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Discrete-time photonic quantum walks on a synthetic
lattice, where both spatial and temporal evolution of
light is discretized, have provided recently a fascinat-
ing platform for the observation of a wealth of non-
Hermitian physical phenomena and for the control of
light scattering in complex media. A rather open ques-
tion is whether invisible potentials, analogous to the
ones known for continuous optical media, do exist in
such discretized systems. Here it is shown that, under
certain conditions, slowly-drifting Kramers-Kronig po-
tentials behave as invisible potentials in discrete-time
photonic quantum walks. © 2022 Optical Society of America

http://dx.doi.org/10.1364/a0. XX . XXXXXX

Introduction. The scattering of waves through inhomogeneous
or disordered systems is ubiquitous in different areas of classical
and quantum physics. In optics, light scattering arises rather
generally in any inhomogeneous medium where the refractive
index rapidly changes on a spatial scale of the order of the op-
tical wavelength. However, it is known since long time that
some special inhomogeneous distributions of the refractive in-
dex do not reflect light [1]. Recently, there has been a surge of
interest in controlling the scattering of waves through inhomo-
geneous or disordered media based on the special engineering
of both the real and imaginary parts of the refractive index, i.e.
in complex optical media [2-29]. The ability of engineering both
real and imaginary parts of the refractive index enables to re-
alize new kinds of reflectionless and even invisible potentials,
such as those based on parity-time (PT) symmetry and transfor-
mation optics [2-7], reverse engineering [8-10] and the spatial
Kramers-Kronig relations [11-22]. Likewise, complex potential
engineering offers a systematic method to construct a complex
medium such that a target optical field can propagate through
that medium, free of scattering, with a desired intensity profile,
for example with constant intensity, even in highly-disordered
media [23-29]. However, the experimental feasibility to engineer
at sub-wavelength scale both real and imaginary parts of the re-
fractive index in continuous media is challenging, and there are
few experiments demonstrating such new classes of synthetic
materials either at microwaves [20] or for acoustic waves [25].
Discrete-time photonic quantum walks on a lattice [30] provide a
different and important class of optical systems, where the evolu-
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tion of light is discretized both in space and time. As compared
to continuous optical media, they offer the rather unique possi-
bility of a simple implementation of complex (non-Hermitian)
potentials with rather arbitrary profiles, providing a fascinat-
ing platform to experimentally access a wealth of novel non-
Hermitian phenomena, such as PT symmetry breaking [31, 32],
non-Hermitian topological physics [33-37], non-Hermitian An-
derson localization [38] and non-Hermitian phase transitions
[39]. Recently, the observation of constant-intensity waves and
induced transparency has been reported using discrete-time
photonic quantum walks with complex tailored potentials [40],
thus overcoming the limitations of refractive index engineering
required in continuous media. However, an open question is
whether in such discrete-time systems there exist potentials that
are invisible for any incident wave, i.e. not only for a given tar-
get wave shape. This question is specially demanding since the
discrete nature of the dynamics can deeply modify the scattering
properties of non-Hermitian reflectionless potentials known in
continuous media [19].

In this Letter we consider wave scattering in a discrete-time
photonic quantum walk setting from non-Hermitian complex
potentials that drift on the lattice at a constant speed, and show
that the class of Kramers-Kronig potentials are invisible in the
slowly-drifting regime.

Model. We consider a discrete-time photonic quantum walk
realized using optical pulses in a synthetic mesh lattice [30-
32, 35, 38—40]. The system consists of two fiber loops of slightly
different lengths L & AL (short and long paths) that are con-
nected by a fiber coupler with a coupling angle j [Fig.1(a)]. In
the short loop, we place an amplitude (AM) and a phase (FM)
modulator, which provide a desired control of both phase and
amplitude of the traveling pulses. Light dynamics in the fiber
loops mimic a one-dimensional discrete-time quantum walk of
a single quantum particle [30] with time steps m and spatial
positions n [Fig.1(b)]. The governing equations for the discrete

amplitudes uﬁ[’” and v,ﬁ’") of the optical pulses in the short and

long fiber loops read [31, 32, 38, 40]

umty [cos ,Bu,(;i)l +isin ,805:1)1] exp(—iVymy1) @M
ol [cos ,Bv,(ﬁ)l +isin ﬁu,(ﬁ)l] @

where V,, ;,; is the effective discrete complex potential that is
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Fig. 1. Discrete-time photonic quantum walk on a synthetic
lattice with a non-Hermitian scattering potential. (a) Schematic
of two coupled fiber loops with slightly length mismatch

