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Abstract In this study some pioneering contributions, envisaged in the works
of Gabrio Piola, were developed through tools of the modern differential geome-
try and applied to the second gradient continua. Part I introduced the variational
approach for the equilibrium problem according to the first gradient theory and ex-
ploited differential geometric perspectives for the present scenario. By prescribing
the stationarity of the Lagrangian energy functional, the virtual work equations
for a Cauchy’s medium were recovered. The focus was on the deformation pro-
cess regarded as a diffeomorphism between Riemannian embedded submanifolds,
emphasizing the roles of the pullback metrics and of the covariant differentiation.
Novel transport formulae were provided for normal and tangent vectors in the
neighborhood of a boundary edge. The divergence theorem for curved surfaces
with border was revisited, providing remarkable relationships between Lagrangian
and Fulerian expressions involving projectors.

Keywords Continuum mechanics Second Gradient material - Differential
Geometry - Piola transformation - Lagrangian and Eulerian formulation

1 Introduction

The second gradient materials, namely materials whose constitutive equations in-
volve the second derivatives of the placement map, represent since a couple of
decades a growing area of interest in theoretical and applied mechanics. The at-
tractiveness of the second gradient modelling is motivated basically by its capabil-
ity to detect a localized mechanical response, possibly affected by size dependence,
without loosing the long range modes, in all those scenarios in which the separation
of scales is not so sharp. Thanks also to the progress in experimental mechanics,
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the paradigm related to Cauchy has revealed its constitutive limitations: nowa-
days it can be no more presented as the unique valid choice for any material at
each observation scale. In fact, the first gradient theory rests on the assumption
that the characteristic length scale is negligible with respect to the representative
volume element [1]: accordingly, the properties averaged over any representative
element must be statistically independent from its location (homogeneity assump-
tion). Moreover, the contact pressures must depend only on the point and on the
outward normal (Cauchy’s postulate). These assumptions are not necessarily true
when the structure size becomes comparable to the characteristic length scale, as
in the case of MEMS and NEMS, or also of the so called metamaterials. In fact,
the acoustic and mechanical properties of the metamaterials, which do not exist
in nature, see e.g [2-7], rest on a properly designed microstructure, constituted of
cells or of a lattice with large values of the surface-to-volume ratio: they frequently
exhibit surface and corner effects markedly distinct from the bulk behavior. High
frequency or short wavelength perturbations (see e.g. [8]) brings out dramatic
discrepancies with respect to the conventional behavior.

For the above typologies of materials and structures, the spatial interactions
and a microstructural length scale are needed to describe effectively the mechanical
behavior, analogously to the nonlocal approaches [9-11]. The constitutive response
should include what happens in a sufficiently small neighborhood of the point:
therefore, the contact pressures may depend not only on the normal vector but
also on other features of the local geometry, such as, for instance, the curvature of
the face [12]. As pointed out in [13], a not trivial task is to correlate the involved
length scale parameters with a specific microstructure. Even when an equivalent
continuum at the macroscale is derived through the homogenization of a three
dimensional Cauchy elastic medium, the second gradient models represent always a
richer limit: from the mathematical standpoint, in fact, they constitute the closure
in the sense of Gamma-convergence for any possible homogenized elastic behaviour
[14]. Recently, variational strategies have been proposed for the second gradient
modelling of periodic heterogeneous materials, see e.g. [10,15].

As deeply discussed in [16-18,14], when the deformation energy depends on
the second gradient of the placement map, the Cauchy stress tensor alone is no
more capable of governing the internal work. This circumstance can be under-
stood from the fact that, within a dual perspective, the materials equipped only
with the Cauchy stress tensor cannot sustain external forces concentrated along
any edges of the boundary, or double forces distributed over the outer faces. The
peculiar features of the second gradient materials require new ingredients, like a
third rank hyperstress tensor, and supplementary boundary conditions, which at
a first sight may seem less intuitive. Thanks to this enrichment, the second gra-
dient models can deal with specific loading conditions in crack and dislocation
problems (see e.g. [19,20]) where the first gradient theory predicted singularities.
By including length scale parameters, they are capable of describing the size de-
pendence, surface and corner effects, and thus can compete, for instance, with the
atomistic simulations of a crystal lattice in view of the first principles calculations
[2]. In the recent literature, the second gradient theories were effectively applied
to fibrous composite reinforcements, constituted at the mesoscale of woven yarns
[21,22], and were able to describe the onset of the boundary layers, namely the
transition zones between two regions with diverse deformation modes, see e.g. [23].
The macroscopic response of pantographic structures, special case of a network of
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beam, was investigated from both the analytical and the numerical standpoint.
Within the framework of the second gradient continua, mechanical models with
damage, plasticity or viscosity were developed and applied to the study of the
granular and porous materials, even biological such as bone [24-26]. In addition,
the second gradient theory offered interesting perspectives to improve the mod-
elling of the surface tension and adhesion for the capillary fluids (see e.g. [17]),
especially in the presence of interfaces and interphases !.

The present study can be regarded as a development of [27], where a framework
for a fully variational derivation of the second gradient theory by an action func-
tional was established. In that paper, much attention was devoted to the capillary
fluids, but the boundary terms were neither developed in detail nor transported. In
his studies on the second gradient models [16,17], Mindlin made exclusive reference
to the linearized strains. Surprisingly also Germain in [28] preferred the Eulerian
approach. Moreover, differently from [29], focusing on the existence and unique-
ness criteria when reconstructing the manifolds from their fundamental forms, and
[30], dealing with the elasticity problems over Riemannian manifolds, herein the
differential geometric structure of the problem was exploited in view of the trans-
formation of the second gradient equations from the Eulerian to the Lagrangian
form.

The content of this study, divided into two Parts, aimed at enabling the readers
to a fully understanding of advanced mathematical perspectives as a prerequisite
for the novel mechanical developments. As for the present Part I, in Sections 2
and 3 kinematics for a deformable continuum was outlined, and the first gradient
solution for the equilibrium problem was recalled through a variational approach.
In Section 4 an accurate geometrical description of the boundary faces and of their
border edges was provided. Section 5 introduced a differential geometric interpre-
tation of the placement map as a diffeomorphism between manifolds, at the light of
which the pullback metrics and the covariant derivative were discussed. In Section
6 novel transport formulae were provided for the moving frame vectors in the neigh-
borhood of a border edge. In Section 7 the divergence theorem for Riemannian
embedded submanifolds was revisited, providing useful transformation formulae
between the Lagrangian and the Eulerian configurations. Finally, an Appendix
highlighted the main properties of the surface projectors and provided for them
novel transport formulae. Part IT was entirely devoted to the variational deriva-
tion of the second gradient equations and to their transport from the Eulerian to
the Lagrangian configuration. Detailed expressions of virtual work contributions
were provided, in terms of volume, face and edge terms. The transformation of the
governing equations revealed an unexpected coupling of terms, transversely to the
involved domains. Preliminary results were announced in [*].

Notation: In what follows recourse will be made to index, componentwise
notation for the involved equations, although sometimes the relevant matrix or
tensorial expressions will be reported for the reader’s convenience, see [31]. Clas-
sical syntaxis of the tensor algebra will be adopted, in agreement with Levi-Civita
and Ricci-Curbastro absolute calculus (see [32,33]) and with the Einstein conven-

1 In materials science the sharp surface between two homogeneous phases (or interface) is
usually distinguished from an intermediate phase (or interphase), possibly existing within a
system as the transition zone between two phases

2 Mech Research Comm 2021 (submitted to), by S.R. Eugster, F. dell’Isola, R. Fedele, P.
Seppecher.
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tion on the implicit sum of repeated indices. As far as possible, the Lagrangian
quantities will be denoted by uppercase symbols, and their Eulerian counterparts
by lowercase symbols. In the tensor calculus, to distinguish the valences acting on
Lagrangian vectors from those specifying Eulerian spaces, e.g. as in F'§, the former
will be indicated by uppercase letters, i.e. A, B,---, the latter by lowercase ones,
a,b,---. The symbols will be specified along the manuscript.

2 Kinematics and Piola’s tinted glass

3 Gabrio Piola’s formulations in continuum mechanics, as outlined especially in
his works [34,35] with a language not far from our scientific context but still
lacking of the matrix formalism, started from a Lagrangian prejudice. He was
convinced that, as already established in analytical mechanics for the discrete
systems, also for a continuous medium the mechanical models must rest on a
rigorous kinematical description. By means of it the response of the entire body
can be controlled and the solution can be straightforwardly achieved through the
calculus of variations (see also [36-39]). Kinematics represented for Piola as the
green tinted glass mentioned by Immanuel Kant in “The critique of pure reasoning”
(1781), founding his Weltanschuung.

