the

path validation section. The oscillations in the experiments are

due to steering non-idealities, particularly backlash.

The double lane change scenario is more demanding from the

dynamic point of view. In this scenario, the curvature varies

rapidly. We estimated that the double lane change excites



Fig. 13. Steering angle, lateral acceleration and tracking error on a wide bend
at 85 km/h.

frequencies up to 1.2 Hz. Figure 14 shows the maximum error

between 50 and 90 km/h. The CPC controller outperforms the

Fig. 14. Maximum error during the DLC maneuver.

LPV at all speeds but at 90 km/h, where the LPV controller

and the CPC perform similarly. This is due to the fact that the

LPV controller employs a constant look ahead distance and

consequently, the error shows a dependency on the speed. The

optimal look ahead distance depends on the actual maneuvers

and tuning it requires a compromise between different scenar-

ios. Nevertheless, the CPC matches the best LPV performance

without the need of introducing an additional scheduling.

Figure 15 better visualizes the behavior of the controller at

90 km/h and validates the simulator showing the simulation

results with the CPC. One should note that

• the LPV and CPC controllers yield a maximum error

lower than 0.25 m.

• At 90 km/h, the lateral acceleration reaches 0.8 g, while

the side slip angle has a peak of 2.5◦. In these conditions,

Fig. 15. Time histories for the DLC maneuver at 90 km/h.

the vehicle behavior is nonlinear. Despite being designed

on a linear model, the CPC yields excellent tracking also

when the vehicle is outside its linearity limits.

The experiments show good tracking performance on both

low dynamics and high dynamics paths. The CPC exhibits the

same performance of the LPV controller with a simpler control

architecture and without the effort of tuning the look ahead

distance by trial-and-error; while providing an intuitive way

of parametrizing its closed-loop performance. These properties

are an ideal match for our path generation algorithm.

B. Trajectory Generation Validation

In validating the trajectory generation algorithm, we will focus

on mainly two aspects: showing the computed trajectories in

two scenarios and underlining the importance of generating a

trajectory that is dynamically feasible for the controller.

We performed these analysis on a multi-body (run in VI-Grade

Car Real Time) model in order to more easily test the approach

at the limit of safety and stability. Refer to Figures 13 and

15 for a comparison between the behavior of the real system

against the simulated vehicle.

We initially consider two scenarios of evasive maneuvers with

the nominal vehicle. In the following scenarios, the controlled



vehicle is initially driving straight at 90 km/h, the friction

coefficient is 0.9, the safety lateral distance is 0.3 m and

the minimum sinusoid period is set to 1.25 s equivalent to

a bandwidth of 0.8 Hz.

The first scenario considers a static obstacle detected at 25 m.

Figure 16 plots a stylized representation of the ego vehicle

(black and gray shades) along with its trajectory and the

obstacle (red). In this case, the ego vehicle needs to shift to

Fig. 16. Scenario 1: static obstacle appearing in front of the vehicle at a very
short distance.

the left limit of the roadway and the sinusoid period is at its

minimum: a smaller shift would not have been feasible for

obstacle avoidance. The curvature of the planned trajectory

is not purely sinusoidal, but constant curvature sections are

added. Thanks to the curvature preview controller and the

generation of a dynamically feasible trajectory, the maximum

path tracking error is 12 cm. Figure 17 shows the time domain

behavior of the yaw rate (along with its previewed reference).

As expected, the yaw rate tracks the previewed reference with

Fig. 17. Scenario 1: reference (preview) yaw rate, actual yaw rate and needed
yaw rate to perform the desired obstacle avoidance ρrefv.

a delay, thus effectively tracking the desired path. The peak

lateral acceleration during the maneuver is 0.85 g signifying

that the trajectory takes advantage of the full grip potential.

In the second scenario, the obstacle is a car merging from the

right at 50 km/h that is detected at 40 m; when the obstacle

reaches the 53 m mark, it changes its lateral velocity. Initially,

the trajectory planner, using the instantaneous information

on the obstacle trajectory, decides that the best course of

action is to steer left (first panel of Figure 18). Later in the

maneuver, the obstacle steers more to the left making the

original trajectory for the ego vehicle unfeasible. At that point,

the trajectory re-computation is triggered, and a new evasive

trajectory is generated (second panel of Figure 18). This re-

computation approach requires a well-working object tracking

module. Discontinuities in the obstacle tracking could lead to

a flickering reference path. This issue is better addressed at

the perception layer level. Figure 18 also shows the collision

Fig. 18. Scenario 2: merging of an external vehicle from the right with a
change of trajectory.

patches, the complete generated reference trajectory and the

tracking error. Also in this case, the tracking error is below 12

cm. Figure 19 shows the yaw rate traces. Note that, thanks to

Fig. 19. Scenario 2: merging of an external vehicle from the right with a
change of trajectory.

the Fρ a causal filter, the actual yaw rate tracks the expected

and desired yaw rate.

Finally, in order to better visualize the advantages of consid-

ering the dynamic constraints, we consider a vehicle equipped

with a lower grade actuator. We consider an actuation delay

Tact = 0.160 s; under this limitation, the maximum achievable

closed-loop bandwidth of the yaw-rate controller is 0.2 Hz

and the trajectory planner considers that. Figure 20 shows

two obstacle avoidance maneuvers: in one case, the refer-

ence trajectory is computed using the dynamic constraint; in

the other case, a piece-wise constant reference is used that



achieves the same lateral displacement. Both cases use the

same calibration of the curvature preview controller. Although

Fig. 20. Comparison between a curvature reference generated considering
only the static constraints (maximum curvature) and the curvature reference
generated considering dynamic constrains according to the proposed algo-
rithm.

the piece-wise constant curvature reference seems to allow

one to achieve the required lateral shift in a shorter distance;

when excited at such high frequency, the lateral error controller

cannot accurately track the reference. The proposed algorithm,

on the other hand, generates a trajectory that is compliant

with the dynamic limitations of the controller. In other words,

generating a trajectory that does not consider the dynamic

constraint could lead to a crash even if the computed trajectory

is feasible at computation time.

V. CONCLUSIONS

This paper presents a non-optimization-based path planning

and tracking for evasive maneuvers. We adopted the classical

two-layer approach where a path planner generates a reference

trajectory that is then tracked by a path tracking controller.

At the path tracking level, the paper introduces the curvature

preview controller, which is a model-based controller that

implements a faster yaw rate controller and a slower trajectory

controller. The model-based design allows for a quantitative

description of the closed-loop dynamics properties of the con-

trolled vehicle. These closed-loop features offer a quantitative

method to design the curvature preview.

The curvature preview controller is the basis to design an eva-

sive maneuver path generation. The path generator considers

both the static constraints and the dynamic constraints that

depend on the performance of the lower level controller. In this

way, it is possible to integrate the specifications of the lower

level controller without the need of a one-level architecture.

The two layers interacts bidirectionally: the low level closed-

loop performance parametrization informs the generation of

the path. The feasible path improves the robustness of the low-

level controller; which, despite being designed on a linearized

model, performs satisfactorily because the reference path does

not exited the nonlinearities in the system.

The proposed framework offers an effective way of dealing

with evasive maneuvers without breaking the two-layer clas-

sical architecture of autonomous car systems.
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