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ABSTRACT 

 

In this paper, a non-linear discrete homogenized strategy is used to reproduce out-of-plane two-way bending shake 

table tests on full-scale unreinforced masonry walls. The numerical strategy represents unreinforced masonry walls as 

an assemblage of rigid quadrilateral plates connected through non-linear interfaces represented by deformable finite-

element trusses. The material response laws for these non-linear interfaces are derived from a homogenization proce-

dure performed at the meso-scale by a finite-element plate model. This discrete model can simulate masonry or-

thotropy, full softening behaviour and failure. Bending and torsional deformation modes are represented. The 

performance of the numerical models in describing the response of the experimentally tested full-scale specimens is 

presented. The numerical strategy is then used to study the behaviour of unreinforced masonry walls in configurations 

hitherto untested. Such numerical results are then compared to state-of-the-art analytical approaches. Potential avenues 

of improvement for the implemented analytical methods are also highlighted.  

 

KEYWORDS 

 

Homogenization, Multi-scale, Out-of-plane, Two-way Bending, Unreinforced Masonry 

 

1 INTRODUCTION 

 

The out-of-plane (OOP) response of unreinforced masonry (URM) walls is a complex and ill-understood subject in 

the field of structural seismic analysis [1,2]. OOP excitation of URM walls tends to trigger two different types of 

response, i.e. the one-way bending and the two-way bending cases. Post-earthquake scenarios indicate OOP two-way 

bending to be the most common failure mode for URM walls [3–7]. This results from the fact that URM walls are 

generally found to be laterally supported in both horizontal and vertical edges rather than unsupported. Furthermore, 

one-way bending of URM wall has been extensively studied through both experimental [8–12] and numerical studies 

Link: https://doi.org/10.1016/j.engstruct.2021.112524 
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[13–16]. In converse, two-way bending has received less attention and is considered to be more complex due to ma-

sonry anisotropy, structural indeterminacy of wall configurations and internal flexural stresses acting along both di-

rections [17]. Experimentation is still of paramount importance to thoroughly understand the behaviour of URM in 

OOP two-way bending. While there is some existing literature on the OOP two-way bending response of URM walls 

([18–24]), recent works presented by Graziotti et al. [25] and Sharma et al. [26] addressed what was critically missing, 

i.e. dynamic experiments on full-scale URM panels in a two-way bending configuration. These experimental cam-

paigns [25,26] and the data generated from them [27,28] were used as a reference in this study.  

  

A plethora of numerical strategies can be found in the literature for the structural analysis of URM structures. Although 

such strategies may differ in the method and scale of analysis, it is important to note that the selection of the most 

appropriate method is largely dependent on the problem at hand [29]. Storey-mechanism [30,31] and equivalent-frame 

based approaches [32–38] preclude OOP failure modes, and were consequently unsuitable to be used in this work. In 

this context, it is important to mention works by Vanin et al. [39,40], in which the authors tried to overcome such 

limitations of these methods. More sophisticated finite element (FE) based methods can be employed at different 

geometric scales. For instance, at the meso-scale where the URM components are explicitly discretised, i.e. units and 

mortar; and at the coarser macro-scale where this is forfeited, being an equivalent homogeneous material assumed. 

Approaches at the meso-scale are accurate and can be used to capture the OOP response of URM. These require, 

however, detailed knowledge on the mechanical behaviour of the masonry components. The setback of such a level 

of detail is the large number of input parameters required [41] and the intense computational effort associated [42], 

thus limiting their application to small scale studies [43–48]. In contrast, macro-scale approaches [49–54] using con-

tinuum FE are associated with low computational effort as URM is represented by a homogenous material whose 

behaviour is specified by closed form laws. Yet, closed form solutions often need to be validated (or calibrated) with 

experimental data obtained either from in-situ or laboratory experimental investigations. Apart from FE-based numer-

ical models, one may also address discrete/distinct element models (DEM), since these allow to represent the mechan-

ical behaviour of masonry structures through a meso-modelling approach. In such models, masonry units are modelled 

as rigid or deformable blocks while joints are modelled as contact surfaces. DEM is especially suited for modelling 

the collapse of URM and other problems where large relative displacements occur. However, when analysing the OOP 

behaviour of URM structures, the accuracy of DEM models is largely dependent on the number of contact points [55]. 

Hence, DEM models tend to require significant computational costs. In this context, special mention must be made of 

the applied element method (AEM) which tries to address several disadvantages associated with DEM methods and 

has been also applied to simulate the behaviour of URM by Mayorca and Meguro [56] and Malomo et al. [57].  

 

Furthermore, homogenization based multi-scale methods have been successfully and widely used for composite ma-

terials [58,59] and represent a promising alternative. Such methods rely on a transition of information from the meso 

to the macro-scale and are hence designated as multi-scale or FE2 approaches (when finite element approaches are 

adopted at both scales). Yet, as demonstrated in the literature, a completely continuum based FE2 approach can lead 

to a high computational effort [60]. Such a shortcoming has however been circumvented by several researchers 

through the use of discrete FE-based models – at the macro-scale – along with other simplifications at both scales of 

the problem [61–66]. Such a numerical strategy can provide a good tradeoff between the advantages and disadvantages 

associated with other modelling techniques (read continuum FE based approaches and DEM), in terms of accuracy of 

the results as well as the computational effort involved. Accordingly, a non-linear discrete homogenized strategy has 

been used in this study. As per such a strategy, walls are modelled as an assemblage of quadrilateral rigid plates 

interconnected by interfaces composed by a system of non-linear deformable trusses and rigid beams. The non-linear 

material information required for the deformable trusses is derived by performing a homogenization step at the meso-

scale. A two-dimensional FE based model was also used at the meso-scale to further reduce the overall computational 

effort associated with the numerical strategy.  

 

The adopted reference experimental campaigns and numerical strategy are first presented. The validation of the nu-

merical strategy against experimental data is then carried out along with the calibration of the input parameters. It will 

be noted that enough experimental data was available in the reference experimental campaigns to proceed also with a 

FE based meso-modelling strategy for the tested URM panels. However, such a choice would result in prohibitive 

computational effort. Consequently, a homogenization based discrete strategy was adopted keeping in mind wider 

future applications of the numerical strategy including (but not limited to) extensive parametric and probabilistic stud-

ies. The validated numerical strategy after calibration was then used to understand the behaviour of URM walls under 
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OOP two-way bending action in experimentally untested configurations. State-of-the-art analytical formulations [67–

71] that had been validated against the experimental results in the reference experimental campaigns [25,26] were 

then applied against the numerical results to further test their efficiency.  

 

2 REFERENCE EXPERIMENTAL CAMPAIGNS 

 

Incremental dynamic testing of full-scale URM walls under two-way bending excitation was carried out by Graziotti 

et al. [25] and Sharma et al. [26]. These tests were carried out as part of a larger experimental campaign to assess the 

vulnerability of URM buildings under the action of induced seismicity in Groningen (the Netherlands) [72]. Four full-

scale single leaf walls, with different boundary conditions, were tested in Graziotti et al. [25]. Three of these walls 

(CS-005-RR, CS-000-RF, CSW-000-RF in Table 1) were constructed in calcium silicate (CS) brick masonry and were 

experimentally demonstrated to be of a “Weak Unit-Strong Joint” (WU-SJ) URM typology. In this context, URM can 

be broadly distinguished into two distinct typologies based on their response under pure-horizontal bending. The first 

typology can be classified as “Weak Unit-Strong Joint” (WU-SJ) and exhibits a vertical crack passing through the 

brick units and head joints under pure horizontal bending. The second typology corresponds to a “Strong Unit-Weak 

Joint” (SU-WJ) that exhibits a stepped crack passing through head joints and half a bed joint under pure horizontal 

bending. It may be pointed out that: (i) specimen CS-005-RR was restrained on all four edges and subjected to a 

vertical pre-compression of 0.010 MPa which was reduced, during the testing sequence, to 0.005 MPa when the col-

lapse of the specimen occurred; (ii) both CS-000-RF and CSW-000-RF walls had their top edge free and unloaded 

while the other three edges were restrained; (iii) the CSW-000-RF wall (Figure 1b) was characterised by the presence 

of an eccentric opening (1.79 × 2.95 𝑚2) that corresponds to almost 25% of the wall area; and (iv) Specimen CL-

000-RF (Figure 1a) was constructed in clay (CL) brick masonry and is characterized belonging to a “Strong Unit-

Weak Joint” (SU-WJ) typology, being also tested with all three edges restrained and the top edge free. A cavity wall 

consisting of a leaf each in both CS and CL masonry connected by metal ties was also tested in [25], but has not been 

considered in this study. 

 

Four single leaf CS (WU-SJ) masonry walls were tested by Sharma et al. [26]. If compared with the masonry walls 

tested by Graziotti et al. [25], these walls were constructed with similar brick units but weaker (intentionally) mortar. 