We observe in everyday life the deformation of several bodies, such as the
structural elements, which experience a change of place, for instance during the
transport and the building phases, and even vary in their shape along a time se-
quence, e.g. when subjected to external loading. Hence it is natural considering
two connected spatial regions occupied by the same deformable body, the reference
(not necessarily the initial, at instant tp) and the current configuration at instant
t, denoted by 2, and 2 C R3, respectively, and comparing them. The above
configurations are often referred to as Lagrangian (or material), and Eulerian (or
spatial), respectively, and can be dealt with as three dimensional differential man-
ifolds with boundary. Symbol R® denotes herein the three dimensional Euclidean
space with a reference frame, which naturally can be identified with the underlying
vector space, and is the ambient space of each volume. Through an atlas of local
homeomorphisms (or coordinate “charts”), with differentiable transition functions
in the regions of mutual overlap, the structure of R? is transferred par morceauz
(piecewise) to the specific manifold. Herein the domain and the image space of
such charts coincide with subsets of the ambient space. Both the configurations
are equipped at each point with coordinate lines, whose tangents constitute the
basis vectors. In particular, two distinct origins and orthonormal bases are adopted
in the ambient space, namely {O,e4} and {o,e.} (A,a = 1,2,3), in turn for the
reference and the current domain. In what follows points and vectors will be de-
noted by the same symbols: point coordinates, referred to the origin, will coincide
with the position vector components. Then, a one-to-one mathematical correspon-
dence covering the entire domains, i.e. a surjection, is naturally specified, relating
points P and p belonging to the above volumes, usually referred to as placement
map. By formulae

X:Pe2, CR*5penNCR? (1)

3 Born in Milan, 15 July 1794; died in Giussano, 9 November 1850.
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Each material point of the deformable continuum, along its trajectory, continues
being labelled by the same set of Lagrangian coordinates. Position vectors corre-
sponding through x can then be assigned the following components: P = X“e 4,
in 2,; p = 2%, = x*(X?*) eq, in 2. Thus x*(X) (i = 1,2,3) represents an Eu-
lerian vector, functionally dependent on the Lagrangian, material coordinates in
the reference configuration. Of course the vector-valued map x(X) must satisfy
some basic regularity conditions. Each component of the placement map must be
continuous up to its first order (weak) derivatives. The Sobolev space [H*(£24)]*
turns out to be a suitable framework for the present purposes, see e.g. [40,30].
Moreover, to guarantee the placement map to be one-to-one, its Jacobian matrix,
referred to as deformation gradient, F'3 = %, must be nonsingular. In par-
ticular, to prevent the interpenetration of matter, a nonnegative determinant is
prescribed, namely J = det(F) > 0. The two conditions specified above imply that
such a vector map is invertible, with a continuous inverse. It represents therefore
what modern differential geometry calls diffeomorphism, i.e. a map continuous
and differentiable acting between two differential manifolds, its inverse also being
continuous and differentiable, apt to share not only the coordinates, but also their
topological and differential structures [41]. Deformation gradient F(X) represents
the tangent map of such a diffeomorphism, transforming tangent vectors of the
reference configuration into tangent vectors of the current configuration. Hence,
F§ is a mixed contravariant covariant second rank tensor, and can be thought as
an exotic object with two legs, one in the Lagrangian configuration and the other
one in the Eulerian configuration, see e.g. [42,43]. Once transferred the structure
of R? to such three dimensional manifolds, by utilizing the usual inner product in
the ambient space one can specify the metric tensors for the reference and the spa-
tial configuration, in turn gap = (ea,ep) and g,» = (€q,€p), herein equal to the
unit tensors. In particular, this choice implies null Christoffel symbols everywhere,
see e.g [44]. Symbol (a,b)y = grsa”b® denotes the inner product according to the
metrics g. It is worth emphasizing that both the Lagrangian and the Eulerian con-
figurations are embedded in a flat ambient space, in which the Riemann-Christoffel
curvature tensor identically vanishes [45,46,41]. At a first sight, the assumption of
an orthonormal basis with a unit metric tensor may seem over restrictive. On the
contrary, among the different possibilities one can select for the metric tensor, i.e.
unit, constant or varying (in a climax of increasing generality), this choice brings
out more clearly the features naturally emanating from the deformation process
as a diffeormorphism in view of the equation transport.

The polar decomposition theorem, see e.g. [47], allows one to express uniquely
any deformation gradient with positive determinant as the product of a proper
orthogonal tensor and a symmetric, positive-definite tensor, namely

F& = g"*R4Upc (2)

where only the left decomposition was considered. Thus, a quota of tangent map
usually corresponds to isometries, namely rigid body motions represented by an
orthogonal transformation (forming the group SO(3)), which fulfills the conditions
gabe‘qR% = 0ap and det(R) = + 1. When the doubly covariant tensor Cap =
g FSFY = gPCUpaUc B, referred to as right Cauchy-Green tensor, locally equals
daB, and the (right or material) stretch tensor with it, Usp = dap, deformation
gradient reduces to an isometry, F'§ = R%. In this case the material line elements
can be recognized in the current configuration without any variation of length or
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of their mutual angle. A deformation measure, which must vanish in the presence
of rigid body motions, arises naturally by comparing the metric tensors in the two
configurations, namely

Eap=1 (gabFXF]g — 5AB) =2 (g4B — 94B) (3)

The second rank, doubly covariant tensor Eap, referred to as Green-Lagrange-
Saint Venant finite strain tensor, can be expressed, up to the factor %, as the
difference between the Eulerian metric tensor transported to the Lagrangian con-
figuration (in the jargon pulledback), and its counterpart in the reference configu-
ration (coincident with 45 for an orthonormal basis). The important role played

by the pullback metrics will be widely discussed in both the parts of this study.

3 In the beginning was the energy

Once specified the infinite dimensional kinematics of a continuous body, Piola
introduced an energy functional, apt to measure by a scalar value any variation
of configuration in terms of stored energy, say EPPY. The real-valued functional
EPEF is expressed by an integral over the reference configuration 2, of a scalar
energy density that we assume in the form W(X, F(X)). Such an energy density
must be nonnegative and objective. The objectivity (in the sense of material frame
indifference) implies the invariance under any orthogonal transformation R (€
Orth™): regarding the deformation gradient as an Eulerian vector, one obtains the
condition W(RF) = W(F). By formulae one has:

EPEF — /Q W(X,F(X)) df2, (4)

where the subscript I emphasizes the dependence on the the first gradient only.

When seeking for an equilibrium configuration, the above contribution EPFF i
terms of the stored energy must compete with the work performed by the external
loading, say E¥%T (X, x(X)), which in turn may depend on a potential. In practice,
Piola utilized the total potential energy before Menabrea and Castigliano. The
equilibrium configuration of a given body under the prescribed loading corresponds
to the deformation which minimizes its total energy functional, assumed that such

a minimum exists and is unique. By symbols

n

~ . TOT _ ¢DEF _ oEXT
X = arg min {5 (x) =€&r 3 } (5)

where the feasible functional subset & C [H*(£2,)]> must incorporate the essential
boundary conditions.

We prescribe the stationarity by setting null the first variation § of the func-
tional Eq. (5). Through the additivity of the first variation, one obtains the equa-
tion of virtual work

SEPEF —6FXT =0 (6)

From the above relationship, it is clear that not all the contributions of the external
work are consistent with the energy modes allowed by the assumed kinematics with
the specific energy density. To compute the variation of the first addend, recourse
is made to the Fréchet apparatus, see e.g. [48]. One has
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§ EPEF _ / {W(F + 0F) — W(F) } df, ~ 837\1]: 1 OF df2, (7
2. 2,

=6W

where the symbol : denotes the usual double dot product between second rank
tensors [31]. By prescribing the dependence of the energy density on the right
Cauchy-Green tensor C (or on its inverse), the objectivity of the energy is guar-
anteed. Hence, the energy derivatives must be intended as follows

oW  OW 9Cpgp ®)
OF%y — 0Cpg OFY '

To develop the term JF in Eq. (7), let us consider that the variation and the deriva-
tive operators can commute if x map and its derivatives remain small. This re-
quirement is met when the placement map belongs to the Sobolev space [Hl (.Q*)]?’,
which also ensures trace regularity over the boundary, see e.g. [40,30]. Then one
has

oW _ OW I’
5DEF:/ OW sri a0, — "5 2X ) an, =
&r o, OFy A o, OF "\ 9x4
OW 8 ;
= J,, am; axx (5) a2 ©)

The variation of the placement map dx corresponds to elementary or virtual dis-
placements, which must vanish over the boundary. In what follows the frontier of
the reference domain 92, will be denoted by symbol X,. Through integration by
parts of Eq. (9), one finds

— O (OW .\ 9 [IW) . B
oe ‘/9* {aXA (aFa5X) XA (8F54>5’<}d”*‘
AW i / 0 (QW) i
= — O ' NadX, — — - oy d2, 10
[, am oz [ ex () o (10

For the first addend we utilized the Gauss-Ostrogradsky divergence theorem (see
e.g. [42]), being N = {N 4} the covariant component of the outward normal vector
to the boundary in the Lagrangian configuration. Equation (9) is now represented
as the sum of two addends, a volume and a surface integral, which cannot be
further reduced since both include dx* as test functions. Such an internal virtual
work representation can be orderly set equal to the relevant contributions defining
the external virtual work Eq. (6), namely

§EBXT _ / FEt ox' d, + / FEE 6 dEy (11)
o, 2

where symbols & (X) and F5<'(X) denote Eulerian vectors defined in the La-
grangian domain and over its boundary surface, dimensionally equal to force den-
sities per unit volume and per unit surface, respectively. It is worth emphasizing
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that, if the material boundary is constituted of piecewise regular faces with dis-
joint interior parts, the surface integral above can be straightforwardly split into a
finite sum of integrals, each one extended to a single face. The border of each face,
constituted of piecewise regular curves referred to as edges, the support of which
is shared between two faces (see Section 4), represents for the surface integral a
null measure subset, and has no effect on the evaluation of Lebesgue integrals.
Accordingly, the external forces sustainable by a first gradient material are bulk
and surface loading, and nothing else.

