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Abstract

Size effect of heterogeneous granular materials under tensile loading is a well known phenomenon and the

subsequent size effect laws are widely available in the scientific literature. On the contrary, size effect in

compression is scarcely studied, which, especially for concrete, is more significant for its brittle failure mode in

practical applications. This paper investigates the deterministic size effect in compression of concretes including

a normal strength concrete (NSC) and an ultra high performance concrete (UHPC). The Lattice Discrete Particle

Model (LDPM) is selected to determine the compressive strength of a broad range of sizes utilizing experimental-

based calibrated data sets. The simulated tests include both cylinders and prisms with the diameter/width range

from 150 mm to 600 mm for normal strength concrete and from 50 mm to 200 mm for UHPC. The investigated

aspect ratio ranges from 1 to 16. It is found that the simulated strength show no size effect under low friction

loading, and the magnitude of size effect decreases with rising aspect ratio under high friction loading. The

size effect laws available in the literature are typically investigated by fitting the compressive strength data and

found with limitations. A new compressive size effect law formula named ComSEL3D is proposed in terms of

diameter and aspect ratio. The correlation by ComSEL3D for the simulated strengths is above 0.99, which

shows its excellent ability in describing and predicting the deterministic size effect behavior in compression for

both concretes in cylindrical and prism shapes. The ComSEL3D also outperforms the available formulas in the

literature in matching the experimental results of various concretes under compression.

keywords: Concrete Failure, Size Effect, Compression, UHPC, CSEL, ComSEL

1 Introduction

Concrete is the most commonly used construction material on earth, employed extensively in buildings,

bridges, roads and dams. Researchers around the world in the field of civil engineering conduct numerous

laboratory tests each day to evaluate the strength capacity of different types of concrete. Thanks to the

size effect laws [2, 3], the strengths of a structural scale concrete member can be estimated based on the

smaller-scale laboratory test results with enough safety margin. For example, the energy-based size effect

law (SEL) of Bažant has been recently incorporated into the ACI design code articles for beam shear and

slab punching, see ACI-318/2019 [5].

In the last decades many researchers have intensively studied the size effect of concrete, but most
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of these investigations were focused on tensile or indirect-tensile loading, see among many others [7–11].

In addition to the well-known size effect in tension, the size effect in compression has also been clearly

demonstrated [2, 4, 13, 14] for concrete (for a review see [15]). Early work on the size effect in compression

dates back to almost one century ago [14] in which the influence of age, cement/water ratio, and maximum

aggregate size on the compressive strength were studied, concluding that the cylindrical specimen 6 x

12 inch (15.24 x 30.48 cm) provides a satisfactory shape and dimension in order to obtain consistent

results. Later experimental investigations were also performed under uniaxial loading in [6, 13, 16–18].

Other experiments were executed under small eccentric compression uniaxial load on microconcrete [19],

plain concrete columns [20, 21], reinforced concrete columns [22], sandstone specimens and plain concrete

cylinders [23].

However, the size dependence of compressive strength of concrete is not yet fully studied nor understood.

Although the mechanisms of concrete size effect in compression are really complex to be fully identified,

size effect is very important in terms of structural and material design because its presence must be

expected when concrete fails in compression, e.g., failure in bending of prestressed concrete or over-

reinforced concrete beams. The experimental investigation of the concrete size effect comes with two

main disadvantages. Firstly, the size of the specimens that can be tested in laboratories is limited due to

restricted space, testing machine boundaries and loading capacity, and weight of the samples. Secondly, the

test results can be easily influenced by machine compliance, test setup, specimen and machine preparation,

and uncertainty factors from human testers. This might lead to incomplete inaccurate data set, missing

sizes, and large scatter in testing results. Thus, a reliable computational tool, capable of describing and

predicting the mechanical behavior of concrete materials, is a more suitable alternative to investigate the

concrete size effect. This option is explored in the present study.

The Lattice Discrete Particle Model (LDPM) [40, 41] is selected to determine the material compressive

strength of a broad range of sizes utilizing experimental-based calibrated data sets. The deterministic

size effect in compression of two types of concrete, a normal strength concrete (NSC) and an ultra-high

performance concrete (UHPC), is investigated in this research. The mesoscale discrete model, LDPM, is

chosen because concrete is a composite material with a complex and random internal structure (aggre-

gates, matrix, interphases, and pores) and its mesostructure strongly affects the macroscopic mechanical
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behavior under loading. Microcracks precede the formation of larger cracks that coalesce within the failure

zone/zones and these cracks or slip mechanisms are discontinuities in the displacement field at different

scales of observation. Modeling the localization of distributed microcracking into a finite-size fracture pro-

cess zone, and the resulting quasi-brittle behavior of the material volume, is essential to many applications,

such as in compressive failure. In addition, the heterogeneous nature of these materials leads to a charac-

teristic internal length that needs to be returned by the numerical model [2, 25]. Therefore, it is relatively

difficult to incorporate such features into such models that assume continuity of the displacement field,

though a few capable models exist, e.g. [26], see also [27] for a review. Alternatively, continuum-based

models can account for crack kinematics by incorporating different kinds of discontinuities, see among

others [28–30]. In contrast, the complex cracking mechanisms and failure can be effectively simulated

using mesoscale discrete models, in which the material heterogeneity is automatically reproduced and the

discontinuity that appears at the particle boundaries provides a natural way to represent cracks. For this

reason, LDPM, which gives a more realistic representation of the cracking initiation and propagation for its

discrete nature and considers the actual aggregate size distribution, was adopted in this study. LDPM has

been proven to have excellent abilities simulating the mechanical behavior of various concrete materials,

including regular concrete [40, 41], UHPC [42–44, 46], sulfur concrete [45], or different type of failure under

uniaxial compression, triaxial compression, direct tension, tensile splitting, bending, shear with prestress

[49], with fastening systems [47] as well as aging [42, 48] and size effect of concrete failed in compression

and by tensile fracture [50].

Finally, the size effect laws available in the literature are used to fit the compressive strength data

and are found with limitations on the size range and insufficient correlation. A new compressive size

effect law formula named ComSEL3D is proposed in this paper, which has excellent ability in describing

and predicting the size effect behavior in compression for both concretes and in different specimen shapes

considered in this study.

2 Numerical model

In 2011, building on previous work [37–39], Cusatis and coworkers [40, 41] developed LDPM, a mesoscale

discrete model that simulates the mechanical interaction of coarse aggregate pieces embedded in a binding

4



matrix. The geometrical representation of concrete mesostructure is constructed by randomly introducing

and distributing spherical shaped coarse aggregate pieces inside the volume of interest and zero-radius

aggregate pieces on the surface. Based on the Delaunay tetrahedralization of the generated particle centers,

a three-dimensional domain tessellation creates a system of polyhedral cells (see Fig. 1) interacting through

triangular facets and a corresponding lattice system. The full description of LDPM geometry is reported

in Cusatis. et. al. [40, 41].

Figure 1: One LDPM Cell around an aggregate piece.

