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Abstract

In the next decade, the exploitation of the Cislunar environment for both manned and unmanned missions will open the
space frontier for human exploration of the Moon, Mars and asteroids. The Lunar Gateway (LOP-G) has been proposed
as a potential hub for excursions to Mars and activities in support of exploration and planetary defence. Within this
context, in this paper, the problem to design a transfer from the Earth-Moon Libration Points to a destination object
outside the Cislunar environment is analysed.
In general, the dynamical environment within the Earth-Moon system is rather complex, and the trajectory design is
non-trivial. In this study, a further degree of complexity is introduced by the need to patch the escape trajectory with a
heliocentric leg, preserving its epoch-dependence. That introduces a phasing problem within the design of the trajec-
tory, which is considered multi-impulsive. Therefore, the problem is split in two steps. First, families of trajectories
escaping the Cislunar environment are characterized, to build-up the understanding of the escape mechanisms. Then,
a methodology to select the subset of escape trajectories that best match the departure conditions, depending on the
epoch and the ∆V available, is applied; relevant applicative cases are discussed in the paper to better highligthen the
approach flexibility.

1. Introduction

In the last years, Lunar exploration as been receiv-
ing renewed attention as testified by recent NASA’s
ARTEMIS, and GRAIL missions, and CNSA’s Chang’e 3
mission as well as the Lunar Gateway (LOP-G) program.
For this reason, in the next years, the Cislunar space is
going to become a possible departing outpost for different
kinds of exploration missions, including Near-Earth As-
teroid Exploration as well as missions to Mars. For this
reason, the exploitation of different mechanisms with re-
spect to the classical ones has to be exploited, being the
trajectories in a multi-body environment.

Many studies have been devoted to the characterisation
of Cislunar multi-body orbital families, dedicated to Earth
visibility and accessibility [8, 20, 21]. The characteriza-
tion of escape trajectories from the Cislunar space has also
being studied by different authors, exploiting low energy
manifolds dynamics [5,11,19], Patched Three-Body Mod-
els connecting Earth-Moon Libration Points with Sun-
Earth ones [14], Restricted Four Body Models for con-
necting Earth-Moon Libration Points to Sun-Earth ones
or to other regions of the heliocentric space [3, 4, 17] or

exploiting solar electric propulsion for NEO exploration
missions [9, 18].

This paper presents a novel approach to the generation
of initial guesses of Cislunar escape trajectories, exploit-
ing a patched three-body model as an higher order alterna-
tive of the patched conics model. The approach is aimed
to be used to generate sets of initial guesses for the escape
trajectories then to be corrected in a full-ephemeris model
in a fast and efficient way.

The paper is organized as follows:

• In Section 2, the dynamical models and the reference
frames used in the study are presented.

• In Section 3, the Patched Three-Body Model
(P3BM) is presented together with the patching con-
ditions and the patching strategy used. The proce-
dure for internal and external trajectory sets genera-
tion is also presented.

• In Section 4, a case study for the P3BM is presented
and discussed together with the most relevant results.

• In Section 5, the conclusions are presented.
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2. Models & Frames

The design of trajectories in the Cislunar space is per-
formed leveraging to different models of increasing com-
plexity: the Circular Restricted Three-Body Problem or
CR3BP and the Bi-Circular Restricted Four-Body Prob-
lem, or BCR4BP.

2.1 Reference Frames
In this work different reference frames are exploited in

the trajectory design process. For the sake of clarity, this
section reports a brief description of them and the trans-
formations used to pass from one to the other.

ECLIPJ2000 It is the realization of the Mean ecliptic
and equinox of J2000. It is the inertial reference frame
used in this work. Can be centered at any point of interest
(Earth, Sun, Moon, ...).

EM-SYN It is an instantaneous synodic frame asso-
ciated to the Earth-Moon CR3BP. It is a two-vectors
frame built up with the instantaneous Moon position and
velocity about the Earth as taken from SPICE de440

ephemeris. The construction of this frame is largely dis-
cussed in literature, therefore is not presented here [13].
With reference to Fig. 2, the EM-SYN frame is the one
represented in green.

SE-SYN It is the instantaneous synodic frame associ-
ated to the Sun-Earth+Moon CR3BP. In analogy with the
EM-SYN frame, it is a two-vectors frame built up with the
instantaneous Earth-Moon Barycenter position and veloc-
ity about the Sun as taken from SPICE de440 ephemeris.
With reference to Fig. 2, the SE-SYN frame is the one
represented in red.

