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Analytical model for collision probability assessments with large satellite
constellations

Eduardo Maria Pollia, Juan Luis Gonzaloa, Camilla Colomboa

aPolitecnico di Milano, Via La Masa 34, 20158 Milan, Italy

Abstract

At a time when space debris are already a growing issue in the space sector, the deployment of large constellations, made of hundreds to 
thousands of satellites, is of concern from an environmental point of view. In the next decade, the space sector will undergo a considerable change 
as the population of active satellites is about to quintuple. This scenario will pose new challenges regarding space traffic management, generating 
the demand for more powerful and efficient analysis tools.
In this study, an analytical model for collision probability assessments between de-orbiting or injecting space objects and satellite constellations 
is presented. Considering the first to be subjected to a  continuous tangential acceleration, i ts spiraling motion would result in a  series of close 
approaches in the proximity of a constellation. The mathematical description of the crossing dynamics relies on the assumption of circular orbits 
and independent collision probabilities, but does not require to propagate the satellites’ orbit and it is suitable also for elliptical crossing orbits. 
The statistical model presented in the current work constitutes an efficient tool for the evaluation of the mean collision probability related to this 
type of events. A comparison with a conventional propagation method has been performed for validation purposes.
The statistical model has been used to assess the risk connected to constellation’s satellites replacement, once they have reached their programmed 
End-of-Life. The environmental impact of the full replacement of 12 approved constellations is analysed by means of average collision probability. 
In particular, it is shown that the key features for space exploitation sustainability are the maximum propulsion available from the thruster, the 
selection of an optimal crossing orbit and the true anomaly phases between constellations’ and crossing satellites. The consequences of an in-orbit 
collision are also investigated by assessing the collision risk generated by the formation of a debris cloud.
The results corroborate the need for international standards for space traffic management as an exponentially increasing satellites population could 
trigger a chain reaction of collisions, making LEO inaccessible for decades.

Keywords: Analytical Model; Collision Probability; Satellite Constellation; shell-crossing event; Tangential Low-Thrust

1. Introduction

The exponential growth the private space sector experienced
in the last decade led to an improvement of the engineering
knowledge and, eventually, to a reduction of the cost of pay-
load launch per kg. This, along with the more widespread use of
cellphones and Internet among the population, allowed the re-
alization of telecommunications satellite constellations. Space-
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based world-wide telecommunications could play a key role as
the cost of the infrastructures related to on-ground Internet con-
nections has left many rural and underdeveloped regions un-
served. Indeed, large constellations appear to be the most suit-
able option to bridge the digital divide, which is one of the UN
Sustainable Development Goals. Moreover, for the first time,
near global coverage would be available with only one provider.
In particular, SpaceX (FCC, 2018-2021), OneWeb (FCC,
2020a), Telesat (FCC, 2020b) and Amazon (FCC, 2019) plan to
deploy large constellations composed by thousands of satellites
within the next years, all four projects being already approved
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by the Federal Communications Commission (FCC), the au-
thority responsible for spectrum usage and for launch approval,
along with the Federal Aviation Administration (FAA), in the
United States.
As most Internet services requrie fast links, satellite constella-
tions for telecommunication purposes are going to be deployed
in Low Earth Orbit (LEO). The main advantage of LEO con-
stellations with respect to higher-altitude satellite telecommu-
nication systems, is the low latency due to the shorter satellite-
Earth distances involved. The latency of LEO communications
can be more than ten times lower than the one from Geostation-
ary orbits. Furthermore, the smaller footprint of each antenna
allows to reduce the size of the hardware components and, con-
sequently, of the thruster, thus reducing the manufacturing costs
of each satellite. Nevertheless, cheaper satellites are typically
characterised by a shorter life-time cycle and, because the worst
downside of LEO constellations rests in the number of satellites
needed for (near) global coverage, this feature would also in-
crease satellite traffic in LEO.
Constellation satellites have to be replaced once they reach their
End-of-Life (EoL). Considering an average operational phase
of 5 years as done in Radtke et al. (2017), more than 10 replace-
ments per day would be necessary for the 18, 348 already ap-
proved constellation’s satellites considered in the current work.
Furthermore, this will generate a two-way traffic, since a re-
placement involves the disposal of the EoL satellite and the in-
jection of the new one.
According to the Union of Concerned Scientists satellite
database (UCS, 2022) updated on January 1st 2022, there are
currently 4, 852 active satellites orbiting around Earth, 4, 078
of which are in LEO. To these must be added around 3, 000
satellites that are either dead or currently on their de-orbiting
phase and more than 25, 000 objects classified as space debris.
In this environment, the injection of more than 18, 000 satellites
in LEO has already been approved, mostly by the FCC (Polli,
2021).
The increasing number of objects orbiting around Earth has
motivated different analyses of the environmental impact of
satellite constellations, mostly based on the interaction with
space debris. In 1998, Rossi et al. (1998) developed a semi-
deterministic model for the estimation of the number of colli-
sions between satellite constellations and space debris based on
a series of Monte Carlo (MC) simulations, also considering dif-
ferent traffic scenarios. In Rossi et al. (2017), the environmen-
tal impact of satellite constellations was analysed by mean of
the Criticality of Constellation Index, or CCI. Different physi-
cal properties of the satellites, operational capabilities and con-
stellation designs were considered for the 68 MC simulations
performed. It was found that, among the investigated ones, the
most critical parameters are: mass, area, and failure probability
during the operational phase.
Other investigations rely on the ESA-MASTER software for
the evaluation of the debris flux during the different phases of
a constellation life cycle. The debris flux on the large constel-
lations which most probably will be completed first, namely
Starlink and OneWeb, was analysed accurately in Radtke et al.
(2017) and Le May et al. (2018). As an example, considering

