
Computers and Fluids 246 (2022) 105604

A
0

Contents lists available at ScienceDirect

Computers and Fluids

journal homepage: www.elsevier.com/locate/compfluid

Stabilized reduced-order models for unsteady incompressible flows in
three-dimensional parametrized domains
Stefano Buoso a,b,∗, Andrea Manzoni c, Hatem Alkadhi b, Vartan Kurtcuoglu a,d,e

a The Interface Group, Institute of Physiology, University of Zurich, Zurich, Switzerland
b Institute of Diagnostic and Interventional Radiology, University Hospital Zurich, University of Zurich, Zurich, Switzerland
c MOX, Dipartimento di Matematica, Politecnico di Milano, Milano, Italy
d National Center of Competence in Research, Kidney.CH, Switzerland
e Zurich Center for Integrative Human Physiology, University of Zurich, Zurich, Switzerland

A R T I C L E I N F O

Keywords:
Computational fluid dynamics
Finite-elements
Proper orthogonal decomposition
Reduced order modeling
Stabilization techniques
Discrete empirical interpolation

A B S T R A C T

In this work we derive a parametric reduced-order model (ROM) for the unsteady three-dimensional in-
compressible Navier–Stokes equations without additional pre-processing on the reduced-order subspaces.
Concerning the high-fidelity, full-order model, we start from a streamline-upwind Petrov–Galerkin stabilized
finite element discretization of the equations using P1−P1 elements for velocity and pressure, respectively. We
rely on Galerkin projection of the discretized equations onto reduced basis subspaces for the velocity and the
pressure, respectively, obtained through Proper Orthogonal Decomposition on a dataset of snapshots of the full-
order model. Both nonlinear and nonaffinely parametrized algebraic operators of the reduced-order system of
nonlinear equations, including the projection of the stabilization terms, are efficiently assembled exploiting the
Discrete Empirical Interpolation Method (DEIM), and its matrix version (MDEIM), thus obtaining an efficient
offline–online computational splitting. We apply the proposed method to (i) a two-dimensional lid-driven cavity
flow problem, considering the Reynolds number as parameter, and (ii) a three-dimensional pulsatile flow in
stenotic vessels characterized by geometric and physiological parameter variations. We numerically show that
the projection of the stabilization terms on the reduced basis subspace and their reconstruction using (M)DEIM
allows to obtain a stable ROM with coupled velocity and pressure solutions, without any need for enriching the
reduced velocity space, or further stabilizing the ROM. Additionally, we demonstrate that our implementation
allows to compute the ROM solution about 20 times faster than the full order model.
1. Introduction

Haemodynamic models have the potential to provide essential in-
formation for the functional evaluation of clinical cases, offering useful
parameters and biomarkers to support clinicians in diagnostic proce-
dures and surgical planning [1]. The US Food and Drug administration
has also recognized the benefits of complementing experiments with in-
silico physiological models for the design of medical devices [2]. Such
models are often based on the spatio-temporal discretization of physics-
based models, usually expressed in terms of unsteady nonlinear partial
differential equations (PDEs), for which the domain shape, the bound-
ary/initial conditions and the model data (coefficients, source terms,
etc.) are related to subject-specific anatomy and physiology. Computa-
tional requirements for the numerical simulation of these models are
often out of reach in any practical clinical application where they are
required to provide results quickly for a variety of scenarios [3]. A
prime example is the patient-specific assessment of the pressure losses
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in lesioned vessels [4], which is currently done invasively, but could
be replaces by a computational assessment. However, for such in-silico
models to be adopted, their computational cost must be reduced.

Recently, several research efforts have been aimed at making in-
silico models affordable in practical situations, in particular for haemo-
dynamics simulations. For instance, a recent trend in the field of
scientific machine learning consists of training neural networks to
identify surrogate models to reproduce the input–output relationship
of the systems of interest [5,6]. In this context, [7] have trained a
network for the real-time estimation of the Fractional Flow Reserve
(FFR) index, which is a clinical metric used to evaluate the pressure
losses due to stenoses in patients’ coronary arteries. Physics-informed
neural networks have been exploited to assimilate flow measurements
and computational flow dynamics models derived from first physi-
cal principles [8,9], or reconstruct high-resolution flow fields from
limited flow information [10]. Deep learning (DL) algorithms have
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been recently exploited to build non-intrusive and extremely efficient
ROMs for parameter-dependent unsteady problems in computational
fluid dynamics [11–13] and continuum mechanics [14], ultimately
enabling real-time fluid simulations in a parametrized context. The
majority of these strategies do not rely on the solution of a system of
equations arising from the discretization of mathematical models based
on physical principles, and they are, to a certain extent, agnostic with
regards to the physical principles driving system evolution,

A different class of approaches starts directly from the mathemat-
ical description of these principles to obtain a cheaper model for
the evaluation of the fluid dynamics equations. These are known as
projection-based ROMs, built, e.g., through the reduced basis (RB)
method [15]. Essentially, they consist of projecting the full-order model
(FOM) corresponding to a given, high-fidelity discretization of the PDE
system, onto a low-dimensional subspace. This subspace is usually
spanned by a set of basis functions built from a family of snapshots
of the FOM, obtained for different input parameter values, at different
times. The main advantage of ROMs is that, once trained offline, they
can provide online, for any new unseen scenario, a reliable approxi-
mation of the solution field, thanks to the use of a (Petrov-)Galerkin
projection onto low-dimensional subspaces. Our contribution addresses
a possible way to build projection-based ROMs for the unsteady Navier–
Stokes equations in domains with varying shape, focusing on a suitable
strategy to ensure the stability of the ROM.

1.1. Existing strategies

RB methods have been applied to fluid dynamics problems start-
ing mainly from FOMs based on the Finite Element (FE) Method to
generate snapshots, and using strategies such as Proper Orthogonal
Decomposition (POD) [16–23] or greedy algorithms [24–27]. Only few
contributions investigated the use of different types of FOMs such as,
e.g., ones based on the finite volume (FV) method [4,28–30]. The main
focus of these works has been on incompressible fluids described by
the Navier–Stokes (NS) equations. However, two relevant issues arising
when dealing with fluid flows are related to the need for (i) preserving
the pressure–velocity coupling at the ROM level, by relying on a mixed
formulation, and (ii) fulfilling some stability constraints (regarding
both the violation of the inf–sup condition and dominating convection).

Recently, we have proposed a RB framework based on the FV
method that is able to describe systems with arbitrary parametrizations
of geometry and flow conditions [4]. The pressure–velocity coupling is
preserved by the exact projection of the coupling strategy adopted in
the full order model (the pressure-implicit with splitting of operators
(PISO) algorithm). An interesting feature of that framework is that
no additional stabilization terms are required at the reduced level to
ensure its stability, provided that the reduction is consistent with the
exact formulation used in the original model.

In the case of high-fidelity FOMs built through the FE method,
ensuring the stability of the ROM – in the sense of avoiding spuri-
ous pressure modes – when dealing with parametrized incompressible
Navier–Stokes equations is not a trivial task, for which several ap-
proaches have been proposed in the past decade. Indeed, even though
the velocity basis functions are obtained through a stable FOM, its
Galerkin projection onto reduced spaces made by (stable) velocity and
pressure fields computed for sampled values of the parameters does not
ensure that the resulting ROM preserves the same stability properties.
For instance:

• The velocity space can be augmented through a set of enriching
basis functions, obtained by mapping the pressure POD modes
through the so-called pressure supremizing operator, which de-
pends on the divergence term. This yields a RB problem with
additional degrees of freedom for the velocity field (as many as
the pressure variable). To avoid the construction of the pressure
supremizing operator online, for each parameter value, an of-
fline enrichment (or approximate supremizer option) is usually
2

performed [22,31].
• A Petrov–Galerkin RB method can be used to build an automati-
cally stable RB problem, relying, for instance, on the least squares
(LS) method. In this case, the resulting LS-RB method uses a test
space that is obtained as the image of the trial RB space through a
global supremizing operator involving both velocity and pressure
fields, yielding an automatically stable RB problem [32,33].

• Pressure can be treated independently from velocity, reconstruct-
ing it by solving a Poisson equation. This strategy would yield
a stable ROM, however, requiring divergence-free velocity basis
functions [34]. Similarly, only the momentum equation could
be used online, assigning the same temporal coefficients to both
velocity and pressure in the ROM [18,29], although this approach
seems to be valid only for simplified, parameter-independent
geometries, and mild parametric variations.

• A stabilized FOM (like, e.g., a P1 - P1 Streamline Upwind Petrov–
Galerkin (SUPG) FE discretization) instead of a stable FOM (like,
e.g., a P2 - P1 FE discretization). In this case, neither an enrich-
ment of the velocity space nor a LS-RB formulation is necessary
to ensure the stability of the corresponding RB system, due to
the fact that the additional terms stemming from the stabilization
provide a contribution to the pressure/divergence equation, also
at the reduced level, preventing the ROM system from becoming
nonsingular. This is the option we investigate in this paper.

A second issue, dealing with the possible stability loss due to higher
Reynolds numbers, has been instead taken into account to address
turbulent flows through projection-based ROMs and avoid long-time
instabilities. In this respect, several strategies have been proposed,
including, e.g., dynamic subgrid-scale and variational multiscale mod-
els [35,36], constrained Galerkin projections [37] or minimum residual
formulations [32,38,39] and, more recently, closure models using data-
driven strategies [40,41] and neural networks [42]. We do not address
this aspect in our work, since we only consider laminar flows, and are
interested in the short- rather than the long-time flow regime.