L £ AL. A fiber coupler with coupling angle 8 mixes the light
waves between the two fiber loops. An amplitude (AM) and
a phase (PM) modulator are placed in the short loop, pro-
viding an effective complex potential V,, ; for the traveling
pulses in the loop. (b) Schematic of the synthetic mesh lat-
tice. The physical time t is mapped at the discretized times

" = nAT + mT, where T = L/c is the mean travel time
and AT = AL/c < T is the travel time mismatch between
the two fiber loops. The index 1 corresponds to the site in-
dex in a synthetic one-dimensional spatial lattice, while the
integer m corresponds to a discrete time along which the sys-
tem evolves. The scattering potential is assumed of the form
Vim = @(n + mv), i.e. drifting along the lattice in the backward
direction at a speed v.

generated by the combination of AM and PM modulators. In
the absence of the potential, i.e. for V;, ,, = 0, the system shows
discrete translational invariance both in space and time, and the
eigenfunctions are of the Bloch-Floquet form, i.e. (u&’”), vslm) )T =
(U, Vi) T explign — iE+(q)m], where q is the (spatial) Bloch
wave number,

E+(q) = tacos(cos B cosq) 3)

are the quasi-energies of the two bands of the binary lattice,
and Uy = isinBexp(ig), V+ = exp(—iE+) — cos Bexp(ig)
are the amplitudes of Bloch waves. Note that a wave packet
with carrier Bloch wave number g in either one of the two
bands travels in the lattice at the speeds (group velocites)

vg+ = (dE+/dq), which take the largest absolute value
vémax) = cos 3 at ¢ = /2. Therefore, any excitation in the

discrete lattice cannot propagate faster than vé,mux).

Wave scattering from a drifting non-Hermitian potential. 1

Let us consider the discrete-time photonic quantum walk in
the presence of a space-time complex potential V; ;;;, localized
in space and vanishing fast enough as n — £co. We aim at
establishing whether one can find a class of potentials that are
fully invisible for any arbitrary wave packet propagating in the
system, i.e. such that after the scattering event the wave packet
evolves exactly as if the potential were not present. We note that
such a kind of transparency has been recently demonstrated in
Ref.[40], however in that case the invisibility holds only for a
target incident waveform. Additionally, we mention that the
families of static reflectionless potentials known in continuous
media, such as the class of Kramers-Kronig potentials [14], may
loose their reflectionless property owing to space discretization
[19].

To search for a class of invisible potentials, let us assume, for
the sake of definiteness, that the wave packet comes from
n = —oo and propagates in the forward direction of the lattice.
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Fig. 2. Behavior of the quasi energies €+ (g) versus Bloch wave
number g (solid curves) for the discrete-time photonic quan-
tum walk in the moving reference frame (x, t) [Eq.(7)]. Param-
eter values are § = 77/3 and v = 0.8 > cos . For an incoming
wave with Bloch wave number g7 of energy €y = €, (q; ) be-
longing to the upper quasi energy band, the scattered wave
contains all Bloch wave numbers g;~ of various scattering
channels, defined by the equations €+ (qf) = ¢y + 27mta, with
a=0,%1,%2,..

Since in the clean system there is an upper bound v(max> to

the propagation speed of excitation, it readily follows that
any potential of the form V,,,, = ¢(n + mv), i.e. drifting on
the lattice at a speed v in the backward direction [Fig.1(b)], is

reflectionless provided that v > vémux) = cosf [41]: in fact,
any scattered wave cannot appear as a reflected wave in the
reference frame where the potential is at rest. Here ¢(x) is a
continuous function of the variable x, that defines the shape
of the scattering potential. The absence of reflected waves,
however, does not ensure that the potential is invisible. To study
the scattering dynamics, it is worth considering the moving
reference frame

t=m

@

where the potential is at rest. Note that in the moving reference
frame the variable t remans discrete, while x should be consid-
ered as a continuous variable. After letting f(x, ) = uj(ctl
g(x,t) = ”Qvtl the discrete dynamics in the (x, ) frame reads

flx,t4+1) =

X =n+ovm,

o and

[cosBf(x —v+1,t)+isinBg(x —v+1,1)]
X exp[—ig(x)] ®)
glx,t+1)=isinBf(x —v—1,¢t)+cosBg(x —v—1,t). (6)