In LDPM, rigid body kinematics is used to describe the deformation of the lattice particle system and

the displacement jump, JuCK, at the centroid of each facet is used to define measures of strain as

eN =
nTJuCK

`
; eL =

lTJuCK
`

; eM =
mTJuCK

`
(1)

where ` = is the interparticle distance; and n, l, and m, are unit vectors defining a local system of

reference attached to each facet. A vectorial constitutive law governing the material behavior is imposed

at the centroid of each facet. In the elastic regime, the normal and shear stresses are proportional to the

corresponding strains: tN = ENe
∗
N = EN(eN−e0N); tM = ET e

∗
M = ET (eM−e0M); tL = ET e

∗
L = ET (eL−e0L),

where EN = E0, ET = αE0, E0 = effective normal modulus, and α = shear-normal coupling parameter;

and e0N , e0M , e0L are mesoscale eigenstrains (if any present). For stresses and strains beyond the elastic limit,

the LDPM formulation considers the following nonlinear mesoscale phenomena [37, 38, 40]: (1) fracture

and cohesion; (2) compaction and pore collapse; and (3) internal friction.

Fracture and cohesion due to tension and tension-shear. For tensile loading (e∗N > 0),

the fracturing behavior is formulated through effective strain, e∗ =
√
e∗2N + α(e∗2M + e∗2L ), and stress,

t =
√
t2N + (t2M + t2L)/α, which define the normal and shear stresses as tN = e∗N(t/e∗); tM = αe∗M(t/e∗);

tL = αe∗L(t/e∗). The effective stress t is incrementally elastic (ṫ = E0ė) and must satisfy the inequal-

5



ity 0 ≤ t ≤ σbt(e, ω) where σbt = σ0(ω) exp [−H0(ω)〈e− e0(ω)〉/σ0(ω)], 〈x〉 = max{x, 0}, and tan(ω) =

e∗N/
√
αe∗T = tN

√
α/tT , and e∗T =

√
e∗2M + e∗2L . The post peak softening modulus is defined as H0(ω) =

Ht(2ω/π)nt , where Ht is the softening modulus in pure tension (ω = π/2). LDPM provides a smooth

transition between pure tension and pure shear (ω = 0) with parabolic variation for strength given by

σ0(ω) = σtr
2
st

(
− sin(ω) +

√
sin2(ω) + 4α cos2(ω)/r2st

)
/[2α cos2(ω)], where rst = σs/σt is the ratio of shear

strength to tensile strength.

Compaction and pore collapse from compression. Normal stresses for compressive loading

(e∗N < 0) must satisfy the inequality −σbc(eD, eV ) ≤ tN ≤ 0, where σbc is a strain-dependent boundary

depending on the volumetric strain, eV , and the deviatoric strain, eD = eN − eV . The volumetric strain is

computed by the volume variation of the Delaunay tetrahedra as eV = ∆V/3V0 and is assumed to be the

same for all facets belonging to a given tetrahedron. Beyond the elastic limit, −σbc models pore collapse

as a linear evolution of stress for increasing volumetric strain with stiffness Hc for −eV ≤ ec1 = κc0ec0:

σbc = σc0 + 〈−eV − ec0〉Hc(rDV ); Hc(rDV ) = Hc0/(1 + κc2 〈rDV − κc1〉); σc0 is the mesoscale compressive

yield stress; rDV = eD/eV and κc1, κc2 are material parameters. Compaction and rehardening occur beyond

pore collapse (−eV ≥ ec1). In this case one has σbc = σc1(rDV ) exp [(−eV − ec1)Hc(rDV )/σc1(rDV )] and

σc1(rDV ) = σc0 + (ec1 − ec0)Hc(rDV ).

Friction due to compression-shear. For compression dominated loading conditions (e∗N < 0), the

incremental shear stresses are computed as ṫM = ET (ė∗M−ė∗pM) and ṫL = ET (ė∗L − ė∗pL ), where ė∗pM = ξ̇∂ϕ/∂tM ,

ė∗pL = ξ̇∂ϕ/∂tL, and ξ is the plastic multiplier with loading-unloading conditions ϕξ̇ ≤ 0 and ξ̇ ≥ 0. The

plastic potential is defined as ϕ =
√
t2M + t2L − σbs(tN), where the nonlinear frictional law for the shear

strength is assumed to be σbs = σs+(µ0−µ∞)σN0[1−exp(tN/σN0)]−µ∞tN ; σN0 is the transitional normal

stress; µ0 and µ∞ are the initial and final internal friction coefficients.

The compatibility and constitutive equations discussed above are completed through the equilibrium

equations of each individual particle to arrive at the complete set of governing equations of the LDPM

framework.

The aforementioned LDPM mesoscale parameters govern the facet constitutive law with their effect

on the macroscopic model response. The normal elastic modulus and shear-normal coupling parameter

govern LDPM response in the elastic regime. The mesoscale tensile strength and characteristic length, or
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equivalently the tensile fracture energy, govern the softening tensile fracturing behavior of LDPM facets

and consequently also the macroscopic softening. The softening exponent governs the interaction between

shear and tensile behavior during softening at the facet level and accordingly influences the level of ductility

after failure. The mesoscale shear strength is the facet strength for pure shear and has effect mostly on

the macroscopic behavior in unconfined and confined compression. Other LDPM parameters which affect

the macroscopic behavior in compression include the yielding compressive stress, transitional strain ratio,

initial internal friction coefficient, internal asymptotic friction coefficient and transitional stress. In the

following, the calibration of those LDPM parameters is obtained through the best fitting of the complete

loaddisplacement curves of experimental tests, if they are available, or through the best fitting of the

maximum load reached in the experiment that is typically available.

Within the framework of LDPM, the modeling of NSC and UHPC both uses the mesoscale discrete

model that simulates the mechanical interaction of coarse aggregate pieces embedded in a binding matrix.

Just as in reality, one main difference between NSC and UHPC is the aggregate size, which leads to

different compactness and strength. As explained in next sections, the actual aggregate size of NSC is

used, and coarse graining technique is used for UHPC to save computational cost, see Fig. 2. Another

difference between NSC and UHPC mix is the type of cement and supplementary cementitious materials

(SCMs), which leads to a huge difference in the mortar matrix between the aggregates. Besides, the

nonlinear constitutive laws formulated on the LDPM facets have to simulate the effects of the aggregate

particles that are not considered in the construction of the mesoscale geometry, i.e. the particle with

dimension smaller than the minimum size. All these differences are captured by the aforementioned linear

and nonlinear formulations at the facets in LDPM with the meso-scale parameters. Thus the difference in

modeling NSC and UHPC by LDPM is to consider the mesoscale heterogeneity corresponding to coarse

aggregate size and distribution, and at the same time calibrate the meso-scale parameters to capture the

effects of matrix and smaller aggregates, in order to match the behavior on the macroscale.
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(a) (b)

Figure 2: LDPM aggregate distribution for: (a) normal concrete cylinder 150x150mm and (b) UHPC

cylinder 200x200 mm

2.1 LDPM Calibration for Normal Strength Concrete

The first concrete considered in this study has been experimentally characterized in [49, 51] and it is

normal strength concrete with a target compressive strength of class C50/60, hereinafter abbreviated as

C50. Its mixture constituents are listed in Table 1. Specimens, including cubes and prisms, for mechanical

tests were cast by a computer aided mixing machine using wood and plastic molds. All formwork were

removed 24 hours after casting. Then the specimens were stored at room temperature about 22◦C and

submerged in water until the day of mechanical tests.