1.2. Contribution and novelty of this paper

In this work we aim to show that, starting from a stabilized for-
mulation of the three-dimensional NS equations, a canonical Galerkin
projection of the equations onto velocity/pressure reduced spaces,
spanned by POD modes, yields a ROM which is both inf–sup stable
and able to preserve the pressure–velocity coupling. In particular,
we numerically show that if the original FOM has been stabilized
(e.g., by means of a P1 − P1 discretization of the NS equations with
streamline upwind Petrov–Galerkin (SUPG) stabilization), we do not
need special treatments of the ROM to ensure stability, thus avoiding
the supremizer enrichment of the velocity space. We also show that
this remains true even if the three-dimensional fluid domain undergoes
parametric changes, and the flow involves parameter–dependent time-
varying boundary conditions. Indeed, the construction of ROMs for
the Navier–Stokes equations relying on a stabilized FOM had been
formerly addressed in [43,44], however, (i) without taking into account
either the parameter-dependent case, or a mixed formulation to ensure
the pressure–velocity coupling in [43], and without (ii) considering
parametrized geometries (and suitable hyper-reduction techniques to
manage them) in [44].

We remark that the SUPG stabilized formulation we rely on derives
from a multiscale splitting of the spaces for the velocity and pressure
unknowns into the resolved scales (i.e., the FE part of the solution) and
the unresolved subscales. Hence, stabilization terms are inserted into
the equation for the resolved scales to account for the contribution of
the unresolved ones, and depend on the residual, thus ending up with
a residual-based, consistent stabilization. However, stabilization terms
are highly nonlinear due to the presence of stabilization parameters,
and are in our case also parameter-dependent because of the need to

deal with parametrized geometries. Therefore, special attention must
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be paid to the efficient treatment of stabilization terms through hyper-
reduction, since their poor approximation might severely impact both
the stability and the accuracy of the ROM. We remark a variational
multiscale (VMS) formulation as the one employed in Stabile et al.
[36] shares several features with the employed SUPG strategy. Indeed,
in Stabile et al. [36], a projection of the VMS formulation of the two-
dimensional Navier–Stokes equation onto a POD subspace for velocity
and pressure has been considered, highlighting that retaining the VMS
stabilization terms at the ROM level provides a stable ROM. However,
their investigation did not consider three-dimensional problems, time-
dependent boundary conditions, or geometric variations of the domain.
In this latter case, the authors suggested that a supremizer enrichment
might be necessary even when VMS terms are considered at ROM level:
our findings, although obtained for a simpler SUPG scheme, show that
a supremizer enrichment is not necessary.

To provide the most general formulation possible, we rely on the
Discrete Empirical Interpolation Method (DEIM) [45–47], and its ma-
trix version (MDEIM) [48] to approximate the dependence of the
algebraic operators of the NS equations on the input parameters de-
scribing the problem. This approach has been already introduced by
the authors in the context of FV [4] and will be here adapted for the
FEM. We aim at showing that, even with variations in geometry and
boundary conditions, ROM stability is granted simply by projecting
the stabilized FOM onto the reduced spaces spanned by the veloc-
ity/pressure POD basis functions, without any supremizer enrichment,
and that hyper-reduction only impacts the accuracy of the ROM solu-
tion, but not its stability. Importantly, we also aim to show that this
approach allows to obtain considerable computational speedup when
compared to the reference FEM formulation.

2. Methods

2.1. Problem description: parametrized unsteady Navier–Stokes equations

For the sake of testing, we consider in this paper two different
problems: a two-dimensional, unsteady, lid-driven cavity flow, de-
pending on the Reynolds number as parameter, and an unsteady,
three-dimensional pulsatile flow into a cylindrical conduit with a pre-
scribed section restriction, which shall be representative of a lesioned
branch of the human coronary artery tree with respect to geometry
and flow conditions. In this latter case, we restrict the variability of
the problem to two parameters: a geometrical one (stenosis severity)
and a physical one (inlet velocity profile). However, as we have shown
previously, the approach can be easily generalized to an arbitrary
set of parameters [4]. Since this latter test case is the more general
one, involving three-dimensional flows, geometrical parameters and
time-dependent boundary conditions, we frame the general problem
description on it. Numerical results dealing with the three-dimensional
pulsatile flow are reported in Section 3, where a thorough numerical
analysis has been carried out on this test case. A more compact analysis
of the lid-driven cavity flow is provided in the Appendix.

2.1.1. Formulation
In the case of the three-dimensional pulsatile flow benchmark, the

reference domain in our work, 𝛺0 ⊂ R𝑑 , 𝑑 = 3, is a straight pipe with
iameter and length 𝑑0 and 𝐿0, respectively. We define a Cartesian
oordinate system with origin at the center of the inlet section and
3 axis along the pipe length direction. The fluid domain is meshed
ith approximatively 68,000 tetrahedral elements. We prescribe a bell-

haped section restriction along 𝑥3 on the reference geometry axis using
he mapping function

𝑖 = 𝑥𝑖,0

[

1 − 𝜇𝑔 exp

(

−

(

𝑥3 − 𝑐1
)2

𝑐2

)]

and 𝑖 = 1, 2, (1)

here 𝑥𝑖 are the coordinates of a mesh point in the deformed con-
iguration, 𝑥 are the coordinates of the corresponding mesh point
3

𝑖,0 t
n the reference configuration, 𝜇𝑔 , is the amplitude of the bell-shaped
estriction and 𝑐1 and 𝑐2 are two constant parameters defining the
hroat position along 𝑥3 and the length of the stenosis, respectively.

We denote the domain with the new coordinates by 𝛺
(

𝜇𝑔
)

.
Let 𝛺

(

𝝁𝑔
)

⊂ R𝑑 , 𝑑 = 3, be an open bounded domain with (piecewise
smooth) boundary 𝜕𝛺

(

𝝁𝑔
)

. The latter can be split into a Dirichlet
boundary 𝛤𝐷

(

𝝁𝑔
)

and a Neumann boundary 𝛤𝑁
(

𝝁𝑔
)

, respectively,
such that 𝜕𝛺

(

𝝁𝑔
)

= 𝛤𝐷
(

𝝁𝑔
)

∪ 𝛤𝑁
(

𝝁𝑔
)

. In particular, the Dirichlet
boundary can be decomposed into the union of the inlet boundary
𝛤𝑖𝑛

(

𝝁𝑔
)

and the wall boundary 𝛤𝑤
(

𝝁𝑔
)

, such that 𝛤𝐷
(

𝝁𝑔
)

= 𝛤𝑖𝑛
(

𝝁𝑔
)

∪
𝛤𝑤

(

𝝁𝑔
)

.
At this point, we can set the unsteady, incompressible parametrized

NS equations to model the flow in the cylinder. The fluid is assumed
to be Newtonian with constant and uniform density 𝜌, and kinematic
viscosity 𝜈. Under a rigid wall assumption, the system of parametrized
PDEs we focus on reads as follows:
⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝜕
𝜕𝑡
𝒖 + (𝒖 ⋅ ∇) 𝒖 − 𝜈𝛥𝒖 + ∇𝑝 = 𝟎 in 𝛺

(

𝝁𝑔
)

× (0, 𝑇 ) ,

∇ ⋅ 𝒖 = 0 in 𝛺
(

𝝁𝑔
)

× (0, 𝑇 ) ,
𝒖 = 𝒈𝐷

(

𝝁𝒑
)

in 𝛤𝐷
(

𝝁𝑔
)

× (0, 𝑇 ) ,
−𝑝𝒏 + 𝜈 (∇𝒖)𝒏 = 𝟎 in 𝛤𝑁

(

𝝁𝑔
)

× (0, 𝑇 ) ,
𝒖 = 𝒖0 in 𝛺

(

𝝁𝑔
)

× {𝑡 = 0},

(2)

where 𝒖 denotes the fluid velocity, 𝑝 the fluid pressure (divided by the
fluid density), 𝒏 the boundary normal vector,

𝒈𝐷
(

𝝁𝒑
)

=

{

𝒖𝑖𝑛
(

𝝁𝒑
)

on 𝛤𝑖𝑛
(

𝝁𝑔
)

× (0, 𝑇 ) ,

𝟎 in 𝛤𝑤
(

𝝁𝑔
)

× (0, 𝑇 ) ,

and 𝒖𝑖𝑛
(

𝝁𝒑
)

the Dirichlet data imposed at the inlet (𝛤𝐷). On the lateral
wall of the cylinder (𝛤𝑤), we impose a no-slip condition, whereas a
free-stress (homogeneous Neumann) boundary condition is imposed at
the outlet (𝛤𝑁 ).

For the sake of clarity, we have highlighted the dependence of
the computational domain on the geometric parameters, 𝝁𝒈, and of
the boundary conditions on physical parameters, 𝝁𝒑. Hereinafter, un-
less specifically stated, 𝝁 will refer to the generic vector of input
parameters, 𝝁 = (𝝁𝑝,𝝁𝑔), belonging to the parameter space  ⊂ R𝑝.