Two specimens (CS-000-RF2 and CS-000-RFV) follow the same boundary conditions of CS-000-RF [25]; which 

allows providing conclusive information on the behaviour of WU-SJ URM walls tested in this configuration. Of these 

specimens, CS-000-RFV was subjected to a simultaneous horizontal and vertical dynamic excitation. Additionally, 

two walls with two adjacent edges free were also tested; among which only one was tested until peak strength and 

collapse, i.e. CS-000-L2. Hence, only CS-000-L2 wall has been considered in this study. The walls have approximate 

dimensions of 4.00 × 2.75 𝑚2  ( length × height ), except for CS-000-L2 wall with 2.21 × 2.75 𝑚2  ( length ×
height). Returning walls with 1 m length with perfect interlocking were constructed to guarantee the full moment 

transmission (i.e. restrained edges are completely fixed). A more detailed description on how the boundary conditions 

of the panels were realised in the laboratory, along with an analysis of the degree of restraint achieved based on the 

theory of vibration of plates [73], has been provided in section 4.1. The reader is referred to [25] and [26] for more 

details on the testing setup (Figure 1c). A summary of the main features of the specimens can be found in Table 1. 

 

Table 1: Tested full-scale walls considered for this study: geometries and envisaged boundary conditions. 

 

Specimen 
l [m] 

h [m] 

m 

[kg] 

σv 

wall 

[MPa] 

σv 

RET wall 

[MPa] 

Horizontal 

restraint 

condition 

Scheme 

 
CS-005-RR 

3.98 

2.75 
2056 0.05 0.05 

Fixed (R) 

Free (F) 
 

Graziotti et al. 

[25] CS-000-RF 
3.98 

2.75 
2056 0 0.05 

Fixed (R) 

Free (F) 
 

CSW-000-RF 
3.98 

2.75 
1530 0 0.05 

Fixed (R) 

Free (F) 
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CL-000-RF 
4.02 

2.76 
2178 0 0.05 

Fixed (R) 

Free (F) 
 

Sharma et al. 

[26] 

CS-000-RFV 
3.98 

2.75 
2056 0 0.05 

Fixed (R) 

Free (F) 
 

CS-000-L2 
2.21 

2.75 
1140 0 0.05 

Fixed (R) 

Free (F) 
 

CS-000-RF2 
3.98 

2.75 
2056 0 0.05 

Fixed (R) 

Free (F) 
 

 

 
Figure 1: (a) Specimen CL-000-RF [25] post-testing, (b) specimen CSW-000-RF [25] pre-testing and (c) gen-

eral view of experimental setup adopted in Sharma et al. [26]. 

 

Characterization tests were carried out for both the addressed experimental campaigns to evaluate the mechanical 

parameters of the used masonry, namely: Young’s modulus in compression (E); strength of masonry in compression 

(fm) and flexure perpendicular to bed joints (fmt); strength under compression (fc) and flexure of mortar (ft); strength 

under compression (fu) and flexure of units (fut); and the cohesion and friction coefficient of masonry bed joints (fv0 

and μ) under direct shear [74–78]. The used CS and CL units measured 212x102x71mm3 and 208x98x50 mm3 respec-

tively and mortar joints were always 10 mm thick. These parameters are summarized in Table 2. 

 

Table 2: Mechanical characterisation of the masonry of the tested full-scale walls. 

    E fm fmt fc ft fu fut fv0 μ 

Graziotti et al. [25] 

  

WU-SJ Mean [MPa] 4784 9.74 0.95 8.49 2.72 15.31 2.61 0.81 0.46 

(CS) C.o.V. [%] 18.0 7.8 18.2 32.9 31.3 6.1 14.5 - - 

SU-WJ Mean [MPa] 7497 17.41 0.41 4.51 1.15 46.80 7.83 0.18 0.63 

(CL) C.o.V. [%] 26.3 8.5 55.3 12.5 15.8 10.9 4.7 - - 

Sharma et al. 

 

WU-SJ Mean [MPa] 5943 7.29 0.22 1.39 0.31 15.31 2.61 0.13 0.55 

(CS) C.o.V. [%] 9.6 11.75 51.1 31.9 50.3 6.1 14.5 - - 
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All the specimens were subjected to random excitations with low amplitude (encompassing a broad frequency spec-

trum) before the commencement of any testing. This was done to identify the period associated with the first natural 

mode of vibration of the walls (Table 3). This information was used for the calibration of the numerical models. 
 

Table 3: Period associated with first natural mode of vibration of the walls measured experimentally. 
Graziotti et al. [25] Sharma et al. [26] 

Specimen 
Freq. 

[Hz] 

T 

[s] 
Specimen 

Freq. 

[Hz] 

T 

[s] 

CS-005-RR 22.9 0.044 CS-000-RFV 12.4 0.080 

CS-000-RF 13.7 0.073 CS-000-L2 10.1 0.099 

CSW-000-RF 13.5 0.074 CS-000-RF2 12.8 0.078 

CL-000-RF 12.8 0.078    

 

3 NUMERICAL STRATEGY ADOPTED 

 

The multi-scale FE computational homogenization procedure implemented in this study comprises several steps that 

are described next. It is important to establish, before delving into a detailed description, the scales being referred 

throughout the article. In the context of this work, meso refers to a scale where URM is discretised explicitly into its 

components, i.e. units and mortar. In contrast, the coarser scale is designated as macro and it represents the structural 

level, meaning the space where a structure is discretized explicitly only into its geometric features. While a complete 

description of the theoretical considerations involved in the homogenization process lies outside the scope of this 

paper, an interested reader is referred to Silva et al. [79,80]. Here, this section intends only to provide a general de-

scription of the application of the three steps involved in the adopted numerical strategy while carrying out the current 

work. 

 

3.1 MESO-SCALE: MODELLING THE REPRESENTATIVE VOLUME ELEMENT  
 

The first step is performed at the meso-scale and consists of the definition of a representative volume element (RVE). 

Considering the periodic nature of the masonry texture being analysed, the definition of the RVE was done following 

the recommendations of Anthoine [81]. This repeating volume unit is given in Figure 2b and consists of a full masonry 

unit flanked by halved (1/2) head joints on both sides. Two full bed joints are present on both the top and bottom of 

this central layer. These bed joints are topped by two quarters (1/4) of units which are separated by a complete head 

joint. It is important to note that other RVE’s could be also defined, as long as when assembled the periodic masonry 

pattern can be reproduced. 

 

The adopted numerical approach allows the use of different modelling strategies at the meso-scale to model the RVE. 

Three-dimensional continuum models within detailed meso-modelling approaches that include the explicit represen-

tation of units, mortar joints and unit-mortar interface are known to provide accurate results. Still, this level of accuracy 

comes with a prohibitive computational cost and it can be challenging to find a good and stable solution within highly 

non-linear problems [82,83]. Moreover, it has already been mentioned that one of the goals of the current study is to 

develop and validate a fast and computationally attractive strategy capable of simulating the OOP two-way bending 

behaviour of URM. A Kirchhoff-Love plate model [79] was adopted based on such reasoning. 

 

Masonry units of the RVE were modelled as linear elastic quadrilateral FE plate elements with a linear interpolation 

scheme (Figure 3e). As already mentioned in section 2, the CL brick masonry of specimen CL-000-RF corresponded 

to a SU-WJ typology, while CS masonry of all other specimens corresponded to a WU-SJ typology. The FE model of 

the RVE had to take this into account and, therefore, an interface element was provided at the units mid-length for the 

WU-SJ masonry case (Figure 3b). This mid-length interface was not present in the RVE of the SU-WJ case (Figure 

3a). It is interesting to note here that brick units (continuous media) could be described by a nonlinear material behav-

iour. Such assumption would offer a more realistic mechanical description of the masonry, especially in the presence 

of significant compression stress levels that could lead to the crushing of units, as seen in [1,2]. The assumption of 

predefining the location of cracks has been mainly supported by the considered experimental data. In particular, it has 

been observed that failure of bricks – for the case of WU-SJ masonry specimens – occured through vertical mid-length 

cracking. Other literature studies have also adopted the same modelling assumption, for instance [3,4,5]. Note that 

this is particularly recommended in the cases that brick failure is mainly governed by bending, as addressed in [5]. 
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Furthermore, lumping the material nonlinearity of brick units within pre-defined interface elements brings advantages 

from a computational standpoint, i.e. the overall computational effort is lower. 

 

Mortar joints (head and bed) in both RVE’s were modelled as line interface elements with zero thickness (Figure 3d). 