Note that, in the absence of the scattering potential [¢(x) =
0], the Bloch-Floquet eigenstates of the system are given by
(f(x,t),8(x, )T = (Fi,Gi)T expligx — ie+(q)t], where the
quasi energies €+ (g) in the moving reference frame reads [com-
pare with Eq.(3)]

€+(q) = E+(q) + qv = qu £ acos(cos B cos ). 7)

and where (Fi(q),G+(q))T = (isin Bexplig(l —
v)], exp(—iex) — cosBexplig(1 — v)])T are the amplitudes
of Bloch waves. A typical diagram of the quasi energies €+ (g)
is shown in Fig.2. Note that, when the condition v > cos
is satisfied, the curves €+(g) are monotonously increasing
functions of g, indicating that in the moving reference frame
there cannot be reflected (backward-propagating) waves. In
the presence of the scattering potential, we need to consider
the scattering solutions to Eqs.(5) and (6) with the asymptotic
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Fig. 3. (a) Scattering dynamics from the Kramers-Kronig po-

tential p(x) = A/(x — x0)> (A = —i,xg = 90 + i) fora
coupling angle § = 0.95 x 71/2 and drift velocity v = 0.2.
The initial excitation of the lattice is u,(io) = 0510) = 0y,0. The

left (right) panel shows the discrete dynamics of P,(,m> (Q,(f"))

on a pseudo color map, where P,(,m) = |u,(4m> 12+ |v,(4m> |> and
Q,(qm) = \u,({") - a,(j") | + |v,(4m> — ﬁ,ﬁ’”) |>. Here a,(J") and 27,(17")
are the pulse amplitudes that would propagate in the lattice in
the absence of the scattering potential. The vanishing of Q,(qm>
after the scattering event clearly indicates that the potential
is invisible. (b) Same as (a), but for a drift velocity v = 0.8.
In this case the fast-moving potential is not anymore invisi-
ble. (c) Same as (a), but for a Hermitian scattering potential

@(x) = Re (A/(x — x)?).

form corresponding to plane waves, with a given Bloch wave
number g = ¢ of the incident wave. In order to ensure that the
scattering waves far from the potential region are of Jost type
(i-e. plane waves), we assume that ¢(x) vanishes as x — oo
faster than ~ 1/x [12]. For the sake of definiteness, let us
assume that the incoming Bloch wave belongs to the upper
band of the lattice, so that its quasi energy is €9 = €4 (q7)
and (f(x,1),8(x,t))" =~ (Fi(q5), G+ (g7 )" exp(iqq x —ieot) as
x — —oo. The same analysis holds if one assumes an incoming
wave belonging to the lower band. Since in the scattering
process the quasi energy is conserved apart from integer
multiples than 27, the asymptotic solution of the scattered wave
as x — co must be of the form

Fi(q3)
G:t (th )

f(x,t) th

~ (8)
g(x,t)

exp(igx — iegt)
®,t
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with some amplitudes t§, where « = 0,%+1,+2,.. is the or-
der of scattering channel and g are the roots of the equation
€+ (q5) = €o + 27ta (see Fig.2). Basically, the amplitudes t; are
the transmission coefficients of various scattering channels in
the two bands, labelled by the index & and arising from the dis-
crete nature of time evolution. Clearly, the scattering potential is
invisible provided that all amplitudes t; vanish, apart from ta'
which should be t{ = 1. The analytic form of t; can be derived
in the weak potential limit |¢(x)| < 1 using a first-order (Born)
approximation, and turns out to be proportional to ¢(g;" — ),
where ¢(q) = [dxg(x)exp(—igx) is the Fourier spectrum of
the potential (Sec.I of the Supplemental document). Therefore, it
is not possible rather generally to have an invisible potential, ow-
ing to the infinite number of scattering channels. However, in the
limit of a slowly-drifting potential v — 0, all the wave numbers
i of scattered waves diverge like ~ 1/v, apart from (7/0+ which
does not depend on v. Note that the slowly-drifting regime
v — 0 necessarily implies § — 7/27, with cos < v. Since
the Fourier spectrum §(g) of the scattering potential vanishes at
high spatial frequencies, in the v — 0 regime the amplitudes #;-
of scattered waves are vanishing, with the exception of ;. In the
Born approximation and for a slowly-driving potential, invisi-
bility is thus attained provided that ¢(q = 0) = 0. As shown in
Sec.II of the Supplemental document, using the method of com-
plex spatial displacement [15] it can be shown that invisibility
is found for any slowly-drifting potential ¢(x) of the Kramers-
Kronig type, i.e. for which its Fourier spectrum ¢(g) vanishes
for either ¢ > 0 or g < 0, beyond the Born approximation. For
example, any potential of the form

p(x) =Y Aj(x—x)7M, )
1

with A; and x; arbitrary complex numbers, with the only
constraint Im(x;) > 0 [or Im(x;) < 0], and k; integer numbers
larger than one, is invisible in the slowly-drifting regime.