From Egs. (10)-(11) one can derive the strong form of the equilibrium equa-
tions by selecting test functions dx with their compact support localized within
the volume interior or over the boundary (fundamental lemma of the calculus of
variations). Hence, one obtains

8 8W xt ° 8W ext
_ — X Q*; —_— ’L_ X Z*;
aXA<aF§4>+I%” 0 € (8FZA) - Fs 0 €

(12)

It is worth noting that the stress-like Lagrangian tensor between parentheses, re-
ferred to as first Piola-Kirchhoff stress, borrows from F? a hybrid, amphibian ex-
istence between the tangents spaces of two different manifolds. In fact, as resulting
from Eq. (12), such a tensor, multiplied by the normal vector N4 of the material
surface X, provides the traction vector acting over the Eulerian face X' (at varying
the covariant index 1), see e.g. [49]. The equilibrium equations for Cauchy’s first
gradient continuum, presented so far, were expressed in the Lagrangian form. In
principle, it is possible to transform them into the Eulerian form. If one multiplies
the bulk equation in Eq. (12) by J !, transforms by the chain rule the Lagrangian
partial derivative into an Eulerian gradient, and refers all the variables to {2 by
composition with the inverse placement map x !, one obtains (at varying 7)

I a oW —1 ext -1 _

! (an ox ) i -

_ 1) (g rpext 1)

- aw( aFZ °X > (7178l ox )

= (1) - P = 0 (13)

In the above equation the Piola’s bulk transformation was utilized to shift the
functional group J~'F§ inside the derivative, being 9(J ' F4)/0z® = 0, see e.g.
[42,50,27]. Symbol T§*(x) denotes a second rank Eulerian tensor (in mixed form),
referred to as Cauchy stress, and Fey(x) = F&; indicates the Bulerian
counterpart of the Lagrangian external loadmg per unit volume. When one tries
to apply the same procedure to the equilibrium condition over ¥ in Eq. (12),
additional difficulties are met to transform the Lagrangian normal vector N4 into
its Eulerian form (see Section 6). For instance, one could utilize the so called

Nanson’s formula (see e.g. [43]) to write

( oW >J—1an“ dx F& =0 (14)

OF%, ax,
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where dX,/dY = ||J 'F$n®|| denotes the ratio between the area elements in
the Lagrangian and in the Eulerian configuration, respectively. Hence, the correct
Eulerian form of the Lagrangian boundary condition in Eq. (12) turns out to be

<§;\Z )Jlen“ — T FSIFAn® =0 (15)
A

It should appear clear that, when one manipulates the strong form of the governing
equations, it is extremely hard to verify the goodness of the procedure (excepted
one knows in advance the result). The recourse to the weak integral form can be
extremely beneficial.

4 Edge anatomy

When considering the structural elements utilized in the engineering practice, one
can notice that the material volumes are limited by the union of regular surfaces
with border exhibiting disjoint interior parts. The curved frontier of these regular
surfaces represents discontinuity loci for the normal vector, and include piecewise
regular edges, separated by a finite number of vertices or wedges. Wedges in turn
represents discontinuity points for the edge tangent vector. At least three concur-
ring edges are needed to specify a wedge, point of intersection of at least three
faces having (the support of) one edge in common two by two.

In the reference configuration, the frontier of our three dimensional volume (2,
can be oriented by assigning a positive side for the normal vector field, usually
outwards. We indicate the oriented boundary by :‘:‘j . If such a boundary results
from the union of ngace regular surfaces, the individual faces must be oriented in
a globally consistent fashion, namely

Nface
07— 5 - ([JBY S BOUEO . R 16)
=1

For each one of these ngce faces Eif ), run by index f, the outward normal
vector will be denoted by symbol N). The border of the (f)-th face must be
oriented consistently with the face and its normal vector, for instance according
to the right hand grip rule (the palm suggesting a counterclockwise rotation when

the thumb points the positive normal direction). The border of the f-th face is

()
edge

(f)-face, will be denoted by Life%. Hence one can write

constituted of n edges. The e-th edge, positively oriented as belonging to the

(€D)

Nedges

—3 A—g — - — - (fn

s =1 = | Lie=TUVUTYDy.. TV M) (17)
e=1

The support Lgf e), indicated by the same symbol without the arrow, belongs
simultaneously to the border of two contiguous faces, but in each of them the edge
possesses a diverse orientation, specified by one tangent vector T or by its
opposite. Besides N) and T(¢¥) | oriented according to the right hand rule, one
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can consider a third vector orthogonal to both of them, say B(fe), referred to as

edge normal vector. Such a vector, normal to the edge LY and tangent to the
face, can be generated by the cross product, namely B¢ = (e A N(f)7 thus it
points outwards with respect to the face border. In conclusion, B(fe), T(fe), N
constitute a moving frame for the border edge of a boundary face, different from
the Frenet-Serret frame of the edge when regarded as a solitary curve. Analo-
gous considerations can be repeated for the Eulerian frame (b,t,n) in the current
configuration.

At the end of this Section, we intend to specify a tensor field along the border
edge which plays an important role for the second gradient equations. To this
purpose, let us introduce the following symbols and conventions. Let the apex + (or
—) indicate the face at the left of each edge, when crossed in the positive direction
T*, so that, BY, Tt NT constitute a right handed (counterclockwise) frame
along the edge, regarded as belonging to the oriented face at its left. Analogously,
the apex — indicates the face at the right of the edge, with relevant vectors. The
tensor-valued function in point is defined as follows

(INFIp[BY o+ N 1r[B Q) (18)

Since TT = —T ~, making explicit the cross product by the Levi-Civita symbol
eprs [31], one has

[IN"l@[BTIp +INJ@[B7]p = INTlQ (T AINT])p + Ng (IT]AIN])g =
[N Flo (errs[TT]*INT]®) + [N Tlalepp s [T7]7 [NT]%) =

’

N *a (epas(TIRINTTS) — [N7lg (epr s [T INT1); (19)

The above sum Eq. (19) is symmetric with respect to the indices P and Q. Equiv-
alently, if one permutes such indices and equals the relevant contributions,

’ ’

[INFlo (eprs[TF]FINT]®) = [Nl (cprs [TT]F [NT]%) =

= [N*]p (cQrs[TFIFINT)®) = INTIp (qus (TFIF INTIT); (20)
a vanishing difference must be found, namely
A <€RSP[N+]Q - eRSQ[N+]P) +

R nr—1S - -
— T INT (eps pIN o — eIV 1) = 0
(21)
Let us notice that the edge tangent vector T can be expressed through the

cross product of the normals belonging to the faces at the left and at the right,
respectively (both orthogonal to T™), as follows

T =Nt ANT; [T = MY INT 0[N v (22)
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Substituting Eq. (22) into Eq. (21), and recalling that epsp eV = §¥5) —
oM sy, one finds
(8 6% — o} a¥ ) INTIIN Q[N Tas [V T+
— (686 — 6/8Y ) INVISIN TR N T as [N v+
— (o4s% — ¥8% ) INTIT INTJQINae [N T+
+ (5305 — 58 6% ) NI [N7Ip[N [N ]y = 0 (23)
Developing the above products we obtain
+ NS INHQINTISINT]p — [NTIS [N [N T[N )5+
— NN R[N TSN g + INFISIN TP [N o [N )5+
- [N—]S: IN“JQIN*]g [N7]p + [N—]S: IN“IQINT1p[N ]+
+ NI INTIPIN g IN Tl — NI [N I[NNIy =0 (24)

and hence, considering that [N~]% [N"]g =1 and [N1]% [NT]g = 1, finally we
have

+INY]QINT]p = [NT]°[NT]Q[NT]p[N]s +

N
—[NT1p[N"]q +IN*]P[INF]p[NF|o[N s +
= N
—[NT] [N TIQIN T [NT1p +[N ][N T]p +
N ~
+INT]® [NT]p[NT]¢ [Nl —[N"]p[N*]g = 0; (25)
v )

where the contributions equal opposite were marked underneath by the same sym-
bol. Finally, let us remark that, to evaluate Eq. (18) along the edges, the choice of
the edge positive orientation is irrelevant and in practice can be left to the user.

