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NON-DIVERGENCE OPERATORS STRUCTURED ON
HOMOGENEOUS HORMANDER VECTOR FIELDS: HEAT
KERNELS AND GLOBAL GAUSSIAN BOUNDS

STEFANO BIAGI AND MARCO BRAMANTI

ABSTRACT. Let X1, ..., X be a family of real smooth vector fields defined in
R"™, 1-homogeneous with respect to a nonisotropic family of dilations and sat-
isfying Hormander’s rank condition at 0 (and therefore at every point of R™).
The vector fields are not assumed to be translation invariant with respect to
any Lie group structure. Let us consider the nonvariational evolution operator
m
H = Z i, j (t, Z‘)X,‘Xj — O

i,j=1
where (a;,; (¢, ®))7%—; is a symmetric uniformly positive m x m matrix and
the entries a;; are bounded Hélder continuous functions on R, with re-
spect to the “parabolic” distance induced by the vector fields. We prove the
existence of a global heat kernel I'(+; s,y) € C?fﬁoc(R1+n \{(s,y)}) for H, such
that I" satisfies two-sided Gaussian bounds and 0:I", X;I", X; X; I" satisfy upper
Gaussian bounds on every strip [0,7] x R™. We also prove a scale-invariant
parabolic Harnack inequality for H, and a standard Harnack inequality for the
corresponding stationary operator

m

L:= Z a5 ()X X 5.
i,j=1

with Holder continuous coefficients.

1. INTRODUCTION

Let X4, ..., X,, be a family of real smooth vector fields defined in some domain
Q C R”, satisfying Hormander’s rank condition in 2. We consider the nonvariatio-
nal evolution operator

m
(1.1) M= ai;(t,2)XiX; - 0,
i,j=1

where (a;;(t, z));";_; is a symmetric uniformly positive mxm matrix and the entries
a;; are bounded Holder continuous functions on [0, 7] x Q. (Precise definitions will
be given later).

Motivated by issues arising in the theory of several complex variables, operators
of this kind have been studied by several Authors. Bonfiglioli, Lanconelli, Uguzzoni,

in a series of papers ([9], [10], [I1], [I2], [I3]) have carried out the following research
program. Given a set of 1-homogeneous, left-invariant Hormander vector fields on
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a Carnot group G = (R™, x), they have proved in [I0] the existence of a global heat
kernel I for ‘H, satisfying sharp Gaussian bounds, of the form
-1 2
et — )2 exp (- a1 D) <ty
t—s
(1.2) < ot )—Q/2 ( 161 % x”2)
<c s exp M=) )

and analogous upper estimates for the first and second order derivatives of ' along
X1, ., Xm. In [L2), Q and || - || are, respectively, the homogeneous dimension
and a homogeneous norm on G. Exploiting these results, they have derived in
[13] a scale invariant parabolic Harnack inequality for H, which easily implies an
analogous standard Harnack inequality for the corresponding stationary operator

m
L= Z am(:v)Xin.
i,j=1
In order to build the heat kernel T" for H, the Authors exploit the parametriz method.
This requires much preliminary work on the corresponding constant coefficient op-
erator

HA = Z CLiﬁinXj - 815

ij=1

where A = {a;;} belongs to the class M of constant symmetric matrices satisfying
1
(13) IEP < (A€,€) < AP for every € € R™

Namely, in [9] the Authors have proved sharp Gaussian estimates for the heat kernel
T' 4 of H 4, where the bounds depend on A only through the number A. In turn, the
desired uniformity of the estimates relies on a careful analysis of a diffeomorphism
turning the operator H 4 into H; (with I the identity matrix), carried out in [11]
and also exploiting the results of [12].

Bramanti, Brandolini, Lanconelli, Uguzzoni, in [15], have studied heat-type op-
erators H without assuming the existence of an underlying Carnot group. In other
words, the vector fields X, ..., X,, are now a general family of Hormander vector
fields. On the other hand, the operator H is assumed to coincide with the classical
heat operator outside a large compact set. Under these assumptions, the Authors
have implemented the same general research program described above: after estab-
lishing uniform Gaussian estimates for operators H 4 corresponding to a contant
matrix A, by the parametrix method a global Gaussian kernel is built for H, and
sharp Gaussian bounds are established, of the kind

L dx (z,y) |

‘ meXp(_Mﬁ)Sf(mas,y)
S TR —— G LAY
~Bx(z, V=) Mi—s))

with analogous upper estimates for the X-derivatives of I'. Here, dx is the control
distance induced by X1, ..., X,, and Bx(x,r) is the corresponding ball. As a con-
sequence, scale invariant Harnack inequalities for H and £ are derived. The results
in [15] exploit, in particular, both some of the corresponding results proved on
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Carnot groups in the aforementioned papers by Bonfiglioli, Lanconelli, Uguzzoni,
and Schauder-type estimates for H proved by Bramanti, Brandolini in [14].

Since the vector fields considered in [I5] are not assumed to be homogeneous nor
left invariant with respect to an underlying group structure, under this respect that
theory is more general than the one developed by Bonfiglioli, Lanconelli, Uguzzoni.
On the other hand, the requirement that H coincides with the heat operator outside
a compact set means that the results proved in [15] are actually local results, al-
though they are better formulated with the language of a globally defined operator.
This fact is consistent with a quite pervasive dichotomy in the theory of Hérmander
operators: global results in the setting of Carnot groups versus local results in the
general setting.

The aim of this paper is to establish the same set of results (i.e.: existence of a
global heat kernel I' for H, sharp Gaussian bounds on I', scale invariant Harnack
inequalities for H and L), in a global version, for a family of Hérmander vector
fields more general than the generators of a Carnot group. A convenient setting is
that of smooth vector fields X1, ..., X,, in R™ satisfying the next assumptions:

(H.1): X1,...,X,, are linearly independent (as vector fields) and homoge-
neous of degree 1 with respect to a family of non-isotropic dilations {0} x>0
in R™ of the following form

where o1,...,0, € N and

(L4)  Sa@) = A A7), l=01<...<a,

We define the dy-homogeneous dimension of (R™,§)) as
(1.5) D
(H.2): Xq,...,X,, satisfy Hormander’s condition at 2 = 0, that is,
dim{Y (0) : Y € Lie(X1,...,X;n)} =n,
where Lie(X1, ..., X,,) is the Lie algebra generated by X1,..., X,,.
Some examples of vector fields of this kind are the following.
Examples. (1) In R?:
X, =0,, and X, =z 9,
(with k € N), which are 1-homogeneous with respect to dy(z) = (Az1, \¥H1zo).
(2) In R™:
X1 =0, and Xo =210y, + 204, + ... + n—10:
with 6x(x) = (w1, N229, -+, A\"1y,).
(3) In R3:

n?

X1 =0, and Xo =21 Oy, + :v% Oz,
with 6x(x) = (w1, N2x2, \323).
(4) In R™:
X1 =0, and Xo =21 0y, + :v% Ops + -+ :v’ffl Oz,

with the same dilations as in (2).
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Under these assumptions, Hormander operators of the kind

L= ixf
i=1

or their evolutive counterpart

H:at—ixf
=1

have been studied in recent years in a series of papers. Biagi, Bonfiglioli in [2] and
[4] have proved the existence of a homogeneous global fundamental solution for L
and H, respectively. Their technique consists in constructing a higher dimensional
Carnot group whose generators )Afl, )A(m project onto X1, ...X,,. The correspon-
ding “lifted” operators Z, H , by known results possess a homogeneous fundamental
solution; integrating these kernels with respect to the added variables, the Authors
get, and are able to estimate, global homogeneous fundamental solutions for L and
H. More explicit bounds on these fundamental solutions, in terms of the distance
induced by the vector fields and the volume of the corresponding balls, have been
proved in [6] and [5], respectively.

By combining this lifting technique with the bounds proved in [5], we first es-
tablish sharp uniform Gaussian bounds for the heat kernels corresponding to oper-
ators ((LI)) with constant a,; (see Theorem [B.3)); next, we show that the parametrix
method is applicable as in [I5], getting the existence and sharp Gaussian bounds
for the heat kernel of operators (1)) with Hélder continuous coefficients. Before
giving the precise statement of this result, which is one of the main results of this
paper, it is convenient to fix the following:

Definition 1.1. Let Q C R'™ = R, x R” be an open set, and a € (0,1). We
define C§ () as the space of functions u : Q2 — R such that

u(t, z) — u(s, y)|
||u||a.0 := sup |u| + sup
i Q (t,x),(s,y)EN dX (LL', y)oz + |t - S|a/2
(t,2)#(s,y)
where dx is the Carnot-Carathéodory distance associated with
X ={X1,..., Xn}

(see Definition 4] in Section B)). Accordingly, we define C3*(Q2) as the space of
functions v :  — R such that
u, X;u, X;X;u and dyu € C%(Q),

where all the X -derivatives exist in the intrinsic sense. Finally, we define C?gol‘o ()
as the space of functions u : 2 — R such that

uly € C3*(V) for every open set V € €.