Table 1: Constituents of Concrete C50/60 [49, 51]

Aggregate 0/4 mm edge 101.85 kg

Aggregate 0/4 mm round 849.17 kg

Aggregate 4/8 mm round 370.79 kg

Aggregate 8/16 mm round 550.64 kg

Water content 181.00 kg

Cement CEM 52.5 R 464.90 kg

Sky 657 6.67 kg

w/c 0.39 -
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The experimental campaign includes unconfined compression, Young’s modulus tests, prism split-

ting, and wedge splitting tests. The cubes have dimensions of 150×150×150 mm, while the prisms of

120×120×360 mm. The wedge splitting test (WST) setup can be found in Fig. 3. Cut from the cubes,

the specimens for WST have dimensions as follows: width w = 150 mm, height h = 130 mm, thickness

(not shown) t = 150 mm, the initial notch size a = 43 mm, the height of the crack ligament hcr = 100

mm, and b = 50 mm (see Fig. ). Determined from the aforementioned experiments, the concrete C50 has

unconfined compressive strength of about 82 MPa, Young’s modulus of about 38 GPa and prism splitting

strength of about 6 MPa averaged from tests carried out at 36 ∼ 56 days. The prism splitting stress and

tensile strength is calculated as σ = 2F/πLd, where L is the length, d is the depth/height of the specimen,

and F is the load or the maximum load, respectively. The testing results of cube compression, prism

splitting and Young’s modulus are listed in Table 2. When under wedge splitting test on 28 days of age, it

reaches 12.2 kN of peak load. The authors are aware of the possible effects of the crack-parallel stress and

its consequences in this type of tests [52] when the fracture energy is determined. However, the adopted

numerical model is able to take into account that effect.

Testreport No.: 875.14.002

fracture energy Gf (N/m, J/m2) is obtained by dividing GF by the plane projection
of the fracture area Acr.

Gf =
1

Acr

dh,max∫

0

Ph · d(dh) (2)

The specific fracture energy is a fracture mechanical characteristic which is not
dependent on the shape of the specimen, but according to literature e.g. [1] [2] [3]
[15] there might be a dependence to the size.
Furthermore the notched tensile strength σNTS can be calculated by taking bending
moment Mb and section modulus Wy into account.

σNTS =
Ph,max

Acr
+

Mb

Wy
(3)

In case of batch I and batch II (specimens without fibers) the loading speed was
1.2 mm/min in vertical direction and in case of batch III (specimens with fibers) the
loading speed was 3.0 mm/min. The sampling rate of the measurement was 100 Hz
for batch I and II and 50Hz for batch III. All WSTs were performed deflection
controlled.

hcr

line support

wedge
!

centre of gravity
of crack area

notch

Ph

Pv

roller bearings

b

d1

d2

M
N

h

w

a

(a) WST

wedge

!

!/2 PhPh
PvPv

(b) wedge

Figure 1: Schematic test setup for WST

Thereby the width and height is w = 150 mm and h = 130 mm, the thickness (not
shown) is t = 150 mm, the initial notch size a = 43 mm, the height of the crack area
is hcr = 100 mm and b = 50 mm. The location of the roller bearings is defined by
d1 = 12.5 mm and the measured test height d2 = 143 mm. This provides a notch
to depth ratio of approximately 0.3. The wedge angle θ = 15◦.
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Figure 3: Wedge splitting test setup

Utilizing the aforementioned Lattice Discrete Particle Model, all the experimental investigated tests

were numerically simulated. Due to the very close ages of testing, 36 ∼ 56 days, and the use of rapid

set cement, the test results have very low scatter and thus the aging effect can be neglected. The tests

were simulated as one concrete material and the average experimental results were utilized as reference.
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Aggregate size range of 8 ∼ 16 mm is applied to generate randomly the lattice discrete particles. The

maximum aggregate size of 16 mm is obtained from the concrete composition. The minimum aggregate

size of 8 mm is selected as half of the maximum aggregate size to save computational cost. The material

test results of concrete C50 under compression, splitting and modulus tests are used for calibration and

validation of LDPM simulations, as shown in Fig. 4 ∼ 6. The calibrated LDPM mesoscale parameters for

C50 are listed in Table 2.

Table 2: LDPM Mesoscale Parameters for Concrete C50

NormalModulus [MPa] 84000
TensileStrength [MPa] 4.8
CompressiveYieldingStress [MPa] 240
ShearStrengthRatio [-] 2.7
TensileCharacteristicLength [mm] 300
SofteningExponent [-] 0.4
InitialFriction [-] 0.4

The normal modulus is calibrated by matching the experimentally measured E modulus extracted

from the compression test stress-strain curves and also the linear branch of WST force-CMOD curves, see

Fig. 4 & 6. Note that the WST tests are performed on 28 days of age using a batch of specimens with

different temperature and relative humidity evolutions, than the other specimens used for material tests.

The simulated WST responses fall into the range of those of the experiments, although relatively stiffer

behavior in the linear section is observed in the experimental responses. The strength related parameters,

e.g. tensile strength, compressive yield stress, shear strength ratio, are calibrated by matching the experi-

mental peaks of compression and splitting tests. Initial friction is calibrated by compressive response. The

fracture related parameters, including the tensile characteristic length and softening exponent, are cali-

brated based on the post peak strain softening behavior from wedge splitting tests. The other parameters’

values are determined based on calibrated sets for typical concrete materials available in the literature

[41, 42]. The adopted values are densification ratio = 2.5, alpha = 0.25, asymptotic friction = 0, initial

hardening modulus ratio = 0.4, transitional strain ratio = 4, transitional stress = 300 MPa, volumetric

deviatoric coupling coefficient = 0, deviatoric strain threshold ratio = 1, and deviatoric damage parameter

= 5.

As shown in Fig. 4 - 6, the numerical results match those of the experiments for: compressive strength,
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tensile prism splitting strength, wedge splitting strength, the Young’s modulus measured from compression

and WST, as well as post-peak behavior representing fracture energy. Furthermore, the set of parameters

are also used for prediction of structural scale shear beam tests with promising results [49], thus they are

considered calibrated and validated.

(a)
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Figure 4: LDPM simulations of unconfined cube compression for C50 (a) experimental and simulated

results (b) simulated postpeak crack pattern
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Figure 5: LDPM simulations of prism splitting test for C50 (a) experimental and simulated results (b)

simulated postpeak crack pattern
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Figure 6: LDPM simulations of wedge splitting test for C50 (a) experimental and simulated results (b)

simulated postpeak crack pattern

2.2 LDPM Calibration for Ultra high performance concrete

The ultra high performance concrete selected in this study is taken from the literature [55] and has

constituents as listed in Table 3. In the study, the LDPM parameters were extensively calibrated and

validated for the UHPC based on experimental tests including unconfined uniaxial compression, triaxial

compression, 3-point bending, 4-point bending of different sizes, and splitting tensile test. The compression

and splitting tests were conducted on cored cylindrical specimens having lengths of 102 mm and diameters

of 51 mm. The bending test beams had sizes of 356 mm to 1016 mm in length, 25 mm to 102 mm in

height, and constant width of 102 mm. The simulated stress-strain and load-displacement relations well

match those of the experiments. As examples, the simulation results of bending and compression tests are

displayed in Fig. 7. As shown, the numerical and experimental stress-strain curves overlap with each other

for compression test. With the proven ability of predicting mechanical behavior of the UHPC [55], the

LDPM can be reliably used to analyze the size effect in compression of specimens with different geometries.