Numerical results. We checked the predictions of the the-
oretical analysis by direct numerical simulations of the
discrete-time equations (1) and (2). The equations have been
integrated assuming as a typical initial condition a symmetric

single pulse excitation of the lattice at the spatial site n = 0, i.e.
(0) (0)

Uy’ =vy, =00, far apart from the scattering region, however
we checked that the invisibility can be observed for rather
arbitrary initial excitation of the lattice. Figures 3(a) and (b)
show, as an example, the scattering dynamics from the potential
@(x) = A/(x — x¢)?, displaying a single pole of second order, in
a a photonic quantum walk with coupling angle g = 0.95 x /2
and for two values of the drift velocity v. In Fig.3(a), the
scattering potential drifts slowly on the lattice and it appears
invisible, whereas in Fig.3(b) the potential drifts fast and ceases
to be invisible, according to the theoretical analysis. Clearly, the
invisibility of the potential is lost even in the slowly-drifting
regime when ¢(x) is not of the Kramers-Kronig type. This is
shown, as an example, in Fig.3(c), where the scattering potential
¢(x) is real (Hermitian scattering) and given by the real part
solely of the potential A/(x — x0)?. Finally, we note that, as
mentioned above, the shape of the Kramers-Kronig potential
can be made arbitrarily irregular by considering the multi-pole
potential (9) with the sum extended over a suitable large number
of terms: in spite of the irregular shape of the potential, it is
invisible for any incident wave in the slowly-drifting regime.
An example of an irregular multi-pole invisible potential is
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Fig. 4. (a) Scattering from a slowly-drifting Kramers-Kronig
potential with an irregular profile (drift velocity v = 0.2, cou-
pling angle B = 0.95 x 71/2). The left (right) panel shows the

discrete dynamics of P,gm> (Q,(qm)) on a pseudo color map. (b)
The behavior of the potential V, ;; (real and imaginary parts)

at

initial time m = 0. The potential is obtained from the sum

defined by Eq.(9) with 25 terms with poles x; = 90 +1 4
and random complex amplitudes A; [the modulus |4;]| is
uniformly distributed in the interval (—0.5,0.5), whereas the
phase of A; is uniformly distributed in the range (0, 277)].

shown in Fig.4.

Co
tia

nclusion.
Is of Kramers-Kronig type in discrete-time photonic quantum

walks, extending to time-discrete systems the fascinating
property of such a class of non-Hermitian potentials and

unraveling some limitations arising from the discrete nature of °
the temporal dynamics. Our results provide a deeper under-

standing of non-Hermitian wave scattering and invisibility in
discrete-time photonic systems, opening up new possibilities
for non-Hermitian wave control in a class of experimentally
accessible and controllable systems.

Disclosures. The author declares no conflicts of interest.

Data availability. No data were generated or analyzed

in the presented research.
Funding. Agencia Estatal de Investigacion (MDM-2017- .
0711).

Supplemental document.

ing content.

REFERENCES

1.
2.

I. Kay and H. E. Moses, J. Appl. Phys. 27, 1503 (1956).

Z. Lin, H. Ramezani, T. Eichelkraut, T. Kottos, H. Cao, D. N.
Christodoulides, Phys. Rev. Lett. 106, 213901 (2011).

S. Longhi, J. Phys. A 44, 485302 (2011).

L. Feng, Y.-L. Xu, W.S. Fegadolli, M.-H. Lu, J.E.B. Oliveira, V.R.
Almeida, Y.-F. Chen, and A. Scherer, Nature Mat. 12, 108 (2013).

A. Mostafazadeh, Phys. Rev. A 87, 012103 (2013).

We predicted the existence of invisible poten-

See Supplement 1 for support-

238

259

275

282
283

288

292

6
7
8
9
1

11.
12.
13.
14.

15.
16.

17.
18.
19.
20.
21.
22.
23.