5 Pullback metrics and covariant derivatives

The transformation of the virtual work equations for a second gradient continuum
from the Eulerian to the Lagrangian form (and vice versa), represents a rather
complex task, which, as far as the Author knows, was tackled directly and solved
entirely for the first time by the Author and his coworkers, see the footnote (1).
However, in the present context such a task is expected not only to confirm the
equations derived independently for the material and the spatial configuration,
but also to reveal important differential geometric perspectives for the equilibrium
problem in point. The ambient space R, in which our body is embedded, is a flat
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space, with an identically null Riemann-Christoffel curvature tensor, see e.g. [43,
41]. Since we adopted for the material and the current domains unit metric tensors
(gap and grs, resp.), this choice implies Christoffel symbols identically vanishing,
everywhere. These results represent a pillar of the absolute calculus as formalized
by Levi-Civita and Ricci-Curbastro [32,33]. However, the deformation process of
our body specifies a diffeomorphism between the Lagrangian and the Eulerian do-
mains, associated with the placement map Xi(X). Such a surjection, continuous
and differentiable with its inverse, allows the topological and differential features be
shared between the two configurations. Surprisingly, although we continue dealing
with orthonormal frames in both the configurations, novel curvilinear coordinates
are naturally drawn by the deformation process. In fact, when in the Lagrangian
configuration starting from a point X we let varying the coordinate X % (with the
other coordinates X7 held constant), thus generating a perturbation parallel to
the basis unit vector eq, in the Eulerian configuration one observes, in a neigh-
borhood of the point X = x(X), a novel coordinate curve obeying to the equation
" = XT(XQ, X"#Q) (r =1,2,3). The same procedure can be repeated at varying
@, up to draw three families of coordinate curves in the Eulerian configuration.
Hence, at each point 2" = x"(X) of the spatial configuration, curvilinear basis
vectors g (X) = Fé(X) (Q = 1,2,3) are tangent to the above coordinate lines,
and result to be neither mutually orthogonal nor normalized (except for the case
of an isometric map). Analogously, if one considers the relationship induced by x
between the cotangent spaces (i.e. the dual spaces of the tangent spaces defined
at corresponding points of the two manifolds), the contravariant basis vectors are

expressed for each Q as 8%(X) = (F_l)iQ. Covariant and contravariant basis vec-

tors must satisfy the reciprocity condition (8p)"(8%); = 53 Once introduced the
above curvilinear coordinates and the relevant tangents, which are defined in the
Lagrangian configuration, an alternative Lagrangian metrics is generated by them,
namely ¢55(X) = (0p,0s5)g = grs FDF§, where the reader is invited to distin-
guish carefully the dummy indices. Symbol (-, - )4 denotes the inner product in
the tangent space of the Eulerian configuration, according to the metric tensor gs.
In the jargon of the differential geometry (see e.g. [42]), tensor gpg(X) is referred
to as pullback of the Eulerian metric tensor g,s to the Lagrangian configuration,
since generated as moving upstream along the flow of the placement map. Such
a Lagrangian metric tensor coincides with the right Cauchy-Green tensor in dou-
bly covariant form, see Eq. (3). Analogously, one can consider the contravariant
tensor g* P9 (X) = (87,0%), = ¢"*(F~HP(F~1)3, coinciding with C™! in dou-
bly contravariant form. For the readers’ convenience we report synoptically the
expression of such a pullback metric tensor in both doubly covariant and doubly
contravariant forms (often denoted by the musical symbols b and §, respectively),
in index and matrix notation:

-1
g ps=(9"® HPE ) =g.FhFs: g"=C=F'F;
g =g FTHPE TN g =CT =FF T

9" "% g%sr, = 01 ; (26)

It is worth emphasizing that the tensors g** and g*” satisfy the reciprocity con-
dition, and hence they can be used to raise or lower the indices of any tensor: the
result, however, will hold with exclusive reference to such a pullback metrics, if not
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otherwise proved. To better understand the action of the pullback metric tensor
g* RS on the Lagrangian normal vector Ng, one can consider its product with the
vectors Ngr, Tr and Bpg, constituting an orthonormal basis over each curved face.
By the transformation formula for the covariant components of the normal vector,

see [46] (to be discussed in Section 6), one has

1 R —1 S —
ﬂNsN :grs (F )7‘ Nr (F )s Ns — HF TN||2 =1; (27)
[F=rN[ T TN FEON] ETNE

=n, =Ns

whilst for the remaining cases one obtains unexpectedly

“ —1\R _ _

g RS NST _ gTSn (F )'r TR — (F TNvF TT)Q 7£ 0
[F-TN[2 5 F *JF-TN]| ~ (F-TN,F-TN), =

+« RS F1H%p -T -T
= NsBp = grsns( ), Bx _E NE B #0; (28
[F-TN]]2 [F-TN[ ~ (F-TN,F-TN),

where (F7"N,F""N), = (N,N),.; = HN||£27*ﬁ- When it will appear clear from
the context, we will omit to specify symbol { or b as a subscript of the inner product.
We underline also that <9RTR, 05N5>g = (0%, OS)QTRNS = ¢* BSTrNs.

Now, let us consider the Eulerian vector F~TN = {BQNQ} (proportional
but not coincident with the normal), and let us evaluate its conventional partial
derivative with respect to the Lagrangian coordinate X = namely

d {(F—l)jNQ} _ 0 ((F_l)f) NQ+(F—1)Q%:

oxb T 9XP 4 9xD
_ _ i _ ON,
— |- RE A FlupNg + (7 53] -
_ ON _
=FHY [—FAQH,NQ + ax—ﬂ =(F Y Nup (29)

where the Lagrangian derivative of the inverse matrix components was computed
according to the formula (see e.g. [27])

0 - 9 “1,0\ O Fi _ M
oxb ((F 1)‘1@) Yo ((F 1)dQ) aXALJ) =—(F 1)?(F 1)2/IFMD§
M

and comma was omitted in F}V[ p due to the Schwarz theorem. The symbol Ny p
denotes the covariant derivative of the Lagrangian covariant vector Ng with re-
spect to the coordinate X, defined as follows (see [44,41,29])

ONg ONg

—1\B i
Nop = 532 = (F~)P FypNa = 529

— I8, Ng;
oXp QD VB, (30)

whilst I 5 b denotes the (symmetric, torsionless) Christoffel symbols of the second
kind associated to the metric tensor g*”, defined as (see e.g. [41-43])
ort  0XB  9(80) /.8
rSp=rby = - = (07
@b T IPe T HXQXD 9o~ 9XD i
1(0_1)BL{8CLD 8CLQ_8CQD}

2 9Xe axD aXL

(31)



14 R. Fedele

In the expression of the covariant derivative Eq. (30), the first addend at rhs rep-
resents the usual partial derivative wrt the ambient space variables, quantifying
the change of the normal vector Ng, whilst the second addend represents a cor-
rection, taking into account the change, with respect to same coordinate basis eq,
of the pulled-back Eulerian basis vectors. It is worth emphasizing that the above
definition in a sense generalizes the common use of the covariant derivatives in
differential geometry, according to which the change of coordinates concerns the
same manifold: herein, instead, the Lagrangian and the Eulerian configurations
are identified by a diffeomorphism induced by x. The covariant derivative reduces
to the first addend when the distortion is isometric. The Christoffel symbol can be
expressed also as a function of the associated metric tensor (here g* b) and of its
derivatives, as indicated in the second line of Eq. (31), see [42]. For contravariant
vectors, the expression of the covariant derivatives includes differences as for the
sign and the contracted indices of the Christoffel symbol. In the presence of a
higher rank tensor, the covariant differentiation must include as many correction
terms as the available valences, see e.g. [43].

If we differentiate the Eulerian norm ||[F~7N||, by the conventional partial
derivative with respect to the Lagrangian coordinate X, following Eq. (29) one
finds

0 0 0 ~Tgn2) _
o (IF7NI) = 555 (INlo) = gy 5w (IF"NIP) =

1 cd =1\ R 0 Fl
Zm{g (F )CNRGXD )i Ns }
1 ¢ _ _
= ||F_TNH {g d(F 1)§NR |:(F )d NM\Di|} =
1 * RM

We can recognize in the above equation the pullback metric tensor g*#, see Eq.
(26). Moreover, let us notice that the inner product according to g*  of the covari-
ant derivative Ny p with the normal vector Nr (dummy index M being relevant
to the normal vector component) does not vanish. This result is different from
what occurs with the usual metrics gap in the Lagrangian configuration, between
the normal vector and its gradient. By comparing the expressions in Eq. (32),
it appears clear that the metric tensor g* can be “shifted out” of the covariant
derivative, namely

(INIG-) = (975 NsNp ) =" (NsNb) g = 29" P Ns Npj: - (33)

being indeed null its covariant derivative. This important property can be proved
also by covariantly differentiating g* as a second rank tensors.
For the reciprocal of the norm |F~TN||, one finds

0 1 _ 1 * RM
XD (IIF—TNH) = e {7 Ve Naro | (34)

with the additional property (being QXLD(I) =0)

G W W R S G
x5 (e ) PN = 0 (IF7N) g 9
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If we evaluate the directional (ordinary) derivative of the norm along the normal
direction in the Lagrangian configuration, through Eq. (34) we obtain

0 1 1
D _ * RM D\ _
N axo (HF—TNH)‘ e " Ve MoV
1 * RM s D ONwm ..D
- Np | = 'S, NsN N -
=0

1
= INTEC {rSMNSNDg* RMNR} (36)

3.

Surprisingly in the above directional derivative only the addend including the
Christoffel symbol did not vanish.

To illustrate the features of the covariant derivative, we can provide another
meaningful example, which involves the Piola’s bulk transformation [43,46,42]. If
one considers in the Fulerian configuration the ordinary divergence operator of
the functional group J 'F3V4, being V4 a Lagrangian vector field, the following
relationship holds (VF, J > 0):

() -

= () () e (1) v B (1) 0
o) mvtemtrn (7).
58 =I%n
97 i A ()
YA
= () o v? o (07) TV B = s )

where the correction provided by the Christoffel symbol was considered with
the positive sign since vector VA was contravariant. In this case the covariant
derivative V“qA shrank to an ordinary partial derivative since the addend with the

Christoffel symbols F(Aé M) was equal opposite to the first addend, resulting from
the ordinary derivative of J = det(F), and cancelled out. The formula for the
Jacobian determinant differentiation was based on a cofactor decomposition, see
e.g. [46,27].