The particle size range from 2 to 4 mm was used in the model, instead of the actual particle size up to 0.6

mm, to save computational cost. This approach belongs to the Coarse Graining (CG) methods that are

formulated to reduce the computational cost of discrete fine-scale models. The CG method is based on

constructing a model with a reduced number of degrees of freedom that preserves the same mathematical

and computational structure of the original model. From the computational point of view the CG decreases

12



the number of degrees of freedom with fewer calculations per time step, and increases the spatial resolution

of the system which allows larger stable time step in explicit solvers as in LDPM. CG is widely used in the

field of atomistic simulations and molecular dynamics [66]. Moreover, CG was also successfully adopted in

many LDPM numerical studies [55], and its efficiency and accuracy has been verified by simulating several

examples, see [67, 68]. The adopted values for the LDPM mesoscale parameters are compressive yielding

strength = 500 MPa, initial hardening modulus ratio = 0.36, densification ratio = 2.5, transitional strain

ratio = 2, shear strength ratio = 17, initial friction = 0.5, softening exponent = 0.2, transitional stress =

300 MPa, tensile strength = 4, and tensile characteristic length = 150 mm [55].

Table 3: Constituents and Mixing Proportions of UHPC CorTuf

Ingredient Type Proportion Weight per kg

Cement Lafarge Type H 1.0000 0.3497

Sand F-50 0.9674 0.3383

Silica Flour Sil-co-sil 75 0.2768 0.0968

Silica Fumes Elkem ES-900W 0.3890 0.1360

Superplasticizer ADVA-190 0.0180 0.0063

Water Tap Water 0.2082 0.0728

Figure 7: LDPM simulations of UHPC CorTuf (a) 3-point bending (b) uniaxial strain and triaxial com-

pression [55]
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3 Numerical analysis of size effect in compression

LDPM is able to simulate accurately the behavior of concrete under unconfined compression, as demon-

strated in [41], reproducing with great accuracy the effect of specimen length (stronger and more ductile

behavior for shorter specimens) and the effect of frictional boundary conditions on compressive strength,

post-peak ductility, and failure mode (splitting cracks for low friction condition and shear-band type frac-

ture for high friction conditions). LDPM succeeds in this difficult task without postulating compressive

softening behavior in the mesoscale constitutive equations, i.e. the macroscale softening behavior for

unconfined compression is governed mainly by tensile fracturing and cohesive/frictional shearing at the

meso-scale, consistently with well known experimental evidences, see e.g. [6].

After obtaining the mesoscale LPDM parameters by extensive calibration and validation, the LDPM

is here utilized to simulate the compressive behavior of the two adopted concretes for different specimen

sizes. Both of the two common geometries as in the laboratory tests, prisms and cylinders, are used in the

numerical analysis. The typical experiments conducted under uniaxial unconfined compression load are

simulated and presented in this section. The load is applied through steel platens that are either directly

in contact with the specimens ends (high friction condition) or the contact surface are treated to reduce

friction (low friction condition), such as with teflon sheets. Since the two conditions, low and high friction,

influence differently the compressive behavior, both of them are considered in the numerical analysis. To

simulate friction between the specimen ends and the steel loading platens, a slippage-dependent friction

coefficient has been formulated as µ(s) = µd + (µs−µd)s0/(s0 + s) [38, 41]. For high friction condition the

following values are utilized: µs = 0.13, µd = 0.015, and s0 = 1.3 mm, as calibrated for untreated loading

platens in [41]. While for low friction condition, the utilized values are µs = 0.03, µd = 0.0084, and s0

= 0.0195 mm, which represent the contact surface covered with teflon sheets to reduce friction between

concrete and steel platens, as calibrated in [41] using data from [69]. The loading setup and typical surface

mesh are shown in Fig. 8.
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(a) (b) (c)

Figure 8: LDPM compression test setup of UHPC specimens (a) 50x100 (b) 100x200 (c) 200x400 mm

The compression failure at the microscale is characterized by several different mechanisms such as

(1) microcracks originating from pores; (2) microcracks generated by inclusions stiffer than the mortar

matrix; (3) wing-tip microcracks originated by the slip on an inclined crack that gradually turning into the

direction of compression; (4) local crushing in the weaker interfacial transition zone; (5) aggregate/matrix

de-bonding cracks initiated by differential temperatures from hydration, differential shrinkage and excessive

bleeding near aggregates. All these microscopic mechanisms can explain the appearance of microcracks

and local damage under compression loading but they cannot explain the global fracture and compressive

failure. Macroscopic splitting cracks, which often occur in small laboratory test specimens when the end

cross sections are sliding with negligible friction, do not cause global energy release. Because of the absence

of a global energy release, this type of compression failure cannot cause any size effect, as confirmed by

several numerical results [2, 56, 57]. On the macroscale only global fracture mechanisms that cause energy

release lead to size effect.

The LDPM approach is capable of simulating all the initial microcracking under mechanical loading

since when all the particles are loaded uniformly, and depending on the particle interactions, compressive,

tensile or shear stress concentrations will appear in the LDPM geometry. With the microcracking mecha-
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nisms, macrocracks originate in the material, for which LDPM simulates very well from the initiation up

to the complete failure. With the well calibrated mesoscale parameters of the studied concretes and the

friction coefficients allowing contact slippage with loading platens, LDPM simulates very well the compres-

sion failure of concretes with different specimen sizes and boundary conditions. In the subsequent sections

the simulated results for normal strength concrete and UHPC are presented. For each test, at least three

different seeds and consequently three different sets of random particle placement (meso-structure) are

used to obtain the LDPM response. Detailed comments on the failure modes are reported in Section 3.3.

3.1 Normal Strength Concrete

The simulated compressive strengths of normal concrete C50 are listed in Table 4 and Table 5 for prisms

and cylinders respectively. Aspect ratio, s, (s = H/D, where H is the specimen height and D is the

diameter or the side of the cross section) ranging from 1 up to 16 and width dimensions, D, of 150,

300, 600 mm have been investigated using high friction condition. The same particle size is kept for the

various specimen dimensions, with the consequence that the largest specimens have more than one million

elements and the large aspect ratios couldn’t be fully simulated. With low friction condition only aspect

ratio 1 was as well simulated. The specimens that belong to each group with the same aspect ratio are

geometrically similar. The stress-strain curves for prisms and cylinders are shown in Fig. 9 and Fig.