The reference frame transformations are performed di-
rectly exploiting SPICE toolkit [1, 2], as the aforemen-
tioned reference frame can be found or have been imple-
mented within SPICE environment.

2.2 Circular Restricted Three-Body Problem
The Circular Restricted Three-Body Problem (CR3BP)

describes the dynamics of a small, massless, third body
that moves under the gravitational attraction of two mas-
sive bodies, called primaries, in the hypothesis that the
primaries moves in a circular orbit about their center of
mass. In Fig. 1 is presented the geometry of the problem.
The equation of motions are usually expressed in the syn-
odic reference frame, which is widely used for trajectory
design purposes [16]. Eq 1 shows the equations of motion
in the non dimensional form:

ẍ−2ẏ = Ux

ÿ+2ẋ = Uy

z̈ = Uz

[1]

EARTH MOON
B1

Fig. 1: Circular Restricted Three-Body Problem geome-
try for the Earth-Moon system.

Here ˙(·) and ¨(·) denotes the first and the second derivatives
with respect to the (non-dimensional) time, while U(·) in-
dicates the partial derivative of the pseudopotential func-
tion with respect to the variable (·). The pseudopotential
is, in this case, defined as:

U =
1
2
(x2 + y2)+

1−µ

r1
+

µ

r2
[2]

where r1 and r2 represent the distance of the particle from
the primaries and µ is the mass ratio.

2.3 Bi-Circular Restricted Four-Body Problem

If the motion of the massless particle is assumed to be
influenced by the gravitational pull of three bodies instead
of two, such as in the context of the trajectory design
in the Sun-Earth-Moon system, the Four-Body problem
context is exploited. [6] This model assumes that the two
primaries P1 and P2 revolve in circular orbits about their
barycenter (B) and B and the third body P3 moves in circu-
lar orbits around the center of mass of the whole system,
B0. Then, the equations of motion of motion can be writ-
ten in the Earth-Moon synodic frame or in the Sun-Earth
one. [11] In the first case, the equations of motion of the
CR3BP are modified such that:

ẍ′−2ẏ′ = U ′
x −

µs

r3
s
(x′− xs)−

µs

a3
s
xs

ÿ′+2ẋ′ = U ′
y −

µs

r3
s
(y′− ys)−

µs

a3
s
ys

z̈′ = U ′
z

[3]

Note that the Eq. 3 has two additional terms in the pla-
nar components which respect to Eq. 1, representing the
direct pull of the Sun on the spacecraft and on the Earth-
Moon barycenter, respectively. The equation of motion
for this case are written in the {x′,y′,z′} synodic frame
centered in B1 (in green in Fig. 3).
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

ẍ−2ẏ = x−
1−µ

r3
s

(x+µ)−
µ(1−µ ′)

r3
e

(x− (1−µ)+ xe)−
µµ ′

r3
m
(x− (1−µ)+ xm)

ÿ+2ẋ = y−
1−µ

r3
s

y−
µ(1−µ ′)

r3
e

(y+ ye)−
µµ ′

r3
m
(y+ ym)

z̈ =−
1−µ

r3
s

z−
µ(1−µ ′)

r3
e

z−
µµ ′

r3
m

z

[4]

SUN

EARTH

MOON

B0 B1

Fig. 2: Bi-Circular Restricted Four-Body Problem geom-
etry for the Sun-Earth-Moon system.

Another formulation of the BCR4BP, instead, consid-
ers the Moon as a perturbation of the Sun-Earth CR3BP.
In this case, the equation of motion can be written in the
Sun-Earth synodic frame {x,y,z} centered in B0 (in red in
Fig. 2), and are presented in Eq. 4. In this case, with µ is
denoted the mass ratio of the Sun-Earth(+Moon) CR3BP
and with µ ′ the mass one of the Earth-Moon CR3BP.

With reference to Fig. 2, the cartesian position of the
Earth and the Moon which respect to the Earth-Moon
barycenter (B1) can be recovered by:

xe =−µ
′l∗ cosϑm

ye =−µ
′l∗ sinϑm

xm = (1−µ
′)l∗ cosϑm

ym = (1−µ
′)l∗ sinϑm

[5]

Where ϑm is the Moon angular position which respect to
the Sun-B1 x synodic axis, taken positive counterclock-
wise and l∗ is the non-dimensional Earth-Moon distance.