Business-As-Usual scenario, the probability of a catastrophic
collision over the five years operational phase between a non-
trackable debris and the high-altitude shells of the Starlink con-
stellation evaluated in Le May et al. (2018) is 10.20 %.
The general approach for this type of risk assessments involves
the characterization of the space debris environment in which
the constellation is deployed, typically through a subdivision
into volume elements. The collision probability is obtained
from the number of collisions, which are statistically estimated.
More preicse algorithms ca be used assess the probability of a
collision between two approaching objects, whose nominal or-
bits and position errors are known. Most known algorithms are
Chan (2008), Alfano (2002), Foster & Estes (1992) and Pat-
era (2000). More recent ones, such as Serra et al. (2016) and
Garcı́a-Pelayo & Hernando-Ayuso (2016), include analytical
solutions in case of anisotropic distributions. All these meth-
ods are based on a three-dimensional Gaussian distribution of
the satellites’ positions and the collision probability is evaluated
as the integral of the probability density function (PDF).
The objective of this study is to develop an analytical model
that combines the efficiency of a statistical approach with the
precision of a collision probability algorithm, in order to eval-
uate the mean collision probability related to a shell-crossing
event. This type of event involves the passage of a de-orbiting
or injecting satellite, under continuous tangential thrust, which
has to cross the thin region of space populated by constella-
tion’s satellites, in order to reach its target destination. Given
the large satellite population, most collision probability algo-
rithms require large computational efforts to assess the risk re-
lated to an orbit-raising or -decreasing manoeuvre. On the other
hand, the statistical model hereby presented is an efficient tool
for preliminary mission design involving continuous tangential
thrust. Moreover, the same model can be used to assess the
collision probability with space debris, offering an alternative
to the number of estimated collisions, which is currently used
in software such as ESA-MASTER. Finally, given the statis-
tical nature of the approach, this could represent a useful tool
to assess the criticality of satellite injection and disposal, in a
specific space environment. The model would be particularly
convenient in this context, as it offers a risk assessment which
does not depend on the position uncertainties of the satellites.
The injection of satellites can be divided into low- and high-
thrust orbit raising. For LEO satellites, electric propulsion is
typically adopted. This results in a continuous tangential low-
thrust (Pollard, 2000) such that the satellite reaches its final
orbit through a spiraling trajectory, having its semi-major axis
continuously increasing. On the other hand, LEO satellites dis-
posal is mainly performed via perigee decrease (Pollard, 1998).
This consists in lowering the perigee and letting the greater at-
mospheric drag of the lower altitudes slow down the satellite
until re-entry. In this study, continuous tangential low-thrusting
has been considered for both injection and disposal, as it also
includes passive re-entry.
The mathematical description of the satellite constellation
refers to the Walker constellation (Walker, 1984). This is a
highly symmetrical design for satellite constellations since it in-
volves a set of equally inclined, equally populated and equally
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spaced in RAAN circular orbits, all having the same semi-major
axis. This is the most widely adopted design for large constel-
lations and, due to its high degree of symmetry, allows for great
simplifications for the evaluation of the average collision prob-
ability.
The environmental impact of satellite constellations is investi-
gated by means of two different analyses: satellite constellation
replacement and consequences of an in-orbit catastrophic colli-
sion. The former involves the evaluation of the mean collision
probability between EoL de-orbiting satellites and new inject-
ing satellites with both space debris and lower-altitude constel-
lations. The latter assesses the collision probability between
the cloud of fragments generated by an in-orbit collision, and
lower-altitude constellations.
The reminder of the manuscript is organised as follows. In Sec-
tion 2 a new model for estimation of collision probability aver-
aged over every possible true anomaly phase between crossing
and constellations satellites is presented. A simplified propa-
gation model is developed in Section 3. This can be used to
assess, in a highly efficient way, the collision probability pro-
file over the initial true anomaly phase between crossing and
constellation’s satellites, when both orbits are circular. Section
4 presents the validation of both the statistical and the simpli-
fied propagation model. Constellations replacements and con-
sequences of a in-orbit catastrophic collision are analysed, re-
spectively, in Sections 5 and 6, using the statistical model de-
veloped in Section 2. Section 7 presents the conclusion.

2. Model

This section proposes a simplified statistical model specif-
ically designed for the evaluation of the collision probability
between a crossing satellite and all the satellites of a constella-
tion shell, assuming every orbit to be circular.
The model is based on the assumption that all the NCA close ap-
proaches between the crossing satellite and one constellation’s
satellite, share the same probability P that a collision will oc-
cur. Under this assumption, and considering the probabilities
of different close approaches as independent, the overall colli-
sion probability Psatellite between a constellation’s and a cross-
ing satellite is:

Psatellite = 1 −
(
1 − P

)NCA
(1)

In the following, the technique for the evaluation of P and NCA

will be explained.

2.1. Collision probability

In this section are presented the key ideas and the implemen-
tation of Chan’s algorithm, for the evaluation of the collision
probability between two orbiting objects. The formula obtained
is then simplified by considering the orbits of both objects to be
circular.
Let S 1 and S 2 be two satellites on their respective nominal or-
bits κ1 and κ2, with covariance matrices at the time of closest

approach (TCA) ζ1 and ζ2. Then, the collision probability be-
tween these two satellites can be evaluated using Chan’s algo-
rithm (Chan, 2008).
Let [rN

1 , v
N
1 ] and [rN

2 , v
N
2 ] be the Cartesian coordinates in the

Earth-Centred Inertial (ECI) frame at the TCA of S 1 and S 2,
respectively. Then, the axes of the encounter reference frame Π

centred at S 2 are defined at the TCA as follows:

• x−axis along the relative position vector ∆rN = rN
1 − rN

2

• y−axis along the relative velocity vector ∆vN = vN
1 − vN

2

• z−axis completing the set of principal axes

Note that x and y axes are perpendicular at TCA, as the miss
distance |∆rN | is minimum if and only if ∆rN ⊥ ∆vN . More-
over, recalling that the encounter plane is perpendicular to the
relative velocity vector, this is the x-z plane.
The position of S 1 in Π is expressed as rp = (d, 0, 0), where d is
the nominal miss distance at the TCA. Modelling the satellites
as spheres of radii R1 and R2, the collision occurs when the rel-
ative distance between S 1 and S 2 is smaller than the radius of
the combined hard sphere of the bodies, i.e. ra = R1 + R2.
Under the hypothesis of uncorrelated measurements, the com-
bined covariance matrix of the satellites can be computed as
ζ = ζ1 + ζ2 and it can be expressed as:

ζ =

 σ2
x ρxyσxσy ρxzσxσz

ρxyσxσy σ2
y ρyzσyσz

ρxzσxσz ρyzσyσz σ2
z

 (2)

The PDF of a collision is modeled inside the x-z encounter
plane. Moreover, the diagonal form of ζ′ of the combined co-
variance matrix ζ can be obtained by moving through principal
axes through a rotation around the y−axis. The required rota-
tion angle γ is given by:

γ =
1
2

tan−1
(

2ρxzσxσz

σ2
x − σ

2
z

)
(3)

and, on the encounter plane, it would be equal to:

ζ′ = Rγ · ζ · RT
γ =

[
σ2

x′ 0
0 σ2

z′

]
(4)

where Rγ is the rotation matrix of angle γ, around the y− axis.
The collision probability P between S 1 and S 2 can be evaluated
as (Chan, 2008):

P = e−
V
2

∞∑
j=0

V j

2 j j!

1 − e−
U
2

j∑
k=0

Uk

2kk!

 (5)

where:

U =

(
r2

a

σx′σz′

)
V =

( r′′p
σz′

)2

(6)

Let r′p be the miss distance vector in the encounter frame, then
r′′p is obtained by scaling r′p along the x direction, such that
the constant PDF ellipses turn into circles and the distribution
becomes isotropic. It follows that:

r′′2p =
(
σz′

σx′
d cos γ

)2
+ (d sin γ)2 (7)
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In Chan (2008) it is stated that, based on empirical evidences,
the axes of a satellite error ellipsoid are almost aligned with the
axes of its RSW reference frame. It follows that the covariance
matrix of a satellite is almost diagonal in its RSW frame, this
being defined as:

• R−axis along the radial direction, pointing towards the
centre of Earth

• S−axis along the along-track direction, parallel to the ve-
locity vector for circular orbits

• W−axis along the cross-track direction, completing the set
of axes

If the covariance matrices ζRS W
1 and ζRS W

2 of, respectively, S 1
and S 2 are considered to be diagonal in their respective RSW
reference frames (Chan, 2008), a great simplification of the
problem is presented in Bai et al. (2013). The following en-
counter frame Π◦ is first defined:

• x̂−axis along the radial direction of S 2

• ŷ−axis along the relative velocity between S 1 and S 2

• ẑ−axis completing the set of principal axes

The position of S 1 in Π◦ becomes:

r◦1 = [µx̂, 0, µẑ] (8)

where d =

√
µ2

x̂ + µ2
ẑ is the nominal miss distance at the TCA.

Let ζRS W
1 and ζRS W

2 be defined as:

ζRS W
1 =


σ2

1R
0 0

0 σ2
1S

0
0 0 σ2

1W

 ζRS W
2 =


σ2

2R
0 0

0 σ2
2S

0
0 0 σ2

2W

 (9)

then, the resulting combined covariance matrix ζ◦ on the en-
counter plane becomes:

ζ◦ =

[
σ2

x̂ 0
0 σ2

ẑ

]
(10)

where:

σ2
x̂ = σ2

1R
+ σ2

2R
(11a)

σ2
ẑ = (σ2

1S
+ σ2

2S
) cos2

(
ϕ
2

)
+ (σ2

1W
+ σ2

2W
) sin2

(
ϕ
2

)
(11b)

The angle ϕ is the angle between the angular momenta of the
orbits κ1 and κ2.
The collision probability can finally be evaluated as:

P = e−
V̂
2

∞∑
j=0

V̂ j

2 j j!