10 respectively. For the sake of direct comparison, the stress-strain curves are organized in groups of

aspect ratio and dimension of diameter/width. In order to have an overview of the strengths for all the

investigated geometries, the results are also presented in 3-D plots of strengths. vs. diameter/width vs.

aspect ratio as shown in Fig. 11. The size effect and shape effect are analyzed in the following sections. In

general, higher aspect ratio and larger specimen size lead to more brittle failure. For example, as shown

in Fig. 9d, ductile post-peak behavior is well captured for aspect ratio from 1 to 4, whereas the specimen

displays pure-brittle failure mechanism for higher aspect ratio.
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Table 4: C50 Prism Compressive Strength [MPa]

Friction Aspect Ratio Width 150 mm Width 300 mm Width 600 mm

High 1 85.4 80.0 74.2

High 2 65.9 61.9 61.0

High 4 53.9 52.8 52.3

High 8 53.9 n/a n/a

High 16 53.7 n/a n/a

Low 1 57.9 57.3 56.5

Table 5: C50 Cylinder Compressive Strength [MPa]

Friction Aspect Ratio Diameter 150 mm Diameter 300 mm Diameter 600 mm

High 1 75.4 73.6 70.4

High 2 61.1 60.1 58.9

High 4 54.3 52.9 52.6

High 8 53.7 n/a n/a

Low 1 54.6 54.9 54.3
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Figure 9: Macroscopic stress-strain curves for unconfined compression of C50 prisms.
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Figure 10: Macroscopic stress-strain curves for unconfined compression of C50 cylinders.
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Figure 11: Size Effect 3-D plot of C50 cylinders and prisms

3.2 UHPC

The simulated compressive strengths of the UHPC are listed in Table 6 and Table 7 for cylinders and

prisms respectively. Aspect ratio ranging from 1 up to 4 and diameter/width dimensions of 50, 100, 200

mm have been investigated with high friction. While with low friction condition specimens with aspect

ratio 1-4 have been as well simulated. The stress-strain curves for UHPC prisms and cylinders are shown in

Fig. 13-14. In order to directly compare the strengths, the stress-strain curves are organized in groups of

aspect ratio and diameter/width. An overview of the strengths for all the investigated geometries is useful

and the results are presented in 3-D plots of strengths. vs. diameter/width vs. aspect ratio as shown in

Fig. 15. The UHPC displays a similar trend as the C50 whereas overall has a more brittle failure than

C50. While ductile post-peak behavior is shown for aspect ratio 1 and 2, the post-peak curve shows almost

no softening for aspect ratio 4. More detailed size effect and shape effect are analyzed in the following

sections.
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Table 6: UHPC Cylinder Compressive Strength [MPa]

Friction Aspect Ratio Diameter 50 mm Diameter 100 mm Diameter 200 mm

High 1 302.4 292.1 287.4

High 2 245.9 242.9 239.6

High 4 229.6 229.0 227.1

Low 1 245.0 237.3 236.4

Low 2 236.3 234.3 232.1

Low 4 230.6 230.8 228.8

Table 7: UHPC Prism Compressive Strength [MPa]

Friction Aspect Ratio Width 50 mm Width 100 mm Width 200 mm

High 1 308.0 300.0 293.4

High 2 251.0 245.5 245.1

High 4 223.7 223.9 224.4
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Figure 12: Macroscopic stress-strain curves for unconfined compression of UHPC cylinders.
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Figure 13: Macroscopic stress-strain curves for unconfined compression of UHPC prisms.
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Figure 14: Comparison of macroscopic stress-strain curves for unconfined compression of UHPC cylinders

(a) and prisms (b) with the same height.

Figure 15: Size Effect 3-D plot of UHPC cylinders and prisms.

3.3 Observed Failure Modes

The failure mechanisms of the simulated specimens by LDPM are discussed in this section. In general,

vertical splitting cracks form under low friction conditions, while both splitting and transverse cracks

occur forming cone shapes on the two ends for high friction situations. Under low friction, the end cross

sections are sliding with negligible confinement. The resultant macroscopic splitting cracks do not cause

global energy release and consequently no size effect. On the other hand, transverse propagation of a

cracking band (or damage band) observed under high friction contributes to a global energy release and

thus displays size effect. In actual experiments, such transverse cracking may be triggered or accompanied

by an internal buckling caused by microcracks that weaken the material [17, 62, 63].
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Fig. 16-23 show the detailed failure types simulated by LDPM for C50 and UHPC under low and high

friction conditions for the studied geometries. There is no distinguishable difference in the crack pattern

between prism and cylinder, since for both shapes well-defined cylindrical cones form on the two ends

under high friction. One exception is for UHPC aspect ratio equal to 1, shown in Fig. 19, when the cube

seems to have a more elliptical shape of the cone when compared to the cylinder. To give a closer look

at the crack propagation, the crack patterns at different stages before peak and post-peak of cylinder and

prism specimens are shown in Fig. 24-26. The initial micro-cracks seem to emerge at the edges of the

specimen which then grow inward and leaving parabolic or elliptical cones intact on the two ends.

The failure mechanisms of NSC and UHPC generally agree with each other. The two concretes have

very different aggregate sizes, which are up to 16 mm for C50 and only 4 mm for UHPC, as modelled by

LDPM. Despite that the studied specimen size of C50 is 3 times larger than that of UHPC, the modelled

UHPC specimens have relatively more particles, larger number of degrees of freedoms, and hence may

give more detailed and localized crack patterns. A comparison of the particle size and the specimen size

between NSC and UHPC is presented in Fig. 8. As seen, the particle size has 4 times difference while the

specimen size has 3 times difference between NSC and UHPC. Thus the relative difference between NSC

and UHPC is limited, e.g. the ratio of specimen size to particle size are on about the same magnitude.

The numerical specimen sizes are based on the utilized experimental specimen sizes. In addition there are

experimental and numerical limits: if the NSC size is too small, the number of aggregates or particles will

be also too limited; if the UHPC specimen size is too large, it will be challenging also for the experimental

capacity and the computational cost. As a result, the difference in the failure pattern figures due to just

particle size is limited. The focus of comparison is rather the failure patterns due to high and low friction

conditions, plus the difference of cracking area of specimens with different aspect ratio.

Table 8: Particle size and specimen size comparison of NSC and UHPC

particle size [mm] specimen size [mm] ratio
min max min max

NSC 8 16 150 600 37.5
UHPC 2 4 50 200 50

Looking at the crack patterns of all studied specimens, the cones seem to have a slant angle, measured

from slant to radius, ranging from about 40 to 60 degrees, while the majority of all specimens have a slant
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angle of 60 degrees. Note this is more than the typically assumed 45 degree angle for such cone failure in

compression. The slant angle tend to increase with rising aspect ratio. When aspect ratio s=4, the cone

starts from the very edges on one end to just before reaching the mid-height. While for low aspect of s=1

and s=2, the two ends of the specimen get crushed from edges toward the center, the specimens with s=4

have the two ends nearly intact. Seeing that size effect diminishes for high aspect ratio, e.g. when s=4,

this supports the theory that deterministic size effect in compression in mainly caused by the confinement

on the two ends due to high friction with loading platens. For this reason, the confinement is seemingly

not felt by the high aspect-ratio specimen and thus the failure mechanism is without size effect. Whereas

with low aspect ratio, the failure is governed by the confinement, and consequently exhibits relatively high

size effect.