Note that in both formulations, the equations of mo-
tion are not-coherent. That is, the assumed motions do
not satisfy Newton’s equations. However, this model is
extremely useful for the design of trajectories within the
Sun-Earth-Moon system and provide accurate insight of a
full-ephemeris environment, thus is compared to the pro-
posed Patched-CR3BP approach.

3. The Patched Three-Body Model

In this study a higher-order alternative of the patched
conics model, called Patched (Bi)-Circular Restricted

Three Body Model or P3BM, is proposed and exploited
for the design of escape trajectories from the Cislunar
space. This approach is preferred over a direct design of
the escape trajectories within the BCR4BP for two main
reasons:

1. The possibility to decouple the design of the escape,
from the interplanetary trajectory. This allow to split
the problem in two distinct legs:

• the Internal Problem (IP): starting from the
departure point up to a given switching radius,
is the Cislunar leg of the trajectory; it can be a
direct escape from Libration Point Orbit (LPO)
or include one or multiple flybys of the Earth
or the Moon.

• the External Problem (EP): is associated to
the heliocentric leg of the trajectory, from the
selected switching radius up to the target inter-
ception.

2. The possibility to preliminary design the trajectories
within two autonomous dynamical systems, instead
of a non-autonomous one. This is extremely ben-
eficial, since there is a large number of Dynamical
System Theory tools which works really well with
autonomous systems.

3.1 Switching Surface

The P3BM can be specified once a switching surface,
S , between the IP and the EP is assigned. In literature
a similar concept has been called Sphere of Equivalence
(SOE) by other authors [7]. However, the switching sur-
face exploited in this work is an abstract concept, not a
physical one, as explained afterwards.

First, the SOE concept is introduced: it represents a
mathematical surface where the IP-model gravity vector
field is equivalent to a two-body vector field. The surface
is here build in the EM-SYN frame, considering the IP
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Fig. 3: SOE in the synodic frame (polar axis).

gravitational acceleration:

aIP =


x−

1−µ

r3
e

(x+ xe)−
µ

r3
m
(x+ xm)

y−
1−µ

r3
e

y−
µ

r3
m

y

−
1−µ

r3
e

z−
µ

r3
m

z

 [6]

and its equivalent Two-Body representation:

a2B =

 x
y
0

− 1
r3

 x
y
z

 [7]

Note that here all quantities are in Earth-Moon CR3BP
non-dimensional units. With those definitions, the SOE
can be defined as:

S (x,y,z) =
||aIP−a2B||
||aIP||

[8]

A representation of the SOE is presented in Fig. 3, as a
function of the out-of-plane component, z. As expected,
the SOE is more prominent along the positive x axis,
where it reaches 2.5 non-dimensional units. This is due
to the presence of the Moon at x = 1−µ

However, if the SOE would be adopted as switching
surface, the patching would be asymmetric, meaning that
there would be a direct dependence of the legs on θm. This
is something not desired, since such a coupling would act
against the exploitation of the P3BM. In fact, in case the
SOE is used as switching surface, both the IP and the EP
would have a dependency on ϑm. For those reasons, a

spherical surface is considered as switching surface. In-
troducing this simplification allow to remove the direct
dependency on ϑm, enabling the possibility to generate
EP/IP arcs independently. A switching surface S , cen-
tred in B1 with radius Rc = 2RSOI is then considered.

On the switching surface, vector quantities that has to
be matched can be generally denoted with q+ if belonging
to the EP, and q− if associated to the IP.

Fig. 4: Internal/external vector patching triangles.

Then, the ηq angle, between the IP and the EP vectors
can be defined as:

ηq = arccos
q+ ·q−

||q+|| ||q−||
[9]

and the vector difference:

∆q = q+−q− [10]

defines the vector defect between the internal and the ex-
ternal quantities.

3.2 Patching Conditions
Different quantities are exploited to assess the quality

of the patching. In general a patching quantity referred
to an internal γ j trajectory and an external γi trajectory is
called qi j. A perfect patching is achieved between the two
trajectories if all qi j = 0.

The following quantities are used in this study:

1. δv: it is directly associated to the magnitude of the
hyperbolic excess velocity magnitude of the IP and
the EP trajectories. It is defined as:

δv = 1−
V+

∞

V−∞
[11]

where here V (·)
∞ is the modulus of the barycentric in-

ertial velocity computed at the switching sphere.