1 − e−
Û
2

j∑
k=0

Ûk

2kk!

 (12)

where:

Û =

(
r2

a

σx̂σẑ

)
V̂ =

 µ2
x̂

σ2
x̂

+
µ2

ẑ

σ2
ẑ

 (13)

Until now, three approximations have been introduced into the
model:

• satellites are modeled as spheres

• PDF is modified to be isotropic

• error ellipsoids are aligned with RSW axes

For typical space applications, the errors arising from these sim-
plifications are, in general, negligible.

2.2. Satellite dynamics

During the injection and active disposal phases the thrust
is assumed to be tangential to the trajectory. This method is
called tangential thrusting and represents the in-plane optimal
control law for semi-major axis variations (Huang et al., 2021).
Considering both atmospheric drag and thruster propulsion, the
dynamics of the re-entering or newly deployed constellation’s
satellite are fully described through the expression of the semi-
major axis variation:

ȧ = ȧdrag + ȧthrust (14)

where ȧdrag and ȧthrust represent the semi-major axis rate of
change due to air drag and tangential low-thrust, respectively.
Using the Gauss form of the variational equation of semi-major
axis reported in Battin (1999), the dynamics of a satellite on a
circular orbit can be defined as:

ȧ = 2

√
a3

µ
aθ (15)

where:

• a is the semi-major axis

• µ is Earth standard gravitational parameter

• aθ is the transversal component of the perturbative accel-
eration vector ap

If Earth rotation is neglected, drag is always tangential to the
satellite velocity and both forces act along the same direction.
Nonetheless, the rotation of the atmosphere can still be consid-
ered for the estimation of ȧdrag as follows:

ȧdrag = −
√
µa
ρCDA

M

(
1 −

w⊕ cos i
n

)2

(16)

where:

• ρ is the air density

• CD is the drag coefficient

• A is the cross-sectional area of the spacecraft

• M is the mass of the spacecraft

• w⊕ = 2π
day is the atmosphere angular velocity

• i is the inclination of the the orbit

• n =

√
µ
a3 is the mean motion of the spacecraft
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Fig. 1. Relative error εr between the 4th term and 1st term truncation of Eq. (12)
for different values of Û and V̂ .

It must be emphasised that drag acceleration, in general, is not
tangential to the satellite trajectory, due to the rotation of the
atmosphere. Nevertheless, given the slow rate at which Earth
rotates, these effects are considered to be negligible.
The dynamics of the thruster are described as:

ȧthrust = ±4

√
a3

µ

ηtPt

Mg0Isp
(17)

where:

• ηt is the efficiency of the thruster

• Pt is the input power of the thruster

• g0 is the standard gravity

• Isp is the specific impulse of the thruster

The derivation of Eq.s (16) and (17) are shown in Polli (2021)
and Huang et al. (2021).

2.3. Collision probability distribution
The major benefit of Eq.s (5) and (12) is that the series con-

verges rapidly (Chan, 2008). For typical satellites applications,
it can be assumed that Û < 10−4 and, as shown in Fig. 1, the
truncation of Eq. (12) at the first term still yields accurate re-
sults.
The truncation at the first term of Eq. (12) is expressed through
the following bivariate distribution:

P (µx̂, µẑ) = P� exp
−1

2
µ2

x̂

σ2
x̂

 exp

−1
2

µ2
ẑ

σ2
ẑ

 (18)

where:

P� = 1 − exp
(
−

r2
a

2σx̂σẑ

)
(19)

does not depend on the miss distance, but rather on the geomet-
rical and orbital properties of the satellites. P� is the value of
the maximum collision probability between two approaching
satellites, which does occur when the nominal miss distance is
null.

Fig. 2. Miss distance components in Π◦ reference frame when S 2 is at the
MOID.

2.4. Nominal closest approach
In Bai et al. (2013), recalling Eq. (8), the miss distance vec-

tor at the TCA is defined on the encounter plane with the two
components µx̂ and µẑ, where:

• µx̂ is the radial distance between S 1 and S 2

• µẑ is the distance between S 1 and S 2 on the plane perpen-
dicular to the radial direction

Let us consider S 1 to be a constellation satellite and S 2 a de-
orbiting or injecting satellite, and let a1 and a2 be their re-
spective semi-major axes. At the time instant in which S 2 is
at the Minimum Orbit Intersection Distance (Gronchi, 2005),
also known as MOID, depicted in Fig. 2, these two criteria are
satisfied if:

µ⊗x̂ = δa (20a)
µ⊗ẑ = δωa1 (20b)

where superscript ⊗ denotes MOID, and:

• δa = a2 − a1 is the radial distance between S 1 and S 2

• δω = ω2 − ω1 is the angular phase between S 1 and S 2

True anomaly phase between satellites is defined using the ar-
guments of periapsis ω, as only circular orbits are considered.
Because S 1 and S 2 move along circular orbits, only values of
δa in the order of a few kilometers typically lead to appreciable
levels of collision probabilities. Therefore, a1 and a2 are in gen-
eral very close and S 1 and S 2 can be considered to have equal
velocity v. Moreover, for most cases, the MOID is close to the
location of the NCA and the trajectories of both satellites in this
interval can be considered to be linear. Under these hypotheses,
the along-track distance µz(t) at the general time instant t can be
computed (Polli, 2021) with respect to the along-track distance
µz(t0) at the time instant t0 at which S 2 is at the MOID:

µ2
ẑ (t) = µ2

ẑ (t0) + (2v2t2 − 2µ2
ẑ (t0)vt)(1 − cosϕ) (21)

Recalling that µx̂ is constant, the minimum miss distance corre-
sponds to a minimum of µ2

ẑ (t). Imposing the derivative of Eq.
(21) equal to zero, the miss distance vector at TCA is:

µx̂ = δa (22a)

µẑ = δωa1 cos
ϕ

2
(22b)
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Fig. 3. shell-crossing event.

As a final remark, two circular orbits always share two MOIDs
which are characterised by equal and opposite nominal miss
distance vectors in ECI coordinates. Moreover, these vectors
lie on the same line which also intersects Earth’s centre.

2.5. Average collision probability with one constellation’s
satellite

The dynamics of a shell-crossing event are modeled such
that the constellation satellite S 1 is on a fixed circular orbit,
and the spiraling trajectory of the crossing satellite S 2, which is
eventually broken down into a series of a circular orbits, would
result in a series of close approaches. This is represented in
Fig. 3. For each revolution of S 2, a maximum of two close
approaches may occur. The overall collision probability can be
evaluated by considering all together the collision probabilities
related to each close approach.
Referring to Fig. 3, let us consider the annulus D centred at κ1
of width 2ασr, where α is a parameter, to be the shell-crossing
event domain. Then the mean collision probability P over the
domain D can be evaluated as:

P =
1
D

∫
D

P� exp
−1

2
µ2

x̂

σ2
x̂

 exp

−1
2

µ2
ẑ

σ2
ẑ

 dµx̂dµẑ (23)

Substituting Eq.s (22a) and (22b) into Eq. (23) and introducing
the new variable δz = a1δω yields:

P =
P�
D

∫
D

exp
(
−

1
2
δa2

σ2
r

)
exp

−1
2
δz2

σ2
θ

 d(δa)d(δz) (24)

where:

σ2
r = σ2

x̂ = σ2
1R

+ σ2
2R

(25a)

σ2
θ =

σ2
ẑ

cos2 ϕ
2

= (σ2
1S

+ σ2
2S

) + (σ2
1W

+ σ2
2W

) tan2 ϕ

2
(25b)

The area of the annulus D is:

D = π(a1 + ασr)2 − π(a1 − ασr)2 = 4πa1ασr (26)

Therefore, Eq. (24) can be written as:

P =
P�

4πa1ασr

∫ ασr

−ασr

exp
(
−

1
2
δa2

σ2
r

)
d(δa)

∫ πa1

−πa1

exp
−1

2
δz2

σ2
θ

 d(δz)

=
1
α

P�
2
σθ
a1

erf
(

1
√

2
α

)
erf

(
1
√

2

πa1

σθ

)
≈

1
α

P�
2
σθ
a1

erf
(

1
√

2
α

)
(27)

For typical satellite applications a � σθ and erf
(

1
√

2
πa1
σθ

)
≈ 1.