In real reinforced concrete structures, compressive failure occurs typically under the effect of some

confinement as a consequence of the effect of the steel reinforcement (at least the minimum amount) and

some shear/bending actions. This is the reason why the size effect under high friction condition is much

closer to real loading conditions and, consequently, is of primary importance in RC structures [2, 64].

Figure 16: C50 Cylinder and Cube Aspect Ratio 1 High Friction Simulated Failure Types
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Figure 17: C50 Cylinder and Prism Aspect Ratio 2 High Friction Simulated Failure Types

Figure 18: C50 Cylinder and Prism Aspect Ratio 4 High Friction Simulated Failure Types
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Figure 19: UHPC Cylinder and Cube Aspect Ratio 1 High Friction Simulated Failure Types

Figure 20: UHPC Cylinder and Prism Aspect Ratio 2 High Friction Simulated Failure Types
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Figure 21: UHPC Cylinder and Prism Aspect Ratio 4 High Friction Simulated Failure Types

Figure 22: UHPC Cylinder and Cube Aspect Ratio 1 Low Friction Simulated Failure Types
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Figure 23: UHPC Cylinder Aspect Ratio 2 and 4 Low Friction Simulated Failure Types

Figure 24: UHPC Cylinder 200x200 mm Crack Propagation at 80% before peak, at peak and 90% post-

peak
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Figure 25: UHPC Cylinder 100x200 mm Crack Propagation at peak, at 90% post peak and 80% post-peak

Figure 26: C50 Prism 300x1200 mm Crack Propagation at 50%, 30% and 20% post peak

Fig. 27 shows the stress profiles of the UHPC cylinder of dimensions 200×800 under high friction and

low friction conditions. The stress in the horizontal direction XX and vertical direction ZZ are extrapolated

shortly after peak at the middle slice of the specimen. These stress profiles correspond to the failure types

shown in Fig. 21 under high friction and Fig. 23 under low friction. The main difference lies in the top

and bottom sections just next to the supports. The stress XX is more uniform under low friction whereas

it exhibits higher values in compression at the two ends due to confinement under high friction loading.
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The stress ZZ is closely related to the crack patterns for both high and low friction conditions. When

a crack forms, the local resistance against compression decreases. This leaves the cracked sections with

lower compressive stresses while the uncracked sections resisting higher stresses. Looking at the top and

bottom parts, one can see a cone shape of stress distribution under high friction versus vertical splitting

under low friction, which correspond to the crack patterns. The lower stress at the top and bottom under

high friction is, however, not due to cracking but a cone shape that is intact due to confinement.
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(a) (b)

(c) (d)

Figure 27: UHPC Cylinder 200×800 stress profiles (a) high friction stress-XX (b) high friction stress-ZZ

(c) low friction stress-XX (d) low friction stress-ZZ
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4 Size Effect Analysis

The well known Size Effect Law (SEL) of Bažant [2] is expressed as

σN = σ0

(
1 +

D

D0

)−1/2
(2)

where D is the characteristic dimension of the structure, σ0 and D0 are two constants that have to be

evaluated by fitting the data for different sizes. Here σN = Pmax/A, with A =area of the loaded cross

section, is the nominal strength of structure with the dimension of stress, and Pmax is the maximum load

that causes the failure.

The Bažant’s SEL catches very well the scale effects under tensile failure. The SEL equation (Eq.

2) is often used for compressive failure, arguing that under compression the failure is the results of local

tensile/fracturing mechanisms [2, 64]. However, Bažant and Xiang [63] interpret the compressive failure

as the result of the creation and propagation of a band of axial splitting cracks proposed the following

relation between the compressive strength and the structural size

σN = C1D
−2/5 + C0 (3)

where C1 and C0 are constants to be determined on the basis of experimental data, and the formula is

termed CSEL. This size effect approaches an asymptote of slope -2/5, which means a milder size effect

than the classical SEL. The constant C0 represents a residual stress given by the critical stress for internal

buckling in the band. Muciaccia et. al. [17] proposed to rewrite Eq. 3 as

σN =

(
D0

D

)2/5

+ f∞c (4)

where D0 and f∞c are positive constants for geometrically similar specimens with f∞c representing the

nominal strength for a very large (infinite) structure and D0 as a length scale parameter. The size effect

law for compression in Eq. 4 is here termed ComSEL.

There are also a limited number of available size effect laws in the literature capable of describing size

effect in compression incorporating both the cylindrical/prism shapes and height/aspect ratio. Neville [58]
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proposed an empirical size effect formula for low to high strength concrete using cylindrical and prism

specimens with various sizes and aspect ratio. The proposed equation is written in terms of imperial unit:

P
P6

= 0.56 + 0.697
V
6hd

+h
d

, for which it is rewritten here with constants to be fitted and in metric system:

f ′cy(V, d,
h
d
)

f ′c
= a+

b
V

152.4hd
+ h

d

(5)

Building on the Bažant SEL [1] that considers the energy balance at crack propagation in concrete,

Kim & Yi et. al. [59] proposed the following expression in Eq. 6 from statistical analysis. However, this

equation has a limitation since it applies only to specimens with an aspect ratio greater than 1. As when

h/d falls less than 1, the strength decreases with reducing aspect ratio, which is contrary to reality. From

a mathematical point of view, when the aspect ratio falls less than 1, the term in the square root bears

also the risk of becoming negative. This limitation and the empirical value of the 50 in the equation make

it an insufficient mathematical tool for describing general size effect in compression.

f ′cy
f ′c

=
a√

1 + (h− d)/50
+ b (6)
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Table 9: Size effect data fit with known f ′c

Model Concrete & Shape a b R2

Neville C50 Prism 0.877 1.69 0.686

C50 Cylinder 0.931 1.09 0.669

UHPC Prism 0.864 0.786 0.875

UHPC Cylinder 0.895 0.630 0.891

Kim&Yi C50 Prism 0.643 0.960 0.899

C50 Cylinder 0.483 0.981 0.945

UHPC Prism 0.530 0.825 0.910

UHPC Cylinder 0.457 0.860 0.913

Model Concrete & Shape d0 p q R2

ComSEL3D C50 Prism 2.77 1.332 0.270 0.987

C50 Cylinder 1.14 1.289 0.157 0.995

UHPC Prism 0.68 1.695 0.133 0.993

UHPC Cylinder 0.68 1.648 0.154 0.998

The two formulas by Neville and Kim&Yi are used to fit the compressive test data of various sizes

for C50 and the UHPC. For the data fitting, the value of f ′c is taken to be equal to 50 MPa and 220

MPa respectively for the two concrete grades. The reason lies in the concrete itself: both concretes are

classified with the aforementioned strengths as confirmed by tests under compression with low friction

settings. Moreover, for high aspect ratio equals h/d = 4, both concretes show nearly no size effect and

thus the compressive strength should be close to the asymptotic value. The data fitting results including

the coefficients and the correlation are shown in Table 9. The Neville equation is found to be inefficient

as the correlation R2 values are below 0.9, as similarly found in [61]. Although the Kim&Yi formula is

better in the data fit with higher R2 values, it has the limitation on the exclusion of small aspect ratio,

i.e. H/D < 1.