With the above definition at hand, we can now state the announced result pro-
viding existence and properties of the global heat kernel of H.

Theorem 1.2 (Heat kernel for H). Let X1,..., X, be a family of linearly indepen-
dent, smooth vector fields in R™, homogeneous of degree 1 with respect to a family of
non-isotropic dilations {0x}x>o of the form ([L4). Assume that X1, ..., X,, satisfy
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Hérmander’s rank condition at 0 (and therefore at every point of R™, as will be
explained later). Moreover, let
At x) = (ai;(t, )%=
be a symmetric m X m matriz of functions such that:
(i) ai; € CLR™™) for every i,j =1,...,m;
(ii) the following uniform ellipticity condition holds: there exists A > 1 s.t.
1
TP < (At 2)E ) <A for every € € R™, (¢, ) € RV

Let H be as in (LI). Then, there exists a function ( “heat kernel” for H)
[:RY" x R 5 R, I =T(t,x;8,9),

which satisfies the properties listed below.

(1) T is continuous out of the diagonal of R**™ x RI*tn,
(2) T(t,x;s,y) is non-negative, and it vanishes for t < s.
(3) For every fized (s,y) € R1™™ we have

L(58,9) € Cxhoec R\ {(s,9)})  and
H(T(55,9)) =0 on R™™\ {(s,9)};

(4) For every T > 0 there exists a constant ¢ = c¢p > 0 such that
1 dx(z,y)?

(l) C_lm exXp <—C — s ) S F(t,.I,S,y)

c 1 ex _dx($,y)2
= “Bx@vi—9) p( C(t—5)>’

. (T(-s T c 1 ex —M ;
(i) |X:(T(58,9)(t,2)] < V=3 Bx (@ =3)| p( c(t —s) )

(iii) [ X3 X5 (T (5 8,9)) (& )] +10:(T (55, 9)(F @)

C 1 ex _M .
= =) Bx (VI —3) p( C(t—S))’

for every (t,z),(s,y) € R with0 <t —s < T and 1 <i,j < m.
(5) There exists a constant § > 0 such that the following assertion holds.

Let 1 > 0 and let T > 0 satisfy
Ty <.
Moreover, let f € C%([0,T] x R™) and let g € C(R™) be such that
[f(t,2)], |g(z)| < Mexp (ndx(z,0)?),
for all (t,z) € [0,T] x R™ and for some M > 0. Then, the function

ult,z) : = / P(t, 20, 1)g(y) dy
+/ L(t,x;s,y)f(s,y) dsdy
[0,¢] xR™

is well-defined on [0,T] x R™, and enjoys the following properties:
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(i) u € O%5..((0,7) x R*) N C([0, T] x R™);

,Jloc

(ii) u solves the Cauchy problem

Hu=f  in(0,T) xR,
u(0,-) =g in R™

(6) The following reproduction formula holds

Mltaisy) = [ Tan ol &)

for every x,y € R™ andt > 1 > s.
(7) Suppose, in addition, that the functions a;; are smooth on R'*™. Then,
the operator H is C°°-hypoelliptic in R**™, and

H(F(a S, y)) = _5(5,1}) n D/(R1+n>v
where 65,y denotes the Dirac delta centered at (s,y).

As anticipated, the second main result of this paper is a scale-invariant Harnack
inequality for H, and it will be stated in Section Bl see Theorem The proof of
this result (and that of its stationary counterpart, see Theorem [5.8) can follow an
easier path, logically independent of the properties of the heat kernel: the Harnack
inequality can be simply derived from the corresponding result which is known in
Carnot groups, just by projection, owing to the lifting procedure sketched above.
We note that this projection technique would not, instead, allow to get a simple
proof of the existence of a global fundamental solution for (L.IJ).

2. ASSUMPTIONS, NOTATION AND PRELIMINARY RESULTS

Here we explain and discuss in detail the notions and assumptions involved in
the statement of Theorem[[.21 To begin with, we point out some easy consequences
of assumptions (H.1)-(H.2) which will be useful in the sequel (for a proof see [2]).

(1) Hérmander’s condition holds at every point z € R”, i.e.,
dim{Y () : Y € Lie(X1,...,Xm)} =n for every z € R".
(2) The Lie algebra Lie(X1, ..., X,,) is nilpotent and stratified, that is

(2.1) Lie(X1,...,Xm) = Vi,
i=1
where Vi = span{ Xy, ..., X,;,} and V; := [V4,V;_4] (for ¢ > 2). Furthermo-
re, for every i = 1,...,0, one also has
(2.2) Vi = {Y € Lie(X1,...,Xpn): Y is dx-homogeneous of degree i}.
As a consequence, since it is finitely-generated, Lie(X1, ..., X,,) has finite
dimension, say N. Moreover, using assumption (H.2), one gets
(2.3) N =Lie(X1,..., X)) > n.

From now on, we will adopt the simplified notation
a:= Lie(Xq,...,Xmn),

so that N := dim(a). On account of (23], only two cases can occur:
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(a) N =n. In this case, by taking into account the §)-homogeneity of the X;’s,
we are entitled to invoke the results in [I} [7]: there exists an operation o
on R™ such that F := (R™,0,4),) is a Carnot group, and

Lie(F) = a.
As a consequence, X1i,...,X,, are homogeneous and left-invariant on F,
and thus the results in this paper are well-known (see [9] Thm. 2.5]).

(b) N > n. In this case, again by exploiting the results contained in [I], we
see that there cannot exist any Lie-group structure in R™ with respect to
which Xi,...,X,, are left-invariant. In particular, [9, Thm.2.5] does not
apply in this case, and analogous results are not known.

In view of the preceding discussion, it is not restrictive to assume the following
‘dimensional’ hypothesis (in addition to (H.1) and (H.2)).

(H.3): We suppose that
N = dim(a) > n,
and we define

p=N-n2>1.

Remark 2.1. All the results of this paper will be stated assuming only (H.1) and
(H.2); however, their proofs will be given assuming also (H.3). The reason is that,
if (H.1) and (H.2) hold but (H.3) is not satisfied, that is, N = n, all these results
are already known from [I0] and [13], as explained in the Introduction.

We will denote points z € RY by
(2.4) z = (x,8), with z € R" and £ € RP.
Under assumption (H.3) it is proved in [2] that the X;’s can be lifted (in a suitable

sense) to left-invariant vector fields ‘living’ on a higher-dimensional Carnot group:

Theorem 2.2 (see [2| Thm. 3.2]). Assume that X = {X1,...,Xm} C X(R™) sati-
sfies (H.1), (H.2), (H.3).

Then, there exists a homogeneous Carnot group G = (RN %, D)), nilpotent of
step r = o, and with m generators, such that

Lie(G) is isomorphic to a.
Moreover, using the notation in [2.4), the dilation Dy takes the ‘lifted form’

where s1,...,5, € N and

(25) D)\((E,g) = (6A(‘T)7)‘81§17 .. '7)‘SP§P)’ S1 S .. S Sp < Op.

As a consequence, the homogeneous dimension Q of G is given by

(26) Q:= Z?:l o; + Zzi):l S; > q.

Finally, there exists a system X = {)Afl, e ,)A(m} of Lie-generators of Lie(G) such
that X; is a lifting of X; for every i =1,...,m; this means that

(2.7) Xi(z,§) = Xi(z) + Ri(, £),

where R;(x,£) is a smooth vector field operating only in the variable £ € RP, with

coefficients possibly depending on (x,€). In particular, the Xi’s are Dy -homoge-
neous of degree 1 (for everyi=1,...,m).
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Remark 2.3. For a future reference, here we briefly review how the group G in
Theorem 2.2 is constructed. For all the details, we refer to [2].

First of all, since we have already recognized that a is nilpotent and stratified,
it is well-known that (a,¢, Ay) is a stratified group, where

e ¢ is the Baker-Campbell-Hausdorff series on a (boiling down to a finite sum,
since a is nilpotent);

V; = /\Z id.

Moreover, since a has finite dimension N, we can fix a basis

£={B,...,Ex}

of a (as a vector space), which is adapted to the stratification {V;}7r, in 21]). This
means that, setting r := 0,,, £ can be decomposed as

e A, is the unique linear map on a such that Ay

s

£ = {E§”,...E}vll,...,EY’,...,E](VT)},
where, for every i =1,...,r, we have
e N, :=dim(V;) (so that Ny = m and Ny +---+ N, = N);
o & = {EY),,EJ(\})} is a basis of V.