All material non-linearity was concentrated in these interface elements and a multi-surface plasticity model, developed 

by Lourenço and Rots [84], was used to describe its failure envelope. Such an interface model can reproduce crushing, 

frictional slip and fracture. The elastic domain is bounded by a composite yield surface that accounts for failure as 

well as softening in tension, shear and compression (Figure 3c). For the WU-SJ RVE, the same so-called multisurface 

plasticity model [84] was also used to simulate the non-linear behaviour of the units. An exponential softening has 

been assumed for tension and shear modes. Under a compression mode, both hardening and softening have been 

assumed. The hardening onset is given for a stress three times lower than the compressive strength and the softening 

branch is defined by a parabolic law. For all the modes, softening is controlled by fracture energy terms, which are 

reported in Table 5 (𝐺𝑓
𝐼,𝑡

 in tension, 𝐺𝑓
𝐼𝐼 in shear and 𝐺𝑓

𝐼,𝑐
 in compression, respectively). A refined quadrilateral mesh 

with an approximate size of 8 mm was adopted for both the RVE models. However, it is important to note that several 

studies [85,86] point out that coarser meshes, leading to a lower computational burden, would also be adequate for 

this purpose. 

 

 

 
 

Figure 2: Schematic representation of the periodic volume element: (a) at the macro-scale or the structural 

level; and (b) at the meso-scale, where the homogenization procedures are performed. 

 

 

 
Figure 3: Detailed description of the considered RVE FE models: (a) for the SU-WJ (clay) masonry case; (b) 

for the WU-SJ (CS ) masonry case; and (c) plasticity model used for the interfaces. 
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The meso-scale RVE was modelled using the advanced finite element software DIANA [87]. DIANA has a vast in-

built element library and well-validated advanced numerical features; for instance, an arc-length algorithm within a 

secant BFGS method [88] was used in this study. With the adopted numerical strategy, the RVE can account for 

vertical debonding at the bed joints, torsional shear failure of the bed joints (important in case of SU-WJ typology) as 

well as the splitting of masonry units (important in case of WU-SJ typology); in summary all modes of failure that 

were observed during the reference experimental campaigns.  

 

3.2 MESO TO MACRO SCALE: HOMOGENIZATION  

 

Homogenization is a procedure that is performed at the meso-scale and involves solving a boundary value problem 

(BVP) on the RVE. The solution of the BVP provides an averaged response that may be then used to describe the 

constitutive relations at the macro-scale. A homogenized model based on the Kirchhoff-Love plate theory was used 

due to its straightforward nature. A Mindlin-Reissner plate theory based model could be also adopted, as both homog-

enized models have been validated with very good agreement against experimental results in Silva et al. [79]. A brief 

description of the main features of the model (i.e. Kirchhoff-Love) adopted here is provided next. For a better insight 

on the derivation of the BVP as well as the Kirchhoff-Love homogenized model, the reader is referred to [79]. 

 

The Kirchhoff-Love plate theory based homogenized model stands on the assumption that at the meso-scale (scale of 

the RVE), URM behaviour is similar to that of a Kirchhoff-Love plate, meaning that: (i) the thickness of the plate 

does not change under deformation; and (ii) that straight lines normal to the mid-surface remain straight and normal 

to mid-surface after deformation [89]. The OOP direct stress component is also assumed to be negligible, similarly to 

a plane stress condition. Thus, the Kirchhoff-Love plate theory based homogenized model decouples membrane and 

bending behaviour, with membrane and bending behaviour being considered by a plane stress model and Kirchhoff-

Love plate model respectively. The displacement vector on any point of the Kirchhoff-Love plate is denoted by 𝑢 =
[𝑢𝑥, 𝑢𝑦 , 𝑢𝑧]𝑇 and θx and θy denote the rotation about the global axes. The normal strains εz are negligible and can 

be ignored. The unknown strain vector can be calculated as 𝜀 = [
𝜕𝑢𝑥

𝜕𝑥
,

𝜕𝑢𝑦

𝜕𝑦
,

𝜕𝑢𝑥

𝜕𝑦
+

𝜕𝑢𝑦

𝜕𝑥
,

𝜕𝜃𝑦

𝜕𝑥
,

𝜕𝜃𝑥

𝜕𝑦
,

𝜕𝜃𝑦

𝜕𝑦
−

𝜕𝜃𝑥

𝜕𝑥
]
𝑇

. 

The first three terms of the strain vector denote the in-plane strains while the latter three terms denote the curvature 

(κ) of the mid-plane of the plate. Furthermore, it may be remarked that while the OOP shear strains (γxz and γyz) are 

neglected, the OOP shear forces are still indirectly considered as these are necessary to fulfil the equilibrium condition 

of the problem. With these assumptions in place and assuming periodic boundary conditions [85,90,91], the RVE is 

subjected to three modes of deformation (Figure 4). These three modes of deformation are tension along XX (Mode 

I-XX), tension along YY (Mode I-YY) and shear along XY (Mode II-XY). The internal static equilibrium of the RVE 

is solved to obtain the mesoscopic stress (σm) and strain (εm) fields (including the κ components) respectively.  

 

Macro-stress couples are obtained by the application of periodic fluctuations of rotations writen by curvature incre-

ments (∆𝜒11, ∆𝜒22, ∆𝜒12). A displacement driven approach has been adopted to define such macroscopic curvature 

increments and, therefore, suitable periodic boundary displacements are applied following the modes depicted in Fig-

ure 4. In this context, the thickness of the masonry panel is divided into several n fibers (assumed here to be n=60) 

and each fiber undergoes in-plane displacements within a plane-stress assumption, whose response is given via FE 

homogenization. Therefore, once the cross-section equilibrium is established through an iterative procedure, the mo-

ment-curvature (M-) quantities can be computed by the summation of the contribution of each fiber. The resultant 

macro-stress couples (M- curves) can thus be computed by the integration of the obtained mesoscopic stress along 

the mid-plane reference surface of the RVE, as per equation 1 (Kirchhoff-Love plate theory). It is to be noted that 

Mxy=Myx which is implicit from the definition of the RVE used.  

 

𝑀𝑥𝑥 = ∫ 𝜎𝑚,𝑥𝑥𝑧𝑑𝑧
𝑧

2

−
𝑧

2

 (Mode I-XX) 

(1) 𝑀𝑦𝑦 = ∫ 𝜎𝑚,𝑦𝑦𝑧𝑑𝑧
𝑧

2

−
𝑧

2

 (Mode I-YY) 

𝑀𝑥𝑦 = ∫ 𝜎𝑚,𝑥𝑦𝑧𝑑𝑧
𝑧

2

−
𝑧

2

 (Mode II-XY) 
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Figure 4: Deformation modes considered together with the associated output in terms of M- κ curves: mode-I 

(XX), tension along XX; mode-I (YY), tension along YY; and mode-II (XY), shear along XY. 

3.3 MACRO-SCALE: MODELLING THE FULL-SCALE WALLS  
 

This step includes the modelling of the walls at a macro-scale. The information from the previous step (M- κ curves) 

is considered as input for the macro-constitutive law. A discrete FE model based on the theoretical background of 

Rigid-Body-Spring-Mass models by Kawai [92] was used. The discrete model consists of quadrilateral rigid plates 

(with a nominal thickness of 10 mm) whose interfaces are provided by a set of deformable trusses and rigid beams 

(Figure 5). Four different types of deformable trusses were used, in which each type accounts for a different mode of 

deformation of the macroscopic unit cell and, consequently, of the wall (see Figure 6). Two of these trusses reproduce 

bending, i.e. vertical and horizontal bending (see Figure 6a,b), while the others reproduce torsional deformations (see 

Figure 6c,d). Bending trusses are placed at the mid-centre of the interfaces and torsional trusses are placed at its corners 

(Figure 5b). Mid-span hinges are added to allow torsional movements without affecting the deformed shape (see 

Figure 5b). Deformation and damage of the system are restricted only to the deformable trusses; that are analogous to 

springs in a Rigid-Body-Spring-Mass model since these possess a single degree of freedom. The mass of the system 

is assumed to be distributed on the rigid quadrilateral plates. 

 

 

  

 

 

 

 

 

 

Mode-I (  ) Mode-I (YY) Mode-II ( Y)

On-the thickness integration (expression 1)

z x

y

Mxx

Mxx

z
x

yMyy y

x

z

Mxy

Mxy
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Figure 5: Assumed discrete model at a macro-scale: (a) representation of a masonry wall; and (b) its macro-

scopic repeating unit. 

 

 
Figure 6: Deformation modes considered for the walls: (a) horizontal bending; (b) vertical bending; (c) hori-

zontal torque; and (d) vertical torque. 

 

The discrete model was implemented in the commercially available finite element environment ABAQUS [93]. The 

concrete damage plasticity (CDP) model [94,95] was chosen as the constitutive material law for the deformable trusses. 