Due to the inefficiency and limitations of available size effect laws, the authors want to propose in this

paper a new formula to describe and predict the size effect of concrete under compressive loading. The
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statistical size effect is always present, but its effect is very small when the fracture size effect is dominant

as in compression failure. The statistical size effect due to random strength becomes important only for

large structures for which the failure occurs at crack initiation from a smooth surface [2, 17]. However,

this is out of the scope of this study. To take into account not just the diameter as a single variable but

also the height or equivalently the aspect ratio, s, the D0 in Eq.4 is found to have a relation with the

aspect ratio, D0 ∝ sp, and the formula is expanded as

σN
f∞c

=

(
1

s

)p(
d0
d

)q

+ 1 (7)

where d0, p and q are dimensional constants. As this size effect law is based on ComSEL and considers

all three dimensions of the structure, here it is termed ComSEL3D. By imposing f∞c equals 50 MPa and

220 MPa respectively for the C50 and UHPC, the proposed ComSEL3D formula is used for data fitting.

In comparison with Neville and Kim&Yi formulas, the results are presented in Table 9. The size effect

analysis plots of strength vs. diameter, strength vs. height, strength vs. volume, strength vs. aspect ratio,

and the fitted data sets are included in Fig. 28-31. In subfigures (a), the CSEL formula is used to fit the

results for individual aspect ratio. In general, CSEL gives quite good correlation of fits for the individual

aspect ratio, however it cannot be used to fit data with variable aspect ratio. As shown in subfigures

(d), the ComSEL3D gives correlation R2 values above 0.99 for both concretes and both shapes, which

outperforms the aforementioned size effect formulas available in the literature. This makes ComSEL3D

the most capable mathematical tool to describe and predict the size effect for concrete under compression.

37



(a)

200 400 600 800
50

55

60

65

70

75

80
R1
R2
R4
R8
CSEL

(d)

0 500 1000 1500 2000 2500
50

55

60

65

70

75

80
R1
R2
R4
R8

(c)

0 0.2 0.4 0.6 0.8
50

55

60

65

70

75

80
R1
R2
R4
R8

(d)

0 2 4 6 8 10
40

50

60

70

80

90

100
150 mm
300 mm
600 mm
Neville
Kim-Yi
ComSEL3D

Figure 28: Compressive strength of C50 cylinders as function of the specimen diameter (a); height (b);

volume (c); aspect ratio (d).
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Figure 29: Compressive strength of C50 prims as function of the specimen diameter (a); height (b); volume

(c); aspect ratio (d).
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Figure 30: Compressive strength of UHPC cylinders as function of the specimen diameter (a); height (b);

volume (c); aspect ratio (d).
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Figure 31: Compressive strength of UHPC prisms as function of the specimen diameter (a); height (b);

volume (c); aspect ratio (d).

For the sake of simplicity, the term D0 can be kept which includes both the length scale and the

strength contributions, D0 = d0f
∞
c , where d0 is a length scale parameter. The coefficient p is found to

be consistent for all data sets of concrete grades and specimen shapes p = 3/2. Similarly the value of

coefficient q can be fairly set to q = 1/5. The size effect law for concrete under compression ComSEL3D is

rewritten to also account for the scenario when f∞c is not known. The equation describes the deterministic

size effect for the investigated C50 and UHPC and is termed ComSEL3D?:

σN =

[(
1

s

)3/2(
d0
d

)1/5

+ 1

]
f∞c (8)

The deterministic size effect formula ComSEL3D? is used to fit the compressive strength data for C50

and UHPC. For comparison, the equation of Kim&Yi [59] with fixed coefficients f ′cy = f ′c(
0.4√

1+(h−d)/50
+0.8)

is used also for data fitting, mainly to compare the value of f∞c and f ′c which are equivalent and represent
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the nominal strength of infinitely large structures or the non-changing part of the strength.

The data-fitting results using ComSEL3D? and in comparison Kim&Yi are shown in Table 10. The

ComSEL3D? gives correlation R2 values above 0.97 up to 1.00 for both concretes and shapes with the

average R2 = 0.988. Moreover, the acquired f∞c value from data fitting by ComSEL3D? is in general lower

and closer to the nominal strength of the corresponding concrete and shape when compared to that of

Kim&Yi. The difference between the ComSEL3D? fitted f∞c and the nominal strength of the concretes

is up to about 2%, which is normally less than the variation in the experimentally tested compressive

strength.

Table 10: Size effect data fit with unknown f∞c

Model d0 f∞c R2

C50 Prism ComSEL3D? 21.0 51 0.977

Kim&Yi 65 0.864

C50 Cylinder ComSEL3D? 4.32 51 0.990

Kim&Yi 61 0.945

UHPC Prism ComSEL3D? 0.93 215 0.992

Kim&Yi 243 0.893

UHPC Cylinder ComSEL3D? 0.47 218 0.995

Kim&Yi 240 0.911

5 Shape Effect

Looking into the shape effect by comparing the compressive strengths of prism and that of cylinder, it is

found that the difference may be caused by confinement due to friction as well. Calculated and shown

in Table 11 is the ratio of compressive strength of prism divided by that of cylinder under high friction

condition. The difference is the most prone with low aspect ratio and diminishes with rising aspect ratio.

The normal strength concrete exhibits higher difference between prism and cylinder, with the highest value

of 13% for the smallest size and lowest aspect ratio, whereas it is less than 3% for UHPC. For aspect ratio

equal to 4, the difference in prism and cylinder for both concretes is below about 2%, hinting that the
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shape effect, similar to size effect, plays a role only when confinement by loading platens is present. This

is supported by the fact that there is nearly no difference in strengths of various sizes under low friction

between the two shapes and that the strengths of highly slender specimens have almost the same strengths

as those under low friction. In other words, for both scenarios either under low friction or with high aspect

ratio, the specimens do not feel the confinement at the ends and consequently display neither size effect

nor shape effect.

Going back to the size effect data fitting by ComSEL3D? as shown in Table 10, the main difference

due to shape effect lies in the fitted value of d0. By dividing d0 of prism by d0 of cylinder, the ratio is

computed to be 1.37 for C50 and 1.15 for UHPC. For the cross section of cylinder and prism, the ratio

is 4/π=1.27 for both the area and circumference. This is supposedly already taken into account by the

stress calculation. In comparison, C50 displays much higher difference in strength by shape than UHPC.

This may be explained by the high resistance of stronger concrete to the confinement effect due to friction.

Moreover, the aggregate size of the UHPC is much smaller than that of C50. An interesting comparison

is to put the d0 shape ratio and the sizes difference into one picture. The d0 ratio difference by shape of

37% for C50 divide by 15% for UHPC equals 2.5. Considering that the C50 specimens are 3 times larger

than that of the UHPC and the largest aggregate size of C50 is 8 times larger than that of UHPC, the

relative difference is about 2.6. This close comparison may shed some light on the mechanism of size/shape

effect, that concrete with larger aggregates and hence usually lower strength are more crude against end

confinement and the size/shape effect may be proportional to that resistance.