24.
25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.
38.

39.

40.

41.

0.

X. Zhu, L. Feng, P. Zhang, X. Yin, X. Zhang, Opt. Lett. 38, 2821 (2013).
S.A.R. Horsley, C.G. King, and T.G. Philbin, J. Opt. 18, 044016 (2016).
S. Longhi, Phys. Rev. A 82, 032111 (2010).

F. Loran and A. Mostafazadeh, Phys. Rev. A 100, 053846 (2019).

Z. Hayran, R. Herrero, M. Botey, H. Kurt, and K. Staliunas, Phys. Rev.
A 98, 013822 (2018).

S.A.R. Horsley, M. Artoni, and G.C. La Rocca, Nature Photon.9, 436
(2015).

S. Longhi, EPL 112, 64001 (2015).

S. Longhi, Opt. Lett. 41, 3727 (2016).

S.A.R. Horsley, M. Artoni, and G.C. La Rocca, Phys. Rev. A 94, 063810
(2016).

S.A.R. Horsley and S. Longhi, Am. J. Phys. 85, 439 (2017).

C.G. King, S.A.R. Horsley, and T.G. Philbin, Phys. Rev. Lett. 118,
163201 (2017).

S.A.R. Horsley and S. Longhi, Phys. Rev. A 96, 023841 (2017).

F. Loran and A. Mostafazadeh, Opt. Lett. 42, 5250 (2017).

S. Longhi, Phys. Rev. A 96, 042106 (2017).

D. Ye, C. Cao, T. Zhou, J. Huangfu, G. Zheng, and L. Ran, Nature
Commun. 8, 51 (2017).

W.W. Ahmed, R. Herrero, M. Botey, Y. Wu, and K. Staliunas, Phys. Rev.
Applied 14, 044010 (2020).

Y. Zhang, J.H. Wu, M. Artoni, and G.C. La Rocca, Opt. Express 29,
5890 (2021).

K.G. Makris, A. Brandstotter, P. Ambichl, Z. H. Musslimani, and S.
Rotter, Light Sci. Appl. 6, e17035 (2017).

S. Yu, X. Piao, and N. Park, Phys. Rev. Lett. 120, 193902 (2018).

E. Rivet, A. Brandstétter, K.G. Makris, H. Lissek, S. Rotter, and R.
Fleury, Nature Phys. 14, 942 (2018).

A. Brandstétter, K. G. Makris, and S. Rotter, Phys. Rev. B. 99, 115402
(2019).

A. F. Tzortzakakis, K. G. Makris, S. Rotter, and E.N. Economou, Phys.
Rev. A 102, 033504 (2020).

K. G. Makris, . Kresic, A. Brandstétter, and S. Rotter, Optica 7, 619
(2020).

I. Komis, S. Sardelis, Z.H. Musslimani, and K.G. Makris, Phys. Rev. E.
102, 032203 (2020).

A. Schreiber, K. N. Cassemiro, V. Potocek, A. Gabris, P. J. Mosley, E.
Andersson, |. Jex, and C. Silberhorn, Phys. Rev. Lett. 104, 050502
(2010).

A. Regensburger, C. Bersch, M. A. Miri, G. Onishchukov, D.N.
Christodoulides, and U. Peschel, Nature 488, 167 (2012).

M. Wimmer, M. A. Miri, D. Christodoulides, and U. Peschel, Sci. Rep.
5, 17760 (2015).

X. Zhan, L. Xiao, Z. Bian, K. Wang, X. Qiu, B.C. Sanders, W. Yi, and P.
Xue, Phys. Rev. Lett. 119, 130501 (2017).

L. Xiao, T. Deng, K. Wang, G. Zhu, Z. Wang, W. Yi, and P. Xue, Nature
Phys. 16, 761 (2020).

S. Weidemann, M. Kremer, T. Helbig, T. Hofmann, A. Stegmaier, M.
Greiter, R. Thomale, and A. Szameit, Science 368, 311 (2020).

K. Wang, T. Li, L. Xiao, Y. Han, W. Yi, and P. Xue, Phys. Rev. Lett. 127,
270602 (2021).

S. Longhi, Opt. Lett. 47, 2951(2022).

S. Weidemann, M. Kremer, S. Longhi, and A. Szameit, Nature Photon.
15, 576 (2021).

S. Weidemann, M. Kremer, S. Longhi, and A. Szameit, Nature 601,
354 (2022).

A. Steinfurth, I. Krexic, S. Weidemann, M. Kremer, K.G. Makris, M.
Heinrich, S. Rotter, and A. Szameit, Sci. Adv. 8, eabl7412 (2022).