The CDP model can reproduce the information from the meso-scale at a macro-scale, in which both elastic and ine-

lastic responses of the RVE are included. The CDP model combines a stress-based plasticity model coupled with a 

strain-based scalar damage model. The stress-strain relationship is, therefore, controlled by an isotropic damage scalar 

d as per equation 2: 

 

𝝈 = (1 − 𝑑)𝐸𝑜(𝜺 − 𝜺
𝒑𝒍) (2) 

 

in which σ represents the nominal stress tensor, Eo the Young’s modulus of the material, ε the total strain tensor and 

εpl the plastic strain tensor respectively. The damage parameter d can take a value between zero (undamaged material) 

and one (completely damaged material). The CDP model input in ABAQUS is given in terms of failure stress and 

strain (σo and εo in Figure 7). To introduce the material non-linearity, post-failure values of stress and inelastic strains 
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(εck) need to be introduced, together with the corresponding damage parameters d. In this context, εck at any point on 

the σ- ε curve can be calculated as εck=ε- εo. The damage scalar d at any point of the σ- ε curve is calculated by 

associating the damaged elastic modulus of the material (Ed) with the undamaged initial elastic stiffness (Eo) as E= Eo 

(1-d). An identical behaviour was assumed for the deformable trusses in compression and tension aiming to reproduce 

the correct forces binary of the associated OOP response. For more details on the application of the CDP model in 

ABAQUS the reader is referred to [96]. 

 

 
Figure 7: Parameters associated with the Concrete Damage Plasticity model. 

 

Thus, the M- κ curves obtained from the previous step need to be converted into σ- ε curves to serve as input for the 

constitutive laws for the deformable trusses. The representative stress values for the bending (σBT) and torsional trusses 

(σTT) were calculated through equation 3: 

 

𝜎𝐵𝑇 =
𝑀

(𝑒. 𝐴𝐵𝑇)
   ;    𝜎𝑇𝑇 =

𝑀

(𝐻. 𝐴𝑇𝑇)
 (3) 

 

In equation 3, M is the bending moment per unit of interface length, e is the gap between the rigid plates, which should 

ideally be zero but in practice is assumed small enough to be able to place trusses between elements, while H is the 

length of each quadrilateral rigid plate (Figure 5). ABT and ATT represent the cross-sectional area of bending and torque 

trusses calculated as eH/2. The ε values are calculated via a regularization process, which is necessary to guarantee 

the objectivity of the σ-ε curves from the mesh adopted at the macro-scale (especially important in the non-linear/sof-

tening range). Regularization factors are calculated as the ratio of the strain energies associated with a continuum plate 

model (∏𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑢𝑚) and an equivalent discrete model (∏𝑑𝑖𝑠𝑐𝑟𝑒𝑡𝑒) for the same deformation mode; hence ensuring a 

strain energy equivalence between the two models. The strain energies associated with a continuum plate under a 

unitary bending and torsional moment are given as: 

 

∏ =
𝐸𝑥𝑥𝐻𝑡

3

24(1−𝜈2)
(𝐻 + 𝑒) (

𝜕2𝑢𝑧

𝜕𝑥2
)
2

𝑏𝑒𝑛𝑑𝑖𝑛𝑔
𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑢𝑚,𝑋𝑋       (Mode I-XX) 

∏ =
𝐸𝑦𝑦𝐻𝑡

3

24(1−𝜈2)
(𝐻 + 𝑒) (

𝜕2𝑢𝑧

𝜕𝑦2
)
2

𝑏𝑒𝑛𝑑𝑖𝑛𝑔
𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑢𝑚,𝑌𝑌        (Mode I-YY) 

∏ =
𝐺𝑥𝑦𝐻𝑡

3

24
(𝐻 + 𝑒)

𝑏𝑒𝑛𝑑𝑖𝑛𝑔
𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑢𝑚,𝑋𝑌 (

𝜕2𝑢𝑧

𝜕𝑥𝜕𝑦
)
2

       (Mode II-XY) 

(4) 

  

 

where ν is the Poisson’s ratio (ν=0.2), t is the thickness of the wall. Note that Exx, Eyy and Gxy represent the homogenized 

elastic modulus computed at a meso-scale (RVE level) for mode I-XX, mode I-YY and mode II-XY deformations, 



11 

 

respectively (Figure 4). Similarly, the strain energy of the discrete model (∏𝑑𝑖𝑠𝑐𝑟𝑒𝑡𝑒) associated with the two bending 

and torsional deformation modes are given as: 

 

∏𝑑𝑖𝑠𝑐𝑟𝑒𝑡𝑒
𝑏𝑒𝑛𝑑𝑖𝑛𝑔

=
1

2

𝐸ℎ𝑏𝐴𝐵𝑇𝑒
2

𝑡/2
(𝐻 + 𝑒)2 (

𝜕2𝑢𝑧

𝜕𝑥2
)
2

 (Horizontal Bending) 

∏𝑑𝑖𝑠𝑐𝑟𝑒𝑡𝑒
𝑏𝑒𝑛𝑑𝑖𝑛𝑔

=
1

2

𝐸𝑣𝑏𝐴𝐵𝑇𝑒
2

𝑡/2
(𝐻 + 𝑒)2 (

𝜕2𝑢𝑧

𝜕𝑦2
)
2

 (Vertical Bending) 

∏𝑑𝑖𝑠𝑐𝑟𝑒𝑡𝑒
𝑡𝑜𝑟𝑠𝑖𝑜𝑛 =

1

16

𝐸𝑡𝑜𝑟𝐴𝑇𝑇𝑒𝐻
3

𝑡
(𝐻 + 𝑒)2 (

𝜕2𝑢𝑧

𝜕𝑥𝜕𝑦
)
2

 (Torsional moment) 

(5) 

 

In equation 5, Ehb, Evb and Etor refer to the Young’s modulus of the trusses of the discrete model taking into account 

horizontal bending, vertical bending and torsional deformation modes respectively (Figure 6). ABT and AT refer to the 

cross-sectional area of bending and torsional beams and trusses respectively. By assuring the energy equivalence 

between the continuum and discrete media i.e. equating the expressions from Equations 4 with their respective coun-

terparts from Equation 5; Ehb, Evb and Etor  are calculated as: 

 

𝐸ℎ𝑏 =
𝐸𝑥𝑥𝑡

4𝐻

12(1−𝜈2)(𝐻+𝑒)𝑒3𝐻
 (Horizontal Bending) 

 𝐸𝑣𝑏 =
𝐸𝑦𝑦𝑡

4𝐻

12(1−𝜈2)(𝐻+𝑒)𝑒3𝐻
 (Vertical Bending) 

𝐸𝑡𝑜𝑟 =
2𝐺𝑥𝑦𝑡

4

3𝐻2𝑒(𝐻+𝑒)
 (Torsional moment) 

(6) 

 

In this context, individual regularization factors can be calculated for each deformable truss. It is to be noted here that 

Mxy was assumed to be equal to Myx. Consequently, though accounting for different modes of deformation of the wall 

(Figure 6), the mechanical behaviour of both horizontal and vertical torsional truss is the same. Therefore, their 

Young’s modulus is alike and are both computed from Gxy. It should also be noted that the Young’s modulus of every 

deformable truss, obtained through energy equivalence, is calculated at a point (εp, σp,) in which one-third of the peak 

stress (3σp) is attained. For example, the regularization factor for the horizontal bending trusses (fr,hb) can be calculated 

as per Equation 7: 

 

𝑓𝑟,ℎ𝑏 =
𝜎𝑝

𝜀𝑝𝐸ℎ𝑏
  (7) 

 

The obtained regularization factors are used to affect the curvature (κ) values of each curve aiming to scale and regu-

larize them. Regularizing the strain/curvature rather than the stress/moment quantities has the additional advantage of 

regularizing the post-peak values and as a result the fracture energy itself. The σ- ε curves obtained by the methodology 

outlined in this section act as input for the CDP constitutive law assigned to the deformable truss of the discrete macro-

scale model. 

 

 
Figure 8: Scheme outlining the transferring of the material information between scales (the represented 

curves are hypothetical). 
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4 VALIDATION OF THE NUMERICAL STRATEGY 

 

Incremental dynamic shake table tests performed on URM walls and given in [25,26] are taken as case studies to 

validate the numerical strategy. Dynamic loading is fundamentally different from a static loading. The former involves 

subjecting the wall to a series of accelerations, while the latter involves applying a pre-defined and time-invariant load. 

Although in a real earthquake scenario a wall is always subjected to dynamic actions, such type of analyses leads to 

less control from a structural analysis standpoint and are far more computationally expensive when compared to a 

pushover analysis. In fact, pushover analyses allow a better characterisation of load-displacement behaviour as well 

as the progression of damage/cracks. For a more detailed discussion on the different behaviour exhibited by URM 

structures under dynamic and static loading, the reader is referred to Calvi et al. [97] and Graziotti et al. [72]. 