Following the same reasoning, a close approach will occur if
both S 1 and S 2 are within D at the same instant. As S 1 always
lies on D, a close approach will occur when S 2 crosses the do-
mainD, that is when S 2 is at the MOID. It follows that for every
revolution of S 2, two close approaches will occur and:

NCA = 2RD (28)

where RD is the number of revolutions of S 2 that intersect the
domain D.
The number of revolutions RD is computed as the ratio between
the width of the annulus D and the semi-major axis variation
per revolution |∆a| of S 2,therefore Eq. (28) can be written as:

NCA = 4
ασr

|∆a|
(29)

and the semi-major axis variation, which is assumed to be con-
stant during the shell-crossing event, is:

∆a = ȧT1 (30)

where T1 is the orbital period of S 1.
Finally, the mean collision probability Psatellite between a cross-
ing satellite and a constellation satellite can be obtained by im-
posing the domain D to have infinite radial extension, thus:

Psatellite = lim
α→+∞

1 −
[
1 −

1
α

P�
2
σθ
a1

erf
(
α
√

2

)]4 ασr
|∆a|


= 1 − exp

(
−2

P�σrσθ
|∆a|a1

) (31)

2.6. Head-on collisions

The hypothesis of linear motion of both satellites between
MOID and NCA in Section 2.5, cannot be considered valid any-
more in case of head-on collisions, as the collision PDF is not
condensed in the vicinity of the MOID. That is when κ1 and
κ2 are characterised by (almost) parallel angular momenta, but
with opposite directions.
The time instants t0 and t∗ in Fig. 4, respectively refer to the
time instant in which S 2 is at the MOID and the TCA. As be-
fore, assuming both the constellation’s and crossing satellites to
have equal angular velocity, the angle ν(t) represented in Fig. 4
can be expressed using the cosine rule as:

cos ν(t) = cos(nt) cos(δω−nt)+sin(nt) sin(δω−nt) cos(π−ϕ)(32)
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Fig. 4. Non-scaled representation of NCA for near straight collision angles ϕ.

Imposing the derivative of Eq. (32) equal to zero, as previously
done in Section 2.4, and recalling that for head-on collisions
µẑ = a1ν, yields:

µẑ = 2a1 sin
δω

2
cos

ϕ

2
(33)

Finally, using the same method from Section 2.5 for the eval-
uation of P and, again, considering the annular domain D to
have infinite radial extension, the overall collision probability
Psatellite between one constellation’s and one crossing satellite
can be evaluated as:

Psatellite = 1 − exp
−2
√

2π
P�σr

|∆a|
exp

− a2
1

σ2
θ

 I0

 a2
1

σ2
θ

 (34)

where I0 is the modified Bessel function of the first kind of
order zero.

2.7. Average collision probability of a shell-crossing event
In general, more than one satellite moves along the orbit κ1

of a satellite constellation (Walker, 1984). Let NS be the num-
ber of satellites on one constellation’s orbital plane, as shown
in Fig. 5.
The average collision probability Pplane with one constellation’s
orbital plane can be evaluated by using Eq.s (31) and (34) for
each one of the NS satellites. Nevertheless, the evaluation is
simplified if all the NS satellites are assumed to have equal er-
ror ellipsoid in their respective RSW reference frames. Indeed,
under this hypothesis, the crossing satellite has the same aver-
age collision probability with each one of the NS constellation’s
satellites belonging to a single orbital plane. Assuming the col-
lision probabilities with each satellite to be independent from
one another, then:

Pplane = 1 − (1 − Psatellite)NS (35)

Referring to the general case described in Section 2.5, Pplane

can be computed as:

Pplane = 1 − exp
(
−2

P�NSσrσθ
|∆a|a1

)
(36)

Fig. 5. One constellation’s orbital plane with NS satellites.

whereas for the head-on collision case from Section 2.6:

Pplane = 1−exp
−2
√

2π
P�NSσr

|∆a|
exp

− a2
1

σ2
θ

 I0

 a2
1

σ2
θ

(37)

Finally, the average collision probability Pshell related to a shell-
crossing event can be computed as:

Pshell = 1 −
NP∏
i=1

(
1 − Pplane,i

)
(38)

where NP is the total number of orbital planes of the constella-
tion.

2.8. Threshold collision angle
The expression of Pplane,i in Eq. (38) depends on the angle

ϕi between the crossing orbital plane and the i-th orbital plane
of the constellation. It must be emphasised that Eq. (36) holds
if ϕ 0 π, whereas Eq. (37) is always valid. Nonetheless, the

expressions exp
(
−

a2
1
σ2
θ

)
and I0

(
a2

1
σ2
θ

)
exponentially decrease and

increase, respectively, the smaller ϕ is. This would result in
numerical values out of the floating-point range normally sup-
ported by most computational software.
It follows that a threshold value ϕ∗ has to be defined to distin-
guish whether Eq. (36) or Eq. (37) has to be used. In this study,
MATLAB is used for constellation risk assessments, which has
a largest positive floating-point number of around 1.7 × 10308

(double precision). Let:

Φmax =
a1

σθ(ϕ∗)
(39)

such that I0(Φ2
max) < N f p,max, where N f p,max is the largest

floating-point number available.
Recalling equation25b, the threshold angle ϕ∗ can be computed
as:

ϕ∗ = 2 tan−1

√
1
σ2

W

 a2
1

Φ2
max
− σ2

S

 (40)
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where:

σ2
S = σ2

1S
+ σ2

2S
(41a)

σ2
W = σ2

1W
+ σ2

2W
(41b)

In the following sections, a value of Φmax = 12.5 has been used.
An alternative strategy involves the definition of a maximum
relative error εΦ between Eq.s (36) and (37). The threshold
angle ϕ∗ can be then computed as:

tan2 ϕ
∗

2
≈ 8

a2
1

σ2
W

εΦ

1 − εΦ

(42)

The continuity between Eq.s (36) and (37) in a neighborhood
of ϕ∗ can also be proven, as shown in Polli (2021).
Moreover, if ϕi ≤ ϕ∗ for all i, which means the absence of
potential heads-on collisions, then, substituting Eq. (36) into
Eq. (38), and considering its Maclaurin expansion:

Pshell ≈
NS r2

a

|∆a|a1

NP∑
i=1

1
cos ϕi

2

(43)

where Pshell does not depend anymore on the position uncer-
tainties of the crossing and constellation’s satellites.