At this point, we can consider the transformation of the Eulerian gradient of
the normal vector (by conventional differentiation) into its Lagrangian counterpart.
Recourse was made to the transport formula for the covariant normal vector (see



16 R. Fedele

e.g. [43,27]), to be discussed in Section 6. Exploiting Eqgs. (29) and (32), one finds

on, ((F1)5N3> _

dec — 0z \ [FIN|
- ﬁ (F’l) Nsip (F’1>D+
+(F ) R <||F TN|>

= [FTN] TNH {( Y, N (F7)

() ()] (g™ e )}

(F Y, @Y *RM
" Jr N e )N _N g NNR N . 38
INT- { 51D B( N MMip ) g (38)

It can be noticed that the Lagrangian counterpart of the Eulerian gradient is con-
stituted of two addends, due to the Leibniz product rule, one for the numerator
and another one for the denominator. Both of them involve the covariant deriva-
tives, which as expected transform like a doubly covariant tensor. Analogously,
the Eulerian divergence of the normal vector can be transformed as follows

on” o [ W EHINRY
gz oxr \¢ TFIN] ) T

g " {N N2 < ! )||F_TN||}
= o777 B|D BAa~vn MTTo—TWNTI =
[F-TN|| | oxP \[F-TN]
1., 1, .
g* g~

In the first addend, the pullback metric tensor in contravariant form plays the role
of raising index B of Npg|p, needed to generate the divergence operator. The same
operation is repeated two times for the second addend, scaled by a power of the
surface element norm: the result is to contract both the indices of the covariant
derivative.

As a further step, let us consider in the Eulerian configuration the vanishing
inner products between the normal vector gradient and the normal vector itself,
in the two possible forms: namely with a dummy index belonging to the spatial
coordinate at the denominator (next point i), or to the vector at the numerator
(point ii).

(i) Exploiting previous results, one obtains

anv T TS (F_l)fNS 0 ((F_l)q‘)/ NV) —

0: = _—
az7 " Y TIF-IN| 9z \ [[F-TN|]

M 1
= F_l) {Q*DSNSNM Di}-ﬁ-
( v PN 2

1\ 1
+ (F 1) Nw {_||N||4 g T Ng (g*SDNs NT|D):| =0 (40)
v g*
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The above equality is actually vector valued, since the covariant index v is free.
We can multiply it by F§ (norms at denominator are left intentionally)

1 _N\M
Nz Fe (F71), {o7 " Vs Na } +
g*\—v—’
Iy
1 v —1 w * RT * SD
- ) (N (s ) s
g*ﬁ_vz

%
5Q

and then by N©

1
INIZ-
1

N?Ng {g"*"Ng (9" %P Ns Nz p)} = 0; (42)

IN[g+ ~——
=1

N©@ {g*DSNsNQ‘D}—I—

finally obtaining

1
2
INI[g-

* 1 *
{N9g P Ns No pf = e {o" ™ Ve (9" Ns Nr o) b5 (43)
3

By comparing both sides of the above Equation, one can notice that the spa-
tial coordinate X of the covariant derivative is contracted through the pullback
metric tensor g* P9 with the normal vector itself Ng. As for the remaining va-
lence T of the covariant derivative Np | p, there is an important difference. At rhs
the pullback metric tensor appears for a second time, scaled by a squared norm,
multiplying the covariant components of the normal vector, i.e. g* *7 Ng. At lhs,
instead, a contravariant vector N© plays the same role. Hence, at the rhs the ac-
tion of the pullback metric tensor, normalized by the squared norm, is effective in
raising the index of the normal vector: however, such a result holds exclusively with
reference to the present expression, and cannot be generalized to other vectors.
If one substitutes the scalar relationship Eq. (43) back into the previous vector-
valued Equation (42), and the squared norm at denominator is finally simplified,
the following noteworthy equation is found

9" "® Ns Noip = No <NY9*D ¥ Ng NY\D’) ; (44)

At a first sight, the above equality may seem counterintuitive, since expressed
as a covector. We can notice that the covariant derivative of the normal vector,
multiplied through the pullback metric tensor by the normal vector (in covariant
form), provides as result the same normal vector (in covariant form) multiplied
by a scalar coefficient. Such a coefficient (i.e. the term within parentheses at rhs)
equals the same expression at lhs but exhibits the remaining valence contracted
with the normal vector in contravariant form. If we multiply both sides by the
contravariant component N Q, we attain a self evident scalar identity.
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(ii) As a closing exercise, let us consider the transformation of the Eulerian ex-
pression which follows

—_1\S _1\V
0= anu nv _ vsn 8”1) __ _vs (F 1)3 Nsi (F 1)1} NV —
T 7Y "o =9 FIN| 0z \ |FIN| )T
(F_l)g{ * MS
=7 Ng N +
519 s M|D}
N[5
VS —1\D
g* NsNy (F )7" ( * RT )
_ Np N =0:
INE. { N, \9 o Nefrio) =05

=1

(45)

When transformed into the Lagrangian form, the above dot product gives rise
to a vanishing difference of addends including covariant derivatives: the former
included the derivative of F~TN, the latter the derivative of the norm at the
denominator. Vanishing of the above difference was conditioned to the equality
g* V¥ NsNy = |NJ|2..

Obviously, when passing from the Lagrangian to the Eulerian configuration,
the tangent and the normal to the border edges, belonging to the tangent space,
do not obey to the same transport rule of the vector normal to the face: moreover,
the covariant and the contravariant components of the same vector are expected
to transform in different ways.

6 Transport of edge vectors

The placement map x specifies a diffeomorphism between the Lagrangian and the
Eulerian manifolds: since such a surjection is continuous and differentiable with its
inverse, it transforms connected volumes, their boundary faces with relevant border
edges possibly including a finite number of wedges, into their counterparts in the
current configuration. As well known, the tangent maps preserve neither lengths
nor angles, except the case of isometric transformations. Now let us consider a
(generally curved) boundary face in the Lagrangian configuration, diffeomorphic
to a face in the Eulerian configuration in the sense specified above. Any curve
with parametric representation p(s) (being s the curvilinear abscissa) drawn over
that face is transformed into a curve x(u(s)) over the diffeomorphic Eulerian
face. Vector T(P,) tangent to the Lagrangian curve at the point Po = p(so),
when multiplied by the tangent map F(P,) is transformed into another vector no
more with a unit modulus, but tangent to the diffeomorphic Eulerian curve at the
image point po = X(Po) = x(p(so)). Hence the following Eulerian-Lagrangian
transformation formula holds for the contravariant tangent vector:

- FRTT®

=B _ prTRI|IF
|FT|

FS TR FS RST
R RY S ) (46)

tr: rtszr = gr
( grst = 9rqpr) ~ 9 TR
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In the above equation, the transformation rule for the covariant component t,
is obtained from the contravariant one through the Eulerian metric tensors g"*,
playing as usual the role of raising or lowering indices. To attain a formula relating
the covariant components for both the configurations, the Lagrangian metric tensor
gRS must be involved. However, such a representation is not unique: alternative
representations may exist, which can be useful for analytical developments and
can reveal features of the underlying differential geometric structure.

Another widely adopted transport formula concerns the covariant normal vec-

tor to the face (see e.g. [46,43,27]), namely

(F )" Ng N
e =~ (F’ ) Ng|Fnl|;
" FTN|| r
r__ rs _ rs —1\ P S 1 .
(n =g ns=g (F )T grsN TN’ (47)

To the author’s knowledge, it is not yet available any formula relating the Eu-
lerian edge normal b" in contravariant form to its Lagrangian counterpart BE.
In this research, we will adopt the following strategy: leaving to the end the re-
quirement on the unit modulus, we indicate by 4" a not normalized ansatz for the
edge normal, which must satisfy the orthogonality constraints with respect to the
remaining vectors of the Eulerian local frame, namely b"n, = 0 and b"t, = 0. The
unit modulus requirement (b"b, = 1) has also the meaning of reciprocity condi-
tion between the covariant and the contravariant components of the same vector.
The image of BFE through the tangent map continues belonging to the tangent
space in the Eulerian configuration (see the Appendix A), but in general it is no
more orthogonal to the edge tangent t, and therefore a correction term must be
considered. Our ansatz has the expression b" = Fg (BR + 57). Since a transport
formula for the covariant normal n, is already available from Eq. (47), one finds
(F1); Ns

0=0"n, = (F}QBR + FTSQ) e S
" @ [F-TN|

S S
Fi(F7') NsB" 4+ F5 (F7') NsS? =

— ——
=53 =58
= NgB° +NoS% =0; (48)
N——

=0
being mutually orthogonal the Lagrangian vectors N and B. Hence, the unknown
Lagrangian correction S results to be orthogonal to N and must be expressed as a
linear combination of vectors spanning the tangent space, namely S = aT + 5 B,
being « and S real coefficients. Since our ansatz must be orthogonal also to the
edge tangent, by entering the expression of vector S as a function of the real
coefficients « and 3, one has

it = (F};BR + FIQSR) ger FSTS = (FB + o FT + fFB, FT), = 0;  (49)

obtaining

(FB,FT),

a:—(ﬁ‘Fl)m»

(50)
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Then at varying 8 we can provide co! solutions, namely

- FB,FT)
T F’I"BR Fr w _ FTBR Fr BW _ 1 < ) gTW —

=(B+1) <F§BR _ (FB, FT)‘(’F&/TW) (51)

(FT,FT),

Up to the normalization factor, the contravariant components of the edge normal
vector b can be expressed as a function of their Lagrangian counterparts as follows

b (FB,FT),
———=FB- —"———2FT =FB — (FB,t),t ; 52
BT (FT,FT), B, g (52)
or by index notation
Br r R (grsFﬁBRFgTS) rmR
———— = FprB" — FRT 53
G+ - P g rprRRgrs) TR (58)

The above transport formula finally has appeared as a trivial application of Gram
Schmidt procedure, when interpreting the (normalized) inner product (FB,FT), /|| FT| i}
as the orthogonal projection of the Eulerian vector FB onto the direction tangent

to the edge, being t = FT/||FT|| and (FT,FT), = ||[FT||>. Let us now evaluate

the modulus of b through well known properties of the cross product, namely

B e _ _(FB,FT)? (FB,FT)2
S (b,b)y = (FB,FB), 2<FT’FT>Q (FT,FT),
- (FB,FT); _
= (FB,FB), (FT,FT),
1

— - ; T FTY.