Using the chosen basis £, we then equip RV with a structure of homogeneous
Carnot group A = (R¥ o, dy) by ‘reading’ © and A, in £-coordinates, i.e.,

N N N
Z(aob)i E; = (Z a; E1> <o (Z b; E1> (fOI‘ all CL,b S RN)
i=1 i=1 i=1
N N
> (da(a)); B = Ay (Z i E> (for all a € RN and X > 0).
i=1 i=1
For any fixed i = 1,...,m, we now let J; be the unique left-invariant vector field

on A coinciding with 9,, at @ = 0. In [2] it is proved the existence of a suitable
diffeomorphism T € C*°(R¥;RY), only depending on the basis £, which turns the
Ji’s into new vector fields, say Z1, ..., Z,, € X(RY), such that

Zi(2) = Zij(x,€) = Ei(z) + Wiz, §) (i=1,...,m).

Here, W1,..., W, are smooth vector fields operating only in the variable £ € RP,
with coefficients possibly depending on (z,£). On the other hand, since & is a basis
of Vi =span{Xy,..., X}, for every i = 1,...,m we can write

Xi=> g ckiby (for a suitable constants ¢ ; €R).
Hence, the set X is obtained by defining
X, = Y ohey ChiiZ (foralli=1,...,m).

Finally, the underlying Carnot group G appearing in the statement of Theorem 2.2]
can be obtained as the unique Lie group isomorphic to A via T.

We close this section by recalling the notion of control distance associated with
a Hormander set of vector fields; moreover, we review and some properties of this
distance when homogeneous vector fields are involved.
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Definition 2.4. Let W = {W1, ..., W,,} be a family of smooth vector fields satis-
fying Hormander’s rank condition at every point of R". Given any couple of points
x,y € R™ we define

dw(z,y) == inf {T > 0 : there exists v € S(T") with v(0) =x and v(T') =y},
where S(T') is the set of the Wll-curves « : [0,T] — R" satisfying

30 = e W), with Yoy ()] < 1.

j=1
The map dyy is called the W-control distance or the Carnot-Carathéodory distance

(CC distance) related to W. Given any x € R™ and any r > 0, we indicate by
BW (ZE, T) the dW—ball

Bw(z,r) :={y e R" : dw(z,y) <r}.

Remark 2.5. Since we have assumed that Wy, ..., W, satisfy Hormander’s rank
condition at every point of R™, it is well-known that dy,(x,y) is finite for every
z,y € R™; moreover, dyy is a distance, topologically but not metrically equivalent
to the Fuclidean one. In particular, “continuous” in Euclidean sense and “conti-
nuous” with respect to the control distance dyy are the same.

Remark 2.6. Let W = {W,..., W, } C X(R") satisfy assumptions (H.1)-(H.2),
and let dyy be the associated control distance. Due to the §)-homogeneity of the
Wi’s, it easy to see that the following properties hold:

(1) dyy is jointly dx-homogeneous of degree 1, that is,
dw(0x(2), 07 (y)) = Adw(z,y) for all z,y € R™ and X > 0;
(2) for every x € R™ and every r > 0, one has
ox (Bw(z,7)) = Bw(0x(x), Ar).

If, in addition W7y,..., W, are left-invariant with respect to some Lie-group
structure F = (R", o), the distance dyy is also translation-invariant, that is,

dw(x,y) =dw(a*xz,axy) forall z,y,a € R".
In particular, the above property implies that
dw(0,7) = dw (0,2~ ') for all z € R™.
Remark 2.7. Let X = {X3,..., X} C X(R") satisfy (H.1), (H.2), (H.3), and let
G=RN,%D,), X:={X1,...,Xn}

be as in Theorem [2.21 Moreover, let dx and d 5 denote the CC-distances associated
with X and X, respectively. Since, for every j =1,...,m, we have

Xj = Xj+ 2y (@,€) O,
(for suitable smooth functions r; ;), it is easy to recognize that

dx(z,y) <dg ((z,),(y,n)) Va,yeR" &neRP.

Furthermore, given any z = (z,£) € RV and any r > 0, we have

(2.8) T (B)A((z, r)) = Bx(z,r),
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where 7 : RN = R" x R? — R"™ denotes the projection of R onto R™. We explicitly
notice that, since 7 is continuous, from (2.8]) we immediately derive that

v (B)A((z,r)) C Bx(z,r).

3. UNIFORM (GAUSSIAN BOUNDS FOR OPERATORS WITH CONSTANT
COEFFICIENTS

Given A > 1, we denote by M, the set of the m x m symmetric matrices A
satisfying the following uniform ellipticity condition:

TP < (A8,6) S AP for every € € R™

For every fixed A = (a;;){"—; € Mx we define

m
(3.1) Ha= Y ai;X;X;—0  onR'™" =R, xRy,
ij=1
Since A is symmetric and positive definite, it admits a unique (symmetric and)
positive definite square root, say S. As a consequence, writing S = (s;;){"—;, We

have
m

HA :Zsz—ﬁt, where }/J = ZSZ'J'XT
j=1 i=1
On the other hand, since S is non-singular, the family Y = {¥7,...,Y,,} C X(R")
satisfies assumptions (H.1)-(H.2)-(H.3). In particular, since the s; ;’s are constant,
one has

(3.2) Lie(Y) = Lie(Y1,...,Y;,) = a.

Gathering these facts, we can apply Theorem to the family Y: there exist a
homogeneous Carnot group F and a system

}/}:{}/}15"'7}/}771}

of Lie-generators for the Lie algebra Lie(F) such that, for every i = 1,...,m, the
vector field Y; is a lifting of ¥; in the sense of [2.7).

The key observation is that, in view of Remark 2.3 the construction of F does
not really depend on Y, but only on the Lie algebra Lie(Y") and on the choice of an
adapted basis. As a consequence, using ([32) and choosing the same adapted basis
used for the construction of G (notice that, by ([2.2), the stratification {V;}7", is
independent of X or Y'), we obtain

F=G and i}J :Zsi,j)/&i-
i=1

Summing up, the couple (G, X ) associated with X provides a ‘lifting pair’ for the
family Y = {Y1,..., Y} (in the sense of Theorem 2.2) which is independent of the
fized matric A € My. By making use of this observation, we are entitled to use
the results established in [4], which lead to the following theorem.

Theorem 3.1 (see [4, Thm.s 1.4 and 1.6]). With the above assumptions and nota-
tion, the following facts hold.
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(1) IfT 4 is the (unique) smooth heat kernel of
7:2,4 = Z am)A(i)A(j - 8t = 222 — 6,5 on Rt X Ré\;,ﬁ)
i,j=1 i=1
vanishing at infinity constructed in [1T], then the function
[y : R x RY™ 5 R,

T (t2:5,y) = / Ta(t, (2,€) 5, (3, 0)) d,

RP

(3.3)

is a global heat kernel for the operator Ha defined in (B1). This means,
precisely, that
e for any fired (t,z) € R™™, we have T a(t, ;") € LL (R*");

loc

e for every p € C°(RY™™) and every (t,x) € R1*", we have

Ha (/ Ca(t, z; s,y)so(s,y)dsdy>
R1+n
:/ La(t,x;s,y) Haw(s,y)dsdy = —(t, x).
R1+n

Moreover, T'y enjoys the properties listed below.
a) '4>0andTa(t,x;s =0 if and only if t < s;
( ) ) ) 7y y )
(b) FA(tu x5 s, y) = FA(tu Y; s, JI) and FA(t7 x5 s, y) = FA(t — 5, 07 y);
(c) Ta is smooth out of the diagonal of R1*" x R*"  and

Ha(Calss,y) =0 on R\ {(s,)};

(d) for every fized (t,z) € R'™™ if t > s we have

/ FA(t7w;s7y)dy=/ La(t,x;s,y)de = 1;

(e) for every x,y € R™ and s < T < t we have
(3.4) Pattiais) = [ Taltain.OTalr s

(2) Setting al(t,z) = fA(t,z;O), we have

~

La(t (@, (y,m) =Fa (t—s,(y,n) "+ (2,9)) ,
so that identity (B3] becomes
(35) Cattais) = [ Aa (0= 500 x (0.6) de.

(3) For every integers h,k > 1, a, 8 > 0 and every choice of i1, ..., in, j1,-- -, Jk
in {1,...,m}, we have the following representation formulas, holding true
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for every x,y € R™ and t,s € R such that s < t:
(3:6)  (3)%(0)° X -+ X Talt,w;5,9)

_ (_1)5/Rp (@7 R, X0 7a) (= 5 (4,0) " # (2, €) d

(3.7) (00)*(0s)° XV - XV T a(t, 3 5,9)
—(—1)8 )OTEX. XA — s, (x,0)" % (y, :
F [ (@07 R A (0= 5 0.0)7 0 02 6) e

(3.8) (00)*(0:)? XV - XY X[ - X[ T at,m;8,y)

= (-1)° / (@)%, -+ %5, (R -+ K Aa) o7) )
RP
(t = s, (2,007 * (y,€)) de,
Here 7: RN — RN s the map defined by
(3.9) ", (z,8) = (¢, u(z,8)) (witht e R, z € R", £ € RP),
and 1(z,€) = (z,€)~1 is the inverse of (z,€) in the Carnot group G.