2.9. Summary of hypotheses

The model developed in this section is based on the follow-
ing assumptions:

1. All the effects of natural perturbations are neglected, with
the only exception of altitude variation due to air drag

2. All satellites are assumed to move along circular orbits
3. The altitude drop per orbit of S 2 inside D is considered to

be constant
4. The covariance matrices of the position error of both satel-

lites are assumed to be diagonal in their respective RSW
reference frames (Chan, 2008)

5. The satellites are modeled as spheres
6. The collision probabilities of each close approach are as-

sumed to be independent from one another

3. MOID propagation model

The statistical model developed in Section 2 is an efficient
tool for risk assessments of highly populated traffic scenarios.
On the other hand, it fails to consider phase between satellites.
For this purpose, the MOID propagation model has been devel-
oped.
This is a simplified propagation model whose time step is equal
to half the orbital period of the constellation satellite. Each it-
eration is composed of three main steps:

• altitude variation of S 1

• phase shift between S 1 and S 2 due to different orbital pe-
riods

• collision probability assessment at NCA

Fig. 6. Collision probability distribution P(δω{0}) and its mean value Pshell of a
satellite crossing OneWeb constellation with |∆a| = 0.1 km/s.

Significant values of collision probabilities require both objects
to be relatively close to one another. Therefore, considering the
orbits to be circular within the propagation time step, it follows
that a1 ≈ a2. With this consideration in mind, the semi-major
axis of S 2 at each time step would be:

a{k+1}
2 = a{k}2 +

∆a
2

(44)

Following the same reasoning, S 1 true anomaly can be esti-
mated as:

θ{k+1} = θ{k} + π

 a1

a{k}2


3
2

(45)

Let the constellation satellite be at one of the two MOIDs at the
initial propagation time t = 0, then at each step it will always
be located, alternately, at the two MOIDs. Under this condition,
the miss distance of every NCA can be computed with Eq.s
(22a) and (22b), or Eq. (33) if ϕ > ϕ∗, where:

δa{k+1} = δa{k} +
∆a
2

(46a)

δω{k+1} = δω{k} + π

1 −
 a1

a{k}2


3
2
 (46b)

The overall collision probability P(δω{0}) can be evaluated
through the combination of the collision probabilities of each
NCA, computed with Chan’s algorithm truncated at the 4th

term. Repeating the process for different initial true anomaly
phases δω{0}, the collision probability profile shown in Fig. 6
is obtained. The analytical evaluation of Pshell from Fig. (6)
refers to Eq. (38), whereas its numerical value is given as the
integral of the distribution obtained with the MOID propaga-
tion model. It has been extensively demonstrated that these two
always correspond (Polli, 2021), hence, the following relation
holds:

Pshell = 1 −
NP∏
i=1

(
1 − Pplane,i

)
≈

1
2π

∫ 2π

0
P(δω{0})d(δω{0})(47)
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Eq. (47) has been validated for different constellations, |∆a|,
σRSW

1 , σRSW
2 and orientations of the crossing orbital plane.

Nonetheless, it must be emphasised that Eq. (47) cannot be con-
sidered always valid, as large values of semi-major axis varia-
tion per revolution |∆a|, would result in a fewer number of close
approaches. In this context, a statistical approach fails to be
consistent within acceptable error boundaries, as the mean col-
lision probability over the true anomaly phase also depends on
the initial radial distance δa{0}.
It has been observed that, recalling Eq. (25a), Eq. (47) holds
with a relative error lower than 1 × 10−3, if:

3σr

|∆a|
≥ 1 (48)

In Polli (2021) it is shown that, if Eq. (48) is not satisfied, the
average collision probability over the true anomaly phase fol-
lows a sinusoidal-like behaviour which depends on δa{0}, and
has a period equal to |∆a|. Under this condition, the statistical
model presented in Section 2 assesses the mean collision prob-
ability, which is averaged over both δω{0} and δa{0}.
A series of MC simulations using different values of µx̂ and µẑ

have also been performed in order to validate the assumption of
using Chan’s algorithm truncated at the first term (Polli, 2021).
From Fig. 6 is clear how the true anomaly phase δω plays
a key role for collision probability minimisation. The MOID
propagation model also constitutes an efficient tool for collision
probability assessments, as the collision probability spectrum
over the true anomaly phase can be outlined with extremely low
computational effort.
Indeed, the larger the semi-major axis rate of change |∆a|, the
more efficient the MOID propagation model, since fewer close
approaches have to be assessed. Conveniently, that is the case
in which a statistical approach loses its validity.

4. Validation

Most of the assumptions on which the statistical model is
based, listed in Section 2.9, do not considerably change the dy-
namics of the shell-crossing event. The most stringent hypothe-
ses are the first two: neglecting other natural sources of pertur-
bation (J2 in particular) and discretising the spiraling trajectory
of the crossing satellite into circular orbits. In this section, the
validity of the latter is assessed, for different values of eccen-
tricity of the crossing orbit.
The most suitable option for validation would be a series of MC
simulations for different values of initial phase δω{0}. Then, the
average collision probability could be computed with Eq. (47).
Nevertheless, billions of MC runs would be necessary to anal-
yse the collision probability profile over the initial phase δω{0},
and this process would have to be repeated for different relative
orientations between κ1 and κ2, i. e. for different values of ϕ.
As this would require to much computational power, a different
approach is hereby used. The motion of two satellites, one from
the constellation and one crossing it, are propagated through the
integration of the equations of motion in Cartesian coordinates.
Once the nominal orbits are known, NCAs are detected and
their respective collision probability is computed with Chan’s

0 5 10
10-15

10-10

10-5

Fig. 7. Comparison between the collision probability profiles P(δω{0}) obtained
with the MOID propagation model, and standard propagation assuming dif-
ferent initial eccentricity of the crossing satellite. Simulation data: ϕ = π

6 ,
ζRSW

1 = diag{1/4, 1, 1/4} km2, ζRSW
2 = diag{1, 4, 1} km2, ra = 4, CD = 2.2,

Pt = 400 W, η = 0.5, Isp = 3000 s.

algorithm truncated at the 4th term. The position uncertainties
of the satellites are considered to be constant in their respective
RSW frame, during the duration of the shell-crossing event.
It is worth mentioning that the error introduced by this last as-
sumption may affects the results locally, but the overall effect
on the average collision probability could be negligible. Fur-
ther investigations about this topic are desirable, but limited by
the great computational effort required.
In Fig. 7 is represented the collision probability spectrum
P(δω{0}) evaluated with both MOID and standard propagation
models. The latter has been used for different values of initial
orbit eccentricity e2. Simulations were carried out considering
two Starlink satellites of mass 386 kg and cross-sectional radius
of 2.39 m (Le May et al., 2018), both belonging to the Starlink
(4) shell from Table 1. The crossing satellite is de-orbiting.
The collision probability profiles P(δω{0}) were used to evaluate
the average collision probabilities of the shell-crossing events,
exploiting trapezoidal numerical integration. These results are
listed in Table 2, from which it can be noticed that the statis-
tical model is able to predict with great accuracy the collision
probability for crossing orbit eccentricity up to 10−3. It was not
possible to test larger values of eccentricity due to the consid-
erable computational effort required. Moreover, the larger e2,
the less accurate is the result, as a wider interval of initial true
anomaly phases δω{0} decreases the resolution of the collision
probability profile P(δω{0}).
Considering Fig. 7, a larger eccentricity e2 affects the collision
probability spectrum by spreading lower values of P(δω{0}) over
a wider range of δω{0}, keeping its mean value constant. Hence,
when crossing crowded constellations, the lower e2, the more
the collision probability can be minimised through the proper
selection of δω{0}.
A final remark has to be made about gravitational perturbations
due to Earth’s oblateness, as it strongly affects the dynamics of
low-altitude orbits. It was observed that the altitude variation
caused by considering J2, decreases the probability per revolu-
tion that a close approach will occur, but increases the number
of overall revolutions in the vicinity of the constellation’s orbit
κ1. Further analyses may be the subject for future studies.
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Table 1. Catalogue of the satellite constellations considered in the study.
Constellation i1 [◦] NT NP f h [km] Shell Statusa Reference