2

1 FB/\FT||>2 (IJFTNH)
= (|FB AFT|? = ( “\FET) )
(I y [FT|2 IFT| IFT

(54)

Finally, by substituting the square root of Eq. (54) into Eq. (53) and simplifying
the proportionality coefficient, the transport formula for the edge normal vector
is provided

B {FEBR _ (9rs FRB"FST?) FETR} IFT) (55)
97+ FRTRESTS) [JF7N]

It is worth noting that the above inner products can be expressed through the

pullback metric tensor in covariant form (see Eq. 26), namely g, F5BRFSTS =

ghsBET® and g,s FRTRFETS = ghs TRTS.

By the same strategy an analogous relationship can be sought for the co-
variant components of the edge normal. This time we assume as ansatz b, =
(F_l)fBR + (F_l)f’SR, up to a normalization coefficient. Firstly, let us pre-
scribe the orthogonality of the ansatz with respect to the edge tangent, as follows

bt = {(F—l)fBR n (F‘l)st} ﬁi?ﬁ =0; (56)
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which implies (neglecting the norm at the denominator)

BoT® +5oT% =0; (57)
~——

=0

being mutually orthogonal the Lagrangian unit vectors B and T. Hence, the un-
known correction vector must be sought in the form: S = a N + 8 B, being a and
[ real coefficients. When we exploit the last orthogonality constraint, we realize
that unfortunately a direct transport formula for the contravariant face normal is
not yet available and hence we must utilize the Eulerian metric tensor to raise the
index of covariant normal vector Eq. (47). One has

byn” = {(F_l)RBR + (F_l)fSR} Qrsm =0; (58)

By simplifying the norm at the denominator and entering the expression for S as
a linear combination of the coefficients o and 3, one obtains

S

{(F—l)f’BR B+ +a (5 NR} (7)o -
=(B+1) (F "B, F "N)y+a(F"N,F"N), =0; (59)

and hence

(FTB,F TN),
(F-TN,F-TN),’

a=—-(8+1) (60)

Finally, a novel expression for the covariant edge normal b, at varying the coeffi-
cient [ is provided

oy = () () e BB N a

Also for the covariant component of the edge normal vector the transport formula
can be interpreted as an application of Gram Schmidt procedure. In fact, in the
Eulerian configuration the orthogonal projection of F~7B onto the unit normal
vector is provided by the expression

1

F'B,F'N),————
BN

= (F""B,n),; (62)
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being (F~'N,F~TN), = HFiTNHg. Up to a normalization coefficient, the squaredl
norm of the covariant edge normal vector can be computed as follows:

[b]?
(6+1)2

=(F "B,F 'B), -2

= (b,b), =

F'B,F'N); (F'BF 'N);
(F-TN,F-TN), ' (F-TN,F-TN),
(F "B, F'N);

(F-TN,F-TN),

(F "B, F "B)(F "N, F 'N), - (F""B,F 'N)?)

=(F 'B,F 'B), —

(F-TN,F-TN),

_IFTBAFIN|?  JT'FBAN) 2 (IJFT)?
T FTNE T FTNE \JF TN /)

(63)

and one obtains

_ —1\ B F'B,F 'N), (- _1\E IF-"N| .
b’"‘{(F )TBR (F-TN,F-TN), (F )r Nr |J-TFT|’ (64)

It is worth noting that the above inner products can be expressed through the
pullback metric tensor in contravariant form (see Eq. 26), namely (F~7B,F~TN),
= g*RSBRNs and (F_TN,F_TN>9 = g*RSNRNs. Moreover, the reciprocity
condition between the covariant and the contravariant components of the edge
normal is satisfied, namely

o () e AN ) -

[FT||  [[FTIN]| _
[JE=TN]| ||J = FT|

<FB7 FT>9 FgTS

ol 1
(FT,FT),

X {F§BS - ; (65)

At this stage, we propose two novel “direct” formulae for the transport of the
covariant tangent vector t, and of the contravariant normal vector n", which are
lacking in the literature. By symbols

~1\V
g (F1), Tr
[T ’

r_ 95 "FpN®

- IFEIN]

(66)

As one can easily check, such expressions satisfy all the prescribed conditions with
respect to the remaining vectors of the Eulerian frame (b, t,n). Moreover, the
expression for the contravariant normal vector in Eq. (66) turns out to be consistent
with the novel transport formula for the orthogonal projector ([mo]s = n'ns)
provided in the Appendix A. In particular, we notice that the expression

eIV E 1\ P
g5 NS g (F7), (F1) gpsN® _n (Fil)f : (67)
[F-TN|2 [F-TN]? - FIN]
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gives rise to a skew Lagrangian vector, with non vanishing components in both
the tangent and the normal space. In fact, recalling that [M J_]g = N9Ng and

[MH]% = 0% — [M1]%, one has

—1\FE —1\E —1\@
[MJ_]Q nt (F )t _ (ntnt )NQ . [M ]Q nt (F )t _ ')’Lt (F )t _ NQ . (68)
EOF-TN| — \<=/7" " PEEFE-TN|| T [F-TN|| ’

Instead, when we include Fg; into Eq. (67), a vector proportional to the normal is
attained. In fact

=6, =n; |[F~"N||
i (F_1>EFT (F—I)PN _
gfg EFENS B g . E ; P B gtjfstrnj B n’ . (69)
[F-TIN|?? [F-TN|?? [F-TN| [[F-TN|’

At the end of this Section, it is worth emphasizing that additional formulae, maybe
less intuitive at a first sight but possibly useful for analytical developments, can be
generated through the cross product by simply permuting the frame vectors. More-
over, the presence of the norm makes commutative this procedure. For instance,
starting from the relationship

[JTFT* = || F(BAN)|* = [F"BAF 'N|* =
= (F 'B,F 'B)(F'N,F 'N), - (F "B,F 'N); (70)

alternative expressions for the Jacobian determinant J can be provided, for in-
stance

_ITFEBAN)|? _ FTTBAFIN|?

—2
/ Bk [FT|?
CWTTFEINAT) P IFTINAFTIT?
[FBJ? [FBJ?
JF(TAB)? [FTTAFTB|? -
IE FNE

Moreover, since Equation (70) must hold for any invertible deformation gradi-
ent (with J > 0), F can be formally changed into its inverse F~! (defined in
the Eulerian configuration), and consistently J into J —1. obtaining again a valid
relationship this time involving Eulerian frame vectors, namely

|JE )2 = |JF " (b An) |* = [[Fb A Fn|” =

= (F"b,F"b), (F'n,Fn); — (F'b,F n)7; (72)
If in Eq. (72) one superimposes to the inversion of the deformation gradient the
transpose operator, the following relationship is met among Lagrangian frame
vectors

[JE~IT|? = |JF T (BAN) | = [FBAFN|® =

= (FB,FB),(FN,FN), — (FB,FN)7; (73)
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7 The surface divergence theorem revisited

In the present Section, the divergence theorem for curved surfaces with border
(see e.g. [41,51,27]) was revisited and provided of a novel formulation, suitable for
the transport along diffeomorphisms.

Firstly, let us briefly recall such a theorem. It represents an important result
of differential geometry, which can be applied to the Riemannian embedded sub-
manifolds with codimension one, such as the bidimensional surfaces embedded in
a three dimensional ambient space, see e.g. [41,44]. We make here reference to
the Lagrangian configuration, but the result equally holds for the Eulerian con-
figuration. Hence, let us consider the boundary face X, ¢ R3, and let L, = 8%,
denote its border edge, being B the unit vector normal to the edge. At each point
of this face a tangential projector [M”]g can be defined, whose properties were
outlined in the Appendix. Such a linear operator projects onto the local tangent
space any vector of the space environment. Moreover, it can be utilized to express
the surface divergence with respect to the coordinates of the space environment,
without making recourse to any intrinsic representation of the surface. Let W75
be a vector field defined over X,. Under such assumptions, the following equality
holds:

[ S e (dw ) av = [ iwssas. o

It is worth emphasizing that the integrand at lhs has the meaning of surface
divergence of a tangential vector, namely DIV (W))).