S. Longhi, Opt. Lett. 42, 3229 (2017).



298

299

300

301

302

303

304

305

306

307

308

309

310

311

312

313

314

315

316

317

318

319

320

321

322

323

324

325

326

327

328

329

330

331

332

333

334

335

336

337

338

339

340

341

342

343

344

345

346

347

348

349

350

351

352

353

354

355

356

357

358

359

360

Letter ‘

Optics Letters 5

References with full titles

1. I. Kay and H. E. Moses, Reflectionless transmission through
dielectrics and scattering potentials, J. Appl. Phys. 27, 1503 (1956).
2. Z. Lin, H. Ramezani, T. Eichelkraut, T. Kottos, H. Cao,
and D.N. Christodoulides, Unidirectional Invisibility Induced by
PT-Symmetric Periodic Structures, Phys. Rev. Lett. 106, 213901
(2011).

3. S. Longhi, Invisibility in PT -symmetric complex crystals, J. Phys.
A 44, 485302 (2011).

4. L. Feng, Y.-L. Xu, W.S. Fegadolli, M.-H. Lu, ].E.B. Oliveira, V.R.
Almeida, Y.-F. Chen, and A. Scherer, Experimental demonstration
of a unidirectional reflectionless parity-time metamaterial at optical
frequencies, Nature Mat. 12, 108 (2013).

5. A. Mostafazadeh, Invisibility and PT symmetry, Phys. Rev. A
87, 012103 (2013).

6. X. Zhu, L. Feng, P. Zhang, X. Yin, X. Zhang, One-way invisible
cloak using parity-time symmetric transformation optics, Opt. Lett.
38,2821 (2013).

7. S5.A.R. Horsley, C.G. King, and T.G. Philbin, Wave propagation
in complex coordinates, J. Opt. 18, 044016 (2016).

8. S. Longhi, Invisibility in non-Hermitian tight-binding lattices,
Phys. Rev. A 82,032111 (2010).

9. F. Loran and A. Mostafazadeh, Exactness of the Born approxi-
mation and broadband unidirectional invisibility in two dimensions,
Phys. Rev. A 100, 053846 (2019).

10. Z. Hayran, R. Herrero, M. Botey, H. Kurt, and K. Staliunas,
Invisibility on demand based on a generalized Hilbert transform, Phys.
Rev. A 98, 013822 (2018).

11. S.AR. Horsley, M. Artoni, and G.C. La Rocca, Spatial
Kramers-Kronig relations and the reflection of waves, Nature
Photon.9, 436 (2015).

12. S. Longhi, Wave reflection in dielectric media obeying spatial
Kramers-Kronig relations, EPL 112, 64001 (2015).

13. S. Longhi, Bidirectional invisibility in Kramers-Kronig optical
media, Opt. Lett. 41, 3727 (2016).

14. S.A.R. Horsley, M. Artoni, and G.C. La Rocca, Reflection of
waves from slowly decaying complex permittivity profiles, Phys. Rev.
A 94, 063810 (2016).

15. S.A.R. Horsley and S. Longhi, One-way invisibility in isotropic
dielectric optical media, Am. J. Phys. 85, 439 (2017).

16. C.G. King, S.A.R. Horsley, and T.G. Philbin, Perfect Trans-
mission through Disordered Media, Phys. Rev. Lett. 118, 163201
(2017).

17. S.A.R. Horsley and S. Longhi, Spatiotemporal deformations of
reflectionless potentials, Phys. Rev. A 96, 023841 (2017).

18. F. Loran and A. Mostafazadeh, Perfect broadband invisibility in
isotropic media with gain and loss, Opt. Lett. 42, 5250 (2017).

19. S. Longhi, Kramers-Kronig potentials for the discrete Schrodinger
equation, Phys. Rev. A 96, 042106 (2017).

20. D. Ye, C. Cao, T. Zhou, ]J. Huangfu, G. Zheng, and L. Ran,
Observation of reflectionless absorption due tospatial Kramers-Kronig
profile, Nature Commun. 8, 51 (2017).

21. WW. Ahmed, R. Herrero, M. Botey, Y. Wu, and K. Staliunas,
Restricted Hilbert Transform for Non-Hermitian Management of
Fields, Phys. Rev. Applied 14, 044010 (2020).