In particular, at the inlet of our domain, we prescribe an oscillatory
parabolic velocity profile 𝒖𝑖𝑛 =

(

𝑢1𝑖𝑛 , 𝑢2𝑖𝑛 , 𝑢3𝑖𝑛
)

, which has a non-zero
component only in the 𝑥3 direction, given by

𝑢3𝑖𝑛
(

𝜇𝑝
)

= 2𝜇𝑝 [1.0 + 0.25 sin (2𝜋𝑓𝑡)]

(

1 − 4

(

𝑥21 + 𝑥22
)

𝑑20

)

|

|

|

|𝑥3=0
. (3)

ere 𝑥1, 𝑥2 and 𝑥3 are the coordinates of a point of the deformed
omain, 𝑑0 is the inlet diameter, 𝜇𝑝 is the mean section inlet velocity, 𝑓
s the oscillation frequency and 𝑡 is the physical time. We will consider
ere a single parameter defining the inlet velocity profile. In case the
nlet section is parameter-dependent, further geometrical parameters
an be included in the boundary data definition, see, e.g., [4].

Let us now consider the weak formulation of the problem in (2),
hich provides the basis for the subsequent generation of the ROM.
et us introduce the following functional space:

𝐷 = {𝐯 ∈ 𝐻1 (𝛺)𝑑 ∶ 𝒗|𝛤𝐷 = 𝒈𝐷},

= {𝐯 ∈ 𝐻1 (𝛺)𝑑 ∶ 𝒗|𝛤𝐷 = 𝟎},

= 𝐿2(𝛺).

he weak formulation of (2) reads as follows: find (𝒖(𝑡), 𝑝(𝑡)) ∈ 𝑉𝐷 ×𝑄
uch that, for all 𝑡 ∈ (0, 𝑇 ),
𝜕
𝜕𝑡
𝒖, 𝒗

)

+ (𝒖 ⋅ ∇𝒖, 𝒗) + (𝜈∇𝒖,∇𝒗) − (𝑝,∇ ⋅ 𝒗) + (∇ ⋅ 𝒖, 𝑞) = 0 (4)

or all (𝒗, 𝑞) ∈ 𝑉 ×𝑄, with 𝐮(0) = 𝒖0. In the equation above, (⋅, ⋅) denotes
he 𝐿2(𝛺) inner product.
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2.2. Full order model

We rely on the finite element method to build the FOM. Hence, we
consider a FE partition, ℎ, of the domain 𝛺

(

𝝁𝑔
)

, which we use to
onstruct conforming finite element spaces 𝑉ℎ ⊂ 𝑉 and 𝑄ℎ ⊂ 𝑄 for
elocity and pressure, respectively. Common choices for FE spaces are
𝑘+1 − P𝑘, 𝑘 ≥ 1, in order to satisfy the inf–sup stability condition

inf
ℎ∈𝑄ℎ

sup
𝒘ℎ∈𝑉ℎ

(

𝑞ℎ,∇ ⋅𝒘ℎ
)

‖𝒘ℎ‖𝑉 ‖𝑞ℎ‖𝑄
≥ 𝛽 > 0.

pproximation spaces such as P2 − P1 satisfy the condition above.
However, they might entail overwhelming computational costs in the
case of fine meshes because of the large number of degrees of freedom
in the velocity space. An attractive alternative to mitigate the compu-
tational effort is provided by low-order approximation spaces such as
P1 −P1 spaces, although they do not satisfy the inf–sup condition [49].
To overcome this issue, we rely on the streamline upwind Petrov–
Galerkin (SUPG) stabilization [50] – formulated as in the Variational
Multiscale framework [51] – that allows us not only to control the
incompressibility constraint, but also to enhance stability with respect
to the convective terms in the case of advection dominated flows. This
approach also allows us to model the smaller flow scales not resolved
by the mesh. This is comparable to sub-grid models in Large Eddy
Simulation approaches [52].

2.2.1. Space discretization
Hence, we first introduce the FE space

𝑟
ℎ = {𝑤ℎ ∈ 𝐶0(𝛺̄) ∶ 𝑤ℎ|𝐾 ∈ P𝑟 ∀𝐾 ∈ ℎ}

and define 𝑉ℎ = 𝑉 ∩ [𝑋𝑟
ℎ]

𝑑 , 𝑉𝐷,ℎ = 𝑉𝐷 ∩ [𝑋𝑟
ℎ]

𝑑 , and 𝑄ℎ = 𝑄 ∩ 𝑋𝑟
ℎ.

We also introduce the strong residuals 𝒓𝑀
(

𝒗ℎ, 𝑝ℎ
)

and 𝒓𝐶
(

𝒗ℎ
)

of the
momentum and conservation equations, respectively:

𝒓𝑀
(

𝒗ℎ, 𝑞ℎ
)

= 𝜕
𝜕𝑡
𝒗ℎ +

(

𝒗ℎ ⋅ ∇
)

𝒗ℎ − 𝜈𝛥𝒗ℎ + ∇𝑞ℎ, (5)

𝒓𝐶
(

𝒗ℎ
)

= ∇ ⋅ 𝒗ℎ. (6)

The semi-discrete SUPG formulation of (4) becomes: for all 𝑡 ∈ (0, 𝑇 ),
find (𝒖ℎ(𝑡), 𝑝ℎ(𝑡)) ∈ 𝑉𝐷,ℎ ×𝑄ℎ such that
( 𝜕
𝜕𝑡
𝒖ℎ, 𝒗ℎ

)

+
(

𝒖ℎ ⋅ ∇𝒖ℎ, 𝒗ℎ
)

+
(

𝜈∇𝒖ℎ,∇𝒗ℎ
)

−
(

𝑝ℎ,∇ ⋅ 𝒗ℎ
)

+
(

∇ ⋅ 𝒖ℎ, 𝑞ℎ
)

∑

𝐾∈ℎ

(

𝜏𝑀𝒓𝑀
(

𝒖ℎ, 𝑝ℎ
)

, 𝒖ℎ ⋅ ∇𝒗ℎ + ∇𝑞ℎ
)

𝐾 +
∑

𝐾∈ℎ

(

𝜏𝑐𝒓𝑐
(

𝒖ℎ
)

,∇ ⋅ 𝒗ℎ
)

𝐾 = 𝟎

(7)

or all (𝒗ℎ, 𝑞ℎ) ∈ 𝑉ℎ × 𝑄ℎ, with 𝐮ℎ(0) = 𝒖0. Here, 𝜏𝑀 = 𝜏𝑀
(

𝝁𝑔 , 𝒖ℎ
)

and 𝜏𝐶 = 𝜏𝐶
(

𝝁𝑔 , 𝒖ℎ
)

are two stabilization parameters, which are cal-
culated element-wise [51]. Several models have been proposed for the
calculation of these parameters. In our work, their element-wise value
is computed using the average element size, ℎ, [53]. The expressions
for 𝜏𝑀 and 𝜏𝐶 are thus [54]

𝜏𝑀 =

(

4
𝛥𝑡2

+
4 ‖
‖

𝒖ℎ‖‖
2

ℎ2
+ 9

(

2𝜇
𝜌ℎ2

)2
)− 1

2

, 𝜏𝐶 = ℎ2

32𝜏𝑀
, (8)

where 𝛥𝑡 is the time step that is chosen for the time discretization, and
‖

‖

𝒖ℎ‖‖ denotes the velocity magnitude.

2.2.2. Time discretization
Let us now introduce the time discretization of problem (7). To

this end, we consider a first-order backward Euler scheme with semi-
implicit treatment of the convective terms. By linearizing the convec-
tive term, we can mitigate the computational cost of a fully implicit
scheme. Hence, we partition the time interval [0, 𝑇 ] into 𝑁𝑡 subintervals
of size 𝛥𝑡 = 𝑇 ∕𝑁𝑡, denoting by 𝑡𝑛 = 𝑛𝛥𝑡, 𝑛 = 0,… , 𝑁𝑡 the instances of
the time discretization, and by 𝒖𝑛ℎ, 𝑝𝑛ℎ the approximations of 𝒖ℎ(𝑡𝑛) and

𝑛

4

ℎ(𝑡 ), respectively.
The fully discrete semi-implicit SUPG approximation of the un-
steady Navier–Stokes equations thus reads: given 𝒖𝑛ℎ, find (𝒖𝑛+1ℎ , 𝑝𝑛+1ℎ ) ∈
ℎ ×𝑄ℎ such that

𝒖𝑛+1ℎ − 𝒖𝑛ℎ
𝛥𝑡

, 𝒗ℎ

)

+
(

𝒖𝑛ℎ ⋅ ∇𝒖
𝑛+1
ℎ , 𝒗ℎ

)

+
(

𝜈∇𝒖𝑛+1ℎ ,∇𝒗ℎ
)

−
(

𝑝𝑛+1ℎ ,∇ ⋅ 𝒗ℎ
)

+
(

∇ ⋅ 𝒖ℎ, 𝑞ℎ
)

+
∑

𝐾∈ℎ

(

𝜏𝑛𝑀 𝒓̃𝑀
(

𝒖𝑛+1ℎ , 𝑝𝑛+1ℎ
)

, 𝒖𝑛ℎ ⋅ ∇𝒗ℎ + ∇𝑞ℎ
)

𝐾

+
∑

𝐾∈ℎ

(

𝜏𝑛𝑐 𝒓𝑐
(

𝒖𝑛+1ℎ
)

,∇ ⋅ 𝒗ℎ
)

𝐾 = 𝐺𝑢(𝒗ℎ; 𝑡𝑛+1)

+ 𝐺𝑝(𝑞ℎ; 𝑡𝑛+1)