Remark 3.2. By combining the representation formula ([3.35) with the symmetry
of I'4 in x and y, we obtain the following alternative identity

(3.10) Ca(t,z;s,y) =T a(t,y;s,2) = /Rp Ya (t — s, (x,O)fl * (y,{)) dg.

We shall repeatedly exploit ([B.10) in place of (B.15).

By means of the representation formula @3] for 'y and of the analogous rep-
resentation formulas [B:6)-(B3) for its (¢, X )-derivatives, we are able to prove the
following theorem, which is the main result in this section. This will be the starting
point to implement the parametrix method and build a fundamental solution for
operators with variable coefficients.

Theorem 3.3 (Gaussian bounds for constant coefficient operators). Let the above
assumptions and notation do apply. Moreover, let A > 1 be fized. Then, the
following facts hold.

(1) There exists a constant kp > 0 such that

1 1 dx (z,y)? :

= vy o2 () STt
(3.11) 2

< KA ; exp <—4dX(I’y) )

=" Bx(a,vi—s)] kAt —s) )’

for every x,y € R", s <t and A € M.
(2) For every integers r > 1, o, 8 > 0, there exists k = Ka,r.a,3 > 0 such that

|(0r)™ (Ds)P Wy - - W, T a(t, x; s, y)|

(3.12) (t—s) 40/ dx(z,y)?
= ‘Bx(I,\/E)‘ p< K(t — s) >7
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for every x,y € R", s <t, A € Mp and every choice of W1y,..., W, in
Dy = {X&, ..., X%, XV, ... XU},
(3) For every integers r > 1,a, 8 > 0, there exists R = Ra y.a,8 > 0 such that

(8)" (35)? Wi W, T A (£, 28, y) — (8)* (05)° Wi..W,T'g (£, 235, y)
(3.13) — B||1/"" (t S)—(a+6+r/2) - dx (2, 9)?
- |Bx (z,vt—5)]| k({t—s) |’

for every x,y € R", s < t, A, B € Mp and every Wi,..., W, € Dx (here,
|| - || denotes the usual matriz norm).

In order to establish Theorem we need the following
Lemma 3.4. Let Z € X(RY) be Dy-homogeneous of degree 1. Then,

(3.14) Z=> %(2)Pi(X1,..., Xm),

i=1
where P;(61,...,0m) is a suitable homogeneous polynomial of (Euclidean) degree i
in the non-commuting variables 01, ..., 0, and y; is a Dy-homogeneous polynomial

of degree i — 1 (for alli=1,...,0,).

Proof. Throughout this proof we do not need to separate the ‘base’ variable z € R"
from the ‘lifted’ variable £ € RP?; hence we use the compact notation z = (21, ..., 2n)
for the points of RY and we write

Dy(z) = (A\"'2z1,..., A"V zN).

For every fixed i € {1,..., N}, we then denote by J; the unique left-invariant vector
field on G coinciding with 0,, at z = 0. By well-known results on Carnot groups
(see, e.g., [8, Sec.s 1.3 and 1.4]), J; is Dy-homogeneous of degree v; and

Y i)
(3.15) Ji =0z, + kz;: i (2) P

v >V,

where oy, ; is a suitable Dy-homogeneous polynomial of degree v, — v;. Starting
form (BI5H), it is easy to recognize that

N
0., = Ji + Z Br,i(2) i,
=1

v >v;

where By ; is again a Dy-homogeneous polynomial of degree vy, — v;. Thus, if Z is
any smooth vector field Dy-homogeneous of degree 1, we can write

N 9 N
(3.16) Z=% an(x) 5 = D =) i

k=1 k=1
where v is a Dy-homogeneous polynomial of degree vy — 1. Now, since Jy, ..., JyN
are left-invariant on G and X, ..., X,, are Lie-generators of Lie(G), any J; can be

written as a linear combination (with constant coefficients) of iterated commutators
of length v; of the X;’s; more precisely, we have

(3.17) Ji =Pi(X1,....Xm) (i=1,...,N),
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where P;(61,...,0y) is a suitable homogeneous polynomial of (Euclidean) degree
v; in the non-commuting variable 61, ...,60,,.

Combining (B16) and BI7), we get

M=

k=1

Finally, reminding that ming vy = 1 and maxy, vy, = oy, (see, respectively, (L4) and
23)), we can reorder the above sum with respect the Dy-homogeneity of the Py’s,
thus obtaining (B14). O

We will also need the next

Proposition 3.5 (See [5, Prop. 3.10, Rem. 3.9]). The following global doubling
property of dx holds: there exist 1,72 > 0 such that

(3.18) " <£)n < % < <£)q,

for every x € R™ and every 0 < p < r. This also implies, for every 6§ > 0,

1 ox _dX(:E,y)2 C, ox _dX(:E,y)2
G199 B p( or )§|Bx<x,ﬁ>| p( Cy0r )

where Cy > 0 is a constant only depending on the number g in (L3).

We can now prove Theorem

Proof of Theorem[3.3. (1) First of all, since G is a Carnot group and )?1, . ,)A(m
are Lie-generators of Lie(G), we can apply [9, Thm.2.5]: there exists a constant
cp > 1 such that, if 4(-) =T 4(+;0) is the global heat kernel of

’}q = ZZZ—ZI ai,j)?i)/fj — 6,5
(see Theorem BI]), then
1 2 2
CA t cpt

for every t > 0, z € RN and A € My. Here, @ is the homogeneous dimension of G
defined in ([2.8) and

-1 = dg (50),

where dg is the CC distance associated with X ={Xi1,...,Xmn}. By combining
B20) with the representation formula [BI0), we then get

i (t _ S)—Q/Q/ exp <_CA ”(:an)_l * (:%5)”2) df < FA(t,.’II;S,y)
RP

N t—s
(3.21) A L 2
e (t—s)"Q2 /R exp (_ll(mi)A(t _(i/), 3l )d&

for every xz,y € R", t,s € R with s <t and A € M,. We now exploit the results in
[5) Prop.s 4.2 and 4.4]: there exists a constant ¢y > 0 such that, for any z,y € R™
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and t > 0,
; ex (—C dX(Iay)2>
co|Bx (z,V/1)] P 0 t
(3.22) < a2 /Rp exp <_ II(%O)‘lt* (y,§)||2> e

Co - _dx(:E,y)2
S|Bx<ac,¢%>|”’< co )

Putting together (321]), (3222) and the global doubling property of dx in (BI),
we immediately obtain (BII]).

(2) We distinguish three different cases.

CAse I: Wy --- W, = X5 X7 In this case, taking into account the represen-
tation formula [B4), for every z,y € R™ and s < t we can write

’(at)a(as)ﬁ Wl ce WTI‘A(t7 x5 s, y)’
(3.23) ~ o B
< / (at)a-h@Xil T XiT’YA‘ (t -, (yu O) b (l',f)) d§
RP
Moreover, reminding that the X;’s are Lie-generators for Lie(G), we can invoke [9]

Thm. 2.5]: there exists a constant ¢ = cj ,q,5 > 0 such that, for every z € RV,
t>0and A € My, one has

N N 2
(3.24) \(at)aw X, - X Aalt, z)| < ct™(Q/2Fa4B4/2) oy (-H) :

ct
By combining ([8.:23)) with (3.24) we then get, for every z,y € R™ and s < ¢,
[(81)*(05)° Wy - - WiDa(t, ;5,9

(¢ —Q/2 ||(ya0)71*($7§)||2
= (t — s)a+B+r/2 (t =)™ /Rp xp <_ c(t—s) ) dc.

From this, by exploiting (8:22) and [BI8) we obtain
’(&)O‘(as)ﬁ Wy - W, A(t, x; s,y)’
(3.25) o (tg)latst (_ dx (M)z)
~ 0 [Bx(y, Vi) Kt —s) )’
where k > 0 is a suitable constant only depending on A, r and a.. The desired (3.12)
now follows from ([B:25]) and (FI9).

Casg IT: Wy - W, = X7 - X/ . We argue exactly as in Case I: by combining
the integral representation formula ([3.7)) with (3:24]), we have

[(81)*(0)" Wy - - W,Da(t, w55, y) |

< / 0™ K,y - K, Aa] (= 5. (2.0) " % (1, ) de
RP
Crras o an [ o _||<x,o>1*<y,s>||2)
= (t — s)atBtr/2 (t—9)7 2/]Rpe p( c(t—s) at,

for every x,y € R, s <t and A € Mp. From this, by taking into account (3.22)
and (BI8) we immediately obtain (312).
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Casg IIL: Wy -+ - W, = X7 - XY X7 - X7 (with h4-k = 7). In this last case,
starting from the representation formula (B.8]) we can write

|(at)0¢ (85),3 Wl e WTFA(tv'I; Svy)|

3.26 ~ ~ ~ ~
( ) = /]RP |(8t)°‘+ﬁle e Xjk ((Xll e Xi;ﬁA) OZ)| (t -5 (Ia 0)71 * (y,ﬁ)) d€

We should now apply some uniform estimates for the derivatives of 54 as in (3:24)).
However, due to the presence of the map 7 in ([B:26]), such estimates are not directly
available in [9]. We then exploit Lemma [B:4] to overcome this problem.