 

In such a context, non-linear static (pushover) analyses were performed on the studied walls (Table 1). Loading was 

applied on the rigid plates as a monotonically increasing uniform pressure load in the OOP direction. Implementation 

of the macro-scale problem in ABAQUS [93] also allowed the use of its advanced equation solving strategies such as 

a modified form of the Riks (viz. arc-length) method [88,98,99] and the line search algorithm, helping to overcome 

potential convergence problems in the highly non-linear range. Performing dynamic analyses on models of walls 

developed adopting the approach outlined in this article remains an avenue that needs to be explored further.  

 

4.1 BOUNDARY CONDITIONS  
 

Boundary conditions can have a significant influence on the OOP response of URM panels [100,101]. In the laboratory, 

the restraint along the vertical edges of the tested walls was achieved with return walls of 1 m length and full inter-

locking: alternating rows of headers from the wall and stretchers from the return walls. The return walls were pre-

compressed with an overburden of 0.05 MPa and were effectively restrained from any OOP movement. Restraint 

along the bottom edge was in the form of a mortar joint between the lowermost course of bricks and a RC foundation 

anchored to the shake table. In the case of CS-005-RR wall, restraint at the top edge was provided by steel profiles 

clamping the top layer of bricks and by using high strength mortar to fill the gap between the bricks and the profiles. 

Considering the different methods adopted, it is unlikely that vertical and bottom edges provide the same degree of 

restraint. This is also supported by the crack pattern/failure mechanism observed experimentally for CS-005-RR in 

[25].  

 

In fact, it has already been reported in Sharma et al. [26], through the theory of plates, that the experimentally measured 

displacement at the peak load capacity corresponded to a degree of restraint that lies in between a fully fixed and 

simply support for the vertical edges. For the sake of simplicity and since different construction methods were used at 

the vertical and horizontal edges, an intermediate fixity (between fixed and simply supported) was adopted only at the 

vertical edges and full moment transmission (fixed boundary condition) was assumed for the restrained horizontal 

edges. Such an assumption is also justified by experimental observations, in which horizontal cracks controlled by the 

vertical bending response (and the degree of fixity at horizontal edges) of masonry typically occur before the peak 

load capacity of wall is reached and are therefore unlikely to contribute to their full capacity [102–104]. An interme-

diate support condition i.e. between a fully fixed and simply supported scenario was simulated by providing another 

set of rigid and linear-elastic deformable trusses at the vertical edges. Such trusses are similar to the assemblage 

accounting for horizontal bending of the wall (Figure 6a). However, their Young’s modulus was calculated by cali-

brating the period of the modelled wall with the period of the first natural mode of vibration measured experimentally 

using random vibration tests (Table 3).  

 

The calibrated period of the first natural mode of vibration of the numerical models is compared with those corre-

sponding to the limiting numerical scenarios i.e. assuming fully-fixed (FF) and simply-supported (SS) conditions at 

the vertical edges along with experimentally measured values (Table 3) in Figure 9. The values of stiffness that had 

to be adopted for the edge trusses to obtain the calibrated periods corresponded to Ehb values calculated (as per equa-

tion 6) using 0.6-0.9 Exx. Here, Exx refers to the homogenized elastic stiffness values for each wall (reported in the 

following section in Table 4). As previously described, CS-005-RR was the only specimen for which three different 

methods of restraint was used. Thus, for the sake of simplicity, full-fixity on both vertical and horizontal edges is 

assumed. Consequently, the numerical period is slightly lower (~ 5%) than the experimental one. As regards CSW-

000-RF, a reinforced concrete lintel was present above the window, which was not modelled. Thus, the edge trusses 
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for CSW-000-RF were not calibrated against its measured period and the wall was modelled by simply creating an 

opening in the calibrated model of CS-000-RF. 

 

 
Figure 9: Comparison of the period of the first natural mode of vibration of the numerical models of the walls: 

calibrated (Calib.) vs. limiting scenarios of restraint at the vertical edges (FF: fully fixed and SS: simply-sup-

ported) along with experimentally measured values (Exp.) 

 

4.2 MATERIAL PROPERTIES 

 

Material properties need to be defined at the meso-scale during the homogenization process at the RVE level. For all 

three sets of URM walls analysed the elastic homogenized parameters (Exx, Eyy, Gxy) are summarised in Table 4 while 

the associated M- κ curves (section 3.2)  are provided in Figure 10. Note that similar Exx values were obtained for both 

the WU-SJ batches. This is expected since horizontal bending for WU-SJ cases is controlled by units and the same 

units were used for both batches. 

  

Material non-linearity is lumped on the interfaces and the multi-surface plasticity model by Lourenço and Rots [84] 

was used  (Figure 3c). For the SU-WJ masonry (Figure 3a), interface elements were placed only at the unit-mortar (U-

M) interface. For the WU-SJ masonry (Figure 3b), an additional interface (U-U) was placed at the mid-length of the 

unit to simulate the splitting of units. The material properties required as input for the BVP at a meso-scale were 

defined taking into account the data available from the mechanical characterization tests and provided in Table 2. It 

is to be noted that the adopted properties do not refer (in some cases) to the experimental mean values due to numerical 

calibration. Yet, it may be highlighted that the calibration was developed by varying the material properties values, 

through a trial and error approach, within the bounds of the experimentally measured C.o.V to achieve good agreement 

in terms of the progression of damage, load capacity and the corresponding displacement. Both U-M and U-U inter-

faces properties are summarised in Table 5 for all batches to ensure reproducibility of the reported results. An expo-

nential softening has been assumed for both tension and shear modes. Under a compression mode, both hardening and 

softening have been assumed: the hardening onset occurs for a stress that is three times lower than the compressive 

strength, and the softening branch is defined by a parabolic law. For all the considered modes, softening is controlled 

by fracture energy terms, which are reported in Table 5 (𝐺𝑓
𝐼,𝑡

 in tension, 𝐺𝑓
𝐼𝐼 in shear and 𝐺𝑓

𝐼,𝑐
 in compression, respec-

tively). These have been assumed following values reported in the literature [105]. 
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Table 4: Homogenized elastic parameters adopted for all the URM batches analysed. 

 

 Masonry (composite) Brick units Mortar joints 

URM batches Exx [MPa] Eyy [MPa] Gxy [MPa] Eu [MPa] Gu [MPa] Emj [MPa] Gmj [MPa] 

WU-SJ (CS)  

Graziotti et al. [25] 
4834 4591 1742 5000 2000 3600 1385 

SU-WJ (CL)  

Graziotti et al. [25] 
10806 5841 2698 20000 9090 1300 580 

WU-SJ (CS)  

Sharma et al. [26] 
3234 3079 1048 5000 2000 700 269 

 

 
Figure 10: Moment curvature (M-κ) curves associated with all three batches of URM analysed. 

The only material property beyond the variability exhibited by the mechanical characterisation was the cohesion (fv0) 

assigned to the U-M interface for the WU-SJ (CS) masonry tested by Sharma et al. Since the fv0 of the U-M interface 

has little significance in the strength of WU-SJ URM (being controlled primarily by the U-U interface), the assumed 

value is equal to the one measured for WU-SJ URM by Graziotti et al. [25]. The value adopted can also be justified 

by the much higher torsional shear strength (the governing mode of shear in walls under OOP two-way bending) that 

was experimentally measured; when testing masonry couplets under torsional shear using a novel mechanical charac-

terization test in [25]. 

 

Table 5: Material properties of masonry used for the interface elements for all batches of URM analysed to 

obtain the calibrated experimental response. 

 Graziotti et al. [25] Sharma et al. [26]  

 WU-SJ SU-WJ WU-SJ 

 (CS) (CL) (CS) 

 U-M U-U U-M U-M U-U 

Tensile Strength [MPa] 0.62 2.20 0.25 0.34 2.20 

𝑮𝒇
𝑰,𝒕

 [N/mm] 0.03 0.03 0.02 0.02 0.03 

Cohesion [MPa] 0.81 1.50 0.34 0.81 1.50 

Friction coefficient [tan] 0.46 0.46 0.57 0.46 0.46 

Dilatation coefficient [tan] 0.36 0.36 0.36 0.35 0.36 

Residual Friction coefficient [tan] 0.27 0.27 0.27 0.27 0.27 

𝑮𝒇
𝑰𝑰 [N/mm] 0.05 0.05 0.03 0.05 0.05 

Compressive strength fc [MPa] 8.49 15.31 17.41 1.39 15.31 

𝑮𝒇
𝑰,𝒄

 [N/mm] 0.50 1.00 1.00 0.40 1.00 
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4.3 NUMERICAL VS. EXPERIMENTAL RESULTS 

 

The numerical results are compared next with the experimental data. The comparison is given in terms of the progres-

sion of damage and load-displacement (capacity) curve. Numerically, the load-displacement curve was calculated 

from the pushover analyses by plotting the sum of reaction forces at all restrained nodes of the numerical model vs. 

displacement at a specified node. Experimental time-histories of inertial forces associated with the tested walls were 

computed by multiplying the acceleration recorded by accelerometers with a tributary mass assigned to them. To 

facilitate the comparison with the numerically obtained results, both positive (towards the return walls) and negative 

(away from the return walls) [25] experimental load-displacement hysteresis curves are plotted in the positive quadrant. 