Now let us consider in the Eulerian configuration the regular surface X, over
which a vector field w” is defined, and its border L. Let symbol [my]§ denote
the Eulerian counterpart of the tangential projector [MH]%, as outlined in the
Appendix. For any test function dy with compact support included in X (its
dimension is irrelevant to the present purposes), one can write:

0 a b c
(a) =/ B ([mu]bw ) [m]a dx dX (75)
5 0%
Through integration by parts of the above FEulerian expression, one can apply the
surface divergence theorem to the first addend (attaining form of Eq. 74), which

thereafter vanishes over the border edge due to the compact support of dx(x),
namely

— [ {2 (it 6x) = pmgi? G2} s =
= [ (gt 5x) ez ax— [ pmcimplie’ G2 as = o) (1)

=0

Due to the idempotence of the projector, one can write [m|jw® = [m)]§ ([m)]Fw®),
even if w® is not tangent to the surface. After the above developments carried out
in the Eulerian configuration, from Eq. (76) one can change variables passing to the
Lagrangian configuration. The outer tangential projector [m]g can be transformed
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as outlined in the Appendix A for the case of tangential vector field (i.e. neglecting
the contribution of [M]). One finds:

© = [ bl (i) 22T ez

N aXA 3 c
= [, -t (e () 52 (v ) 1IN0z -
- /Z — (M) (F—l)jag‘ ([m”}gwb) % |JE-TN| d, = -

In the Lagrangian configuration, Equation (77) can be again integrated by parts,
making recourse to the surface divergence theorem Eq. (74) and exploiting the
compact support of dx(X). It is worth emphasizing that the placement map, con-
tinuous and differentiable with its inverse, transforms compact sets over X, into
compact sets over Y. Due to idempotence of the Lagrangian projector, one can
write

=[M)]%

N /2 B (Filxj (Wl]gw ) (M5 (M7 6XA |JF~TN| d5, =

:/Z _[M”]gaXiA (5X (F—l)f([m”]gwb) [M“]SRHJF_TNH) dZs +

=0

4 [ o g (PN (F7) (i) 1R ) @ (09)

Clearly, we must achieve the same result of Eq. (78) by following a different path:
starting from the first addend of Equation (75), without any manipulation we pass
directly to the material configuration by a change of variables. Hence, one finds

(A):/Z [m,l}gaic (Imylgu?) ox[l7E N d, (79)

*

Equaling the expressions of Egs. (78) and (79), the following relationship must
hold Véx and VF (with J > 0):

o ([mu]?wb) |JE TN =

— s (187N (5 7) " (lmlt?) D ) s (60

[m)]a
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By applying to the Eulerian projector [m]; at rhs the complete transport formula
outlined in the Appendix A, rhs of Eq. (80) can be developed as follows:

— (14 o {||JF*TNH (F’l)f{Fé g (), +

SaxA
* E
+ (Fci'é (F7), — et (Fl):v) [Mu%] wb[Mu%} -
= [M”}?MLA {HJF*TNH [55 (M) (F%):Vwb[Mn]%Jr

w
+ <63NQNW (F7), w'lli+

* E A1Q
g 15sR 99 N -\ _
MROE e M (F), ﬂ } )

0
_ A
= [M”}STXA

AW *RNS AW
+ (M (B7), MR~ M (F7), )]} =
b N e’ || H b
=(nw)[F-TN]|

{IE="N) [ (M]3, (F_l):Vwb+

=0

— g {IF TN (a5, (1))
0 {HJF—TNH S N (F—l)bwwb} ; (81)

A
- [MH]S R |F-TN|2

XA

The above Equation (80) and its extended form (81) were derived without any
a priori assumption on the vector field w’. If such a vector field were purely
tangential to the face, the second addend in Eq. (81) including the term n-w would
vanish. Such expressions have to be regarded as the surface counterparts of the
Piola’s volume transformation, which relates Fulerian and Lagrangian functional
expressions including the same vector field. It is worth noting that, differently from
the vector fields constant in a volume, here it is not trivial to provide a general
field with a null surface divergence.

8 Intermediate remarks

This paper constitutes the Part I of a wide research, aiming to derive the governing
equations for a second gradient continuum via variational calculus and to prove
the feasibility of their transformation from the Eulerian to the Lagrangian form.
In the previous pages the variational approach for the equilibrium problem was
outlined with reference to Cauchy’s first gradient theory. Mathematical tools such
as projectors, pullback metrics and covariant differentiation, resting on the dif-
ferential geometry of the Riemannian manifolds, were investigated with reference
to the equilibrium problem, naturally (and unexpectedly) emanating from the de-
formation process regarded as a diffeomorphism. Novel and remarkable transport
formulae were provided for the normal and tangent vectors over the boundary faces
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and along the edges, and for the surface projectors. The theorem of the surface di-
vergence was revisited providing novel relationships over the surface analogous to
Piola’s volume transformation, useful for the transport of the governing equations
to be discussed in Part II.
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A Properties of surface projectors and their transport formulae

In this Appendix basic properties of the surface projectors and novel formulae for their trans-
port from the Eulerian to the Lagrangian form, were detailed, endowed with short proofs and
remarks.

Let us consider the Lagrangian configuration. As well known, at each point P of a curved
surface Xx, one can specify a tangent space TpX,, including all the vectors tangent at that
point to curves drawn over that face, and a normal space N p Xy, i.e. its orthogonal complement
with respect to the ambient space. Hence, the ambient space can be expressed as the direct
sum of the above spaces, namely Tp X, ® NpXs = R5.

Accordingly, at each point of the same curved surface two linear operators can be defined,
apt to project any vector of the ambient space onto the tangential and normal spaces, referred
to as the (Lagrangian) tangential and orthogonal projectors and denoted by symbols [M; ”]‘%

and [MJ_]%, respectively. The same considerations can be repeated for the Eulerian projectors,
for which lowercase symbols were adopted.

The projectors possess the following noteworthy properties (in both index and matrix
notation):

(M) + ML) =06%; Mj+M, =1;
M9 =N°Na; Mi]=(N®N);
G =09 -N9Na; [M]=1-N®N;
A B A 2
BIMlc = [Mylc; M =My;
MLBIMLIE = [MuE 5 ME =My
(82)
where the Kronecker symbol §4 = 1 = gg represents the identity operator, coincident with
the mixed form of the metric tensor.
In the Eulerian configuration, the orthogonal projector can be expressed as a function

of its Lagrangian counterpart by using the transformation formula for the normal vector, as
follows

—1\Q —1\V rt —1\@
r r rt (F )t NQ (F )s NV ) (F )t 9gQs w —1\V
m ] = - = NNy | (F =
[mi]y =n"ns =g IF-TN| ||F-TN]|| |IF-TN|2 [ V] (F7),

rt —1\@
gt (F~1) 7 gqs S f1\V
=2 =t 00 1S (F
[F-TN|? [My]y (F71), (83)

The above expression can be further simplified through multiplying the rhs by ¢;, and then by
expressing the Kronecker symbol as the product of the deformation gradient with its inverse,
namely

L9¥ (P12 g5
Y F-TNJ]2

B 9" (F )% g0s

(m.]; =36 M5 F Y =

= -t Q (m—1\V _
_FE (F )y I|F_TN||2 [MJ-}V (F )s —
1 B B L
:Wgyt (F 1)?9@5 (F 1)y Fr, [Mﬂi (F 1)5 _
: 1V
= TN 9 C9es e MUP (FTY), =
g*E oy
= - FE M (57, &

where symbol g* @ denotes the pullback metric tensor, with g* F*NpNg = [|[F~TN|%. It
is worth noting that in Eq. (84) the symbol ggE constitutes a slight abuse of notation, as
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an abbreviated form of g* @ 9ggs, admissible if its meaning appears clear from the context.
In fact, the proper metric tensor apt to lower indices of the contravariant pullback metrics
is the doubly covariant pullback tensor g}‘EQ, as outlined in Section 5. Moreover, since the
pullback metrics g* FQ often provides counterintuitive results with respect to the conventional
Lagrangian metric tensor, it is convenient to write explicitly all the terms involved.
Analogously, the Eulerian tangential projector can be expressed as follows

[ e — 5 — ggE Fr M SFflv
[mH]s — Ys n Nns =04 ||F_TNH2 E[ J-}V ( )s -
_FT(;S F—l 14 _ ggE Fr. M S F—l v o_
= 4s V( )5 |[F-TN|2 el l]V( )s -
T T —1\V
= FiMy)§ (FYY + FoMy )y (FY)Y 7”1? e FhM. )5 (FY)) =
E
S —1\V
= Fg [MH]V (F 1)5 + FS ( ) |F TN||2 Fg ( ) [ML]€ =
* E
__Ys r ArS o s —1\V .
= [pornE LONTNe -~ FEMLT} ()Y (85)

In the above equation, the addends within square brackets provide a contribution purely tan-
gential to the face. In fact, if one expresses the Lagrangian orthogonal projector as the tensor
product of the normal vectors, namely [MJ_]‘S/ = NSNy, and decomposes additively the Eu-
lerian vector F'gIN S into a tangential and a normal component, the normal component cancel
out the second addend within the parentheses. By utilizing the transformation rule for the

covariant normal vector n, = (F_l)? No|[F~TN|~%, from Eq. (85) one has

NV g5® Vv
FS ML (B, — e FE ML (877, | =
1 .
= FYNSNy (F )Y - Wgtﬂ F17 (F’l)f gpsFENSNy (F71)) =

= FINng||F~TN|| — g% 6 njns =
[my s FENn [F~TN|| = +[m 1], FSN ng||[F~TN|| — nyns =

_ R WV
nl|F-TN| = npng = [my R FS[ML]T (), (86)

s

— rF'UNSN —1
[m 5 Fs v (F ) +7|F |

=0
Thus one can write Eq. (85) in a shorter but implicit form, as follows
[my]7 = F5 ()5 (B0 + [my ], [FE LT (F )] (87)

One can easily check that the proposed transport rules are compatible with the idempotence
of the projectors. Preliminarily we notice that, due to the idempotence, for any vector w® one

has
t T t
] (b w®) = [y (i) 5 (88)
being wﬁ the tangential projection of w?®. Thereafter, considering that the outer projector

acts on a purely tangential vector and thus the addend of Eq. (85) including the orthogonal
projector vanishes, one finds

= P[] (F7Y)7 (Fs (M) () w o+ [y ] [P (ML) (B w?) =

Q s
= Fh M]3 (6 [My]7 _1)31”5*[(]?_1)?[”1”] FS ML (F7) ] | w') =
= Fp (M]3 () w o+ [y ]} [my ], FENS ()] Nyw'] =
= PR [ ()Y we o+ [y ]! [FE ML (Y)Y ] (89)
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Analogously, for the orthogonal projector one has

[mo]slmi]i = [mLi]i;

”FESTN”QFE (M5 (FY)Y WFD[MJ-]W( Y =

= %6DFE[ML]V (ML) (F l)t

= 7ggi§*§iﬁﬁj\[ FENSNw (FY),Y =

= %FTEW&% ;" (90)

The examples which follow provide some insight into the use of surface projectors, and are
especially suitable to characterize the moving frame vectors over a boundary face (namely
B,T,N) and their transformation.