To begin with, for a fixed ¢ > 0 we consider the (smooth) function
ug : RY 5 R, ug(z) := )?il e )?ih,:y\A(t, z),

and we repeatedly exploit [5, Lem. 5.3]: this gives (see also (39]))

~ ~ ~ ~

Xj, - X5, (X, -+ X3, 74) 07) = X5y -~ X, (ug 00)

(3.27) S o o~
— (7 Zpur)or = (Z1-- Zi Xy - Ko Aa) o8,

where Z1, ..., Zj, are suitable smooth vector fields Dy-homogeneous of degree 1 but
not necessarily left-invariant. Since all the vector fields in ([B.21) are Dy-homoge-
neous of degree 1, we are entitled to apply Lemma [3.4] obtaining

(3.28) v e Xiy o X Aa= Y Yw(2) Qa(X1, o, Xm)Aa.

r<|w|<roy

Here, r = h + k, Q,(01,...,0) is a homogeneous polynomial of (Euclidean) de-
gree |w| in the non-commuting variables 6y, ..., 0,,, and 7, is a Dy- homogeneous
polynomial of degree |w| — r. On account of ([B28), we can then write

(00)*TPXj, - X, (X, -+ X3, 7a) 0 T)

= at oth w'Qa)?ly---;)?mA O/L\
50 Z( )+ [ () Qa Fia) o7]

= Z [”Yw(') ((8t)a+6 Qw()?l, e ,)?m)ﬁ,q)} ol

r<|w|<ron

We now observe that, by B.24)), for all z € RY and ¢ > 0 we have

R R 2
[(0)*FF Qu (X1, ..., Xm)Aa(t, 2)| < ct™Q/27a7A7Iwl/2 oxp (—%) :

where the constant c¢ only depends on A, 7, a and 8. Furthermore, since the fun-
ction v, is smooth and Dy-homogeneous of degree |w| — r, a simple homogeneity
argument shows that (see, e.g., [8, Prop.5.1.4])

(3.30) w(2)] < pllz))@l=" (for all z € RY),

where p > 0 is a ‘structural’ constant which can be chosen independently of w.
Gathering (3:29)-([3.30), and bearing in mind the very definition of 7 in (3.9), we
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then obtain the estimate
[(0)* P X, -+ X5, ((Xi, -+ X3,9a) 07) |
1

_ lw|—r —1/2
< pt—Q/2—r/2—a=p [l e
<o E Vi exp et

r<|w|<roy

—1712
(3.31) <o t—Q/2—r/2—a=p exp (_ HZ ” >

(by Remark 2.6))
2
=01 th/er/Qfafﬁ exp (_ ||Z|| ) 7
o1t

holding true for every z € RY, ¢t > 0 and A € M, (here, p; > 0 is constant only
depending on A, r,a and ). Finally, by combining B.31]) with (326), we get

|(8t)a (as)ﬁ Wl e WTFA(tv'I; Svy)|

P o [ (@O @O
< o - o (IR

for every x,y € R", s < t and A € My. From this, by taking into account (3.22))
and (BI8), we obtain (B12).
(3) As for the proof of ([B.12), we distinguish three cases.

Case It Wy --- W, = X7 --- X7 . In this case, by using the integral representa-
tion formula ([B.6]) for both I'4 and I'p, we have the estimate

(80 (8)° Wy -+ Wi (T — Tp)(t, 23 5,9)|

(3.32) . ~
< /R [(00)°TP Xy, - X, (a — )| (t— s, (y,0) 7" * (2,€)) dE,

for every z,y € R", s < t and A, B € Mjp. On the other hand, since the X,’s
are Lie-generators for Lie(G), we can apply once again [9, Thm. 2.5]: there exists a
constant ¢ = cp r.q,g > 0 such that

[0 X, - X, Aalt,2) — (0)°TP Xy, - X, A (1, 2)]

2
<c ||A _ B”l/on th/Qfafﬁfr/Q exp (_ ||z|l ) )

(3.33)

With reference to [9 Thm. 2.5], the exponent 1/0,, is justified by the fact that the
step of nilpotency of G is precisely r = 0, (see Theorem 2.2)).

Gathering ([3.32) and (333), we then get
}(at)a(as)ﬁ Wy - WT(FA - FB)(tv €5 s, y)}

<c|A- B (t—s)T2 P2

—Q/2 [(y,0)~" * (&,
(3.34) x (t—s)”9/ /Rpexp(— 4 Py )df
(by (22) and (B.I5))

t— S),a,g,r/Q dx(:E y)Q
< A—B 1/on (— <_7’)
scl | Bxwvi—s) P\ k(t—s) )
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for every z,y € R, s <t and A, B € M. Here k > 0 is constant only depending
on A,r,a and 8. The desired (BI3)) is now a consequence of ([B.34]) and (B.19)).

Case II: Wy --- W, = Xj'yl . 'ngw This is very similar to Case I (see also Case
IT in the proof of (2)), and we omit the details.

Casg OL: Wy -+ W, = X7 - X2 XE - XP (with h+k = 7). In this last case,
by combining ([B:29) with the representation formula (B8] for 'y and I'g, we can
write, for every z,y € R", s <t and A, B € My,

[(0)%(95)? Wy -+ W, (T4 —Tp)(t, 255,7)|
S/ (00)° P X, - X, (Xiy - - X, Fa) 07)
RP

_ (at)aJrﬁ)A(jl . .)A(jk (()?Zl e )?i;ﬁB) o7) ‘d{

-2k

r<|w|<roy,

~

[ (@074 Qu(Kr, ., Kn)(Fa = 78))] 07 de,

where all the integrand functions are evaluated at (¢t — s, (#,0) ™"  (y,£)) . On the
other hand, by applying [3.33)) to each monomial in Q,,, we have

1(00)°FP Qu( X1y o, X )Fa(t 2) — (0)°FP Qu( X1, X )FB(t, )|

3.35 5
( ) <cllA- B”l/cfn = Q/2—a—=1wl/2 oy <_ II=]] ) |

ct

where the constant ¢ = cj ro,3 > 0 can be chosen independently of w. Gathering
B39), B30) and the definition of 7, we then obtain

S 0@ Qu(Ri,.. ., Xu)(Ga — F8))] o7

r<|w|<ron

< QHA_BHl/an th/2fa757r/2><

2L R e ()

(336) r<|w|<roy
o —Q/2—a—pB—r/2 ||Z 1”
< 01 ||A—B||l/ n ot / / exXp (—7)

o1t
(by Remark 2.6l)

- —a—p—r ? ?
= 01 ||A— B||Y/on = @/2mamBT/2 oxpy (_&> ,
o1t

(t,2)

for every z € RN, ¢t > 0 and A, B € My. Here p; > 0 is a constant only depending
on A,r,«a and 8. With ([B36]) at hand, we can establish (BI3) as in Case III of (2).
This completes the proof. ([l

4. OPERATORS WITH HOLDER-CONTINUOUS COEFFICIENTS

The aim of this section is to prove existence and several ‘structural properties’
of a global heat kernel for the variable coefficient operator (II). Our proof of
Theorem is based on a suitable adaptation of the celebrated method developed
by E.E. Levi to study uniformly elliptic equations of order 2n (see [20} 21]), and
later extended to the uniformly parabolic equations (see [I8]). As explained in the
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Introduction, this approach has been already exploited in [I5] to prove an analog
of Theorem for generic parabolic Hormander operators

H= Z a; i (tx) X X, + Zak(t,x)Xk + ap(t, z) — O,
ij=1 k=1

under the following ‘structural assumptions’:

(a) Xi,...,Xm are smooth vector fields on R™ (for some m = k 4+ n) and they
satisfy Hormander’s rank condition at every point of R™;
(b) the coefficient functions of H are globally Hélder-continuous, and

1, ifi=j
(4.1) arlt)=q "
’ 0, ifi#j,
forevery k+1<14,j <k+n;
(c) there exists a bounded domain £ C R" such that

(42) (Xla---7Xk7Xk+17'--7Xk+n) = (O,...,O,Bml,...,awn) on RH\QO

Clearly, the hypotheses of our Theorem do not necessarily imply (@.1l)-([@2);
however, these ‘structural assumptions’ play a (key) role only in [I5, Part I], where
the Authors carry out a careful analysis of the constant coefficient operator corre-
sponding to H in order to establish the analog of Theorems

Since in our homogeneous setting we have been able to study constant coefficient
operators without requiring (£2)) (and with a totally different approach), we can
prove Theorem [[L2 by proceeding verbatim as in [I5, Part IT]: what we only need to
check is that all the ‘structural’ ingredients used in [I5] to set up the Levi method
are satisfied in our context. We devote the rest of this section to this aim.