Also, all the tested specimens were significantly instrumented [27,28] and experimental displacements were directly 

measured at the nodes where the numerical load-displacement (capacity) curves are plotted using appropriate instru-

mentation i.e. potentiometers and optical measurement systems. Numerically, the progression of damage was tracked 

by plotting the damage scalar (d) of the deformable trusses to which the CDP model (Figure 7) had been assigned. 

Special attention is given to the numerical identification of mechanisms that leads to the development of the peak load 

of the walls.  

 

Weak Unit- Strong Joint (WU-SJ) Walls 

 

Weak Unit-Strong Joint (WU-SJ) walls constitute the majority of the tested specimens tested in [25] and [26]. A total 

of three specimens: CS-000-RF from [25], CS-000-RFV and CS-000-RF2 from [26], had been tested with three edges 

restrained and the top edge kept free. All three specimens had exhibited a very similar response [26]. These specimens 

exhibited a brittle behaviour i.e. the onset of cracking and the collapse took place over a very limited number of 

loading cycles. Figure 11b demonstrates the experimental failure mechanism of these walls. Damage appeared in the 

form of line cracking, involving the splitting of units, at the centre of the wall and their connection with the return 

walls. Load capacity started decreasing when all the latter cracks are formed, which subsequently led to the overturn-

ing and collapse of the wall about a horizontal hinge surface. Such a surface is defined by a horizontal line crack as 

given in Figure 11b, whose location in the height of the panel is directly dependent on the length of the vertical line 

cracks. It is to be noted here that for the case of CS-000-RF2, the complete overturning of a portion of the wall (marked 

in grey in Figure 11c) was prevented by the presence of wire-potentiometers that were still recording when it collapsed 

[26]. Very similar load capacity values (Figure 11a) were exhibited by all the three walls, despite the relatively lower 

mechanical properties of the mortar joints of specimens CS-000-RFV and CS-000-RF2 when compared to CS-000-

RF (Table 2). Peak load capacity was also reached at a similar displacement (around 6 mm) by both CS-000-RF and 

CS-000-RFV. In converse, the CS-000-RF2 registered a displacement of 15 mm at the peak strength of the curve, this 

higher value being attributed in Sharma et al. [26] to the even faster progression of damage, as compared to CS-000-

RF and CS-000-RFV. 

 

A promising agreement was found between the numerical and experimental results concerning the damage observa-

tions. The numerical damage onset took place in the form of horizontal cracking near the base of the wall and through 

vertical line cracking in the proximity of the vertical edges (Figure 11c). This was followed by the development of a 

vertical line crack in the centre of the panel when the peak load capacity was attained. The experimental load-dis-

placement curve is given here for the CS-000-RF only (see Figure 11a) due to the similarity of the responses between 

the studied walls. Nonetheless, the peak load capacity and the corresponding displacement are also plotted for CS-

000-RFV and CS-000-RF2. Figure 11a shows that a good agreement was observed in terms of peak load capacity 

between the numerical and experimental data with an average relative difference of approximately 20%. Although 

acceptable, note that such average relative difference is accentuated since the numerical model catches the entire 

height of the tested wall panel to be involved in the failure mechanism. Experimentally, the height of the panel in-

volved in the failure mechanism was always shorter, presumably due to intra-wall variability of material properties 

[28]. The displacement at which peak load capacity occurred was slightly underestimated. For these walls, displace-

ments (both experimental and numerical) are plotted at the centre of the free top edge. It is to be noted here that 

collapse cannot be explicitly captured using the numerical model due to the intrinsic brittle response being simulated 

and associated typical numerical convergence issues. Still, one may assume that numerically collapse occurs when 

cracks join to form a mechanism, i.e. when the vertical cracks met the horizontal crack at the base of the panel. The 

post-collapse part (dashed line) of the numerical load-displacement curve in Figure 11a was, therefore, assumed by 

the authors through linear extrapolation. It is also to be noted that CS-000-RFV was subjected to a simultaneous OOP 
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and vertical excitation. Vertical dynamic excitation was not considered since applying it through a static fashion via a 

‘push-down’ strategy would be arguable especially when simultaneously applying a ‘push-over’ load. Nevertheless, 

it is to be noted that the effect of the vertical excitation seemed negligible as: the failure mode was controlled by the 

splitting of units (as expected in a WU-SJ type of masonry); and due to the difference in the frequency content of the 

applied excitations [26]. 

 

 
Figure 11: Comparison between experimental and numerical response for WU-SJ walls restrained on all three 

sides and free at the top (i.e. CS-000-RF [25], CS-000-RFV [26] and CS-000-RF2 [26] in Table 1): (a) experi-

mental and the numerical load-displacement behaviour; (b) experimental progression of damage; (c) numerical 

progression of damage; and (d) snapshots of the experimental collapse of CS-000-RF.  

 

Regarding the CSW-000-RF wall, it has the same dimensions than CS-000-RF but an eccentric opening is present. 

The RC lintel above the opening was neglected in the modelling. Despite such a simplification, a particularly good 

agreement was again observed between the numerical and experimental results. Peak load capacity in both experi-

mental and numerical scenarios, was attained when vertical line cracks appeared at the connection with the left return 

wall and the upper right extremity of the opening. The initiation of a horizontal crack was also observed both experi-

mentally and numerically at the lower left corner of the opening (Figure 12b,c). At the end of experimental testing, 

CSW-000-RF was heavily damaged with negligible residual capacity towards both OOP or vertical in-plane loads 

(Figure 12d) [25]. Although extensive cracking was documented at the end of testing, Graziotti et al.[25] noted that 

the failure mechanism was triggered by a diagonal cracking that developed from the left edge of the opening to the 

left return wall (see Figure 12e). This was also captured by the numerical model, though at a slightly lower height as 

shown in Figure 12c. 
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Figure 12: Comparison between the experimental and numerical response for the WU-SJ walls restrained on 

all three sides and free at top and with an eccentric opening (i.e. CSW-000-RF [25] in Table 1): (a) experimental 

and the numerical load-displacement behaviour; (b) experimental progression of damage; (c) numerical pro-

gression of damage; and (d) CSW-000-RF at the end of testing. 

 

Specimen CS-000-L2 was tested in Sharma et al. [26] with adjacent horizontal and vertical edges free. Even for this 

configuration, the initiation of cracking and the collapse for the specimen occurred simultaneously. Again, the onset 

of damage was in the form of a line crack at the connection with the return wall connection, extending from the top 

edge to mid-height of the panel. This was immediately followed by the overturning of the cracked portion of the panel 

(Figure 13b and d). Numerically, it was observed that the onset of damage took place in the proximity of the free edge 

near the base of the wall (Figure 13c). However, both the numerical peak load capacity and the collapse of the speci-

men were developed in the same fashion as observed experimentally, i.e. overturning and the collapse of the wall after 

the formation of line cracks at the restrained vertical edge. The peak load capacity was estimated quite well by the 

model, with a relative difference of just 6% with respect to what was experimentally measured.  Regarding specimen 

CS-005-RR [25], it is impossible to numerically attain the unsymmetrical crack observed at the onset of experimental 

damage (Figure 14b). Nevertheless, both numerical and experimental mechanisms were very similar. An excellent 

agreement could also be observed in terms of peak load capacity as well as the associated displacement (Figure 14a). 
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Figure 13: Comparison between the experimental and numerical response for the WU-SJ wall restrained on 

all two adjacent sides only (i.e. CS-000-L2 [26] in Table 1): (a) experimental and the numerical load-displace-

ment behaviour; (b) experimental progression of damage; (c) numerical progression of damage; and (d) snap-

shots of the experimental collapse of CS-000-L2. 

 

 
Figure 14: Comparison between the experimental and numerical response for the WU-SJ walls restrained on 

all four sides (i.e. CS-005-RR [25] in Table 1): (a) experimental and the numerical load-displacement behaviour; 

(b) experimental progression of damage; (c) numerical progression of damage; and (d) CS-005-RR at the end 

of testing 
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Strong Unit- Weak Joint (SU-WJ) Wall 

 

A single SU-WJ wall (CL-000-RF) with three edges restrained and the top edge free was tested by Graziotti et al. [25]. 

Initiation of damage for this wall took place in the form a horizontal crack near the base of the wall (Figure 15b). 