(i) If we multiply both the projectors by the covariant normal vector expressed through its
transport rule, we expect that the orthogonal projection coincides with the same vector, whilst
the tangential projection vanishes. By formulae

_1\D
ggE S (m—1\V (F ) Np
T — F’!‘ M F T —
[mi]ony HF_TNH2 E[ J—]V( )s ||F_TNH
E
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:7‘/( )5 =ns; (91)
[F-TN||

and, by using the very last expression in Eq. (86), one has
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If instead we consider the Eulerian vector n° = FéNQ, we expect that both its projections do
not vanish. In fact one has

[m_]5n® =n"nsi® =n"nFANg =

FH)" N W Ny N@Q r
T(_)i;WFEQNQ =n" — = rbT ; (93)
[F-"N|| BTN IF-TN||
The same result is attained by utilizing Eq. (85), namely
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As for the tangential projection, one has
[m))57® = (87 — [m1]5) FON® = FHN9 —n"nsFSNO =
_1\D D
r(F 1)5 Np 6QNDNQ n’

n WF,;NQ =FLN® —n' S =A" - (95)

= FLNY —
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or alternatively, through Eq. (85),
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N

(ii) If we consider the vector t" = Fé}TQHFTH*17 we expect that its tangential projection
equals the same vector, whilst the orthogonal projection vanishes. In fact,

E FsTQ
: gs S -1V ~Q
TS = FL [M F =
a2 = =g 7B MV (7).
E
95 S (p-1\V sV L
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Frage v (7 0 PP
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whilst, for the tangential projection, through Eq. (86) one finds
[m)J5t° = (6 — [mo])t° =t" =
EBE FsTQ
95 s s -1V 7@
E
_ 9 1
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On the contrary, if we consider the Eulerian vector &, = (F’l)f) Tg, we expect that both its
projections do not vanish. As for the orthogonal component, one finds

[my]2tr = n"nstr = (n,t)ns =

* E
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whilst for the tangential projection one has
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95" S S —1\V (p—1\Q
= HP‘—STNH? {F\T/N Ng —FE[ML]V} (F ), (F1) Tg =
95" QA8 Q s
= N {60ToNS Ng — 62T MLIF | =
E
95 s s —-1\V
= FTN|2 {Tv NN~ TpME | ()] =
_ g5FTeN° | _|\v
— Y, 98 BT ()W N, =
( )s |4 IIF_TN”Q ( )s v
o _ _ n o _
=i, —(FTT,F TN>gm =i, — (F~TT,n)gn; (100)

(iii) If we consider the Eulerian vector b= Fé B9, being B? the Lagrangian vector normal to
the border edge which belongs to the tangent plane, we expect that the tangential projection
equals the same vector, whilst its orthogonal projection trivially vanishes. In fact, through the
transformation of the covariant normal vector one finds

L (F 1) Ng

rgs: r Bs:
N T

F§B® =0; (101)

and the same result is provided through Eq. (85), namely

_ 9 M, )S (B Y)Y FBR =
[F-TN|2 E YLy s TQ

S [M.]5 84 B% =
[F-TNj2 " E Ve

:LFTNSN BY =0; (102)
[F-TNjE P Y ’

As for the tangential projection, one finds

g I7b* = (67 — [m]5)b° = b7 — n"nyb* = br =
g5” WV
= HF—SW {F\T/NSNE - F]E[ML]\S/} (F1), F5B® =
95" s S\ sV
- g ) -
E
gg r RV ArS T ATS 1% 1
= 95 g BVNSNg - FENSNyBY Y =
[F-TN|2 { } IFT|
g% ENSNE 5
= 7||SF—TN||2 {FyBY} = FyBY =" (103)

If we consider the Eulerian vector b, = (F’l)? Bg, both its projections do not vanish. As for
the orthogonal component, one obtains

[m. b, = n"nsb, = (n,b)n, =

g5® S (p-1\V (—1\@Q
= ”F,TNHQ FE [ML]V (F )s (F )r BQ =
95" S p-1\V sQ
= e M ). S5 Be =
g*ENSBE _1\V _ _ n o
= ||SFfTN||2 Ny (F7'), =(F "N, F "B), 4||F*;NH =(n,b)gns;  (104)
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whilst for the tangential component one finds

[my]5br = (87 — [m1]%) by = bs — (n, b gns =

g*E v )
95" Q s Q s
= [F-rnE (97BN Ne ~68BolMLI} } =
Q*E _1\V
= ||F—§"N||2 {BVNSNE —BE[MJ_]\S/} (F 1)3 =
ETy NS v
_ —1 -1 _
= ) By~ i B0 v -
v Mg Y —
=bs — <F_TB,F_TN>9”1?77;NH =bs — (FTB,n) ns; (105)

Since the transport formulae are available for both the covariant and contravariant compo-
nents of the edge normal vector, we can proceed with a further check. As for the orthogonal
projection, one finds

R

ma Tty = m 3 { (B e - 2R e ey v | I

(F-TN,F-TN), |J1FT|

r

. FTB,FTN) R IF~TN]|
={(FTN,FTB ns S g N b2 o (106
(e, i — e pere (7 Ve ey =0 000
whilst for the tangential component one has
F-TB,FTN) R |IF-TN||
Ty = (67 — s F*lRB _< ’ QFfl N —
[mH]s (s ( s [ml]s) {( )r R <F7TN7F7TN>g ( )r R HJ—lFTH
_ I[F-"N|
{ % Br — (F~TB,n)gn, — 0} e = o (107)
(iv) The following relationships, trivial to prove, are worth considering:
(F~TB,FN), = g¢ (F )Y By Fj,NM = 6}/ By NM = 0;
(F~TT,FN), = g3 (F 1)) Ty Fj, N = )/ Ty NM =0,
(108)

since the orthogonality of the above Eulerian vectors was not evident. But, for a generic tangent
map (diverse from an isometric transformation), we expect

(FTB,FTN), #0;
(FTT,FTN), #0;
(FTT,FTB), #0;
(FT,FB), #0;
(109)

(v) It can be useful to arrange the transport relationships for the two surface projectors in the
form of a system of equations:

[ ]'r _ gg‘E Fr [M }S (Ffl)v
T T E TN T

s v v g5 ¥ v (110)
)5 = £5 [My]y (F71), + | F§ (B, — o £ (B0 | MLy
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Hence, to characterize the generic (contravariant) Eulerian vector with respect to the boundary
face, one can multiply by it both sides of the above equations, visualizing simultaneously the
results in both the Lagrangian and the Eulerian configuration. For instance, let us consider a
vector w® orthogonal to the face, such that it results [m||];w® = 0 in the Eulerian configuration.
We have

g5 _\V
(muliw® = =5 Fp MUY (F71) ) w’
[F~—"N| @)
TwS =0 = FT[M]S Fr M SfiFTM S Fflv s
[m”]sw =vu= S My t+ 5 [M1]y |[F-TNJ|2 e MLy ( )s w
By the position WV = (F’l);/ w?, one finds
[m ]rws _ ggE . [M ]S WV
FET T E TN Y
(112)
s g*E
[mH]ZwS =0= {Fg [MH]VWV + Fg - |‘F7§NH2 Fg:| [ML]€ Wv}

It is clear that, since vector w® is orthogonal to the face in the Eulerian configuration, when
transported to the Lagrangian configuration by F—1 (VF, J = det(F) > 0) it possesses
also a tangential component, namely [MH} i WV #£ 0. However, such a tangential component
through Equation (112) must give rise to a contribution equal opposite to that generated by

its normal component [MJ_]‘S/ wV.
On the contrary, when we consider a vector tangent to the same face of the Eulerian
configuration, one has

g*E
[myjw® = 0= 7||F_STN”2 FE M)y wY
s 95" 113
5 = {F§ )5 WY+ | 78 - i FE} [T WV} -

= Fg b)WY = F5WS =’

Thus, the image of such a vector through the inverse tangent map (VF, J > 0) must possess
a purely tangential component in the Lagrangian configuration, namely [Mﬂs wV =o.