4.1. Heat kernel for constant coefficients operators. A first fundamental
ingredient for the Levi method in [I5] is the existence of a ‘well-behaved’ (global)
heat kernel for the constant coefficient operator obtained by freezing the coefficients
a;,; (but not the X;’s) at any point (fg,zo) € R, that is,
m
(43) H(to,zo) = Z aiJ(tQ,fL'Q)Xin — 6,5,
i,j=1

together with some uniform estimates of this kernel with respect to (to, z¢) € R**"
(see, precisely, [15, Thm.10.10]). These results in our context are contained in
Theorems B.1] and B3]

Let us now introduce a convenient notation which shall play a key role in the
sequel: following [I5], we denote by E the Gaussian-type function

(4.4) E(x,y,t): exp (—M> (xz,y e R", ¢t >0).

t

1
 |Bx(z, V)]
We explicitly notice that, by exploiting Proposition 3.5 for every k > 0 there exists
¢ = ¢(k) > 0 such that

c(r)™! 71 exp (_7dx(x,y)2

B V0 200 < Byt

< (k)

B (-5,
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for any z,y € R™ and any ¢t > 0. With this notation at hand, we can rewrite the
Gaussian bounds of Theorem as follows.

Corollary 4.1. Under the assumptions of Theorem L2, for every (to,zo) € R1T"
let us denote by I, 4,) the global heat kernel of the constant coefficient operator
@3). Then, the following estimates hold.

(1) There exist constants ki, va > 0 such that
1 _
(45) Z E(.I, Y, ’{Al(t - S)) < F(to,;ﬂo) (tv Zx;s, y) < va E(Ia Y, HA(t - S))a

for every z,y € R™, every s < t and every (tg, zo) € R1T™.
(2) For every integer r > 1, 41,...,i, € {1,...,m} and every integer o > 0,
there exist constants K = Kp,ra, V = VA, r,a > 0 such that

|(at)a Xzz1 e Xir(to,wo)(tv Z;s, y)| <v (t - S)i(aJrT/Q) E(Ia Y, H(t - S))a
|(at)o¢ lel T Xf,_ (F(to,zo)(ta x€;s, y) - F(tl,zl)(ta x5 s, y))|

< vdp ((to,xo), (t1,21))" " (t = 8)~F /) B, y, w(t - 9)),
for every x,y € R™, s <t and (ty, 7o), (t1,71) € RIT™.

(4.6)

As already pointed out, all the assertions in the above Corollary are actually
contained in Theorems B.1] and B3] since our assumptions imply that

Alto, xo) = (ai7j(t07w0))i,j:1

As for estimate (A6, if follows from (B.I3]) and the fact that, since the a; ;’s are
globally Holder-continuous (see assumption (i) in Theorem [[.2]), we have

1/2

m

€ My for every (to,zo) € R*™".

[A(to, o) — A(tr,z)| < | Y lai;(to, x0) — @i j(tr, 1)

i,j=1
< K dp ((to, z0), (t1,21))",

where we have set K := max; ; ||aj || o, 1+ -

4.2. Metric properties of dx. A second important ingredient for the argument
in [15] is the validity of the following estimates for the CC-distance dx, which in
[15] are heavily based on assumption ([@2]) (see [I5, Lem. 2.4]):

e there exists a constant ¢ > 0 such that
(4.7) dx(z,y) > clzr —y| Vaz,yeR™
e for every o > 0 there exists a constant c(o) > 0 such that
(4.8) dx(z,y) <clo)|lz —y| Vaz,yeR": max{|z —y|,dx(z,y)} > 0.
Starting from (@7)-(&3)), it is possible to prove several global properties of the
‘geometry’ of (R™,dx) which play a key réle in the analysis of H.
On the other hand, by carefully scrutinizing the proofs in [I5], Part I, it is easy

to recognize that one does not really need [@1)-F): in fact, the only properties
of dx which intervene in the Levi method are the following:

(a) any Bx-ball is bounded in the Euclidean sense;
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(b) there exist constants ¢ > 0 and ¥ > n such that
|Bx (z, M7)| < cM?|Bx (z,7)| VM>1,zeR" r>0;
(c) for every R > 0 there exists a constant c(R) > 0 such that
|Bx(z,7)] > c(R)r’ VYO0<r<R, zecR"
where ¥ is as in (b);
(d) for every o > 0 there exists a constant c(o) > 0 such that
|Bx (z,7)| > c(o)r™ Vr>0>0,zeR"

Even if we cannot expect that ([@7)-(S8]) hold in our homogeneous setting, the
next proposition shows that properties (a)-(d) are still satisfied by dx.
Proposition 4.2. Let the assumptions and the notation of Theorem[L.2 do apply.
In particular, let ¢ =Y | 0; > n be the x-homogeneous dimension of R™.

Then, the following facts hold.

(1) A subset B CR™ is bounded with respect to dx if and only if it is bounded
with respect to the Fuclidean distance.
2) There exists a constant v > 0 such that

(
(4.9) |Bx (z, Mr)| < yM9|B(z,r)] VM=1z€R" r>0.
(

3) There exists a constant w > 0 such that

(4.10) |Bx (z,7)] > wr? VzeR" r>0.
(4) For every o > 0 there exists a constant ¢ = c(o) > 0 such that
(4.11) |Bx (z,r)| > c(o)r" VeeR" r>o.

Proof. (1) We first suppose that B C R” is bounded in the Euclidean sense. Since
the map & — dx(0,z) is continuous in the Euclidean sense (see Remark 25) and
B is compact, there exists 7 > 0 such that
dx(0,2) <r for every z € B,
thus B is bounded with respect to dx.
Assume now that B C R" is dx-bounded, and let R > 0 be such that that
B C Bx(0,R).

Reminding that Xi,...,X,, satisfy Hormander’s condition in R™, we know that
there exists a small p > 0 such that Bx (0, p) is bounded in Euclidean sense (see,
e.g., [3L Prop.7.21]); on the other hand, since X;’s are also dy-homogeneous of
degree 1, from Remark 2.6 (2) we infer that

Bx(0,R) =gy, (Bx(0,p)) -
Since dg/, is a (linear) diffeomorphism of R"™ we deduce that Bx (0, R) is bounded
in the Euclidean sense, and thus the same is true of B.

(2) Inequality (£.9) immediately follows from (BI8).

(3) First of all, since X1, ..., X,, satisfy assumptions (H.1) and (H.2), the fol-
lowing global version of a celebrated result by Nagel, Stein and Wainger [22] holds
true (see [0, Thm. B]): there exist ¢, c2 > 0 such that

q q
(4.12) 1 Z fe(2)r* < |Bx(x,7)| < co Z fr(x)rk VaxeR" r>0,
k=n

k=n
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where, for any k € {n, ..., ¢}, the function f : R™ — R is continuous, non-negative
and 0)-homogeneous of degree ¢—k; in particular, f,(z) is constant in  and strictly
positive. As a consequence, setting w := f; > 0, from [@I2) we get (@I0).

(4) By making use of (£I0), and reminding that ¢ > n, we have
|Bx(z,r)| >wri=wr"r?T" >wc? " ",

for every x € R™ and r > o > 0. This gives ({I1]), and the proof is complete. O

Thought not explicit stated, there is another key property concerning dx which
is repeatedly exploited in [I5]: for every fixed z € R™ it holds that

(4.13) y s emIx@0)* ¢ LI(RM),

While in [I5] this is an immediate consequence of ([@X)) (which, in its turn, follows
from assumption ([2)), in our context we need to prove (EI3) directly.

Lemma 4.3. For every p > 1 and every fived x € R™, we have
e,(y) == e x@W)" ¢ LP(R™),

Proof. We first observe, since 0 < e, < 1 on R", we obviously have e, € L (R").

loc
Thus, reminding that any dx-ball is bounded in the Euclidean sense (as we know

from Theorem E.2)), to prove the lemma it suffices to demonstrate that

(4.14) e; € LP(R™\ Bx(0,1)).

To establish ([@.I4) we notice that, by triangle’s inequality for dx, we have
dx(0,y)? < 2dx(2,y)* + 2dx (0, 2)*,

and thus

e.(y) < edx(0.2)%  p=3dx(0.9)° —_ . —3dx(0y)” y y € R™.