Although the wall partially collapsed onto the shake-table (Figure 1a and Figure 15d), the mechanism leading to the 

development of its peak load capacity was reproduced by a careful examination of a video recording of the test in [25] 

(Figure 15b,d). The exact progression of damage was reproduced also by the model (Figure 15c). Again, a good 

agreement with experimental measurements was observed in terms of peak load capacity with a relative difference of 

2%. 

 
Figure 15: Comparison between experimental and numerical response for SU-WJ walls restrained on all three 

sides and free at the top (i.e. CL-000-RF [25] in Table 1): (a) experimental and the numerical load-displacement 

behaviour; (b) experimental progression of damage; (c) numerical progression of damage; and (d) snapshots 

of the experimental collapse of CL-000-RF. 

 

The numerical strategy was observed to give results in excellent agreement with the experimental ones for both the 

WU-SJ and SU-WJ URM walls, both in terms of damage evolution and capacity. Generally, the numerical displace-

ment at which peak load capacity was attained was consistently slightly under-estimated. However, this is presumably 

a result of the cyclic degradation of the strength and stiffness that occurred experimentally since incremental dynamic 

tests had been performed. In contrast, the numerical analyses adopted a pushover-based approach and such degradation 

phenomena were disregarded owing to the monotonic nature of the loading.  

 

5 RESPONSE PREDICTION OF UNTESTED URM WALL CONFIGURATIONS 

The numerical models presented in the previous section were used to predict the behaviour of SU-WJ walls in untested 

configurations (with respect to the reference experimental campaigns [25,26]). The numerical results were compared 

with state-of-the-art analytical methods [67,68] based on the virtual work method that had been already validated for 

the tested WU-SJ walls in [25,26]. 
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Numerical Response prediction for Untested Strong Unit- Weak Joint (SU-WJ) Walls 

 

Numerical analysis was performed on SU-WJ walls restrained on all four edges (N-CL-000-RR analogous to CS-005-

RR in [25] ) and restrained on only two-adjacent edges (N-CL-000-L2 analogous to CS-000-L2 in [26]) (Figure 16b). 

It is important to note here that conversely to CS-005-RR [25], no pre-compression of 0.05 MPa was assumed on the 

top horizontal edge and the same reflects in its name i.e. N-CL-000-RR with N denoting that the results are numerical. 

This was assumed to use exactly the same material properties derived via the calibration of the CL-000-RF specimen 

response. As no experimental information was available on the fundamental mode of vibration period of these walls, 

an intermediate fixity at vertical edges was not assumed. Instead, all the supported edges were fixed. Adopting such 

an assumption also allows a fair comparison with state-of-the-art analytical methods.  

 

The failure mechanisms predicted for both N-CL-000-L2 and N-CL-000-RR follows the expected ones i.e. the stand-

ard failure mechanisms for URM walls under OOP two-way bending [104] (see Figure 17). The significant differences 

found in terms of stiffness and load capacity values observed for the N-CL-000-L2, CL-000-RF and N-CL-000-RR 

are explained by the different boundary conditions. However, an important remark may be addressed concerning the 

SU-WJ walls as compared to their WU-SJ counterparts. Walls belonging to the SU-WJ typology presents a much 

more diffused damage for the peak load capacity value (Figure 15c, Figure 16c and Figure 16d). Regarding WU-SJ 

walls, the damage was highly localised and the associated values for the damage scalars (d) for the peak load capacity 

case are much higher (Figure 11c, Figure 12c and Figure 14c). This is also consistent with the expected behaviour 

since the failure of WU-SJ masonry is primarily dominated by the splitting of units, a mechanism far more brittle 

compared to the torsional shear failure of bed joints that controls the strength of SU-WJ masonry.  

 

 

 
Figure 16: Numerical predictions for the SU-WJ walls hitherto untested using material properties of calibrated 

SU-WJ specimen (i.e. CL-000-RF [25] in Table 1): (a) numerical load-displacement behaviour; (b) dimensions 

and boundary conditions of the walls considered numerically; (c) numerical progression of damage for N-CL-

000-L2; and (d) numerical progression of damage for N-CL-000-RR. 
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Comparison between numerical and analytical approaches 

 

Analytical approaches and design rules remain the most widely and commonly used methods in engineering practice 

because of their simplicity. State-of-the-art analytical methods to assess the strength of URM walls in two-way bend-

ing are based on the virtual work method, which has been codified in a tabular form by Lawrence and Marshall [67] 

and adopted by the Australian normative for URM structures (AS 3700 [106]). The virtual work method requires the 

knowledge of the failure mechanism associated with a wall to calculate the associated load capacity. In this context, 

the codified method [67,68] implicitly assumes a standard failure mechanism for the wall under two-way OOP bending 

and based on its geometry and boundary conditions from those shown in Figure 17.  

 

 
 

 

Figure 17: Failure mechanisms under out-of-plane two-way bending corresponding to various wall configura-

tions assumed by the codified form of the virtual work method (reproduced from [104]). 

Assuming a standard failure mechanism, the method calculates the peak load capacity (kN) of a URM wall under OOP 

two-way bending as per equation 8:  

 

𝑃𝑒𝑎𝑘 𝐿𝑜𝑎𝑑 𝐶𝑎𝑝𝑎𝑐𝑖𝑡𝑦 =
2𝑎𝑓

𝑔 × 𝐿𝑑
2
(𝑘1𝑀ℎ + 𝑘2𝑀𝑑) × 𝐿 × 𝐻 

(8) 

 

in which k1, k2 and af are coefficients dependent on the associated failure mechanism and can be obtained in Lawrence 

and Marshall [67] as well as AS 3700 [106]. Ld is the effective length of the wall which depends on its boundary 

conditions and presence or absence of an opening; L and H are, respectively, the length and height of the wall being 

assessed while g is the acceleration due to gravity. The only material strength related terms in Equation 8 are Mh and 

Md which denote moment capacities associated with horizontal and diagonal bending per unit crack length. In this 

context, it is important to note that the coefficient k1 multiplied with Mh incorporates another numerical factor given 

by Rf, which allows the consideration of weighted contributions of the horizontal bending at the vertical supports of 

the wall. Rf ranges between 0 and 1 with a value of Rf=1 implying a full-moment transmission.  
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Several approaches are available in literature to compute Mh and Md . The equations for Mh and Md in AS 3700 [106] 

are empirical and dimensionally inconsistent and, therefore, disregarded in this work. However, significant improve-

ments to these equations were carried out by Willis [69] and Vaculik [104]. These improvements resulted in rational 

mechanical equations to calculate both Mh and Md that are reported next: 

 

𝑀ℎ  = 𝑙𝑒𝑠𝑠𝑒𝑟 𝑜𝑓

{
 
 

 
 

1

2(ℎ𝑢 + 𝑡𝑗)
[(𝑓𝑢𝑡 − 𝜈 ∙ 𝜎) ∙ ℎ𝑢

𝑡𝑢
2

6
]   (𝑊𝑈 − 𝑆𝐽)

    
1

ℎ𝑢 + 𝑡𝑗
[𝜏𝑢 ∙ 𝑘𝑏 ∙ 0.5 ∙ (𝑙𝑢 + 𝑡𝑗) ∙ 𝑡𝑢

2]    (𝑆𝑈 −𝑊𝐽)

 
(9) 

𝑀𝑑 =
sin𝜑

ℎ𝑢 + 𝑡𝑗
[(sin𝜑)3 ∙ 𝜏𝑢 ∙ 𝑘𝑏 ∙ 0.5 ∙ (𝑙𝑢 + 𝑡𝑗) ∙ 𝑡𝑢

2 + (cos 𝜑)3 ∙ (𝑓𝑚𝑡 + 𝜎) ∙
0.5 ∙ (𝑙𝑢 + 𝑡𝑗) ∙ 𝑡𝑢

2

6
] (10) 

in which lu, hu and tu are the length, height and thickness of a brick unit; tj is the thickness of a mortar joint; φ is the 

assumed global slope of a stepped diagonal crack calculated from unit geometry as 2(hu+tj)/(lu+tj) implying that diag-

onal stepped cracks follow the natural slope dictated by the size of units and their bond (overlap); fmt is the flexural 

tensile strength of masonry as a composite; fut the flexural tensile strength of a brick unit, σ is the vertical pre-com-

pression at mid-height of the wall and ν is the Poisson’s ratio of masonry which was taken as 0.2 here. The parameter 

τu denotes the ultimate torsional shear stress in a masonry bed joint, while kb multiplied with it is a numerical factor 

whose value depends on the distribution of shear stresses in the bed joint when peak torsional shear response is attained.  