Starlink

42 2493 42 2 336 (1) A

FCC (2018-2021)

48 2478 42 2 341 (2) A
53 2547 42 2 346 (3) A
53.2 1584 72 2 540 (4) A
53 1584 72 2 550 (5) D
97.6 348 6 2 560 (6) A
97.6 172 4 2 565 (7) A
70 720 36 2 570 (8) A

Kuiper
33 784 28 2 590 (1) A

FCC (2019)42 1296 36 2 610 (2) A
51.9 1156 34 2 630 (3) A

Telesat 98.98 351 27 3 1015 (1) C FCC (2020b)50.88 1320 33 3 1320 (2) A
OneWeb 87.9 720 18 2 1200 - D FCC (2020a)
Kepler 89.5 360 12 2 600 - A
Iridium NEXT 86.4 66 6 2 770 - C FCC (2016)
Globalstar 52 48 8 2 1414 - C FCC (2011)

OrbcommG1

45 12 3 3 775 (1) C

FCC (2008)
108 2 1 1 780 (2) C
70 2 1 1 785 (3) C
45 24 3 3 820 (4) C
0 8 1 1 825 (5) C

Capella Space 98 36 12 2 495 - D Kramer (2019)

Swarm Tech

45 20 1 1 450 (1) C

FCC (2018)10 20 1 1 500 (2) C
97.4 62 1 1 505 (3) C
97.6 48 1 1 555 (4) C

Planet
51.6 28 1 1 410 (1) C

FCC (2013)51.6 28 1 1 415 (2) C
97.98 11 1 1 620 (3) C

HawkEye 360
14.25 2 1 1 575 (1) C

FCC (2017)45 10 5 5 580 (2) C
14.25 2 1 1 585 (3) C

a(A) Approved (D) Deployment (C) Completed

Table 2. Shell-crossing event average collision probability evaluated with Cartesian propagation and Chan’s algorithm for different initial crossing eccentricity e2
and collision angle ϕ. Respective values of Pshell are reported for comparison.

e2 [-]
ϕ [rad] π

6
π
3

π
2

2π
3

5π
6 π

0 0.91218 × 10−8 0.10177 × 10−7 0.12469 × 10−7 0.17638 × 10−7 0.34075 × 10−7 0.13678 × 10−3

10−6 0.91246 × 10−8 0.10179 × 10−7 0.12470 × 10−7 0.17638 × 10−7 0.34075 × 10−7 0.13678 × 10−3

10−5 0.91423 × 10−8 0.11019 × 10−7 0.12477 × 10−7 0.17639 × 10−7 0.34076 × 10−7 0.13679 × 10−3

10−4 0.91404 × 10−8 0.10192 × 10−7 0.12477 × 10−7 0.17640 × 10−7 0.34078 × 10−7 0.13678 × 10−3

10−3 0.90144 × 10−8 0.10077 × 10−7 0.12393 × 10−7 0.17614 × 10−7 0.34076 × 10−7 0.13673 × 10−3

Pshell 0.91313 × 10−8 0.10185 × 10−7 0.12474 × 10−7 0.17640 × 10−7 0.34078 × 10−7 0.13680 × 10−3
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5. Constellation’s replacement risk assessment

The statistical model developed in Section 2 will be used
in this section to appraise the environmental hazard of satellite
constellations. In particular, a risk assessment analysis of the
disposal and injection phases of satellite constellations will be
performed, also considering the presence of space debris and
different Post-Mission Disposal (PMD) success rates.
The constellations considered are summarised in Table 1 and
they are all modeled as Walker constellations, which are fully
described by the inclination i1, the total number of satellites
NT , the number of orbital planes NP, the relative phase shift
between satellites on adjacent planes f and the altitude of
the shell h. Most of these constellations were approved by
the FCC, the authority regulating telecommunications in the
United States.
The current section investigates, from a collision probability
standpoint, the environmental consequences of the increase in
LEO traffic that would result from constellation’s satellites that
have to be replaced, once they have reached their EoL.

5.1. Optimal crossing

The structure of a satellite constellation is considered to be
fixed in time, thus the inclination i1 and RAAN Ω1 of each or-
bital plane are constant. The relative orientation between con-
stellation’s and crossing satellites, hence, depends on the incli-
nation and RAAN of the crossing satellite.
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Fig. 8. Collision probability distribution of passive de-orbiting through Starlink
(4) shell.
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Fig. 9. Collision probability distribution of passive de-orbiting through OneWeb
shell.

In Fig.s 8 and 9 are represented the collision probability dis-
tributions related to, respectively, a Starlink (4) and OneWeb
shell-crossing event, for different inclinations i2 and RAANs
Ω2 of the crossing satellite. Each peak in Fig.s 8 and 9 corre-
sponds to the case of head-on collision with one of the orbital
planes of the constellation. It can also be noticed that the mini-
mum mean collision probability Pshell occurs when i2 = 0◦.
To better understand this last statement, consider the collision
angle distributions between a crossing satellite and a Starlink
(4) and OneWeb orbital plane, respectively shown in Fig.s 10
and 11.
The collision angle ϕ between κ1 and κ2 can be computed as:

cosϕ = sin i1 sin i2 cos ∆Ω + cos i1 cos i2 (49)

Because i1 and i2 are constant, the distribution of collision an-
gles ϕi between the crossing orbital plane and the various con-
stellation’s orbital planes depends on cos(∆Ωi). As the con-
stellation’s orbital planes are equally spaced in RAAN, the
collision angles characterising a shell-crossing event follow a
cosinusoidal-like behaviour, whose mean value ϕ can be com-
puted as:

cos(ϕ) = cos i1 cos i2 (50)

Imposing the derivative of Eq. (50) over i2 equal to zero, returns
the condition for which ϕ is either maximum or minimum. That
is when i2 is either null or straight. In particular, ϕ is minimum
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Fig. 10. Distribution of the collision angle ϕ between one orbital plane of Star-
link (4) and any possible crossing orbital plane (left) and its mean value over
the RAAN ϕ (right).
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Fig. 11. Distribution of the collision angle ϕ between one orbital plane of
OneWeb and any possible crossing orbital plane (left) and its mean value over
the RAAN ϕ (right).
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Table 3. Data used in Section 5.
Value Symbol

S 1 covariance diag{0.25, 1, 0.25} km2 ζRS W
1

S 2 covariance diag{1, 4, 1} km2 ζRS W
2

Drag coefficient 2.2 CD

Input power 600 W Pt

Thruster efficiency 0.5 ηt

Specific impulse 2000 s Isp

Maximum a1
σθ

ratio 12.5 Φmax

if the crossing orbital plane has inclination i2 such that:

i2 = 0◦ if cos i1 ≥ 0 (51a)
i2 = 180◦ if cos i1 ≤ 0 (51b)