As a consequence, since the function y — dx(0,y) is dx-homogeneous of degree 1
(see Remark [Z6]), we obtain the following computation:

/ el (y)dy < cf / e~ 5 ax(09)° gy
Rn\BX (0,1) {y5dX(0,y)Zl}

=D / e b0 gy

€T
h—o v {y:28<dx (0,y)<2k+1}

(using the change of variable y = dox (1))

oo
— (P / 6—2%71;0dx(0,u)2 . 2qu du

T
k=0 7 {u: 1<dx (0,u)<2}

< & [Bx(0,2)]- Y 24P <ox,
k=0

where ¢ > n is as in assumption (H.1). O
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4.3. General properties of the dx-Gaussian function. The last ingredient
for the Levi method in [15] is the validity of several ‘structural’ properties for the
Gaussian-type function E in ([@4]) (see Prop.10.11 and Cor. 10.12 in [15]). The next
proposition shows that all the needed properties are satisfied also in our context.

Proposition 4.4. Keeping the assumptions and notation of Theorem [I.3, and
letting E = E(x,y,t) denote the Gaussian-type function defined in (@4, the fol-
lowing facts hold.

(1) There exists a constant ¢ > 0 such that
(4.15) E(x,y,t) < ¢ ° E(z,y, t),

for every x;y € R™, t >0 and 8 > 1.
(2) For every fized p > 0, there exists ¢ = ¢, > 0 such that

2\ M
(4.16) (M) E(z,y, \) < c, A Bz, y, 2)\t),

for every x;y € R™, t >0 and A > 0.
(3) For every fized e > 0 and 1 > 0, there exists ¢ = ¢, . > 0 such that

(417) tH E({E,y,t) < Cpu,es

for every x,y € R™ and t > 0 satisfying d(x,y)? +t > €.
(4) There exists a constant co > 0 such that, for every T > 0, one has

(4.18) E(z,y,t) exp (udx(0,y)?) < coE(z,y,2t) exp (2udx (0,2)°) ,

for every x,y e R™, 0 <t <T and 0 < pu < 1/(4T).
(5) For every k1, ka2 > 0, there exist kg, © > 0 such that

(419) /n E(Ia Cv Hlt) E(Cv Y, KQt) dc < © E(.I, Y, ’fot),

for every x,y € R™ and t > 0.
(6) There exists a constant o > 0 such that

(4.20) / E(z,y,xt)dy < o,
for every x € R™ and t, k > 0.

Proof. (1) Since § > 1, by using (£9) we have

_ |BX(:E7 \/E” . 1 ex _dX(Iay)Q
Bt = v TBx(w VAT (-G
11/2;eX _M
< B p( i )

<ABY2E(w,y, Bt),
and this is ([@I5).

(2) Since p > 0, we have
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As a consequence, taking 7 := dx (z,y)?/(\) > 0, we obtain

d 2\ " G G
(M) E(z,y, )\t) =T e < M, ————— e 7/2
t | Bx (, Vb)) | Bx (a, Vb))

(using @&9) with r = VAt and M = v/2)
2K
<~ 2‘1/2M# e T/? = c, MWE(z,y,2Xt),

|Bx (2, V2)t)]
which is (I6).
(3) In order to prove ([{IT), we distinguish two cases.
(i) t > e/2. In this case, using ([@LI0) and the definition of E, we get

2
e E(ivay,t) < l t—H—a/2 exp (_M> < l —H—a/2
w w
1
sz (e/2)7 79/ =: c1).

(ii) 0 <t <e/2. In this case, reminding that dx (z,y)? +t > ¢, we get
dx (z,y)? > /2.
From this, using again (£I0) and the definition of E, we obtain

2
H B,y 1) < L 12 exp (_M) e Lyumaz e
) ) [— t

w T w

1
< = —h=a/2 ,—e/(27)) —. (2)
< 5 sup (TR e ) = e

Collecting the two cases, we infer that (£I7) holds with ¢, . := max{cﬁi, c,(f)g}

(4) First of all, using triangle’s inequality for the distance dx, we have
dx(0,y)* < 2dx(2,y)* + 2dx(0,2)*  Va,y € R
as a consequence, for every x,y € R™ and every ¢t > 0 we obtain

exXp (,UdX (07 y>2) E(ZE, Y, t)

< exp (2udx (0, 2)?) - m exp (dx (,9)* (21— 1/1))

(using (@) with r = vt and M = v/2)

< 4292 exp (2udix (0, 2)?) exp (dx (,9)? (21— 1/1)) = (%).

1
| Bx (2, V21)]
We now observe that, if T' > 0 is arbitrarily fixed, one has
1 1 1 1
4.21 2 —-< — - =< —=
(4.21) Fo% =91 7= "2
for every 0 < ¢ < T and 0 < pu < 1/(4T); using (£20]), we then get
1 2
. exp <_ dX (Ia y) )
|Bx (a, V/21)] 2t

= cp exp (2,udX(O, a:)2) E(z,y,2t),

(J) <7272 exp (2udx (0, 2)°)
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which is @IF).

(5) We first observe that, setting & := max{x1, k2}, we deduce from ([@IH]) that
there exists a constant v = 7y, «, > 0 such that

(4.22) E(z,C ki) < vE(@, G Rt (i=1,2)

for every z,( € R™ and ¢t > 0. On the other hand, if (to,79) € R**™ is arbitrarily
fixed, we can exploit estimate (LH): there exist vp, Ky > 0 such that, for any
z,y,¢ €R™ and any t > 0, one has

E(z,(, 5t) < va T (4,00 (at,2;0,¢) and
(4.23) -

E(Ca Y, Ht) < F(to,mo)(atv Ca 07 y)a

where o := K-kp > 0 and Iy, 4,) is the global heat kernel of the constant coefficient
operator (L3). Gathering ([@.22)-(.23), and taking into account the ‘reproduction
property’ of I'¢y, 4.) (see (3.4)), we obtain

/n E(z, ¢, k1t) E(C, y, kat)dC
< (yva)? /Rn Ttg,20) (@, 250, C) T 44,20y (at, (5 0, y) dC
(since T'(4y,z0)(at, (5 0,y) = [(44,20) (0, (; —at, y), see Theorem B.T}(b))
= ()" [ Ty (01,0.0) a0, €: =ty ) dG
= cT(1g,20) (0, 2, —at, y) =: (),
where ¢ := (yv4)?. Finally, using once again estimate (X)) we get
(%) < (cva) E(z, y, 20k41),
and this gives ([@I9).

(6) If (to, o) € R ™ is arbitrarily fixed, we know from estimate (4] that there
exist constants vy, kp > 0 such that, for any z,y € R™ and ¢ > 0, one has

E(:Ea Y, Ht) < VAF(to,wo)(atv x; 0, y)v
where a ;= K - k5. As a consequence, by Theorem [BI}(d) we have
/E@%M@SM/meWwﬂw@:m
n ]Rn
and this is exactly ([£.20). O

We conclude this section with the

Proof of Theorem[1.4. The proof follows verbatim the arguments in [I5] Part II],
using Theorem [3.3] Corollary 4.1l Proposition[4.2] Lemma[4.3] Proposition[£4 O
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5. SCALE-INVARIANT HARNACK INEQUALITIES

The aim of this last section is to prove a scale invariant Harnack inequality for
the variable coefficient operator H introduced in (L)), that is,

m
H = Z aiyj(t,x)Xin - 8t.
i,j=1

In dealing with parabolic differential operators, the beautiful connection between
Harnack-type inequalities and the availability of two-sided Gaussian bounds for the
associated heat kernel was firstly pointed out by Nash [23]. Twenty years later,
the approach of Nash was rigorously implemented by Fabes and Stroock [16], also
inspired by some ideas of Krylov and Safonov, see [19].

As already explained in the Introduction, however, here we do not prove the
Harnack inequality for H by using the global two-sides Gaussian estimates of its
associated heat kernel I'; since a much simpler approach is possible in our context.
Namely, we derive our result from its analog proved in [I3] in Carnot groups, using
the global lifting result in Theorem

Throughout the sequel, we tacitly inherit all the definitions and notation intro-
duced so far. In particular, Xi,...,X,, are smooth vector fields in R" satisfying
assumptions (H.1), (H.2), (H.3), and G, X := {X1,..., X,,} are as in Theorem 2
We remind that G is a Carnot group whose underlying manifold is R", where

N = dim(Lie(X1,...,Xm)) =n+p (for some p > 1).
Accordingly, we denote the points z € RY by
z = (x,£), with xz € R" and £ € RP.
We then introduce the following function space.
Definition 5.1. Let Q C R be an open set. We define €% (12) as the space of

functions v : 0 — R satisfying the following properties:

(1) w is continuous on £2;

(2) the map w(t,-) has intrinsic-derivatives along the X;’s at every point of its
domain, and X;u(t,-) is continuous for fixed ¢;

(3) the map u(-, z) has derivative with respect to ¢, and dyu(-, z) is continuous
for fixed x;

(4) for every fixed 1 < ¢ < m, the map X;u(t,-) has intrinsic-derivatives along
the X,’s at every point of its domain, and X;X;u(t,-) is continuous for
fixed t.