(9)

or all (𝒗ℎ, 𝑞ℎ) ∈ 𝑉ℎ ×𝑄ℎ, with 𝐮ℎ(0) = 𝒖0 where

𝒓̃𝑀
(

𝒖𝑛+1ℎ , 𝑝𝑛+1ℎ
)

=
𝒖𝑛+1ℎ − 𝒖𝑛ℎ

𝛥𝑡
+
(

𝒖𝑛ℎ ⋅ ∇
)

𝒖𝑛+1ℎ − 𝜈𝛥𝒖𝑛+1ℎ + ∇𝑝𝑛+1ℎ ,

and 𝐺𝑢(𝒗ℎ; 𝑡𝑛+1), 𝐺𝑝(𝑞ℎ; 𝑡𝑛+1) are the contributions of the non-
homogeneous Dirichlet boundary conditions on 𝛤𝐷 at time 𝑡 = 𝑡𝑛+1 on
both equations (see, e.g., [23] for further details). Moreover,

𝜏𝑛𝑀 =

⎛

⎜

⎜

⎜

⎝

4
𝛥𝑡2

+
4 ‖‖
‖

𝒖𝑛ℎ
‖

‖

‖

2

ℎ2
+ 9

(

2𝜇
𝜌ℎ2

)2⎞
⎟

⎟

⎟

⎠

− 1
2

, 𝜏𝑛𝐶 = ℎ2

32𝜏𝑛𝑀
. (10)

2.2.3. Algebraic formulation
Problem (9) can be equivalently rewritten in algebraic form. Let

us denote by {𝝋𝑖}
𝑁ℎ,𝑢
𝑖=1 and {𝜂𝑘}

𝑁ℎ,𝑝
𝑘=1 two (Lagrangian) finite element

ases for 𝑉ℎ and 𝑄ℎ, respectively, and by 𝐮𝑛ℎ ∈ R𝑁ℎ,𝑢 , 𝐩𝑛ℎ ∈ R𝑁ℎ,𝑝 the
oefficient vectors in the expansions of the discrete functions 𝒗𝑛ℎ and 𝑝𝑛ℎ
nto the FE bases. The algebraic form of problem (9) reads: given 𝐮𝑛ℎ,
or 𝑛 = 0,… , 𝑁𝑡 − 1, find (𝐮𝑛+1ℎ ,𝐩𝑛+1ℎ ) ∈ R𝑁ℎ,𝑢 × R𝑁ℎ,𝑝 such that
[

1
𝛥𝑡𝑴ℎ + 𝑪ℎ

(

𝐮𝑛ℎ
)

+𝑳ℎ 𝑩𝑇
ℎ

−𝑩ℎ 𝟎

][

𝐮𝑛+1ℎ

𝐩𝑛+1ℎ

]

+

[

𝑺𝑢𝑢,ℎ
(

𝐮𝑛ℎ
)

𝑺𝑢𝑝,ℎ
(

𝐮𝑛ℎ
)

𝑺𝑝𝑢,ℎ
(

𝐮𝑛ℎ
)

𝑺𝑝𝑝,ℎ
(

𝐮𝑛ℎ
)

][

𝐮𝑛+1ℎ

𝐩𝑛+1ℎ

]

=
[

𝒇 𝑢,ℎ
(

𝒖𝑛ℎ
)

𝒇 𝑝,ℎ
(

𝒖𝑛ℎ
)

]

(11)

where:

• 𝑴ℎ ∈ R𝑁ℎ,𝑢×𝑁ℎ,𝑢 and 𝑳ℎ ∈ R𝑁ℎ,𝑢×𝑁ℎ,𝑢 are the velocity mass and
stiffness matrices, respectively,

(𝑴ℎ)𝑖𝑗 = (𝝋𝑗 ,𝝋𝑖), (𝑲ℎ)𝑖𝑗 = 𝜈(∇𝝋𝑗 ,∇𝝋𝑖), 𝑖, 𝑗 = 1,… ,R𝑁ℎ,𝑢 ;

• 𝑩ℎ ∈ R𝑁ℎ,𝑝×𝑁ℎ,𝑝 is the pressure-divergence matrix,

(𝑩ℎ)𝑖𝑗 = (∇ ⋅ 𝝋𝑗 , 𝜑𝑖), 𝑖 = 1,… ,R𝑁ℎ,𝑝 , 𝑗 = 1,… ,R𝑁ℎ,𝑢 ;

• 𝑪ℎ
(

𝐮𝑛ℎ
)

∈ R𝑁ℎ,𝑢×𝑁ℎ,𝑢 is the matrix corresponding to the nonlinear
convective term,

(𝑪ℎ
(

𝐮𝑛ℎ
)

)𝑖𝑗 = (𝐮𝑛ℎ ⋅ ∇𝝋𝑗 ,𝝋𝑖), 𝑖, 𝑗 = 1,… ,R𝑁ℎ,𝑢 ;

• the blocks of the matrix corresponding to the SUPG stabilization
term are given by

(𝑺𝑢𝑢,ℎ
(

𝐮𝑛ℎ
)

)𝑖𝑗 =
(

𝜏𝑛𝑀
( 1
𝛥𝑡

𝝋𝑗 + 𝐮𝑛ℎ ⋅ ∇𝝋𝑗 − 𝜈𝛥𝝋𝑗

)

,𝐮𝑛ℎ ⋅ ∇𝝋𝑖

)

+
(

𝜏𝑛𝐶∇ ⋅ 𝝋𝑗 ,∇ ⋅ 𝝋𝑖
)

,

(𝑺𝑝𝑢,ℎ
(

𝐮𝑛ℎ
)

)𝑘𝑗 =
(

𝜏𝑛𝑀
( 1
𝛥𝑡

𝝋𝑗 + 𝐮𝑛ℎ ⋅ ∇𝝋𝑗 − 𝜈𝛥𝝋𝑗

)

,∇𝜂𝑘
)

,

(𝑺𝑢𝑝,ℎ
(

𝐮𝑛ℎ
)

)𝑖𝑘 =
(

𝜏𝑛𝑀∇𝜂𝑘,𝐮𝑛ℎ ⋅ ∇𝝋𝑖
)

, (𝑺𝑝𝑝,ℎ
(

𝐮𝑛ℎ
)

)𝑘𝑙 =
(

𝜏𝑛𝑀∇𝜂𝑙 ,∇𝜂𝑘
)

,

for 𝑖, 𝑗 = 1,… ,R𝑁ℎ,𝑢 , 𝑘, 𝑙 = 1,… ,R𝑁ℎ,𝑝 ;
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• at the right hand side, there are the contributions of both the
SUPG stabilization 𝐟𝑢,𝑠, 𝐟𝑝,𝑠, and the Dirichlet data 𝐠𝑢(𝑡𝑛+1), 𝐠𝑝(𝑡𝑛+1),

𝒇 𝑢,ℎ
(

𝒖𝑛ℎ
)

= 1
𝛥𝑡

𝑴ℎ𝐮𝑛ℎ+𝐠𝑢(𝑡𝑛+1)+𝐟𝑢,𝑠(𝒖
𝑛
ℎ), 𝒇 𝑝,ℎ

(

𝒖𝑛ℎ
)

= 𝐠𝑝(𝑡𝑛+1)+𝐟𝑝,𝑠(𝒖𝑛ℎ),

where

(𝐟𝑢,𝑠(𝒖𝑛ℎ))𝑖 =
(

𝜏𝑛𝑀
1
𝛥𝑡

𝒖𝑛ℎ, 𝒖
𝑛
ℎ ⋅ 𝝋𝑖

)

, (𝐟𝑝,𝑠(𝒖𝑛ℎ))𝑘 =
(

𝜏𝑛𝑀
1
𝛥𝑡

𝒖𝑛ℎ,∇𝜂𝑘
)

,

for 𝑖 = 1,… ,R𝑁ℎ,𝑢 , 𝑘 = 1,… ,R𝑁ℎ,𝑝 .

Note that considering a semi-implicit treatment of the nonlinear
onvective terms, the fully-discrete problem (11) yields a linear system
o be solved at each time 𝑡𝑛. Even if not highlighted for the sake of
otation, all the matrices and vectors above depend on the geometrical
arameter vector 𝝁𝑔 and, ultimately, on 𝝁. In contrast, only the vector

corresponding to the boundary data depends on the physical parame-
ters 𝝁𝑝. We also highlight that the 𝑺𝑝𝑝,ℎ block appearing in the SUPG
matrix is nonzero, and is nonsingular, thus making the saddle point
system to be solved at each time step well-posed. Indeed, the saddle
point matrix features the same structure as the one obtained with the
finite volume method [4], for which the (2,2) block was filled by the
Laplacian of the pressure projection term.

2.3. Reduced order model

In this section, we describe the construction of reduced order models
for parametrized fluid flows relying on a POD-Galerkin framework. To
make the paper self-contained, we report some basic notions about
proper orthogonal decomposition (POD), Galerkin projection and hyper
reduction through the discrete empirical interpolation method. For the
sake of simplicity, we will rely on a fully algebraic construction.