Substituting Eq.s (51a) and (51b) into Eq. (49), one obtains that
cosϕ is constant for all i, and always greater than zero. This is
a rather important condition for collision probability minimisa-
tion, as the collision angles are guaranteed to be lower than (or
equal to) 90◦.
Up to this point, one could argue that the results obtained in Eq.
(51) minimise the average collision angle ϕ, but not necessar-
ily the collision probability of the shell-crossing event Pshell.
Nonetheless, Pshell is characterised by a super-linear depen-
dence on ϕ, meaning that, the larger the amplitude of the dis-
tribution of collision angles ϕi, the larger the overall collision
probability Pshell. The conditions expressed in Eq. (51) guaran-
tee a constant distribution of collision angles ϕi with minimum
mean value, thus minimising Pshell.
Considering that the inclinations in Table 1 are, for the most
part, lower than 90◦. then, the equatorial plane would be the
optimal gateway orbital plane for both satellite injection and
disposal for collision probability minimisation. A side advan-
tage of the optimal crossing orbit is that it has the optimal in-
clination needed in order to fully exploit Earth rotation during
launch, hence reducing costs.
It must be highlighted that the result obtained for optimal cross-
ing is limited to constellations whose orbital planes have RAAN
spanning over 360◦. Indeed, this is not the case for constella-
tions characterised by polar orbits, for which RAAN interval is
typically less than 180◦. This feature allows for shell-crossing
events with collision angles always smaller than (or equal to) ϕ,
as defined in Eq. (50).
Consider the 18 orbital planes of OneWeb constellation to have
equally spaced RAANs between 0◦ and 170◦ and inclination
i1 = 87.9◦. Then, optimal crossing can be achieved with a
crossing orbital plane having inclination i2 equal to i1, and
RAAN equal to 85◦. Nonetheless, repeatedly changing the in-
clination of the crossing satellite from 0◦ to near-polar and vice
versa is broadly inefficient. Moreover, crossing polar constel-
lation through the equatorial plane leads to constant collision
angles marginally lower than (or equal to) 90◦, and, as it can be
seen from Table 2, Pshell is less affected at low ϕ.
Finally, optimal crossing can, sometimes, be a poor choice
in terms of fuel (or time) consumption. Furthermore, as the
changes in Pshell are considerable only for large values of colli-

sion angles, trade-offs between collision probability minimisa-
tion and fuel consumption are, in general, recommended.

5.2. Methodology
The risk assessment is performed by considering the EoL

satellite that has to de-orbit and the new satellite that shall re-
place it. For both satellites, space debris and constellations that
have to be crossed are considered as collision sources and the
overall collision probability is computed as a combination of
these two. The collision probability with other constellations is
assessed using the model developed in Section 2, whereas the
ESA-MASTER software, as done in (Radtke et al., 2017) and
Le May et al. (2018), is used for the evaluation of the collision
probability with space debris (Polli, 2021).
Let P± be the collision probabilities of the injecting and de-
orbiting satellite, respectively; then:

P± = 1 − (1 − P±c )(1 − P±d ) (52)

where Pc and Pd are the probabilities that a collision will occur,
respectively, with constellations and debris.
The overall collision probability related to the full replacement
of a shell, can finally be computed as:

Ptot = 1 − [(1 − P+)(1 − P−)]NT (53)

The constellations are eventually divided into two categories,
based on their scope: Telecommunication (T) or Earth-
Observation (EO). Satellites belonging to either category are
modeled as spheres, the former having an average radius of 2 m
and mass of 200 kg, the latter of 0.5 m and 50 kg. The combined
hard sphere radius ra is given by the sum of the cross-sectional
radii of constellation and crossing satellites. Table 3 collects
data used for simulations.

5.3. Results
The collision probability of a full constellation replacement

has been evaluated for every constellation considering differ-
ent engine input powers and two different scenarios: best case
scenario (B) corresponds to a crossing orbit having zero inclina-
tion, whereas, in nominal case scenario (N) the crossing orbital
plane is assumed to be an orbital plane of the arrival or depar-
ture shell. It follows that the inclination of the crossing satellite
will be i2 = i1. Results are shown in Fig.s 12 and 13.
Fig.s 14 and 15 show more details about the risk assessment
related to the replacement of Kuiper (3) shell, considering op-
timal crossing only for injecting satellites. Recalling Section
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5.2, in Fig. 14 are represented the collision probabilities P±c , P±d
and P± for different values of engine input power, and Fig. 15
shows how P±c are partitioned among the various shells.
Finally, by assuming that failed EoL satellites re-enter through
passive de-orbiting, different PMD success rates can be consid-
ered for the risk assessment analysis. As the Starlink constel-
lation is, by far, the most populated one, in Fig. 16 are shown
the collision probabilities related to the full replacement of the
Starlink constellation with different PMD success rates, consid-
ering both scenarios B and N. The vertical black line refers to a
failure rate of 1.45 × 10−2, which is the one currently declared
by Starlink (Kramer, 2021).
As expected from the results collected in Table 2, Fig.s 12 and
13 show that the improvement of scenario B over N, are not
considerable. The benefits of optimal crossing can be appreci-
ated in Fig. 16, where a large number of satellites is considered.
The effects of the thruster acceleration on the collision proba-
bility can be observed in Fig.s 12 and 13, where it is shown that
increasing the propulsion of the satellite can reduce it by one
order of magnitude at higher altitude.
Other parameters that affect replacement collision probability
are size and number of constellation satellites. Due to their
much smaller size, Earth observation satellites are characterised
by impact probabilities several orders of magnitude lower than
telecommunication satellites. A similar, but less marked be-
haviour, can be noted by comparing crowded and uncrowded
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Fig. 12. Collision probability related to the replacement of the whole constella-
tion at different engine input powers considering scenario B.
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Fig. 13. Collision probability related to the replacement of the whole constella-
tion at different engine input powers considering scenario N.
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telecommunication shells.
Besides the benefits of a powerful thruster, it can be noticed
from Fig. 16 that the PMD declared by Starlink does not sub-
stantially change the risk assessment with respect to the case of
100 % PMD succes rate. Nevertheless, it must be emphasised
that collisions with satellites belonging to the departure or ar-
rival shell are not contemplated.
Considering Fig. 14, a satellite on its journey has a higher
chance of colliding with a constellation satellite, rather than
with a debris. On the other hand, constellation satellites can
be tracked much more easily and, unlike debris, are manoeu-
vrable.
By looking at Fig. 15 it is also clear that the Starlink shells
in Very-Low Earth Orbit (VLEO) pose the greatest threat. The
large gap between injection and de-orbiting collision probabil-
ities is due to the low altitude of the shells, at which the at-
mospheric drag is considerable, as drag accelerates de-orbiting
while slowing down injection. Moreover, by looking at Fig.s
12 and 13, the collision probability for the replacement of Star-
link VLEO shells is comparable to higher altitude shells, even
if they have to go through far fewer shells. The reason for this
is the large number of satellites that VLEO shells require to en-
sure (near) global coverage, thus creating a thin region of space
heavily populated. On the other hand, it must be emphasised
that the lower the altitude of the shell, the faster the re-entry of
the debris generated from an in-orbit collision.
A final remark shall be made about the size of the satellites.
Indeed, the collision probabilities considering spherical shapes
are, in general, larger than the actual values. This issue is
treated in Le May et al. (2018), where it is shown that the aver-
age number of collisions between space debris and one Starlink
satellite modeled as a sphere, is around 8 % larger than the one
computed using a box wind model.

6. Preliminary analysis of the consequences of an in-orbit
catastrophic collision

In the following, a risk assessment related to the interaction
between satellite constellations and a cloud of fragments, gen-
erated by an in-orbit catastrophic collision, will be performed.
The model developed in Section 2 will be used for the evalu-
ation of the collision probability between each generated frag-
ment that, due to its passive de-orbiting, has to cross lower alti-
tude satellite constellations.