We can now state the main result of this section:

Theorem 5.2 (Parabolic Harnack inequality). Let the assumptions and the nota-
tion of Theorem 1.2 do apply. Moreover, let

7o >0,0<hy <hy<1and~e(0,1)

be fized. Then, there exists a constant M > 0, only depending on rg, h1,hs and 7,
such that, for every (to,zo) € R, r € (0,70] and

u € Qf(((to — 1% ty) x BX(J:O,T)) N C([to — 72, o] x BX(a:O,T))
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satisfying Hu = 0 and u > 0 on (to — 2, t9) X Bx(zo,r), we have
(5.1) sup u < M u(to, zo)-

(to—har?,to—h1r2)x Bx (z0,yT)

Remark 5.3. On account of [15, Thm. 14.4], if f € C%.
of Hu = f, then u actually belongs to C)z(’fjl‘oc.

. 2 .
loc and u is any €% -solution

In order to prove Theorem 5.2 we need some preliminary lemmas.
Lemma 5.4. Let Q C R'™ be an open set, and let u € €%(Q). We denote by
7: RN =R" x RP — R" the projection of RN onto R™, and we define
u(t, z) == u(t,7(2)).

Then, v belongs to 6%(9 xRP) and, for every (t,z) € QxRP, we have the identities

() Buo(t, 2) = (D) (t, 7(2));

(b) X,u(t,z) = (Xu)(t,m(z)) for every 1 <i < m;

(c) XiX;v(t,z) = (X, Xu)(t,7(z)) for every 1 <i,j <m.
Proof. First of all, since u € €% (1), it is immediate to see that

(i) v is continuous on Q x R?;
(ii) for any fixed z = (,&), the map v(-, z) is differentiable with respect to ¢ at
any point of its domain, and (a) holds.

In particular, from (a) we recognize that d;v(-, z) is continuous for every fixed z.

Next, let 4,5 € {1,...,m} be fixed. Since, by Theorem [Z.2] we have
Xi=Xi+ Y0 rri(x, )0,
(for smooth functions . ;), it is easy to recognize that
(5.2) m(exp(tX,))(2) = exp(tX;)(n(z)) VzeRN, teR.
By (52), and recalling the very definition of v, we then get
o(t, exp(s)?i)(z)) = u(t, w(exp(s)/fi)(z))) = u(t,exp(sX;)(7(2)))
(for all s € R, (t,2) € Q x RP). From this, since u € €% (12), we immediately deduce
that v(t,-) has intrinsic-derivative along X;, and

v(t, exp(s)A(i)(z))

~ d
Xiv(t z)= EL:O

B %’s:ou(t’eXp(SXi>(7T(z))) = (Xu) (t,7(2)).

Starting from (B.3]), and using once again (5.2), we also have
)A(iv(t,exp(s)?j)(z)) = (X;u) (t,w(exp(s)?j)(z)))
= (X,u) (t,exp(in)(ﬂ'(z)))

(for all s € R, (t,2) € Q x RP); from this, since u € €% (), we infer that v(¢,-) has
intrinsic-derivatives up to second order along the X}’s, which are given by

(5.3)

)?j)?iv(t, Z) = di
S

d

:ds

S:O)A(iv(t, exp(s)?j)(z))

(5.4)

&) (t, exp(sXi)(m(2))) = (X Xsu)(t, 7(2)),
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and thus (b)-(c) hold. In particular, from (53)-(E4) (and since u € €%(Q)) we
recognize that X;v(¢,-), X;X;v(t,-) are continuous for all fixed ¢. O

Lemma 5.5. Let @ C R'Y™ be an open set, and let f € C%(Q) (for a suitable
a€(0,1). Welet m:RYN — R" be as in Lemma[5.4), and we define

~

FiQxRP SR, ft,2) = f(t,7(2)).
Then, | belongs to C%(Q x RP), and
(5.5) [flla, xre < [[flla, -
Proof. First of all we observe that, since f € C%(2), one has
(5.6) sup |f] = sup |f| < oo.

QxRP Q
Moreover, since we know from Remark [2.7] that
dg(sw) > dx(n(),m(w)) V2,0 €RY = R X RP,

we also have, for any (¢, z), (s,w) € 2 x RP:

~ ~

[f(t,2) = f(s,w)| = [f(t,7(2)) = f(s, m(w))]

(5.7) < Ul (dx (r(2), mw))® + It = 5|/2)
< Al (dg () + It = s]*72)
Gathering (£.0) and (&.1), we immediately obtain (&.5)). O

Thanks to Lemmas 5.4l and 5.5l we can now deduce the announced scale invariant
Harnack inequality for H from the analogous result holding in Carnot groups.

Proof of Theorem[5.3. Let (to,xz0) € R, r € (0,70] and u be as in the statement
of the theorem. Denoting by 7 : RN — R™ the projection of RV onto R", we set

v : [to — 2, to] X Bx(z0,7) x RP = R, v(t, z) = u(t, 7(2)).
Moreover, we consider the variable coefficient operator
Ho= 30 Gyt 2) XX — 0y,
where A(t, z) = (@ij(t,2))i"% =1 is the m x m matrix of functions defined as
Qi ;(t, 2z) = a,;(t,7(2)) (for (t,z) € RMY),

Using Lemmalf)mi, and taking into account properties (i)-(ii) of the matrix A(t, x),
we deduce that A(t, z) satisfies the following analogous properties:

(a) @;; € C%(RHN) for every 1 <i,7 <m;

(b) for every (t,z) € RM one has A(t, z) € M.

On the other hand, setting 2o := (x¢,0), by Remark 27 we have

7 (Bg(20,7)) = Bx(z0,p) and 7 (BX(ZO,TD C Bx (wo,7),
as a consequence, from Lemma [5.4] we deduce the following facts:

(C) v E Q:i? ((to —T27t0) X B)?(Zo,T)) nC ([to —’I”2,t0] X m)v
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(d) for every (t,z) € (to — 1%, to) X Bg(20,7), one has
Ho(t,z) = > @it 2) X X0(t, 2) — Opo(t, 2)
i,j=1
= D i (t,7(2) (X Xu) (8, 7(2)) — (D) (8, 7(2))
i,j=1
= (Hu)(t,m(2)) = 0;
(e) v>0on (to —r*, to) x Bg(zo,7).
Gathering (a)-(e), and reminding that the X;’s are Lie-generators of the Lie
algebra of G, we can apply [I3) Thm.1.1]: there exists a constant M > 0, only
depending on hq, he,y and rg, such that

(5.8) sup v < M v(to, 20)-
(to—har?,to—h172) X Bx(z0,77)

We finally note that, by the very definition of v, the above (58] is precisely (G)).
This completes the proof. (I

Starting from Theorem [5.2] we immediately obtain (in a standard way) a scale-
invariant Harnack inequality for the ‘stationary’ operator

m
L= Z Ci7j($)Xin.
i,j=1
In order to clearly state this result, we first need to introduce the ‘stationary’
counterparts of the spaces €3 and Ci’a. We begin with the following

Definition 5.6. Let U C R" be an open set. We define C% (U) as the space of
functions u : U — R satisfying the following properties:

(1) w is continuous on U;

(2) u has continuous intrinsic-derivatives along the X;’s at every point of U;

(3) u for every fixed 1 < i < m, the function X;u has continuous intrinsic-de-
rivative along the X;’s at every point of U.

We then introduce the ‘stationary’ Holder spaces.

Definition 5.7. Let U C R" be an open set, and let o € (0, 1) be fixed. We define
C%(U) as the space of all functions u : U — R such that

sup |u| + sup Julz) = u(y)] < 00.
U ety dx(x,y)®

With Definitions and (B at hand, we immediately derive the stationary
counterpart of Theorem

Theorem 5.8 (Stationary Harnack inequality). Let X = {X1,..., X} C X(R™)
be a family of smooth vector fields satisfying (H.1)-(H.2). Moreover, let

C(z) = (cij(2))i=1
be a m x m matriz of functions such that
(i) ci; € C¢(R™) for every i,j=1,...,m;
(ii) there exists A > 1 such that C(x) € My for every x € R1™™;
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and let L be the variable coefficient operator defined as

L= Z Ci)j(I)Xin.

i,j=1

Finally, let ro > 0 be arbitrarily fived.

Zo

we

[1]
2]

(10]
11]
(12]
(13]
[14]

(15]

[16]
(17]

(18]

Then, there exists a constant ¢ > 0, only depending on rg, such that, for every
eR", r € (0,70] and u € C%(Bx(xo,3r)) satisfying

Lu =0 and v >0 on B(xo,3r),
have the following inequality

sup u<c inf wu.
Bx(mo,’r’) B(IOJ‘)
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