2.3.1. Proper orthogonal decomposition
In this paper, we employ POD both for the construction of RB spaces

and for the efficient approximation of parameter-dependent arrays. For
the sake of simplicity, we tailor our description to the former case.
Let 𝐬(𝝉) be the discrete representation of a field variable, such as the
discrete flow velocity 𝐮ℎ or the pressure 𝐩ℎ, at a given time, with
𝝉 = (𝑡,𝝁) ∈  ⊂ R𝑝+1, and let 𝒛 = {𝐳(𝝉) ∈ Rℎ ∣ 𝝉 ∈ } be
the manifold to be approximated. The goal of POD exploiting the so-
called snapshot method is to approximate 𝒛 with a low-dimensional
optimal linear space of R𝑁ℎ starting from a set of 𝑛𝑠 snapshots sampled
from 𝒛, 𝐒 = [𝐬1, 𝐳2,… , 𝐬𝑛𝑠 ] ∈ R𝑁ℎ×𝑛𝑠 , with 𝝉 𝑖 ∈ , 𝑖 = 1,… , 𝑛𝑠.
For any prescribed dimension 𝑁 , POD provides the 𝑁-dimensional
subspace, spanned by the columns of 𝐕 = [𝜻1|… |𝜻𝑁 ] ∈ R𝑁ℎ×𝑁 , which
best approximates {𝐬𝑖}

𝑛𝑠
𝑖=1 among all possible 𝑁-dimensional subspaces.

To this end, POD computes the singular value decomposition (SVD)
𝐗

1
2 𝐒 = 𝐔𝜮𝐙𝑇 of the matrix 𝐒 with respect to a scalar product induced

y a symmetric positive definite matrix 𝐗, where 𝐔 ∈ R𝑁ℎ×𝑁ℎ and
𝐙 ∈ R𝑛𝑠×𝑛𝑠 denote orthogonal matrices, and 𝜮 ∈ R𝑁ℎ×𝑛𝑠 is a diagonal
matrix containing the singular values 𝜎1 ≥ 𝜎2 ≥ ⋯ ≥ 𝜎𝑛𝑠 ≥ 0. The matrix
𝐕 is obtained by retaining the first 𝑁 columns of 𝐔 and represents,
by construction, an 𝐗-orthonormal basis of the best 𝑁-dimensional
subspace approximating the snapshot set. In particular, we have
𝑛𝑠
∑

𝑖=1
‖𝐬𝑖 − 𝐕𝐕𝑇𝐗𝐬𝑖‖2𝐗 = min

𝐖∈𝑁

𝑛𝑠
∑

𝑖=1
‖𝐬𝑖 −𝐖𝐖𝑇𝐗𝐬𝑖‖2𝐗 =

𝑛𝑠
∑

𝑖=𝑁+1
𝜎2𝑖 ,

here 𝑁 = {𝐖 ∈ R𝑁ℎ×𝑁 ∶ 𝐖𝑇𝐗𝐖 = 𝐈𝑁} and 𝐈𝑁 is the 𝑁-dimensional
dentity matrix. Moreover, the discarded singular values provide an
stimate of the relative error, since
∑𝑛𝑠

𝑖=1 ‖𝐬𝑖 − 𝐕𝐕𝑇𝐗𝐬𝑖‖2𝐗
∑𝑛𝑠

𝑖=1 ‖𝐬𝑖‖
2
𝐗

=
∑𝑛𝑠

𝑖=𝑁+1 𝜎
2
𝑖

∑𝑛𝑠
𝑖=1 𝜎

2
𝑖

. (12)

or a given tolerance 𝜀𝑃𝑂𝐷, (12) is employed to control the relative
5

rror on the approximation of the snapshots and to select 𝑁 basis a
functions. In particular, we can set the bases dimension 𝑁 as the
minimum integer such that
∑𝑁

𝑖=1 𝜎
2
𝑖

∑𝑛𝑠
𝑖=1 𝜎

2
𝑖

≥ 1 − 𝜀𝑃𝑂𝐷. (13)

In our case, snapshots of velocity and pressure solution fields are
obtained by sampling the parameter space defining the problem at
different instances in time. Then, POD is performed separately on
each set of (velocity and pressure) snapshots 𝐒𝑢 and 𝐒𝑝 collected for
𝝁1,… ,𝝁𝑛𝑠 at times 𝑡1,… , 𝑡𝑁𝑡 . To limit the computational cost of the
calculation, the POD basis could be built sequentially by performing
at first POD with respect to the time trajectory (for a fixed parameter
value) and, after collecting this information, POD with respect to the
parametric dependence. See, e.g., [23] for further details.

2.3.2. Galerkin projection
The RB approximation of velocity and pressure fields at time 𝑡𝑛 can

then be expressed as a linear combination of the RB basis functions,

𝐮𝑛+1ℎ (𝝁) ≈ 𝐕𝑢𝐮𝑛+1𝑁 (𝝁), 𝐩𝑛+1ℎ (𝝁) ≈ 𝐕𝑝𝐩𝑛+1𝑁 (𝝁), (14)

where 𝐕𝑣 ∈ R𝑁ℎ,𝑢×𝑁𝑢 and 𝐕𝑝 ∈ R𝑁ℎ,𝑝×𝑁𝑝 denote the matrices whose
columns are the vectors of degrees of freedom of the basis functions
for the velocity and the pressure RB spaces, respectively.

Substituting (14) into (11) and performing a Galerkin projection, we
obtain the following POD-Galerkin problem (denoted as parametrized
ROM (PROM) from hereon): given 𝐮𝑛𝑁 , for 𝑛 = 0,… , 𝑁𝑡 − 1, find
(𝐮𝑛+1𝑁 ,𝐩𝑛+1𝑁 ) ∈ R𝑁𝑢 × R𝑁𝑝 such that
[

1
𝛥𝑡𝑴𝑁 + 𝑪𝑁

(

𝐮𝑛𝑁
)

+𝑳𝑁 𝑩𝑇
𝑁

−𝑩𝑁 𝟎

][

𝐮𝑛+1𝑁

𝐩𝑛+1𝑁

]

+

[

𝑺𝑢𝑢,𝑁
(

𝐮𝑛𝑁
)

𝑺𝑢𝑝,𝑁
(

𝐮𝑛𝑁
)

𝑺𝑝𝑢,𝑁
(

𝐮𝑛𝑁
)

𝑺𝑝𝑝,𝑁
(

𝐮𝑛𝑁
)

][

𝐮𝑛+1𝑁

𝐩𝑛+1𝑁

]

=

[

𝒇𝑁,𝑢
(

𝒖𝑛𝑁
)

𝒇𝑁,𝑝
(

𝒖𝑛𝑁
)

]

, (15)

here all the RB arrays appearing in the equation above are obtained
y projecting onto the RB spaces the corresponding blocks defined in
11). In particular:

• the reduced-order mass, diffusion and pressure-divergence oper-
ators are given by

𝑴𝑁 = 𝐕𝑇
𝑢 𝑴ℎ𝐕𝑢, 𝑳𝑁 = 𝐕𝑇

𝑢 𝑳ℎ𝐕𝑢, 𝑩𝑁 = 𝐕𝑇
𝑢 𝑩ℎ𝐕𝑝;

• the reduced-order convective operator is given by

𝑪𝑁
(

𝐮𝑛𝑁
)

= 𝐕𝑇
𝑢 𝑪ℎ

(

𝐕𝑢𝐮𝑛𝑁
)

𝐕𝑢;

• the reduced-order SUPG stabilization terms are given by

𝑺𝑢𝑢,𝑁
(

𝐮𝑛𝑁
)

= 𝐕𝑇
𝑢 𝑺𝑢𝑢,ℎ

(

𝐕𝑢𝐮𝑛𝑁
)

𝐕𝑢,

𝑺𝑢𝑝,𝑁
(

𝐮𝑛𝑁
)

= 𝐕𝑇
𝑢 𝑺𝑢𝑝,ℎ

(

𝐕𝑢𝐮𝑛𝑁
)

𝐕𝑝,

𝑺𝑝𝑢,𝑁
(

𝐮𝑛𝑁
)

= 𝐕𝑇
𝑝 𝑺𝑝𝑢,ℎ

(

𝐕𝑢𝐮𝑛𝑁
)

𝐕𝑢,

𝑺𝑝𝑝,𝑁
(

𝐮𝑛𝑁
)

= 𝐕𝑇
𝑝 𝑺𝑝𝑝,ℎ

(

𝐕𝑢𝐮𝑛𝑁
)

𝐕𝑝;

• finally, the reduced-order right-hand sides, also involving a SUPG
contribution, are given by

𝒇𝑁,𝑢
(

𝒖𝑛𝑁
)

= 𝐕𝑇
𝑢 𝒇ℎ,𝑢

(

𝐕𝑢𝒖𝑛𝑁
)

, 𝒇𝑁,𝑝
(

𝒖𝑛𝑁
)

= 𝐕𝑇
𝑝 𝒇ℎ,𝑝

(

𝐕𝑢𝒖𝑛𝑁
)

.

The dimension of the system defined by Eq. (15) is now equal
o 𝑁𝑢 + 𝑁𝑝, and it is much lower than the FOM dimension, 𝑁ℎ,𝑢 +
ℎ,𝑝 of Eq. (11). Hence, solving the Navier–Stokes system has be-

ome computationally less expensive. However, without any further
evelopment, the PROM still requires the calculation of the reduced
perators involving the projection of the corresponding FOM operators
nto the POD bases. Additionally, some of the operators in Eq. (15)
epend on the FOM solution, so that they would need to be recomputed
t each iteration using the FOM, and then projected onto the POD
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Fig. 1. Comparison between FOM, PROM and HROM predictions in terms of velocity relative error for reducing values of 𝜀 in the POD method and constant reconstruction
tolerance for (M)DEIM. Each panel shows the error over time in the velocity field between the FOM and the PROM (green) or between the FOM and the HROM (orange). Solid
lines show the mean values over time, computed over the training dataset, while the shaded area represents the maximum and minimum errors obtained over the training dataset.
subspace. This would only yield a negligible computational speedup,
thus preventing the ROM from being a feasible alternative. For this
reason, we need to rely on a further hyper-reduction stage to efficiently
reconstruct these solution-dependent operators at each iteration: this is
the goal of the following section.