2. δr: it is the normalized difference in the position vec-
tors in the SE-SYN frame of a tuple of IP/sEP trajec-
tories. It is defined as:

δr =
∆r
l∗

=
||r+− r−(ϑm)||

l∗
[12]
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3. η̄r: it is the normalized angle between the IP/EP po-
sition vectors in the SE-SYN frame, defined as:

η̄r =
1
π

ηr =
1
π

arccos
r+ · r−(ϑm)

r+ r−(ϑm)
[13]

The position vectors are here expressed with respect
to B1.

4. η̄v: it is the normalized angle between the IP/EP ve-
locity vectors in the SE-SYN frame, defined as:

η̄v =
1
π

ηv =
1
π

arccos
v+ ·v−(ϑm)

v+ v−(ϑm)
[14]

Since the objective of the P-CR3BM is to provide rea-
sonably good initial guesses of patched trajectories, it is
assumed a trajectory to be perfectly patched if all qi j ≤ ε .
In this work it is assumed that:

• for δr, which is expressed in SE-CR3BP non dimen-
sional quantities εr is imposed to 1e− 4, which cor-
responds approximately to 15000 km.

• for |δv|, εδ is imposed to 0.05, thus considering a 5%
error in V∞.

• for |η̄r|, εη is imposed to 0.01, allowing for a posi-
tion misalignment of ±1.8◦.

• finally, since the proposed patching method is in-
tended as a tool to generate initial guesses to be
corrected within a Differential Correction algorithm,
the velocity misalignment tolerance εη is relaxed to
0.25, allowing for a misalignment of ±45◦.

3.3 Patching Strategy
In this section, the general strategy proposed for the

generation of the patched trajectories is discussed. This
approach relays on the generation of two databases:

• The External Trajectory Set, (γ0, . . . ,γi, . . . ,γn),
composed by the EP trajectories, generated by means
of a pork-chop plots.

• The Internal Trajectory Set, (γ0, . . . ,γi, . . . ,γm),
composed by different families of escape trajecto-
ries, which design is briefly described afterwards.

Once the two databases are available, the patching con-
ditions are used to filter it an recover the subset of trajec-
tories considered to be correctly patched. Note that the
proposed patching conditions depends on both IP/EP tra-
jectories as well as on the Moon angle, ϑm. However,

EARTH MOON
B0 ����

Fig. 5: EML2 escape maneuver geometry.

when a tuple (γi,γ j) is assigned, all the patching quanti-
ties can be evaluated: once the Epoch of γi at the switch-
ing surface is assigned, then the Moon angle for all the
associated γ j can be recovered.

After that, a set of patched trajectories (. . . ,(γi,γ j), . . .)
is obtained and passed to a Multiple Shooting Method, to
recover the final set of corrected trajectories.

3.4 External Trajectory Set
This set is simply generated assuming Two-Body mo-

tion of the Earth and the target body around the Sun and
exploiting Lambert problem [15]. In particular, having as-
signed a departure window of interest and a Time of Flight
(TOF) span, a pork-chop plot for the transfer can be easily
built. Then, on the basis of a parameter of merit p (that
can be V∞, total ∆V or something else), the trajectories be-
longing to the pork-chop can be filtered, resulting in the
subset:

˜Gext = (γ̃0, . . . , γ̃i, . . . , γ̃n) [15]

Each member of this set is characterized by means of
the final state vector at the target interception (Xt ), in the
ECLIPJ2000 frame and the arrival Epoch, Et . In order
to pass from the patched conics to the proposed P3BM
a further step is performed: for each member of the set

˜Gext, Xt is firstly converted into the SE-SYN frame, x̃+t ,
and then propagated backward in time up to the switching
surface, to obtain the state at the interception, x+0 .

In general, it is not guaranteed that the backward-
propagation of x̃+t would effectively result in a switching
surface interception. For this reason a correction layer
is added: a simple Differential Evolution optimisation
step is considered [10], given as design variables a vector
δ ∈ R3, such that the corrected target interception state is
given by:

x+t = x̃+t +Dδ [16]

3.5 Internal Trajectory Set
For the generation of Cislunar escape trajectories, dif-

ferent mechanisms can be exploited. Among the others:

• Direct escapes through a maneuver on the Libration
Points. [12]
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• Indirect Escape through a Earth/Moon powered
flyby.

• Other low-energy mechanisms. [17]

In this work, the effectiveness of the method is tested
through the exploitation of direct escapes, since the
method more than the escape mechanisms is analysed.
Then, the generation of direct escape trajectories from
the EML2 Libration Point is performed as a function of
(∆V,θ ), where ∆V is the maneuvering magnitude and θ

is the in-plane maneuvering angle from the x EM-SYN
axis, as shown in Fig. 5. In particular, the escape set is
generated as follows:

1. Assuming to start at one of Earth-Moon Lagrangian
Points, a manoeuvre is performed, with a given mag-
nitude ∆V and directed with a given angle θ , com-
puted positively from the x-axis of the Earth-Moon
rotating frame.