22. Y. Zhang, ].H. Wu, M. Artoni, and G.C. La Rocca, Controlled
unidirectional reflection in cold atoms via the spatial Kramers-Kronig
relation, Opt. Express 29, 5890 (2021).

23. K.G. Makris, A. Brandstotter, P. Ambichl, Z. H. Musslimani,
and S. Rotter, Wave propagation through disordered media without
backscattering and intensity variations, Light Sci. Appl. 6, 17035

@
-3
@

(2017).

24. S. Yu, X. Piao, and N. Park, Bohmian photonics for independent
control of the phase and amplitude of waves, Phys. Rev. Lett. 120,
193902 (2018).

25. E. Rivet, A. Brandstotter, K.G. Makris, H. Lissek, S. Rotter,
and R. Fleury, Constant-pressure sound waves in non-Hermitian
disordered media, Nature Phys. 14, 942 (2018).

26. A. Brandstotter, K. G. Makris, and S. Rotter, Scattering-free
pulse propagation through invisible non-Hermitian media, Phys. Rev.
B. 99, 115402 (2019).

27. A. E Tzortzakakis, K. G. Makris, S. Rotter, and E.N.
Economou, Shape-preserving beam transmission through non-
Hermitian disordered lattices, Phys. Rev. A 102, 033504 (2020).

28. K. G. Makris, I. Kresic, A. Brandstotter, and S. Rotter,
Scattering-free channels of invisibility across non-Hermitian media,
Optica 7, 619 (2020).

29. I. Komis, S. Sardelis, Z.H. Musslimani, and K.G. Makris,
Equal-intensity waves in non-Hermitian media, Phys. Rev. E. 102,
032203 (2020).

30. A. Schreiber, K. N. Cassemiro, V. Potocek, A. Gabris, P. J.
Mosley, E. Andersson, I. Jex, and C. Silberhorn, Photons walking
the line: A quantum walk with adjustable coin operations, Phys. Rev.
Lett. 104, 050502 (2010).

31. A. Regensburger, C. Bersch, M. A. Miri, G. Onishchukov,
D.N. Christodoulides, and U. Peschel, Parity-time synthetic
photonic lattices, Nature 488, 167 (2012).

32. M. Wimmer, M. A. Miri, D. Christodoulides, and U. Peschel,
Observation of Bloch oscillations in complex PT-symmetric photonic
lattices, Sci. Rep. 5, 17760 (2015).

33.X. Zhan, L. Xiao, Z. Bian, K. Wang, X. Qiu, B.C. Sanders,
W.Yi, and P. Xue, Detecting topological invariants in nonunitary
discrete-time quantum walks, Phys. Rev. Lett. 119, 130501 (2017).
34. L. Xiao, T. Deng, K. Wang, G. Zhu, Z. Wang, W. Yi, and P.
Xue, Observation of non-Hermitian bulk-boundary correspondence in
quantum dynamics, Nature Phys. 16, 761 (2020).

35.S. Weidemann, M. Kremer, T. Helbig, T. Hofmann, A.
Stegmaier, M. Greiter, R. Thomale, and A. Szameit, Topological
funneling of light, Science 368, 311 (2020).

36. K. Wang, T. Li, L. Xiao, Y. Han, W. Yi, and P. Xue, Detecting
non-Bloch topological invariants in quantum dynamics, Phys. Rev.
Lett. 127, 270602 (2021).

37. S. Longhi, Non-Hermitian topological mobility edges and
transport in photonic quantum walks, Opt. Lett. 47, 2951(2022).
38. S. Weidemann, M. Kremer, S. Longhi, and A. Szameit,
Coexistence of dynamical delocalization and spectral localization
through stochastic dissipation, Nature Photon. 15, 576 (2021).

39. S. Weidemann, M. Kremer, S. Longhi, and A. Szameit, Topo-
logical triple phase transition in non-Hermitian Floquet quasicrystals,
Nature 601, 354 (2022).

40. A. Steinfurth, I. Krexic, S. Weidemann, M. Kremer, K.G.
Makris, M. Heinrich, S. Rotter, and A. Szameit, Observation
of photonic constant-intensity waves and induced transparency in
tailored non-Hermitian lattices, Sci. Adv. 8, eabl7412 (2022).

41. S. Longhi, Reflectionless and invisible potentials in photonic
lattices, Opt. Lett. 42, 3229 (2017).