We highlight that a Galerkin projection might yield a singular
algebraic system (15) depending on the chosen high-fidelity FOM ap-
proximation. For instance, if stable velocity/pressure spaces were used,
as in the case of a P2 - P1 FE discretization, the first matrix appearing
at the left-hand side of (15) would be singular, because the POD
velocity basis is divergence-free (in a discrete sense), thus violating
the inf–sup condition and not allowing for the solution of the pressure
based on the mass conservation principle. To overcome this, several
strategies have been proposed, such as the augmentation of the velocity
space through a set of enriching basis functions involving the so-called
supremizing operator, the use of a Petrov–Galerkin projection, or the
independent reconstruction of pressure from velocity; see Section 1.1
and references therein. The approach we have pursued, instead, hinges
upon velocity POD basis functions that fulfill a stabilized problem, in
which the additional stabilization terms avoid the violation of the inf–
sup condition. For this reason, the ROM is automatically stable – that
6

is, the sum of the two matrices appearing in (15) cannot be singular –
and no further treatment is required in its construction.

2.3.3. (Matrix) discrete empirical interpolation method
For the problem at hand, both nonlinearities and parameter depen-

dence make assembling the ROM arrays a computational bottleneck.
For the sake of clarity, we restore the explicit parameter dependence.

Linear, time-invariant matrices such as 𝐌𝑁 and 𝐋𝑁 can be as-
sembled at time 𝑡 = 0, but they depend on geometrical parameters
in a nonaffine way. In applications with fixed domain geometries,
the matrix 𝐂𝑁 could be ideally assembled exploiting the quadratic
nonlinearity of the convective term.

For these reasons, the generation of the ROM arrays (to be used
to assemble the ROM for any new parameter value during the online
stage) is done using a hyper-reduction technique such as the discrete
empirical interpolation method (DEIM) [45,47,55] when dealing with
vector operators (such as the ones appearing at the right-hand side
of (15)) or its matrix version (MDEIM) [48], similarly to the strategy
proposed in [23].
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Fig. 2. Comparison between FOM, PROM and HROM predictions in terms of pressure relative error for reducing values of 𝜀 in the POD method and constant reconstruction
tolerance for (M)DEIM. Each panel shows the error over time in the pressure field between the FOM and the PROM (green) or between the FOM and the HROM (orange). Solid
and dashed lines show the mean values over time, computed over the training dataset, while the shaded area represents the maximum and minimum errors obtained over the
training dataset.
For reference, we show here how MDEIM works, for the approxi-
mation of a generic matrix 𝐀ℎ(𝐮ℎ(𝝉); 𝝉), where 𝐮ℎ(𝝉) specifies the (non-
linear) dependence on the solution field and 𝝉 the time-dependence
and the (nonaffine) dependence on the input parameters – with 𝝉 =
(𝑡,𝝁) ∈  ⊂ R𝑝+1. This strategy then applies to all the matrices
appearing in (15) and also to the right-hand side vectors. Hence,
we seek to approximate 𝐀ℎ(𝐕𝐮𝑁 (𝝉); 𝝉) as a linear combination of
𝑚𝐴 (𝐕𝐮𝑁 (𝝉); 𝝉)-independent matrices 𝐀1,… ,𝐀𝑚𝐴

, and corresponding
(𝐕𝐮𝑁 (𝝉); 𝝉)-dependent weights, {𝜃𝐴𝑖 (𝐕𝐮𝑁 (𝝉); 𝝉)}𝑚𝐴

𝑖=1,

𝐀ℎ(𝐕𝐮𝑁 (𝝉); 𝝉) ≈ 𝐀̃ℎ(𝐕𝐮𝑁 (𝝉); 𝝉) =
𝑚𝐴
∑

𝑖=1
𝜃𝐴𝑖 (𝐕𝐮𝑁 (𝝉); 𝝉)𝐀𝑖

= 𝜱𝐴𝜽𝐴(𝐕𝐮𝑁 (𝝉); 𝝉), (16)

where 𝜽𝐴(𝐮ℎ(𝝉); 𝝉) ∈ R𝑚𝐴 is the vector of the coefficients to be
determined and

𝜱 =
[

𝝓𝐴
| … |𝝓𝐴

]

= [vec(𝐀 ) | … | vec(𝐀 )] ∈ R𝑁2
ℎ×𝑚𝐴
7

𝐴 1 𝑚𝐴 1 𝑚𝐴
is a POD-basis spanning a subspace of

𝐴 =
{

vec(𝐀ℎ(𝐕𝐮𝑁 (𝝉); 𝝉)) ∶ 𝝉 = (𝑡,𝝁) ∈ {𝑡1,… , 𝑡𝑁𝑡
} × 

}

⊂ R𝑁2
ℎ .

Such a basis can then be computed during the offline phase by per-
forming POD on a set of snapshots of (vectorized matrices) 𝐀ℎ(𝐮ℎ(𝝁);𝝁)
as described in Section 2.3. The coefficient vector 𝜽𝐴(𝐮ℎ(𝝉); 𝝉) can
be evaluated for each new value of 𝝉 by imposing 𝑚𝐴 interpolation
constraints on a subset ℘ = [℘1,… ,℘𝑚𝐴

] of entries of 𝐀ℎ(𝐮ℎ(𝝉); 𝝉) (the
so-called magic points, see e.g. [55]) selected by the DEIM algorithm,
that is,

𝜽𝐴(𝐕𝐮𝑁 (𝝉); 𝝉) = (𝜱𝐴|℘)
−1(vec(𝐀ℎ(𝐕𝐮𝑁 (𝝉); 𝝉))|℘).

Therefore, during the online phase, it is sufficient to calculate the
algebraic operators only at the magic points, i.e., to assemble the FOM
operators only on those elements of the computational mesh which
contribute to the entries of ℘, in order to quickly reconstruct their
formulation in the ROM. Finally, we can approximate 𝐀 (𝐕𝐮 (𝝉); 𝝉)
𝑁 𝑁
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Fig. 3. Comparison between FOM and HROM predictions for training and test datasets for reducing values of 𝜀 in the POD method and constant reconstruction tolerance for
M)DEIM. Each panel shows the error over time in the velocity field for test (green) training (orange) cases. Solid and dashed lines show the mean values over time, computed
ver the training dataset, while the shaded area represents the maximum and minimum errors obtained over the training dataset.
y

̃
𝑁 (𝐕𝐮𝑁 (𝝉); 𝝉) = 𝐕𝑇 𝐀̃ℎ(𝐕𝐮𝑁 (𝝉); 𝝉)𝐕 =

𝑚𝐴
∑

𝑖=1
𝜃𝐴𝑖 (𝐕𝐮𝑁 (𝝉); 𝝉)𝐕𝑇𝐴𝑖𝐕,

hence by relying on the matrices 𝐕𝑇𝐴𝑖𝐕, 𝑖 = 1,… , 𝑚𝐴, that can be
precomputed once for all and stored. See, e.g., [48,56] for further
details.

Replacing all the ROM arrays appearing in the PROM (15) with
their (M)DEIM approximations, we obtain the following POD-Galerkin
hyper-ROM (HROM): given 𝐮𝑛𝑁,𝑚, for 𝑛 = 0,… , 𝑁𝑡−1, find (𝐮𝑛+1𝑁,𝑚,𝐩

𝑛+1
𝑁 ) ∈

R𝑁𝑢 × R𝑁𝑝 such that
[

1
𝛥𝑡𝑴𝑁 + 𝑪̃𝑁

(

𝐮𝑛𝑁.𝑚
)

+ 𝑳̃𝑁 𝑩̃
𝑇
𝑁

−𝑩̃𝑁 𝟎

][

𝐮𝑛+1𝑁,𝑚

𝐩𝑛+1𝑁,𝑚

]

+
⎡

⎢

⎢

⎣

𝑺̃𝑢𝑢,𝑁

(

𝐮𝑛𝑁,𝑚

)

𝑺̃𝑢𝑝,𝑁

(

𝐮𝑛𝑁,𝑚

)

𝑺̃𝑝𝑢,𝑁

(

𝐮𝑛𝑁,𝑚

)

𝑺̃𝑝𝑝,𝑁

(

𝐮𝑛𝑁,𝑚

)

⎤

⎥

⎥

⎦

[

𝐮𝑛+1𝑁,𝑚

𝐩𝑛+1𝑁,𝑚

]

=
⎡

⎢

⎢

⎣

𝒇𝑁,𝑢

(

𝒖𝑛𝑁,𝑚

)

𝒇𝑁,𝑝

(

𝒖𝑛𝑁,𝑚

)

⎤

⎥

⎥

⎦

, (17)

where we have also denoted the dependence of the solution on the
hyper-reduced operators.
8

Note that the snapshots required to determine the reduced bases
to approximate the ROM arrays depending on 𝐕𝑢𝐮𝑁 through hyper-
reduction are generated by solving the parametrized ROM (15), rather
than the FOM. In the case where the HROM arrays only depend on
time and parameters (as in the case of linear mass, diffusion and
pressure/divergence operators), the assembling of the matrix snapshots
does not require to solve any further problem.