6.1. Methodology

NASA standard breakup model, described in Johnson et al.
(2001), has been utilised for the evaluation of the area-to-mass
ratio A/M and area A of the fragments, having characteristic
lengths between 2 cm and 2 m. This interval of characteristic
lengths has been divided into 100 logarithmic bins for the eval-
uation of the total number of fragments N f , as done similarly in
Letizia (2016). Assuming spherical shaped fragments, both the
radius R and the mass M can also be determined.
As discussed in Jehn (1991), Ashenberg (1994) and Letizia
et al. (2015), Earth’s oblateness spreads the fragments along the

argument of periapsis ω and RAAN Ω. At this point, again ac-
cording to Letizia et al. (2015), the Keplerian parameters can be
randomised and the only perturbing acceleration that has to be
accounted for the propagation of the fragments is atmospheric
drag.
In this study, the risk assessment of every shell-crossing event is
performed by assuming that each fragment has an inclination i2
equal to the one of the satellite they have been generated from,
and RAAN Ω2 which is uniformly randomised between 0◦ and
360◦.
Furthermore, the collision angles ϕi between a crossing object
and each constellation’s orbital plane are quite spread, since
they are equally spaced along the RAAN. The randomisation
of the collision angles would, therefore, provide good statisti-
cal results if used for hundreds of thousands of shell-crossing
events, as it is the case for the risk assessment of a debris cloud
crossing a shell.
The covariance matrices of the fragments are modeled as diag-
onal in their respective RSW frames, with fixed axes ratios and
randomised determinant:

ζRS W = ρ

1 0 0
0 4 0
0 0 1

 , 5 ≤ ρ ≤ 10 (54)

It was observed that neglecting the covariance matrices and us-
ing Eq. (43) produces the same results, since for most orbit
orientations, the condition ϕ ≤ ϕ∗ holds.
Depending on the physical properties of fragments and constel-
lations’ satellites, it can be determined whether an eventual col-
lision would be catastrophic or non-catatrophic, and the debris
trackable or non-trackable. The former distinction is solved us-
ing a statistical approach (Polli, 2021). Fragments with mass
equal or greater than a threshold value M∗p are considered to
cause a catastrophic collision. The critical mass is defined as:

M∗p =
Ek M1a1

µ(1 − cos i1 cos i2)
(55)

where M1 is the mass of the target satellite and Ek = 40 J
g

is the minimum impact energy per target mass necessary for
a collision to be catastrophic (Krisko, 2007). A length of 10
cm (Radtke et al., 2017) has been chosen as a threshold value
between trackable and non-trackable objects.
Finally, in Letizia (2016) a simulation was carried of a non-
catastrophic collision characterised by a impact energy of 50
kJ. It was shown that almost every fragment has an eccentricity
between 0 and 3 × 10−1, half of which are lower than 5 × 10−2.
For this reason, the results collected in Section 6.2 are yet to be
completely validated.

6.2. Results

Two different scenarios have been considered: a catastrophic
collision between a 200 kg Starlink (8) satellite and a 10 kg
debris; a catastrophic collision between two 200 kg Starlink (8)
satellites.
The collision probabilities between each fragment and each
shell crossed are shown in Fig.s 17 and 18. The black dots refer
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Fig. 17. Collision probabilities of the Starlink-debris collision cloud per shell
and fragment. Fragments are sorted based on their characteristic lengths.

Fig. 18. Collision probabilities of the Starlink-Starlink collision cloud per shell
and fragment. Fragments are sorted based on their characteristic lengths.

to catastrophic collision probabilities. These probabilities are
in general larger than the non-catastrophic collision probabili-
ties, as catastrophic collision are caused by heavy fragments,
which, usually, have large cross-sectional areas.
As collisions with trackable objects can be prevented much
more easily, only results about collision probabilities with
non-trackable debris are shown in Fig. 19.
Non-trackable non-catastrophic collisions are the main threat
posed by a fragmentation event. Although catastrophic
collisions result in the total disruption of the target, small
objects are, in general, more numerous and they would not
only contribute to the generation of more fragments, but also
damage the impacting satellite, thus increasing the failure
rate. Due to their smaller mass, Earth observation satellites
have a relatively higher chance of a non-trackable catastrophic
collision.
The results obtained show that an in-orbit collision would
most probably decree LEO inoperability due to cascade
effect. Nonetheless, the dynamics involved in this type of
shell-crossing events are, in general, very slow, thus granting a
large time window to operate. Indeed, the higher the altitude
at which the catastrophic collision may occurs, the slower the
dynamics of the satellite, the easier preventing collisions. On
the other hand, the higher the collision altitude, the longer the
time needed for the disposal of the debris cloud.
Finally, to highlight the performances of the model, using a
single core of an i7-4720 at 2.6 GHz with 8 GB of RAM, the
risk assessments of the Starlink-debris and Starlink-Starlink
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Fig. 19. Collision probability per shell of non-trackable catastrophic (NTC) and
non-trackable non-catastrophic (NTNC) collisions considering fragments from
Starlink-debris (left) and Starlink-Starlink (right) collision.

collision scenarios required MATLAB 20.57 and 33.55 sec-
onds, respectively. In this time windows, a total of 3, 184, 398
and 5, 163, 074 shell-crossing events were analysed.

7. Conclusion

This study has proposed an analytical model for the assess-
ment of the environmental threat posed by large satellite con-
stellations, through a statistical modeling of the collision prob-
ability related to a shell-crossing event. The main advantage of
the statistical model is the low computational effort, as the colli-
sion probability related to millions of shell-crossing events can
be assessed within seconds on an average personal computer.
The model was used to analyse the constellations replacement
traffic and the consequences of an in-orbit catastrophic colli-
sion.
Constellation’s satellites have to be replaced once they reach
their EoL, thus generating an intense traffic in LEO. Both injec-
tion and disposal have been investigated, showing that, besides
phasing, the main parameters of interest are the semi-major axis
rate of change |∆a| and the relative orientations between the
constellation’s and crossing orbital planes, summarised by the
collision angle ϕ. As |∆a| can be tuned through the proper selec-
tion of the satellite’s thruster, a great emphasis was placed in the
design of an optimal crossing orbit, which was found to be at
zero inclination. The establishment of an international gateway
orbital corridor for both injection and disposal might simplify
the management of future space traffic scenarios, as satellites
on the same orbits share the lowest possible probability that a
collision will occur.
In the context of constellation replacements, an analysis of the
risk assessment based on different PMD success rates has also
been performed regarding the Starlink constellation. The re-
sults proved that the benefits arising from the selection of a
powerful thruster are much greater than the ones arising from
the decrease of the failure rate, proving once again that the main
parameters of interest for the design of a shell-crossing manoeu-
vre is the semi-major axis rate of change.
The statistical model has also been used for the risk assessment
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of the debris flux generated from an in-orbit catastrophic colli-
sion. With emphasis on the probability of a collision with non-
trackable objects, it was shown that, considered the presence
of thousands of constellation’s satellites, managing the conse-
quences of a collision is definitely an arduous task.
Although the statistical model presented in Section 2 was devel-
oped based on the assumption of circular orbits, it was shown
that the mean collision probability can be predicted with great
accuracy for crossing orbit eccentricity e2 up to 10−3. More el-
liptical crossing orbits are yet to be tested. It was also shown
that low eccentricity crossing orbits allow for a greater colli-
sion probability minimisation, through proper phasing between
satellites.
The main limitation of the model is that its reliability is not
proven when the effects of J2 perturbations are considered. Fur-
thermore, the model is specifically designed for assessments of
traffic scenarios and preliminary mission analysis, as the result
is an estimation of the average collision probability, whereas
the propagation method showed that the true anomaly phase
between constellation’s and crossing satellite is a parameter of
great interest for the design of shell-crossing events.
The analysis of the limitations of this study has already sug-
gested the main topics for possible future improvements. In-
deed, the main focus would be to test the accuracy of the model
in case of more elliptical crossing orbits, also including J2 in
the analysis. Another possibility would be to develop a semi-
analytical model with the possibility of using covariance ma-
trices not necessarily diagonal in their respective RSW frames.
Finally, it is possible to analyse the collision probability pro-
file P(δω{0}) of a shell-crossing event in the frequency domain.
This might be a convenient choice for the development of an
analytical model, able to retrieve the collision probability pro-
file based on the main parameters of the shell-crossing event,
thus avoiding numerical methods exploitation.
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