Table 11: Shape ratio of prism to cylinder compressive strengths

C50 d=150 d=300 d=600 Average

S=1 1.133 1.087 1.053 1.091

S=2 1.080 1.045 1.041 1.055

S=4 0.993 0.999 0.996 0.996

UHPC d=50 d=100 d=200 Average

S=1 1.018 1.026 1.021 1.022

S=2 1.021 1.011 1.023 1.018

S=4 0.974 0.978 0.988 0.980
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6 Comparison with experimental results in literature

To determine the effective trend of the size effect in compression, a large size scale must be considered.

However, only few experimental investigations span over large scale ranges, although a large amount of

experimental researches on uniaxial compressive strength have been performed over the years. In this

section the available experimental investigations from literature carried out on cylindrical and prismatic

specimens with different aspect ratios, H/D, are considered. In particular, the following experimental

campaigns on cylinders are taken into account: Blanks and McNamara [13] with H/D = 2, Burtscher

and Kollegger [23] with H/D = 4, Muciaccia et al. [17] with H/D = 2 and H/D = 4, Sener [32] with

H/D = 2, Asadollahi et. al. [33] with H/D = 2. In addition, the following experimental tests are

considered: on prisms by Jishan and Xixi [18] with H/D = 1 and H/D = 3, on cylinders and prisms by

Sim et al. [34] with H/D = 1 and H/D = 2, on cylinders with H/D = 2 and cubes by Del Viso et. al.

[35], and on cylinders with H/D = 2 and prisms with H/D = 1 and H/D = 2 by Yi et. al. [36].

Considering all the above mentioned experimental data, the best fitting with the size effect law Com-

SEL3D, is here repeated using the Levenberg-Marquardt nonlinear optimization. The nominal strength

of each series is normalized with respect to the conventional compressive strength, i.e. the compressive

strength of the cylinder with 150 mm of diameter and height of 300 mm. When this geometry is not

available the strength of the closest size is adopted for the conventional compressive strength. As it can be

observed in Figure 32, in which the normalized nominal strengths are plotted for different aspect ratios,

the size effect exhibited by the experimental data presents a much stronger reduction of the compressive

strength with increasing size than the predictions of the mesoscale model. The optimized value of the

parameters are reported in the Table 12 and the corresponding fitted size effect curves are plotted in the

Figure 32 in semi-logarithmic scales.

ComSEL ComSEL3D ComSEL3D*
f∞c = 0.599 f∞c =0.58 f∞c =0.88

D0 = 16.24 mm d0 =101.5 mm d0 =0.373 mm
p =0.29 p =3/2=1.5
q =0.36 q =1/5=0.2

R2 = 0.558 R2 = 0.674 R2 = 0.3084

Table 12: Parameters and coefficient of determination, R2, of the different size effect laws.
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All the experimental data present a similar trend and the size effect laws, ComSEL and ComSEL3D,

are very close especially for aspect ratio equal to 1 and 2. The ComSEL3D gives the best overall description

of the experimental data analyzed with a R2 = 0.674. This proves that ComSEL3D is the best formula

so far in the available literature to describe the size effect of concrete under compression. The formula

ComSEL3D can be used for any type of concrete for compressive size effect for data fitting and prediction.

However, the ComSEL3D law with the exponential coefficients, p and q, fitted on the results of the

C50 and UHPC numerical analysis, which is here termed as ComSEL3D∗, presents a bad fitting of the

experimental data from literature on the size effect in compression with R2 = 0.3084, see also the red

line in Figure 32. This means that the deterministic size effect in compression predicted by the mesoscale

LDPM model does not fully agree with the experimental data from literature, on the contrary of the tensile

size effect which is very well captured by the model, for instance see [50]. The possible causes of that may

be:

• the LDPM doesn’t consider statistical effects, which may play an important contribution for larger

sizes and for aspect ratio greater than 2.

• experimental data may present larger size effect due to non-uniform drying, imperfect geometry of

the specimens, different amount of friction between specimen and loading platens, wall effect.

On the other hand, we cannot use the mesoscale LDPM to model directly the experimental data on

compressive size effect because not enough data are available to calibrate properly the model as discussed

previously.

All the simulations so far were performed on a deterministic basis. The randomness of concrete me-

chanical properties is partially due to aggregate size distribution and the efficiency of LDPM to capture

this aspect has already been proven. However, in concrete, the inconstancy of material parameters at

different locations has also a tremendous effect on the fluctuation of the mechanical behavior. In order to

fully capture the randomness of mechanical properties in concrete, LDPM should be extended to take into

account the probabilistic spatial distribution of the LDPM mesoscale parameters through the incorpora-

tion of a random field model [65]. The sources of such variations are numerous, among others the effect of

concrete structure geometry, the difference in relative humidity, as well as the local curing in concrete. In

any case, the investigation on these issues is left for future studies.
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Figure 32: Size effect plots in semi-logarithmic scale for different specimen aspect ratios: comparison

between experimental data (circles) and size effect curves (lines).

7 Conclusions

In conclusion, the Lattice Discrete Particle Model (LDPM) can be utilized to simulate the deterministic size

effect in compression of various concretes. With the minimum amount of experimental tests of compressive

and tensile loading with one size of specimen, the LDPM mesoscale parameters can be calibrated and the

strengths of other sizes can be predicted using the same data-set. The scatter of simulated strengths is

well considered by running multiple simulations with different spatial distribution of aggregates, just as

in reality. The post-peak behavior can as well be obtained through LDPM, which indicates the ductil-

ity/brittleness of the tested material under compressive loading. However, the LDPM compressive size

effect results do not fully agree with the available experimental results in the literature, especially for
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aspect ratio grater than 2, partially due to lack of a fully statistical setup in the model and imperfections

in setting up experiments. This leaves room for future further studies on the enhancement of LDPM with

the randomness distribution of the mechanical properties.

It is found from the studied tests that deterministic size effect in compression is only exhibited with

high friction conditions. In other words, it is confirmed that the deterministic size effect in compression is

mainly caused by end confinement. Moreover, the magnitude of size effect in compression diminishes with

rising aspect ratio. From a practical point of view, the corresponding researchers and practitioners should

be aware of the size effect in compression with high friction loading. It is recommended to either apply

low friction, e.g. with teflon sheets, or use slender specimens with aspect ratio larger than 4 to minimize

the effect from end confinement on concrete failure.

Furthermore, the proposed compressive size effect law ComSEL3D is found to be able to perfectly

describe the deterministic size effect in compression of various sizes and aspect ratio. The fitted data using

ComSEL3D gives correlation R2 value of more than 0.99 for the studied normal strength and ultra high

strength concrete (UHPC) and for both cylinders and prisms. The formula also outperforms the other

equations available in the literature in matching the experimental results of concrete under compression

by various researchers. This proves for the ComSEL3D to be a useful mathematical tool to predict the

size effect in compression of concretes.
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[3] Z. P. Bažant, Q. Yu. Universal size effect law and effect of crack depth on quasi-brittle structure

strength Journal of Engineering Mechanics, ASCE, Feb, 2009.
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