3. Results

We considered as reference geometry a cylindrical conduit (di-
ameter 𝑑0 = 10.0 mm, length 𝐿0 = 100.0 mm) with a prescribed
section restriction of severity 𝜇𝑔 ∈ [0.1, 0.4], see Section 2.1. We only
considered the restriction severity as input parameter, keeping the
restriction position as fixed, by choosing 𝑐1 = 0.01 and 𝑐2 = 0.02,
respectively. The time averaged mean inlet blood velocity, 𝜇𝑝, was
chosen to yield peak inlet averaged Reynolds numbers between 300 and
500. We selected an oscillation frequency of the input velocity profile,
𝑓 = 1.5 Hz. These parameters define realistic stenosis severity and

physiological flow velocity of interest for clinical diagnosis of coronary
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Fig. 4. Comparison between FOM and HROM predictions for training and test datasets for reducing values of 𝜀 in the POD method and constant reconstruction tolerance for
M)DEIM. Each panel shows the error over time in the pressure field for test (green) training (orange) cases. Solid and dashed lines show the mean values over time, computed
ver the training dataset, while the shaded area represents the maximum and minimum errors obtained over the training dataset.
Table 1
Number of POD bases for velocity, 𝑁𝑣, and pressure, 𝑁𝑝 approximations in PROMs and

ROMs.
ROM 𝜀 𝑁𝑣 𝑁𝑝

PROM−2/HROM−2 10−2 5 3
PROM−3/HROM−3 10−3 13 5
PROM−4/HROM−4 10−4 28 9
PROM−5/HROM−5 10−5 49 17

artery disease. We modeled blood as an incompressible Newtonian fluid
with density, 𝜌 = 1060 kg m−3, and kinematic viscosity, 𝜈 = 0.004
Pa⋅s. We solved the discretized algebraic NS equations described in (11)
using the open-source finite element library FEniCS [57,58].

Training datasets were generated by sampling the parametric space
(

𝜇𝑝, 𝜇𝑔
)

with a 9 × 7 grid, resulting in 63 cases. We ran simulations
for a total time of 𝑇 = 1.5 s and with a time step 𝛥𝑡 = 10−4 s. The
inlet velocity profile was initially ramped to its maximum value in
9

the oscillatory cycle for t ∈ [0,0.2] s before the oscillatory component
was added. Snapshots for velocity and the algebraic forms of the NS
operators were saved at time intervals 𝛥𝑡 = 2 × 10−3 s.

We compare the results obtained with either the PROM or the
HROM against the ones computed through the high-fidelity FOM.
Recall that in the PROM, the algebraic operators are obtained by
projecting the FOM arrays onto the POD velocity/pressure spaces and
then solved for the reduced approximation (the amplitudes of the POD
modes). In the HROM, instead, the system algebraic operators are ap-
proximated through (M)DEIM for the sake of computational efficiency.
We ran the PROM and HROM for different values of the POD tolerance,
𝜀𝑃𝑂𝐷, chosen equal to

[

10−2, 10−3, 10−4, 10−5
]

and keeping the value
of the (M)DEIM tolerance for each approximated operator at 10−12.
Therefore, we obtained 5 different PROMs and HROMs, which are
identified with a superscript reporting the corresponding POD tolerance
(e.g., PROM−5 for a POD tolerance of 10−5). Table 1 summarizes the
resulting number of POD velocity and pressure basis functions, for
either the PROMs or the HROMs. Table 2 reports instead the resulting
number of basis for the reconstruction of the operators in the HROMs,
when different tolerances are used to stop the (M)DEIM approximation
of the ROM operators. As expected, the most difficult terms to be
approximated are the ones related to either convective or SUPG terms.
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Table 2
Number of DEIM bases for the reconstruction of the algebraic operators: mass 𝑴𝑁 ; convective 𝑪̃𝑁 (𝐮𝑛𝑁,𝑚); diffusion 𝑳̃𝑁 ; pressure/divergence 𝑩̃𝑁 ; stabilization terms 𝑺̃𝑢𝑢,𝑁 (𝐮𝑛𝑁,𝑚),
𝑺̃𝑢𝑝,𝑁 (𝐮𝑛𝑁,𝑚), 𝑺̃𝑝𝑢,𝑁 (𝐮𝑛𝑁,𝑚), 𝑺̃𝑝𝑝,𝑁 (𝐮𝑛𝑁,𝑚); right hand sides 𝒇𝑁,𝑢(𝒖𝑛𝑁,𝑚), 𝒇𝑁,𝑝(𝒖𝑛𝑁,𝑚𝑡). For their definition we refer the reader to Section 2.3.2.

ROM 𝑴𝑁 𝑳̃𝑁 𝑩̃𝑁 𝑪̃𝑁

(

𝐮𝑛𝑁,𝑚

)

𝑺̃𝑢𝑢,𝑁 𝑺̃𝑢𝑝,𝑁 𝑺̃𝑝𝑢,𝑁 𝑺̃𝑝𝑝,𝑁 𝒇𝑁,𝑢

(

𝒖𝑛𝑁,𝑚

)

𝒇𝑁,𝑝

(

𝒖𝑛𝑁,𝑚

)

HROM−2 2 4 2 16 12 17 15 5 37 16
HROM−3 2 4 2 35 17 35 31 5 115 37
HROM−4 2 4 2 65 25 61 49 5 225 68
HROM−5 2 4 2 96 27 87 70 5 280 99
Fig. 5. Comparison of velocity (left column) and pressure (right column) for
(

𝜇𝑝 , 𝜇𝑔
)

= (500, 0.1). (a) and (b) show the FOM solutions at the end of the simulation (peak velocity
instant), (c) and (d) the corresponding solution with HROM−5 and (e) and (f) the absolute difference between the two.
After the generation of all the terms necessary for building PROMs
and HROMS at the online phases, we use both models on 48 test
cases corresponding to parameter values

(

𝜇𝑝, 𝜇𝑔
)

not included in the 63
training 63. Solution accuracy is evaluated by considering the relative
error in the prediction of both velocity and pressure fields over time.
For each value of 𝝁 ∈  , the (instantaneous) relative velocity/pressure
errors are computed as

𝑒𝑢(𝑡) =
‖𝐮𝑟(𝝁) − 𝐮ℎ(𝝁)‖2

‖𝐮ℎ(𝝁)‖2
, 𝑒𝑝(𝑡) =

‖𝐩𝑟(𝝁) − 𝐩ℎ(𝝁)‖2
‖𝐩ℎ(𝝁)‖2

,

where 𝐮𝑟, 𝐩𝑟 and 𝐮ℎ, 𝐩ℎ refer to the velocity/pressure field in the
PROM/HROM and the FOM, respectively.

Figs. 1 and 2 show the average of the instantaneous errors 𝑒𝑢 and
𝑒𝑝, over time, computed over the training datasets for the PROMs and
HROMs. Each panel corresponds to a fixed POD tolerance, 𝜀.
10
In Figs. 3 and 4, we compare the reconstruction errors computed
over the training and the test datasets for each of the values of 𝜀
considered.

Finally, Figs. 5 and 6 show the comparison of the velocity magni-
tude and the pressure field predicted by the FOM and the HROM−5 at
the end of the simulation, for which we also are at the peak value of
the inlet velocity profile. In particular, the panels show the contour plot
on a section of the computational domain.

We used multiple reconstruction tolerances for the selection of the
number of the POD bases for the reconstruction of the pressure and
velocity fields: from 5 to 49 bases for the velocity and 3 to 17 for
pressure when moving from 𝜀 = 10−2 to 10−5. By increasing the number
of POD bases, we observe an increase in the number of reconstruction
terms for (M)DEIM, in particular for the convective term and the
stabilization contributions at the right-hand side of Eq. (15). At the
initial time steps, we observe the largest relative errors, of the order
10−1 for the velocity reconstruction for all PROMs, due to the low
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Fig. 6. Comparison of velocity (left column) and pressure (right column) for
(

𝜇𝑝 , 𝜇𝑔
)

= (500, 0.4). (a) and (b) show the FOM solutions at the end of the simulation (peak velocity
instant), (c) and (d) the corresponding solution with HROM−5 and (e) and (f) the absolute difference between the two.
velocity values in the reference velocity fields. We further observe that
the error quickly decreases over time to average values from 10−2 to
10−3 for PROM−2 and PROM−5, respectively. Pressure reconstruction
errors are significantly larger than those of the velocity for low numbers
of bases, but decrease to average values below 10−2 for the more
strict tolerance requirement (PROM−5). For the PROMs, we observe in
general that an increase in the number of basis functions leads to a
reduction of the solution error for both velocity and pressure, as one
may expect. Even more importantly, no degradation of flow stability
was observed when solving the PROM.

When considering the HROMs, approximating the algebraic opera-
tors using (M)DEIM, we observe a degradation of the solution accuracy
for both velocity and pressure. As in the PROMs, the velocity error is
higher in the initial part of the time interval, then it rapidly decreases,
reaching an almost constant value. In contrast to the PROMs, in the
HROMs we observe limited benefits for the velocity solution from the
increase of the number of the bases. The approximation with (M)DEIM
increases the mean velocity error up to an order of magnitude as
compared to the corresponding PROMs. The pressure solution with
HROM, instead, benefits from an increase in the number of bases.
Relative pressure solution errors, in fact, decrease from approximately
1 (with HROM−2) to about 10−1 for HROM−4. Errors then stabilize and
the increase in the number of bases only reduces the error range around
the mean value. The error in the prediction of the pressure drop follows
the trend of the pressure error and presents similar mean values (10−1).