 

Different approaches can be adopted to calculate τu. The state-of-the-art currently in literature is an empirical relation-

ship proposed by Willis [69], in which τu=0.9σ+1.6fmt,  fmt being the flexural tensile strength of masonry [75]. Willis 

also proposed adopting a value of 0.208 for kb, implying an elastic shear stress distribution when peak torsional shear 

response is attained. It is interesting to note here that fmt controls the strength of the vertical bending and has residual 

importance for horizontal bending. Horizontal cracks, due to vertical bending, were observed to form much before the 

attainment of peak load capacity in all tested/modelled specimens and are unlikely to contribute significantly to peak 

load capacity. The influence of vertical bending/horizontal cracks is not taken into account for the adopted analytical 

approaches because of the same observation by other experimental studies [102,103]. Shortcomings of this relation-

ship were also highlighted in the reference experimental studies and consequently it was not considered in this work. 

Instead, torsional shear strength values that were measured experimentally by Graziotti et al. [25] in the reference 

experimental campaign was used to perform the calculations reported in Table 6, in order to minimize uncertainities 

associated with calculating this parameter (i.e. by relationships proposed by [69,107]). The torsional shear strength of 

the URM used to construct CL-000-RF was experimentally measured as τu=1.55σ+1.07 from torsional shear experi-

ments performed on masonry couplets, assuming again an elastic distribution of stress when peak torsional shear 

response is attained i.e. kb =0.208. Moreover, since full-moment transfer was assumed at the vertical edges in the 

numerical models of N-CL-000-RR and N-CL-000-L2, a value of Rf=1 was adopted for their analytical calculations. 

In the case of CL-000-RF, a value of Rf=0.6 was adopted as edge trusses having Ehb values corresponding to 0.6Exx 

(see section 4.1) had been used to obtain the calibrated experimental response. 

 

 

Table 6: Comparison of analytical predictions of peak load capacity of specimens with numerical results. 

 Peak Load Capacity Difference 

 Experimental [kN] Numerical [kN] Analytical [kN] (Analytical w.r.t. Numerical) 

CL-000-RF 36.80 37.63 38.26 +1.67% 

N-CL-000-RR - 57.48 53.96 -6.12% 

N-CL-000-L2 - 9.72 15.62 +60.70% 
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A good agreement can be observed in Table 6 between numerical and analytical results for CL-000-RF and N-CL-

000-RR. However, in the case of N-CL-000-L2, the analytical approach overestimates the peak load capacity by al-

most 60%. While further research is also warranted into understanding τu, the torsional shear strength of bed joints, 

another aspect that needs to be investigated is the underlying assumptions of the analytical formulation which was 

applied here. The applied method assumes that peak moment capacities of all diagonal and horizontal cracks of the 

assumed failure mechanism (Figure 17) are reached simultaneously. This assumption seems reasonable for the 

tested/modelled WU-SJ walls, considering the simultaneous appearance of localized cracks associated with high val-

ues of damage (d) observed for them. However, in the case of the numerically modelled SU-WJ walls, it can be 

appreciated from Figure 15f, Figure 16b,d that peak load capacity is associated with more diffused yet lighter damage 

(lower d values) throughout the panel. In case of specimen N-CL-000-L2 (Figure 16a), the initiation of damage oc-

cured much before the attainment of peak load capacity, leading to a possible accentuation of such effects. It is inter-

esting to note that a similar difference in the cracking behaviour i.e. localized high damage vs. diffused lower damage 

of WU-SJ (CS brick) and SU-WJ (CL brick) URM walls under in-plane loading was also observed experimentally by 

Korswagen et al. [108].  

 

In the case of WU-SJ walls, good agreement in [25,26] was also found for the analytical methods when using a value 

of Rf=0.5, as recommended by Griffith and Vaculik [109]. However, it was remarked in Sharma et al. [26] that the 

assumption of Rf=0.5, meaning that 50% of the horizontal bending moment capacity at vertical edges contributing to 

the peak load capacity of the wall could give a good fit as a result of all cracks not reaching their full capacity simul-

taneously. Conversely, AS 3700 [106] and Griffith and Vaculik [109] suggest that Rf=0.5 is presumably indicative of 

a boundary condition intermediate between a simply supported (Rf=0) and completely fixed (Rf=1) scenario being 

realized at the restrained vertical edges. The numerical models seem to indicate the same as Sharma et al. [26]: good 

agreement between numerical and experimental results for WU-SJ walls was achieved adopting an almost fully-fixed 

condition at the vertical edges (Figure 9). 

 

Such observations highlight several possible interesting future applications of the proposed modelling approach. For 

SU-WJ walls, the load capacity is visibly controlled by both horizontal and diagonal bending resulting in vertical and 

diagonal stepped cracks, respectively. As already noted, these cracks develop progressively over the load-displace-

ment behaviour of the walls. Consequently, different contributions are expected from the horizontal and diagonal 

bending components towards the wall capacity. While this is implicitly accounted for by the proposed numerical 

model, it is disregarded by the analytical approaches used here. Considering the low computational effort associated 

with the adopted numerical strategy [110], extensive parametric analysis could be performed to evaluate their separate 

weighted contributions and, accordingly, to improve the latter analytical methods. Such improvements should be di-

rected towards calculating factors incorporated in the terms k1 and k2 in equation 8 accounting for weighted contribu-

tions of Mh and Md. Another interesting application may be the investigation of the diagonal bending contribution to 

the capacity of WU-SJ walls within certain configurations. WU-SJ walls, in certain configurations (Figure 11, Figure 

12 and Figure 13), tend to exhibit only damage corresponding to horizontal bending at the attainment of peak load 

capacity; this was seen both at numerical and experimental levels ([25][26]). In this context, it is interesting to note 

that the virtual work method was explicitly applied taking into account experimentally observed failure mechanisms 

instead of the standard ones assumed by the codified form in Graziotti et al. [25]. An even better agreement as com-

pared to the codified virtual work method (implemented here) with experimentally measured peak load capacities was 

achieved by neglecting the contribution of diagonal cracks. 

6 CONCLUDING REMARKS 

 

A non-linear discrete homogenized-based strategy for modelling the out-of-plane (OOP) two-way bending response 

of unreinforced (URM) brick masonry walls has been presented. As per the adopted strategy, walls are modelled as 

an assemblage of rigid plates interconnected by a system of non-linear deformable trusses. The material input for the 

non-linear deformable trusses is derived from a homogenization process. The numerical strategy was validated against 

the results of full-scale dynamic experiments on URM walls. While similar strategies have been presented before, this 

study represents one of the first instances in which such a strategy has been validated against full-scale shaking table 

experiments. The numerical models exhibited good agreement with experimental results in terms of peak load capacity 

and observed damage: both progression as well as the final failure mechanism. 
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A majority of the walls tested in the reference experimental campaigns corresponded to a “Weak Unit- Strong Joint” 

(WU-SJ) masonry which exhibits a vertical crack passing through the brick units and head joints under pure horizontal 

bending. Considering the good performance of the numerical strategy, calibrated mechanical parameters were used to 

study the behaviour of “Strong Unit- Weak Joint” (SU-WJ) masonry walls in configurations which were not consid-

ered experimentally to complete the database of information. Here, SU-WJ refers to URM which exhibits a stepped 

crack passing through head joints and half a bed joint under pure horizontal bending. For the WU-SJ walls, high 

damage was observed in localized regions of the wall when peak load capacity was attained. In contrast, the models 

of the SU-WJ walls presented much lower diffused damage at peak load capacity. Another common observation made 

numerically in this study as well as experimentally during the reference incremental dynamic testing campaigns, was 

the non-occurrence of diagonal cracks at peak load capacity for WU-SJ walls free at their top edge.  

 

State-of-the-art analytical methods to assess the load capacity of URM walls in two-way bending based on the virtual 

work method were also applied for the numerically analysed SU-WJ walls. The numerical strategy predicts higher 

peak load capacities as compared to the analytical methods. This is attributed possibly to the diffused cracking ob-

served for the SU-WJ walls when peak load capacity is attained and is not considered by the analytical methods. While 

analytical methods remain the most widely used approaches in practice because of their simplicity and ease of use, a 

big shortcoming associated with the state-of-the-art analytical methods applicable for OOP two-way bending is that 

the failure mechanism needs to be known a priori. The formulation also needs to be derived for every individual 

mechanism, load case and boundary conditions. The load capacity and failure mechanism can be predicted without 

such limitations by the adopted modelling approach. This is of prime importance especially in the context of retrofit 

and repair. 

 

A natural extension of the work carried out in this study is implementing the same modelling approach to model the 

dynamic behaviour of the tested URM walls in OOP two-way bending. However, non-linear static analyses as per-

formed in this work result in a clearer characterisation of the load-displacement behaviour of the walls as compared 

to dynamic analyses. Considering this and the low computational effort associated with the model, these analyses can 

be performed parametrically to improve the state-of-the-art virtual work method based analytical approaches.  
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