2. The trajectory is propagated until it reaches the
switching surface. A maximum time of 3 months
is considered, to capture also low-energy, multi-
revolution escape dynamics.

3. The state at the control surface is gathered, to be used
as a figure of merit.

A full scan of 360 deg span for the θ angle and a
0 km/s to 2.5 km/s span for the ∆v is performed, with the
following parameters considered as figures of merit:

• Osculating eccentricity, eEMB at a control point on
the switching surface.

• Time of fight to reach the control surface, tESC, rep-
resenting the time needed to escape from the region
where the Earth-Moon gravity is dominant.

• The ratio V∞/∆v, called escape velocity efficiency,
where V∞ is the barycentric velocity at the control
point, representing the equivalent outgoing asymp-
tote.

• The minimum altitude to the Moon hMOON with t ∈
[0, tESC].

• The minimum altitude to the Earth hEARTH with t ∈
[0, tESC].

In Fig. 6, the most relevant figures of merit for a direct
EML2 escape are presented. Note that, thanks to the na-
ture of the problem, some efficient trajectories could be
obtained (V∞/∆V > 1), if the maneuver is performed in
the correct direction with an appropriate magnitude.

(a)

(b)

(c)

Fig. 6: EML2 Direct escape figure of merits.
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Fig. 7: P3BM procedure

4. Case Study

As a case study, a fly-by mission to a Near-Earth Aster-
oid (NEA) with semimajor axis of 1.05 AU, an eccentric-
ity of 0.5 and an inclination of 5 deg is considered. There-
fore, the P3BM is considered for the design of a EML2
direct escape toward the target. Following the procedure
presented in Fig. 7, the following steps are performed:

1. The pork-chop plot for the transfer towards the tar-
get is generated, assuming the reference Epoch ET0
as 2022-01-01 00:00:00. Fig. 8 shows the pork-chop
plot as well as the moon angle ϑm as a function of
the Epoch. Note that the regions where the min-
ima are located are approximately at a moon angle
of 180 deg.

2. Backward propagate and correct the external
problem trajectories within the Sun-Earth-Moon
BCR4BP, to obtain the external trajectory set. From
this step, a group of states and Epochs couples at the
switching surface are obtained.

3. The internal trajectory set databases are loaded. In
this case only direct escapes from EML2 are consid-
ered, but the procedure can be easily extended to any
kind of internal problem trajectories.

Fig. 8: NEA fly-by mission pork-chop plot.

4. The patching conditions are applied to each trajecto-
ries couple (γi,γ j), where γi belongs to the internal
trajectory set and γ j to the external one. In Fig. 9 the
results of the applications of the patching conditions
is presented:

• First, the patched-conics-like alternatives (i.e.
imposing only δv) are retrieved and plotted in
blue for a subset of the escape database (∆V <
1.25km/s).

• Then, all the patching conditions are applied.
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Fig. 9: P3BM solutions front.

This restricts the domain of the solutions to the
red points presented on the figure. Note that
the dependency of the solutions on the Epoch
increases here.

• Finally, the P3BM alternatives with the mini-
mum ∆V are extracted. These points are repre-
sented in green on the same figure.

5. The P3BM solutions are corrected in a multiple
shooting or optimized with a collocation method for
NLP. As an example, in Fig. 10 are presented the

Fig. 10: P3BM corrected solutions.

corrected solution obtained starting from the patched
trajectories and Fig. 11 shows the corrected trajecto-
ries.

Fig. 11: P3BM corrected trajectories in the SE-SYN
frame, centered at the Earth-Moon barycenter.

5. Conclusions

In this paper, the definition of a new Patched Three-
Body Model together with a relevant application have
been presented. First, the definition of patching condi-
tions based on the actual patching geometry are presented
and discussed. Then, the mechanisms for the generation
of the initial condition through the P3BM is described and
applied to a NEA fly-by mission example.

The method appears to be really flexible, since the es-
cape conditions can be build once and then used for dif-
ferent mission scenarios. Moreover, the application of
the patching conditions guarantee a fast convergence of
the correction procedure, allowing for a fast identification
of suitable escape trajectories from the Cislunar space to-
ward any kind of object in the heliocentric space.
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