4. Discussion

In this study, we have presented a way to build a stable and accurate
reduced-order model for the efficient approximation of parametrized
11
three-dimensional, incompressible unsteady Navier–Stokes equations.
The model is based on a stabilized finite element high-fidelity full-
order model involving the streamline upwind Petrov–Galerkin (SUPG)
method, and the subsequent projection onto low-dimensional subspaces
for velocity and pressure obtained applying Proper Orthogonal De-
composition (POD) to a set of velocity/pressure snapshots computed
for selected parameter values. We have used a tensorial approach to
sample the parameter space of interest and generate the projection
subspaces. The efficient reconstruction of the algebraic Navier–Stokes
operators and stabilization terms is obtained via the Discrete Empiri-
cal Interpolation Method (DEIM) and its matrix version MDEIM. This
choice allows to accommodate the nonaffine parameter dependence of
each array of the ROM on the parameter-dependent geometries. The
framework is applied to the pulsative flow into an idealized stenotic
vessel with varying degree of stenosis and inlet mass flow. Overall, we
observe that the hyper-reduction through (M)DEIM of the stabilization
terms allows to obtain a stable pressure–velocity coupling in the ROM
without the need of any additional enrichment of the velocity subspace
through, e.g., supremizing basis functions. This has been observed for
unsteady pulsatile cases, with geometric variations of the fluid domain
and physical variations of the inlet boundary conditions.

The errors of the ROMs (PROMs and HROMs) need to be consid-
ered in relation to the reduction of the computational cost. In our
application, we observe only a marginal speedup from the FOM to the
PROM. For instance, in the case of the PROM−5, the speedup is only of
about 1.5 times. However, when considering the HROMs, we observe a
reduction of the computational cost by a factor of 8, corresponding to a
reduction of the computing time from 0.8 s for a single iteration of the
FOM to 0.1 s for the HROM−5, on a single CPU core (Intel©Xeon©E5-

1630). This 8-fold speedup can be further increased to a factor of 16, if



Computers and Fluids 246 (2022) 105604S. Buoso et al.
the HROM−4 is considered, for which solution errors are indeed similar
to the HROM−5.

As a final remark, we point out that we could obtain stable results
only with DEIM reconstruction tolerances of 10−12. Larger values of
this tolerance that might yield even more substantial speedups, do not
allow the correct approximation of the operators, ultimately making
the HROM solution quickly divergent. For smaller tolerances, numerical
errors in the reconstruction of the calculation of the bases were found
to reduce the accuracy of the solution. This very narrow range of
tolerances for which DEIM provides stable solutions is found to be
consistent with previous work on reduced-order modeling [59], making
the use of hyper-reduction techniques an expensive task and a delicate
issue in the context at hand – where instabilities might arise for dif-
ferent reasons, such as, e.g., moderate/high Reynolds numbers, or the
pressure treatment. Also for this reason, more recently, deep learning
(DL)-based ROMs have been proposed to learn in a non-intrusive way
both the nonlinear trial manifold and the reduced dynamics, by relying
on deep neural networks after performing a former dimensionality
reduction through POD [12]. This framework has been recently applied
to parametrized fluid dynamics problems in [13], ultimately yielding
the possibility to perform real-time fluid flow simulations. A similar
combination of dimensionality reduction through POD and neural net-
works has been applied to problems in continuum mechanics in [14].
Nevertheless, the approach proposed in this work provides a reliable,
physics-based ROM, whose training time is comparable to the one
needed for the training of a neural network architecture, almost the
same amount of training data, and a better versatility with respect
to existing projection-based ROMs due to the automatic generation of
stabilization terms in the ROM.

5. Conclusion

We have presented a methodology for generating a parametrized
reduced-order model from a stabilized Finite Element discretization of
the three-dimensional, incompressible unsteady Navier–Stokes equa-
tions. The resulting ROM resolves the pressure–velocity coupling by
preserving the effect of the SUPG stabilization of the full order model,
without the use of supremizer basis functions in the velocity subspace
for the stabilization at the ROM level. We investigated the effect of
increasing the number of bases for the reconstruction of velocity and
pressure fields, and of the approximation of the algebraic operators
of the NS equations through (M)DEIM. For the best trade-off between
accuracy and speedup (HROM−4), we observe average relative pre-
diction errors of the full velocity and pressure fields of less than
10%, accompanied by a speedup of about 16 times compared to the
conventional full order model.
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Appendix

The methodology presented in this manuscript has also been ap-
plied, for the sake of testing, to one of the standard benchmark cases
for fluid dynamics: the two dimensional lid-driven cavity flow (Fig. 7).
The geometry is a square of dimensions 𝐿=1 m and 𝐷 = 1 m. A
Cartesian coordinate system is centered at the bottom-left corner with
axes aligned with the edges of the domain. The cavity is meshed with
a uniform grid with 50 nodes on each edge. Homogeneous Dirichlet
boundary conditions are prescribed at the walls of the cavity and a
uniform velocity, 𝒖𝑙𝑖𝑑 = (𝑢, 0), is set at the top edge. The Reynolds
number is defined as Re = 𝜌𝑢𝐷

𝜇 . The simulation is run with the same
FOM described in Section 2.2 for a total time of 𝑇 = 10 s and a
time step of dt=5 ms. We considered 10 training cases with Re equally
spaced in the range [200-2000] and saved 200 snapshots for both
velocity and pressure fields. We evaluated HROMs performance for
POD tolerances, 𝜀𝑃𝑂𝐷, chosen equal to 10−2 and 10−4 with (M)DEIM
fixed to 10−12. Tables 3 and 4 summarize the resulting number of POD
velocity and pressure bases and (M)DEIM bases for the two cases. As
the geometry is fixed, the mass, diffusion and divergence operators
are constant for all cases and do not need to be approximated using
(M)DEIM. Test cases are generated considering velocity values obtained
from the mid points of the intervals generated from the training samples
to maximize the distance between training and test cases. Prediction
errors over time of velocity and pressure fields between HROM and
FOM are shown in Figs. 8 and 9. The HROMs are stable for both POD
tolerances, with a decrease in mean error when increasing the number
of POD bases. Further increase of velocity and pressure modes did not
provide substantial benefits in error reduction. Fig. 10 shows the vortex
structures at three instants of the simulation for FOM and HROMs
and demonstrates the good agreement between the prediction of the
solution fields.

Fig. 7. Geometry of the lid-driven cavity flow benchmark.

Table 3
Number of POD bases for velocity, 𝑁𝑣, and pressure, 𝑁𝑝 approximations in PROMs and
HROMs for the lid-driven cavity flow problem.

ROM 𝜀 𝑁𝑣 𝑁𝑝

HROM−2 10−2 10 9
HROM−4 10−4 29 25
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Table 4
Number of DEIM bases for the reconstruction of the algebraic operators in the lid-driven cavity flow problem: convective 𝑪̃𝑁 (𝐮𝑛𝑁,𝑚); stabilization terms 𝑺̃𝑢𝑢,𝑁 (𝐮𝑛𝑁,𝑚), 𝑺̃𝑢𝑝,𝑁 (𝐮𝑛𝑁,𝑚),
̃
𝑝𝑢,𝑁 (𝐮𝑛𝑁,𝑚), 𝑺̃𝑝𝑝,𝑁 (𝐮𝑛𝑁,𝑚); right hand sides 𝒇𝑁,𝑢(𝒖𝑛𝑁,𝑚), 𝒇𝑁,𝑝(𝒖𝑛𝑁,𝑚𝑡). For their definition we refer the reader to Section 2.3.2.

ROM 𝑪̃𝑁

(

𝐮𝑛𝑁,𝑚

)

𝑺̃𝑢𝑢,𝑁 𝑺̃𝑢𝑝,𝑁 𝑺̃𝑝𝑢,𝑁 𝑺̃𝑝𝑝,𝑁 𝒇𝑁,𝑢

(

𝒖𝑛𝑁,𝑚

)

𝒇𝑁,𝑝

(

𝒖𝑛𝑁,𝑚

)

HROM−2 11 33 10 11 1 44 10
HROM−4 30 55 29 30 1 99 29
13
Fig. 8. Comparison between FOM and HROM predictions for training and test datasets of the lid-driven cavity flow for reducing values of 𝜀 in the POD method and constant
econstruction tolerance for (M)DEIM. Each panel shows the error over time in the velocity field for test (green) training (orange) cases. Solid and dashed lines show the mean
alues over time, computed over the training dataset, while the shaded area represents the maximum and minimum errors obtained over the training dataset.
Fig. 9. Comparison between FOM and HROM predictions for training and test datasets of the lid-driven cavity flow for reducing values of 𝜀 in the POD method and constant
econstruction tolerance for (M)DEIM. Each panel shows the error over time in the pressure field for test (green) training (orange) cases. Solid and dashed lines show the mean
alues over time, computed over the training dataset, while the shaded area represents the maximum and minimum errors obtained over the training dataset.
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Fig. 10. Comparison of velocity fields for the lid-driven cavity flow for the test case with Re= 1900. (a), (b) and (c) show predicted solutions at three time instant of the simulation
for the FOM, HROM−2 and HROM−4 models, respectively.
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